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ON A DISCRETE TRANSFORM OF HOMOGENEOUS DECOMPOSITION
SPACES

ZEINEB AL-JAWAHRI AND MORTEN NIELSEN

ABSTRACT. We introduce almost diagonal matrices in the setting of (anisotropic)
discrete homogeneous Triebel-Lizorkin type spaces and homogeneous modulation
spaces, and it is shown that the class of almost diagonal matrices is closed under
matrix multiplication.

We then connect the results to the continuous setting and show that the “change
of frame” matrix for a pair of time-frequency frames, with suitable decay properties,
is almost diagonal. As an application of this result, we consider a construction of
compactly supported frame expansions for homogeneous decomposition spaces of
Triebel-Lizorkin type and for the associated modulation spaces.

1. INTRODUCTION

Function spaces based on anisotropic Littlewood-Paley decompositions have at-
tracted considerable interest in recent years, see for example [3,5-9,13,14,16,20] and
reference therein. This renewed interest in such spaces is to a large extent driven
by advances in the study of partial and pseudo-differential operators, where there
is a natural desire to be able to better model and analyse anisotropic phenomena.
The connection to constructive algorithms suitable for applications and numerics
is often made possible by considering suitable discretised sampled versions of the
underlying Littlewood-Paley decomposition.

In the present paper we will study additional features of certain discrete rep-
resentations of homogeneous decomposition smoothness spaces. The theory of de-
composition spaces, introduced by Feichtinger and Grobner [11] and by Feichtinger
[10], is an abstract general machinery for building function spaces. This machinery,
when tuned to decompositions of the frequency domain, covers a large range of
smoothness spaces that have turned out to be of interest for applications. The close
connection between decomposition spaces and classical smoothness space such as
modulation spaces was first pointed out by Triebel [24]. Triebel’s work later in-
spired a more general treatment of decomposition smoothness spaces [2,3]. In the
same spirit, very general homogeneous (anisotropic) Besov and Triebel-Lizorkin
spaces based on dyadic decompositions were considered by Bownik [4] and by
Bownik and Ho [5]. In a similar dyadic setup, a general approach to homogeneous
spaces has been studied in detail recently by Triebel [25,26].

The present authors considered a general construction of homogeneous smooth-
ness spaces, based on structured decomposition of the frequency space R\ {0},
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in [1]. Adapted tight frames for L,(R?) were were considered in [1] and they were
shown to provide universal decompositions of tempered distributions with con-
vergence in the tempered distributions modulo polynomials. Moreover, atomic
decompositions of the corresponding homogeneous smoothness spaces were ob-
tained, completely characterising the smoothness spaces by a sparseness condition
on the frame coefficients, facilitating compression of the elements of such homoge-
neous smoothness spaces using the corresponding frame coefficients. An alterna-
tive approach to homogeneous decomposition type spaces based on the theory of
Coorbit-spaces has been considered by Fiihr and Voigtlaender in [13].

In the present paper, which can be considered a continuation of [1], we study
additional properties of discrete representations of homogeneous decomposition
spaces of Besov and Triebel-Lizorkin type. Most importantly, in Section 4, we in-
troduce the notion of almost diagonal matrices for homogeneous decomposition
spaces of Besov and Triebel-Lizorkin type and we use the tight frame introduced [1]
to link such matrices to bounded operators on Besov and Triebel-Lizorkin type
spaces.

The main contribution of the present paper is a detailed proof that “change of
frame coefficient” matrices between any two suitably localised adapted time-fre-
quency frames is almost diagonal. This also leads to a natural definition of de-
composition space molecules. In the inhomogeneous setting, similar results were
considered in [21]. However, as it turns out, the homogeneous setup presents sev-
eral additional challenges that will be addressed in this paper. The result can be
found in Section 4.

As an application of the results obtained, we study various perturbation of the
frame from [1] to obtain compactly supported frames for homogeneous decompo-
sition spaces of Besov and Triebel-Lizorkin type. This is considered in Section 5.
Sections 2 and 3 contain the needed preliminary facts and results.

2. PRELIMINARIES

We now introduce the notation needed to define and study homogeneous decom-
position spaces. The terminology is to a large degree inherited from Feichtinger and
Grobner, see [10,11], and from [2].

2.1. Anisotropic geometry. Let | - | denote the Euclidean norm on R¢ induced by
the standard inner product (-,-) and leta = (a;,...,a4) € R% be an anisotropy on
R? scaled such that a; > 1 and Z?Zl a; = v > d. For t > 0, define the anisotropic
dilation matrix as D,(t) := diag(t™,...,t*). We mention that the specific scaling
assumption for the anisotropy a is chosen to facilitate certain technical estimates in
Section 4, see Remark 4.10.

Definition 2.1. We define the function |- |, : RY — R, by setting |0|, := 0 and for ¢ €
RN{0} we set |¢|a = t, where t is the unique solution to the equation |D,(1/t)¢| = 1.

According to [23] we have the following standard properties of | - |a:
(1) |- |a € C*(RN{0}).
(2) There exists a constant K > 1 such that

€+ Cla < K(|€la+[Cla), V& ¢ e RN{O}.
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(3) Fort >0,
|Da(t)€|a = Zf|§|a 1)
(4) For ¢ € R*\{0},
alé]™ <[ < caf€]*, if [€la > 1, and
c3l€]™ < [€la < eal€]™,if [€la < 1, (2)
where a3 := min;<;<4a; and o, = max;<;<4 a;.
The anisotropic norm | - |, from Definition 2.1 induces a quasi-distance d : R x

R? — [0,00) given by d(£,¢) = |[¢ — (|a. The (anisotropic) ball of radius r > 0
centered at £ € R? is given by

Ba(&,r) ={C € R d(§,¢) <1}
One can verify that (R¥\{0},d, d¢) is a space of homogeneous type.
2.2. Maximal operators. Since we will study function spaces of Triebel-Lizorkin
type, maximal function estimates will play a central role.
For 0 < r < oo, the maximal function of Hardy-Littlewood type is defined by

1

1 ’
M?2u(zx) := sup ( — / |u(y)|rdy> ;U € Lyjoc(RY), 3)
>0 \Kg " " JBa(a)
where k3 := |B,(0, 1)|. Moreover, due to the structured anisotropic setup, we have

the following vector-valued Fefferman-Stein maximal inequality, see [22]. For 0 <
r<qg<oo,and r < p < oo, there exists C' > 0 such that

(ZMi‘fj")l/q <C (ijq)l/q

JjeJ L, jeJ L,

If ¢ = oo, then the inner /,-norm is replaced by the /,,-norm.

3. HOMOGENEOUS TRIEBEL-LIZORKIN TYPE SPACES

In this section we define homogeneous Triebel-Lizorkin (T-L) and Besov type
spaces. This is done by considering certain structured admissible coverings of the
frequency space R?\{0}. The coverings are used to construct a suitable resolution of
unity which can be used define the T-L type spaces and the decomposition spaces.

We simplify the construction in the sense that we use a suitable collection of d-
balls to cover R\ {0}, where the radius of a given ball in the cover is a so-called
hybrid regulation function.

A simple construction of a tight-frame for the various homogeneous T-L and
Besov type spaces spaces is also considered. The particular frame will be shown
to fully characterise the (quasi-)norm on homogeneous T-L and Besov type, and it
will prove essential for our analysis of almost diagonal matrices in Section 4. Let us
recall the notion of a moderate function.

Definition 3.1. A function h : RH\{0} — (
constants R, 0y > 0 such that d(£, () < dph
£, ¢ € RN\{0}.

0,00) is called d-moderate if there exist
(&) implies R~ < h(€)/h(¢) < R for all
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We now use a ramp function to glue two moderate functions together. The idea
is to separately “regulate” low frequencies and high frequencies.

