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Abstract 

A simple analytical model for the pull-out of a hook anchor is pre
sented. The model is based on a simplified version of the fictitious 
crack model. It is assumed that the fracture process is the pull-off 
of a cone shaped concrete part, simplifying the problem by as
suming pure rigid body motions aliawing elastic deformations only 
in a layer between the pull-out cone and the concrete base. The 
derived model is in good agreement with experimental results, it 
predicts size effects and the model parameters found by calibra
tion of the model on experimental data are in good agreement 
with what should be expected. Keywords: hook anchor, analytical 
model, fracture mechanics , fictitious crack model. 

Introduetion 

Anchors are used in most reinforced concrete structures. It might be simple ad
hesive anchors, expansion anchors or hook anchors, figure l. Usually, the simple 
adhesive anchor, figure l.a is used where it is possible. It is simple and reliable 
Further, since this anchor is usually designedin such a way that the load bearing 
capacity of the adhesive anchor relies on the shear resistance of the interface be
tween the bar and the concrete, the failure process is ductile, and thus, as for all 
duetile failure problems, no or at least small size effects are observed. 

However, the simple adhesion anchorneeds a relatively lang embedment length to 
ensure enough load-bearing capacity, and to ensure that the failure of the anchor 
will be pull-out of the anchor bar. If the space is Jimited and the embedment 
length is reduced, there is a risk that the mode of failure will change from pull-out 
of the bar to pull-off of a concrete cone. In this case, the failure is more brittle, 
and the load-bearing capacity no longer depends on the shear resis tance of the 
interface. In t his case, the load-bearing capaci ty depends o n the fracture energy 
of concrete material and of the size and the shape of the pulled-off concrete cone. 
The higger the cone, the larger the load-bearing capacity, and, thus, it is natura! 
to force the concrete cone to start as deeply as possible. This can be done by 
introducing an expansion part at the end of the anchor , figure l. b, but the safest 
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Figure l. Different ways of transferring the load from the anchor b olt 
to the concrete, a) adhesive anchor, b) expansion anchor and c) hook 
anchor. 

way of ensuring the cone to start at the end of the anchor is to provide the anchor 
with a "hook", usually shaped like an anchor plate at the end of the anchor bar, 

figure l.c. 
As already ment ioned, since the failure of the hook anchor mos~ly depends on 
the fracture mechanical properties of the concrete, the load-beanng capac1ty 1s 
expected to show a clear size effect. These size effects h ave been observed by 
several researchers, Bocca et al. [1], and by Eligehausen and Savade [2] . Their 
results indicate a strong size effect over embedment depth ranging from 50 mm to 
500 mm. 
Eligehausen and Clausnitzer [3] studied the behaviour of anchors by finite element 
models. Their investigation showed a clear influence of the type of model used. A 
ideal plastic model gave higher load-bearing capacities than a more bnttle m odel 
using material softening. 

Elfgren et al. [4] also studied the problem numerically using a fictitious crack 
model approach for the softening material. Their investigation indicates, that the 
shear st.resses in the crack should be incorporated in the model. Also Rots [5] 
investigated the problem numerically. He studied the influence of the number of 
radial cracks ( cracking o f the concrete cone) and u s ed a s meared crack approach. 
His results indicate that the number of radial cracks tend to merease the ult1mate 
load. Elfgren and Ohlson [6] studied the influence of tensile strength and fracture 
energy using a finite element !'-nalysis. As expected, their results i':dicate that the 
ultimate load and the ductihty of the fmlure process merease w1th the fr adure 
energy, and that increasing the tensile strength will increase the ultimate load and 
the brittleness of the failure process. 

Bocca et al. [1] made an anal y sis using the fictitious cn;ck model in a firrite element 
analysis using axi-symmetric elements and a re-meshmg techruque. They found 
good agreement with experimental results . Also Ozbolt and Ehgehausen [7] m~de 
a fini te element analysis using axi -symmetric elements . They show ed that crackmg 
starts at about 30 % of the ultimate load, and that the ultimate load is mainly 
determined by the fr adure energy. Also, their results indicate a strong size effect 
on the ultimate load. 

