
 

  

 

Aalborg Universitet

Investigation of heat transport across Ge/Si interface using an enhanced ballistic-
diffusive model

Rezgui, Houssem; Nasri, Faouzi; Ben Aissa, Mohamed Fadhel; Blaabjerg, Frede;
Belmabrouk, Hafedh; Guizani, Amen Allah
Published in:
Superlattices and Microstructures

DOI (link to publication from Publisher):
10.1016/j.spmi.2018.09.018

Creative Commons License
CC BY-NC-ND 4.0

Publication date:
2018

Document Version
Accepted author manuscript, peer reviewed version

Link to publication from Aalborg University

Citation for published version (APA):
Rezgui, H., Nasri, F., Ben Aissa, M. F., Blaabjerg, F., Belmabrouk, H., & Guizani, A. A. (2018). Investigation of
heat transport across Ge/Si interface using an enhanced ballistic-diffusive model. Superlattices and
Microstructures, 124, 218-230. https://doi.org/10.1016/j.spmi.2018.09.018

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            - Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            - You may not further distribute the material or use it for any profit-making activity or commercial gain
            - You may freely distribute the URL identifying the publication in the public portal -
Take down policy
If you believe that this document breaches copyright please contact us at vbn@aub.aau.dk providing details, and we will remove access to
the work immediately and investigate your claim.

https://doi.org/10.1016/j.spmi.2018.09.018
https://vbn.aau.dk/en/publications/297b8019-f7a4-46f5-9fd4-8671ed9c851c
https://doi.org/10.1016/j.spmi.2018.09.018


Accepted Manuscript

Investigation of heat transport across Ge/Si interface using an enhanced ballistic-
diffusive model

Houssem Rezgui, Faouzi Nasri, Mohamed Fadhel Ben Aissa, Frede Blaabjerg, 
Hafedh Belmabrouk, Amen Allah Guizani

PII: S0749-6036(18)31807-X

DOI: 10.1016/j.spmi.2018.09.018

Reference: YSPMI 5891

To appear in: Superlattices and Microstructures

Received Date: 03 September 2018

Accepted Date: 14 September 2018

Please cite this article as: Houssem Rezgui, Faouzi Nasri, Mohamed Fadhel Ben Aissa, Frede 
Blaabjerg, Hafedh Belmabrouk, Amen Allah Guizani, Investigation of heat transport across Ge/Si 
interface using an enhanced ballistic-diffusive model,  (2018), doi: Superlattices and Microstructures
10.1016/j.spmi.2018.09.018

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to 
our customers we are providing this early version of the manuscript. The manuscript will undergo 
copyediting, typesetting, and review of the resulting proof before it is published in its final form. 
Please note that during the production process errors may be discovered which could affect the 
content, and all legal disclaimers that apply to the journal pertain.



ACCEPTED MANUSCRIPT

1

Investigation of heat transport across Ge/Si interface using an enhanced 

ballistic-diffusive model

Houssem Rezgui1,2*, Faouzi Nasri 1, Mohamed Fadhel Ben Aissa1, Frede 

Blaabjerg3,  Hafedh Belmabrouk4, and Amen Allah Guizani1,2

1Laboratory of Thermal Processes, Research and Technology Centre of Energy 

, Hammam Lif - Tunisia  

2University of Tunis El Manar, University Campus in Tunis, 2092, Manar II 

Tunis, Tunisia.

3Department of Energy Technology, Aalborg University, Aalborg 9220, 

Denmark.

4Laboratory of Electronics and Microelectronics, University of Monastir, 

Monastir 5019, Tunisia.

*Corresponding author

Email: houssem.rezgui@fst.utm.tn

Laboratory of Thermal Processes, Research and Technology Centre of Energy, 

P.B N°95, 2050 - Hammam Lif - Tunisia.