Definition 3.2. Take a non-negative ramp function p € C* for some s > 1 satisfying

2
1 for0<|[{la<3

p(§) = (4)

0 for|¢la >3

and define / : R\ {0} — (0, 00) as

W) = pha(€) + (1 = p)ha(8), (5)
where h, () and hy(§) are both d-moderate functions satisfying
col€la < hi(§) < c1l€la, for some ¢y, ¢; > 0andr > 1, (6a)
and
c2 < ha(§) < csl€la, for some ¢y, c3 > 0. (6b)

We call o : R¥\ {0} — (0, 00) a hybrid requlation function.

We mention that according to [1, Lemma 2.7], h itself is a d-moderate function in
the sense of Definition 3.1.

Example 3.3. Let « € [0, 1]. Then

h(€) = phi(€) + (1 = p)ha(8),
where p satisfies (4), h1 () := |£|27* and hy(€) := |€[|¢, is a hybrid regulation function.

With a hybrid regulation function i, we can construct a structured admissible
covering by open (anisotropic) balls.

Lemma 3.4. Consider (R%\{0},d, d¢) and let i : R¥\{0} — (0, 00) be a hybrid regu-
lation function. Pick 0 < 0 < §y/2. Then there exist an ordered countable (infinite)
index set J # §) and an admissible covering Q = {Ba(&;, 0h(£;))}jes of R1\{0} and a
constant 0 < &' < ¢ such that { B.(;, 0'h(£;))} e are pairwise disjoint.

Since the balls in the collection { B, (&;,8'h(€;))} ;e are pairwise disjoint, it can be
verified that { Ba(&;, 20h(¢;))} ;e gives a structured admissible covering of R%\{0}.
We note that the covering Q from Lemma 3.4 is generated by a family of invertible
affine transformations applied to the d-ball ) := B,(0, ). That is,

{Ba(&), 00(&)) }ies = {TiQ}jes, where T;Q := A;,Q + &, A;:= Da((g))). (7)
The matrices {A,}; and the frequencies {¢;}, will be kept fixed throughout the pa-
per.

We can use the structured admissible covering O from Lemma 3.4 to generate a
suitable resolution of unity that can be used to define the T-L type spaces and the
decomposition spaces. Due to technical reasons we require the partiton of unity to
satisfy the following.
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Definition 3.5. Let Q := {Q;};es := {1;Ba(0,0)},c; be a structured admissible cov-
ering of R¥\{0}. A corresponding bounded admissible partition of unity (BAPU) is
a family of functions ¥ = {1, },c; C S(R?) satisfying

(1) supp(v)j) € 1;Ba(0,26) forall j € J.

(2) Eje] ¥;(§) = Lforall € Rd\{o}/

3) SUpjeg ||¢J(TJ)| H; < 00,8 >0,

where || f| s = (f |77 f(2)P(L + |ofa)**da)' /2.
We use a standard trick for constructing a BAPU for Q. Pick ¥ € C*(R?) non-

negative with supp(¥) C B,(0,26) and ¥(£) = 1 for £ € B,(0,d). Then it can be
shown that

U(T; 1)
(0F (&) = - I
> ohes V(T
defines a BAPU for Q. For later use, we also introduce
(T '€)

(8)

p;(§) = :
V  kes (T )2

which in a sense defines a “square root” of a BAPU.

We can now define the homogeneous (anisotropic) T-L type spaces and the de-
composition spaces. We let S’/P denote the class of tempered distributions modulo
polynomials defined on R

Definition 3.6. Let / be a hybrid regulation function and let Q be a structured ad-
missible covering generated by 4 of the type considered in Lemma 3.4. Let {(;},cs
be a corresponding BAPU and set ,;(D)f := F ' (p;Ff).
e Fors e R,0 < p < ooand 0 < g < oo, we define the (anisotropic) homoge-
neous Triebel-Lizorkin space in q(ﬁ) as the setall f € S'/P satisfying

1/q
By q(h) *= (Z |B(§j)590j(D)f|q> < .

JjeJ Ly

I/

e Fors e R,0 < p < ooand 0 < g < oo we define the (anisotropic) homoge-
neous decomposition space M, () as the set of all f € &'/P satistying

1/q
q
) e
LP

It can be verified that are sz, q(ﬁ) amzl M; q(ﬁ) are (quasi-)Banach spaces that only

1 £llyzy, iy = (Z |n& o)
jeJ

with the usual modification if ¢ = oco.

(up to norm equivalence) depend on h and not the particular choice of BAPU, see
[1,3]. We mention that it is possible to consider other reservoirs of distributions
than §’/P to build the function spaces, see Voigtlaender [27] for further details.

Next we construct a tight frame for the homogeneous T-L type spaces and the
associated decomposition spaces. Further details can be found in [1].
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3.1. Construction of frames. Consider the modified BAPU {¢,};cs given by (8) as-
sociated with the admissible covering Q := {T;Q};c; := {1} Ba(0,9)},c; generated
by {T}- = A;-+&;}jes. Suppose K, is a cube in R? (aligned with the coordinate axes)
with side-length 2a satisfying B,(0,26) C K,. Set

t = h(&): ©)
Then we define
en(€) = (20) 721, P xpe, (T 1) e Pa™ D€ je Tnen,
and
Nin = Qj€jn, JEJI,nE Z-.
It can easily be shown that {1;,} jc sz is a tight frame for Ly(R?). Letting /1;(§) :=
©;(T;€), we obtain a representation of 7, ,, in direct space,

Njm () = (2a) 22 7% p;(Ajz — In). (10)

Since ¢; € S(R?) has compact support in @;, all of its partial derivatives are con-
tinuous and have compact support. Hence, for every v € N¢ and some C,, > 0 we
have

10825 (E)] = 10 0;(T36)] < CoXBac0,26)(8)- (11)

We also need an estimate on |0]u;(x)|. By the multinomial theorem it follows
that, forany N € Nand 3 € N¢,

N\, .
ol ~ -l = 3 ()P
IB|=N
where |7|? = |z,]% - - - |24|%. Thus, for any 3,~ € N& we have
N\ . _ .
0+ el 3zl < © X () )8000mto)] = ColF @€ (e
[BI<N
<Cy [ 100€ e
Rd
S CN,B,W
where the last inequality follows by (11). Rearranging terms yields
07 1(z)] < Cnp (14 ‘x|a)_N- (12)

It turns out that {1, , } jc s neze constitutes a (universal) frame for F; q(ﬁ) and M;ﬂ q(ﬁ).
For a more precise statement of this fact we need to introduce the following associ-
ated sequence spaces. The following point sets will be useful for that.

Q(j,n) = {y eRY: Ay + gn € Ba(0, 1)} (13)

It can be verified that there exists ny < oo such that uniformly in z and j we have
Y nezd XQGm) < no. With this property in hand, we can define the sequence spaces

associated with F;q(ﬁ) and M;q(ﬁ).
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Definition 3.7. Let s € R,0 < p < oo and 0 < ¢ < co. We define the sequence space

‘s (h) as the set of all complex-valued sequences {¢;,} icjneze C C satisfyin
P, p q jmJjed, ymng

1/q
s+¥ q
bl = | (55 (7 bl x| <o
jEJ’rLeZd Lp

Lets € R,0 < p < ocand 0 < g < co. We define the sequence space 7, ,(h) as the
set of all complex-valued sequences {c;, }jcneze C C satisfying

1/p
s+E-%2
g ) <Z’Cj’"|p>

nezd

I¢jm
jedllg,

If ¢ = oo or p = oo the /,-norm or /,-norm, respectively, is replaced by the /,,-norm.

Finally, we can verify that {1} ;e ez constitutes a frame for sz, q(ﬁ) and M;j q(ﬁ)
in the following sense.

Proposition 3.8. Assume that s € R, 0 < p,q < 0o, p < oo for I (h), and ¢ < oo for
M;,q(ﬁ). For any finite sequence {sj.n} ke jneze C C, we have

H Z Z SknTlkn

keJ nezd

<C AN
ity = Il

Furthermore, {y } ke neza 18 a frame for F;q(fz),

||f| F.‘qu(iz) = ||<f7 nk,n> f;’q(}})a f € Fps,q(h)

Similar results hold for sz’q(ﬁ) and m;q(ﬁ).

