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Abstract

When predicting the vibrational behavior of structures several different approaches can
be used. One approach is to use differential analysis and the wave equation. This how-
ever, can be rather cumbersome and computationally demanding. Another approach is
to consider the modal density and the statistical distribution of energies in the structure.
This latter approach will be the main topic of the present thesis.

Rib reinforced plates are often used in lightweight building structures, vehicles, ships,
aircrafts and so forth. In lightweight building elements the materials may be different
kinds of wood, or perhaps wooden plates on steel frames, whereas constructions like ve-
hicles, ships and aircrafts would more likely be made from some kind of metal or fiber
material. What these otherwise different structures have in common, is that the reinforc-
ing ribs are very often periodically spaced.

Existing simplified prediction tools, such as Statistical Energy Analysis (SEA) are not
always suitable for these kinds of constructions, as for instance standard SEA is based on
diffuse field assumptions, which do not apply to rib reinforced plates.

In order to adapt SEA theory to spatially periodic structures, the modal density of
such structures need to be investigated. It the present thesis a modal model of a rib rein-
forced plate is presented and the modal density is investigated. The model is introduced
by Chung [3] and is based on Hamilton’s Principle by considering the kinetic and elas-
tic potential energies in bending plates and beams. The model, which is made ready for
parallel computing, is implemented in MATLAB.

It is shown that the modes of a spatially periodic ribbed plate can be divided into
two groups; one showing periodic behavior in terms of pass bands and stop bands, and
another that does not show such behavior. It is demonstrated that the rotational mass
moment of inertia and the rotational stiffness are important to the pass band/stop band
behavior. Further, simulations showing that the frequencies of the pass bands are deter-
mined primarily by the distance between the beams are performed. The period of the
modal density of the perpendicular modes is seen to be proportional to kl .

The hope is that the implemented model and the findings regarding the grouping
of modes may help the process of developing an SEA based prediction tool for spatially
periodic constructions.
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Preface

About the thesis

The present Master’s thesis is the culmination of two years studying M.Sc. Engineering
Acoustics at the Technical University of Denmark, Department of Electrical Engineering,
Acoustic Technology. The work is submitted as partial fulfillment of the requirements for
the Master of Science degree, and has been carried out between February 9th and August
7th 2009.

The prerequisites for reading this thesis is a basic knowledge withing the area of sound
and vibration, as well as some theory on acoustics in general. Further, as the present work
involves quite a bit of math, the reader should be acquainted with the topics of linear al-
gebra, partial differential equations and complex analysis. I have made use of references
[11], [1], and [35] to refresh my memory, but any basic mathematical textbook on each of
these subjects should do.

During the development of the work at hand, many hours, days, and sometimes even
weeks, have been spent working out mathematical details and optimizing MATLAB algo-
rithms. Furthermore, it has been necessary to study several principles within both math
and physics, as it is crucial to understand how tools work before they are applied.

It is my goal to convey the knowledge, that I have gained during my thesis studies, in
such a way, that it will be understandable – though at times perhaps challenging – for my
fellow students at the acoustics department.

Before getting started I was told, that one might want to use a quote of some famous
person in the introductory material of a thesis. But, in the often frustrating process of
writing, all that I could think of, was a quote of Kurt Cobain (Nirvana - Very Ape on the
1993 album In Utero):

If you ever need anything please don’t hesitate to ask someone else first.

However, looking back at the past six months, it has been a lot of work, but at the same
time, it has been both intriguing and a great relief to become immersed in the studies of
a single topic.

I hope, that other students will become interested in continuing the development of
an SEA model, as described in the present thesis. If so, they should not hesitate to contact
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me, regarding questions to my work. I would appreciate any kind of feedback, so please
feel free to send me an email at s071324@student.dtu.dk.
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CHAPTER

1
Introduction

When predicting the vibrational behavior of structures several different approaches can
be used. One approach is to use differential analysis and the wave equation. This how-
ever, can be rather cumbersome and computationally demanding. Another approach is
to consider the modal density and the statistical distribution of energies in the structure.
This latter approach will be the main topic of the present thesis.

Rib reinforced plates are often used in lightweight building structures, vehicles, ships,
aircrafts and so forth. In lightweight building elements the materials may be different
kinds of wood, or perhaps wooden plates on steel frames, whereas constructions like ve-
hicles, ships and aircrafts would more likely be made from some kind of metal or fiber
material. What these otherwise different structures have in common, is that the reinforc-
ing ribs are very often periodically spaced.

Existing simplified prediction tools, such as Statistical Energy Analysis (SEA), origi-
nally proposed by R.H. Lyon [21], are not always suitable for these kinds of constructions,
as for instance standard SEA is based on diffuse field assumptions, which do not apply
to rib reinforced plates. The reason for this being that a greater stiffness is introduced in
the direction parallel to the ribs, which makes the plate act more as an orthotropic sys-
tem (i.e., the system has different properties in two orthogonal directions) rather than an
isotropic one. Secondly, in the direction perpendicular to the ribs, the spatial periodicity
of the ribs introduce non-uniform distribution of the natural modes of the system, as it
is well-known, that spatial periodicity results in so-called pass bands where waves can
propagate, and stop bands where no wave propagation can occur. Further, the spatial
attenuation of periodic structures is highly directional, as demonstrated by Sjökvist [33].

Adapting SEA to ribbed structures, however, is outside the scope of the present thesis.
Our focus will be introducing and implementing a modal model, that can later be used
to investigate the modal densities needed for SEA adaptation.

1.1 Goal

The main goal of the work carried out during this project is, to introduce and implement
a modal model describing the behavior of a simple ribbed structure. The model will be
using the theory of thin plates and slender beams and is based on Hamilton’s Principle,
which will be introduced later.
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Chapter 1. Introduction

Speaking in terms of numerically investigating the properties of a system, a theoreti-
cal model is rather useless if it is not practical to implement in a computer. Thus, a basic
requirement of success is, that the model can be used on an ordinary desktop computer,
without requiring weeks of CPU time. As we will be dealing with matrices literally having
billions of entries, this is not a trivial task.

In the present thesis a modal model is implemented such that the criterions de-
scribed above are fulfilled. Further, the steps and theory behind the model are explained,
so that other students interested in continuing the work on adapting SEA to ribbed struc-
tures need not go through several months of investigating for instance the calculus of
variations, complex analysis and linear algebra, as applied in the work at hand.

1.2 General notation

When studying literature within acoustics and structural dynamics, many different (more
or less consistent) notations are encountered. To avoid confusion, we wish to make a few
initial remarks regarding the use of notation in the present thesis. A list of symbols can
be found in the back on page 125.

Remark 1.1 (Conventions). In this thesis, the following conventions are applied (ex-
ceptions are explicitly noted in the respective sections):

• Non-bold italic describes a scalar or a real-valued function

• Regular boldface describes a matrix or a vector, where uppercase letters represent
matrices and lowercases are vectors. Exceptions do occur when using greek letters
and reshaping of vectors into matrices in chapters 5 and 6.

• A tilde is used for complex quantities. Excepted are the complex coefficients oc-
curring in Fourier series as well as Young’s moduli and other parameters becom-
ing complex because of added damping.

• Time and spatial averaging are denoted by and 〈 〉, respectively.

• Differentiation with respect to time is indicated by Newton’s notation (a dot):

ẋ(t ) = d

dt
x(t ). (1.1)

• Spatial differentiation will be written explicitly as we are dealing with more than
one spatial dimension.

• When making use of orthogonality a ⊥ will be placed above the equals sign.

• An asterisk is used to denote the complex conjugate.