ACCEPTED MANUSCRIPT

2

ABSTRACT

In this paper, we investigate the heat transport across Germanium-Silicon interface using an 

enhanced ballistic-diffusive equation (EBDE), where we introduce the temperature jump 

boundary condition coupled with a thermal boundary resistance (TBR) and an effective 

thermal conductivity model. This paper focuses on the thermal transport of sub-23 nm Ge/Si 

thin films. The present model is aimed to describe the ballistic-diffusive phonon transport 

across Ge/Si interface. We have found that the temperature jump occurs in the interface due to 

phonon-boundary interactions. In addition, the interfacial heat transport is influenced by the 

surface roughness effect. The prediction of the suggested EBDE model are in good 

accordance with analytical method reported in the literature. The proposed model shows 

excellent agreement with the phonon Boltzmann transport equation (BTE) approach and 

Monte Carlo simulation (MC). Further, the analytic model for the effective thermal 

conductivity (ETC) is in strong agreement with experimentally based approach and also the 

theoretical model.

KEYWORDS: Ballistic-diffusive heat transport; temperature jump condition; effective 

thermal conductivity; Ge/Si interface; surface roughness effect.

I. Introduction 

Recent studies of heat transfer in nanoscale material have proved the important role of phonon 

transport at small scale [1–3]. Many theoretical and experimental methods have been 

developed to evaluate the nature of phonons scattering at surfaces and interfaces [4–9]. The 

heat transport across interfaces have an essential role in nanodevices, cooling of electronic 

circuits and engineering materials [10]. The thermal transport across Ge/Si based materials 

have been intensively reported owing to their application in transfer of energy. Ge/Si based 

nanomaterials can have low thermal conductivity, which is tremendously useful for 
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thermoelectric devices [11, 12]. Studying the Ge/Si interface plays a key role in the heat 

transport [1], Ge/Si core-shell nanowires [13–15] and also nanowire field-effect transistors 

(NWFETs) [16]. The classical heat conduction equation based on the Fourier law is unable to 

predict the phonons scattering mechanism. Most of nano-heat transport models are applied to 

investigate the nature of phonons interactions [17]. Tzou [18, 19] developed a heat conduction 

model given by the Dual-Phase-Lag model (DPL). The DPL model is used to describe the 

non-local effect in phonon systems. At nanostructure when the heat conduction passes 

through two different materials, a phenomenon of discontinuity in the temperature profile 

appears at the interface. This process is known as a temperature jump at the boundary (surface 

scattering) [20–26]. Nasri et al. [27] have evaluated the DPL model to report the heat transfer 

in nano-MOSFETs. They have applied the temperature jump boundary condition in the 

interface oxide-semiconductor. This process of temperature jump appears in the ballistic 

regime. Much research has focused on the ballistic-diffusive transport [28–35]. The aim of 

this proposed model is to predict the nano-heat transport at ultrafast time [29, 30] and 

describes the nature of phonon scattering at interfaces.

 Recently, Rezgui et al. [28] have studied the BDE model to inquire the nano-heat transport in 

graphene nanoribbon field-effect transistor (GNRFET). They have predicted the phonon 

scattering mechanism in nano-transistors. Zhang and Ye [34] derived a modified BDE 

(MBDE) from the phonon BTE to model the non-continuum heat condition. It is found that 

this model is an efficient method to describe the temperature discontinuity at the boundary. 

Hua and Cao [22] have studied the phonon boundary scattering in nanofilms and they were 

using the Monte Carlo (MC) method to address the phonon transport at the boundaries.

In the present work, we have studied the nano-heat conduction across Ge/Si interface. We 

coupled the BDE model with the temperature jump boundary condition at the Ge/Si interface. 
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The proposed model characterizes the reduction of the thermal conductivity and describe the 

thermal transport between Ge and Si nanofilms. To better understand the nature of phonon 

transport, we have combined our predictive model with the TBR. Moreover, the temperature 

jump profile was compared with the MC simulation [22]. To validate the thermal 

conductivity, we have compared our suggested theoretical model with the results obtained 

from the literature [33] and experimental data [36–38].

II. Ballistic-diffusive equation 

The phonon BTE, can be simplified with the gray relaxation-time approximation [28–30]

    (1)0( , , ) ( , , )
R

f ff r v t v f r v t
t 


   



where is the distribution function, is the equilibrium distribution function, is the f 0f 

group velocity, and is the relaxation time related to resistive collision written as [34]:R

    (2)2

3
R

k
C v

 




where  is the thermal conductivity defined as:

    (3)
3

C v 
  

where is the mean free path (MFP) written as  and  is the volumetric heat  Rv  C

capacity [28, 34]. According to Matthiessen’s rule [28, 35], the resistive relaxation time can 

be written as:

    (4)1 1 1 1

R u i b   
  

where is the relaxation time of umklapp phonon-phonon collisions, is the relaxation time u i

of phonon-impurity collisions and  is the relaxation time of phonon-boundary collision. b

The ballistic-diffusive approximation is to separate the distribution function into a ballistic 
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term and a diffusive term  [28, 33, 34]. Olfe [39] proposed this approach to predict the bf mf

radiation heat in a small system. The main idea of this approximation is to rewrite the 

distribution function in the following form [28, 34]

    (5)m bf f f 

where  arises from the boundary scattering [34], defined as:bf

    (6)
( , , ) ( , , )b b

b
R

f r v t fv f r v t
t 


   



The second part is associated to the diffusive component  and denotes the scattering mf

mechanism in internal point inside the domain. The fundamental equation for  is defined as mf

[28, 34]:

    (7)0( , , ) ( , , )m m
m

R

f r v t f fv f r v t
t 

 
   



We can define the diffusive flux [28, 35] as:

    (8)( , ) ( , ) ( , , ) D( )m mq t r v r t f r t d


    

where is the kinetic energy and is the density of states. By using the first order Taylor  ( )D 

expansion of Eq. (7) and assuming that , we can obtain [35, 40]:Rt  

    (9)0( , ( ), ) ( , ( ), ) ( , ( ), ) ( , ( ))( , ( ), )m R m m
m

R R

f r v t f r v t f r v t f r vv f r v t    
 

  
   

By rearranging the terms of Eq. (9) we may obtain

  (10)0 ( , ( )) ( , ( ), ) ( , ( ), )R m m Rf r v f r t f r t          

Multiplying Eq. (10) with and using , we can conclude that:D( )   0 D( ) 0f d


    

  (11)( , ) ( , ( ), ) D( ) 0m R R mq r t v f r t d
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Assuming that , Eq. (11) becomes [35]:dff T
dT

  

  (12)( , ) ( , )m R mq r t T r t    

where is the thermal conductivity defined as  2 D( )m
R

df d
dT

      

The derivation of Eq. (12) leads to the following equation

  (13)( , ) ( , ) ( , )m
R m m

q r t q r t T r t
t

 
   



where is the temperature related to the diffusive part [34].mT

For the Ballistic part, the heat flux is written as [28]:

  (14)( , ) ( , ) ( , , ) D( )b bq t r v r t f r t d


    

The total internal energy is defined as [28]:

  (15)u( , ) ( , ) ( , )mbr t u r t u r t 

where and  are the internal energy of the ballistic and the diffusive component ( , )bu r t ( , )mu r t

respectively. By using Eq. (6) and the similar derivation of Eq. (7) we can obtain

  (16)( , ) ( , ) . ( , )b
R b R b

u r t u r t q r t
t

 
   



The energy conservation is defined as:

  (17)( , ) ( , ). ( , ) h
u r t T r tq r t q C

t t
 

   
 



where is the volumetric heat generation and is the total heat flux [28]. The total heat flux hq q

is expressed as 

  (18)( , ) ( , ) ( , )mbq t r q t r q t r 
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Substituting Eq. (13) and Eq. (16) into Eq. (17), we can obtain the ballistic-diffusive equation 

[28, 34]:

  (19)
2

2

( , ) ( , ) 1 1( ( , )) ( , )m m h hR
R m b

T r t T r t q qT r t q r t
t t C C C C t

   
       

  
 

Note that Eq. (19) denotes the original BDE model where is bulk thermal conductivity. 

However, according to our suggested EBDE model, the thermal conductivity is replaced by an 

effective one (apparent thermal conductivity) where we introduce the specularity parameter 

which will be discussed later.

III. Effective thermal conductivity of nanofilms

The thermal conductivity is reduced by many effects such as boundary scattering, non-local 

effects and geometries. For the thermal transport of nanostructures in contact with two 

different temperatures, phonons are emitted from the heat sink at the boundary [7, 41]. Hence, 

the variation of effective thermal conductivity is affected by phonon-boundary scattering and 

thermal resistance [7, 22, 23]. In nanofilms (lengths are comparable to phonon MFP), the heat 

transport is limited by the ballistic transport, which is characterized by the increase of the 