The proof of Proposition 3.8 in the M; q(ﬁ)-case can be found in [1]. The proof in
the Fz‘f’q(ﬁ)-case is similar using the modifications outlined in [3].

4. ALMOST DIAGONAL MATRICES

In this section we introduce and study a class of almost diagonal matrices for the
sequence spaces f;’q(i}) and m;q(ﬁ) which corresponds to the function spaces sz’q(ﬁ)
and M;7q(ﬁ), respectively. Our main contribution is to show that for any pairs of
decomposition space frames with suitable localisation and smoothness properties,
the corresponding “change of frame” matrix will be almost diagonal.

We say that a matrix A := {a@,m)(jn) }rjesmneze belongs to the class ad;q(fz) if
its entries |a(m)(j») | decay at a certain rate apart from the diagonal. Based on the
experience gained from earlier studies, see e.g. [7,9,12,21], we propose the following
definition of almost diagonal matrices on on f]f ,(h) and o (R).

Definition 4.1. Assume that s € R, 0 < p,q < 00, p < oo for f;q(h), and ¢ < oo for

my (h). Let r := min(1,p,q). A matrix A := {ax,m)(jn) }r,jesmmnezd 1S called almost
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diagonal on f';,q(h) and 17 (h) if there exist C,§ > 0 such that

)

2\ £\ e
st (2] (£ ()2
t; 178

X (1 +min(tk,tj)’$kn T, m’B - 76
where
t

\ L46 5
c?k = min ((i) , (i—k) )(1 + max(tg, t;) &k — §J|A)*?*5
j

with ¢; defined in (9) and z;,, defined by
i = Aj—lgn, jeJnez (14)

We denote the set of almost diagonal matrices on f;’ q(fz) and m;,q(ﬁ) by ad; (h).

There is an apparent similarity with the definition of almost diagonal matrices
in the inhomogeneous setup considered in [21]. However, it is important to notice
that the sequence of dilation parameters {t;},c, is not bounded away from zero in
Definition 4.1 due to the homogeneous setup unlike the case considered in [21].

An important feature of almost diagonal matrices is stated in the following propo-
sition showing that matrix composition is closed on the class of almost diagonal
matrices. This will be useful when proving our main result of this section, Theorem
4.12. Let us state the result, which is related to the corresponding result in the inho-
mogeneous case, [21, Proposition 3.4]. However, since the dilation parameters {t;}
are not bounded from below in the present homogeneous case, we have included a
proof of Proposition 4.2 in the Appendix.

Proposition 4.2. The matrix product of almost diagonal matrices is almost diagonal. More
precisely, we have ad, ,(h) o ad, (h) C ad; (h).

4.1. Almost diagonal change of frame matrices. Our goal in this section is to esti-
mate the entries in the change of frame matrix associated with two suitably localised
frames. We are following a gradual approach where we slowly remove restrictions
to arrive at our main result, Theorem 4.12.

We first consider the frame {1;,};cjncze defined in (10) together with another
band-limited system {4 } je sneza satisfying similar localisation conditions.

Our first goal is to prove Proposition 4.8, which states that the “change of frame
coefficient”-matrix

{ <77j,n7 wk,m> }j,k,n,m

is almost diagonal, where the functions {t; , }1, are assumed to satisfy condition
(17)-(19) below; in particular, they are decreasing functions in direct and frequency
space and have compactly supported Fourier transform. Due to complications aris-
ing from the homogeneous structure of the spaces considered, the proof of Propo-
sition 4.8 will be somewhat technical and it relies on a number of Lemmas covering
various spacial cases.

It is interesting to note that for inhomogeneous spaces, the corresponding result is
much more straightforward to prove, see [21, Lemma 3.1]. This is, to a large degree,
due to the fact that the dilation parameters {¢,}; are bounded away from zero.
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We begin our analysis with the following straightforward result that provides
information on the decay properties of 7;,, in both direct and frequency space.

Lemma 4.3. Choose N, M such that 2N > v and 2M > v. Let t; be given as in (9)
and A; be given as in (7). Then

()] < COnt? (14 ti|lz — @jnla) N (15)
‘ﬁj,n(’f)‘ S CMt;§(1 + t;1’§ - 5j’a)72M (16)
where z;,, is given by (14).
Proof. We begin with the estimate for 7, ,,(z). Using (12) with v = 0 and (1) we have
—d.5 iz ™ _d Z ™
Njn(@)] = [(20) 7282 €% pj(Ajw — E”) < (2a)72t] |pi(Ajr — 5”)
< Ot (1 + | Ay — Tnfo) 2N
< C’t;/Q(l +tilr — xj7n|a)_2N,
where z;, is given in (14). For the next estimate we use (1) and (11) and get
N -5 —i T Tt -5 . _
13n(€)] = [es(E)esn(©)] < O F [os(€) 7| < 0t [y 16|
< Ot (L+ [T efa) ™M = Ct 2 (L4 AT (E = &)la) ™Y
= Ot 2 (14 451€ = &la) 7

O

We now turn to the actual estimation of the “change of frame”-matrix in vari-
ous settings, leading to our main result, Theorem 4.12. Our first main result will
be Proposition 4.8 that considers systems with the following band-limited struc-
ture. Let {¢ym }resmezt C L2(R?) be an arbitrary sequence of functions with similar
decay properties as our original frame {7; .} jc;,ecz¢, and assume that the functions
{¥k.m }r.m are band-limited and compatible with the decomposition of the frequency
space. That is,

IN

[p ()] < CEE(1 + thlz — T mla) 2N (17)
(O] < Ct 2 (14 £:11€ — &) ', and (18)
supp (Vr,m) C Q. (19)

where the constant C is independent of £ and m. With these assumptions we focus
on estimating |(7;,, Vkm)|- Let us first make the observation that the associated
functions
i 1= (a2 RS (40 ()
satisty, using (17),
[k (2)] < C(1+ Jz]a) 7,
with C independent of £ and m, while

Vi (1) = (20) 212 €5 vy (A — Zm). (20)

To prove Proposition 4.8, we need to consider a number of lemmas.
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Lemma 4.4. Choose N > v and suppose {1 .} jc.sncz satisfies (15), and {9y n } ke smezd
satisfies (17) with N’ > N. Then

[t t\® _ _

i )] < O (2, (Lm0l = )™, (2D
J

where ¢ is defined in (9) and z;,, in (14).

Proof. Without loss of generality assume that ¢; < t;,. We consider two cases.
Case 1: Suppose t;|z;, — Tpmla < 1. Since N > v, it follows that

12 ) N2
J S tf S J )
(I +tjle —zjala)™ = 7 7 (L +t]25m — Trmla)™

Using (22), the decay properties of n;,,(x), and ¢ ,,,(z) and by a change of variable,
we obtain

(22)

Ct2 t,%

Dy )| < / j

R4 (1 + tj|$ - xj,n|a)N (1 + tk|l’ - xk,m|a)

Nd:c

(1 +t|z50n — Timla)™N Jra (14 th]z — Tgmla) VY

Ct? i3
— J / k du
(L +t5]wjm = Trmla)Y Jra (14 |ula)™

I\
S C (t—]) (1 + tjlxj,n — l’kvmla)iN. (23)
k

Case 2: Now suppose t;|Ti, — Tpmla > 1, and assume first that |z — z;,|a >

pp ] ]7 K ]7
%Mm — Zjm|a, With K given in Definition 2.1. Similar to above we then get (22)
which leads to (23). Now, assume |z — 2, |a < ﬁmn — Zkm|a- Then it follows that
372 |Zin — Trmla < |T = Tm|a. Thus we have

1 C _ C(t;/tr)™
(I + telz — rmla)¥ = (U + tlzin — Trmla)¥  ((/0) + t]Tm — Trmla)™
C(t;/te)™ 2NO(t/t)N
T (Glrgn — Tkmla)N T (2350 — Trmla)Y
Ct;/te)™
T (L tilwn — Trmla)”

Since, by assumption, ¢;/t;, < 1, we now use that N > v to obtain

dz

Ct? t;
)| < : :
[ V)| —/Rd L+ 617 — 2jmla)™ (L + bl — Tpmla)™

v

_ / Ct? Ct2 (t;/te)™ e
T Jra (L tle = 2jnla)Y (L4825, — Temla)™

< / Ct} B (/) (/05 o
T Jre L4t — 2iala)N (L +Elzjm — Temla)™
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_ C(tj/tk)% / tJV dx
(L +t5|zjm — Trmla)Y Jra (14 t5]0 —25,[a)N

P\ 5
S C (t_j) (]_ + tj|xj,n — J)k7m|a)_N.
k

Thus the required estimate follows. O

We will use Lemma 4.4 to prove Proposition 4.8. However, we also need a stronger
estimate in the case where min(t;,¢;) < 1. This will be addressed in Lemma 4.6. The
proof of Lemma 4.6 will rely on the following lemma.

