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Abstract 
Controlling indoor air properties like temperature or relative humidity is one major 
task in building system design. State of the art control methods usually assume well-
mixed air conditions, which is a crucial simplification that can lead to unsatisfying 
results. Hence an approach for modelling indoor air distribution for control 
purposes is presented in this paper. Commonly computational fluid dynamics (CFD) 
are used for modelling the effect of air distributions. The well-known disadvantages 
of CFD are high computational costs and high complexity, which makes the use of 
CFD impracticable for control theoretical issues. Based on the general governing 
equations of fluid dynamics the derivation of a reduced model is proposed in this 
paper. For this purpose the nonlinear partial differential equations, which describe 
fluid dynamics are discretized and approximated by a combination of Finite-
Difference methods and Takagi-Sugeno Fuzzy Systems. A system identification 
algorithm to obtain models from measured data is presented as well.  
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1. Introduction  

A challenging task in building system design is the control of indoor air 
properties like temperature or relative humidity [8]. Obviously this might be 
necessary to obtain thermal comfort for occupants but also to protect 
buildings and items from damaging processes due to bad climate conditions 
[1, 2]. The control problem gets even reinforced when dealing with historical 
buildings storing cultural assets [2]. A problem that has to be faced in this 
context is the air distribution, which is neglected in many works, so that the 
air in the room is assumed to be well-mixed [8]. Certainly this assumption 
makes modelling and design tasks much easier but can lead to unsatisfying 
results [1]. Especially slow air movements cause significant spatial 
distribution of e.g. temperature and relative humidity. Some illustrating 
results are given in [1]. For instance the temperature near the building 
envelope is usually varying from the temperature in the center of the room 



which is a crucial problem in historical buildings (see [2]). Nevertheless 
there are some works that deal with the spatial air distribution using 
computational fluid dynamics (CFD) [1, 3, 4]. CFD simulations are an 
established method based on numerical solutions of physical flow models 
that are often used for planning and validation tasks. Nevertheless a major 
and well-known disadvantage of CFD is the high complexity and high 
computational costs, which makes its use impracticable for control problems 
[8]. Hence doing some model reduction might be useful in this connection.  

Another approach is the use of so called “zonal models”, e.g. tools like 
POMA, COMIS [5, 6, 7]. In zonal modelling rooms are divided in several 
subvolumes, where the conditions of each submodel is assumed to be well-
mixed. The interaction of zones is based on simple balancing equations, 
which can also be an invalid simplification [5]. Furthermore the question 
arises how to use CFD or zonal models for controller design.  

For that reason, a reduced modelling approach that can directly be used 
for controller design is presented in this paper. The method is based on the 
general physical governing equations that are also used in CFD. The spatial 
air distribution can be seen as a general flow problem which can be 
represented by a set of coupled nonlinear partial differential equations. Based 
on those equations a reduced model is derived by combining discretization 
methods for partial differential equations and Takagi-Sugeno (T-S) Fuzzy 
Systems to treat the nonlinearities [10, 11].  

Especially for practical purposes it is necessary to obtain those models 
from measured data, because every room and building has its own 
characteristics. Therefore a system identification algorithm is suggested, that 
estimates the model parameters of the proposed model. The modeling results 
of the proposed approach in combination with the identification algorithm 
are presented and compared with results of a CFD simulation.    

2. Problem Formulation 

Air distribution in buildings or rooms can be treated as a general flow 
problem, which can be described by a set of governing partial differential 
equations (PDE). Solving this nonlinear and coupled set of PDE is the major 
task of CFD simulations and can only be done approximately and iteratively 
in general. Hence solving this problem in a CFD framework is very complex 
and time consuming. That is the main reason for the suggested model 
reduction method given in this paper. Detailed information about the 
following governing equations can be found in [9]. 

