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Abstract 

This thesis deals with design and development of permanent magnetic gears. The goal 
of this thesis is to develop knowledge and calculation software for magnetic gears. They 
use strong NdFeB permanent magnets and a new magnetic gear technology, which will 
be a serious alternative to classical mechanical gears. The new magnetic gear will have 
a high torque density1 relationship –high efficiency and are maintenance free. In this 
project was manufactured two test gears which is tested and verified with models 
developed in this project. 
 
Present technological status for magnetic gears is introduced in a state of the art 
analysis. Furthermore made an analysis for mechanical gears in order to estimate 
performance characteristic compared to traditional mechanical gears was created. 
 
Some of the gear types found at the state of the art analysis are chosen for further 
investigation. Analytical and numerical calculation models for determination of gear 
output torque from different magnetic gear types are analysed. These analytical 
calculations models are used together with optimisation tools in order to improve the 
performance of investigated magnetic gear types. Experimental test gears are designed 
to validate the calculation models.  
 
The first gear type is the very basic magnetic spur gear, which reminds most of all of 
the traditional mechanical spur gear, the difference is basically that magnetic teeth is 
replacing mechanical teeth. A magnetic version of the spur gear with a gearing of 1:4 
will be able to reach an active torque density of approximately 24 [Nm/l]. 
Corresponding mechanical spur gears examples with a gearing of 1:5 are found and 
these gears have a total torque density of 16 to 24 [Nm/l].  
 
The second analysed gear type is the magnetic version of the traditional cycloidal gear. 
This magnetic gear type is searched and only a single reference [74] is found and that is 
why the combination of a cycloidal gear and a magnetic gear are considered as an 
innovative supplement to magnetic gear technology. A magnetic cycloidal gear is 
designed with a gearing of 1:21 and a calculated active torque density of 142 [Nm/l]. 
Measurement from this gear has resulted in a measured total torque density of 23 
[Nm/l]. Mechanical versions of this gear type are found with total torque density in the 
16 to 31 [Nm/l] range. The third and last gear technology that is investigated is a gear 
that reminds of a planetary gear. Research shows that this gear technology is also one of 
better technologies regarding torque density. 
 

                                                 
1 Torque density is defined on page 10. 
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Dansk resumé 

Denne afhandling omhandler design og udvikling af magnetiske gear. Formålet med 
projektet er at udvikle viden og beregningssoftware til magnetiske gear. Der anvendes 
stærke NdFeB magneter og en magnetiske gear teknologi hvilket vil give et seriøst 
alternativ til klassiske mekaniske gear. De nye magnetiske gear forventes blandt andet 
at have et stor moment-volumen forhold, samt at være med høj virkningsgrad og 
vedligeholdes frie. I projektet fremstilles der to test gear, som efterfølgende testes for at 
verificerer modeller udviklet i dette projekt.  
 
Indledningsvis er der fortaget et litteratur studie af magnetiske gear, for at få en ide om 
teknologiske status for magnetiske gear. Der er desuden foretaget en analyse af 
mekaniske gear for at finde frem til hvilken performance karakteristik der findes for 
mekaniske gear.  
 
Nogle af de gear typer som blev fundet i undersøgelsen af de magnetiske gear er blevet 
udvalgt til videre undersøgelse. Analytiske beregnings modeller til bestemmelse af 
udgangsmomentet for forskellige typer af magnetiske gear er analyseret. Disse 
analytiske modeller er brugt sammen med optimeringsværktøjer med henblik på at 
forbedre ydelse af den aktuelle gear type. Eksperimentelle test gear er designet for at 
validere beregnings modellerne. Den første gear type er et helt simpelt magnet gear der 
minder meget om et traditionelt tandhjuls gear, der er dog den forskel at der er 
magnetiske tænder i stedet for mekaniske tænder. En magnetisk version af et traditionelt 
tandhjulsgear med en gearing på 1:4 vil kunne opnå en aktiv moment densitet på 
omtrent 24 [Nm/l], hvis moment og ydre dimensioner er designet med lignende 
proportioner som de eksperimentelle test gear. Tilsvarende mekaniske tandhjuls gear 
eksempler med gearing på 1:5 er fundet og disse gear har en moment densitet på 16 til 
24 [Nm/l].  
 
Den anden type som er analyseret er en magnetisk version af den det traditionelle cyclo 
gear. Der er søgt efter denne gear type og kun en enkelt reference [74] er fundet, derfor 
kan kombinationen af cycloid gearet og det magnetiske gear betragtes som et innovativt 
tiltag inden for magnetisk gear teknologi. Et magnetisk cycloid gear er designet med en 
gearing på 1:21 og en beregnet aktiv moment densitet på 142 [Nm/l]. Målinger fra dette 
gear har resulteret i en målt total moment densitet på 23 [Nm/l]. Mekaniske versioner af 
denne type er fundet med en total moment densitet i størrelsesorden 16 til 31 [Nm/l]. 
Tredje og sidste type som er analyseret er et magnet gear som minder meget om det 
mekaniske planet gear. Forskning har vidst at denne gearteknologi også er en af de 
bedre teknologier hvad angår moment densitet.  
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Chapter 1 Introduction 

1.1 Project motivation 
The basic idea of a gearing is to convert mechanical power from one rotational speed 
and torque to another speed and torque. Many applications require power input with a 
high torque and low revolution speed. An example can be a conveyer belt for a 
production machine. Drive shaft for the conveyer belt must pull a relative heavy load 
with relative low angular velocity. Power sources for mechanical systems are often 
available with high speed and low torque. Examples of such a power source can be an 
electrical machine or a combustion engine. These machines have a relatively low torque 
and runs at high rotational speeds. The problem is often lack of torque from the source 
drives. The physical size of a direct drive electrical machine able to drive a conveyer 
belt directly will typically be too large and expensive. A more cost effective solution 
will be to place a transmission between the conveyer belt and the electrical machine. 
This transmission will be able to convert the electrical machine power from a low 
torque to high torque on the conveyer belt with almost the same power level. 
Mechanical gears are often used for such transmission purposes. These gears have often 
a high torque capability and relatively high efficiency and that is why these 
transmissions are a good choice for many applications. A magnetic gear is also a 
transmission device that can transform low torque and high rotational speed to a high 
torque low rotational speed. Magnetic gears can also achieve high efficiency, but a high 
torque capability can be hard to achieve unless carefully considerations are made 
regarding magnetic gear technology and design. That is why torque density is a major 
issue for the magnetic gear technology. Cost and amount of magnetic material is also 
rightly linked. Many of the known magnetic gear technologies are documented through 
patents, and only a few of these technologies are well documented in scientific papers. 
One of scientific papers that have caused attention to the magnetic gear technology is a 
paper about a high performance magnetic gear published in 2001 by Atallah and Howe 
[1]. This gear technology will have a significantly high torque density and has therefore 
increased possibility to utilize magnetic gears for industrial applications. Increased 
interest for the magnetic gear technology has made it possible to set up funds for 
magnetic gear research. 
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1.2 Basics of magnetic and mechanical gears 
A gear can be defined as a mechanism that transfers torque from one shaft to another 
shaft by the use of magnets or mechanical teeth. Some mechanical gears are very 
similar to magnetic gears for instance the magnetic spur gear. The similarity of these 
two gear types is shown on Figure 1.1.  

NS
S N

S

Magnetic spur gear

N
S

N

Mechanical spur gear

 
Figure 1.1 A sketch of a magnetic spur gear with permanent magnets and a mechanical 
spur gear. 
 
The traditional mechanical gear uses steel teeth’s to transfer torque. Gear wheel teeth 
have physically contact with each other, and there will be wearing on the tooth flanges. 
The magnetic gear does not have the same wear, because there is no direct contact. 
Permanent magnets on the gearing wheels transfer the torque between the two wheels. 
Since the magnetic gear does not have direct contact, there will be a fictive torsion 
spring effect between gear wheels. The torsion spring effect can be explained by 
imaging one wheel fixed and the other wheel is rotated a small angle. Then there will be 
a certain torque interaction between the gear wheels depending on angle displacement 
of the second wheel. This phenomenon is illustrated on Figure 1.2 where a magnetic 
gear consisting of a driving gear wheel and a driven gear wheel is shown. The torsion 
spring phenomenon is similar to the well known torque angle characteristic effect in 
synchronous machines. 

Driven gearing wheel

NN
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θ
S

Driving gearing wheel

N
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Torque transfered to the driven wheel
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Figure 1.2 A magnetic gear and a torque diagram, where the torque versus turning angle 
on the driving gear wheel is shown.   
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A magnetic gear will have a torque limitation Tmax where the gear will reach the 
maximal torque. If the applied torque is increased further than this point, there will be a 
problem because the gear wheels will slip. The slip effect can not be allowed for most 
of the known applications used for gearing purposes. A magnetic gear must therefore 
operate somewhat under the Tmax limitation. However some applications like a spindle 
machine have a mechanical fuse included in the design. The torque limitation can be an 
advantage in such applications where the drive system is protected by the torque 
limitation. The torsion spring kt for a magnetic gear will not be constant because it is the 
rate of change in torque divided by the angle change. Mechanical gears will often have a 
backlash instead of a spring constant. 
 
Gearing relationship Rg depends on the number of magnets Npole1 on the drive wheel 
and Npole2 on driven wheel. This relationship can be shown as equation (1.1). Most gear 
systems have a gearing relationship Rg which is greater than one, which corresponds to 
high revolutions on the input shaft and low revolutions on the output shaft. Gearing 
relationship equation is valid for mechanical gears also if the number of magnet poles 
are replaced of number of teeth’s on each gearing wheel.  

1

2

pole

pole
g N

N
R =  

(1.1) 

 

 
Torque density is a performance criterion used in the electrical machines literature, 
where a torque per unit rotor volume or torque per total unit volume is given. 
Performance criterion like this can also be applied to magnetic gears. A gear with 
permanent magnets has a certain amount of rotor volume and this volume versus the 
maximum transferred torque is here defined as the active torque density (1.2). The 
active torque density ρA is suitable for comparing different types of magnetic gears with 
each other. The volume VA is in this case volume of the rotors. 

A

max

V

T
A =ρ  

(1.2) 

 
It can be necessary to compare the torque density for magnetic gears with mechanical 
gears. A better torque density measure for magnetic gears is defined for that purpose. 
This is the total torque density ρR shown in (1.3). 

T

max

V

T
R =ρ  

(1.3) 

 
Mechanical gears have a corresponding torque density factor (1.4), which is calculated 
from the rated nominal torque TNom.  

T

Nom
T V

T=ρ  
(1.4) 

 
Volume VT which is used in these equations is the total outer gear volume. Since 
gearboxes often have rounding and different shapes extruded from the base curvature, it 
can be a rather complicated calculation. That is why volume calculation is an 
approximated volume surrounding the gearbox excluding the gear axles. A simple 
gearbox illustration on Figure 1.3, shows where the total outer gear volume VT is 
defined.  
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Figure 1.3 An illustration of the total outer gear volume VT surrounding a magnetic gear 
used to define total torque density. 

 
Mechanical and magnetic gears have a certain efficiency. This efficiency is defined as 
the relationship between power at the output shaft divided with the power at the input 
shaft (1.5).   

in

Out

P

P=η  
(1.5) 

 
 
Summary 

A simple magnetic gear is presented together with performance criteria for such gear. 
Performance criterion is comparable to mechanical gears. A state of the art analysis of 
the mechanical gears is made to clarify the performance characteristic for mechanical 
gears regarding torque density and efficiency. Another state of the art analysis is made 
to find state of the art regarding magnetic gears. A summary of these two analyses are 
described in the following sections. 
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1.3 State of the art analysis - Summary 
This report deals with a magnetic gear which basically is a combination of two 
engineering topics, namely mechanic and magnetic. Magnetic analysis are normally 
performed by people with an electromechanically or physics background and gears are 
normally developed and analysed by people with a mechanical background. Efforts is 
made to clarify the state of the art – Mechanical gears to introduce a reader with a 
electromechanical background to mechanical gears and a state of the art - Magnetic 
gears is made to introduce a reader from the mechanical background to the topic of 
magnetic gears. A summary of these two analyses is presented in the following. The 
two analyses are placed at the end of this chapter. 

Summary of the state of the art - Mechanical gears 
The state of the art analysis – Mechanical gears are a description of the most common 
gear types used in the industry. These gears are analysed regarding torque density and 
efficiency. Five different gear types are analysed, and these are: 
 

• Spur gear/helical gear 
• Planetary gear 
• Cycloidal gear 
• Harmonic drive 
• Worm gear 

 
The analysis shows that these gears have a relatively high torque density. 300 [kNm/m3] 
is not unrealistic for the helical drive and 250 [kNm/m3] is obtainable for the 
mechanical planetary gears if the input speed is lower than 500 [RPM]. The analysis 
also shows that there is a reduction in torque density down to 210 [kNm/m3] if the input 
reference speed is 1500 [RPM]. The cycloidal gear type has a torque density close to the 
planetary gear. Spur gears and worm gears have typically the lowest torque density. 
Efficiency is best for the planetary type and spur gears type. These types have 
efficiencies up to 98, 5% and 99% respectively. Cycloidal, helical and worm gears have 
normally lower efficiencies. The analysis of the mechanical gears reveal also that 
planetary gears is one of the best gear choices if a high torque density is wanted together 
with high efficiency. 
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Summary of the state of the art - Magnetic gears 
The state of the art analysis - Magnetic gears indicate that there are many ideas and 
concepts about magnetic gear technology. Most of these concepts are documented in 
patents, and only a minor part of them are documented in scientific papers. The 
analysed magnetic gears are divided in two categories namely: 
 

• Magnetic gears with closely spaced magnets 
• Flux guided magnetic gear mechanisms 

 
The magnetic gear technology with closely spaced magnets is one of the simplest 
magnetic gear technologies which are similar to the mechanical spur gear. There are 
many different types of magnetic gears with closely spaced magnets, types with 
different magnetisations direction, types with different axis position and direction. Flux 
guided magnetic gears are another magnetic gear type which is found among patents 
and papers. These magnetic gear types consist of a permanent magnet rotor that guides 
the magnetic flux in iron segments. The other output rotor is driven by this altering flux 
and a magnetic gear is therefore present. Gear types are also found in many different 
configurations. Some of these configurations have parallel axis and other configurations 
will transform a rotational motion to a linear motion. Other flux guided magnetic gears 
versions have similarities to the mechanical planetary gear. Common for most of the 
magnetic gear publications and patents is that very little is written about their torque 
relative to their volume, and that is one of the main problems of magnetic gears. One of 
the first magnetic gear publications found where the torque density is specified is a 
high-performance magnetic gear [1]. This paper claims that it is possible to achieve a 
torque density of approximately 100 [kNm/m3], which is approximately 10 times higher 
than the torque density of a traditional electrical machine. 
 
Scientific papers use often FEM calculations to estimate the torque output and these 
calculations are compared with physical measurements in some cases. Analytical 
models of magnetic gears is not so common among the publications; however analytical 
models are often the best choice when the purpose is to optimise torque because they 
are often less time consuming than FEM models. 
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1.4 Problem statement 
The project motivation describes that mechanical gears are often used for power 
transmission purposes. A more unconventional way to transmit power is to use a 
magnetic gear. Characteristic for the two gear types is outlined in basics of magnetic 
and magnetic gears in terms of gearing relationship and torque density. With the gear 
characteristic in mind a thorough investigation of existing gear references is considered 
to be fundamental in order to contribute with new research. Following statement is 
therefore required: 
 

1. Determine state of the art for magnetic gear technologies, and also technologies 
from traditional mechanical gears. 

 
State of the art analysis has shown that magnetic gears are rather weak compared to 
traditional mechanical gears when it comes to torque density. Calculation tools for 
predicting or optimising torque is therefore important for designing magnetic gears in 
order to compete with the existing mechanical gear market. The state of the art analysis 
- magnetic gears has shown that numerical Finite Element Method (FEM) are 
commonly used for magnetic gear analysis. These modelling methods are fast to 
develop for new gear concepts but these models are relatively slow regarding 
calculation time. Analytical models are on the other hand slow to develop for new gear 
concepts but fast regarding computation time. Following statement is then found 
essential: 
 

2. Develop analytical and numerical calculation models of permanent magnetic 
gears. The purpose of the calculation models is to be able to estimate torque in 
an early stage for magnetic gear design process. 

 
An experimental test gear model is included in some of the scientific papers from the 
state of the art analysis which is used for verifying the calculated results. Efficiency 
measurements and experience gathered from prototype design are also useful for the 
magnetic gear evolution. This is the reason why following statement is included: 
 
 

3. Develop two experimental magnetic gear models. The purpose with the test 
models is to compare the theoretical results with experimental test models and to 
gain practical experience.  

 
Visions for this project are also to develop magnetic gears able to fit to a wide range of 
applications. 
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1.5 Restrictions in the scope of this work 
There are many performance parameters which can be compared for gears. However to 
limit the scope of the project, following parameters are excluded: 
 

• Speed  
• Efficiency 
• Power 
• Moment of inertia 
• Thrust loads 
• Starts per hour 
• Life time 
• Ambient temperature 
• Weight 
• Price  
• Shock factor 
• Acoustic noise 
• Loss models 
• Torque oscillations 

 
Gears are used for many different applications and are driven by different power 
sources. These different applications will not always run smooth and the gear must 
therefore be able to resist a certain level of shock. This is the reason why the gear 
designer has the possibility to specify a shock factor to reduce nominal torque. A shock 
factor will depend on the drive machine and the driven application. For instance a one-
cylinder combustion engine will result in a much higher shock factor than an electrical 
machine. Shock factor is not treated in this thesis. 
 
Another performance parameter which is not included is acoustic noise. Mechanical 
gears have sometimes problems with acoustic noise and many initiatives are often done 
to prevent that. The noise and vibrations is most dominant for high loads and high 
speeds. 
 
There is found many interesting gear types in the state of the art analysis regarding 
magnetic gear which can be modelled and build. However it takes time to build and 
develop that kind of models and it is decided to limit the amount of analysed gear 
models. 
 
Models developed are only useful for static analysis to design gears taking into account 
maximum torque capacity. Static loss model can also analyse the power losses in gear 
parts; however these models are also outside the scope of this thesis. 
 
Torque oscillations in magnetic gear can occur. Such oscillations are from energy 
conversions between rotor inertia parts and magnetic spring’s torsion, like simple 
springs and mass system. These kinds of oscillations are not analysed in this thesis. 
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1.6 Description of the individual chapters 
The documentation of the research accomplished to fulfil project statements is collected 
into the following 5 chapters. 
 
Chapter 1, Introduction 
Motivation and an introduction to mechanical and basic magnetic gear are presented. 
State of the art analysis summaries for both mechanical gears and magnetic gears are 
described. A problem statement describes scope of work with the project aims and 
restrictions. Individual chapter descriptions are also included. 
 
Chapter 2, Magnetic spur gear 
This chapter describes development of analytical expression for permanent magnetic 
spur gear torque calculations. The analytical calculation is verified with a physical test 
model and FEM calculations. Optimisation by which the analytical expressions are used 
is performed to determine an obtainable level of torque density. Test model is made and 
test is performed to validate the analytical expressions.  
 
Chapter 3, Magnetic cycloidal gear 
A new type of magnetic gear is proposed. An analytical model for torque calculation is 
developed for a magnetic cycloidal gear. Optimisations are performed with analytic 
models to determine obtainable level of a torque density. Also a test model is developed 
and tested to determine the performance of a magnetic cycloidal gear in terms of 
efficiency and torque density. 
 
Chapter 4, Planetary magnetic gear 
The history of planetary magnetic gears is introduced with a chronological description 
of found references. Basic and improved design theory for this gear type is also 
described. 2D FEM models of planetary magnetic gear are used to analyse the planetary 
magnetic gear regarding maximum output torque and parametrical change of 
segmentation duty cycle. 
 
Chapter 5, Conclusion 

A general summary together with magnetic conclusions is completed. The main 
contributions of this thesis are identified and suggestions for future work are given. 
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1.7 State of the art -Mechanical gears 
Mechanical gears have been used for centuries and have therefore gone through a 
development ever since. There exist many different gear technologies, and these 
technologies are used for many different applications. This section introduces common 
technologies and their performance regarding torque density and efficiency. A simple 
investigation is made to find the torque density for mechanical gears. Data for the 
different gear types is mainly found from a search on the internet. It was originally the 
idea to search gears with low middle and high gearing relationship, and search for 
minimum three gears manufactured by different manufactures. The found data will 
represent an approximate part of the existing mechanical gear market. In the search for 
gears is the gearing interval of 1-15 defined as the low gearing relationship. Middle and 
high gearing in the interval of 16-30 and 31-150 respectively are also searched. All of 
the mechanical gears is picked out of random chosen torque sizes. It is not possible to 
find three gears of every gear types; however the results of this analysis will still be 
used to give an insight into mechanical gears performance. There are also problems 
finding all gear types with gearing in these exact gearings limits. This must be noted in 
the final mechanical gear type comparison, which is described at the end of this section. 
 
Torque density: 
Specific gear types are picked out from data sheets, and it is the purpose to calculate a 
torque density for different gearing, from information about torque and dimensions 
used. An example of torque density calculation and volume estimation on the basis of 
dimensions is shown on Figure 1.4. This example is the mechanical spur gear type (C11 
2P-4.9-P90) [2]. Output torque for this spur gear is TNom 48 [Nm]. The overall torque 
density for this gear is estimated in (1.6) to approximately 16 [kNm/m3].  
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Volume and torque densities for the other gear types are estimated with similar 
approach, where a primitive volume replaces the often rather complicated volume part. 
 

 
a) 

 
b) 

Figure 1.4 a) Sketch with physical dimensions in mm. b) Sketch, where an estimated 
gear volume is illustrated with blue colour. 
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Efficiency 
The total efficiency of a gear is calculated by the power ratio between the output shaft 
and the input shaft. Precise mechanical gear efficiency is not possible to calculate. 
However there exist rules of thumb for estimating a total theoretical gear efficiency, 
which depends on power losses in bearings, seals, lubrication and gearing in it self. The 
total theoretical gear efficiency is estimated by multiplying theoretically efficiencies for 
each gearing stage. The theoretical gear efficiency is less accurate than a measurement 
and does not include any information about rotational speed, which means that it can 
only be thought of as a theoretical efficiency at nominal speed and torque. Gear 
manufacturers should inform about measured gear efficiency instead of a theoretically 
estimated efficiency in the data sheet. Efficiency is a competitive parameter and that is 
the reason why efficiencies from datasheets are expected to be optimistic.   
 