• T is used for the transpose of matrices and vectors.
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References and citations

1.2.1 References and citations

Equations are numbered subsequently within each chapter, and are referred to using
parenthesis. Citations and references to other peoples work are given using square brack-
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Proofs and techniques that are not referenced to specific sources are either considered
general knowledge or, especially in chapter 6, derived in the process of writing this the-
sis. All figures are made from scratch. If based on similar figures from other sources it will
be stated in the caption (’Redrawn from [ref]’). Excepted are figures in appendix A.

5





CHAPTER

2
The basics

In the following chapter, a short introduction to the basic principles behind structural
analysis and acoustics will be given. It is assumed that the reader – to some extend – is
familiar with these principles. Further reading can be found in most textbooks within
acoustics and/or sound and vibration, such as references [13], [15] or [10].

2.1 Fundamental elements of vibration

We start by introducing the fundamental idealized mechanical elements; the mass, the
spring, and the damper, following Hixson [12]. By using the term idealized we imply
that the real-world properties of masses, springs and dampers may not be exactly as de-
scribed in the following. For instance, we assume a spring to be massless, a mass to be
non-deformable and the resistance of a damper to be perfectly proportional the velocity.
Neither of these assumptions will be completely true in a real-world situation. However,
they are good approximations when describing systems by their mechanical configura-
tions.

In the following we list the fundamental equations of these elements, but we will
not treat the elementary mechanical properties in further detail, as the only part in the
present thesis, where we think in terms of masses, springs, and dampers is when vali-
dating our MATLAB implementation by looking at the phase of the point mobility in our
model.

We make use of the fact that for a linear system, differentiation and integration with
respect to time corresponds to multiplying and dividing by iω respectively. Linearity and
complex exponential notation will be explained in sections 2.2 and 2.3.

2.1.1 Impedance and mobility

We define the mechanical impedance to be the complex ratio between the driving force
and the response velocity. We often express it as a function of the angular frequency:

Z̃ (ω) = F̃ eiωt

ṽeiωt
, (2.1)

where F̃ is the complex driving force and ṽ is the complex velocity.

7



Chapter 2. The basics

Figure 2.1: A viscously damped forced resonator on the left. On the right the forces acting on the
mass are depicted. The forces of the spring and the damper act opposite the external
force applied to the system. When dominated by the mass, the point mobility of a
system will have a 90◦ phase lag, whereas for a spring dominated system it will have a
90◦ lead. When dominated by the damping, the phase of the point mobility is zero. We
use the terms mass-like, spring-like, and damping controlled.

The reciprocal of the impedance is called the mobility:

Ỹ (ω) = ṽeiωt

F̃ eiωt
. (2.2)

The magnitude of mobility can be thought of as a measure of how much force is needed
to obtain a certain vibration level of a given structure; that is, a high mobility implies that
the structure is easy to move at the given frequency.

In figure 2.1 a viscously damped forced resonator is shown. The system depicted in-
cludes both mass, spring and damper. Before deriving the mobilities of each, we need to
introduce Newton’s Laws of Motion and Hooke’s Law of Elasticity.

Theorem 2.1 (Newton’s Laws of Motion). Newton’s three laws of motion states:

• The velocity of a moving body remains constant unless an external force is exerted
on it.

• The acceleration of a body is directly proportional to the resulting force acting on
it. The constant of proportionality is the mass of the body.

• Every action has an equal and opposite reaction.

The above laws can be found in most books dealing with motion of mechanical systems.
See for instance Young and Freedman [41].

Newton’s Laws are the foundations of the topic of classical mechanics, which is why the
term Newtonian mechanics is often used to describe this branch of physics.

Theorem 2.2 (Hooke’s Law of Elasticity). The simplest form of Hooke’s Law of Elastic-
ity is the spring equation. It states that the force exerted by the string is directly propor-
tional to the displacement (compression or elongation) of the string [41]. The direction

8



Masses

of the spring force is opposite that of the displacement.

Fs =−sx, (2.3)

where Fs is the force exerted by the string, s is the spring constant, and x is the displace-
ment.

Now that we are familiar with the governing principles of motion, we can describe the
behavior of the fundamental elements of vibration.

2.1.1.1 Masses

As we are assuming both springs and dampers to be massless, the total mass of the system
shown in figure 2.1 is equal to the mass of the rigid body. By Newton’s second law we get

Fres(t ) = mv̇(t ) = iωmv(t ), (2.4)

where m is the mass and the dot denotes differentiation with respect to time. The mobil-
ity of a mass can also be derived from Newton’s second law:

Ym(ω) = 1

iωm
. (2.5)

Thus, if a system is dominated by a mass, the frequency response will show a 90◦ phase
lag.

2.1.1.2 Springs

Similarly we can apply Hooke’s law for the spring and obtain:

Fs(t ) = sv(t )

iω
, (2.6)

where s is the spring constant. By rearranging we find the mobility:

Ys(ω) = iω

s
, (2.7)

which tells us that the phase of the velocity of a spring is leading the force by 90◦.

2.1.1.3 Dampers

Finally, by definition the viscous damper is a device for which the applied force is directly
proportional to the relative velocity between the end points. That is,

Fr (t ) = r v(t ), (2.8)

where r is the damping constant of a viscous damper. The mobility is:

Yr (ω) = 1

r
. (2.9)

Thus for a system of pure damping, the applied force is in phase with the vibration veloc-
ity.

9



Chapter 2. The basics

2.1.2 Equation of motion

Knowing the forces related to masses, springs and dampers, we can express the equation
of motion of a viscously damped forced resonator, such as the one shown in figure 2.1.
Keep in mind that the resultant force equals the sum of force components, and therefore
we have the following expression for the applied force:

F (t ) = Fres(t )−Fr (t )−Fs(t ) = v(t )

(
iωm + r + 1

iω
s

)
, (2.10)

where F is the applied force. From the above equation, we see that at lower frequen-
cies the spring part is dominating, whereas at high frequencies the mass is dominating.
Further introduction to simple mechanics can be found in Ohlrich [29].

In the next two sections we provide a brief description of linearity, and a more de-
tailed introduction to the complex exponential notation.

2.2 Linear acoustics

In acoustics and structural vibration it is often assumed that the system behaves in a
linear way; that is, the principle of superposition applies:

Theorem 2.3 (Principle of superposition). Quoting Hixson [12] we get the following
theorem of superposition:

If a mechanical system of linear bilateral elements includes more than one
vibration source, the force or velocity response at a point in the system
can be determined by adding the response to each source, taken one at a
time (the other sources supplying no energy but replaced by their internal
impedances).

Here, Hixson defines i linear bilateral element to be one, for which

• the magnitude of the basic elements (mass, spring and damper) are constant and
do not depend on the amplitude of the motion of the system

• forces are transmitted equally well in either direction.

Both these assumptions are applied in the present thesis.

In simple terms this implies that if a system is described by the function f (x), then

f (x1 +x2) = f (x1)+ f (x2) , f (ax) = a f (x) . (2.11)

Further, the principle of superposition is an important assumption in solving partial dif-
ferential equations, as it implies that any linear combination of solutions to the governing
differential equation of the system is in itself a solution, see Courant and Hilbert [8]. In
modal analysis we make use of linearity to divide the system into a frequency part with
time dependence and a mode shape depending only on position, as we shall see later on.

10



Complex notation

2.3 Complex notation

In the present thesis we make use of polar representation of complex numbers, based on
Euler’s formula:

Theorem 2.4 (Euler). For any real number x the following identity is true:

ei x = cos x + i sin x, (2.12)

where e is the base of the natural logarithm, and i is the imaginary unit. The above
relation between the complex exponential and the trigonometric functions (sin and cos)
can be extended into the complex domain such that:

ei z̃ = cos z̃ + i sin z̃, (2.13)

where z̃ is any complex number. See Kusse and Westwig [16].

Figure 2.2 illustrates how to think of harmonic signals in terms of phasors. In the figure,
Ã represents a complex amplitude having length A and initial phase angle ϕ. When mul-
tiplied by the time varying phasor eiω0t it represents time harmonic motion with angular
speed ω0. The magnitude of the complex amplitude is referred to simply as the ampli-
tude.