The set of PDE describing general flow problems basically contain the 
first law of thermodynamics for energy conservation as well as the Navier-
Stokes equations for momentum conservation. The energy conservation is 
usually given with respect to the temperature: 



 ����� + ∇ ∙ �	
�� − Γ�∇� = ��/��	  (1) 

where 
�� is the velocity field, Γ� is the heat exchange coefficient and �� 
is a source term. Due to the use of the operator representation of the partial 
derivatives the equation is very compact. For the energy conservation we get 
the extended equation in three dimensions: 

	�� ���� + 	��� ���� + 	��� ���� + 	��� ���� = ��� �Γ� ���� + ��� �Γ� ���� +��� �Γ� ���� + �� 	   (2) 

Due to simplicity the dependency of some parameter, e.g. the density 	 
depends on the temperature, is omitted here, but it has to be considered that 
this is a major source of nonlinear behavior. The variables	�, � and � are the 
velocities in the respective directions !, # and	$.  

For the momentum conservation the so called Navier-Stokes equation is 
given by:  

 	 %�&����� + �
�� ∙ ∇�
��' = −∇p + μΔ
�� + �+ 	  (3) 

with pressure	, , viscosity -  and a source term	�+ . The extended 
equations have to be obtained in all three directions !, # and $ separately. 
Due to brevity the extended representation is omitted, but can be found in 
[9]. Interesting in the context of this paper is at least, that the advection term 
in extended notation 	� ∙ .�/.! causes nonlinear behavior as well, which 
should certainly be taken into account for modelling or derivation of reduced 
models. 

At last the continuity equation completes the set of equations for general 
flow problems:  

 ���� + 	∇
�� = ���� + ��/�� + ��0�� + ��1�� = 0	  (4) 

As mentioned above, the set of PDE has to be solved iteratively, because 
of its nonlinear and highly coupled characteristics. Unfortunately this 
procedure is very time consuming which makes it impractical for controller 
design. In the next section, a new approach to gain a reduced model based on 
PDE systems is presented. 

 
 
 
 



3. Derivation of the Distributed Takagi-Sugeno Fuzzy Model 

To deal with the effects of spatially distributed air a set of nonlinear, 
coupled PDE has to be taken into account. A possible simplification in this 
context is the use of discretization methods like finite-difference methods 
[13]. Hereby the transient and spatial derivatives are approximated by 
difference quotients. This is also a possible solving method which is used in 
CFD simulations. The approximation quality is influenced by the mesh size 
of the grid and therefore by the number of considered nodes. In CFD the 
number of nodes is usually chosen very high to gain accurate results. For 
controller design it is obvious that it is only necessary to set the number of 
nodes equal to the number of measurement points in the application. Hence, 
a reduced model can be derived by using finite-difference methods. For a 
better understanding we focus on the energy equation (2) in a one 
dimensional space. Note that this is without loss of generality. The derivation 
for other problems like the general flow problem in a three dimensional 
space is straightforward. Assuming the one dimensional energy conservation 
equation:  

 	�� ���� = Γ� �3���3 − 	��� ���� + �� 	  (5) 

Note that some parameters, e.g. the density, depend on the respective 
variable, i.e. the temperature	 , which causes nonlinear system behavior. 
Applying finite-difference methods with sample time ∆5 and mesh size Δ! 
we get:  6789 = 67 :1 − 2 Γ�Δ5	��=Δ!>? + �Δ5Δ! @ + 6897 : Γ�Δ5	��=Δ!>? − �Δ5Δ! @ 
 +6A97 B CDE��FG=E�>3H 	+ �� (6) 

with the spatial node index I and the sample index J  (as superscript 
here due to brevity). Summarizing the coefficient functions, i.e. the 
expressions in brackets, it follows:  

 6789 = K6=>67 + K689=>6897 + K6A9=>6A97 + ��	  (7) 

Obviously the temperature at a particular node is composed of the 
previous values of the node itself and its neighboring nodes, as well as some 
source input. This approach seems quite similar to zonal modeling. 
Nevertheless the coefficient functions K6 , K689  and K6A9  are treated as 
constant values in zonal modeling and therefore a linear model is assumed. 
This perspective can lead to unsatisfying results, presented in section 5. 