19 

 

1.7.1 Mechanical spur gear and the helical gear 

The mechanical spur gear type is one of the most simple gear topologies. A sketch of 
this gear type is illustrated on Figure 1.5 a). Another variant of this technology is the 
helical gear type Figure 1.5 b). The two gear technologies are often used in mechanical 
gear boxes. 

 
a) 

 
 

b) 
Figure 1.5 a) A mechanical spur gear. b) A Mechanical helical gear. 
 
The gearing for helical and spur gears are not so often larger than 6 [3], because the 
large wheel will become unnecessary large if larger gearing is chosen. The torque 
density is calculated for the helical gears and the data are gathered from 3 different 
manufacturers. Different gearing intervals are chosen with different gear torque ratings. 
Some of the best gears are picked out of the manufacturer data sheets regarding torque 
density. The results from helical gears are shown in the following Table 1.  
 
Type Ref. R g T Speed Stage ρρρρ T ηηηη 
[-] [no.] [-] [Nm] [RPM] [-] [Nm/l] [%]  
C11 2P-4.9-P90 [2] 1:4.9 48 1400 2 16 95 
C11 2P-20,6_P80 [2] 1:20.6 82 1400 2 27 95 
C41 2P-44,8-P90 [2] 1:44.8 500 1400 2 51 95 
C100 3P-150,4-P132 [2] 1:150.4 12000 1400 3 83 93 
12,8 R17 CT71D [4] 1:5.09 51 [-] 2 17 - 
12,8 R17 CT71D [4] 1:19.71 85 [-] 2 28 - 
12,13 R67 CT 71D [4] 1:28.13 540 [-] 2 56 - 
12,13 R67 Ct71D [4] 1:158,14 600 [-] 3 63 - 
RD02 [5] 1:5.276 38 1400 2 24 96 
RD02 [5] 1:21.533 51 1400 2 33 96 
RD02 [5] 1:48.667 35 1400 2 23 96 
RD03 [5] 1:324.444 36 1400 3 23 94 
Table 1 Torque density and efficiency comparison of mechanical helical gears.  
 
The gearing power loss from a single stage spur gear or helical spur gear can be 
calculated from general gear efficiencies known from the mechanical literature [6]. A 
mechanical spur gear will have a gear efficiency of 98% to 99% if the gear friction is 
taken into account. Another variant is helical gear. These gears have a force reacting on 
the axial bearings and therefore a lower efficiency, typical about 96% to 98%. 
Advantages for the helical gear are lower noise, more teeth are active at the same time 
and this type can carry higher load than a corresponding spur gear.  
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1.7.2 Mechanical planetary gear 

The mechanical planetary gear is another common used gear technology. This gear type 
has 2 degrees of freedom (2-DOF), while two inputs are needed to obtain a single 
output, unlike the previous described spur gear type with only 1-DOF [6]. An exploded 
view of a planetary gear is illustrated on Figure 1.6. The gear technology consist 
primary of an inputs shaft, a ring part and an output shaft. The gear becomes 1-DOF if 
one of the three parts is fixed; in this shown example, the ring is held stationary. 
Working principle for this gear is to rotate the input shaft and hereby rotate planet gear 
wheels, which are connected to a driven output shaft. 

 
Figure 1.6 Mechanical planetary gear (exploded view). 
 
The torque density is calculated for planetary gears from 3 different manufacturers. The 
results are shown in Table 2. 
 
Type Ref. R g T Speed Stage ρρρρ T ηηηη 
[-] [no.] [-] [Nm] [RPM] [-] [Nm/l] [%] 
PLS90 HP [7] 1:5 220 500 1 265 98 
PLS90 HP, 2 stage [7] 1:20 220 2000 2 189 95 
PLS60 HP, 2 stage [7] 1:64 120 5000 2 103 95 
SP +100, 1 Stage [8] 1:5 105 4500 1 48 98,5 
SP +100, 2 Stage [8] 1:20 105 4500 2 60 96,5 
SP +100, 2 Stage [8] 1:100 65 4500 2 37 96,5 
P501SPN0050 [9] 1:5 200 2000 1 92 95-97 
P812SPN0200 [9] 1:20 743 2000 2 119 95-97 
P812SPN1000 [9] 1:100 800 2000 2 128 95-97 
Table 2 Torque density and efficiency comparison of mechanical planetary gears. 
 
Torque density is extremely high for the “PLS90 HP” gear type and the theoretical 
efficiency for this gear type is also noticeable high. The torque density seems to vary a 
lot for different gear types and also for different manufacturers. The reason for this can 
be that the gear housing is made in different sizes and in order to limit the gear box 
manufacturers costs, there might be compromise in choosing a big gearbox house where 
a smaller model can fitted in. 
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1.7.3 Mechanical cycloidal gear 

The mechanical cycloidal gear is another 2-DOF gear. This gear consists of an input 
shaft with an eccentric Figure 1.7. An eccentric pulley drives the mover and it has an 
outer toothed rim shape connected to the ring. Connection point between the toothed 
rim and the mover will move when the eccentric pulley is rotated. There is different 
number of teeth on the mover and ring. If the difference of number of teeth between 
mover teeth and ring teeth is larger than one, the mover will be indexed backward 
relative to the stationary ring, each time the eccentric pulley has moved one revolution. 
The output shaft is driven by the mover by a number of columns. These columns have a 
tangential connection to the 3 holes in the mover, which will rotate the output shaft. 

 
Figure 1.7 Mechanical cycloidal gear (exploded view). 
 
The torque density is calculated for 3 different cycloidal gear manufacturers with 
different gearing and gear sizes. The results are shown in Table 3. 
 
Type Ref. R g T Speed Stage ρρρρ T ηηηη 
[-] [no.] [-] [Nm] [RPM] [-] [Nm/l] [-] 
Servo 110-Series [10] 1:11 132 1500 1 111 - 
Servo 110-Series [10] 1:29 200 1500 1 168 - 
Servo 110-Series [10] 1:87 200 1500 1 168 - 
6160 (p. A-142) [11] 1:6 695 1450 1 76 - 
6060 (p. A-140) [11] 1:21 13 1450 1 15 - 
6065 (p. A-140) [11] 1:21 26 1450 1 31 - 
6145 (p. A-142) [11] 1:21 1450 1450 1 159 - 
6145 (p. A-142) [11] 1:87 1200 1450 1 132 - 
2C115 [12] 1:6 1920 1135 1 64 95 
2D255 [12] 1:21 10600 1165 1 173 95 
2K225 [12] 1:87 109000 1165 1 181 95 
Table 3 Torque density and efficiency comparison of mechanical cycloidal gears. 
 
It can be seen that the torque density is generally high for cycloidal gears with high 
gearing relationship and not so high at very low gearing relationships. Gears with the 
same gearing relationship seem also to have different torque densities. The cycloidal 
gears efficiencies are specified to 95%, which is lower than the planetary gear.  
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1.7.4 Harmonic drive 

The harmonic drive is another 2-DOF gear variant. The functional principle for this gear 
type (Figure 1.8) is explained in the following. An ellipse is connected to the input 
shaft. The ellipse is connected to a flexspline, which is made of a flexible material. The 
flexspline is deformed to an ellipse shape because the input shaft ellipse part is inserted. 
The flexspline is directly connected to the output shaft (not shown in Figure 1.8). Teeth 
on the ring and flexspline are only in connection with each other at two points. There is 
a different number of teeth’s on flexspline and the ring, and this will force the flexspline 
to rotate relative to the ring, when the input shaft rotates. Figure 1.8 illustrate the ellipse 
as a solid primitive, but for real harmonic drives, roller bearings are used between 
ellipse and flexspline for minimise the friction. 

 
Figure 1.8 Mechanical harmonic drive (exploded view). 
 
The torque densities are calculated for 4 harmonic drives from the same manufacturer. 
The manufacturer has only gears with gearing relationship between 1:50 and 1:160, 
which indicates that the gearing principle is not suitable for gearing relationships under 
1:50. The torque density results are shown in Table 4. Nominal torque for the 1:160 
gearing relationship is not available in the data material and that is why the Table 4 
shows gearing relationship up to 1:120.  
 
Type Ref. R g T Speed Stage ρρρρ T ηηηη 
[-] [no.] [-] [Nm] [RPM] [-] [Nm/l] [-] 
RGH 20 [13] 1:50 40 500 1 188 - 
RGH 20 [13] 1:120 63 500 1 297 - 
RGH 25 [13] 1:50 62 500 1 176 - 
RGH 25 [13] 1:120 106 500 1 302 - 
Table 4 Torque density comparison of mechanical harmonic drives. 
 
The harmonic drives have a high torque density. The efficiency is not specified in the 
data sheet for the current gear type. However efficiencies for other harmonic drive types 
produced by the same producer is rated from approximately 83% and down to 50% 
efficiency. These efficiencies are also rated at 500[RPM] input speed. 
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1.7.5 Mechanical worm gear 

Worm gear is also a very common gear type that is used in gear applications. Worm 
gears exist in many configurations. In order to explain the simple function principle for 
a worm gear, there are made an illustration of this on Figure 1.9. The gear has the input 
shaft with an Archimedes spline. Spline interacts with teeth’s which are on output shaft 
wheel, torque are hereby transferred from the input shaft to the output shaft with a 
certain gearing relationship. 

 
Figure 1.9 Mechanical worm gear. 
 
The torque density is calculated for drives produced by 3 different manufacturers and 
the results are shown in Table 5. Gearing relationship of this gear type is up to 1:100 per 
stage. 
 
Type Ref. R g T Speed Stage ρρρρ T ηηηη 
[-] [no.] [-] [Nm] [RPM] [-] [Nm/l] [-] 
RT28 [14] 1:7 18 1400 1 33 - 
RT70 [14] 1:20 194 1400 1 40 - 
RT150 [14] 1:100 1120 1400 1 29 - 
224B [15] 1:5 74 1750 1 26 - 
224B [15] 1:20 127 1750 1 45 - 
224B [15] 1:100 73 1750 1 26 - 
DB961 [16] 1:5 2274 1450 1 33 96 
DB961 [16] 1:20 3386 1450 1 49 90 
DB961 [16] 1:100 2588 1450 1 38 68 
Table 5 Torque density comparison of mechanical worm gears. 

 

Worm gears have relative low torque density and low efficiency. Worm gears are often 
self locking gear mechanisms, which mean that it is a type gear which can only be 
forced from the input shaft side, and not from the output side. Backlash adjustment is an 
extra alternative feature for worm gears and these gears can be adjusted down to zero 
backlash. This feature can be an advantage for control applications. 
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1.7.6 Summary 

Torque density data from the different mechanical gears are plotted in Figure 1.10 a) in 
order to compare the different gear types. 
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b) 

 
Figure 1.10 a) Calculated torque density versus gearing of different mechanical gears. b) 
Calculated torque density versus input speed of different mechanical gears. 

 
There are large differences between the different gear types. Spur gear, helical gears and 
worm gears have low torque densities. Planetary gears and cycloidal gears have higher 
torque densities and harmonic drives seem to have the highest torque density. It must be 
noticed that the output torque of a mechanical gear is dependent on input shaft speed at 
where the specific gear is rated at. For instance the torque data for the harmonic drive is 
specified for a input speed of 500 [RPM] with a torque output at 40 [Nm]. The same 
gear have torque rated at 28 [Nm] and 22 [Nm] at respectively 1500 [RPM] and 3000 
[RPM], which will give 210 [kNm/m3] and 165 [kNm/m3]. Another planetary gear is 
also torque rated at a speed of 500 [RPM]. This gear has a rated torque density of 265 
[kNm/m3] which is quite high. This gear will convert less torque if the gear is operated 
at higher speed. One planetary gear producer [9] has even included an estimation 
calculation function for calculating maximum torque as a function of operating speed 
(1.7) so there is a connection between torque outputs and input speeds. The equation 
calculates the maximum output torque T2NX at input speed n1, with a rated speed of 
2000 [RPM] and a torque rated at T2N. This function is illustrated on Figure 1.10 b) in 
terms of torque density. 

3 1

2
2

2000

n

T
T N

NX =  
(1.7) 

 

This equation is only directly valid for gear types from this specific gear producer, but 
the equation might also be valid for other planetary gear as an estimate of a torque. The 
equation will have to be modified with another reference speed of 500 [RPM] instead of 
2000 [RPM], if this equation is used to estimate the torque density of previous described 
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gear with 265 [kNm/m3]. Such estimation will result in a torque density of 184 
[kNm/m3] for a rotation speed at 1500 [RPM]. This example indicates that maximum 
calculated torque densities are dependent of the input velocity. If a rule of thumb for 
maximum torque densities of mechanical gears in general shall be deduced from this 
analysis. Then it will not be likely to achieve a torque density of greater than 210 
[kNm/m3] for a gear with a speed of 1500 [RPM] on the input shaft. Gears limited to 
500 [RPM] will probably reach a higher maximum torque density up to 300 [kNm/m3]. 
 
The torque density analysis must be thought of as a rough method to estimate an 
approximate torque density performance so that the reader can get an idea of 
approximate torque densities available for mechanical gears in general. These torque 
densities can be compared to torque densities of magnetic gears, however since the 
torque density of mechanical gears is a function of gearing relationship, manufacturer 
and torque size it is not possible to make this comparison with only a few gear boxes to 
represent all mechanical gears which are available. A proper torque density comparison 
between magnetic gears and mechanical gears can therefore only be made with a larger 
number of mechanical gearboxes rated at same torque and speed. 
 

There is also a paper [17], where different mechanical gears are compared. The paper 
concludes that planetary gears are better when it comes to efficiency. Another 
conclusion is that cycloidal gears are not so suitable for gearing below 1:50. Final 
conclusion is that the helical gears have efficiencies of approximately of 80%. 

 

Mechanical spur gear and helical gear efficiencies are often very high rated in the 
literature [6], sometimes as high as 99%. The gears found in this small analysis are also 
rated very high. Distributors of mechanical spur and helical gears specify efficiencies in 
the interval 93% to 96%. Planetary gear types are stated to achieve efficiencies from 
95% to 98.5%, and cycloidal gear types are stated to achieve efficiencies of 95%. Worm 
gears have the worst efficiency, down to 68%. All these efficiencies can only be thought 
of as guiding efficiencies, because there is typically no experimental documentation 
from the distributor behind these numbers. Gear efficiencies depend also on more 
parameters like rotational speeds and temperature, so if gear must be compared with 
each other, there must be performed experiments where these parameters are measured.    
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1.8 State of the art -Magnetic gears 
State of the art magnetic gears are completed in the light of a search in the library 
databases and patent databases. The magnetic gears search has resulted in different 
types of magnetic gear technologies. These different technologies are structured into 
following categories: 
 

• Magnetic gears with closely spaced magnets 
• Flux guided magnetic gear mechanisms 

 
The technologies which are found in the searched literature is visualised with computer-
rendered images for supporting understanding of function principles. Different materials 
in these models are computer-rendered with different colour. Magnets are rendered with 
blue and light grey and the meaning of this is to indicate magnetic north and south pole 
configuration. A yellow colour represents non-magnetic material, and the green colour 
represents a magnetically conducting material such as iron. 

1.8.1 Magnetic gears with closely spaced magnets 

There exist many magnetic gears which can be categorised into the category of 
magnetic gears with closely spaced magnets. This gear type has typically a magnetic 
interaction in between magnets on two or more axes. The technology is with the two 
magnetic gear wheels covered with magnets on the surfaces. These magnets interact 
with each other and they create a driving force on drive magnet wheel. One example is 
the very simple radial magnetic spur gear, documented in a couple of books, papers and 
patents. Furlani, E. P. [18],[19] have developed an equation for the torque of two radial 
magnetised gear wheels Figure 1.11 a). The torque from the equation is compared with 
a FEM model, which is based on the same assumptions as in the torque equation. 
Torque equation and the FEM analysis model show very good agreement. 

 
a) 

b) 

Figure 1.11 a) Simple radial magnetic spur gear [18]. b) Magnetic spur gear with 
magnetisation in the axial direction [20]. 
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A magnetic gear similar to this type is found in a paper [21], where it is described how a 
radial polarised magnetic spur gear can be optimised to give a maximum torque. The 
optimisation is accomplished by the use of a FEM software program. In this paper there 
is no experimental result that verifies the FEM simulations, but in a previous paper [22] 
from the same authors there is a single experimental test where simulated FEM results 
are verified. This paper shows there is good agreement with the FEM calculated torque 
and the experimental results. Another paper [23] also describes the magnetic gear types 
with closely spaced magnets, where the distance between the magnetic wheels versus 
the output torque are analysed with an experimental test. A related paper [24] is a 
description of an experimental test with 3 radial magnetic spur gears. An analytic 
expression of the output torque is one of the results and this expression is compared 
with measured torque values as a function of the distance between magnetic gear 
wheels. Also a patent [20] describes a magnetic gear wheel. This configuration is 
different, because every single tooth in the magnetic gear wheel has a north and a south 
pole with axial magnetisation, which is seen on Figure 1.11 b). With this principle the 
magnetic flux will not follow a direction, which is in the same axis as the previous 
discussed magnetic spur gear, but instead will a magnetic flux be pointed towards the 
same axes as gear wheels axes. The technology might increase the magnetic flux and 
hereby increase the maximum torque for the magnetic gear. 

a) 

 
b) 

Figure 1.12 a) Spur gear with overlapping magnets and axial aligned magnetisation 
[25]. b) Axially magnetised gear wheels with offset [26].  
  
Another patent [25] describes a magnetic gear equipped with magnets in which the 
repulsion force is a core detail. This type of gear has all magnets turned with the 
magnetisation in the same axial direction and not the radial direction Figure 1.12 a). 
Axial magnetisation will in this configuration try to keep an equal distance between 
magnetic teeth. There is a mechanical contact between the teeth if the torque is too high 
in this configuration. Another gear with axial oriented magnets is shown on Figure 1.12 
b). This gear is described in a paper [26]. This type of magnetic gear consists of two 
rotors with permanent magnet on the outer face. The paper has a description of a semi-
numerical method to calculate torque. The method is based on numerical integration. 
Another magnetic gear with magnetisation pointing in axial shaft direction is found in 
[27], Figure 1.13 a). The paper describes a magnetic gear with a gearing relationship of 
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3 and a torque of 5.5 [Nm]. The same authors have also written a paper [28], where 
super conductors are used instead of permanent magnets.  

 
a) 

 
b) 

Figure 1.13 a) Magnetic gear with magnetisation directed in axial shaft direction [27]. 
b) Magnetic gear similar to the mechanical bevel gear [29]. 
 
There is a description of a magnetic gear similar to the mechanical bevel gear in a paper 
[29]. The gear consists of two conical wheels, which is covered with shifting north and 
south poles as show on Figure 1.13 b). Experimental tests are performed in the paper, 
from which it can be concluded that the transferred torque is increased as the distance 
between the conical gear wheels is made smaller. Only experimental results are 
represented in this paper.  
 
In a paper [30] a magnetic worm gear is described. The gear configuration consists of a 
worm and a worm wheel, which is shown on Figure 1.14 a). The input worm wheel is 
magnetised with north and south poles and also worm wheel is magnetised. The paper 
describes experimental results from a gearing with gearing 1:33. This gear can deliver a 
maximal torque of 11.5 [Nm]. The magnetic worm gear has a less complicated 
geometry unlike the mechanical gear which has noticeable advanced geometry and it 
makes this type difficult to manufacture. However the magnetic worm gear is difficult 
to magnetise. 

 
a) 

 
b) 

Figure 1.14 a) Magnetic worm gear with simple geometry [30]. b) Magnetic gear 
similar to the worm gear type [31]. 
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In paper [32] from the same author, there is a description of a experimental test where 
the worm gear has a gearing of 38:66 and the transferred torque is 2.4 [Nm]. In a patent 
[31] there is a description of a magnetic gear similar to the mechanical worm gear.  
The worm is formed a like an Archimedean screw with helical tooth flanges, as shown 
on Figure 1.14 b). The worm gear flanks are magnetised with magnetic north and south 
poles. Worm wheel teeth are also magnetised with north and south poles. At the place 
where wheels flanges interact, there is a magnetic north pole against a magnetic north 
pole and the magnetic south pole configuration is arranged in the same way. This 
configuration will force the worm gear wheel to positioning where there is an equal air 
gap between magnetic pole tooth flanges. This type of gear configuration has the 
property of making contact between the flanges, when a high load is applied. 
 

 
a) 

 
b) 

Figure 1.15 a) Perpendicular axis gear [33]. b) Variable magnetic gear with two output 
shafts [34]. 
 
A paper [33] describes a gearing with perpendicular axes Figure 1.15 a). The gear 
consists of two magnet wheels, which is radial magnetised with screw magnetic north 
and south poles. Influences of different design parameters are investigated by the use of 
a FEM software. The investigated parameters are screw angle, flux distribution, number 
of poles, thickness in the magnetised direction, and overhang length. The torque 
measured from an experimental setup is 0.357 [Nm]. The patent [34] describes a 
variable magnetic gear consisting of two driving shafts and two driven shafts Figure 
1.15 b), which is coupled together with PM magnets. These types of gear are originally 
intended for airplane applications, with two propellers outputs. Changes in gearings 
relationship are conducted at the driving shafts. They can shift axial position, and the 
gearings relationship will be changed, because diameter and number of poles on the 
driven part can hereby be changed. The gear shift mechanism is similar to mechanical 
gearboxes with several stages. 
 
A magnetic version of a harmonic gear is recently purposed in [72]. This drive is 
predicted to obtain an active torque density of op to 110 [kNm/m3]. Practical 
implementation of this drive has similarities to the cycloidal gear which is described in 
this thesis.  
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1.8.2 Flux guided magnetic gear mechanisms 

The previous described magnetic gears have magnets with close spacing so that the 
magnetic flux travels from a magnet to an air gap and further to another magnet. Other 
gear types have iron elements included. These gears will typical operate by moving the 
main flux. In a patent [35] a magnetic gear with parallel shafts is presented. The gears 
consist of two shafts, which are magnetised with north and south poles. In between 
these shafts there are iron segments that guide the magnetic flux. The basic principle for 
the magnetic transmission is shown on Figure 1.16 a).  
 

 
a) 

 
b) 

Figure 1.16 a) Flux guided magnetic gear with a gearing relationship of 1:1 [35]. b) 
Flux guided magnetic gear with a gearing relationship of 1:np, np=9 [36]. 
 
In a situation, where the flux guided magnetic gear is shown Figure 1.16 a), the main 
magnetic flux will passes through two of the segments marked with B and D, and in the 
other segments A and C, the magnetic flux will be less. In another situation when the 
magnetic wheels are rotated to a position where north and south direction on the wheels 
is vertical, then the magnetic flux will be equally distributed in the two circuits. If the 
axles are rotated further, the main magnetic flux will follow a path that pass segment A 
and C, and in the other segments the magnetic flux will be less. This design will have 
gearing relationship of 1:1. 
 