Figure 2.2: The complex plane. Ã represents a complex amplitude having length A and ini-
tial phase angle ϕ. When multiplied by the time varying phasor eiω0t it represents
time harmonic motion with angular speed ω0. When using the complex exponential
method, care must be taken to obtain the real part when seeking the correct physical
equation. Redrawn from Kinsler et al. [15]

Using the complex exponential notation turns out to be very convenient when con-
sidering time harmonic motion. Multiplication of two complex numbers is easy as

A1eiϕ1 A2eiϕ2 = A1 A2ei(ϕ1+ϕ2), (2.14)

11



Chapter 2. The basics

and similarly with division:

A1eiϕ1

A2eiϕ2
= A1

A2
ei(ϕ1−ϕ2). (2.15)

Finally, the sum of two harmonic signals having the same frequency becomes a harmonic
signal (keeping the frequency) with an amplitude equal to the magnitude of the sum of
complex amplitudes:

Ã1eiω0t + Ã2eiω0t = (
Ã1 + Ã2

)
eiω0t . (2.16)

Differentiation and integration of time harmonic signals are easily carried out when using
the complex exponential notation:

d

dt
eiω0t = iω0eiω0t , (2.17)

and ∫
eiω0t dt = 1

iω0
eiω0t +C . (2.18)

Thus, differentiation with respect to time is merely a matter of multiplying by iω0, while
integration is dividing by iω0.

The only catch of using the complex exponential method is, that special care must
be taken to obtain the real part when seeking the correct physical equation. That is, if
we represent a vibrational displacement by a complex exponential, then the physical dis-
placement equals the real part of the complex expression:

w(t ) = Re
{

w̃eiω0t }= |w̃ |cos
(
ϕ+ω0t

)
, (2.19)

where w(t ) is the displacement function, w̃ = |w̃ |eiϕ is the complex amplitude, and eiω0t

is the time harmonic frequency part.
The magnitude can conveniently be expressed by introducing the complex conjugate.

if Ã = Ar + i Ai then Ã∗ = Ar − i Ai ⇒ Ã Ã∗ = A2
r + A2

i , (2.20)

where the asterisk denotes the complex conjugate. Thus,
∣∣Ã

∣∣2 = A A∗ = A∗A by the theo-
rem of Pythagoras.

2.4 The Dirac delta function

Later in the present thesis, we will be modelling beams of a ribbed plate as discrete dis-
turbances. In the model, the effect of the beams will be introduced simply along lines at
certain positions. Further, we will be using point excitation. For this we need to introduce
the Dirac delta function. Strictly speaking, the Dirac delta function is not a function, but
rather a distribution or a generalized function; that is, it cannot be defined pointwise, but
is instead defined by the value of its integral against other functions. Without going into
different mathematical aspects and definitions of the Dirac delta function, we define it as
follows:
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Vibration level

Definition 2.5 (The Dirac delta function). Let f (x) be a continuous function on the in-
terval (−∞,∞). The Dirac delta function about zero, δ0, is defined as the generalized
function fulfilling ∫ ∞

−∞
f (x)δ0(x) = f (0). (2.21)

Thus, ∫ b

a
f (x)δ0(x −x0) =

{
f (x0) if a < x0 < b,

0 otherwise.
(2.22)

The derivative of the Dirac delta function is defined as:

Definition 2.6 (Derivative of the Dirac delta function). The derivative of the Dirac
delta function has the following property:∫ ∞

−∞
f (x)δ′0(x) =−

∫ ∞

−∞
f ′(x)δ0(x) =− f ′(0), (2.23)

where the prime denotes the derivative.

2.5 Vibration level

As often within sound and vibration, we will express the vibration by the vibrational ve-
locity. The vibration velocity level is calculated from the displacement as follows:

Lv = 10log

(
|iωw |2

2v2
ref

)
, (2.24)

where vref = 10−9 m/s is the reference velocity and the division by two is to obtain the root
mean square value. Throughout this thesis log(·) refers to the logarithm to the base 10.
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CHAPTER

3
Plate analysis

Bending waves are the dominant wave type in terms of sound radiation from plates, as
they give rise to significant displacement of the plate in the normal direction to the sur-
face, giving rise to sound waves propagating away from the plate, see Mørkholt [25].

In the following section the general theory of bending waves (also known as flexu-
ral waves) in plates is described. Time harmonic motion and thin plates are assumed
throughout the thesis. We define a plate as follows:

Definition 3.1 (Plate). The term plate refers to a homogeneous (isotropic) elastic con-
tinuum, bounded by two parallel planes [9]. The adjective thin is used when it is as-
sumed that the wavelength is much larger than the thickness of the plate.

We usually denote the thickness of the plate h and place it in a Cartesian coordinate sys-
tem such that the plate is located in the (x, y)-plane with the two bounding planes at
z = ±h/2 respectively. In chapter 5 we model the plate as a surface with no height, but
described in terms of mass per unit area and bending stiffness per unit width.

Figure 3.1: We use the convention of plates located in the (x, y) plane of a Cartesian coordinate
system.

3.1 Bending waves in thin plates

Throughout this thesis, plates are assumed to be isotropic (i.e. having equal properties in
all directions) unless otherwise is clearly stated. When the properties of a plate differs in
two orthogonal directions, the plate is termed orthotropic. This may be the case with for
instance plates of laminated wood. By adding stiffeners to an isotropic plate, the bending
stiffness of the system changes. In the case of periodically spaced stiffeners the system
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Chapter 3. Plate analysis

will behave as an orthotropic plate whenever the wavelength in the plate is considerably
larger than the stiffener separation distance, see Mace [22]. In the present section we
will look at the governing differential equations of bending waves in plates. The theory
is based on Szilard [36], and we start by listing the assumptions used in the following
(quoting [36]):

• The material is homogeneous, isotropic and linear elastic; that is, it follows Hooke’s
law.

• The plate is initially flat.

• The middle surface of the plate remains unstrained during bending.

• The constant thickness of the plate, h, is small compared to its other dimensions;
that is, the smallest lateral dimension of the plate is at least 10 times larger than its
thickness.

• The transverse deflections w(x, t ) are small compared to the plate thickness. A
maximum deflection of one-tenth of the thickness is considered the limit of the
small-deflection theory.

• Slopes of the deflected middle surface are small compared to unity.

• Sections taken normal to the middle surface before deformation remain plane and
normal to the deflected middle surface. Consequently shear deformations are ne-
glected.

• The normal stress σz in the direction transverse to the plate surface can be ne-
glected.

We will not derive the plate equation, but such derivation can be found in [36]. The gov-
erning differential equation of bending waves in a thin plate excited by an external pres-
sure distribution normal to the surface is:

B ′
p

(
∂4w

∂x4 +2
∂4w

∂x2 y2 + ∂4w

∂y4

)
+m′′

p ẅ = p, (3.1)

where B ′
p is the bending stiffness per unit width, w = w(x, y, t ) is the transverse displace-

ment of the plate and p = p(x, y, t ) is the external excitation, see Ohlrich [30]. Note that a
plate is by definition 3.1 assumed to be homogeneous.

The bending stiffness per unit width (sometimes referred to as the flexural rigidity)
can be calculated from the material properties; that is, Young’s Modulus (E), the thickness
(h) and the Poisson ratio (ν) [30].

B ′
p =

Ep h3
p

12
(
1−ν2

) . (3.2)

Equation (3.1) can be written using the Laplacian operator (in two dimensions) by
recognizing the following definitions: First, we define the del operator:
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Bending waves in thin plates

Definition 3.2 (Del operator). Using Cartesian coordinates in three dimensions, the
del operator is defined as:

∇=
(
∂

∂x
,
∂

∂y
,
∂

∂z

)
. (3.3)

When applied to a scalar field, the del operator is called the gradient. When applied to
a vector field it is called the divergence.