Applying the discretization method mentioned above (see fig. 1) to a three 
dimensional problem we obtain: 

6,L,M789 � K6,L,M6,L,M7 � K689,L,M689,L,M7 � K6A9,L,M6A9,L,M7 � K6,L89,M6,L89,M7 �
K6,LA9,M6,LA9,M7 � K6,L,M896,L,M897 � K6,L,MA96,L,MA97 � ��  (8) 

 

 
Fig. 1  Definition of membership functions 

Note that dependency of the coefficient functions K6,L,M on  is omitted 
here due to brevity. Hence a nonlinear state-space representation in matrix 
form can be obtained (see [14]). For detailed information about the 
construction of the matrices it is referred to [13]:  

 !NJ � 1O � P=!> ∙ !NJO � Q=!, �> ∙ �NJO � R	  (9) 

The state-space model of equation (9) is nonlinear due to the coefficient 
functions. Note that the input is denoted by �� in equation (8) but � is the 
common notation. Thus the matrices P and Q  are matrix functions of the 
state- and input vector. The boundary conditions of the PDEs are 
summarized in the boundary vector R. For the three dimensional system of 
equation (8) the state vector, input vector and boundary vector have the 
following form:  



 !NJO �

S
T
T
T
T
T
T
T
T
U1,1,1J1,1,2⋮J
1,1,WJ1,2,1J⋮1,W,WJ⋮W,W,WJ XYY

YYY
YYY
Z
										[ =

ST
TT
TT
TT
U[1,1,1[1,1,2⋮[1,1,W[1,2,1⋮[1,W,W⋮[W,W,WXY

YY
YY
YY
Z
										R =

ST
TTT
TTT
UR1,1,1R1,1,2⋮R1,1,WR1,2,1⋮R1,W,W⋮RW,W,WXY

YYY
YYY
Z
  (10) 

In the context of controller design and system identification the 
nonlinear matrices Pand Q are inappropriate and make both, design and 
identification, much more complex. Hence, we propose to use the fuzzy 
theory to handle the nonlinearities. Originally so called Takagi-Sugeno (T-S) 
Fuzzy Systems were introduced for representation of nonlinear functions by 
summing up weighted linear submodels [10]. The weighting is done by 
defining membership functions.  

 
Fig. 2  Definition of membership functions 

Every membership function in figure 2, i.e. low, middle and high in this 
reduced example, defines the weighting of a respective linear submodel. The 
sum of all membership functions has always to be one. In doing so, a 
nonlinear function can be approximated by the fuzzy weighted sum of a 
number \ of linear submodels [11]:  

!NJ + 1O = P=!> ∙ !NJO + Q=!, �> ∙ �NJO + R = 

 ∑ ℎM=$NJO>NPM!NJO + QM�NJO + _MOM̀a9   (11) 

The \	 linear submodels are defined by the expression PM!NJO +QM�NJO + _M , which can be seen as linearization in a particular operating 
point. The fuzzy weighting of each linear submodel is done by ℎM=$NJO>. The 
function ℎM=$NJO> is called the fuzzy basis function and is defined by 

 ℎM=$NJO> = -b=$NJO>∑ cd=�N7O>d   (12) 



The fuzzy basis function is relevant for normalization of the 
membership functions -M, so that they sum up to one all the time. The vector 
$NJO is called the scheduling vector. The scheduling vector is responsible for 
the activation of each linear submodel and therefore it contains all variables 
that cause nonlinear behavior that should be approximated. Usually these are 
the state variables. For example if the nonlinear function e=!> � sin=!9> 
would exist in the state space model with ! � N!9…!jO  states and e=!> 
should be approximated, i.e. fuzzified by defining operating points, 
membership functions and linear submodels, than the membership function 
would be formulated only with respect to the state !9. Hence only the state 
!9 would be member of the scheduling vector. The boundary conditions and 
affine terms caused by linearization are summarized in the vector _M. For 
brevity it is referred to [10, 11] for detailed information on T-S Fuzzy 
Systems. 

The great advantage of this model representation is that linear 
techniques for controller design and system identification can be applied to 
every linear submodel but will hold for the overall model (i.e. the sum of all 
submodels).  