Another patent [36] describes a flux guided magnetic gear, with the gearing relationship 
of 1:np, where np is the number of pole pairs on the output shaft rotor. This transmission 
gear also consists of two shafts with rotors, which will guide flux through two iron 
segments. Figure 1.16 b) illustrates the magnetic transmission gear. This gear type has 
only a single phase and for this reason there might be operation problems. Other 
versions of magnetic gears with tooth segments are also found [37]. This gear uses 
electro magnets to create magnetic flux in iron segments Figure 1.17 a). The reason for 
using electro magnets is because this gear is from the early days of permanent magnet 
history.  
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A linear version of a flux moving mechanism is also presented in a patent [38]. The 
linearly gear is shown on Figure 1.17 b). The gear type consists of a driving shaft where 
permanent magnets are fastened. Furthermore there are some iron segments to guide the 
magnetic flux. The linear part consists of iron segments with teeth. When the driving 
shaft is rotated, will magnetic flux be forced to pass through certain iron segments, and 
the resulting adjusted position between iron segments and track will be where majority 
of magnetic flux passes through.  
 

 
a) 

 
b) 

Figure 1.17 a) Flux moving gear mechanism with electro magnets [37]. b) Linear 
magnetic gear [38]. 

 
A patent [39], describes a more compact flux moving mechanism. In this patent there is 
described different gearing with different configurations regarding the number of 
segments and the number of permanent magnets on the output shaft and input shaft. The 
patent is also with different shape examples for the middle steel segment part. One of 
the gear configurations is shown on Figure 1.18 a). 

 

 
a) 

 
b) 

Figure 1.18 a) Magnetic gear similar to the mechanical planetary gear type [39]. b) High 
performance magnetic gear [1]. 
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In publication [1] a planetary magnetic gear described and an illustration of this gear is 
shown on Figure 1.18 b). This gear has a similarity to a mechanical planetary gear. The 
basic structure of this gear type is like the previous described gear because the magnetic 
fluxes are also forced to pass through certain segments and with a certain angle. The 
magnetic flux path has different shape and different magnitude, and hereby also 
different energy contents. Flux shift in shape and magnitude is driven by torque from 
the input shaft. The magnetic flux will change most in iron core segments. The output 
shaft will be driven by flux changes in the iron core segments. Another magnetic gear 
with the function principle similar to the mechanical planetary gear shown on Figure 1.6 
is described in [75]. Permanent magnets are replaced by mechanical teeth not only on 
the central input shaft but also at the outer ring and planet wheels. A simulation study 
has shown a relatively high active torque density at nearly 100 [kNm/m3] with a relative 
small air gap distance of only 0.5 mm. Estimation of the measured active torque density 
is approximately (4.4 x 3)/ (π x 0.0472 x 0.040) = 47.6 [kNm/m3] for a configuration 
type with 3 planet gear wheels, similar to the configuration shown on Figure 1.6.  
 
There exist many references to planetary magnetic gear versions and they can be found 
in chapter 4 where search results from this magnetic gear type is presented in 
chronological order.    

 

 
a) 

 
b) 

Figure 1.19 a) Ackermann’s patent with middle part made in iron [40]. B) Ackermann´s 
patent with outer part made in iron [41]. 
 
A patent [40], which most of all is similar to the planetary magnetic gear type is 
Ackermann’s patent from 1997. An outline drawing from the patent is shown on Figure 
1.19 a). The basic mode of operation is similar to previous described high performance 
magnetic gear. Ackermann’s patent gives a good understanding of function with a series 
of pictures. This gear has a problem with short circuiting flux at the inner rotor. 
However this problem is solved by a newer patent from Ackermann [41], which is 
shown on Figure 1.19 b). This patent minimises the short-circuiting with a steel output 
rotor. But a magnetic ring with high stack is not easy to make. 
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a) 

 
b) 

Figure 1.20 a) Martin’s version of the planetary magnetic gear [35]. b) Magnetic 
planetary gear, with high gearing relationship [35]. 
 
Similar gear types are also described in the patent of Martin Jr. T. B [35]. This gear is 
shown on Figure 1.20 a). The gear is very similar to the high performance magnetic 
gear described previously. The iron segments in this version are very thin. This might 
increase the flux density in the iron segments and hereby cause saturation in the iron, 
however there were not developed neodymium magnets in 1960, which explains the 
design with thin iron segments. Segments are also relatively elongated here and this will 
cause unnecessary long flux paths. Same patent by Martin [35] describes a technology 
which has a high gearing of 1:16. An illustration sketch for showing function principle 
is pictured on Figure 1.20 b). The gear consists of a 2-poled inner magnetised rotor, an 
output shaft with iron segments and an outer stationary part with permanent magnets 
and iron rings to guide the magnetic flux. The stationary part has iron rings with 15 
segments and the output rotor has 16 iron segments. The principal function for this gear 
works as following. If the inner rotor is rotated to a position, where magnet north pole 
direction is at “12 o clock”, it will induce that upper half of the output shaft iron 
elements to be magnetised with a north pole magnetisation. North pole magnetisation of 
the iron elements will be attracted to the magnetised south pole in the upper half of the 
stationary part. When the rotor has rotated one round, then the output shaft rotated the 
1/16 round caused by magnetisations shift in iron segments. 
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a) 

 
b) 

Figure 1.21 a) Axial version of the planetary alike gear [42]. b) The patent [43] 
describes a magnetic version of a harmonic drive [43]. 

 
The flux guided principle is also found in a patent [42]. Function of principle for this 
patent is similar to the magnetic planetary gear type described; however this version is 
modified to operate axially. The gear is illustrated in Figure 1.21 a). It consists of two 
rings, which are magnetised with north and south poles on the side of the magnetic ring. 
The two rotate around the same axis and the magnet elements are faced against each 
other. A segmented steel plate is placed between the two magnetic rings and this 
segmented plate transfers the torque. This axial type is also described in [73] with a 
predicted torque density of 70 [kNm/m3]. Another flux moving mechanism [43] consists 
of 3 parts. Two of these parts are made of iron materials and the third is made of 
permanent magnet material. This gear has an input rotor part which consists of a 
permanent magnet and an output rotor made of iron material Figure 1.21 b). The 
stationary outer part is also an element of iron and this element has 102 teeth on the 
inside. The output rotor has 100 teeth on the outside.  When one tooth from the 
stationary part is aligned to a tooth on the output rotor, there will also be an alignment 
180 [°] from this place. When zero torque is applied, the rotor will ensure this precise 
alignment between the output rotor and the stationary part. If the rotor north pole starts 
at “12 a clock” on the stationary outer part and rotates a clockwise rotation it will result 
in a rotation increment at the output shaft by 2 teeth. Because the output shaft has 100 
teeth, then there will be a gearing of 50. It is stated that this type of gear principle can be 
designed to achieve high gearing. 
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Chapter 2 Magnetic spur gear 

This chapter describes the development of an analytical expression for calculating the 
torque of a permanent magnetic spur gear. The analytical calculation is verified with a 
physical test model and FEM calculations. Optimisations with the analytical expressions 
are performed to determine an obtainable level of torque density.  
 

2.1 An existing gear theory for radial magnetisation 
The radial magnetised spur gear is one of the most commonly analysed magnetic gears. 
This gear type is analysed analytically in [18], [19], and also by the use of FEM 
calculation methods. The calculation time for a FEM model is often larger than for an 
analytical calculation routine. This is why the analytical calculation is preferred. Radial 
magnetised magnets are often more expensive to manufacture than parallel magnetised 
magnets, so parallel magnets can be an alternative to radial magnetised magnets. 
Analytical calculation expressions for parallel-magnetised spur gears are searched in the 
literature and appropriate literature for analysing magnetic spur gears is not found. 
However these expressions will be developed on the basis of radial magnetisation gear 
theory with parallel magnetisation.  
 

2.2 Improved theory for parallel magnetisation 
This section describes the improved theory behind a modified version of the Furlani 
gear equations. Figure 2.1 shows the source magnet and drive magnet, which is used in 
the theoretical description. The explanation of this theory is split into two parts. The 
first part is where Boundary Value Problem (BVP) theory is used to obtain a free space 
field solution for the source magnet. In second calculation part the drive magnets are 
reduced to an equivalent current density distribution and the torque is computed under 
considering the current density distribution is under external influence field from the 
source magnet.  



  

36 

d

x´ x

y´ Source Drivey

xx´

d

Sourcey´ y Drive

 
Figure 2.1 Source and drive magnet sketch for radial and parallel magnetised gear. 
 
The free space field solution is a rather complicated subject, which is why this topic is 
explained in a separate section called “The free space field solution”. The essential 
result from this section is to be able to express the B-field as a function of coordinate 
position. The free space solution is defined for the source magnet. The drive magnet has 
no influence on this solution i.e. the relative permeability is assumed to be one. At the 
end of “The free space field solution” section there is a transformation of the defined B-
field into the drive magnet coordinate system, where the torque is calculated. The drive 
magnet is reduced to an equivalent current density distribution which is explained in the 
section “Equivalent surface current density determination”, where a permanent magnet 
is substituted with a current density distribution. The current densities are present at the 
outer surface of each magnet pole on the drive magnet side. Since it is a surface current 
density distribution it is expressed per units distance at the surfaces. The torque is 
finally calculated in the last section “Torque expression”, where there is an integration 
of the torque expression along the surfaces of the drive magnets. The torque integration 
expression uses the B-field solution of the source magnet and the equivalent current 
density distribution of the drive magnet to calculate torque, and that is the coupling part 
between source and drive magnet.  

2.2.1 The free space field solution 
E. P. Furlani has previously described the free space solution of a radial magnetised 
pole pieces. Documentation for this theory is explained in [18] and this theory is the 
foundation for developing a new expression. In the explanation of parallel gear theory, 
there is used the same terminology and approach as for the radial formulation. The new 
expression describes the B-field distribution for a parallel-magnetised magnetic spur 
gear. Analytical calculation expressions for parallel magnetised magnets with arc shape 
is searched in the literature and there is found parallel magnetised arc magnet 
expressions, where there is included back iron in the stator and rotor [44] [45]. 
Intensions for these equations are that they are to be used for electrical machines 
purpose that is the reason why these expressions are not directly applicable for 
formulation of B-field. It is therefore necessary to develop a parallel magnetisation 
expression. 
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Figure 2.2  Arbitrary magnetised cylinder 
 
One of the ideas of developing a parallel magnetised expression is to use the 
formulation of an arbitrary magnetised cylinder [18] and “magnetise” this formulation 
with a parallel magnetisation expression (2.8) instead of a radial magnetisation 
expression [18]. The first step is to develop this parallel magnetisation expression and 
rewrite it so it can be used in the arbitrary formulation. This expression can be written 
as a vector field expression with radial and tangential parts (2.8). The expression for the 
parallel magnetisation is found in [46], where the magnetisation unit vectors exist in 
both radial and tangential direction unlike in [18]. 

φrM s ˆˆ),( ⋅+⋅= φφ MMr r (2.8) 

 
Radial magnetisation and tangential magnetisation are expressed as Fourier expressions. 
The period in the Fourier expressions can not be the same for the radial magnetisation 
[18] and for the new parallel expressions (2.8)(2.9)(2.10) which take its basis in [46], 
because expressions in [18],[19] is defined for number of poles, the new parallel 
expressions has to be modified from (φi ) period to another period by substituting 

parallel magnetisation expressions from [46] with “ piN2
1 ” where it is “i” in [46] 

because pole pairs are used in expressions from [46].   
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(2.10) 

Notice that this expression is not valid for one set of pole pair when Np = 2, because this 
will give an infinite number.  
 
The trigonometric Fourier functions are used to define the coefficient Di found in [19]. 
This coefficient is found by inserting the magnetisation M s vector into the volume 
charge density expression ρm which is defined in [19]. This expression can be 
understood as source term for the boundary value problem formulation. This procedure 
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is similar to the procedure which is used for finding the radial magnetisation expression 
in [18], but the magnetisation expression is now different so (2.14) will not be the same 
as in [18]. The substitution of M s and reduction of the expression are shown in (2.13). 
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Remember that divergence [19] of a vector field is (2.12). 
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Di is written as (2.14).  
  

( )
r

MiNM
rD ipri

i
φ

µ
µ 2

1
0)(

+
−=  (2.14) 

 
The Di expression is substituted into the source term integrals, which lead to two large 
expressions Shi and Si. These expressions are substituted into matrix solutions (2.40).  

 

Equation (2.14) includes the absolute permeability (2.15) found in [19]. This 
absolute permeability can be calculated from the relative permeability µr and the 
permeability of air µ0. Equation (2.15) is also used in Table 10 to define the relative 
permeability for a permanent magnet material.  

0µµµ ⋅= r  (2.15) 
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The surface charge density γm

(k) is another source term which goes into the boundary 
value problem formulation, and it must also be substituted into matrix result by a 
coefficient term Bi

(k). Generally there are used the index k = 1 for the inner magnetic 
field (Figure 2.2) and k = 2 for the outer magnetic field and index “in” for the magnetic 
material part. The surface charge density is written like (2.16), which is formulated by a 
similar way as shown in [18], but derived with another magnetisation M s: 
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The radial magnetisation term is the only term which is included in the surface charge 
density, because the tangential term becomes zero caused by the dot product 0ˆˆ =⋅ ϕϕϕϕr . 
The surface current densities will give the following Bi

(k) coefficients, which are 
substituted into matrix expression. 
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The next step is to formulate the equations used to solve the boundary value problem. 
These equations take its basis in boundary conditions [18]. At media interface there are 
boundary conditions for the magnetic flux density B and the magnetic field strength H. 
One of these boundary conditions (2.18) describes the change rate of scalar potential in 
the surface normal outward direction at the boundary surface. The other boundary 
conditions (2.19) describe that magnetic scalar potential ϕm

in at a certain point on the 
boundary surface at a radius Rk must be the same as scalar potential ϕm

(k).   
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The scalar potential φm must be differentiated regarding the normal outward direction of 
the rotor. Expressions for these fields come from the radial magnetisation formulation 
[18]. But it is necessary to correct these expressions to fit into the parallel magnetisation 
description. Periodic term is modified to a period of “ 1

2 piN ”.The harmonic period for 

the radial expression uses “i” instead. However this is not possible in this case because 
the period must follow magnetisation expressions (2.9) and (2.10) these expressions has 
a period defined by1

2 piN . That is the reason why, this period is modified for the parallel-

magnetised expression. Many of the expressions in [18] will have to change the period 
in order to be able to fit with the new magnetisation expressions (2.8).  
 

[ ]∑
∞

=

+=
0

2
1

2
1 )cos()()sin()(),(

i
p

in
ip

in
i

in
m iNrUiNrVr φφφφφφφφφφφφφφφφ (2.20) 



  

40 

[ ]∑
∞

=

+=
0

2
1)1(

2
1)1()1( )cos()()sin()(),( 2

1

i
pipi

iN
m iNrUiNrVrr p φφφφφφφφφφφφφφφφ (2.21) 

[ ]∑
∞

=

− +=
0

2
1)2(

2
1)2()2( )cos()()sin()(),( 2

1

i
pipi

iN
m iNrUiNrVrr p φφφφφφφφφφφφφφφφ (2.22) 

[ ]∑
∞

=

+=
0

2
1

2
1 )cos()()sin()(),(

i
pipim iNrDiNrCr φφφφφφφφφφφφρρρρ (2.23) 

[ ]∑
∞

=

+=
0

2
1

2
1)( )cos()sin()(

i
p

k
ip

k
i

k
m iNBiNA φφφφφφφφφφφφγγγγ (2.24) 

 
Solutions written in (2.20) (2.21) (2.22) come from the general 2D solution of a BVP 
[18], but with a correction of the periodic term. The volume charge density and the 
surface charge density can also be expressed as Fourier series (2.23) and (2.24). These 
densities can physically be understood as input sources to the system. 
 
Inside of the magnet where there exists a magnetic material. (2.25) must be solved for 
this material. Following must also be solved outside (2.26). There is used a method to 
separate the variables used to solve these equations and this method is the same as used 
in [18], so expressions from (2.25) to (2.39) are also modified regarding the periodic 
term. 
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The constants Ci(r), Di(r),Ai

(k) and Bi
(k) can be determined once the magnetisation M s is 

specified. Following ordinary differential equations for the unknown coefficients Vi
in(r) 

and Ui
in(r) are found by substituting (2.20) and (2.23) into (2.25). 
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Solution: There is used a method of variation of parameters with a general solution 
form of (2.27) and (2.28). Where c1 and c2 are constants and W(f1, f2) = f1 f2´- f ´2 f1  is 
the Wronskian. This method is used to solve (2.27) and (2.28). 

η
η

ηηη
η

ηη
d

ffW

gf
fd

ffW

gf
rfrfcrfcrf

r

R

r

R ∫∫ +−+=
11 ))(,(

)()(

))(,(

)()(
)()()()(

21

1
2

21

2
12211 (2.30) 

ηηη
η

η dC
r

r

iN
rFrErV i

r

R

iNiN

p

iN
i

iN
i

in
i

pp

pp )(
1

)(
1

2
1

2
1

2
1

2
1

∫




















−






−+= − (2.31) 

ηηη
η

η dD
r

r

iN
rQrPrU i

r

R

iNiN

p

iN
i

iN
i

in
i

pp

pp )(
1

)(
1

2
1

2
1

2
1

2
1

∫




















−






−+= − (2.32) 

The unknown coefficients Vi
(k), Ui

(k) (k=1,2) and Qi are determined by adding the 
boundary conditions from (2.19) and (2.18). This will result in the following group of 
simultaneous equations, which can be used to determine Ui

(k), Pi, and Qi.   
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The first term in (2.33) is a result of differentiating boundary (2.18)  with the ϕm

(2) 

expression substituted in to this equation. The next terms can be identified from 
differentiation of ϕm

in, which will give a differentiated expression for Ui
in (2.32). The 

fourth term in (2.33) is not straight forward to recognise, but it also comes from 
differentiation. This differentiation process is easiest to identify on (2.30) and not on 
(2.32).  
 
Boundary conditions (2.19) are used to define (2.34). (2.35) is also found from 
boundary condition (2.19), but the last part of the equation with the integration 
expression is missing because the integration is from R1 to R1 so this part of the 
integration becomes zero. Boundary condition (2.18)  is also used to define (2.36), 
where an integration part also disappears. 
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(2.33) to (2.36) can be written in matrix form. Matrix expression (2.39) is used to 
determine Ui

(k), Pi and Qi coefficients. A similar matrix expression can be used to find 
coefficient Vi

(k), Ei and Fi. 
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One of the solution for matrix expression leads to an expression Ui

(2) (2.40), where Shi, 
Si, Bi

(1) and Bi
(2) must be substituted into this matrix. 
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The solution to coefficient Ui
(2) from matrix expressions can be solved by the following 

procedure [18]: There is given a magnetisation M s(r,φ), which can be used to determine 
coefficients for the surface and volume charge densities Ci(r), Di(r), Ai

(k), Bi
(k). After 

that, Di(r) and Bi
(k) are substituted into (2.39), and Ci(r), Ai

(k) into the corresponding 
equation for coefficient Vi

(k), Ei and Fi. Now there are two sets of decoupled equations 
for the unknown coefficients Ui

(k), Pi , Qi and Vi
(k), Ei, Fi. These equations are solved for 

Ui
(k) and Vi

(k). These coefficients are substituted into (2.21) and (2.22) to get the desired 
field solution.  



43 

The substitution of variables Bi
(k) and Di(r) leads to a large expression, which can be 

reduced to (2.41), which is part of the new parallel magnetisation formulation.  
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The magnetic field strengths H(1) and H(2) in the regions V1 and V2 at the outside the 
magnet, and H(in) inside the magnet can be represented in terms of scalar potentials ϕm

in
, 

ϕm
(1), and ϕm

(2) . The minus gradient of these potentials will result in magnetic field 
strength vector fields which are represented by (2.45). Flux density vectors (2.46) in the 
free space can be calculated by multiplying these field strengths like in [18]. 
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(2.47) and (2.48) are used to describe the field solution for the source magnet in the (x´, 
y´) coordinate system (Figure 2.1).  
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The expressions (2.47) and (2.48) are renamed to respectively Br´
ext(r´,φ´) and 

Bφ´
ext(r´,φ´) which corresponds to the prime coordinate system for source magnets. 

These field solutions are transformed into the coordinate system to the drive magnet by 
the use of the following transformation equations. This procedure is similar to the one 
used in [18]. 
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The source magnet field solution Br´

ext(r´,φ´) and Bφ´
ext(r´,φ´) is transformed to act as an 

external field on the drive magnet coordinate system [18], which result in (2.51) and 
(2.52).  
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Source field solution is used in the torque expression for the drive magnet, which is 
explained in the torque expression section.  
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2.2.2 Equivalent surface current density determination 
An equivalent surface current density is a current density distribution, which will give 
the same magnetic field as a permanent magnet. A simple example can be a rectangular 
permanent magnet. This type of magnet can be replaced with two equivalent current 
densities Figure 2.3. Surface current densities are often used to model permanent 
magnets. Examples where this has occurred can be found in the following papers [47], 
[48], [49], [50], [51], [52]. 

Permanent magnet

NS S N == S N
Surface with plus current

Surface with minus current

Equivalent surface current densityEquivalent currents

 
Figure 2.3  Equivalent surface current for a simple rectangular shape. 
 
A permanent magnet can be replaced with a number of currents directed in and out of 
paper direction. This is illustrated with Figure 2.3, where a number of equivalent 
currents will replace a magnet at top and bottom of a surface. These equivalent currents 
will create a magnetic field distribution similar to a permanent magnet. This simple 
example has just few equivalent currents, but if there are an infinite number of 
equivalent currents, there will be an equivalent surface current density. The surface 
current density is per unit length. The drive magnet wheel pole pieces can be reduced to 
an equivalent current density distribution in a similar way as described previously in 
[18]. The same method can be used to define an expression for a parallel magnetisation. 
The previous method for radial expression [18] uses the mathematic cross product of the 
surface normal vector together with the radial magnetisation vector Mr. This will give 
the surface current density at top surface, shown in Figure 2.4. In case of a radial 
magnetisation then there will be the same magnetisation for Ms and Mr. However for the 
new parallel magnetisation formulation the magnetisation Ms is there needed a 
projection in radial direction to give radial magnetisation Mr at top side of the magnet 
shown in Figure 2.4. This projection is therefore included into the equations to get a 
parallel expression. 