Tommasa et al. [8] investigated the influence of the shape of the crack opening 
relation. They found that a bi-linear safterring curve predicts more realistic results 
than a single-linear curve. Similar results have been found by Urchida et al. [9] 
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Figure 2. Geometry of simplified fictitious crack model. 

Basic asumptions 

In this section the basic assumptions of the simplified models describing anchorage 
pull-out usmg the fictltwus crack approach is presented. 

The fiditious crack model is due to Hillerborg [10], but thc basic idea is close 
to th at of Dugdale, [11] who used a similar approach assurning a constant yield 
stres? 1n the fradure zon~, and Barenblatt [12], who assumed a more general 
d1stnbutwn of the str:sses m the fradure zone. Usually the fictitious crack model 
concept !S used m fimte element programs using special no-volume elements [13] 
or usmg the sm~ared crack approach. [14], or i t might be formulated using sub
elements descnbmg the elast1c behav10ur and introducin~ the safterring only for 
the matenal m the a pre-selected crack path, Petersson l15], Brincker and Dahl 
[16]_. However, these methods are complicated and time-consuming to use for 
des1gn, and they do n_ot l?rov1de s1mple analytlcal solutions indi cating t he degree 
of bn ttleness and md1catmg how strongly a certain problem might be influenced 
by s1ze effects .. Thus, 1t 1s desuable to have simple models that describe the basic 
fract':r~ behavwt;r quahtat1vely correct in order to have simple tools especially for 
descnbmg the bnt tleness of the failure process. 

The intention of the mod~ls presented here is to formulate thc simplest possible 
model that refleds the bas1c fradure mechanical behaviour. Themodel problem is 
1llustrated m figure 2. The problem 1s ass_umed to be plane, i.e. the 3-dimensional 
problem 1s not cons1der~d, and thus rad1B;l crack are omitted from the analysis . 
Further, the crack path !S ass':med to be lmear, t~e slope being deseribed by the 
angle <p , and the deformatwn 1s assumed to be a ng1d bo dy motion as a rotation 
around the pomt where t he crack path meets the surface ofthe concrete. The depth 
L 1s related to t he radms of the cone by the equation L = R tan(cp). The cone 
and the surroundmg concrete 1s assumed to be perfectly rigi d, all the elasticity 
be1~g descnbed by an elastic laycr between the cone and the rest of the body. 
Tlus s1 mple approacl1 has proved 1ts value m modeiling of the failure process for 
unremforced and remforced beams, UlfkJær et al. [17-19] . 

In the distance r from the edge of the anchor stud the vertical deformation w is 

w u(1- _::_) 
R 

(1) 
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Figure 3. Stress-deformation relationship for the case af single- linear 
softening. 

This deformation will cause vertical as well as horizontal stresses in the elastic 
layer, and horizautal as well as vertical reactions at the rotation point. However, 
in this simplified analysis, it will be assumed, that the geometry is chosen in such 
a way, that the vertical reactions at the rotation point can be neglected. Thus , 
considering only vertical stresses u =u( r) , the corresponding force is given by 

F = iR 21rru(r) dr (2) 

Single-linear softening 

For the case of single-linear softening the physical relation of the layer is as shown 
in figure 3, i.e. the elastic part is linear and the softening part is linear. Here w is 
the the total deformation and , t hus , it ineludes elastic as well as softening terms. 

For an y p o in t in the crack path, as lang as the stresses have not reached the 
ultimate stress Uu, the responseis linear, and no crack is present at that point. 
The deformation Wu where the softening starts is given by 

(3) 

where E is Young 's modulus of the concrete, and ti is the thickness af the elastic 
layer. eq. (3) defines the layer thickness ti. 