Lemma 4.5. Let L € N and let a;, @, be given by (2). Choose N > v and R >
2N + L/a; and assume ¢; < t;. Suppose the functions f; € CF(R?) and g; € L;(R?)
satisfy

01f(@)] < I+ tle —agla) ™, Iyl = L. (24)
g6(2)] < CotyP(1+ tylz — wila) " (25)
/ Pg(r)dr =0, |B|<L—1. (26)
R4
Then there exists a constant C' > 0, independent of f;, g, t;, tx, z; and x, such that
ty/2+a1L
|<f7gk>| SOO : (1+t‘|$‘—l‘k|a)_N,
! /2 min(té/al, té/az) Y

where C' = (ZM:L C?) Cs.

Proof. By the vanishing moment condition (26), we have

< [ pw- ¥ 6 ny )

|
|y|<L—1 T

| 5@

Using the Taylor Remainder Theorem, and (24) with |y| = L together with (25), we
get

[, s

<c / & — a2 F10 3 ()] g ()
Rd

<c / max{|z — 2|2, [& — 2x]22 Y4100 £ (0) g (x) |
]Rd

N ma — mplFer | — gy |Pe2) /Bl v/2
< oc X{|x k:’a 7| k|aN} i Y tk . ds
R4 (1+t]‘y_lea) (1 +tk’$ —xk\a)
ool el 4P

< OOt max{t, -, 1,4} / dz,
Rd

(L +tily —a50a) (1 +tp]r — agla) Lo
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for some y on the line segment joining z;, and =. Using ¢; < ¢;, and the quasi-triangle
inequality, we have
1 1 B e L
K1+tj\y—xj]a_ 1+tj|l’j_$k|a'

(27)

Inserting this estimate in the last integral, and by a change of variable, we obtain

[ H@ods
R4
[ max{le — aglE o - iy e i1
<CcC ~ = dx
Rd <1+tj|l’j—l’k|a) (1+tk|x—xk|a) -
. t;'/2+a1L max{|z — x5/, |z — 20210 d
T
- (1+tj|lz; — xkla)VN Jpa (14 tg|e — xp|a) BN
v/2+a1L _ — —v/2
coo maxc{ (5 Jula) 0, (8 Jula) 2} 17
(Ut = ala)™ e (1 + fula)F=Y
tl{/2+a1L
<CC J (1 -+t — pla) Y,
e min(ey g
where the last inequality follows since R > 2N + L/a;. O

We are now ready to prove the following.

Lemma 4.6. Let L € N and choose M, N > v. Let {n; ,}jcnezt be the frame defined
in (10) satisfying (15), and let {9y }resmeze satisfy (17), (18), and (19) with N’ >
2N + L/a; and M’ > M. Assume min(t;,%;) < 1. Then there exists a constant
('}, > 0 such that
‘. tk v/2+L/o1 N
’<77j,n7 wk,m>| < Crmin (i’ t_) (1 + min(tj7 tk)lx]’,n - xk,mla)72 :
J

Proof. Without loss of generality assume that ¢; < ¢,. With 7, ,,(x) given in (10) and
Yr.m(x) satisfying (20), we have

|(Mjns Vrem) | < C/ |t§/26”'5fuj(ij — In) ey (Apr — Zm)|de.
Rd

Let f;.(z) = t]V-/Q,uj(Aj:E — Zn) and ggm(z) = tz/Qe”'(gﬂ'*gk)vk,m(Akx — Zm). We first
consider |0] f;.(z)|. Applying the chain rule, together with the estimate (12), we
find that
107 i (@) < 167200 5( Az — Zn)| < [£72427 (07 1)) (Ajz — Zn)|

< Ot (1 4 | Ay — Tnf) 2

< O L+ tile =yl ™Y, bl = L, (28)
with z;,, defined in (14). Now, by definition of g ,,(z), and since @km(f ) has support
in Qy, it follows that supp(g) € Qr — &;. We consider two cases.
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Case 1: {0} € Q1 — &;. Then ¢; € Q and Q; N Q. # . By the moderation of & we
have t; < t;, thus (I—i) = 1. Using this together with the estimate (21) from Lemma

4.4, we multiply by a factor of 1, and use that (%)M < CM for any M € N for some
C:=C(M) > 0, to obtain

‘(nj,nawk,mﬂ S C (t_J
k

Choosing M = L/a; gives the required estimate.

Case 2: {0} & Qi —&;. Here Q; N Q) = 0. Then gy ,,,(z) satisfies the vanishing
moment condition (26). Moreover, by the decay properties of g ,,(z) and (28) we
may use Lemma 4.5 to conclude that

tj v/24+L/ay
bk

g
) (14 g — Tmla) 2.

(1+tj]2jm — Tomla) 2N

‘(nj,n>¢k,m>‘ S C (
O

In order to prove of Proposition 4.8, we need to add one further restriction on the

hybrid regulation function / from Definition 3.2. From now on we assume that the
function hy () in (5) satisfies the following:

{There exists 3, Ry, p1 > 0 such that héw is p-moderate and (29)

1€ — (la < ahy(§) for a > py implies ho(¢) < Riahs(§).

Remark 4.7. The added restriction on h, is not very prohibitive as we can generate a
multitude of such functions by using s : R, — R, satisfying s(2b) < Cs(b),b € R,
and

(1+0)7 < s(b) < (1+b)77
for some 3,7 > 0. We assign hy = s(| - |a) and use that s is weakly sub-additive
to verify (29). For instance, any regulation function from Example 3.3 will work
provided a < 1.

We are now ready to prove the following result.

Proposition 4.8. Let L > 0 and choose N, M such that 2N > v and 2M > v. Let
{Njn}jcsneza be the frame defined in (10) and suppose {Vy.m }kesmeze satisfies (17), (18),
and (19) with N' > 2N + L/aq and M’ > M + % Then there exists a constant C' :=
C(L) > 0 such that

=

: t: t 3 B
’<77j,n,¢k,m)| < C'min (t_J’ t_k) (1 + max(tj7tk) 1’@. _ Sk’a) M

E oty

[SIN

x (1 +min(ty, t6)|2jm — Thmla) -
Proof. We split the proof into three different cases.
Case 1: Suppose t; <t and t; < 1. Using Lemma 4.6 gives

v/24+L/aq
t—J) (14 t]2jm — Trmla) 2", (30)
k

‘(nj,nawk,mﬂ S C (
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where L = |y| and «; > 1 (as in Lemma 4.6). Moreover, using Lemma 4.4 for
<ﬁj7n7 wk,m> gives

v/2
N t; _ _
sl < € () (145706 - 6l @)
Now, combing the estimates (30) and (31), and using that
[N Yreom) | = |<nj,n>wk,m>|l/2|<ﬁj,n7&k,m>|1/2> (32)

we obtain
' v/2+L
i )] < € () (4 = o) (71 — 60k
Case 2: Suppose t;, < t; and ¢, < 1. By using similar arguments as in case 1 we
obtain the required estimate.
Case 3: Finally, suppose t; < t; and ¢t; > 1. We first consider the case |§j —&la <

poty 7. Since ¢; > 1, the hybrid regulation function h'*f is moderate by
definition of A, (5), and assumption (29). Thus we have

) B N\B

= <1< Ry (—) - (33)
L+ 1.8 — &kla L

Now consider the case |¢; — &|a > pot, ™. Since t; > 1 we get

A\B
- - (t—) : (34)
L+47 6 —kla — 1+ . poty poty, — Po \1tk

Using Lemma 4.4 for (1) ,, @/A};”,L) together with the estimates (33) and (34), we
obtain

v/2
~ n t; _ _oM—9-L_
[(ins Ym)] 30<t—3) (U111 — &) ™75

k

‘. v/242L /o . .
<c(?) (147116 — Exla) ™M, 5)
Combining (35) with (21) from Lemma 4.4 and using (32) we obtain the re-
quired estimate.