M

φ

Bottom surface

Top surface

r           sM  = M M r

φ
s

 
Figure 2.4  Magnetisation vectors for a radial and a parallel magnetised pole piece at top 
surface. 
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The current density expression for drive magnet top and bottom surface is described by 
expression (2.53). The new part of this expression is the cross product projection which 
is not necessary in [18].   
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A current density expression is also found for the curved pole piece surfaces. This is 
calculated in almost the same way as for the top and bottom surfaces. Magnetisation Ms 
must be projected into the tangential direction illustrated in Figure 2.5. It will result in a 
tangential magnetisation Mφ. Tangential magnetisation must then be crossed with the 
surface normal vector, which will result in the current density at curved surface. This 
current density is not needed in [18], because a tangential magnetisation is zero and a 
cross product of a zero vector gives zero. So this part of the parallel magnetisation 
expression formulation is also new. 
 

r

φM
sM

Outside surface

Inside surface

 
Figure 2.5  Magnetisation vectors for a parallel magnetised pole piece at the inside and 
outside surfaces. 
 
Current density for the inside and outside surface can then be expressed by the 
following expression: 
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The inner radial surface is expressed in the same way, but with an opposite sign, 
because surface normal vector r$  is pointed in opposite direction and that is why cross 
product is directed in the opposite direction. 

2.2.3 Torque expression  
In order to determine drive magnet torque the first thing to do is to reduce the system to 
a distribution of equivalent volume and surface current densities Jm and j m. The torque 
expression (2.55) consists of two integrals where the V and S are respectively volumes 
and surfaces of the magnets. 
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Since 0mJ M= ∇ × = , the first volume integration becomes zero [18], the only remaining 

part is then the surface contributions to the torque expression. This expression contains 
an equivalent surface current density factor for drive magnet, which is described in the 
section “Equivalent surface current density determination”. All surface current densities 
must be crossed with the external Bext flux density field from the source magnet to 
create a torque on the drive magnet, this cross product is illustrated with an isometric 
sketch on Figure 2.6. 

F
y rry

xz
j
m z x

extBy

x

j
m

Bext

 
Figure 2.6  Illustration of calculated torque by integrating the cross product of current 
densities and B-fields at magnet boundaries.  
 
The current jm in the z direction must be crossed with the source field flux density By

ext, 
which results in a force acting on r. This force will create a positive torque around the z-
axis. Same current must also be crossed with Bx

ext, which also result in a positive torque 
around the z-axis. All current densities crossed with the external field must be integrated 
around the surface of the magnet. The radial integration and tangential integration is 
described in the following. 
 
Radial surface integration 
The radial integration is performed with steps in the radial direction and this integration 
is done on the plane surface of the magnet piece. A new torque expression (2.56) is 
derived when the current expression is substituted into the torque expression. This 
procedure is also similar with [18] so following expressions (2.56) to (2.60) is almost 
the same expressions as used in [18]. 
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Times 2 Ms comes from integration of 2 surface current densities at the same time. One 
current density comes from the current surface integration. The second one comes from 
integration of the neighbouring magnet. Magnetisations of these surfaces are constant, 
and that is why these quantities are outside the integration sign. The integration is 
calculated along a straight line. This line lies on a certain angle in drive magnet 
coordinate system, which depends on the drive magnet turning angle, and magnetic pole 
number p. 
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Integral can be calculated by the use of Simpson’s integration method, which involves: 
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Nr is the radial mesh coefficient (must be an even number).  
 
The final radial torque expression with the use of Simpson’s integration method 
becomes: 
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(2.60) 

 
Tangential surface integration  
Tangential surface integration is performed at the two radial surfaces. Torque 
expression for the outer surface leads to expression (2.61), which is new for a parallel 
magnetisation formulation. 
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Once again there is used the Simpson’s method to evaluate the integral, and this will 
lead to the following expression. 
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Where:  
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A similar expression for the torque Tt1 is necessary to calculate along the inner radius R1 
of the drive magnet, but with a negative sign. The total torque from the drive can then 
be calculated as the sum of surface integrations: 

)()()()( 21 φφφφ ttr TTTT ++=  (2.64) 

 
The analytical solution part is described in (2.41) - (2.44) and (2.49) - (2.52). This part 
will calculate the flux on the outside of drive magnets with a complete field solution. 
The same field solution can be obtained by FEM, but this will require longer 
computation time if the model have too many nodes. The second part of the expression 
is the numerical part of the integration. This part is (2.60) for the radial integration and 
(2.62) for one of the two tangential integrations. All three integrations for the torque 
expressions can be written in (2.64).  
 
The torque expressions for a parallel and a radial magnetised spur gear are programmed 
into a software program where the algorithm is tested and there is also a 2D FEM 
calculation for verifying the results. Software program and 2D FEM calculations are 
shown in the following sections. 
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2.3 Software program description 
The magnetic spur gear program is a software program developed in this thesis in order 
to design magnetic gears. For torque calculations the software uses the radial analytical 
equations defined by Furlani [18] and extended analytical equations for parallel 
magnetisation. The program is built in a Borland Builder 3 environment [54]. A 
screenshot from the program is shown in Figure 2.7. The screenshot is marked with 5 
numbers, which corresponds to 5 regions explained in the following section. 
 

1

2

3

4

5

 
Figure 2.7  Screenshot from the magnetic spur gear program. 
 
The first region of the graphical user interface is the design parameter input region. The 
input parameters are gear dimensions, physical magnetic properties and the simulation 
parameters. The second region shows cross-section of a magnetic gear, this region is 
updated when new gear dimensions is entered. The third region can perform a single 
torque calculation, at an angle where torque between magnetic wheels is maximal. The 
total permanent magnet mass, torque per unit volume, and torque per unit mass and 
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inertia are also calculated. The fourth region can perform a parametric visualisation of a 
chosen parameter. Parameters which are possible to choose among is torque versus 
angular position, torque versus separation distance between the wheels, drive wheel 
pole numbers versus source pole numbers, and torque versus pole number. The fifth 
region can perform a Finite Element Model calculation [53]. In the following section a 
more detailed description of the five regions in the graphical user interface is done. 
 
First region- design parameters 
Permanent magnet magnetisation is one of the design parameters, used in the 
calculations. Data for permanent magnet magnetisation is located in a material file, 
where all material parameters are stored. It is possible to load these parameters from this 
magnetisation file by picking material name which corresponds to pre defined material 
properties. Program user can modify the material properties by editing material file and 
add a new material. From the material file a temperature coefficient kt and a magnetic 
magnetisation Ms is calculated. Equations for these calculations are: 
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A screen shot of a cross-section from the GUI is shown in Figure 2.8. The figure shows 
a source magnet and a drive magnet with attached dimension variables. Those 
dimension variables are listed in the nomenclature list Table 19.   

d

R2_sR1_s
R2_dR1_d

Source magnet Drive magnet

NS NS

 
Figure 2.8  Gear model cross-section. 
 
Third region - Single torque calculation 
The torque transforming capability depends on drive magnet rotation angle. A plot of 
the torque versus angle is approximately a sinusoidal function. The highest torque point 

on this function corresponds to the stall torque. Angle poleDNtorqueStall
°= 180θ   for the stall 

torque calculation is calculated from the number of poles on the drive magnet wheel. 
Stall torque is calculated at stall angle θStall torque by the use of the analytical equations. 
The total mass of permanent magnet material is calculated from the magnet volume and 
magnet material density. The torque density and the torque per unit mass are calculated 
from (2.67) and (2.68) respectively. The torque density gives an idea of magnetic gear 
performance and the torque per unit mass gives an idea of how efficient the magnetic 
material is utilised. The last calculation in the single torque calculation is an inertia 



  

52 

calculation. This is simply a calculation of the total inertia converted to drive magnet 
side. 
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Fourth region - Parametric visualisation 
The parametric visualisation region has 5 options: 

 

• Torque versus position 
• Torque versus separation distance 
• Torque versus pole number 
• Torque versus harmonic number 
• Torque versus integration number 

 
It is possible to make a torque versus angular position calculation when specifying 
angular position interval and the number of calculations. The software program can plot 
torque versus angular position in a graph by calculating several torque values at 
different angles. 
 
Stall torque are calculated for different distance between magnet wheels, this is the 
torque versus separation distance calculation. There is specified a separation distance 
interval and torque plot is made step by step through a number of calculations. 
 
Gearing relationship Ng is normally specified as a number in the mechanical gear 
terminology. Gearing from a high revolution axle to a low revolution axle is the most 
common gearing type used for mechanical gears. This type of gear will have a gearing 
relationship Ng, which is equal to the number of mechanical teeth on the large gear 
wheel divided by the number of teeth on the small gear wheel. This number is greater 
than 1 when gear input speed is higher than gear output speed. The terminology from 
mechanical gears is adapted to the magnetic gears and hereby gearing relationship from 
(2.69).  

PoleS

Dpole
g N

N
N =  (2.69) 

Gearing relationship is normally known by gear designer. That is why this gearing 
relationship number must be typed into the program in the field beside the text “Gearing 
N [-]”.When the gearing is fixed and when it is greater or equal to one is it possible to 
do a parametrical sweeping through different pole configurations and keep the gearing 
relationship constant. But not every pole number configurations are valid, that is why 
different drive pole numbers are tried out. Torques at valid drive pole numbers 
configurations are calculated. The torque versus pole number procedure is used to find 
the amount of poles for the current configuration. First of all, there must be specified a 
gearing relationship as mentioned before.  Diameters for source and drive wheel must 
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also be chosen and somehow be scaled so that the radius relationship between the 
source wheel and the drive wheel are close to the gearing relationship, because highest 
torque is often obtained for this parameter relationship. The torque versus pole number 
calculation will calculate the torque at different pole numbers and the gear designer can 
then choose pole configurations that give the highest torque. 
 
Torque versus harmonic number is a calculation check which will show if there is used 
enough harmonic components in the description of the B-field.  It is important to ensure 
that an appropriate harmonic number is chosen. This value can be found by sweeping 
through torque versus harmonic calculation. Torque will be calculated at different 
harmonic numbers. The sensible harmonic number can be found where the calculated 
torque seems to converge to a constant value. 
 
Torque versus integration number is a calculation check, which is performed to ensure 
that the number of torque integrations is enough. The torque is calculated for different 
integration numbers, and when the torque converges to a constant value, a reasonable 
integration number is found. 
 
Fifth region – FEM calculation 
The fifth region is the FEM calculation procedure which will activate a FEM calculation 
programme called FEMM [53]. The FEM calculation procedure is used together with 
torque versus angular position calculation procedure and this will also calculate torque 
versus position and plot results with a number of points. Input parameters for the FEM 
model are similar to parameters used for the analytical calculation method and this is the 
way the FEM calculation is verified with the analytical expression. The calculated 
values can be compared after the “plot FEM results” procedure is activated, which will 
plot the FEM results together with previous analytical calculated results. It is also 
possible to save the verification plot by choosing “Save plot”. 
 
The developed software program can be used to calculate torque for radial and parallel 
magnetised spur gears with different parametric input parameters. 
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2.4 Magnetic spur gear optimisation 
An analytical expression is developed for the torque calculation of a parallel 
magnetisation. And this expression is programmed into the previous described software 
program, where the torque can be calculated for different input parameters. The radial 
magnetisation expression is also programmed into the software program and these 
expressions are used to “semi” optimise the spur gear regarding the torque density. 
Different input parameters are chosen and the torque is calculated in many operation 
points. Final dimension parameters are chosen when the highest torque density is 
obtained. Radial magnetisation expression is first used to semi optimise a magnetic spur 
gear torque, because parallel magnetisation expression was not finally developed at that 
point of time when the prototype was designed. Parallel magnetisation expression is 
later used in the computerised optimisation process. Both optimisations are also 
described in this chapter. 
 
Semi optimisation  
There is used a trial and error method to find the initial design for a magnetic spur gear 
test model. The radial magnetisation algorithm [18] is used to calculate torque density 
with different input parameters. A gearing relationship of 1:4 is chosen for this design. 
Approach for choosing the input parameters is done by setting some variables to 
constant values and then try to change other variables. The approach is continued until 
calculated design results indicate that optimal design is reached. The result of semi 
optimisation procedure gave the following design variable lengths: 
 
R2s = 29 [ ]m310−⋅ ; R1s = 16 [ ]m310−⋅ ; R2d = 100 [ ]m310−⋅ ; R1d = 90 [ ]m310−⋅ ;Np=10 [-] 
Npole= 40 [-]. 
 
These design variables gave the best results for this semi optimisation procedure. 
 
Computerised optimisation process 
The computerised optimisation is formulated as a general optimisation problem [55] 
with a cost function (2.70), equality constrains (2.71), inequality constrains (2.72), and a 
number of constants, shown in Table 6. The cost function is set up as the torque density 
of magnetic spur gear with torque calculation from parallel magnetisation expressions 
developed in this chapter (2.64), and volume which is set to the entire area of two gear 
wheel times a constant length. The optimisation procedure routine is a minimisation 
routine and the torque function T(R2s, R1s, R2d, R1d) is set up with a negative sign in the 
cost function. It is also necessary to have an equality constrain for limitation of 
permanent magnet material used. Permanent magnet area constrain is setup to be the 
same area as for semi optimisation. Inequality constrains is also included for 
minimisation routine. The outer radius has to be greater than the inner radius in g1 and 
g2. The smallest radius for the gear wheels has to be greater than a certain value in g3 
and g4.  
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The following constants are used for the computerised optimisation procedure. 
 

Symbol Optimisation constants 
 Description Size Units 
g Air gap between magnet wheels 1⋅10-3 [m] 
L Length/height of the magnets 20⋅10-3 [m] 
Br Remanence flux 1.183 [T] 
Hc = Ms Coercivity 936892 [A/m] 
i Harmonic parameter, max value. 11 [-] 
Nr =Nt Torque integration parameter 10 [-] 

µ0 Permability for air regions 4⋅π⋅10-7 [Tm/A] 

µ= Br/Hc Absolut permability, magnets 12.63⋅10-7 [Tm/A] 

µr= µ/µ0 Relative permability, magnets 1.0048 [-] 
Np Number of source magnets 10 [-] 
Npole Number of drive magnets 40 [-] 

φ Angle for the maximum torque 4.5 [Deg.] 
Table 6 Constants used for the computer optimisation procedure. 
 
A constrained non linear minimisation routine is performed to find the optimal 
dimensions for the magnetic spur gear. The minimisation routine gives the following 
result: 
R2s = 24 [ ]m310−⋅ ; R1s = 7.3 [ ]m310−⋅ ; R2d = 78.5 [ ]m310−⋅ ; R1d = 64.8 [ ]m310−⋅  
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Comparison of semi and computerised optimisation 
Semi optimisation is originally optimised with the radial magnetisation algorithm. The 
result from this optimisation would give a torque density of 24.4 [kNm/m3]. If 
computerised optimisation with parallel magnetisation algorithm is used then it will 
result in 26.7 [kNm/m3] which is a little bit higher. The dimensions for the two types are 
shown in Figure 2.9 with two illustrations for visualising size changes using a semi 
optimisation approach a) and a computerised approach b). 

 
                                a)                                                                   b) 

Figure 2.9 a) Illustration sketch of the semi optimised gear b) Illustration sketch of the 
computerised optimisation. 
 
The optimisation routine will try to optimise magnetic gear torque density and it will 
use the specified amount of material at the best possible way for the given degrees of 
freedom available. The amount of permanent magnet material for the two optimisations 
is the same for both. But the computerised optimisation finds a better way to utilise the 
volume by choosing a small diameter on the small rotor. The gear is changed in size 
downwards which results in a reduced overall volume and hereby also a higher torque 
density. However this optimisation is only performed with a 10:40 pole number 
combination and other combinations are also available if 1:4 gearing relationship are to 
be investigated. Then other pole combinations are also optimised with previous 
described algorithm and even higher torque density is obtained. The results from this 
optimisation are shown in Table 7. 
 
Source 
poles 

Drive  
poles 

Turn 
angle 

Area 
constrain 

Radius 
constrain 

Torque 
density 

Np Npole φ A const R1s ρA 

[-] [-] [Deg.] [m2] [m] [kNm/m3] 
12 48 3.75 78⋅10-4 2⋅10-3 23.41 
10 40 4.5 78⋅10-4 2⋅10-3 26.70 
8 32 5.63 78⋅10-4 2⋅10-3 31.05 
6 24 7.5 78⋅10-4 2⋅10-3 37.31 
4 16 11.25 78⋅10-4 2⋅10-3 47.47 
Table 7 Results from the computer optimisation process with different pole numbers. 
 
The optimisation shows that pole number combination of 4:16 will give a much higher 
torque density. And a 2:8 pole configuration might even result in higher torque however 
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it is not possible to use the developed algorithm for a lower pole number than 4 because 
this will give numerical problems for the developed algorithm so configurations with 
lower pole numbers than 4 on a source magnet rotor are not analysed. 
 
The very promising 4:16 pole configuration has the following dimension results: 
R2s = 19.6 [ ]m310−⋅ ; R1s = 2.0 [ ]m310−⋅ ; R2d = 55.5 [ ]m310−⋅ ; R1d = 31.3 [ ]m310−⋅  
 

 
                           a)                                                                          b) 

Figure 2.10 a) Illustration sketch of the optimised 4:16 configuration. b) Illustration 
sketch of the optimised 4:16 configuration with a 16 [mm] R1s inequality constraint.  
 
 
4:16 pole configuration Figure 2.10 a) must have a very small shaft radius on the source 
magnet rotor. This shaft radius R1s is equal to 2 [mm] for optimised result. And this 
dimension is equal to the inequality constrain set in the optimisation routine (2.72). But 
a shaft with 2 [mm] radius will not be strong enough to support bearing load at axle 
ends. That is the reason why another optimisation with a larger limitation on the inner 
radius R1s for source wheel shaft is performed. This radius inequality constraint is set to 
16 [mm] for second optimisation analysis, shown in Table 8. 
 
Source 
poles 

Drive 
poles 

Turn 
angle 

Area 
constrain 

Radius 
constrain 

Opt. Torque 
density 

Np Npole φ A const R1s ρA 

[-] [-] [Deg] [m2] [m] [kNm/m3] 
12 48 3.75 78⋅10-4 16⋅10-3 23.0944 
10 40 4.5 78⋅10-4 16⋅10-3 25.5878 
8 32 5.625 78⋅10-4 16⋅10-3 28.3967 
6 24 7.5 78⋅10-4 16⋅10-3 31.3594 
4 16 11.25 78⋅10-4 16⋅10-3 34.6383 
Table 8 Result table for optimising with different magnet pole combinations.  
 
Magnetic configuration with 4:16 magnetic poles and with a 16[mm] R1s inequality 
constraint radius has the following size results, which is illustrated on Figure 2.10 b): 
R2s = 28.2 [ ]m310−⋅ ; R1s = 16.0 [ ]m310−⋅ ; R2d = 67.5 [ ]m310−⋅ ; R1d = 51.1 [ ]m310−⋅  
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Influence from calculations with different amount of magnetic material is also 
investigated in this analysis. This analysis is only performed with 4:16 pole 
configuration. The result of this analysis is shown in Table 9. 
 
Source 
poles 

Drive 
poles 

Turn 
angle 

Area 
constrain 

Radius 
constrain 

Torque 
density 

Np Npole φ A const R1s ρA 

[-] [-] [Deg] [m2] [m] [kNm/m3] 
4 16 11.25 30⋅10-4 16⋅10-3 20.60 
4 16 11.25 60⋅10-4 16⋅10-3 31.00 
4 16 11.25 90⋅10-4 16⋅10-3 36.46 
4 16 11.25 120⋅10-4 16⋅10-3 39.80 
4 16 11.25 150⋅10-4 16⋅10-3 42.05 
4 16 11.25 180⋅10-4 16⋅10-3 43.67 
4 16 11.25 210⋅10-4 16⋅10-3 44.89 
4 16 11.25 240⋅10-4 16⋅10-3 45.84 
Table 9 Results from an optimisation with different area constrains. 
 
Tendency illustration on Figure 2.11 shows that optimal torque density is increased if 
more magnetic material is put into the magnet wheels. 
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Figure 2.11 Torque densities versus area constrains. 
 
Connection between the amounts of used magnetic material versus optimal obtainable 
torque density is not linear. So adding extra material for large gear will not necessarily 
result in same torque density effect as adding extra material on small gear. There is 
therefore a saturation tendency in terms of area constraint and torque density 
performance.
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Summary for the optimisation 
A magnetic gear is optimised with a manual semi optimisation method and a 
computerised optimisation method. The results from computerised method seem to be a 
very powerful tool for optimising magnetic spur gears. A torque density of 34.6 
[kNm/m3] is calculated for a magnetic gear with the same limitation on magnetic 
material and another limitation on the inner radius of the small gear wheel. Result from 
the computerised optimisation is slightly larger than semi optimisation routine which 
only is 24.4 [kNm/m3].  
 
Higher torque density is possible to reach if more material are used for gear and higher 
torque density might be possible to obtain if lower pole number is used on the source 
wheel. Adding a larger amount of magnetic material will not necessarily result in an 
increase in torque density even though the gear is optimised by a computer 
optimisation. There will also be a dependency of the absolute amount of magnetic 
material used for the chosen design. A gear with a small amount of magnetic material 
will therefore get a relatively large increase in torque density while a gear with a 
relatively large amount of magnetic material will get a relatively small increase in 
torque density, when the same amount of magnetic material is added to optimisation 
calculation routine. Magnetic spur gear functions does not allow lower pole number 
than 4 so there is a limitation for possible pole combinations. Gear configurations with 
lower magnetic pole number than 4 are not performed because of the limitations in 
magnetic spur gear functions. Further investigations can be done in this area in order to 
optimise the torque density performance. 
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2.5 2D FEM model 
Magnetic spur gear is modelled in FEM software [53]. The FEM program can run a 
script code used for creating the model of the specific problem. Parameters similar to 
those used in analytical calculations are automatic picked in the script code. Definition 
of all physical parameter and dimensions occur at program start. The next part of the 
script code model describes the source magnet poles and these poles are split into 
smaller pieces, and this property is used to model a pseudo magnetisation. Drive 
magnets are modelled in a similar way as the source magnets; however these magnets 
can be rotated, which corresponds to a certain load angle. There are placed circles on 
the outside of the magnets. These circles are used for calculating the torque at the drive 
magnet. Maxwell stress tensor is used for torque calculation in these circles. Figure 2.12 
shows the content in the FEM model. The FEM model uses furthermore a boundary 
condition with two circles. The left circle shown on Figure 2.12 contains the magnet 
wheels, and the magnetic field potential at the circle periphery is equal to the magnetic 
field potential at the circle periphery in right circle. This boundary condition at circle 
periphery will give a more accurate solution because the surroundings will be almost 
infinity. The way this is done is called the Kelvin transform.  