The fracture energy is the area below the stress-deformation relation in figure 3, 
i.e. the fracture energy is 

(4) 

Using the introduced physical relation for the elastic layer the stress is given by 

Phase I Phase II Phase III 
a a a 

R 

u 

a R c a R 

Figure 4. Stress distributions for the three phases af crack formation 
for the case of single-linear softening. 

l
w(r)~ 

u( r) = U u (lw~ w(r)-w.) 
Wc-Wu 

o 

for w(r) ::0 Wu 

for Wu ::0 w(r) ::0 Wc 

forwc::Ow(r) 

(5) 

As it appears, this divides the fradure process into three phases. In phase I the 
deformation u has not reached the deformation Wu and thus, no fict itious crack is 
present . In phase II u is between Wu and Wc, i.e. a fietitions crack has developed. 
Finally, in phase III u has exeeecled the critical crack opening Wc and a real crack 
has developed . The stress distributions for the three phases are illustrated in figure 
4. Let c denote the length of the real crack, and let a denote the total length af 
the crack (real crack+ fictitious crack). Now, using eq. ( l) and (2) together with 
eq. (5) and carrying out the integrations, the following expression is obtained for 
the force 

F (
l 2 2 U - W u l 3 3 U ) 27ruu -(a - c )(l ----) + -(a - c ) + 
2 Wc-Wu 3 R(wc-wu) 

u" (l 2 2 a l ) +27r - u -R +a(-- -) 
Wu 6 3R 2 

(6) 

where the crack parameters a and c are given by 

51 



52 

F 

~ 

2.00 

Pbc.se Il 

1.75 
U='Pf,;: 

1.50 

1.25 

1.00 Phnse HI 

0.75 

Ph&se l 

0.50 

0 .25 

u 

"' 
7 

Figure 5. Re!ationsrup between force and deformation simulated by the 
model usmg smgle-linear softening. 

a {~(l - Wu/u) 

c {~( l- w,/u) 

for u< Wu 

for u~ Wu 

for u< w, 

for u~ w, 

(7) 

(8) 

The equations (6), (7) and (8) describe the pull-out of the concrete cone using the 
dispiacement u as the controlhng parameter. To usc thc model the consti t ut ive 
parameters u u, Wu and w, most be known as well as the radius R of the cone at 
the concrete surface. F igure 5 shows a typical load-dispiacement curve simulated 
by the model using the values R = lOOOw,, W u = -frw, and G F = l78uufw,. 
The plot. was made non-dimensional by dividing the force F by uuR2 and the 
dispiacements u by Wc. 

a 

part II 
w 

Fi~ure 6. Stress-deformation relationship for the case of bilinear soft
enmg. 

Bilinear softening 

For t he bilinear softening the relationship between the vertical stress a and the 
vertical deformation w is modelled as shown in figure 6, i .e. the safterring part is 
modelled by a bilinear curve. This defines two new parameters describing the kink 
point Ub and wb. 

As before, the fradure energy is easily expressed by the constitut ive parameters 

(9) 

and the vertical stresses are found as 

a( r) {
w(r)~ for w(r) :S: Wu 

( ) ( 
w( r ) - w. ) for W u <_ w(r) :S: W b a u+ Ub- U u w,-wu 

Uu (1 - wl:~-:.· ) for Wb :S: w(r) :S: w, 

O forw,:S:w(r) 

(lO) 

Again thc introduced cases di vide the fracture process into p hases. Now, instead 
of three cases as for the linear softening curve, four phases are mtroduced. The 
stress distribution for the last three phases are illustrated in figure 7. 

As before let c denote the length of the real crack, and let a denote. the total l~ngth 
of the crack. Now introducing a new crack parameter b descnbmg the pomt m 
the fracture zone c~rresponding to the kink point on the softening curve, figure 7, 
the force is o b tained by using eq. (1) and (2) together with eq . (10) 
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Figure 7. Stress distribution for the last three phases af crack formation 
for the case af bilincar softening. 