We can then define the Laplacian operator as:

Definition 3.3 (Laplacian in Cartesian coordinates).

∆=∇·∇=
(
∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2

)
. (3.4)

From this we can express equation (3.1) simply as

B ′
p∇4w +m′′

p ẅ = p, (3.5)

where ∇ is the two-dimensional (Cartesian) del operator and the biharmonic operator is
defined as:

∇4 =∆ ·∆. (3.6)

By introducing the structural wavenumber for bending waves and assuming time har-
monic motion, the bending wave equation can be expressed as in terms of complex am-
plitudes:

∇4w̃ −k4
b,p w̃ = p̃

B ′
p

, (3.7)

where w̃ = w̃(x, y) and p̃ = p̃(x, y) are the complex amplitudes such that

w(x, y, t ) = Re
{

w̃(x, y)eiωt } , p(x, y, t ) = Re
{

p̃(x, y)eiωt } . (3.8)

The structural wavenumber for bending waves is defined by:

k4
b,p = ω2ρhp

B ′
p

=
ω2m′′

p

B ′
p

, (3.9)

where the subscript p indicates that we are dealing with a plate (as later on we will be con-
sidering both beams and plate at the same time, hence the need for a subscript). From
the wavenumber we can determine the bending wave speed, see Mørkholt [25]:

cb = ω

kb
, (3.10)

and thus for a rectangular plate we have:

cb,p = 4

√√√√ω2
B ′

p

m′′
p

. (3.11)
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Chapter 3. Plate analysis

3.1.1 Modal density

The modal density of a plate; that is, the number of modes per frequency, is found to be
constant if disregarding the range of the lowest natural frequencies. From Ohlrich [30]
we have:

∆N

∆ f
=

Sm′′
p

2
√

B ′
p m′′

p

, (3.12)

where N is the number of modes, f is the frequency, and S is the plate area.

3.2 Bending waves in beams

Bending waves in beams are just like those of plates, except missing one dimension. In-
stead of thin we use the adjective slender when discussing beams.

3.2.1 Material properties of beams

The bending stiffness of a beam is defined as:

Bb = Eb I , (3.13)

where I is the second area moment of inertia

I = Iy =
∫

z2 dS, (3.14)

where z is the distance to the y-axis and S is the area. It is understood that it is the area
moment of inertia about the (vertically centered) y-axis as depicted in figure 3.2. For a
beam with rectangular cross section, the area moment of inertia is:

I = bh3

12
, (3.15)

where b is the width and h is the height [30].

Figure 3.2: The second moment of area, or the area moment of inertia, here calculated of a beam
about the y-axis.

If we assume pure bending and time harmonic motion, and denote the transverse
deflection of a beam by

wb(x, t ) = Re
{

w̃b(x)eiωt } , (3.16)
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A Fourier sine series solution

then the homogeneous bending wave equation for the beam can be expressed as

Bb
∂4wb

∂x4 +m′
b ẅb = 0, (3.17)

which we rewrite using the complex displacement amplitude and the bending wavenum-
ber we obtain a fourth order homogeneous ordinary differential equation:

dw̃b

dx4 −k4
b,b w̃b = 0, (3.18)

where the bending wavenumber is similar to the case of plates

k4
b,b = ω2m′

b

Bb
. (3.19)

To keep plates and beams apart we use the extra subscript b to indicate that we are deal-
ing with beams.

3.2.2 A Fourier sine series solution

Using the general solution of a n-th order linear homogeneous ordinary differential equa-
tion (with constant coefficients) we have the characteristic equation

λ4 = k4
b,b , (3.20)

with roots

λ=±kb,b ,±ikb,b . (3.21)

Thus, the general solution to equation (3.18) is:

w̃b = c1ekb,b x + c2e−kb,b x +d1 cos
(
kb,b x

)+d2 sin
(
kb,b x

)
, (3.22)

where the coefficients may include both real and imaginary terms, see Asmar [1]. To
determine the coefficients, we need boundary conditions. Throughout this thesis we are
assuming simply supported boundaries.

3.2.2.1 Applying the boundary conditions

The boundary conditions for a simply supported beam of length lx are:

w̃b(0) = w̃b(lx ) = 0 (3.23)

d2w̃b

dx2

∣∣∣∣
x=0

= d2w̃b

dx2

∣∣∣∣
x=lx

= 0. (3.24)

Applying the boundary conditions to the general solution (3.22) gives:

w̃b(0) = 0 ⇒ c1 + c2 +d1 = 0, (3.25)

w̃b(lx ) = 0 ⇒ c1ekb,b lx + c2e−kb,b lx

+d1 cos
(
kb,blx

)+d2 sin
(
kb,blx

)= 0, (3.26)
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Chapter 3. Plate analysis

and

d2w̃b

dx2

∣∣∣∣
x=0

= 0 ⇒ c1 + c2 −d1 = 0, (3.27)

d2w̃b

dx2

∣∣∣∣
x=lx

= 0 ⇒ c1ekb,b lx + c2e−kb,b lx

−d1 cos
(
kb,blx

)−d2 sin
(
kb,blx

)= 0, (3.28)

where we make use of the fact that k2
b,b 6= 0. Combining equations (3.25) and (3.27) gives

d1 = 0 and c2 =−c1. (3.29)

Thus (3.26) and (3.28) become

2c1 sinh
(
kb,blx

)+d2 sin
(
kb,blx

)= 0, (3.30)

2c1 sinh
(
kb,blx

)−d2 sin
(
kb,blx

)= 0. (3.31)

If d2 = 0 that would force c1 = 0 (the trivial solution) as sinh(x) 6= 0 for x 6= 0. Thus we may
assume that d2 6= 0. This implies that

sin
(
kb,blx

)= 0 ⇒ kb,b = mπ

lx
, m = 1,2,3, . . . , (3.32)

and thus that

c1 = 0. (3.33)

By the principle of superposition we can now express w̃b using the convergent infinite
series [8]:

w̃b(x) =
∞∑

m=1
cm sin

(
mπx

lx

)
. (3.34)

Such a series is known as a half-range expansion or a Fourier sine series expansion. In a
similar manner a double expansion may be used to describe the solution to the homoge-
neous plate equation:

w̃(x, y) =
∞∑

m,n=1
cmn sin

(
mπx

lx

)
sin

(
nπx

ly

)
, (3.35)

where w̃(x, y) is the complex amplitude of the transverse plate deflection.

3.3 Normal modes of vibration

We now move on to the topic of modal analysis. Modal analysis means describing a struc-
ture by modal parameters, namely the natural frequencies and corresponding mode-
shapes, along with damping properties of the structure. The following introduction to
modal analysis is based on Rossing [31], Cremer et al. [9], and Ohlrich [30]. We only deal
with the mathematical methods of modal analysis, in contrary to experimental determi-
nation of the properties of a given structure. In the mathematical approach, the idea is to
describe the modal properties of a combined structure by considering simple elements
such as beams and plates, for which the modal properties are known. Then, the laws
of physics are used to couple these simple elements together in order to obtain a modal
model of the combined structure. Often, as in the present thesis, a solution will be found
using numerical methods as an exact analytic solution to the problem is not possible to
obtain.
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Natural frequencies and mode shapes

Figure 3.3: Mode shape of a simply supported plate

3.3.1 Natural frequencies and mode shapes

As we saw in the previous section, the homogeneous partial differential equation of a
beam (or a plate) has a frequency dependant solution. The frequencies that correspond
to the general solutions of the homogeneous governing wave equation are called the nat-
ural frequencies or eigenfrequencies of a system. In the case of a simply supported beam
these solutions are on the form (3.32). The corresponding solutions are called mode
shapes or eigenfunctions. If ωn is a natural frequency of a system we say that the system
has normal mode at ωn . Figure 3.3 shows a mode shape of a finite thin plate simply sup-
ported along all four of its edges. Usually the modes are numbered by the indeces, m and
n; that is, the mode shape in figure 3.3 corresponds to the mode (3,3). By the term normal
it is implied that the modes are orthogonal, and thus by linearity any forced vibration re-
sponse of the system can be described as a linear combination of normal modes (as there
are infinitely many normal modes). The concept of orthogonality will be introduced in
the following.