 
Figure 2.12  Screenshot from A 2D FEM model. 
 
The torque calculation is made with a program call to a post processor, when the solver 
has calculated the B-field for the entire system. The torque can automatically be 
calculated for different angle rotations of drive magnets, which means the torque can be 
expressed as a function of the angle rotation for the drive magnet. 
 
Information about model content is listed in: Table 10 
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Symbol Dimensions for models 
 Description Size Units 
R2s Outer radius, source magnets 29⋅10-3 [m] 
R1s Inner radius, source magnets 16⋅10-3 [m] 
R2d Outer radius, drive magnets 100⋅10-3 [m] 
R1d Inner radius, drive magnets 90⋅10-3 [m] 
d Distance between center points 130⋅10-3 [m] 
L Length/height of the magnets 20⋅10-3 [m] 
Br Remanence flux 1.183 [m] 
Hc = Ms Coercivity 936892 [A/m] 
i Harmonic parameter, max value. 19 [-] 
Nr =Nt Torque integration parameter 10 [-] 

µ0 Permability for air regions 4⋅π⋅10-7 [Tm/A] 

µ= Br/Hc Absolut permability, magnets 12.63⋅10-7 [Tm/A] 

µr= µ/µ0 Relative permability, magnets 1.0048 [-] 
Np Number of source magnets 10 [-] 
Npole Number of drive magnets 40 [-] 

Table 10 FEM calculation and analytical calculation parameter list. 
 
The magnetisation values for the source and drive magnets are specified in a datasheet 
from the supplier [62]. The relative permeability for source magnets is calculated (2.73) 
from the supplier data sheet. 

c

r
r H

B

0µ
µ =  (2.73) 

 
The mesh size depends on the problem size. For a large problem, there will be large 
mesh elements. The number of elements will depend on the specific problem.  
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2.6 3D FEM model 
3D magnetic spur gear model is modelled in order to clarify 3D end effect influences 
relative to 2D FEM model results. The 3D model is made in opera [56]. A screenshot of 
the Opera model is shown on Figure 2.13.  

 
Figure 2.13 B-field vector plot from the 3D magnetic spur gear model.  
 
The 3D model consists of permanent magnets, and air surroundings. Parameters for the 
3D model are similar to the parameters used in the 2D model. These parameters are 
listed in Table 10. Output torque for the 3D model is calculated with the Maxwell stress 
tensor method which is similar to 2D calculation method. 3D Maxwell stress tensor 
method integrates around a circular path just outside the rotor where a torque is 
calculated. 
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Figure 2.14 Torque results from the 3D spur gear model.  
 
Torque results show that the maximum torque is approximately 13.3 [Nm] from the 3D 
magnetic spur gear model.  
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2.7 Experimental test model 
Experimental test model Figure 2.15 of a magnetic spur gear is designed in order to 
verify theoretical results. Test model design is made with two aluminium rotors where 
neodymium magnets are embedded inside. Rotor manufacturing is done in several steps. 
Custom-made neodymium magnets are glued on aluminium rotors and an aluminium 
ring is pressed over for covering magnets and a final manufacturing procedure is 
performed on outer rotor surface. Model parts for the other test model parts are primary 
made of aluminium except bolts. The small rotor is placed on a moveable unit in order 
to be able to adjust the separation distance.  The first test made is a static test where the 
small rotor is blocked and the other rotor is forced to rotate in small steps. Torque is 
calculated for every step made. Torque transducer is placed between drive unit and the 
large gear wheel. 

 
Figure 2.15  Magnetic spur gear test model and test rig for static test. 
 
The torque transducer is calibrated with static weight in order to give accurate measured 
results. First measurement is performed with a separation distance of 1 [mm] between 
wheel magnets. The measurement results are shown on Figure 2.16. 
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Figure 2.16  Torque versus rotation position at separation distance of 1[mm]. 
 
The maximum torque does not seem to vary very much for the different poles shown in 
the graph except for 4 poles, where the lowest value is -12.76 [Nm]. This low value is 
probably caused by a small radial displacement of a few magnets. 
 

4 poles 
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2.8 Verification and comparison of results 
There are several magnetic spur gear models. These models are analytical models of the 
parallel and radial magnetised magnetic spur gears. A 2D FEM model, a 3D model, and 
finally an experimental prototype model of a parallel magnetised spur gear is presented. 
Models with the same number of dimensions should give the same results so it is 
possible to compare and verify these models with each other. The 2D FEM models can 
therefore be verified with a 2D analytical model, which is shown in 2.8.1. The 
experimental test model is a 3D model. This experimental test model is not possible to 
compare and verify with 2D analytical model without model differences. However these 
two models are compared in order to estimate differences and this is done in 2.8.8, and 
finally a comparison of all 3 models is done in 2.8.9.  

2.8.1 Verification of the analytical models with 2D FEM models 

The analytical parallel and radial magnetisation models are verified with the FEM 
models. Model verification is accomplished with different input parameters regarding 
dimensions and pole numbers. Input parameters are set differently in 5 different cases in 
order to compare models at different input parameters. Two kinds of instances are 
chosen regarding dimensions and pole numbers. 
 
First dimensional case is set to similar dimensional parameters as the magnetic spur 
gear example modelled by E. P. Furlani. The second and third cases have the same 
dimensions as the final prototype. Fourth and fifth cases have similar dimensions as the 
example modelled by E. P. Furlani. 
 
The purpose in verifying the analytical model with different input parameters is partly 
to verify and partly to visualise some of modelling limitations regarding material 
permeability. The different calculation cases are listed in following list: 
 

1. Calculation example verified by E. P. Furlani 
2. Prototype example with parallel magnetisation 
3. Prototype example with radial magnetisation 
4. E. P. Furlani example with parallel magnetisation 
5. E. P. Furlani example with high permeability in the source magnet 

 
These cases are described in the following sections. 
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2.8.2 Calculation example verified by E. P. Furlani 

E. P. Furlani formulated the analytical calculation method [18] for radial magnetised 
spur gear. These expressions are verified by E. P. Furlani with a FEM program and 
there are found good agreement in the results. Same analytical expressions are also 
implemented in software program and they are verified with the FEM software. The 
result of this analysis is shown in Figure 2.17. 
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Figure 2.17 Radial magnetisation equations verified with FEM (Same example as E. P. 
Furlani used [18]). 
 
 
The graph on Figure 2.17 describes calculated torque versus rotation angle for drive 
magnet when the analytical expressions are used and when FEMM program calculates 
the torque. There is a good agreement between analytical expression and FEM 
calculation for this example. The maximum torque is 9.5 [Nm] and this is equal to the 
results obtained by E. P. Furlani. From these results, it is concluded that the equation for 
the radial magnetisation are correct implemented in the software program and it is also 
concluded that the FEM model is correct modelled. 
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2.8.3 Prototype example with parallel magnetisation  

There is a laboratory prototype of a magnetic spur gear with parallel magnetised 
magnets Figure 2.15. In section 2.2 there is developed an analytical torque expression 
for this parallel magnetised spur gear type. The verification result for this example is 
shown in Figure 2.18. Material parameters specified for this verification is obtained 
from the material supplier. The harmonic number used in this case is 15.  
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Figure 2.18 Verification results from the prototype example with parallel magnetisation. 
 
The magnetic spur gear prototype dimensions and pole numbers is analysed with 
parallel magnetisation expression and there are agreements between the analytical 
calculated result and the FEM calculated result. 

2.8.4 Prototype example with radial magnetisation 

The magnetic prototype is also calculated with a radial magnetisation. These results are 
shown in Figure 2.19. The harmonic number used for this model is 35.  
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Figure 2.19  Verification results from the prototype example with radial magnetisation. 
 
This calculation shows also good agreement between the analytical model and the FEM 
calculation. 
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2.8.5 E. P. Furlani example with parallel magnetisation 

Another example with parallel magnetisation and similar design variables as the Furlani 
example is calculated in order to visualise the influence of high relative permeability on 
the source magnet.   
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Figure 2.20  Parallel magnetisation for Furlani example with twice the permeability µr = 
2 on source and µr = 1 on drive magnet. 
 
Analytical parallel magnetisation expression seems to calculate the same torque value as 
FEM model, when the relative permeability is set to µr = 1 at the drive magnet. Even if 
relative permeability is increased to 10 or 100 for the source there will still be equality 
between analytical and FEM model. This is shown in Figure 2.21 for µr = 10 at source 
magnet. 

2.8.6 E. P. Furlani example with high permeability in the source magnet 
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Figure 2.21  Parallel magnetisation for Furlani example with ten times permeability µr = 
10 on source and µr = 1 on drive magnet. 
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This result verifies that relative permeability is included for the source magnet model 
since there is a good agreement between analytical calculated torque and FEM 
calculated torque. The relative permeability is used in (2.15) which is part of the free 
space field solution for the source magnet. The drive magnet model is represented by 
equivalent surface current density. This type of equivalent surface current density model 
representation is possible with µr = 1 i.e. a solution in free space. Permanent magnetic 
material can have different permeability µr ≠ 1 and in this case the equivalent surface 
current density distribution will not be an equivalent representation of the drive magnet. 
Analytical methods are verified with FEM models and there is a good agreement when 
the permeability is low on the drive magnet rotor. But models show different results 
when the permeability is high on the drive magnet, so this is a limitation for this model. 
 

2.8.7 Summary of verification and comparison 

The torque expressions for the parallel magnetised and radial magnetised spur gear, 
seems to match the FEM calculations, when the relative permeability µr = 1. However 
there will be a difference between the two calculation methods if the permeability µr > 
1. The hypothesis is that calculated B-field for source magnets is only a function of µr 
from source magnet, so drive magnet does not affect this field solution. However there 
is a dependency of µr > 1 for drive and source magnets in the FEM model, so there will 
be a difference between the two models. Several papers write about surface currents 
[47], [48], [49], [50], [51], [52]. And a linear (µr = 1 isotropic magnetisation, can be 
represented as a distribution of equivalent volume and surface current densities. 
Equivalent surface current densities are used in the torque expression and for that reason 
is this part of the calculation not consistent with the results obtained from the FEM 
calculations. 
 
If the two models are supposed to show the same results, then there must be the exact 
same permeability properties for source and drive magnet in the analytical model and in 
the FEM model. The permeability in the FEM model is easy to change so the 
permeability is set to µr = 1 on the drive magnet and µr = 2 on the source magnet. These 
results should give an exact match. This configuration is verified in 2.8.5 with parallel 
magnetisation. 
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2.8.8 Comparison of the analytical model and the FEM model 

Measured torque for a half period is compared with the analytical calculated torque 
Figure 2.22. The material used for the analytical calculated expression is data sheet 
values of the prototype material, and the separation distance for this analysis is 1 [mm] 
between the gear wheels  
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Figure 2.22  Measured torque compared with analytical calculated torque at different 
angles. 
 
The shape of these curves is similar, but the magnitude is different. The percentage 
difference at peak torque is 38%. It is assumed that 3D effects can explain the relatively 
large difference between the results. The 3D effects will cause flux to leak at both ends 
of the rotors and these effects are not modelled in the analytical expressions. The end 
leakage flux will be increased if the air gap between the wheels is increased and if the 
leakage is increased there will be larger 3D effects. There is made an extra experiment 
to verify this assumption. The peak torque is measured at different separation distance 
starting at 1 [mm] and ending with 10 [mm]. And there is also made analytical torque 
calculations in that interval. The result from this analysis is shown in Figure 2.23. 

1 2 3 4 5 6 7 8 9 10
0

2

4

6

8

10

12

14

16

18

Air gap [mm]

T
o

rq
u

e 
[N

m
]

 

 

Analytical
Measured

 
Figure 2.23  Measured peak torque compared with analytical calculated peak torque for 
different air gap distances. 
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Measured torques will decrease when the distance between the gear wheels is increased 
and the same will happen for analytical calculated torque. The percentage error between 
the analytical and measured results is shown in Figure 2.24.  
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Figure 2.24  Percentage error between the analytical and measured results. 
 
The percentage error between analytical and measured result is increasing when the 
distance between the gear wheels is increased. The 3D effects should also increase when 
the distance between the gearwheels are increased. On the basis of the 2D analytical 
calculated results and measured results, it is conclusion that 3D effects are one of the 
main causes of the differences between measured and calculated results. Also these 
effects are quite large. 
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2.8.9 Spur gear model comparisons 

The results from the Analytical, 2D FEM, 3D FEM and a test model are compared. The 
torque transferring capability against drive magnet rotation are plotted in Figure 2.25. 
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Figure 2.25  Measured torque compared with analytical calculated torque for different 
angle positions. 
 
Torque from analytical calculation seems to follow the results from the 2D FEM 
analysis. These model results come from 2D models and are therefore not comparable 
with 3D models or experimental models because of a relative short axial distance which 
is chosen for the experimental test model. 
 
The results from the 3D FEM model shows higher torque than measured from the 
experimental test. The small error between the measured and 3D calculated results can 
be caused by material variations, model dimension inaccuracies and measurement 
inaccuracies. However it can still be seen that there is a difference between the 2D and 
the 3D models which indicates that there are large 3D end effects for this gear with a 
small axial length.  
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2.9 Summary 
An analytical expression for the torque of a parallel-magnetised spur gear is developed. 
The development of this expression takes its basis in a radial magnetised spur gear. 
Mathematical expressions from this theory are modified to be valid for parallel 
magnetised spur gear. Modifications involve redefining a solution matrix and solving 
this with new symbolic expressions, defining another magnetisation expression, 
defining new surface current expressions and torque expressions. The analytical 
expressions for radial and parallel-magnetised magnets are implemented in a software 
program, and there is developed a FEM model. The results from the FEM model and the 
analytical models show good agreement.  
 
The measured peak torque is 12 [Nm], and the analytical calculated torque is 16.6 [Nm] 
at a separation distance of 1 [mm]. It is assumed that a 3D effect seems to cause the 
difference between the calculations. The analytical model is only a 2D model, so there 
will be end effects at the gear wheels ends, which is not included in the model. 
Measurements and calculations shows that the error between measured and calculated 
values will increase if the separation distance is made larger. It is the same case for the 
end effects. If the separation distance is increased, there will be larger end effects. It is 
therefore concluded that 3D end effects will cause difference between the analytical 
calculated torque and measured torque. 
 
3D FEM calculations from the opera software program shows the gear has a maximum 
torque of 13.27 [Nm]. These calculation results are obtained with the Maxwell stress 
tensor. An extra 3D model in the program Comsol Multiphysics [57] is also modelled to 
verify the results. This model results in a calculated torque of 12.59 [Nm], which 
indicates that there might be some inaccuracy in these models as well which might 
converge if the models are meshed finer mesh or other modelling parameter is changed. 
However the timeframe for modelling these 3D models is not enlarged, so the obtained 
calculation results are accepted. The converged value of the 3D FEM calculation is 
close to 13 [Nm] and there will still be an 8% difference between the measured result 
and calculation results from the 3D programs.   
 

The 3D FEM results and 2D FEM results shows that there is large 3D end effect for the 
given configuration. This will result in higher calculated torque than the real measured 
torque values. This is especially the case for the chosen prototype with a very short 
axial distance related to the outer dimension. 
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Chapter 3 Cycloidal magnetic gear 

The magnetic cycloidal gear technology represented in this thesis is similar to the 
mechanical cycloidal gear technology. Magnets are used to transfer torque instead of 
mechanical teeth. An analytical model of the magnetic cycloidal gear is described and 
this analytical model is used for optimisation purpose. 2D FEM calculations and 
measured results are obtained from an experimental test model in order to compare 
results. 

3.1 Analytical model of the magnetic cycloidal gear 
A magnetic spur gear is analysed in the previous chapter. This spur gear is not so 
effective regarding torque density. One of the major problems for this gear 
configuration is that the magnetic material is not used very efficiently. Because a lot of 
magnets are ineffective while just a few of the magnets are carrying the entire load 
Figure 3.1a). This problem gives new ideas for developing a gear with a high expected 
torque density. The idea is originally from an inner magnetic spur gear Figure 3.1 b). 
The transferred torque from two magnetic gear wheels placed inside each other have 
better torque performance because more magnets are active, and the small gear does not 
take up volume. But there is a problem with that kind of inside gearing, because a high 
gearing relationship is not possible with that gearing type. But this problem can be 
solved by using the gearing principle from cycloidal gears where the inner part of the 
orbits in a circular path Figure 3.2.   
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Figure 3.1 a) Magnetic spur gear. b) Inner spur gear with high magnetic interaction. 
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An example of a cycloidal gear movement principle is illustrated with two magnetic 
rotors. The inner rotor has fixed orientation. This rotor is moved along a circular path. 9 
illustrations show how the inner rotor is moved and outer rotor is rotated. The outer 
rotor will follow a rotational motion because magnetic forces acting between the rotors. 
Gearing relationship depends on configuration and the number of poles on the inner 
rotor and outer rotor. 
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Figure 3.2 Rotor movement principle for a magnetic cycloidal gear. 
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3.1.1 Gear relationship for the cycloidal magnetic gear type 

The mechanical cycloidal gear is a 2DOF system like a planetary gear. These gearing 
systems have two rotational inputs and a third rotation output or one input and two 
outputs. One of the two inputs can be held fixed regarding rotation. Such a system will 
act like a 1 DOF system where a certain input rotational speed on an input shaft 
corresponds to another rotational speed on an output shaft. 
 
A magnetic version of the cycloidal gear configuration is also a 2DOF system. 
Illustration models of a cycloidal magnetic gear are show on Figure 3.3. The difference 
between a cycloidal mechanical and a magnetic cycloidal gear is the magnetic forces 
acting between two moving parts instead of direct contact forces on mechanical 
elements. 4 main components are part of this magnetic cycloidal gear. Cylindrical 
components/axles A, B and C are aligned along the same centre axis and some of these 
components can rotate around this axis. Component C is formed as a ring with magnets 
attached inside. These magnets are magnetically coupled to another inner movable 
cylindrical main component with magnets and the centre axis for this component is 
displaced relative to the other centre axis. An eccentric on shaft B ensures the 
displacement of the inner moving component. The inner component is exemplified with 
3 holes where cylindrical columns from part A are inserted to ensure torque transfer to 
A. Magnets on inner moving component will interact with the magnets on “C”, however 
there will be a point where the two magnetic rings have an increased flux density, and 
that is where the air gap between the rotors are small. Three different cycloidal gear 
configuration types are illustrated, where different axles are fixed. A fixed shaft is 
visualised with an attached ground symbol, and moving parts are shown with arrows. 
 

 
a) 

 
b) 

 
c) 

Figure 3.3  Different type of configurations for a cycloidal gear.  
 
 
The different configurations are named a), b) and c) type. Type a) configuration have 
the “A” shaft output fastened against rotation, b) type the “B” shaft fastened against 
rotation and c type the “C” shaft fastened against rotation. The three types are described 
in the following sub sections.  
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a) Type 
Type a) configuration with the “A” shaft is fixed against rotation has the input shaft “B” 
and the output shaft “C”. The input shaft “B” has an eccentric. When the input shaft “B” 
rotates then it will change point of increased flux. A single rotation round of the shaft 
“B” will force the flux contact point between “C” and “A” to accomplish one round. 
The difference between pole numbers on shaft “C” and shaft “A” will be the number of 
poles that indexes the “C” shaft forward or backwards. Gear angular velocity equation 
for the a) type configuration can be written (3.74) . Gearing relationship is often 
specified as a positive number which indicates how many times the input shaft runs 
faster than the output shaft. Gearing relationship for the “A” type is (3.75). The torque 
on the output shaft is equal to the input shaft torque multiplied by gearing relationship 
(3.76). The resultant torque on shaft “A” can be calculated by (3.77). 
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b) Type – internal gear 
Type b) configuration has “B” shaft fixed against rotation. The “C” shaft is the output 
shaft and the “A” shaft is the input shaft. The contact point between “A” and “B” will 
be fixed relative to a fixed “B” axle. The system will function similar to an internal 
gearing, with a gearing relationship equal to the two pole numbers divided with each 
other. This gearing relationship is (3.78) . Gearing relationship is shown in (3.79). The 
output torque and torque on the stationary shaft are shown in (3.80) and (3.81) 
respectively. 
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c) Type – cycloidal  
Type c) configuration has the “C” shaft fixed against rotation and the “A” shaft can be 
the output shaft. The “B” shaft will therefore be the input shaft for the system. The 
contact point for this configuration will change if the input shaft “B” is rotated. When 
the input shaft has rotated one revolution then there will be a relative rotation of the 
output rotor “A”. The difference between pole numbers on the “A” shaft and the “B” 
shaft are the number of poles shaft “A” is indexed with each time shaft “B” has rotated 
one round. An angular velocity relationship (3.82) can be expressed. Gearing 
relationship is shown in (3.83). The two torque expressions are shown in (3.84) and 
(3.85).   
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This type of configuration is named the cycloidal type because cycloidal gears are often 
made with this type of configuration. However type a) might also be called a cycloidal 
gear type. 
 

Torque equations for different configurations are shown. These torque equations are 
used to calculate nominal torque between individual parts. 
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3.1.2 Spur gear expressions used to calculate torque on the cycloidal gear 

The simplest way to calculate torque for a magnetic cycloidal gear is to modify the 
torque calculation equations from the magnetic spur gear. Magnetic spur gear has two 
rotors. A source rotor and one drive rotor Figure 3.4 a). The two rotors have different 
coordinate system centres. The source rotor is in a fixed coordinate system position and 
fixed angular rotation position. The drive rotor is also in a fixed coordinate system 
position and the torque is calculated for different rotor positions by rotating the drive 
magnet rotor coordinate system. These equations can be reused by changing the 
distance “d” between the two gear wheels to the cycloidal gear eccentricity distance. 
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Figure 3.4 a) Spur gear coordinate system and magnets b) Cycloidal gear coordinate 
system and magnets.  
 
Source and drive magnet are placed inside each other and the torque is calculated at 
outer drive magnet. Such a system will be equivalent to an internal magnetic spur gear. 
Torque equations from the b) type – internal gear configurations is used to calculate the 
corresponding output torque of a c) type –  gear configuration. Torque transformation is 
written in (3.86). 
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Torque Tint. for a internal gear calculation is known and this torque is transformed to the 
output shaft torque Tcyc. for the c) type gear configuration.  
 