(
l 2 2 U - W b l 3 3 U ) 

21fab -(b -c )(1- --) + - (b -c ) + 
2 Wc- Wb 3 R( wc- wb) 

2 (
l( l b2)( ab-au( )) l( 3 b3 )u(ab - au)) +7r-a- a---~u-w + - a - + 
2 

11 
Wb-Wu u 3 R(wb-Wu) 

+27r~u -R +a(~--) au (l 2 2 a l ) 
Wu 6 3R 2 

(11) 

where the a and c aregiven by eg. (7) and (8) and where 

b 
for u< wb 

for u :2: wb 
(12) 

Forthis model the constitutive parameters au, w 11 , ab, Wb and Wc must be known. 
Figure 8 shows a typical load-dispiacement curve simulated by the model using 
the values R = 1000wc, W u = ftWc, W b = !wc, ab = i au and G F = l78au/Wc, 
and again thc plot was made non-dimensional by dividing the force F by a 11 R" 
and the dispiacements u by Wc. 

1.75 

!.50 

1.25 

1.00 

Phase IV 

0.75 
Phase I 

0 .50 

0.25 

Figure 8. Relationship between force and deformation simulated by the 
model using bilinear softening. 

Brittleness and size effects 

The introduced analytical models provide a simple way af expressing the brittleness 
af the pull-out problem. The classical brittleness number B= Hl/EG p, Bache 
[20] might be derived from the the single-linear model of the fradure of a bar in 
uniaxia.l tension using the definition 

B (1 3) 

using thi s definition together with egs. (3) and ( 4) yields the following expressions 
for the brittleness number for the pull-out problem 

B 
G p 

(14) 

In this expression i t would b e natura! to assume that the ultirr;ate stress a u is 
proportional to the tensile strength f, af the concrete. The th1clmess fJ of the 
clastic layer might be estimated from the initial slope S of the relation between 
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Figure 9. lnfluence of the britlierres number B illustrated by varying 
the fraelure energy G F. 

the force F and the dispiacement u at the boltom plate. From the elastic regime 
of e q. ( 6) o r ( 11) the relation is found as 6 = f R 2 E/ S . The shape o f the pull-out 
relation depends on the hrittleness numher B. This effect is illustrated in figure 9 
showing results for the single- linear case. 

Also, the shape of the softening part of the constitutive condition for the elastic 
layer influences the shape of the pull-out relatJOn. Th1s effect rmght be descnbedby 
introducing the sha.pe in the brittleness number B. Adoptmg the same defimtJOn 
(14) of B for the bilinear case,. and limit ing. the bi linear softening relations to. ca.ses 
where the kink point of the b1lmea.r softenmg pa.th 1s on the same stra.tght hne as 
illustrated in figure 10, the shape of the softening pa.th might. be deseribed by a 
single parameter 

{3 (15) 

N o w, introducing the fracture energy G p for the bilinea.r case and expressing i t 
by the softening parameter {3 

Gp = auWu (~ + f3(W ' -1)) 
2 Wu 

(16) 

the fallewing expression is obta.ined for the brittleness number in the bilinea.r case 

a 

Figure 10. Definition of the softening pa.rra.meter {3. 
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Figure 11. Influence of the shape of the softening relation deseribed by 
the soften.ing parameter {3. 

B 
~ + {3(~ -1) 

(17) 

The influence of {3 on. the shape of the pull-out relation is illustrated in figure 11. 
In th1s case the force ts norma.hsed w1th the ultimate load F. for ea.ch curve. 

Size effeds a.re. studied by varying the ~ize of the. pull-out problem considering 
geor;;etnca.lly s1m1l~r ca.ses and companng the ult1ma.te load F. norma.lised by 
a u L-. The result 1s shown m figure 12. The maximum size effect tha.t can b e 
predicted by thc model is found using th~ stress distributions a = a u corresponding 
to 1d~a.l duett ie beha.vJOur (very smal! s1zes) and a= a.(R- r·)/ R corresponding 
to bnttle beha.vwur (large s1zes). Usmg these stress distributions in eq. (2) it is 
found tha.t the max1mum s1ze effect predicted by the model is a factor of three -
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Figure 12. Model predicted size effects on the load-bearing capacity. 

exactly the same as for a beam in bending, Ulfkjær et a l. [17] . 