Knudsen number [22, 41]. For large Knudsen number, phonon-boundary scattering dominate 

the resistive mechanism (Casimir limit) [22, 42, 43]. Across the nanostructure, phonons are 

traveling ballistically (from boundary to boundary) as it is shown in Fig. 1. Furthermore, 

when boundary scattering dominate due to the ballistic nature of heat transport, normal 

collision scattering supposed negligible [42, 44]. In this work, we are suggesting a theoretical 

model for the ETC, which is given by [28, 45, 46]:

2 tanh(1/ 2 )( ) 1
1 tanh(1/ 2 )eff

W

Kn Knk Kn
C Kn


 

    
  (20)
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where Kn
L


   is the Knudsen number, L  is the nanostructure length , 12
1W

pC
p

 
   

is a 

constant related to the properties of the walls [45, 46] and p is the specularity parameter 

defined as the probability of phonon reflection at the surface scattering [6–8, 45].

For high Kn values, phonon-interface effects reduces the thermal conductivity. Eq. (20) 

predicts the ETC and leads to [28, 45]:

( ) ( )
2

W
eff

CKn
Kn

    (21)

In this work, the enhanced ballistic-diffusive equation (EBDE) model is rewritten as [28]:

2

2

( , ) ( , ) ( , )( , )effm m b h b h
b m

T r t T r t q r t q qT r t
t t C C C C t

     
     

  
 

  (22)

We introduce a new approach for the relaxation time associated to the phonon boundary 

scattering which is defined as:

2

3 eff
b C










  (23)

By replacing Eq. (21) into Eq. (23), we can obtain the Ziman formula [28, 47]:

1 1
1b

p
p L




          
  (24)

where 1

b
is the phonon scattering rate. 

When the phonon MFP is longer than the characteristic length of the system, thermal transport 

is predominated by phonon-boundary scattering [22, 43]. In our case, the thermal conductivity 

depends on the size of nanostructure and the group velocity. The phonon-boundary 

interactions can be determined by the Callaway’s model [48], which is based on a simple 

boundary scattering rate which is given by the following expression: 

1

b L



   (25) 
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IV. Temperature jump boundary condition

The temperature jump phenomena that is given by a discontinuity process appears in the 

surface scattering between two materials. In addition, the temperature jump occurs due to the 

ballistic transport and phonons-interfaces collisions [22]. In fact, in the diffusive regime 

(Kn<<1), such discontinuous process is assumed to be negligible. Criado-Sancho and Jou [24] 

have analyzed the heat transfer between Si and Ge materials, and they derived a temperature 

profile written as:

  (26)Si GeT T R q  

where q is the heat flux travel from Si side to Ge side and R is thermal boundary resistance. In 

recent work, Rezgui et al. [49], have studied the heat dissipation in a nanoscale MOSFET. 

The temperature jump boundary condition is defined as 

  (27)W
TT T d Kn L
x


     



where is the wall temperature and is an adjustable coefficient related to the properties of WT d

materials. To better predict phonon transport in naostructures, Ben aissa et al. [21] have 

defined and calculated the adjustable coefficient d which is given by the following expression:

  (28)effR
d

Kn L





In a similar work, Hua and Cao [22] have used the MC technique to investigate the phonon 

transport across nanofilms, where they have proposed a temperature jump boundary condition 

which is written as:

  (29)2
3W

TT T x
   


The work of Guo and Wang [20] has proved that the temperature jump boundary condition for 

the phonon hydrodynamic model can be established as:
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  (30)2 1
3 1W

p
p

TT T x



    


At the interface scattering, the temperature gradient is equivalent to the wall temperature 

gradient [21]:

  (31)WTT
x x




 

In the ballistic regime, the temperature gradient into the nanofilms decreases, while the 

temperature jump appears at the interface [50]. In this case, we can define the heat flux in the 

form of Fourier’s law [41, 50]:

  (32)eff
Tq L  

where , and represents the hot and cold source respectively. According to h cT T T   hT cT

Eq. (31), the energy conservation leads to the following equation:

. 0xq
x






The temperature differential equation is given by:

  (33)
2

2 0d T
dx



The general solution of Eq. (33) is , where A and B are two positive constants. ( )T x Ax B 

Hence, the initial conditions are expressed as:

, WT A
x





( 0)T x B 

The following dimensionless variables were introduced to solve the non-dimensional 

temperature distribution:

, , , , * C

h c

T TT
T T





* xX

L
 * yY

L
 *

( )g h c

qq
C T T




*

R

tt




According to Eq. (27), we have defined the temperature jump at the interface. 
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For X= 0, Eq. (27) gives 

  (34)h
TT T d
x


     



For X= L, Eq. (27) is rewritten as 

  (35)c
TT T d
x


     



Substituting Eq. (34) and Eq. (35) into , we can obtain the following temperature profile ( )T x

  (36)
*

* (1 ( ))
(1 (2 ))

d Kn XT
d Kn

  


  

In this work, the temperature jump boundary condition at the interface depends on the 

Knudsen number, the thermal boundary resistance and the specularity parameter p. The use of 

the parameter d is aimed to better predict the heat transport across the interfaces.

V. Structures to model 

In order to validate our proposed model, the EBDE model is solved for two-dimensional (2D) 

heat conduction problems. The 2D rectangular domain system has the following geometries:

 Lx = 100 nm, Ly = 50 nm, L= Lh= 10 nm.

where Lh is the heater region length. More details are shown in Fig. 2 and Refs. [2, 34]. The 

second structure shown in Fig. 3(a) serves to consider the Ge/Si interface. This geometry 

consists of a single crystalline Ge covered by a Si layer [22]. Fig. 3(b) depicts the mechanism 

of scattering at the surface roughness, where the dimension of the nanostructure is extracted 

from the literature [14]. In the present work, the Ge substrate thickness is fixed at LGe = 20 

nm, the Si nanofilm thickness is fixed at LSi =3 nm and the interface length is L = Ly= 20 nm. 

Our proposed structure has the same geometries given by Hua and Cao [22]. The right and left 

side are supposed to be adiabatic. Due to phonon-wall collision, the Ge/Si interface is exposed 

to the temperature jump boundary conditions. During our simulations, the thermal boundary 
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resistance is RGe-Si=5.76·10-9 Km2W-1 [51] and Tref is the reference temperature (Tref =300 K). 

To compute the EBDE model coupled with the temperature jump boundary condition we use 

the finite element method (FEM) [49]. The FEM method was a good argument to study the 

phonon transport in 2D domains [32, 49]. The materials involved in the numerical study are 

Silicon (Si) and Germanium (Ge) [22] and they are listed in Table I.

VI. Results and discussion

A. Verification of theoretical model

In this work, we study the heat transfer across Ge/Si interface. First, we demonstrate our 

proposed model for the ETC. Our results are compared with others numerical work [33] and 

experimental data [36–38]. 

Fig. 4 shows the reduction of the ETC versus the Knudsen number. It is clear that the ETC 

decreases when the Knudsen number increases. For small value of Kn, it is found that, Eq. 

(20) for p= 0.5 is in good agreement with data obtained by Hua and Cao [33] and the 

experimental data [36, 37]. For a high Knudsen number, our proposed model is in agreement 

with the experimental data obtained by Liu and Asheghi [38]. The ETC varied from 12~20% 

when the specularity is ranging from p= 0.3 to p=0.5. It can be seen that the ETC shows a 

strong dependence with the Knudsen number. Fig. 5 illustrates the size-dependent thermal 

conductivity of crystalline C-Ge and C-Si. It is obvious that our theoretical model accords 

with data obtained in Ref. [51]. From this figure, we show the strong reliance of the thermal 

conductivity within the length of nanostructure. 

Additionally, the thermal conductivity depends on the TBR, which is defined as; [22, LR
k



51]. Alvarez and Jou [52] noted that the TBR arises from the discontinuity of the temperature 

at the interfaces. To predict the temperature distribution at the boundary, we use Eq. (27). Fig. 
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6 shows an excellent agreement between our proposed model and the MC simulation given by 

Hua and Cao [22]. The classical Fourier’s law is applied only for small values of the Knudsen 

number, which denotes that the Fourier heat equation cannot predict the thermal transport in 

nanoscale regime. The increase of the Knudsen number is manifested by the increase of the 

temperature at the boundary. For small value of Knudsen number, a fully diffusive regime 

dominate the thermal transport. In this case, the temperature jump vanishes and the classical 

heat equation can be employed [32, 50].