O

In Proposition 4.8 we assumed that the functions in {tx, } e s meze have compact
support in the frequency domain R4\ {0}. In the following, we omit this assump-
tion and consider a system {y ., }rm satisfying only condition (17), (18) together
with our original frame {7} ;e necze defined in (10). We first notice that the proof
of Proposition 4.8 only used the assumption about compact support in frequency
for {¢km trm in Cases 1 and 2, that is when min(¢;,¢;) < 1. Thus, in the proof of
following lemma, we only consider these cases.

Lemma 4.9. Let L € N and choose N > v 4 L/ay. Let {n;};csneze be the frame
defined in (10) and let {®y 1 } ke smeza satisfy (17) and (18) with N’ > 2N + L/a; and
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M > M + ﬁ Assume min(t;,?;) < 1. Then there exists a constant C' := C'(L) > 0
such that

e tk arL—L/oq
(st} < Comin (2, 2)7 (1 iy )l = ) ™
kY

Proof. Without loss of generality assume that ¢; < ¢;. We start by considering the
case t;, > 1. We have, by (20),

| (s Yrm)| < C / ) #7726 1y (Aje — Zn) £ P70y (Agr — Zm)|da. (36)
R
By a change of variable, letting u = Az, we obtain

v iA T u(g - - s v s —v
‘(nj,nawk,mﬂ S C/d |tj/2€ Ay (& gk),uj(AjAk 1U — En) tk/kam(u — ;m)]tk du
R

v/2

t; -

<C (t—J) e &)y (A A — Ty (u — Zm)|du. (37)
k Rd

Our wish is to use Lemma 4.5. However, we first need to clarify that all the assump-

tions are satisfied. We begin by considering |9]1;(A;A;'u — Zn)|. Using the chain

rule, and the estimate (12), we find that

_ . ti\*" _ ™
Lt = sl =|(2) @)zt - Ty
a1 L
e p —2N
< el AT, - L
<C (%) <1 + |A;A an|a>
¢\ L ‘ —2N
go(i) (1+i|u—ujkn|> : (38)
tr tr A

where |y| = L and wjy, = Aj_lAkgn. Using that 7,,, has compact support in fre-
quency, 1), € @;, we define a set E as follows:

B = supp[F {678 (4,41 ~Zm))],

where F denotes the Fourier transform. Thus £ C @); — §; and we distinguish two
cases.

Case 1: {0} € E. In this case ¢, € Q; and Q; N Q) # 0. Using similar arguments
as in Case 1 in the proof of Lemma 4.6 we obtain the required estimate.

Case 2: {0} ¢ E. Here Q; N Q; = 0. Now choose a smooth bump function p(§)
that is equal to 1 when ¢ € E and equal to zero when ¢ is outside of ();. Then we
may rewrite (37), using (20), as

v/2
t; _ s m
[N Yrm)| < C (t—J) / |13 (A A — =n)p s Vg (u — =m)|du.— (39)
k Rd a a

The function p* vy, (u— Zm) has compact support in the frequency domain P (u—
m) C E, where {0} ¢ E. Hence the vanishing moment condition (26) is satisfied.
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Now we only need to examine the decay properties of p* vy, (u—=m). By definition

(p * Vrn) (= =m)] =

/ o= T — y)vem(y)dy]
Rd a

Since p is constructed around (); we use similar arguments as in the proof of Lemma
4.4 and obtain the following estimate, see e.g. [15, Appendix B].

v/2
t 1

re (142w — Zm —yla)?N (1 + [yla)?N
< CtP(1 + tlu — §m|a)_2N. (40)

J

[(p# V) (u = =m)| < € dy

Now consider the integral in (39). We evaluate this integral by using the same
technique as in the proof of Lemma 4.5. Set f;.(u) = p;(4;A;'v — In) and
Gkm(w) = p * U m(u — Zm). By the vanishing moments of the function g ,,,(u) and
by using the estimates (38) and (40) we obtain

’/ fj,k,n(u)gk,m(u)du
R4

O i (X
< [ |fwatw = 3 BLEE Tl gy )

|
ly|<L—1 T

s
<C [ Ju= Tl 0 ()l ()]
R4

B 173 Rd (1 + :_i|y - uj,k,n|a)2N (1 + t]‘u - §m|a)2N

du, 41)

for some y on the line segment joining u« and m. Using that t; < #; and t;, > 1,
together with the quasi-triangle inequality, we find that

1 1 1+tj|u—Zmla
- < a
Ki+5%y—uipnla ™ 142 ujp,—Zmla (#2)
th J,k,mia ty, | Yk, o' ta
With this estimate we proceed from (41).
[ frrawgin (e
R4
t; arl /2 max{|u — Em|£/oﬂ7 lu — Em]ﬁ/o@}
<o(g e e H e
k (14 Zlujpn — Tmla)N Jre (L+t5lu— Zmla)
a1L v/2 -1 Ljay (4—1 L/a
O max{ (17 ) (0
k (14 Zlujpn — Tmla)N Jra (1+ wla)
<c (t) e masc{wls™, jwls} |
< = : w
e/ (U4 Eujen — Zmla)V Jra (1 + |wla)™
e a1L—v/2—L/ay
< C (—i) (1 + tj‘.’ﬂjm — $k7m‘a>_N,
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where the last inequality follows since N > v+ L/a4. Using this estimate in (39) we
obtain

t arL—L/aq
i) <€ (2) (U bl = )™ )
The case t; < t; < 1is handled in a similar fashion starting from (36), but without
any change of variable. The details are left for the reader. O

Remark 4.10. It is precisely the exponent (a; — a;')L appearing in (43) that moti-
vates our standing assumption that a; > 1 to ensure that a; — a;t > 0.

We are now ready to state the following result, which is analogous to Proposi-
tion 4.8, but with the improvement that we do not assume compact support in the
frequency domain of the system {ty  }&.m-

Proposition 4.11. Let K > O and L € Nsatisfy v/2+ K = 1(v/2 + oy L — L/ay) with
N, M, K chosen such that N > v + L/oy and 2M > v. Let {n;,}cinecza be the frame
defined in (10) satisfying (15) and (16), and let {1y }resmeza satisfy (17) and (18) with
N'">2N + L/oyand M' > M + ﬁ Then there exists a constant C' := C'(K) > 0 such
that

toty v/2+K
(et < Comin (,25) (14 max(t )1y = &)™
J
x (1 +min(t;, tp)|jm — Temla) V2.
Proof. We first notice that in case min(¢;,¢;) > 1, we may conclude by using the
result in Proposition 4.8, since this particular case did not use the assumption of
compact support. For the case min(t;,?;) < 1 we assume, without loss of generality
that ¢; < ¢;. Using Lemma 4.9 gives

arL—L/ay

t; _
s )| < C (7) (14 s — ) ™.

Moreover, using Lemma 4.4 for (7, ,,, &km) gives

v/2
. “ t; - B
[(Djns Yrm)| < C (i) (L4615 — &la) 7M.