Semi-optimisation of magnetic cycloidal gear is performed. Torque is calculated with 
analytical equations developed for the spur gear. These equations are therefore reused 
for the cycloidal gear torque calculations. Distance between the magnet wheels is set to 
cycloidal gear eccentricity. Input parameters are changed until a high torque density is 
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achieved. Since relative high torque density is obtainable it is decided to build a 
magnetic cycloidal gear prototype. Final parameters for the analytical calculations are 
shown in Table 11.  
 

Symbol Dimensions for models 
 Description Size Units 
R2s Outer radius, source magnets 53.5 [mm] 
R1s Inner radius, source magnets 48.5 [mm] 
R2d Outer radius, drive magnets 61.5 [mm] 
R1d Inner radius, drive magnets 56.5 [mm] 
d Distance between center points 2.5 [mm] 
L Length/height of the magnets 26 [mm] 
Br Remanence flux 1.21 [T] 
Hc = Ms Coercivity 915000 [A/m] 
i Harmonic parameter, max value. 4 [-] 
Nr =Nt Torque integration parameter 10 [-] 

µ0 Permability for air regions 4⋅π⋅10-7 [Tm/A] 

µ= Br/Hc Absolut permability, magnets 13.22⋅10-7 [Tm/A] 

µr= µ/µ0 Relative permability, magnets 1.0523 [-] 
Np Number of source magnets 42 [-] 
Npole Number of drive magnets 44 [-] 

ϕmax Max. torque calculation angle 4.09 [Deg.] 

Table 11 Dimensions and physical parameters for the cycloidal gear model. 

Rated torque for an internal magnetic gear configuration calculated with these 
parameters will result in 46[Nm] on outer rotor. This torque can be converted to a 
torque on a cycloidal gear configuration with (3.86), and corresponding torque for such 
a cycloidal gear will be 46⋅42/44 = 43.9 [Nm]. This will result in following torque 
density, if the analytical calculated torque is set as the maximum rated torque. 
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These calculations will apply for two magnet rings with parallel magnetised magnets. 
However such magnets are difficult to manufacture so there is expected to be used 
rectangular magnets in the experimental prototype instead. These magnets are placed in 
stator and rotor yokes made of iron. Calculation method for the purposed design is a 
reuse of the previous analytical equations for the parallel magnetic spur gear and these 
equations will only represent permanent magnets and not iron yokes. But if the method 
of imaging is used, then it is possible to calculate torque using an approximated model. 
An approximated model of a magnet with iron yoke can therefore be modelled as a 
magnet ring with double height [58], [59], [19]. This means that 5 [mm] magnets in the 
analytical calculation should be equivalent to 2.5 [mm] magnets attached to an iron 
yoke. 
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3.2 Magnetic cycloidal gear optimisation 
An experimental cycloidal gear test model is sized to fit rectangular shaped magnets 
[60] because these magnets do not have to be custom made for specific gear. 
Rectangular shaped magnets do not perform as arc shaped magnets however there is 
still used a magnetic arc shape model for the cycloidal gear calculations. But the arc is 
not that big so the error by using rectangular magnets is not huge. The parallel 
magnetisation expressions developed for the magnetic spur gear type are used. These 
expressions are first used in a semi optimisation process and later in a computerised 
optimisation process. 

 
Semi optimisation 
Rectangular magnet dimensions for the Magnetic cycloidal gear is chosen and also a 
gearing relationship. Cycloidal gear gearing relationship is chosen to be 1:21 and this is 
the same gearing relationship as SauerDanfoss A/S uses in one of their mechanical 
cycloidal gears. A mechanical cycloidal gear from SauerDanfoss A/S is used as 
inspiration for the magnetic gear design. Rectangular magnets size is chosen from a 
catalogue [60]. Fixed gearing relationship and the fixed magnet shape is sketched in a 
drawing in order to find appropriate radius dimensions for the magnetic cycloidal gear. 
Magnetic spur gear torque expressions are used in the semi optimisation of the magnetic 
cycloidal gear. Different eccentricity and radial dimensions are tried out with the 
expressions to find best nominal dimensions for the magnetic cycloidal gear.  Result of 
the semi optimisation procedure gave the following design parameter results: 
 
R2s = 53.5 [ ]m310−⋅ ; R1s = 48.5 [ ]m310−⋅ ; R2d = 61.5 [ ]m310−⋅ ; R1d = 56.5 [ ]m310−⋅ ;  

d =      2.5 [ ]m310−⋅  
 
These parameters gave the best performance of semi optimisation procedure regarding 
the torque density, which is 142.0 [kNm/m3].  
 
 
Computerised optimisation process 
The computerised optimisation is formulated as general optimisation problem [55] with 
a cost function (2.88), equality constrains (2.89), inequality constrains (2.90), and a 
number of constants, shown in Table 12. The cost function is set up as the torque 
density of magnetic spur gear with torque calculation from parallel magnetisation 
expressions developed in Chapter 2 and volume are set to the drive magnet wheel area 
times a constant length. The optimisation procedure routine is a minimisation routine, 
so the torque function T(R2s, R1s, R2d, R1d, -d ) is set up with a negative distance between 
the magnet wheels in torque calculation routine. It is also necessary to have an equality 
constraint for permanent magnet material limitation. Permanent magnet area constraint 
is setup to be the same area that can be calculated from the semi optimisation results 
variables. Inequality constrains are set for the minimisation routine. The outer radius 
must be greater than the inner radius in g1 and g2. Largest radius of the drive wheel 
radius has to be less than a certain value in g3.  The smallest radius for the inner gear 
wheel will have to be greater than a certain value in g4. Eccentric distance does also 
have a limitation in g5 and g6. 
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The following constants are used for the computerised optimisation procedure. 
 

Symbol Optimisation constants 
 Description Size Units 
g Air gap between magnet wheels 0.5⋅10-3 [m] 
L Length/height of the magnets 26⋅10-3 [m] 
AConst Area of permanent magnets 35⋅10-4 [m2] 
Br Remanence flux 1.21 [T] 
Hc = Ms Coercivity 915000 [A/m] 
i Harmonic parameter, max value. 4 [-] 
Nr =Nt Torque integration parameter 10 [-] 
µ0 Permability for air regions 4⋅π⋅10-7 [Tm/A] 

µ= Br/Hc Absolut permability, magnets 13.22⋅10-7 [Tm/A] 

µr= µ/µ0 Relative permability, magnets 1.0523 [-] 
Np Number of source magnets 42 [-] 
Npole Number of drive magnets 44 [-] 

φ Angle for the maximum torque 4.09 [Deg.] 
Table 12 Constants for the optimisation. 
 
A constrained nonlinear minimisation routine is performed to find the optimal 
dimensions for the magnetic spur gear. The minimisation routine resulted in 142.5 
[kNm/m3] and following parameters: 
R2s =   53.8 [ ]m310−⋅ ; R1s =     48.5 [ ]m310−⋅ ; R2d =   61.4 [ ]m310−⋅ ; R1d =   56.7 [ ]m310−⋅  

d    =     2.4 [ ]m310−⋅ ; 
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Comparison of semi and computerised optimisation 
The semi optimised solution is very close to the computer optimised solution. The semi 
optimised solution is 142.0 [kNm/m3] and the computer optimised solution is 142.5 
[kNm/m3]. The reason why the results are so close to each other is mainly caused by the 
limited freedom for the computerised model. The computerised model is locked by area 
limitation h1 radius sizes must also be within limited values. This means that this 
computerised optimisation will be close to the semi optimisation solution for the current 
case. 
 
The chosen gearing 1:21 is not necessarily the most optimal gearing relationship 
configuration. That is why other pole number configurations is calculated with the same 
constraints. Results from this optimisation are shown in Table 13. 
 
Source 
poles 

Drive 
poles 

Turn 
angle 

Area 
constrain 

Radius 
constrain 

Radius 
constrain 

Torque 
density 

Np Npole φφφφ A const R2d R1s ρρρρA 

[-] [-] [Deg] [m2] [m] [m] [kNm/m3] 
42 44 4.09 35⋅10-4 61.5⋅10-3 48.5⋅10-3 142.5 
52 54 2.22 35⋅10-4 61.5⋅10-3 48.5⋅10-3 157.6 
62 64 2.81 35⋅10-4 61.5⋅10-3 48.5⋅10-3 172.4 
70 72 2.5 35⋅10-4 61.5⋅10-3 48.5⋅10-3 173.8 
72 74 2.43 35⋅10-4 61.5⋅10-3 48.5⋅10-3 173.9 
74 76 2.37 35⋅10-4 61.5⋅10-3 48.5⋅10-3 173.9 
76 78 2.31 35⋅10-4 61.5⋅10-3 48.5⋅10-3 173.8 

Table 13 Optimisation results from pole number configuration change. 

Result from optimisation with different pole configurations shows that a higher number 
of poles will be better for the given configuration. It is also found that the highest torque 
density is reached with a magnetic pole configuration of 72 and 74 for the given 
optimisation. This magnetic pole configuration will give a gearing relationship of 1:36. 
The very promising magnetic pole configuration has the following dimensional 
parameters: 
R2s = 55.3 [ ]m310−⋅ ; R1s = 49.6 [ ]m310−⋅ ; R2d = 61.5 [ ]m310−⋅ ; R1d = 57.3 [ ]m310−⋅  

d   =   1.5 [ ]m310−⋅  
 
There is obviously an optimal number of  magnetic poles for the given dimensional 
configuration, and that is why it is interesting to see if there is optimal dimension 
parameters for a given magnetic pole number. Magnetic pole number is set to 42/44 and 
the outer drive wheel radius limitation is changed to less the 140[mm] and the inner 
radius of the source wheel is limited to minimum 15 [mm]. This optimisation will result 
in a torque density of 158.04 [kNm/m3], and dimension parameters are: 
 
R2s = 42.5 [ ]m310−⋅ ; R1s = 34.6 [ ]m310−⋅ ; R2d = 50.1 [ ]m310−⋅ ; R1d = 45.0 [ ]m310−⋅  

d   =   1.9 [ ]m310−⋅  
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Gear dimension sizes for the two gears are sketched on Figure 3.5 to get visual 
impression of an optimal computerised solution and a semi optimised solution.  
 
It is to be noticed that the amount of magnetic material for the two gears are the same. 
Material costs for the two gears are expected to be the equal and higher torque is 
expected from the semi optimised gear but the outer dimension is smaller for the 
computer optimised gear shown on Figure 3.5 b) and this the main purpose for this 
optimisation although the permanent magnet material is not best utilised.    
 

 
  a)                                                              b) 

Figure 3.5 a) Illustration sketch of the semi optimised gear with a torque density of 
142.0 [kNm/m3]. b) Illustration sketch of the computerised optimisation which results in 
a torque density of 158 [kNm/m3]. 
 
The influence of adding different amount of magnetic material to the rotors is also 
investigated in this analysis. This analysis is performed with the 42 and 44 pole 
configuration and wide boundary on radius constraints. The result of this analysis is 
shown in Table 14. A tendency shows that the optimal torque density is increased if 
more magnetic material is put into the magnetic gear. But the torque density seems to 
saturate when a bigger amount of material is added to the optimisation procedure. 
 
Source 
poles 

Drive 
poles 

Turn 
angle 

Area 
constrain 

Radius 
constrain 

Radius 
constrain 

Torque 
density 

Np Npole φφφφ A const R2d R1s ρρρρA 

[-] [-] [Deg] [m2] [m] [m] [kNm/m3] 
42 44 4.09 30⋅10-4 140⋅10-3 15.0⋅10-3 155.4 
42 44 4.09 60⋅10-4 140⋅10-3 15.0⋅10-3 167.2 
42 44 4.09 90⋅10-4 140⋅10-3 15.0⋅10-3 172.8 
42 44 4.09 120⋅10-4 140⋅10-3 15.0⋅10-3 176.3 
42 44 4.09 150⋅10-4 140⋅10-3 15.0⋅10-3 178.7 
42 44 4.09 180⋅10-4 140⋅10-3 15.0⋅10-3 180.5 
42 44 4.09 210⋅10-4 140⋅10-3 15.0⋅10-3 181.9 
42 44 4.09 240⋅10-4 140⋅10-3 15.0⋅10-3 183.0 

Table 14 Optimisation results from the increased area constrain.  
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The last optimisation resulted in a torque density of 183 [kNm/m3] and the following 
dimensions are optimal: 
R2s = 105.1 [ ]m310−⋅ ; R1s = 81.0 [ ]m310−⋅ ; R2d = 123.9 [ ]m310−⋅ ; R1d = 110.4 [ ]m310−⋅  

d   =   4.8 [ ]m310−⋅  
 
 
Sub conclusion  
The cycloidal magnetic gear is optimised with a computerised method and a semi 
optimisation method. The computer optimisation method resulted in a torque density at 
142.5 [kNm/m3] and it is possible to reach 142.0 [kNm/m3] with the semi optimisation 
method. There is initially chosen a gearing relationship of 1:21 for the computer 
optimisation. This gearing relationship is changed by changing magnetic pole numbers 
for magnetic gear wheels and keep original area and radius constraints. The 
optimisation resulted in the highest torque density at gearing relationship 1:36. This 
gearing relationship resulted in a torque density of 173.9 [kNm/m3] with the same 
optimisation constraints. These optimisations indicate that there are an optimum number 
of poles for a specific dimension configuration, so there must also be an optimal 
dimension for a given number of poles and a specified size of magnetic material. This 
hypothesis is tested in another optimisation where the limitations of inequality 
constrains is larger. The solution to this optimisation will give a result where the volume 
is utilised better than the computer optimised solution with limited inequality constrains 
and gearing relationship 1:21. The torque density optimisation with large limitations is 
optimised to 158 [kNm/m3]. 
 
It will also be possible to use a bigger amount of magnetic material for the optimisation 
procedure to see if torque density will increase. This investigation is done in another 
optimisation procedure where the amount of magnetic material is changed from 
30 [ ]2410 m−⋅  to 240 [ ]2410 m−⋅ . The biggest torque density is 183[kNm/m3] at biggest 
amount of magnetic material. 
 
It can be concluded that larger amount of magnetic material will give a higher torque 
density and a higher gearing relationship will also give higher torque density but it 
saturates. The best optimisation result obtained in this analysis is 183 [kNm/m3] for a 
magnetic cycloidal gear.  
 
The optimisation models are a general tool to find optimal torque density for given 
design parameter limitations. This will help the magnetic gear designer to find optimal 
design solutions. 
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3.3 2D FEM calculations 
A FEM model of a magnetic cycloidal gear is modelled to verify results from the 
analytical model. The 2D FEM model is modelled with the same dimensions as the 
analytical model consisting of two permanent magnetic rings. A screenshot from the 
program is shown in Figure 3.6. The two magnetic rings are placed inside each other 
similar to an internal gearing. Torque is calculated with Maxwell stress tensor method 
in the air gap between the two magnetic rings. The torque is calculated close to the outer 
ring and the centre point of the torque calculation is also the centre of the outer ring. 
The outer magnet ring is rotated and modelled in different angle positions. Torque is 
also calculated for different angle positions. Torque calculated from this configuration 
will be equivalent to an internal gearing torque calculation. This torque result is 
multiplied with a factor for transforming the calculated torque to a cycloidal gear 
configuration.  
 

 
Figure 3.6 Screenshot from the FEM model. 
 
Maximum torque calculated from 2D FEM model is 47.61[Nm]. This torque is 
multiplied by a factor for converting the result to a cycloidal gear configuration.  Torque 
from a corresponding cycloidal gear will then be 47.51⋅42/44 = 45.35 [Nm]. The torque 
density of this configuration is calculated in (3.91). 
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This calculated density is close to result from the analytical model. 
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3.4 Experimental test model 
A test model of the magnetic cycloidal gear is designed. A test model is made with 
rectangular shaped magnets. These magnets are placed on iron yokes Figure 3.7. The 
design outline is adapted to rectangular magnets chosen. The input shaft is placed at the 
centre of the gear box which has an eccentric and this is mechanically linked to inner 
iron yoke. Circular motion of the input shaft will force the inner yoke to move in orbit 
motion consisting of rotation and translation motion. Inner yoke magnets will perform a 
cycloidal motion. Strong magnetic flux paths between the inner and outer yokes will 
induce torque at the output shaft. This output shaft is connected to the inner yoke with 
three cylindrical columns with eccentrics. These eccentrics can compensate for 
misalignment between inner yoke and output shaft. These cylindrical columns will act 
like mechanical coupling to ensure torque transferred from the inner yoke to the output 
shaft.  

 
Figure 3.7 Outer and inner yoke for the cycloidal gear (plane view). 
 
Two outer and inner yokes are manufactured and they are mounted with magnets, and 
placed as illustrated in Figure 3.8. 

  
 



  

88 

 
Figure 3.8 Cycloidal gear design (rendered view). 
 
The rotor yokes are placed on the eccentric input shaft. The eccentricity is created by a 
central bushing. This central brushing has two eccentrics with 180 degree phase shift 
which will assist to outbalance the radial magnetic forces. 12 extra needle bearings are 
also included in design together with 6 support eccentrics. Their function is to ensure a 
parallel motion of the inner rotors relative to the output shaft reference. The purposed 
design will therefore have 18 bearings total. 
 
The total magnetic gear volume can be smaller by choosing a round design and there 
might also be saved space by choosing smaller bearings. The space between the two 
iron yokes can also be made smaller to save volume. However 3D analysis is required 
to investigate the interference between magnetic components.   
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3.5 Measured results 
The cycloidal gear is tested in two situations. One of the situations is a static torque test, 
where the maximum torque is measured on the output shaft. The maximum torque is 
measured to 33 [Nm]. The total torque density of the magnetic cycloidal gear is 
calculated in (3.92). Outer experimental cycloidal gear test model dimensions are used 
to calculate total volume. 
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The cycloidal gear is also dynamically tested in order to measure magnetic gear 
efficiency. This test is done in a test bench sketched in Figure 3.9. The test bench has 
two torque transducers an input drive to drive the magnetic gear and a load drive where 
different torque loads can be applied to the magnetic gear while running at a specified 
speed. 

B) Load test setup

Magentic gear
Load drive

Torque transducer
Torque transducer(High speed shaft) Input drive

 
Figure 3.9 Sketch of dynamic test bench. 
 

Torque and angular velocity is measured on magnetic gear output shaft and input 
shaft. The input and output power is calculated and efficiency is calculated by 
(3.93). 
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Results from the dynamic cycloidal magnetic gear test are shown in Figure 3.10.  
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Figure 3.10 Measured efficiency results for the cycloidal magnetic gear. 
 
Efficiencies are measured at 1500, 500 and 50 [RPM]. Highest efficiencies are generally 
obtained at low speed and high torque. The best gear efficiency measured at 50 [RPM] 
is 94 [%]. At 500 and 1500 [RPM] the efficiencies are 93[%] and 92 [%] respectively. 
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3.6 Verification and comparison of results 
Torque results from analytical model and FEM model are compared with measured 
result from the prototype. These results are shown in Figure 3.11.  
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Figure 3.11 Torque versus rotation angle for analytical model and 2D FEM model. 
Measured maximum torque is also shown. 
 
The analytical model and the 2D FEM model shows almost the same results; however 
there is a small difference between the two results, which is mainly caused by missing 
relative permeability of the drive magnet in the analytical model. Extra calculations 
with relative permeability set to one are also performed and these calculations give 
results that converge towards the same values for analytical model and 2D FEM model. 
 
Maximum torque of the magnetic cycloidal gear is only measured a single operating 
point on the torque curve which results in 33 [Nm] on the output shaft. Measured result 
is much lower than the results from the 2D models. There are many factors that can 
cause this difference. A 3D end effect is one of the causes that will make large 
differences between calculated results and FEM results for the magnetic spur gear. The 
3D end effects might also cause large differences for the cycloidal gear type, because 
each modelled yoke have a relative small axial length. 
 
Model differences will also cause additional differences between the measured and the 
simulated results.   
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3.7  Summary 
A magnetic cycloidal gear is mainly analysed regarding gearing relationship and torque 
density performance. Different gearing configurations of a cycloidal gear is analysed 
and gearing relationship for these different types is found. Torque relationships on the 
individual parts are also found. Analytical expressions for the magnetic spur gear torque 
are used to calculate torque of a magnetic cycloidal gear with an added modification for 
the current gear configuration design. Analytical expressions is used to semi optimise 
magnetic cycloidal gear experimental test model. Analytical expressions are also used in 
an optimisation process where a theoretical torque density will be 183 [kNm/m3] for 
certain optimisation constrains. 2D FEM calculations are also performed for the semi 
optimised cycloidal gear design. These FEM calculations shows almost the same results 
as the analytical algorithms; however there is a small difference because of permeability 
influence on the analytical model. An experimental test model of a cycloidal gear is 
designed and manufactured partly to confirm theoretical results obtained from analytical 
model and FEM model, and partly to get experience with the design process for a 
magnetic cycloidal gear. The cycloidal gear experimental model will have a total torque 
density of approximately 22.7 [kNm/m3]. This torque density is much lower than the 
predicted torque density from the analytical model and the FEM model. The reason why 
there are so big differences between predicted torque density and measured torque 
density is caused by many factors such as 3D end effect, the use of rectangular magnets 
instead of arc shaped magnets, modelling with an image current theory instead of 
magnetic material model. Another major factor is the use of axial machine length. The 
proposed prototype is only using 26 [mm] active length out of 86 [mm] total gear 
length. It is therefore obvious that a better use of this total length will increase the total 
torque density. A better utilisation of this length might be possible with only one 
eccentric rotor instead of two rotors. But this may give unbalance both mechanically 
and magnetically. The two rotor configuration is only chosen because this configuration 
will outbalance some of the added centripetal mass and magnetic forces; however these 
forces might also be possible to decrease with rotating counterbalance on the rotating 
shaft. 
The experimental test model is tested dynamically to measure efficiency performance 
which is approximately 92 [%] for 1500 [RPM] input speed and 94 [%] at a input speed 
of 50 [RPM]. These efficiencies might also be further increased by choosing a single 
rotor configuration because this will decrease the number of bearings for the gear 
design. 

Cycloidal magnetic gear will have an advantage where there is required a high gearing 
relationship, because this gear type shows increasing torque density performance with 
increasing gearing relationship. This is normally a problem for a traditional mechanical 
gear, because increased gearing relationship will normally result in decreased 
efficiency. However this is possibly not the case for this magnetic cycloidal gear type. 
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Chapter 4 Magnetic planetary gear 

References from magnetic planetary gears and basic function principle are described. 
Design choice for iron segments and variation of transmitted torque is explained. 
Improved design theory is described regarding gearing relationship. 2D FEM analysis 
and optimisation is performed on an example gear and choice of iron segments duty 
cycle is also described.  