Note , t hat since the linear fracture mechanics is not incorporated in this model, 
no size effects are predicted when the size execeds a certain level. This model 
predicts only the non-linear size effects, i.e. the size effects in the region where 
non-linear effects are dominating. In cases where the non-linear effects are not 
dominating, i.e. for very large specimens, using the results of the analysis carried 
out here might be misleading. However, the analysis indicates, figure 12, that for 
smal! embedment depths, for L ranging from O to about 50 mm, non-linear effects 
are dominat ing, and thus, t he results predicted model should be representative. 

CaEbration and evah1ation 

The bilinear model were calibrated on 18 pull-ou t tests in different sizes, the 
embedment length L ranging from 28 mm to 95 mm . 

The calibration was performed by inspecting the fit visually using a computer 
programme allowing for easy adjustmcnt. of a ll relevant parameters. Figure 13 
shows the result of a typical calibration . As it appears, the fi t is quite good over 
the entire measurement range. 

The parameters were calibrated in the foliowing way. First , t.he stress CTu was 
chosen as a fixed value close to the measured tensile strength of the concrete. 
Then the initial slope was calibrated as explained in the preceding section. Then 
the peak load and peak deformation were calibrated by simultaneously changing 
the the radius R and the fracture energy G p , and finall y the shape was fine tuned 
by changing t he softening parameter (3. 

The results of the caEbrations are shown in table l. As it appears, two values 
are given for the radius, the value R for the final radius observed after the test, 
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Figure 13. Calibration of model to test result. 

Figure 14. Radius R observed by test, and effective radius R' used in 
model. 

and the effective radius R' as i t was estimated by calibration of the model, figure 
14. As it appears, typically there is a factor 2 - 3 between the two values. The 
results do not necessarily represent any serious discrepancy between the model 
and reality. The cones that were pulled off during the test showed a curved crack 
path corresponding to large initial values of <p that were substantially decreased 
durin~ the fracture process. Thus , since the model inelude only one value of <p, 
and smce .this value should be close t~ the ini tial value of <p observed during the 
test, relabvely sm al! values of the radms R should be expected when calibrating 
the model. 

Further, the values of the fradure energy estimated by the model. the effective 
fracture energy G[,, is substantially larger than usual fracture energie~ for concrete. 
Since an ordinary high-strength concrete was used, this effect must be due to the 
model. However , as befare, this is to be expected considering the low values 
of the effective radius R' . Since the area under the force-dispiacement curve is 
approx1mately correct, the foliowing relationship between the real and the effective 
parameters must hold 1f'R12 G'p = 1f'R2 Gp. If the values of the effective fracture 
energy is interpreted in this way, the results become close to thc values of the 
fracture energy usually observed experimentally. 

An examination of the cstim ated values for the effective radius R' and for the 
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N arne 

28-50-b 
28-50-c 
28-90-a 
44-90-n 
47-90-a 
47-90-b 
47-90-c 
53-90-b 
53-90-c 
55-90-b 
60-90-a 
60-90-b 
69-90-b 
69-90-c 
70-90-a 
70-90-c 
80-90-c 
95-90-b 

L R' R C1u W u a, w, G~ {J 'i' 

[mm] [mm] [mm] [N/mm'] [mm] [N/mm'] [mm] [N/mm] [deg] 