Now, inserting the above estimates in (32) we obtain
e %(V/Z—l—alL—L/al)
(it < € () 1+l — &)™
X (1 + tj|l'j7n — l’k’m|a)_N/2.
Since K + v/2 = 1(v/2 + ay L — L/ay) we have obtained the wanted estimate. The
case t;, < t; and t;, < 1 follows in parallel with the above, and we therefore leave
the details for the reader. O

Comparing the result in Proposition 4.8 with the above we see that the matrix
{(Mjns Yrm) tm,jn satisties Definition 4.1, even though the assumptions about com-
pact support for the functions )y, were omitted. We now consider much more
general families of functions for which Definition 4.1 hold.
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Theorem 4.12. Let K > 0and L € Nsatisfy v/2+ K = 1(v/2 + ou L — L/oy) with
N, M K chosen such that N > v + L/oq and 2M > v and suppose {wjln}jejnezd and
{w o Ykesmeza satisfy (17) and (18) with N’ > 2N + L/ay and M’ > M + ﬁ . Then
there exists a constant C .= C (K) > 0 such that

t v/2+K
) ()l - 6l

(W5, Vi) | < C'min (,f—
kb
X (14 min(t;, tg)|xjn — $k,m|a)_N/2'
In particularly, suppose s € R, 0 < p,q < oo and put r := min(1, p, q). If
v vr +Afs|r +4v

N’ 44
- r r(a? —1) (44)
and I Alslr + 4
v vr + 4|s\r + 4v
M’ —_— > — 4
> > S o) )
then { ("), 4" )} € ads,

Proof. Since {7;;}icicza is a tight frame we have

1 2
<¢.§7727w1(€,r)n> = Z <w]n7nll><nll7 y ) >
ieJlezs
This corresponds to the composition of two operators with matrices {< i n, 0i1) Yidedm

and {(n;,, wk7m>}m757i,k, respectively. By Proposition 4.11 these matrices are almost
diagonal. Proposition 4.2 now implies that the product of two almost diagonal ma-
trices is almost diagonal. The final claim follows from the estimates

L (vr +4|s|r+4v)oyq
2 r(a? —1) ’

K>|s\+25:>L>
r

SO
4 4
N’>21/+2L/a1>21/+yr+ ’28‘7“4_ Y
7"(041_1>
and . Alslr + 4
v vr + 4|s\r + 4v
M’> _— > =
2 B T2 B =)

At the same time we must have N/2 > and M > Z by comparing the estimate of
|<¢( ) (2) )| to Definition 4.1. This completes the proof

Jn’

O

5. AN APPLICATION: COMPACTLY SUPPORTED FRAMES

We now turn to our main example of an application of the algebra of almost
diagonal matrices. We will construct a system {1y ,, }rcsneze Which is a small per-
turbation of the frame {7, }rcsneze given by (10). Following a general approach
introduced by Kyriazis and Petrushev [18] for classical Triebel-Lizorkin and Besov
spaces, we first to show that a system {t , }xcjneze, Which is close enough to the

tight frame {7 » }resnezd, in a suitable sense, is also a frame for F;q(ﬁ) and Z\./[; q(l~1).
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Next, to get a frame expansion in F;q(ﬁ) and M;q(ﬁ), we show that {S™ "¢y » }re snezd
is also a frame, where S is the corresponding frame operator given by

Sf= > {f,kn)tkn.
keJneZd
Now suppose {Vxn }resneze C L2(R?) is a system that is close to {7y, }xe jneza in
the sense that for fixed s € R there exists ¢, > 0 such that
o () — Do (@)] < et (1+ bl — ala) Y, (46)

[ (€) — Dan(€)] < ety 2 (14 116k — €la) 7, (47)

where we have used the notation from Definition 4.1, and N’, M’ satisfy the condi-
tions given by (44) and (45), respectively. Motivated by the fact that {1 » } rcsneza is
a tight frame for L, (Rd) we formally define ( f Y;m) as

kEJnEZd

We deduce from Proposition A.1 and Theorem 4.12 that (-, ,,,) is a bounded linear
functional on F;; (h); in fact we have

S ks i) 1) < {32 |<nk,n,¢j,m>||<f,nk,n>|}A7

keJnezd keJnezd FmEZ g g(h)
< ClCE el s iy < ClF Nl iy (49)
Furthermore, {}, » }xe ez is @ norming family for F, (71) as it satisfies
IKFs k)l g5 iy < ClF N,y

This can be used to show that S is a bounded operator on inq(il)' and for small
enough ¢, this will be the key to showing that {¢; », } ke jneza is a frame for F}f, q(ﬁ).

Theorem 5.1. There exists €y, Cy, Cy > 0 such that if {1y } ke jneza Satisfies (46) and (47)

forsome ) < e <egand f € F;q(h), then we have
Cull fll 5 iy < WCFbwadll g5 iy < CollFlli iy (50)

Similarly for sz’q(ﬁ) and m;, (h).

Proof. The proof will only be given for F]iq(h) as it follows the same way for Mzi q(ﬁ).
That {9k n}resneze is @ norming family gives the upper bound, thus we only need
to establish the lower bound. For this we notice that {e ™" (1, — Vx1) }re sneza is also
a norming family so we have

” <f7 MNen — wk,n> f

iy < Cellf]

Fs o (h)
It then follows that
1115 iy < CUS e 5 iy
< CUNF Ay iy + 1 — s i)
< CUIKS Yen)ll g 5y Tl

Fs, B)
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By choosing ¢ < 1/C we get the lower bound.

As suggested by Theorem 5.1, the boundedness of the matrix
{<77k ns Sile m>}k ,jE€Jn,meZ4

on fS (h) is the key to showing that {S~'¢ . }xe sneze is also a frame.

Proposition 5.2. There exists ¢y > 0 such that if {1y e neza is a frame for 9 (h) =
Ly(R?) and satisfies (46) and (47) for some 0 < & < e, then {(n,n, ST ) Y jesmmezd
is bounded on fs (h) and 1, (h)

The proof is identical to the proof of Proposition 5.2 in [21] and we will therefore
omit it.

The fact that {S™ "¢k » }xe sneza is a frame for F; (~) h) and MS ( ) now follows as a
consequence of {(1n, S~ Vjm) }k.njmezs being bounded on f;q(N) and 123, (h). We
state the following results without proofs as they follow directly in the same way as
in the classical Triebel-Lizorkin and Besov spaces. The proofs can be found in [17].
First, we have the frame expansion.

Lemma 5.3. Assume that {t,, }xc jneza is a frame for L,(R?) and satisfies
[Brn(@)] < CHE(L+ tilarn — la) 2, (51)

[ (€)] < Cti 2 (14t |6 — Ela) W, (52)

where N', M' satisfy the conditions given by (45) and (44), respectively. If
{ (M, S™'jm) Yhjesinmeza is bounded on f7 (h), then for f € F¥ (h) we have

f = Z <f7 S_1¢k,n>¢k,n
keJnezd

in the sense of S’/P. Similarly for M§7q(ﬁ) and m; (h).
0J

Moreover, we have that {S™ "¢, }resneza is a frame. The proof of the following
fundamental result can easily be adapted from the technique introduced in [18].

Theorem 5.4. Assume that {1y , }re J}nezd is a frame for L, (RY) and satisfies (51) and (52).

Then {S_ll/}k,n}kGJ,nEZd is Llfl’(ln’ZEfOT ' <~) ifand 07’lly lf{<77k,m S_le,m>}k,j6J;n,m€Zd is

bounded on f}f7q(f~z). Similarly for M, (~) h) and m?_(h).

Pq(

It is worth noting that Proposition 5.2, Lemma 5.3 and Theorem 5.4 imply that
{¥kn}resneze is a Banach frame if it satisfies (46) and (47) with sufficiently small
e, and p,q > 1. Furthermore, following a similar approach we can obtain a frame
expansion with {S™ 1., } e neza-

Lemma 5.5. Assume that {4, }rcneza is a frame for L,(R?) and satisfies (51) and
(52). If the transpose of { {1k, S™'jm) }r jesnmeze is bounded on f5.4(h), then for
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fe Flf’q(h) we have
f = Z <f7 77ch,n>‘S(_l,lvbkr,n

keJnezd

in the sense of S’/P. Similarly for M;q(ﬁ) and m;’q(ﬁ).

In particular, by using a generating function g with compact support one can con-
struct a compactly supported frame expansion. A successful approach to problems
of this type, see e.g. [18,19,21], is to use finite linear combinations of a function with
sufficient smoothness and decay in direct space and vanishing moments.