4.1 History of magnetic planetary gear 
One of the early patents [35] regarding planetary magnetic gears can be dated back to 
1968. This patent describes magnetic transmissions and one of the gear technology’s is 
similar to the one described in this chapter. Other patents [39], [38], [40] with 
comparable technology are published in 1972, 1996, 1997 respectively.  
 
An important milestone paper [1] about planetary magnetic gears is published by K. 
Atallah and D. Howe in 2001. This paper is unique in the sence that they with help of 
FEA calculations predict a theoretical torque density that will exceed 100 [kNm/m3]. 
However theoretical predicted torque from a 2D magneto static model will not be of 
same intensity as the measured torque value from a prototype. So the theoretical torque 
of 100 [kNm/m3] corresponds to a less measured torque density. Theoretical and 
measured torques are investigated in a paper [65] which is published in 2003. It is 
possible to obtain an active torque density at 55 [kNm/m3] from test measurements and 
92 [kNm/m3] from a 2D magneto static calculation. Another paper [61] from K. Atallah 
and D. Howe, published in 2004, the measured pull out torque is 60 [Nm] and this 
torque is approximately 30% lower than the predicted torque per unit stack length at a 
level of 1800 [Nm/m]. This information will result in a calculated active torque density 
at 78 [kNm/m3] when stack length and outer diameter are 50 [mm] and 140 [mm] 
respectively. This planetary magnetic gear is with the highest torque density ever built. 
A paper [69] published in 2007 describes a 3D analysis of a gear similar to the planetary 
magnetic gear. It is found that an integral equations method is suitable together with a 
fast multipole method. Dimensions and measurement are not available in this paper so 
torque density is not possible to calculate for this gear.  
 
Year Reference Torque density 

2D analysis 
Torque density 

Measured 
2001 [1] 100 [kNm/m3]  
2003 [65] 92 [kNm/m3] 55 [kNm/m3] 
2004 [61]  78 [kNm/m3] 
2009 [68]  53 [kNm/m3] 

Table 15 Torque density values for stand alone planetary magnetic gears. 
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Papers [64] and [67] with integrated motor and planetary magnetic gear are proposed in 
2007. Calculated theoretical active torque density for this device is 87 [kNm/m3]. 
However prototype seems to be build to verify the calculation. Another paper [63] with 
integrated motor and planetary gear is presented in 2008. The overall active torque 
density is 60 [kNm/m3] which is less than a stand alone planetary magnetic gear. 
Transient torque analysis of a planetary magnetic gear is analysed in a paper [66] from 
2008. Another paper [68] from the same department is published in 2009 where a 
proposed planetary magnetic gear is designed with so called interior-magnet outer-rotor 
structure. This stand alone permanent magnetic gear has a measured torque density of 
53 [kNm/m3]. The percentage difference between calculated torque and measured 
torque is less than 5%. This accuracy is obtained by the use of a 3D-FEM calculation 
method. Another paper [70] with integrated motor and planetary magnetic gear is 
purposed in 2009. Expected active torque density from this drive is 130 [kNm/m3] 
which is the highest predicted torque density among integrated motor planetary 
magnetic gear drives. This paper also includes an investigation of chosen dimensions 
for the planetary magnetic gear.  
 
Year Reference Torque density 

2D analysis 
Torque density 

Measured 
2007 [64],[67] 87 [kNm/m3]  
2008 [63]  ~ 60 [kNm/m3] 
2009 [70] 130 [kNm/m3]  

Table 16 Integrated motor planetary magnetic gear torque density. 

 
Analytical approach for calculating the magnetic field distribution in a planetary 
magnetic gear is presented in a paper [71] from 2009. 2D analytical expressions are 
compared with saturated and unsaturated FEM models. Unsaturated FEM model results 
show good agreement with the analytical model results. Calculated output torque, or an 
example are not presented in the paper, only magnetic flux density is shown.  
 
Summary  
Planetary magnetic gear principle can be dated back to 1968. A predicted torque density 
is 100 [kNm/m3] which is investigated in research paper [1] from 2001. Best 
performance for a stand alone magnetic planetary gear [61] is 78 [kNm/m3]. Integrated 
motor planetary magnetic gear drives are a research area which have had an increased 
interest ever since 2007. The drive with best performance is measured to a torque 
density at 60 [kNm/m3]. Most promising drive is predicted to have a torque density of 
130 [kNm/m3]. 
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4.2 Basic design theory 
Magnetic planetary gear consists of two permanent magnet rotors and one rotor with 
iron segments Figure 4.1 a). The inner rotor is the high speed rotor and the outer rotor is 
the low speed rotor in this example. Flux paths in the iron parts are illustrated on Figure 
4.1 b). This illustration is fixed in an instant where there is no load applied to the rotors. 
The iron segments are mechanically fixed and magnetic flux paths in these segments 
have the freedom to rotate as input shaft rotates. The main flux path directions in iron 
segments are illustrated with bold arrow in Figure 4.1 b). The individual main flux path 
directions in the iron segments will rotate counter clockwise as the inner rotor is driven 
clockwise and the outer rotor is driven counter clockwise. The nominal angular velocity 
of outer rotor is 5.5 times lower than the nominal velocity at inner rotor. This gear 
example is therefore a reduction gear with a gearing relationship of 5.5 when the input 
shaft is connected to the inner rotor and the output shaft connected to the outer rotor.  
 

 
a) 

Inner rotor

Outer rotor

Iron segmented rotor

ω

  ω 
 5.5

Permanent magnet

Permanent magnet

 
b) 

Figure 4.1 a) Exploded view of the magnetic planetary gear b) Cross section of a 
planetary magnetic gear. 
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4.2.1 Choice of iron segments 

The magnetic planetary gear configuration is previously analysed regarding pole 
number configuration and torque density [1][61]. The previously analysed gears have 
focus on space harmonics radial flux densities in the air gap which is adjacent to high 
speed rotor and adjacent to low speed rotor. The number of pole pairs in space harmonic 
flux density distribution is given by (4.94)[1][61]. 
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(4.94) 

 

   
The analysis of the radial flux has shown that there is a certain relationship between 
pole numbers at high speed and low speed rotors and the number of iron segments 
which must fulfilled in order to have similar function principle as the described example 
in Figure 4.1. This certain pole relationship is characterized by the m=1 and k=-1 
constants in (4.94). Pole constants are typed into (4.95) together with the number of PM 
pole pairs on the high speed rotor p = 4 and the number of iron segments ns = 26 for an 
example shown in Figure 4.1, to clarify how the number of pole pairs in the space 
harmonic flux density distribution can be calculated.    

2226)1(41, =⋅−+⋅=+= skm knmpp (4.95) 

The calculation shows that 4 permanent magnet pole pair on high speed rotor will create 
a radial flux harmonic density content adjacent to the low speed rotor which 
corresponds to 22 pole pair. Radial flux distribution content is therefore transformed 
from 4 pole pair harmonics to 22 pole pair harmonics through 26 iron segments. Chosen 
pole pair at exactly 22 permanent magnets on low speed rotor will give synchronism 
between the previous described 22 pole pair harmonic flux density.  
 
This is an explanation of how the 4 pole pair magnet gives harmonic flux density 
content at 22 poles in the air gap which is adjacent to low speed rotor. It is also possible 
to calculate the harmonic of a radial flux density which is coming from a 22 pole pair 
low speed rotor in an air gap adjacent to high speed rotor (4.96). 

426)1(221, =⋅−+⋅=+= skm knmpp (4.96) 

The result of this calculation shows that 22 permanent magnet pole pairs on the low 
speed rotor will give a space harmonic flux density which is equal to 4 pole pairs in the 
air gap which is adjacent to high speed rotor.  



97 
 

 
A general equation (4.97) for choosing number of segments can be rewritten from 
(4.94) where pole relationship constants are set to m = 1 and k = -1 and pole pair space 
harmonic flux density distribution number pm,k is analysed for the number of pole pairs 
on low speed rotor and pole pair number p is set to number of pole pairs on high speed 
rotor.  
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(4.97) 

The number of iron segments for all examples in [61] can be calculated by (4.97) 
because m = 1 and k = -1.  

4.2.2 Variation of transmitted torque 

Torque transmitted through a magnetic gear can have a torque ripple. This ripple 
depends on many parameters. Transmitted torque variation is previously analysed in 
[61] and there is shown that the pole number choice has influence on transmitted torque 
variation. This paper suggest a configuration with ph = 4, pl = 23 and ns = 27 to 
minimise torque ripple. Such a configuration will have a lower torque variation than the 
ph = 4, pl = 22 and ns = 26 configuration.  
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4.3 Improved design theory  

4.3.1 Planetary magnetic gearing relationship 

The planetary magnetic gear is two degree of freedom systems (DOF), where 2 inputs 
are needed to get one output. The 2 DOF gear is reduced to 1 DOF when one of the gear 
components are fixed.  Figure 4.2 a), b) and c) illustrates 3 planetary gear types with 
one degree of freedom fixed. The 3 combinations of fixed degrees of freedom result in 3 
different gearing. The example shown on Figure 4.2 have 22 pole pair on outer rotor, 4 
pole pair on inner rotor and 26 iron segments. These pole combinations and fixed 
degree of freedom results in relative nominal angular velocities which are indicated on 
Figure 4.2. 

 
a) 

 
b) 

 
c) 

Figure 4.2 Exploded view of the magnetic planetary gear in 3 different configurations: 
a) Iron segmented rotor fixed. b) Outer rotor fixed. c) Inner rotor fixed. 
 
Iron segmented rotor fixed 
Gearing relationship for the magnetic planetary gears is described in [61]. These 
equations are valid for the configuration with the iron segmented rotor fixed, which is 
shown on Figure 4.2 a).  
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The example shown on Figure 4.2 a) have ns = 26 iron segments and p = 4 pole pair on 
high speed rotor. This combination result in a gearing relationship of Gra = 5.5. This 
gearing relationship equation expresses the absolute value of gearing relationship and 
does not take account for rotation direction shift. The nominal angular velocity can be 
calculated from (4.99). Where ωl is angular velocity on low speed rotor and ωh is 
angular velocity on high speed rotor. Angular velocity equation takes into account for 
rotational direction shift.  
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The nominal torque relationship for this configuration can be calculated from a 
consideration of constant power, if the magnetic gear configuration is operating at a 
constant angular velocity and there is no loss. The total mechanical power of the system 
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must be equal to zero and nominal angular velocities are defined in (4.99) . When 
angular velocity of iron segmented rotor is zero will this result in (4.100). 
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Outer rotor fixed (low speed rotor) 
Gearing relationship for a magnetic planetary gear with the outer rotor fixed is also 
described in [61].  
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This gearing relationship from Figure 4.2 b) example result in a gearing at Grb = 6.5. 
The nominal angular velocity relationship between inner rotor and iron segmented rotor 
can be formulated by (4.102). 
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Mechanical power consideration is again applied for calculating torque relationships in 
(4.103). 
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Inner rotor fixed (high speed rotor fixed) 
Gearing relationship for fixed inner rotor is not described in the paper [61]. This gearing 
relationship can be derived. Equation (4.100) and (4.103) are used to find the torque 
relationship between iron segmented rotor and low speed rotor in (4.104).   
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There are used a constant power equation to calculate the angular velocity relationship 
between iron segmented rotor and low speed rotor in (4.105). 
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Gearing relationship Grc for the configuration shown on Figure 4.2 c) can be calculated 
from either (4.104) or (4.105), which results in (4.106). 
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(4.106) 

Gearing relationship from Figure 4.2 c) example will result in a gearing at Grc = 26/(26-
4) = 1.1818.  
 
A single torque vector diagram for the three gear configurations is drawn to illustrate 
action and reaction torque for magnetic gear components.  
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Figure 4.3 Torque vector diagrams of planetary magnetic gear. 
 
Magnetic gear torque vectors for magnetic gear are consistent with the three torque 
relationship equations (4.100), (4.103) and (4.104) regarding torque directions.  
 
The shown gearing relationship equations can be useful for magnetic planetary gears 
with pole relationship constants of k = -1 and m = 1. Gearing relationship in shown 
example [61] can be improved from a factor of 5.5 to 6.5 by the use of another 
configuration than the purposed. The torque density will therefore also be increased 
proportional to the gearing ratio.   
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4.4 2D FEM calculation 
Previous analyses of planetary magnetic gear only cover simple influence from 
parametric dimension changes [61]. One of parametric change in [61] is iron segments 
radial thickness. Gear example with ph = 4 pole pair on the low speed rotor and pl = 22 
pole pair on high speed rotor and 26 iron segments seems to be the best one of best 
performing planetary magnetic gears of its kind regarding torque per unit length. 
Optimal thickness for the current design in [61] is 5mm radial iron segment thickness. A 
model of a similar planetary magnetic gear is modelled in 2D FEM in order to have a 
point of reference for a parametric dimensional optimisation analysis. A sketch of 
planetary magnetic gear is shown on Figure 4.4 and dimensions and physical data are 
listed in Table 17. Notice that some of the dimensions are found from relative 
measurement from drawings in [61]. 
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Figure 4.4 Sketch of a planetary magnetic gear similar to an example in [61]. 
 

Symbol Dimensions for models 
 Description Size Units 
t2b Thickness, outer back iron 7.0 [mm] 
t1b Thickness, outer back iron 16.5 [mm] 
R2s Outer radius, source magnets 50.0 [mm] 
R1s Inner radius, source magnets 43.5 [mm] 
R2d Outer radius, drive magnets 63.0 [mm] 
R1d Inner radius, drive magnets 57.0 [mm] 
g Air gap 1.0 [mm] 
L Length/height of the magnets 50 [mm] 
Br Remanence flux density 1.25 [T] 
Hc = Ms Coercivity 947350 [A/m] 
Nr =Nt Torque integration parameter 14 [-] 

µ0 Permability for air regions 4⋅π⋅10-7 [Tm/A] 
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Symbol Dimensions for models 
µ= Br/Hc Absolut permability, magnets 13.195⋅10-7 [Tm/A] 

µr= µ/µ0 Relative permability, magnets 1.05 [-] 
Np Number of source magnets 8 [-] 
Npole Number of drive magnets 44 [-] 
Nseg Number of iron segments 26 [-] 
ϕmax Max. torque calculation angle 4.09 [Deg.] 
 Silicon steel type (ANSI standard) M-19 [-] 

Table 17 Dimensions for similar model as [61].  

 
A 2D nonlinear model of the planetary magnetic gear is modelled in the program 
FEMM. Maxwell stress tensor method is used to calculate the output torque from the 
outer rotor. The output torque is calculated to TMaxwell = 90.2 [Nm], which corresponds 
to a torque density of 117 [kNm/m3] or a torque per unit length of 1804 [Nm/m]. A flux 
density visualization of the model is shown in Figure 4.5. 
 

 
Figure 4.5 Flux density plot of the FEM model with torque calculated with Maxwell 
stress tensor. 
 
The maximum obtainable torque stated in the [61] paper is about 1800 [Nm/m] for a 5 
[mm] radial thickness of the iron segments. The results from this nonlinear analysis are 
therefore close to the results in [61].  
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4.5 Optimisation with FEM 
An analysis of a planetary magnetic gear is made in order to be able to design an 
improved gear regarding torque density. So far, there is only made analysis where the 
radial thickness of the iron segments is changed and torque is calculated [61]. This 
analysis shows only one parametric change and since the planetary magnetic gear 
configuration can have several dimensions changes, there might be a better choice for 
the design. Dimensional design parameters are shown on Figure 4.6. Many design 
parameters can be changed, for example thickness of the magnets x2 and x4, thickness of 
the iron segments plus air gap x3, thickness of the back iron x1 and x5. Optimisation 
with many variables is very time consuming that is why some design parameters is held 
constant for the optimisation namely the outer radius Rout, back iron thickness x5 and the 
air gap thickness g.     
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Figure 4.6 Sketch for a planetary magnetic gear with variable parameter dimensions. 
 
The goal for the optimisation is to find dimensional relationship that result in a higher 
torque density than for initial dimensions. The problem is formulated as a general 
optimisation problem with object function (4.107), equality constrains (4.108) and 
inequality constrains (4.109). The optimisation algorithm is a large scale optimisation 
with approximation of hessian using finite differences. 
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The object function is set to magnetic gear torque density, which is calculated for an 
angle position relative to the other two rotors, where the transferred torque to low speed 
rotor is at its maximum. An equality constraint is setup for keeping total magnet 
thickness constant. This limitation is set in order to find best possible thickness sharing 
of permanent magnet material on low and high speed rotors. Inequality functions are set 
to limit the optimisation solution space. Optimisation resulted in a torque density of 151 
[kNm/m3] and following dimensional thickness values: 
 
x1 = 2.2⋅10-3[m], x2= 4.1⋅10-3[m], x3 = 7.3⋅10-3[m], x4 = 8.4⋅10-3[m] 
 
Torque increase is 29 % with a magnetic material increase of 7%. The amount of 
magnetic material has increased for the optimised solution because radii of the magnetic 
material are increased and the total magnet thickness is kept constant.  
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                                  a)                                                                     b) 

Figure 4.7 a) Illustration of original gear b) Illustration of the optimised gear.  
 
The result of this optimisation will be an optimal design for obtaining highest possible 
torque density within optimisation limitations. However this optimal design can be a 
local optimal design and not global optimum design. That is why the result must be 
considered as torque density improvement and not necessarily as absolute best 
obtainable torque performance. It is also possible to change the limitations of the 
optimisation in order to get better performance. Air gap thickness is one of the 
limitations that have a major influence on the torque density result and the total 
thickness of the permanent magnets has also influence. These limitations are primary 
chosen to be in the same size order as the initial design. The optimisation shows that 
more permanent magnet material thickness must be distributed on low speed rotor than 
high speed rotor. The thickness of the iron segments must be bigger than the low speed 
rotor magnets and smaller than the high speed magnets. Back iron thickness on the low 
speed rotor must be smaller than the low speed rotor magnets when high speed rotor 
back iron thickness is held constant.  
 
Similar observed fact regarding magnet relationship thickness is also found in [70] 
where high speed rotor magnet thickness is thicker than low speed rotor magnets.  
Relationships for back iron yoke thickness is also analysed in [70] and it is found that 
high speed rotor yoke thickness does not have major influence on the torque 
performance. This discovery is not covered in the optimisation analysis since high speed 
rotor yoke thickness is held constant for the optimisation. 
 
It is found that it is possible to improve theoretical torque density performance by 
changing dimensional design parameters. However other design parameters are also 
found important for the design and that is iron segmentation duty cycle which is 
described in the following section. 
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4.6 Parametrical change of segmentation duty cycle 
 
The distribution between iron and air in the iron segmented rotor is also a variable 
parameter that can be changed. The relationship between iron and air can be described 
with a duty cycle factor dc. 
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Figure 4.8 Sketch drawing of iron segmented rotor where angles for duty cycle factor 
are specified.  
 
This duty cycle factor has also an influence on the torque transmission ability for the 
magnetic gear. The example modelled in the FEM analysis has initially a duty cycle of 
0.5, i.e. 50% steel and 50% air. The duty cycle factor dc can be calculated by (4.110). 
 

B

A
cd

θ
θ=  

(4.110) 

 
This relationship is not optimal for the given example.  The best duty cycle for the given 
example is around 0.54 duty cycle i.e. 54% iron and 46% air. The optimal duty cycle 
factor for the given example is plotted in Figure 4.9.  
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Figure 4.9 Torque versus duty cycle factor. 
 
The best duty cycle factor for this configuration is investigated in an interval from 0.4 to 
0.6 with steeps of 0.01. An iron segmentation duty cycle factor of 0.54 performs best. 
The best duty cycle factor is dependent of dimensions parameters and pole number 
configuration.  
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4.7 Summary 
Analysis has shown that it is possible to increase the torque density of the planetary gear 
type even further than previous studies have show by changing configuration 
dimension. It is especially magnetic material distribution that has influence on the 
output torque. The best configuration is where most permanent material is placed on the 
high speed rotor. Back iron thickness on low speed rotor and iron segments must also 
have a specific size in order to obtain optimal torque density. An optimisation is 
performed to find the best material thickness distribution. The optimisation is limited 
regarding air gap thickness, outer dimensions, inner yoke for high speed magnets and 
total permanent magnet thickness. These limitations are set to values that are considered 
to be physical possible to implement in a prototype. The air gap thickness can be made 
smaller in order to get higher output torque, however this air gap must have a certain 
thickness to be sure that a prototype is possible to manufacture. Higher torque density 
can be expected with a narrow air gap. It is also possible to obtain higher torque density 
with larger outer diameter however this relationship is not covered in this analysis.  
 
Iron segmentation duty cycle factor is also a changeable parameter. An initial 
investigation of a simple example has shown that torque is dependent on this parameter 
also and there is an optimal duty cycle factor for this specific example. This parameter 
is therefore also worth changing when designing planetary magnetic gears. Also the 
physical layout of the segment could be investigated and have segments like teeth in a 
machine. However this is left for further research.   
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Chapter 5 Conclusion 

Patents about magnetic gears can be dated back to 1916 [37] where electro magnets 
were used, because permanent magnets at that time were very weak. Permanent magnets 
have become stronger since that time and that is one of the main reasons why magnetic 
gear research has become in focus. Many magnetic gear types are described in patents 
and only few papers are written about magnetic gears. Facts about torque performance 
for different gear technologies are not stated in patents as they are in scientific papers, 
which make it difficult to estimate the performance between each technology. This 
thesis focuses on 3 technologies which are expected to be most common for future 
machinery. 

5.1 Thesis summary 
The thesis starts with an introduction to mechanical power conversion, which is the 
fundamental reason to use a gear in a machine. A simple magnetic gear is described and 
performance characteristic are defined for the magnetic gear. State of the art analysis 
summaries are also briefly described.  
 
The state of the art analyses are considered to be essential to be able to contribute with 
new research. Torque density characteristic for the magnetic gear technology is weak 
compared to the traditional mechanical gear technology. This torque density 
characteristic is considered to be and important parameter to improve in order to 
compete with the traditional mechanical gear technology. Scientific papers from the 
state of the art analysis has shown that theoretical calculation models and physical test 
modes is an accepted way to improve the magnetic gear technology. Following 
statements are therefore fundamental for magnetic gear research.  
 
Problem statement 

1. Determine state of the art for magnetic gear technologies, and also technologies 
from traditional mechanical gears. 

2. Develop analytical and numerical calculation models of permanent magnetic 
gears. The purpose of the calculation models is to be able to estimate torque in 
an early stage for magnetic gear design process. 

3. Develop two experimental magnetic gear models. The purpose with the test 
models is to compare the theoretical results with experimental test models and to 
gain practical experience. 