3.3.1.1 Orthogonality

To define orthogonality, we must first introduce the concept of an inner product of two
functions:

Definition 3.4 (Inner product). Let f and g be real-valued functions defind on the in-
terval (a,b). The inner product of f and g is defined as

〈 f , g 〉 =
∫ b

a
f (x)g (x)dx. (3.36)

From Asmar [1].

Then, we define orthogonality as follows:

Definition 3.5 (Orthogonality). We say that two functions, f and g are orthogonal if

〈 f , g 〉 = 0. (3.37)

A sequence of functions is orthogonal if

〈ϕm ,ϕn〉 =Λnδm,n , (3.38)

whereΛn = 〈ϕn ,ϕn〉 is the squared norm of ϕn and δm,n is the Kronecker delta:

δi , j =
{

1 for i = j

0 otherwise.
(3.39)
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Chapter 3. Plate analysis

If the norm of each function, ϕm in the sequence is unity, the set of functions is called
an orthonormal set.

In the following we shall explain the orthogonality of arbitrary mode shapes.

3.3.1.2 Natural frequencies of complex shapes

Not only ’simple’ structures as those described in the previous section exhibit natural
frequencies. According to Cremer et al. [9] structures of arbitrary shape have infinite se-
quences of natural frequencies. However, unlike the plate and beam described above,
the distribution of these natural frequencies may be considerably more irregular, as they
are rarely integral multiples of a fundamental frequency, as in the case of the simply sup-
ported beam.

At first sight it may seem problematic, as the key feature of mode shapes is the orthog-
onality used to describe any vibration response as a linear combination of mode shapes.
However, the orthogonality of mode shapes still holds, even for complex shapes. Follow-
ing Cremer et al. [9] we consider the kinetic energy of a structure excited such that it is
vibrating precisely at modes with mode shapes ϕn(x, y) and ϕm(x, y) respectively.

Kn = 1

2

∫
S

v2
nm′′ϕ2

n(x, y)dx dy, (3.40)

and likewise

Km = 1

2

∫
S

v2
mm′′ϕ2

m(x, y)dx dy, (3.41)

whereK is the kinetic energy, S is the surface of the structure, v is the velocity amplitude
corresponding to the mode shape, and m′′ is the mass per unit area. Now, we excite the
structure at both these modes simultaneously, keeping the excitation exactly as when
exciting the modes one by one. Thus, by linearity and conservation of energy, the total
kinetic energy equals the sum of (3.40) and (3.41).

1

2

∫
S

m′′ (vnϕm(x, y)+ vmϕm(x, y)
)2 dx dy (3.42)

= 1

2

∫
S

v2
nm′′ϕ2

n(x, y)dx dy + 1

2

∫
S

v2
mm′′ϕ2

m(x, y)dx dy. (3.43)

We conclude that this can only be true if the cross term disappears; that is, if∫
S

m′′ϕm(x, y)ϕn(x, y)dx dy = 0, for m 6= n. (3.44)

If the system has a uniform mass distribution the term m′′ can be removed from the equa-
tion to simplify it even further.

3.3.2 Damping

Strictly speaking, the normal modes of vibration are only solutions to undamped systems,
and thus they may prove to be imprecise for highly damped systems. However, in cases
where the damping is proportional to either the structural stiffness of the system or to
its mass distribution, the normal modes of vibration provide exact solutions according
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Modal density

to Rossing [31]. In these cases the structure is said to be proportionally damped, and
the damping matrix can be described as a linear combination of the mass and stiffness
matrices.

In the present thesis, we will not be dealing with damping matrices, but instead we
will be using complex mode shapes. The damping is introduced by applying an imagi-
nary part to the Young’s modulus, following Ohlrich [30]. We assume the complex Young’s
modulus to be constant; that is the complex part representing the damping is assumed
to be independent of frequency.

3.3.3 Modal density

As will be explained in chapter 7, the modal density is an important parameter in SEA.
Throughout this text, the modal density is denoted ∆N /∆ f with N being the number of
modes and ∆ f being the bandwidth. Thus, the modal density is simply calculated by
counting the number of modes occurring within a given frequency band and dividing by
the bandwidth.

It is well known that for periodic structures, the modes are non-uniformly distributed;
they tend to group together in so-called pass bands where waves propagate, contrary to
the stop bands, where no wave propagation occurs. See Cremer et al. [9].
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CHAPTER

4
An introduction to Hamilton’s
Principle

In the following chapter, a brief introduction to the calculus of variations and Hamilton’s
Principle will be given. These techniques are deployed in the present thesis in the devel-
opment of a modal model describing the behavior of a ribbed plate. We will not provide
proofs of the validity of these principles and techniques, but such proofs can be found in
the referenced literature along with more detailed mathematical definitions.

4.1 Calculus of variations

Hamilton’s Principle is an extremely powerful tool based on energy relations of a system.
It is also known as The Principle of Least Action, and states that [17, ch. 5]:

Theorem 4.1 (Hamilton’s Principle). In any conservative field, the action, S , is statio-
nary, i.e.

δS = δ
∫ t2

t1

L= 0, (4.1)

where L is the Lagrangian describing the difference between the kinetic energy, K and
the potential energy,P .

L=K−P . (4.2)

The operator δ is called the first variation and will be introduced shortly.

Note that Hamilton’s Principle does not actually require the least action. It only states
that the action is stationary; that is, either a minimum, a maximum or a saddle point.

To understand the physical nature of the principle, we use the words of Morse and
Ingard [26, p. 197]:

Hamilton’s Principle of dynamics states, that the displacement of a system
adjusts itself in shape and velocity, such that the integral of this Lagrange
function over time, from some initial time t0 to a specified final time t1, is
minimal.
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Chapter 4. An introduction to Hamilton’s Principle

In order to apply Hamilton’s Principle, we need tools to find stationary values of an
integral of functions. Such tools can be found in most textbooks dealing with calculus
of variations. The following introduction is based on Tang [37], but references [17] and
[39] should be mentioned as well. In the following, and throughout this thesis in general,
things are assumed to be sufficiently smooth and differentiable where needed.

4.1.1 The δ operator

In mathematics a function can be thought of as a mapping that produces a unique output
(the dependant variable) to each argument (the independant variable) in its domain. A
mapping assigning a real value to each function within a given class of functions is called
a functional [2].

Localizing minima of functions is a widely used task within ordinary calculus. In
physics this task is often extended to minima of certain functionals:

I =
∫ x2

x1

F (y, y ′, x)dx, (4.3)

where F is a function of y(x), y ′(x) and x, determined by the physical nature of the prob-
lem at hand. The prime in this case denotes the derivative of y with respect to x.

As F is fixed by physics, the value of the definite integral can only be varied by varying
the curve y(x), and thus I is a functional of y(x). Our goal is to find a curve that minimizes
the integral of equation (4.3). The arguments carried out in the present section are mainly
based on [37, ch. 7].

Assume that y(x) minimizes (4.3). Then, any neighboring curve should have an inte-
gral value greater than or equal to that of y(x). Let ε be a very small value, and let γ(x) be
an arbitrary (smooth) function bounded by γ(x1) = γ(x2) = 0. The family of neighboring
curves having the same endpoints as y(x) can be expressed as:

Y (x) = y(x)+εγ(x). (4.4)

Figure 4.1: Variations of a curve. The solid line is the curve along which the integral is stationary,
the dotted lines are small variations from the solid path. Redrawn from [37, p. 368].