In general, it suffices to obtain a system of functions {7} };cz¢ C L2(R?) which is
close enough to {u }xeza,

() = (@) < 21+ [ala) Y,
|l (§) — 7x(§)
The system
L v/2 o E ERT
{¢k,n}k€J7n€Zd T {tk Tk (Akx an>€ }keJ,neZd

will then satisfy (46) and (47). First, we take g € C*(R%) N Ly(R%), §(0) # 0, which
for fixed N”, M" > 0 satisfies

19" (2)] < C(1 +|zfa) N, [k < 1, (53)
9(6)] < C(1+ [¢la) " (54)

Next for m > 1, we define g,,(z) := Cym”g(Da(m)z), where C, := §(0)~*. To
construct 7, we will use the following set of finite linear combinations,

K

@K,m = {'(b : ¢() = Zazgm( + bi),ai c (C, b, & Rd}

=1

The following result proved in [21] provides us with the function we need.

Proposition 5.6. Let N” > N’ > vand M" > M’ > v. If g € C1(RY)N Ly(R?), §(0) # 0,
fulfills (53) and (54) and p;, € C1(RY) N Ly(R?) fulfills

k()] < O+ |la) N,
(@) < C sl <1,
2 (6)] < C(1+ [€]a) 7,
then for any € > 0 there exists K, m > 1 and 1, € O, such that
k() = ()| < e(1+ [ala) >N, (55)
(€)= 71(€)] < e(L+[€la) 7" (56)

We conclude this paper with the following direct consequence of Theorem 5.4,
Lemma 5.5, and Proposition 5.6.
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Corollary 5.7. Choose s € R, 0 < p < oo, and 0 < g < oo. Let N', M’ satisfy the
conditions given by (44) and (45), respectively, and pick N" > N’ > vand M" > M' > v.
If g € CYRY) N Ly(RY), §(0) # 0, satisfies
9" (@)] < O+ |72, 8] <1,
9] < C(L+ J2]) 7Y

then there exists K € N and i)y, ,(z) := e™ Zfil ki g(ck® + bgni), api € C, by, di €
RY, ¢, € R, such that {S™ "¢y n } ke jnezs constitutes a frame for Fs (h) and

f = Z <f7 S_lwk,n>wk’,n
keJnezZd

forall f e Fp"’ (h) with convergence in S'/P. A similar result holds for M o a(h).

APPENDIX A. SOME ADDITION RESULTS AND TECHNICAL PROOFS

This appendix contains a number of additional results and various technical proofs.

Proposition A.1. Suppose that A € ad;q(N) Then A is bounded on fS (h) and my (h)

Proof of Proposition A.1. We only prove the result for f; q(~) when ¢ < coas ¢ = oo
follows in a similar way with [, replaced by [, and the proof for 72, q(h) is similar to

the one for f;ﬁq(N) Let s := {Sgn}resnezd € qu( ) and assume for now that p, ¢ > 1.
We write A := Ay + A; such that

(AOS)(j,m): Z Z QA (j,m)(k,n)Skn and A18 (jm Z Z QA (j,m)(k,n)Sk,n-

kit >t; nezd kit <t; nezd

By using Lemma A.2 we have

ZANERGEE [Sk.0]
|(A03)(J}m)‘ <C Z i Cik Z1;
j T

ezt (L4t |Thn — 2jml )

k:tk>t'
+5-3%
<C Z < ) ?ka( Z |Sk,n\XQ(k,n))(l‘),
k‘tk>t TLGZd

for z € Q(j, m), where t; is defined in (9), zy,, in (14), Q(j,m) in (13) and M2 in (3).
It then follows by Holder’s inequality and Lemma A.3 below that

142 s a !
D 1(A08)GmyXam* < C< Z (t_) M ( > Isk,n\XQ(k,n)))

mezd kitp>t; 7 nezd

o X (1) (g o)) (54)°

nezd it >ty

<C Y C§k(<t—k)s UM?(ZISMIXQM)) :

kitp>t; nezd
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We obtain

a\ 1/q
0l < (2 3 (a2 uaionn)) )

JEZA kit >t nezd

v a\ 1/q
< CH ( (tZ“Mf‘( Z |Sk,n|XQ(k,n)>) >
keJ

nezd

Ly

Ly

Using the vector-valued Fefferman-Stein maximal inequality (2.2), we arrive at

S+Z 1/(]
losl i <€ D 6 F sl xenm) |, =
p

keJnezd

The corresponding estimate for A, follows from the same type of arguments result-
ing in both Ay and A, being bounded on f, q( h) and thereby A. For the cases ¢ = 1
andp < 1,¢ > 1choose 0 < 7 < rand 0 < 0 < ¢ such thatv/r +0/2 > )i+ 0/2

and repeat the argument with r := 7, and § := 4. The case ¢ < 1 follows from first
observing that

v

- N
A= {aGm e} = {Iagm k)’ (t ) }
J

is almost diagonal on fp 1( ). Furthermore, if v := {vg ., } := {|s;m|qt,c 2} we have

1

;“’ () H( Z ( |Skn|) XQ kn)>

2’1
q keJnezd

v Sl fs o (b

Before we can put these two observations into use we need that

v_vg _
[(As)(myl? < Z Z |aGmy k) [Skn|? =17 2 Z Z A (j.m) (k) Vi, -

keJ nezd keJ nezd

We then have

|As

f5.4( ||AU

1

< q
Firy S CIl g )
q’ q’

O

Lemma A.2. Suppose that 0 < » < 1 and N > v/r. Then for any sequence
{Skntresneze C C,and for x € Q(j,m), we have

+ ¥
S | |Sk.n] _ <C'max (_’f7 1)
2, (L min(ty, 8)[2rn = 25m|5) tj
M2 (Y Iskalxawn ) (@), G7)

nezd

with ¢ defined in (9), z,, in (14), and Q(j,m) in (13).
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Proof. Without loss of generality we may assume z;,,, = 0 and begin by considering
the case t;, < t;. We define the sets,

So = {’fl € Zd : tklxk,n’B < 1},
Si = {n ez 271 < tk’xk,n’B < 21}7 1> 1.

Choose = € Q(j,m). There exists C; > 0 such that U,c5.Q(k,n) C Ba(z, C12'; 1),
and by using [ xqu.n) = K3t,", we get

B —iN —iN r v
> a5 O 2 bl 2 (T fonal)
nes; "

nes; nes;
v :
<02“V(t—’“/ lekn\ kan> :
d Ba(CIZ,ClQZt HES

Hence by the definition of the maximal operator (3) we have

1
‘Skn’ v ( tv =
J SCQZ(" ) 4k § |Skn| XQ(k,n)
Z (1 + tg|apa])N 2YKG JBa(z.cr2it Y o

nes; nES

< 02“%*N>M,?( > Isk,nlxw,n)) ()

nezZd

by using > 74 XQkn) < no. Summing over i > 0 and using N > v/r gives (57).
For the second case, t;, > t;, we redefine the sets,

SO = {n S Zd : tj‘xk’,nlB S 1}
Si={neZ: 27" <tjlapalp < 2}i> 1.

As before we have

1
> e <o (5 )’
nes; (L + tjlznnl) Ra JBa(z,C12t;") ;Cg.

oy t
SCZZ(T N) (tk) Ma(Z |Skn|Xan>< )
J nezd

Summing over ¢ > 0 again gives (57).
O

Lemma A.3. Assume (29) is satisfied, and let § > 0. There exists C' > 0 independent
of k such that

Zm(( 3k (’;—j)é)amax(tk, )G — ) <,

with ¢, and &, defined as in Definition 4.1.