 
Solutions to problem statements are summarised in the following sections. 
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5.1.1 Performance from existing mechanical gears 

State of the art analysis of existing mechanical gears is introduced to review mechanical 
gear types and find a rough estimate for expected performance level in terms of total 
torque density and efficiency. The expected total torque density performance level is 
dependent on gear type, gearing and input speed. Investigated harmonic drive gears can 
reach a total torque density up to 300 [Nm/l], however these gears have a low efficiency 
sometimes down to 50%. Mechanical planetary gears can have a high total torque 
density up to 265 [Nm/l] and a high efficiency up to 98% at 500[RPM] and a gearing 
relationship at 5. Another planetary gear is rated down to 37 [Nm/l], which indicates 
that the torque density variation is high among the mechanical gears. A cautious rule of 
thumb for torque densities in mechanical gears will be 15 [Nm/l] to 190 [Nm/l] for 
planetary and cycloidal gear types in the gearing interval of 20 to 90. Spur gears can be 
expected to reach torque densities up to 83 [Nm/l]. The large variation in torque density 
for the mechanical gears makes it difficult to compare with magnetic gear types. 
Comparison between magnetic torque density and mechanical torque density can 
therefore best be performed for a specific case where several mechanical gear 
alternatives are compared with a specific magnetic gear.  

5.1.2 Existing analysed magnetic gears and gears from patents 

A search for the magnetic gears in various publications resulted in many different 
magnetic gear technologies. Most relevant search results from the literature are from 
scientific paper, because it is possible to quantify torque performance. One of the most 
promising technologies is the magnetic version of a planetary gear [1]. FEM models are 
used in [1] to analyse this type of gear technology. This technology has a high torque 
density. This is the reason why focus is directed toward this technology in chapter 4 and 
in section 5.1.5 Magnetic planetary gear. A variant of the planetary gear type is found in 
[75]. This type is modelled with FEA. The radial magnetised gear is another known 
magnetic gear technology. This type of gear is analysed analytically in [18], [19]. 
Another analytical model of a magnetic spur gear is modelled with some mathematical 
assumptions in [24].  Finite element analysis is used to model a radial magnetised spur 
gear in [21] and [22]. Axially magnetised versions of spur gears are analysed using a 
semi-analytical calculation and numerical methods in [26] and [28] respectively. A 
perpendicular axis gear is also modelled with FEM methods in [33]. A magnetic version 
of a harmonic gear is proposed in [72] and torque density is predicted to 110 [kNm/m3]. 
A torque calculation method is not described in detail for this scientific paper. Practical 
implementation of the proposed gear type has similarities to the magnetic cycloidal gear 
described in chapter 3 and 5.1.4 Magnetic cycloidal gear. Other gear technologies are 
found in patents. Not all of these technologies are modelled in theory and it is therefore 
not possible to quantify torque performance. 

5.1.3 Magnetic spur gear 

Radial magnetised spur gear is analysed in [18] and [19]. Appropriate analytical 
calculation methods are not found in the literature for parallel magnetised gears even so 
parallel magnetised magnets are cheaper to manufacture than radial magnetised 
magnets. A parallel magnetisation model is developed for a parallel magnetised gear on 
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the basis of radial magnetisation theory. This includes new magnetisation functions and 
solutions. Other equivalent current models for permanent magnets and torque 
integration procedures are also introduced. The parallel magnetisation model and the 
radial magnetisation model are programmed in to a parameterised software program, 
where dimensions and physical properties can be defined by the user. User of this 
program can estimate torque performance before prototype design. A part of the 
program is able to start a FEM calculation routine where the analytical model and a 
FEM model are compared. Experience from this thesis has shown that torque 
calculation procedures are the key to design magnetic gears with better performance. 
However calculation must be verified with experimental test models and this is done for 
a magnetic spur gear with parallel magnetisation which is designed with a gearing 
relationship of 1:4. The experimental test model is measured to a maximum torque of 
12.0 [Nm], while theoretical analytical 2D results showed 16.6 [Nm]. The theoretical 
analytical calculate result corresponds to an active torque density of 24.4 [kNm/m3], 
while measured torque density performance from the same gear only is 17.6 [kNm/m3]. 
There are found matching mechanical spur gars with gearing relationship of 
approximately 1:5 with a total torque density of 16 to 24 [kNm/m3]. It can therefore be 
concluded that the magnetic spur gear has a poor active torque density compared to the 
existing traditional mechanical gear technology. Active torque density of the magnetic 
spur gear is almost comparable with the total torque density of a corresponding 
mechanical gear. The designer of magnetic spur gears must therefore be aware that it is 
important to optimise torque density and total torque density.  

5.1.4 Magnetic cycloidal gear 

The magnetic cycloidal gear is a new magnetic gear technology and this gear type is not 
found among scientific papers although this gearing principle seems to be promising in 
terms of torque density performance. This gear technology has a clear and obvious 
benefit in making use of better magnetic interaction between rotor elements compared 
to the magnetic spur gear principle. Magnetic rotors are also placed inside each other, 
which will give a better space utilisation. It is also possible to configure the magnetic 
cycloidal gear in different configurations. Gearing relationship equations and torque 
equations is defined for the different configurations. The analytical parallel 
magnetisation expressions from the spur gear are used to calculate torque of a cycloidal 
magnetic gear. A magnetic cycloidal gear test model is designed and tested. This 
cycloidal gear is semi optimised to a analytical calculated torque density of 142.0 
[kNm/m3]. A FEM model is also used to verify this calculation which resulted in 146.8 
[kNm/m3]. Maximum test gear torque is 33 [Nm], which result in an active torque 
density of 33 / (π x 0.06152 x 0.026) = 106.8 [kNm/m3]. The relationship between 
analytical calculated torque density and active torque density is 106.8 /142.0 = 0.75. 
The measured total torque density for this gear will be 33 / (0.13 x 0.13 x 0.086) = 22.7 
[kNm/m3]. Corresponding mechanical gears with the same gearing relationship are 
found with a total torque density of 15 to 173 [kNm/m3]. It is concluded that the 
designed test model have difficulties to reach the same level of performance as the 
traditional mechanical gears. Optimisation procedure is used to optimise torque density 
performance of the magnetic cycloidal gear. Improved torque density results at 173.9 
[kNm/m3] can be obtained with another pole number configuration and the same 
dimensional constrains, which will change gearing relationship to 1:36. The 
optimisation shows that there are an optimal number of magnetic poles for given 
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dimensions. Another optimisation procedure is set up with other dimension limits and 
with a 42 – 44 pole configuration. Optimisation resulted in a torque density of 158 
[kNm/m3]. This optimisation showed that dimensions of the given pole configuration is 
possible to scale down in order to reach better torque density performance. More 
magnetic material can also increase the torque density performance. This is discovered 
by increasing the area limitation in another optimisation procedure, where the best result 
is 183 [kNm/m3] with larger volume and specific torque. Better torque density is 
expected if area limitation is increased more. A high reached torque density level makes 
this gear technology perform well compared to other magnetic gear technologies. 
However it is important to utilise the high obtainable torque density level together with 
a gear design where a great part of gear length utilises this high torque density unlike 
the cycloidal gear test model where the only 26 [mm] out of 86 [mm] total length is 
utilised. Available predicted active torque density intensity is for now 183 [kNm/m3] for 
the cycloidal gear. It is impossible to predict an active torque density without building a 
test model with the decided design dimensions. A prediction for the active torque 
density will however be around 0.75x183 = 137 [kNm/m3]. A total measured torque 
density for such a gear will most likely be around 137x22.7 / (106.8) = 29 [kNm/m3] or 
higher depending on how well the design is utilised. The magnetic cycloidal gear 
efficiency is measured to 94% at 50 [RPM] and 92% at 1500 [RPM] on the input shaft. 
Efficiency of the test model is a little lower than efficiency from example gears found 
for corresponding mechanical gear types where the efficiency is 95 %. Test model is 
designed with 18 bearings which can have created extra friction compared to the 
mechanical gear. Mechanical cycloidal gear and the magnetic cycloidal gear include a 
torque transferring device where torque is transferred through parts with oscillating 
motion. It is assumed that the torque transferring device is responsible for a major part 
of the friction in the magnetic cycloidal gear, since this device consist of many rotating 
mechanical parts. 
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5.1.5 Magnetic planetary gear 

The planetary magnetic gear technology is previously described in scientific papers 
[1][61]. Performance of this gear type is promising because a torque density up to 100 
[kNm/m3] is predicted. 78 [kNm/m3] is measured which makes this gear the most torque 
dense stand alone planetary magnetic gear. The two scientific papers describe principles 
of operation with a focus on space harmonics in air gap, variation of torque and torque 
performance. Less attention is focused on possible configuration types. However an 
explanation of another improved configuration is shown in this thesis and this example 
shows an increased gearing relationship from 5.5 to 6.5. The torque performance will 
also be improved by a configuration change and that is why the configuration type is an 
important issue. A computer optimisation method to search for optimal solutions 
regarding torque density is not used in scientific papers about planetary magnetic gears. 
This approach is used where the torque density is calculated from a 2D FEM model. 
Initial dimensions for the 2D model are similar to the design used in [1] and [61]. 
Results from the optimisation shows a 29% torque density increase with only 7% more 
permanent magnet material used. A part of the gear design includes iron segments. 
These segments are placed in a circular pattern and with a certain air gap between them. 
The relationship between air thickness and segment thickness can be changed in order 
to reach better torque performance. This discovery is found by changing the relationship 
between air gaps and iron segments for a magnetic gear modelled with FEM. The 
example shows that the best relationship between air gap and iron segments is 
dependent of dimension parameters and pole configuration. The discovery is important 
to consider for obtaining an optimal magnetic gear design. Integrated motor with 
planetary gear drive is becoming more common among scientific papers since 2007. 
Torque density performance from this drive type is predicted to attain 130 [kNm/m3] in 
a scientific paper [70]. This performance is high compared to prediction of 100 
[kNm/m3] for previous described stand alone planetary magnetic gears. Inside 
cylindrical space located in the planetary magnetic gear centre part is not utilized in the 
stand alone magnetic gear. However this is utilized in [70] which make the planetary 
magnetic gear especially suitable for motor incorporation in centre part.  
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5.1.6 Conclusion 

It is the author’s opinion that results from this thesis cover the problem statement. 
Relevant references for determining state of the art technology foundation within 
magnetic gears and mechanical gears are analysed. This thesis will improve the existing 
technology by improved analysis methods for analytical calculated magnetic field 
solutions combined with numerical integration in order to quantify and semi optimise 
magnetic gear torque transferring capabilities. The proposed analytical methods are 
programmed in a software program which is verified with traditional FEM methods. 
Prototype of a traditional magnetic spur gear is designed and later analysed with the 
proposed calculation methods. A new developed cycloidal magnetic gear prototype is 
also designed and later analysed with modified purposed analysis method. Analysis 
results from the new cycloidal magnetic gear technology are better than the existing 
magnetic gear technologies. A conventional magnetic planetary gear is also analysed 
with FEM methods and torque density is improved by use of optimisation tools. 
 
Torque density lack can in some cases be the limitation for that the magnetic gear can 
not replace a traditional mechanical gear. This is believed to be the main disadvantage 
for magnetic gears in general. Boundary for obtained torque density is moved with the 
results of this thesis and this will increase possibility of using magnetic gears. Most 
important advantage of using magnetic gear technology is that it is considered to have 
mechanical wear free property for internal mechanical parts. Magnetic gears are 
therefore expected to be incorporated in machinery where this advantage is weighted 
high.   
 

Magnetic gear Analytical 
(Active) 

2D FEM 
(Active) 

3D FEM 
(Active) 

Measured 
(Active) 

Measured 
(Total) 

Unit 

Spur gear 
Test model 

16.6 16.7 13 12 - [Nm] 

24.4 24.5 19.1 17.6 - [kNm/m3] 

Spur gear 
Optimised 

11.6     [Nm] 

34.6     [kNm/m3] 

Cycloidal gear 
Test model 

43.9 45.4  33 33 [Nm] 

142.0 146.8  106.7 22.7 [kNm/m3] 

Cycloidal gear 
Optimised 

     [Nm] 

 183.0    [kNm/m3] 

Planetary gear 
Optimised 

     [Nm] 

 151    [kNm/m3] 

Table 18 Torque and torque density for analysed gears. 
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5.1.7 Future work 

Working with magnetic gears will generate ideas for future possible research work to be 
done within the subject of magnetic gears. Future expected research are described in the 
following.  
• Dynamic models 
• Losses and loss distribution 
• Promising gear types 
• Better magnetisation pattern 
• Linear magnetic gears 
• Devices with medium separation or other unique advantages  
• Technology reliability tests  
 
Dynamic models of a magnetic planetary gear are analysed in [66]. More research is 
expected in this field in order to ensure that magnetic gears performs according to 
expected specifications. Dynamic model simulation or dynamic test is necessary if the 
gear is supposed to run with variation loads and if gear slip effect is not accepted. Such 
dynamic models are useful to determine a suitable torque reduction factor kred which 
will be used in equation (1.3) to reduce Tmax to the nominal torque.  
 
Losses and loss distributions has not been covered by this thesis. This is also an 
important theme to investigate in order to predict magnetic gear efficiency which is a 
competitive factor. Loss distribution theory from existing electromagnetic systems is 
expected be useful for calculating magnetic losses. Bearing losses will also have 
influence on the magnetic gear efficiency and these losses can be estimated from 
general bearing loss theory. Efficiency measurements are helpful for verification of loss 
models. However this will often require high accuracy measurement equipment because 
magnetic gears have a high efficiency in general. Calorimeters can be used if more 
accurate loss measurement must be performed.      
  
The magnetic cycloidal gear and the planetary magnetic gear are the most promising 
gear types at current time. Magnetic cycolidal gear is one of most promising gear types 
in regards to torque density. Advantage for this gear type is to obtain high gearing 
relationship in a single gearing stage. One of the disadvantages for this gear type is the 
high number of mechanical parts in the present design. New simplified designs types 
with less mechanical parts is expected within magnetic cycloidal gear technology. 
Planetary magnetic gear is especially suitable for motor integration [70]. More research 
is expected within these integrated drive types because a high total torque density is 
reachable.   
 
Improved magnetisation patterns are also expected for the future magnetic gears. 
Magnetisation pattern like halbach array is one of the known magnetisation patterns 
which have a focusing effect. Strong flux fields can be obtained by using this pattern.  
 
A linear magnetic gear is patented in [38] and other references can be found. However 
this linear gear type is only mentioned briefly in this thesis. Linear magnetic gear types 
are also expected to go through a evolution like the magnetic gear because magnets is 
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becoming stronger and better simulation tools are also becoming better for analysis 
studies.  
 
Application devices such as integrated magnetic coupling with water pump are state of 
the art within pump applications. The unique about this device type is that magnets have 
the ability to separate mediums from each other. It is expected that other mechanical 
devices will be integrated with magnetic gears where medium separation ability is 
utilised or other unique advantages like torque limitation is utilised. 
 
Optimisation methods are expected to be used in general for optimising magnetic 
devices in the future. An example is the analytical solution of magnetic fields in a 
planetary magnetic gear proposed in [71]. These solutions will be useful for future gear 
optimisation. 
 
Magnetic gear technology is still considered to be a relatively new technology and not 
proven technology. That is probably the reason why companies hesitate with implement 
magnetic gear technology in their products. More field tests with permanent magnet 
gear equipment are expected in the future to prove the reliability of this new emerging 
technology.   
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Nomenclature list: 

Symbol Description Unit 

$φ  Angular tangential vector [-] 

r$  Radial normal vector [-] 

η Efficiency of the magnetic gear [-] 

µ Absolute permeability  [Tm/A] 

µ0 Permeability for free space [Tm/A] 

µr Relative permeability  [-] 

ϕ Angle used in source and drive coordinate systems [Rad] 

η Integration variable used to integrate a radius [m] 

η Efficiency [-] 

γ(k) Surface charge density [T] 

∇ϕm 
(in) Gradient of the magnet scalar potential [A/m] 

∇ϕm 
(k) Gradient of the in and outside air scalar potential [A/m] 

θ(q) Discrete angular integration variable  [Rad] 

θA Angle for iron segment [Rad] 

θB Angle from one segment to the next segment  [Rad] 

α´ Angular constant α´ = π/2 for the magnetisation [Rad] 

ϕ1 Start angle for the surface integration [Rad] 

ϕ2 End angle for the surface integration [Rad] 

ωA Angular velocity of part A [Rad/s] 

ωB Angular velocity of part B [Rad/s] 

ωC Angular velocity of part C [Rad/s] 

ωh Angular velocity of high speed rotor [Rad/s] 

ωi Angular velocity of iron segments [Rad/s] 

ωl Angular velocity of low speed rotor [Rad/s] 

ϕedge Integration angle for the radial integration [Rad] 

ρm Equivalent volume charge density [T] 

ϕm 
(in) Scalar potential of the magnet [A/m] 

ϕm 
(in) Scalar potential of the inside and outside air region [A/m] 
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ρA Active torque density [Nm/l] 

ρT Torque density of the total used gear volume [Nm/l] 

ρT Torque density of total gear box [Nm/l] 

A i
(k) Sinus Fourier coefficient for the volume charge dens. [-] 

B(in) Flux density field vector for the magnet material [T] 

B(k) Flux density field vector for in and outside air [T] 

Bi
(k) Cosine Fourier coefficient for the surface charge dens. [-] 

Br  Remanence flux density  [T] 

Ci Sinus Fourier coefficient for the volume charge dens. [-] 

dc  Duty cycle factor for segment distribution [-] 

D  Distance between centre of the magnetic wheels  [m] 

Di Cosine Fourier coefficient for the surface charge dens. [-] 

f() Optimisation object function [*] 

g Air gap thickness [m] 

gi() General inequality constrain optimisation function  [*] 

Gra Gearing relationship – configuration a) [-] 

Grb Gearing relationship – configuration b) [-] 

Grc Gearing relationship – configuration c) [-] 

H(in) Magnetic field vector for the magnet material [A/m] 

H(k) Magnetic field vector for in and outside air [A/m] 

hj() General equality constrain optimisation function  [*] 

HT Total height of gear box [m] 

I Counter for Fourier coefficients [-] 

j m Surface current density [A/m] 

k  Constant used in [1],[61] [-] 

kt  Temperature coefficient  [-] 

kt  Torsion spring coefficient  [Nm/Deg.] 

kred  Torque reduction factor   [-] 

L  Length/ depth of the active magnet [m] 

LT Total length of gear box [m] 

m Constant used in [1],[61] [-] 

m PM Mass of the permanent magnet material [kg] 

Mϕ Tangential component of the magnetisation vector field [A/m] 



119 
 

Mϕi Tangential Fourier coefficients for the magnetisation [-] 

Md  Magnetisation of drive magnet  [Am] 

Mr Radial component of the magnetisation vector field [A/m] 

Mri Radial Fourier coefficients for the magnetisation [-] 

M s Magnetisation vector field [A/m] 

Ms  Magnetisation of source magnet  [A/m] 

n1 Speed of the input shaft [RPM] 

ns Number of segments [-] 

Np Number of poles, for drive and source magnet [-] 

Npole2 Number of poles on second gear wheel [-] 

Npole2 Number of poles on first gear wheel [-] 

NpoleD  Number of poles for the drive magnet  [-] 

NpoleS  Number of poles for the source magnet  [-] 

Nr = Nt Integration parameter for the number of integrations [-] 

p Pole pairs [-] 

ph Pole pairs for high speed rotor [-] 

pl Pole pairs for low speed rotor [-] 

P Counter for pole number in the torque integration [-] 

PA Number of magnetic poles of part A [-] 

PC Number of magnetic poles of part C [-] 

Pi Solutions constant for the cosine terms of the matrix [-] 

Pin Input power of the magnetic gear [W] 

Pin Power input [W] 

Pm,k Number of pole pairs in space harmonic flux [-] 

POut Output power of the magnetic gear [W] 

Pout Power output [W] 

Qi Solutions constant for the cosine terms of the matrix [-] 

R Radius variable for both coordinate systems [m] 

R(q) Discrete radius integration variable  [m] 

R´ Radius in the source magnet coordinate system [m] 

R1 Inner radius of the magnet [m] 

R1d  Inner radius of the drive magnet  [m] 

R1s  Inner radius of the source magnet  [m] 
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R2 Outer radius of the magnet [m] 

R2d  Outer radius of the drive magnet  [m] 

R2s  Outer radius of the source magnet [m] 

Rg Gearing relationship [-] 

Rga) Nominal gearing relationship of configuration a) [-] 

Rgb) Nominal gearing relationship of configuration b) [-] 

Rgc) Nominal gearing relationship of configuration c) [-] 

Rk Boundary radius for magnetic material [m] 

ROut Outer radius for planetary gear [m] 

Sr(q) Simpson’s integration number  [-] 

T Calculated torque from the integrations [Nm] 

T : Permanent magnet temperature   [° C] 

T() Torque function for parallel magnetisation [Nm] 

T2N Maximum torque rated at input shaft speed [Nm] 

T2NX Maximum torque rated at another input shaft speed [Nm] 

TA Nominal torque on part A [Nm] 

TB Nominal torque on part B [Nm] 

TC Nominal torque on part C [Nm] 

Tcoeff : Temperature coefficient  [%T/K] 

Tcyc. Nominal torque from a cycloidal gear [Nm] 

TDens Torque density  [Nm/l] 

Tint. Nominal torque from a internal spur gear [Nm] 

TMass Calculated stall torque per permanent magnet mass [Nm/kg] 

Tmax Maximal torque of the magnetic gear [Nm] 

Tmax Maximal torque performance  [Nm] 

TNom Nominal torque performance [Nm] 

Tr Torque contribution from the radial integrations [Nm] 

TStall Torque at stall position [Nm] 

Tt1 Torque contribution from the inner tangential integral. [Nm] 

Tt2 Torque contribution from the outer tangential integral. [Nm] 

Ui
(in) Fourier coefficients for the magnet (cosines terms) [-] 

Ui
(k) Fourier coefficients for the air region (cosines terms) [-] 

V Volume of the two gear wheels [m3] 
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VA Volume of the active magnetic material [m3] 

VA Volume of active magnet material  [m3] 

V i
(in) Fourier coefficients for the magnet (sinus terms) [-] 

V i
(k) Fourier coefficients for the air (sinus terms) [-] 

VT Outside volume of the magnetic gear [m3] 

VT Total gear box volume [m3] 

WT Total wide of gear box [m] 

x1 Outer yoke thickness [m] 

x2 Low speed magnet thickness [m] 

x3 Segment thickness including air gaps [m] 

x4 High speed magnet thickness [m] 

x5 Inner yoke thickness [m] 

[*] represent different unity values. [-] represent a numerical number. 

Table 19 Nomenclature list. 
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