B. Validation of the EBDE model

To validate our suggested EBDE model associated with the temperature jump boundary 

condition, we have compared our results with BTE, MBDE model [34] and the classical BDE 

model. In this case we verify our present EBDE model for Kn= 1. Fig. 7 shows the non-

dimensional temperature and heat flux along y-axis in the centerline (x=Lx/2) at t*=10 and 

Kn= 1. It is evident that our proposed EBDE model predicts the decrease of the temperature 

and the heat flux similar to the BTE and the MBDE given by Zhang and Ye. [34]. The 

temperature is maximal in the heater zone and reduced to the ambient when we pass to the 

coldest side. Fig. 8 shows the temperature and the heat flux distribution along the line Y= 0 at 

t*= 1 and Kn= 1. It can be seen that our EBDE model capture the increase of the interfacial 

heat transport near to the BTE. The new temperature boundary condition given by Eq. (27) 

coupled with EBDE model leads to more improvement especially at the interface. At the 

boundary, the temperature profile is affected by the nature of phonon scattering [7, 22]. In this 

side, the EBDE model is much more accurate than the original BDE. Fig. 9 shows the 

temperature and the heat flux profiles for Kn= 10 at ultrafast time scale t*= 0.1. When 

phonons are scattered across interfaces, such temperature jump arises near the boundary. 

Therefore, the phonons collision process give rise to the perturbation in the temperature and 

heat flux curve as shown in Fig. 10. 
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Fig. 8 and Fig. 10 have clearly explained that the heat transport depend on the variation of the 

Knudsen number. The temperature jump occurs at the interface, which is related to phonon 

interaction. For Kn= 1, we shows a strong deviation in the temperature and heat flux curve 

because of the frequent phonon interactions. In the ballistic regime (Kn= 10), the interactions 

between phonons are reduced and a weak deviation is shown in the heat flux profile. Our 

present EBDE model has successfully predicted the transition of heat transport. In addition, 

the prediction of our model is in good accordance with the BTE results. 

C. Heat transfer across Ge/Si interface

In this case, we investigate the heat transport at the interface Ge/Si. In order to consider the 

2D geometry, the results are presented along the line X= 0 at time t= 50 ps. Fig. 11 represents 

the temporal evolution of the temperature calculated using the EBDE model. It is clear that 

the temperature reaches the peak values at the interface Ge/Si. For a short time (10 ps), the 

temperature achieved is 317.4 K. For 20 ps and 30 ps, the temperature reaches respectively 

326.7 K and 327.6 K. The saturation of the temperature is appearing at L= 20 nm (interface 

scattering). The temperature jump is located at hot surfaces, where phonons interactions are 

frequent [32]. Hence, the TBR occurs at the boundary due to the phonons scattering effect and 

the variation of the thermal conductivity [22].

Fig. 12 depicts the temperature distribution along x-y plane using the EBDE for p= 0.2, p= 

0.3, and p= 0.4. It is found that the temperature reaches 311.4 K for p=0.4 and 321.8 for p= 

0.2. For specular surfaces scattering, the temperature jump is reduced due to the increase of 

the thermal conductivity. The temperature distribution shows a strong relation with the 

phonon interactions at the interface. Referring to the diffusive mismatch model (DMM), the 

phonon transport is purely diffusive (maximum of phonons interactions) at interfaces [25]. 

Fig. 13 shows the evolution of heat flux across the interface Ge/Si at t= 5ps with different 
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specularity p= 0.1, p= 0.3 and p= 0.5. It is obvious that the heat flux obtains the maximum in 

the Ge/Si interface. For diffuse surface (p= 0.1), the heat flux reaches 34.7 (109 W/m2). 

However, for a smooth surface (p= 0.5) the heat flux decreases and attaints 22.8 (109 W/m2). 

The heat conduction across the interfaces depends on essential properties [7]: (1) Nature of 

phonon-surface interactions (specular or diffuse surface), (2) the variation of the thermal 

conductivity and (3) the thermal boundary resistance at interface scattering. 

To reduce the heat flux and the peak temperature across the interfaces, it is necessary to 

increase the specularity parameter. The work of Li and McGaughey [7] prove that emitted 

phonons have a specular reflection (p≈ 1) which lead to an excellent quality interface. 