The difference between y(x) and its neighboring curves are called variations of y(x).
Such variations of a curve are shown in figure 4.1.

Now, the integral of a given member of the family of neighbouring curves can be writ-
ten using the parameter ε:

I (ε) =
∫ x2

x1

F (Y ,Y ′, x)dx, (4.5)
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Properties of the δ-operator

where I (0) by definition is the minimal integral as

Y (x)

∣∣∣∣
ε=0

= y(x). (4.6)

We then expand equation (4.5) using Taylor series about ε= 0.

I (ε) = I (0)+ dI

dε

∣∣∣∣
ε=0

ε+higher order terms, (4.7)

and observe that the variation of I due to the variation (4.4) is the difference between I (ε)
and I (0).

I (ε)− I (0) = dI

dε

∣∣∣∣
ε=0

ε+higher order terms. (4.8)

Note that the higher order terms become negligible as ε is very small. From this we define
the first variation of I and denote it δI :

δI = dI

dε

∣∣∣∣
ε=0

ε. (4.9)

As we require that I (ε) takes on a minimum for ε= 0 for any γ(x), we know that

dI

dε

∣∣∣∣
ε=0

= 0. (4.10)

This is a necessary but not sufficient condition of a minimum, but as we are only seeking
stationary values, it can be shown that such points can be identified by a vanishing first
variation.

Theorem 4.2 (Stationary values). The integral (4.3) has a stationary value when

δI = 0, (4.11)

that is, when its first variation vanishes.

4.1.1.1 Properties of the δ-operator

Lanczos [17] proves the following properties of the δ-operator:

Theorem 4.3 (Properties of the δ-operator). The variational operator has the follow-
ing properties regarding differentiation and integration:

• Variation and differentiation are permutable processes.

• Variation and integration are permutable processes.

From [17, p.57].

These properties are fundamental and will be used without further notice. Later on we
shall need the following theorem, also derived by Lanczos:
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Chapter 4. An introduction to Hamilton’s Principle

Theorem 4.4 (Stationary values of functions of multiple variables). A necessary and
sufficient condition that a function F of n variables shall have a stationary value at a
certain point P is that the n partial derivatives of F with respect to all n variables shall
vanish at that point P [17, p.40].

4.2 Euler-Lagrange principles

Consider the integral

S =
∫ t2

t1

F (x(t ), ẋ(t ), t ) dt . (4.12)

It can be proven that equation (4.12) is stationary whenever the Euler-Lagrange equation
is fulfilled, see e.g. [37]:

Theorem 4.5 (Euler-Lagrange). A necessary but not sufficient condition of a minimum
of S is

∂F

∂x
− d

dt

(
∂F

∂ẋ

)
= 0, (4.13)

where S is defined as in equation (4.12).

The Euler-Lagrange equations (plural in the case of several generalized coordinates in the
Lagrangian) are often referred to simply as the Lagrangian equations, and can be used to
derive differential equations of motion.

4.3 Hamilton’s Principle

Proving Hamilton’s Principle as stated in theorem 4.1 is outside the scope of this thesis,
but inspired by Tang [37] we will provide an example based on a simple harmonic oscil-
lator.

Consider a mass m and a spring with spring constant s. If no external force is applied
the relation between forces is

mẍ + sx = 0, (4.14)

as the spring acts opposite the direction of movement. We will now derive the same result
by applying Hamilton’s Principle.

Let the Lagrangian be the difference between kinetic and potential energy:

L(x, ẋ, t ) = 1

2
mẋ2 − 1

2
sx2, (4.15)

In order for the action integral to be stationary, the Euler-Lagrange equation must be
fulfilled:

∂L
∂x

− d

dt

(
∂L
∂ẋ

)
= mẍ + sx = 0, (4.16)

which we recognize as (4.14).
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4.3.1 Hamilton’s Principle for complex fields

Hamilton’s Principle is applicable only to purely real functionals, since it describes energy
relations which must be real. However, later in the present thesis, we shall describe the
motion of a structure using complex Fourier sine-series.

For this reason we will tailor a formulation of Hamilton’s Principle extending it to
work within complex fields, by defining a real valued Lagrangian from complex vari-
ables. The way we do so, is simply by recognizing that the Lagrangian of our system is
a quadratic functional:

L=L(w2, ẇ2), (4.17)

of real deflections,

w = w(x, y, t ) = Re
{

w̃(x, y)eiωt } . (4.18)

Let w̃ = wR + i w I , where wR and w I are real functions of x and y . Consider the squared
deflection:

w2 = (
Re

{
w̃(x, y)eiωt })2

(4.19)

= (wR cos(ωt )−w I sin(ωt ))2 (4.20)

= w2
R cos2(ωt )+w2

I sin2(ωt )−2wR w I cos(ωt )sin(ωt ). (4.21)

Now, the integral of the squared deflection over one period (of length T ) is:

I =
∫ T

0
w2 dt (4.22)

=
∫ T

0
w2

R cos2(ωt )+w2
I sin2(ωt )−2wR w I cos(ωt )sin(ωt )dt (4.23)

= w2
R

∫ T

0
cos2(ωt )dt +w2

I

∫ T

0
sin2(ωt )dt −2wR w I

∫ T

0
cos(ωt )sin(ωt )dt (4.24)

= T

2

(
w2

R +w2
I

)
(4.25)

= T

2
w̃ w̃∗, (4.26)

where w̃ is the complex deflection amplitude and the asterisk is the complex conjugate.
In the derivation that leads from (4.24) to (4.25) we made use of the following identities:∫

cos2(ωt )dt = t

2
+ 1

4ω
sin(2ωt )+C ,

∫
sin2(ωt )dt = t

2
− 1

4ω
sin(2ωt )+C , (4.27)

and

2
∫

cos(ωt )sin(ωt )dt = 1

ω
sin2(ωt ), (4.28)

which can be derived using integration by parts. In a similar manner to the derivation
(4.22)-(4.26) , we see that ∫ T

0
ẇ2 dt = T

2
ω2w̃ w̃∗. (4.29)

Thus, we can safely apply Hamilton’s Principle to our system.
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CHAPTER

5
A modal model

In the following chapter we implement a modal model, that will be used to calculate the
vibrational behavior of a thin plate supported by periodically spaced beams and exerted
to a harmonic point force excitation. First, the model is implemented as described by
Brunskog and Chung [3]. Later on we shall expand it by including twisting of the beams,
as done in a slightly different approach by Sjökvist, Brunskog, and Jacobsen [34]. The
implementation is based on Hamilton’s Principle, as described in chapter 4. The model is
used in references [4] and [5] as well. In references [6] and [7], Chung et al. use the same
basic principles, but without specifying what numerical methods are used to solve the
problem – in the latter of the two, different theoretical approaches of modelling wooden
joist floors are discussed.

A mentioned previously, we are assuming the system to be linear and simply sup-
ported along all plate edges and at beam ends. Further, we will be applying theory based
on the assumption of thin plates and slender beams. The pressure from the surrounding
air is neglected, and we are only considering bending wave motion.

5.1 The subject of investigation

Figure 5.1 shows a thin plate supported by equally spaced parallel beams. A rectangular
coordinate system is introduced having its origin at one of the corners of the plate, such
that the plate is located in the (x, y)-plane and the beams are parallel to the x-axis. When
at rest it is assumed that z = 0 anywhere on the surface of the plate.

In the model developed in the present thesis, we shall assume that the plate is simply
supported along all four edges, and that the beams are simply supported at both ends.
Further, we are assuming that the system is excited in the transverse direction by a time
harmonic point force, as depicted in figure 5.1. In the following, the plate has dimension
lx × ly [m2], and is supported by S beams.