4. Identification of Takagi-Sugeno Fuzzy Models from Data 

The proposed T-S Fuzzy Model is a suitable representation for control 
purposes, because of its underlying linear characteristics. Nevertheless for 
use in real world applications the model parameters, which are the 
matrices	PM,QM and	_M, have to be estimated from measured data. Hence an 
identification algorithm has to be developed. Therefore we can make use of 
the linear submodel representations again and use linear techniques like least 
squares estimation described in the following. Assume , measured datasets 
with sample time	Δk:  

lmNJΔkO � lmNJO																		�mNJΔkO � �mNJO																n � 1,… , , (13) 

For a discrete TS Fuzzy Model we get: 

 !moNJ + 1O = ∑ ℎM=$NJO>p!moNJO �moNJO 1q rPMoQMo_Mo
stMa9   (14) 

The sum in (9) can be represented in matrix notation as:  

 !moNJ + 1O = Υvθ + Ev 
with Υm = Nℎ9=$NJO>!mNJO, … , ℎt=$NJO>!mNJO,	 



ℎ9=$NJO>�mNJO, … , ℎt=$NJO>�mNJO, ℎ9=$NJO>, … , ℎt=$NJO>O  (15) 

where  = NP9, … , Pt , Q9 …Qt , _9, … , _tO are the parameters that have to 
be identified. Υm is the measurement matrix containing all measured data and 
belonging weights. The aim of least squares estimation is, to minimize the 
deviation ym of the estimated model and the measured data:  

 ym = !moNJ + 1O − Υm  (16) 

The minimization is done by sum-of-squares criterion:  

 z{� = argmin� ∑ ymoym�ma9 = pΥ�oΥ�qA9Υ�!�  (17) 

Where Υ� is a matrix, containing every obtained Υm in its rows and y� is 
the same for the measured output data:  

 Υ� = � Υ9Υ?⋮Υ�A9
�													!� = STT

TU!9,9,9? … !j,j,j?#9,9,9� … #j,j,j�⋮ ⋱ ⋮#9,9,9� … #j,j,j� XYY
YZ  (18) 

5. Numerical Example 

Gathering data in the field of building physics is a very time consuming 
task. Hence, we used CFD simulations for data acquisition to compare the 
results of the proposed approach with a linear model representation. This 
way of proceeding is quite common [12]. For the following case study we 
investigated a room that measures 6m x 3m x 3m and is neighbored by three 
rooms and one exterior wall. The aim was to model the air distribution by a 
linear model and by the proposed T-S Fuzzy-Model. The system was excited  
by a random signal (PRBS signal) at two certain locations in the room. The 
setup of the experiment is shown in figure 1.  

 

     
Fig. 1  Experimental setup for data acquisition using CFD simlations  



First of all the influence of the number of linear submodels for the 
distributed T-S Fuzzy-Model on the model accuracy is evaluated by 
analyzing the cumulative error at all nodes for all observations. The results 
are shown in figure 2.  

 
Fig. 2  Model accuracy for different numbers of submodels 

It can be seen that increasing the number of submodels leads to 
increasing model accuracy or decreasing model error. Obviously choosing 
the number of submodels has to be a trade-off between model accuracy and 
model complexity. It should be mentioned that a number of W � 1 
submodels is the common linear model representation as used in zonal 
modeling. The comparison of the results of a linear model and the proposed 
T-S Fuzzy Model with	W � 5 submodels for a randomly chosen time step is 
given in figure 3.  

 

 
Fig. 3  Error signal results for the linear model (left) and the proposed TS fuzzy model (right) 

The error signal between the estimated output and the measured data is 
used to illustrate the performance of each model type. The linear model 
representation in the left figure shows significantly higher deviations of the 
model outputs and measurements then the T-S Fuzzy approach shown in the 
right figure.  



6. Conclusion 

In this paper we presented a new approach for modelling spatial 
distributed air properties. Based on well-known governing equations of fluid 
flow problems a reduced nonlinear discretized state-space model was derived 
by using finite difference methods. By using the theory of Takagi-Sugeno 
Fuzzy Models the nonlinear equations could be represented by a weighted 
sum of several linear submodels. The major benefit of using the proposed T-
S Fuzzy formulation is the possibility, to use simple linear control and 
identification theory and apply them to every linear submodel. To derive 
models from measured data an identification algorithm, based on a least 
squares optimization, was introduced. The results of the proposed approach 
were presented in comparison to a simple linear model. Thereby the TS 
Fuzzy Model could achieve significant better model accuracy.  

For future works the proposed model is used for controller design with 
an optimal controller (LQR). Recently the system identification is done 
online by real world measurement with a recursive least squares estimation. 
The results will be presented in a following paper. 
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