Proof. We begin by dividing the indices into sets,
={j € J:[§ — &la < prti}
Si = {j e J: 2i_1p1tk < |€] - €k|a S 2ip1tk}, 1 >1
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with p; defined in (29). Next, we divide the sum even further by first looking at
ty > t;. For such j € S;, we have B,(&;,t;) C Bal(&, C12't;) which follows from
using (29):
16 — €la < K(|& — &jla + & — Ela) <K(2'o1ts + 1)
=C,2'ty,

for £ € Ba(;,t;). By using that the covering { Ba(¢;,t;)}, is admissible, we get

> (i—) (L4510 — &)™

JES;
Jitj <ty
—i(v tj Y
<C27H) N (t—j> a,,/ X Balg; ;) (£)dE
vt k/) Kati JBa(g.t;)
j:thtk
A% 1
<C27iv ) o / Y Xbagun (€)dE
Kalk J Ba(g,,C12ity) jes;
Jiti<tg

<C27%,

Summing over 7 gives the lemma for the ¢, > ¢; part of the sum. In a similar way,
the result for ¢;, < ¢; follows by using

tk — —v— — —v—
> (&) 0t s s (1) et s
icq. J

]jtJGE%k ]]tegtk

O

A.1. Proof of Proposition 4.2. It turns out that the class of almost diagonal matri-
ces is closed under composition. We now give a proof of this fact. For notational
convenience, we let

+ X Z+§ s
w?? (& o min ((2)7 7 () ) e
(jm) (k,m) ti tr "\ t; ik

X (1 + min(tg, t;)| Tk, — xj7m|3)_%_5,

where we have used the notation from Definition 4.1. The following result holds.

Lemma A4. Letsc€ R,0<r <1andd > 0. We then have

55 55/2
D W) Wi en S COGm iy
i€ JIeZd

It follows directly from Lemma A.4 that for 6;, 2 > 0 we have

Z w® ,01 i%(kn < Cw smln(&l,ég)/Q (58)

(4,m) (4,0) m)(k,n)
ieJlezd
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which proves that ad;q(ﬁ) is closed under composition, hence proving Proposition
4.2.

Proof of Lemma A.4. Notice that the factors tf+% in the first terms of w;; m)(l ) and

3,0
Wi ) (k)

we only need to deal with the last three terms in w j&m) (@ and wy; z) (hn)- First we
consider the case ¢; < ¢ and split the sum over i into three parts,

. )
DRGNS 2 B D DED SIET Dl Do

i€J,lezd vt >ty wt <t;<tp, t;<t; ] lezd

tk s+
=()  @4mem),

J

cancel leaving (¢;/t;)*t> which can be moved outside the sums. Therefore

For I, by using Lemma A.5 and Lemma A.6 below, we have

ey () (E) e
1t >t €74

1 1
>< v
(L4 tj]2jm — zialB) 70 (1 + ti|zim

vyd
< O Z (tj> r
(1 + tj|xj,m — xk,n|B) r 0 3 ti

v

t: Y+3 52 1
<C <_]) Cjk vis®
tk (L +t]2jm — ThmlB) "

Similarly for II we get

V)
VR
~
=S
N——— =
SIS m
|
AN
S,
>
9}
&
e

)

oy 2+3
- X S (2) () e

ity <t; <ty [€7d

M

1
X . -
(L+tlwjm — ziglp) ™0 (L4 ti|wpp — 24| 5)* 0
v, 6
AT 1
<C |2 c’ -
o (tk> Ik (1 + tj|l'j7m — mk,n|)?+6
For III we get
Y+
m- S Y (5) (5) e
th<t lezd
1 1
3—‘,—6

X vy
(1+ t‘|fjm Tialg) 7T (1 + bl @pn — 2l )"
)
2

2\ 1
st e() (1) =
; e (1 +ti|Tjm — Tpplp)r "

1t <t
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v v, 0
C N2 0 s\t
< o c|= = .0
T (Lt im — Tl ) 2 (tj) (tk) Tk
tA

1t <t
T2 1
<C <—]) AL -
tk (L +t|2jm — Trnlp)

In the case t; > t;, we observe that w‘(gfm) (k) = w?,: " 3@5;’)”5, so applying the first case
2v/r—s—v,0

(km)(jm) PTOVES the proposition for ¢; > .

N[>

tow
O

The following two technical lemmas are used for the proof of Lemma A 4.

Lemma A.5. Assume thatt; <t;, N > v and

1 1
9:= 2 1+ min(t;, ¢ N (1 + min(ty, t N’
leZd( +min(t;, t;)|2)m — g )N (1 + min(te, ;) |28, — 2i1]B)

where we have used the notation from Definition 4.1. We then have
< ¢ a : 1 ’
- max [ —, i
9= (1 +min(t;, t;)|xjm — Tenls)Y i

Proof. Note that from Lemma A.2 with » = 1 and s;,, = 1, it follows that

1 L Y
< — .
Z (14 min(tg, t;)|Ten — ig|p)N ~ ¢ max (tk’ 1) >

lezd
We first consider the case min(t;,¢;)|%;» — zkn|p < 1 which gives
1

g < -
le%i (1 4+ min(tg, t;)|xen — it 5)Y

ti 1\~
< C'max (—, 1)
(7%

: (1+ min(tjati)ij,m — Tl (z_;’ 1) '
For the case min(t;,t;)|xm — Zkn|s > 1 we split the sum into
A={leZ: |z, — zy
and its complement. For A° we have
1 (2K)N
(1 + min(t;, ;)| jm — zigl5)Y — (14 min(t;, 6)|2jm — Tenls)N’

and by using (59), the desired estimate follows. For [ € A, we notice that |z, —
B > 50 |Tjm — Tpy|p and get

B < %'xj,m - xkz,n'B}

T
(1 + min(tk, ti)|$k,n - $i,l|B)_N

min(ty, ti)>N

< (1 + % min(¢;, t;)|xjm — xk’"|Bmin(t' ti)
irbi



28 ZEINEB AL-JAWAHRI AND MORTEN NIELSEN

T (1 +min(t;, t)|2jm — Tepls)Y \min(t, ;)

Next, by using (59) with j instead of k we get

1 ti )
<C =1 . 61
Z (1 4+ min(t, t;)|zjm — ziglg)N — e (tj’ ) oV

lezd

The lemma follows by combining (60) and (61).
0

Finally, we also used the following estimate in frequency space to prove Proposi-
tion A 4.

Lemma A.6. Letd > 0and 0 < r < 1. We then have

6/2
h_z ]22k<Gc]I/€7

ieJ

where

ENET \°
Gommin((£)(2) )0+ maxtet) g - gloF dke
J

with the notation from Definition 4.1.

Proof. Without loss of generality assume that » = 1. We will begin with assuming
that t; < t;. Furthermore, if t;'|§; — & |a < po we have t,./t; < R, by using that h is
moderate. Combining this with Lemma A.3 gives

o é
h<) ) <O <Gl

icJ
In the other case, t,;1|§j — &kla > po, we split the sum into

A={ie J: | = &la < 351 — &kla}

and its complement. For ¢ € A°and ¢; > ¢, > t; we have

v+9
h<02() (L4 671 — Eela) 0,

i€EA”
ity >t
tj - —1 —v—0 4
<C . (L+t.1& — &kla) E Cik
k icA°
ity >t
)
SC’cjk

and similarly for ¢, > t; > t,. For t;, > t; > t, we get

h<C ), ( > + 15716 — &ula) T 0ch

1€AC
1t <t
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e v+4
§C<i) (14 1185 — &la) ™7 Z A

1€EAC
’i:ti<t]‘
<Ce&
SUC.

Finally, when i € A we have |, — &|a > ﬁ|£j — &k|a which for ¢; > ¢, > ¢, gives

tk ’ tj Ve -1 —v-3 -1 -2
h<C ) )\ (L+t1& — &Gila) ™2 (1 + 851§ — &kla) ™2

icA g

it >t

i I/+% s ts % 8
so(t—]) L+t = &ela) ™75 D (?) (L4878 = &ila) ™72

k icA ‘

i:tiztk

5/2

<Cc;;".

Fort, > t; > t;and ¢, > t; > t; the argument can be repeated in a similar way which
proves the lemma when ;, > ;. For #, < t}, it suffices to use that ¢}, = (t;/tx)"c};,

and we get
Z t\" s (ti\ s ti\" 5/2 5/2

ieJ
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