5.2 Energy considerations

In the model we make use of Hamilton’s principle as introduced in chapter 4, to find the
displacement of the plate, by minimizing the total energy in the structure. The verti-
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Chapter 5. A modal model

Figure 5.1: A ribbed plate. Redrawn from [3]

cal displacement of the plate is denoted w(x, y, t ) and the displacement of the beams by
wb(x, j , t ), where j = 1,2, . . . ,S.

Following Brunskog and Chung [3], we consider the action integral over the time pe-
riod [0,T ]:

S =
∫ T

0
L (t ) dt (5.1)

=
∫ T

0
K (t )+W (t )−P (t ) , (5.2)

whereK is the kinetic energy,W is the work andP is the potential strain energy. Shames
and Dym [32] derive expressions for the involved energies of both plate and beams, and
it is seen that the kinetic energy depends on the squared time derivative of the displace-
ment, whereas the work depends on the product of the applied force and the displace-
ment. Finally, the potential energy depends on the squared displacement. This is based
on the principles of Hooke’s Law and Newtonian mechanics.

The plate is modelled simply as a surface and the beams as lines acting as discrete
disturbances.

Modelling potential and kinetic energies imposes no direct restriction to the move-
ment of neither beams nor plate. The movement of the plate is only restricted by the
(simple) support, but is affected by the energies in the beams, such that if torsional ener-
gies in the beams are neglected, this does not impose a restriction to the system. It does,
however, mean that there is no torsional coupling between the plate and the beams, and
therefore no torsional excitation of the beams (i.e. the beams move only in the vertical
direction). Thus, one must carefully consider which energies are needed in the model to
ensure sufficient accuracy for a given system.

5.2.1 Energy of the beams

From Shames and Dym [32] we get the kinetic and potential energies for a single beam.
Thus we describe the total energies of all the beams by introducing a summation:

Kb = m′
b

2

S∑
j=1

∫ lx

0
ẇ2

b dx, (5.3)
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Energy of the plate

and

Pb =
S∑

j=1

Bb

2

∫ lx

0

(
∂2wb

∂x2

)2

dx, (5.4)

where m′
b is the mass per unit length of the beams [kg/m], B is the bending stiffness

[Nm2] and wb is the transverse deflection.

5.2.2 Energy of the plate

Very similar to the expressions of the beams we have those of the plate [32]:

Kp =
m′′

p

2

∫ lx

0

∫ ly

0
ẇ2 dy dx, (5.5)

and

Pp =
B ′

p

2

∫ lx

0

∫ ly

0

(
(∇2w)2 +2(1−ν)

(
∂2w

∂x2

∂2w

∂y2 −
(
∂2w

∂x∂y

)2))
dy dx, (5.6)

where m′′
p is the mass per unit area [kg/m2], D is the flexural rigidity of the plate [Nm],

and ν is the Possion ratio. Szilard [36] shows that for a simply supported plate, equation
(5.6) is reduced to:

Pp =
B ′

p

2

∫ lx

0

∫ ly

0

(
(∇2w)2) dy dx, (5.7)

This reduction is straight forward when considering the boundary conditions of simple
support.

5.2.3 Applied force

As we are assuming time harmonic point force excitation in (x0, y0) and linearity, the force
can be described by using the Dirac delta function, which we denote δ0 to avoid confu-
sion with the variational delta-operator:

F (x, y, t ) = Re

{∫ lx

0

∫ ly

0
F0δ0(x −x0, y − y0)eiωt dy dx

}
. (5.8)

F0 is the force amplitude [N]. The work equals the product of force and displacement:

W = F w (5.9)

= Re

{∫ lx

0

∫ ly

0
F0δ0(x −x0, y − y0)eiωt w dy dx

}
(5.10)

= Re
{
F0w(x0, y0, t )eiωt } , (5.11)

by the properties of the Dirac delta function.
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5.3 The model

Now that we are given expressions for the considered energies, we wish to describe the
transverse displacement of the plate, by applying Hamilton’s Principle with numerical
solveability in mind. That is, we will set up a system of equations using Fourier series
expansions, that can be truncated such, that the coefficients can be determined by using
numerical analysis tools like MATLAB.

First, as we are assuming a linear behavior of the system, the vibration can be decom-
posed into a complex mode shape and a frequency part. The physical displacement is, of
course, purely real:

w(x, y, t ) = Re
{

w̃(x, y)eiωt } , (5.12)

wb(x, j , t ) = Re
{

w̃b(x, j )eiωt } , (5.13)

where the tilde denotes complex amplitude. As in section 4.3.1 we define w̃ = wR + i w I ,
where wR and w I are real functions of x and y . Then,

w(x, y, t ) = wR cos(ωt )−w I sin(ωt ), (5.14)

and similarly for wb(x, y, t ).

5.3.1 Boundary conditions

The boundary conditions for a simply supported plate are:

w̃(0, y) = w̃(lx , y) = 0, w̃(x,0) = w̃(x, ly ) = 0, (5.15)

∂2w̃

∂x2

∣∣∣∣
x=0

= ∂2w̃

∂x2

∣∣∣∣
x=lx

= 0,
∂2w̃

∂y2

∣∣∣∣
y=0

= ∂2w̃

∂y2

∣∣∣∣
y=ly

= 0, (5.16)

and likewise for a simply supported beam. It is well known, that the wave equation for
beams and plates respectively, can be solved by using a Fourier sine-series expansion. We
shall use this in our model.

5.3.1.1 Fourier sine-series solution

For simple support along all edges (plate) and both ends (beams), the complex Fourier
sine-series solution to the wave equation is:

w̃(x, y) =
∞∑

m=1

∞∑
n=1

cmnϕm(x)ψn(y), (5.17)

and

w̃b(x, j ) =
∞∑

m=1
cb

m jϕm(x), (5.18)

where cmn and cm j are (possibly) complex coefficients. Still following Brunskog and
Chung [3], the modes are:

ϕm(x) =
√

2

lx
sinkm x, ψn(y) =

√
2

ly
sinκn y, (5.19)
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where

km = πm

lx
, κn = πn

ly
. (5.20)

Note that:

∫ lx

0
ϕ2

m(x)dx =
∫

2

lx
sin2

(
mπx

lx

)
dx (5.21)

= 2

lx

[
x

2
− 4lx

mπ
sin

(
2mπx

lx

)]lx

0
(5.22)

= 2

lx

(
lx

2
− sin(2πm)

)
= 1, (5.23)

since m is an integer. Likewise

∫ ly

0
ψ2

n(y)dy = 1, (5.24)

and thus we see that the modes form an orthonormal basis, which will be used in the
following.