28 51 160 4.0 0.007 3.5 0.04 0.60 0.49 28.8 

28 52 150 4.0 0.010 3.5 0.04 0.60 0.49 28.3 

28 59 125 5.0 0.025 4.0 0.06 0.45 0.53 25.4 

44 83 235 5.0 0.045 3 2 0.08 0.38 0.48 27.9 

47 65 225 5.0 0.050 4.0 0.08 0.55 0.49 35.9 

47 65 205 5.0 0.040 4.0 0.06 0.55 0.45 35.9 

47 65 190 5.0 o 030 4.0 0.06 0.55 0.48 35.9 

53 75 220 5.0 0.050 4.0 0.08 0.40 0.55 35.3 

53 65 265 5.0 0.040 4.0 0.07 0.72 0.46 39.1 

53 86 185 5.0 0.065 4.0 0.10 0.35 0.75 31.6 

60 73 255 5.0 0.030 4.0 O.Q7 0.50 0.52 39.4 

60 75 240 5.0 0.038 4.0 0.10 0.68 0.54 38.6 

69 87 255 5.0 0.057 4.0 0.10 0.50 0.57 38.4 

69 87 260 5.0 0.057 4.0 0.10 0.50 0.57 38.4 

70 90 265 5.0 0.050 4.0 0.10 0.50 0.60 37.9 

70 90 280 5.0 0.050 4.0 0.10 0.60 0.54 37.9 

80 93 190 5.0 0.060 4.0 O. IO 0.50 0.56 40.7 

95 98 200 5.0 0.033 4.0 0.06 0.42 0.50 44.1 

Table l. Model parameters estimated by calibration of model. 

t 'l' [deg] 

50 1 
40[ . ·-~-~-----:.---
30 -----. . --- . 
20 

10 L [mm] 
l l l l l l • 

10 20 30 40 50 60 70 80 90 

Figure 15. Estimated fracture angle <p as a function of the embedment 

depth. 

initial angle <p indicates th at the problem is not geometrically independent of the 
size. Figure 15 shows the estimated values of <p as a funct1on of the size .. As IS 

appears, the fracture angle does not seem to be constant . The results md1cate a 
typical value of 'P araund 20 - 25 degrees for very small embedment depths, and 
a value of <p araund 40 degrees for em bedment length araund 100 mm. 

As i t appears, the softening parameter is in all cases very cl ose to 0 .5 corresponding 
to the single- linear case. Thus, the results indicate, that the improvement of the 
fit obtained by using a bilinear softening relation ins tead of the more simple single
linear softening relation is marginal. 

Condusions 

A simple model has been presented for the non-linear fracture mechanical problem 
of the pull-out of a concrete cone in a hook anchor failure test . 

The mo~el is formul~ted combining the fictitious crack model with very simple 
assumptwns concermug the dispiacement field and the elastic response of the 
matenal araund the crack path. F~rther, the solutions only cerrespond to an 
approx1mate satJsfactwn of the eqmhbnum equations. 

Two models are f?rmulated, ~:me based on a single-linear softening relation, and 
one based on a b1lmear softemng relatwn. Both models define a simple brittleness 
number descnbmg the shape of t he pull-out relation. 

The bilinear model was calibrated to 18 pull-out tests in different sizes . The 
mo.del gave a fine fit to the experimentally measured pull-out curves, and the 
est1mated mod.el l?arameters cc;rrespond well to what should be expected. The 
results clearly md1cate, that usmg th!S type of model the gain in accuracy using 
a bilinear softening relation is marginal. ' 
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ABSTRACT 

Precast elements have been used for decades in the building industry . Main reasons for this 
are reduction in price, reduction in erection time, and increase of the quality as produetion 
in factories often reduce the possibility of faults. 

Since the beginning of the 70' s, we have in Denmark madeseveral attempts to change from 
large panel buildings into systems which allow much more flexibility in the use of the 
building inelucting changes during the lifetime of the building. Column/beam/slab building 
systems have been introduced, but the flexibility is still limited. 

Column/slab building systems are preferred, but due to transportalion and lift capacities on 
the site, the size of the slab elements is limited. 

A building system with great distance between columns, reasonable sizes of stab elements and 
great possibility for the architect to form the facades inelucting use of balconies and chances 
in facade lines, would be a step forward for the building industry. 

The Building Department of the Education Ministry has initiated such a development, and a 
very simple building systems will be used for the next building complex at Aalborg Univer
sity. 

The partners who did the development for the Building Department, areCarlBro Group, Dall 
& Lindhardtsen and Aalborg University . 

Key Words: Fibre reinforced concrete, joints, elements, ultimate load, fire resistance. 
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