Experimental studies have demonstrated that the edge roughness of graphene ribbons was 

characterized by higher specularity parameter (p > 0.5) [53], which is implying that graphene-

based materials are needed in the future organic electronic devices.  Due to their 

environmental safety, graphene-like materials are implemented in various application such as, 

green technologies [54], 2D flexible nanoelectronics [55] and manufacturing of novel 

biointerfaces [56].

VII. Conclusion

In summary, we have developed an enhanced ballistic-diffusive equation (EBDE) derived 

from the phonon Boltzmann transport equation. By including a new boundary condition, the 

EBDE becomes more appropriate and is able to predict the heat transport across interfaces. In 

addition, the theoretical thermal conductivity model agrees with the results obtained from the 

literature and experimental data. It is found that the temperature jump at the boundary was 

manifested by the variation of the thermal conductivity and the thermal boundary resistance. 

Moreover, our proposed temperature boundary condition is in good agreement with the MC 

simulation. It is also found that heat transport across interfaces depends on the properties of 
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the phonon-surface roughness. Due to the growing needs of organic-based materials, we 

intend to investigate the heat transport in the Graphene-Silicon interface in the future. In 

addition, we will develop another model based on the phonons hydrodynamics model where 

the phonon normal scattering has an essential role in the heat transport [20, 45, 57].
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Table

Table I: Thermal properties of Silicon and Germanium materials.

Symbol V (m s-1) K (Wm-1 K-1) C (J m-3 k-1) Mean free path (nm) Kn References

Si 1804 145.6 0.93 x 106 260.4 13 [22]

Ge 1042 60 0.87 x 106 198.6 9.93 [22]

Figure captions

FIG. 1. Schematic illustration of phonon-surface scattering.

FIG. 2. Boundary conditions of the 2D problem.
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FIG. 3. (a) Nanofilm (Si) on substrate (Ge) [14], (b) Mechanism of phonon scattering at 

the interface Ge/Si.

FIG. 4. Comparison of thermal conductivity for Silicon thin films. Solid lines represent 

the theoretical model given by Eq. (20). Dashed line correspond to Ref. [33]. The 

symbols denote the experimental results obtained in [36–38].
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FIG. 5. Inverse of thermal conductivity as a function of the inverse length of crystalline 

c-Si ( 233.4 Wm-1k-1) and c-Ge (= 93.3 Wm-1k-1). The solid lines with stars and 

spheres correspond to Eq. (20) with p= 0.1. The solid lines with squares and circles 

represent the data from the literature [51].

FIG. 6. Dimensionless temperature distribution in nanofilms. The solid lines represent 

the analytical solution of Eq. (36). Squares, stars and circles denote the Monte Carlo 

(MC) simulations [22].
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FIG. 7. Temperature and y-direction heat flux evolution along the centerline (X= Lx/2) 

for Kn= 1 at t*= 10. Solid line and stars represent the enhanced ballistic-diffusive 

equation (EBDE) correspond to Eq. (22) coupled with the temperature boundary 

condition given by Eq. (27). Solid line and circles represent the modified ballistic-

diffusive equation (MBDE) obtained in Ref. [34].

FIG. 8. Temperature and y-direction heat flux evolution along the line y= 0 for Kn= 1 at 

t* = 1. Dashed line and spheres represent the original ballistic-diffusive equation (BDE). 

Dashed line and squares correspond to Boltzmann transport equation (BTE) obtained in 

Ref. [34].
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FIG. 9. Temperature and y-direction heat flux evolution along the centerline (X= Lx/2) 

for Kn= 10 at t*= 0.1.

FIG. 10. Temperature and y-direction heat flux evolution along the line y= 0 for Kn= 10 

at t* = 1.
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FIG. 11. Temperature evolution across the line X= 0 at t = 10, 20 and 30 ps for p = 0.3. 

Solid lines represent the EBDE model.

FIG. 12. 2D temperature distribution in X-Y plane using EBDE model at t= 10 ps. (a) 

p= 0.2, (b) p= 0.3 and (c) p= 0.4.
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FIG. 13. Heat flux evolution across Ge/Si interface at t= 5 ps for different specularity 

parameter.
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Highlights

 An enhanced ballistic-diffusive model is developed for heat transport 

across the interface scattering between nanomaterials.

 An excellent agreement with experimental results and Monte Carlo 

simulation.

 Investigation of phonon-surface scattering in nanostructures 

 This work help research optimization of interface quality. 
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