5.3.2 Applying Hamilton’s Principle

Before we perform the variation described by Hamilton’s Principle, the action integral of
the Lagrangian must be derived. For simplicity we shall consider the different terms of
the integral one by one. Recall from equation (5.3) and (5.4) that

Kb = m′
b

2

S∑
j=1

∫ lx

0
ẇ2

b dx, Pb = Bb

2

S∑
j=1

∫ lx

0

(
∂2wb

∂x2

)2

dx. (5.25)

Take the definite integral over one period of time [0,T ], and insert the decomposition
(5.13) using equation (4.29) and the Fourier sine-series solution (5.18):

∫ T

0
Kb dt =

∫ T

0

m′
b

2

S∑
j=1

∫ lx

0
ẇ2

b dx dt (5.26)

= m′
b

2

∑
j

∫ lx

0

∫ T

0
ẇ2

b dt dx (5.27)

= m′
b

2

∑
j

∫ lx

0

T

2
ω2w̃b w̃∗

b dx (5.28)

= T

2

m′
bω

2

2

∑
j

∫ lx

0

(∑
m

cb
m jϕm(x)

)(∑
m

cb∗
m jϕm(x)

)
dx (5.29)

⊥= T

2

m′
bω

2

2

∑
m

∑
j

cb
m j cb∗

m j , (5.30)
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where the ⊥ above the equals sign indicates that the orthonormality is being used. Per-
form the same procedure for the potential strain energy of the beams:

∫ T

0
Pb dt =

∫ T

0

Bb

2

S∑
j=1

∫ lx

0

(
∂2wb

∂x2

)2

dx dt (5.31)

= T

2

Bb

2

∑
j

∫ lx

0

(∑
m

−k2
mcb

m jϕm(x)

)(∑
m

−k2
mcb∗

m jϕm(x)

)
dx (5.32)

⊥= T

2

Bb

2

∑
m

∑
j

k4
mcb

m j cb∗
m j . (5.33)

Regarding the plate, we recall from (5.5) and (5.7) that

Kp =
m′′

p

2

∫ lx

0

∫ ly

0
ẇ2 dy dx, Pp =

B ′
p

2

∫ lx

0

∫ ly

0

(
(∇2w)2) dy dx. (5.34)

Again, the definite time integral of each is evaluated (we skip some of the steps, as the
procedure is identical to that of the beams):

∫ T

0
Kp dt =

∫ T

0

m′′
p

2

∫ lx

0

∫ ly

0
ẇ2 dy dx dt (5.35)

= T

2

m′′
pω

2

2

∫ lx

0

∫ ly

0

( ∑
m,n

cmnϕm(x)ψn(y)

)
(5.36)

×
( ∑

m,n
c∗mnϕm(x)ψn(y)

)
dy dx dt (5.37)

⊥= T

2

m′′
pω

2

2

∑
m

∑
n

cmnc∗mn , (5.38)

and ∫ T

0
Pp dt =

∫ T

0

B ′
p

2

∫ lx

0

∫ ly

0

(
(∇2w)2) dy dx dt (5.39)

= T

2

B ′
p

2

∫ lx

0

∫ ly

0

( ∑
m,n

−(
k2

m +κ2
n

)
cmnϕm(x)ψn(y)

)
(5.40)

×
( ∑

m,n
−(

k2
m +κ2

n

)
c∗mnϕm(x)ψn(y)

)
dy dx (5.41)

⊥= T

2

B ′
p

2

∑
m

∑
n

(
k2

m +κ2
n

)2
cmnc∗mn . (5.42)

Finally, the external work by the applied force (equation (5.11)) is integrated:∫ T

0
W dt =

∫ T

0
F0 cos(ωt )w(x0, y0, t )dt (5.43)

= T

2
F0

∑
m

∑
n

Re{cmn}ϕm(x0)ψn(y0). (5.44)
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5.3.2.1 An eigenvalue problem

In order to solve the problem at hand by numerical methods, we need to truncate it.

n = 1, . . . , N and m = 1, . . . , M . (5.45)

Define coefficient vectors by arranging the coefficients cmn and cm j of equations
(5.17) and (5.18), such that m becomes the ’outer’ loop:

c =


c11

c12
...

cM N

 , cb =


cb

11
cb

12
...

cb
MS

 . (5.46)

Using matrix multiplication to write equations (5.30) , (5.33), (5.38), (5.42) and (5.44),
the action, S , becomes as follows. For the sake of keeping an overview, we have indicated
from what each term originates1. Since we are only concerned with the variation of S , we
disregard the factor T /2 that occurs on all terms:

Kp︷ ︸︸ ︷
cT


. . . 0

ω2

2
m′′

p

0
. . .

c∗+

Kb︷ ︸︸ ︷
cT

b


. . . 0

ω2

2
m′

b

0
. . .

c∗b +

W︷ ︸︸ ︷
Re

{
cT}


...

ϕm(x0)ψn(y0)

...



−cT


. . . 0

B ′
p

2
(k2

m +κ2
n)2

0
. . .

c∗

︸ ︷︷ ︸
Pp

−cT
b


. . . 0

Bb

2
k4

m

0
. . .

c∗b

︸ ︷︷ ︸
Pb

.

(5.47)

Next, we wish to make a coupling between c and cb . Let J be defined such that

cb = Jc, (5.48)

governed by the fact that

w̃b(x, j ) = w̃(x, y j ), (5.49)

which leads to ∑
m

cb
m jϕm(x) =∑

m

∑
n
ϕm(x)ψn(y j ) (5.50)

⇒
∫ lx

0
ϕk (x)

∑
m

cb
m jϕm(x)dx =

∫ lx

0
ϕk (x)

∑
m

∑
n
ϕm(x)ψn(y j )dx (5.51)

⊥⇒ cb
m j =

∑
n

cmnψn(y j ). (5.52)

1i.e. the matrix product labelledKp is actually
∫ T

0
Kp dt as derived in equation (5.38)
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Thus,

J =


. . . 0

J′

0
. . .

 , (5.53)

where

J′ =


ψ1(y1) ψ2(y1) . . . ψn(y1)
ψ1(y2) ψ2(y2) . . . ψn(y2)

...
ψ1(yS) ψ2(yS) . . . ψn(yS)

 . (5.54)

I order to perform the variation of expression (5.47), we first realize, that it can only
be done by varying the coefficients since everything else is fixed by physics. Thus, we
use theorem 4.4, and take the partial derivatives with respect to both the real and the
imaginary part of cmn and set them equal to zero.(

∂

∂Re{cmn}
+ i

∂

∂ Im{cmn}

)
(S) = 0. (5.55)

As a result we obtain a system of M ·N equations in M ·N complex unknowns.
To simplify the notation, define the following matrices:

Kp =


. . . 0

B ′
p (k2

m +κ2
n)2

0
. . .

 , Kb =


. . . 0

Bbk4
m

0
. . .

 , (5.56)

Mp =


. . . 0

m′′
p

0
. . .

 , Mb =


. . . 0

m′
b

0
. . .

 , (5.57)

where Kp and Mp are both M N ×M N dimensional, and Kb and Mb are dimension MS ×
MS. Throughout the present thesis, m is the outer loop and n is the inner loop, thinking
in terms of nested loops. Next, let

K = Kp + JTKbJ, M = Mp + JTMbJ. (5.58)

The coefficient vector of the forced problem can be derived from

(K−ω2M)c = F, (5.59)

where the force vector is

F = F0


...

ϕm(x0)ψn(y0)
...

 . (5.60)

Similarly the eigenvalues can be computed from the eigenvalue problem

(K−ω2M)c = 0 ⇒ M−1Kc =ω2c. (5.61)
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Remark 5.1 (Symmetry of matrices). Both K and M are symmetric since

KT = (Kp + JTKbJ)T = KT
P + (KbJ)T(JT)T = Kp + JTKT

b J = Kp + JTKbJ = K, (5.62)

and likewise for M. By the uniqueness of the inverse of a square matrix, it can easily be
shown that M−1 is also symmetric. However, this does not necessarily imply that the
product M−1K is symmetric.

5.3.2.2 A modal expression for the forced problem

By solving the eigenvalue problem (5.61) the actual mode shapes of the structure can be
determined. These can then be used to express a solution to the forced problem.

Let ci be an eigenvector of (5.61) and denote its entries c i
mn . The (complex) mode

shape of the i’th mode is:

Φ̃i (x, y) =∑
m

∑
n

c i
mnϕm(x)ψn(y) = cT

i χ(x, y), (5.63)

where χ(x, y) is the M N dimensional column vector

χ(x, y) =


...

ϕm(x)ψn(y)
...

 . (5.64)

Assuming a pressure distribution, p(x, y) is applied to the structure, we can express a
solution to the forced problem as:

w̃(x, y) =∑
i

Φ̃i (x, y)

Λi
(
ω2

i −ω2
) ∫ lx

0

∫ ly

0
p(x, y)Φ̃i (x, y)dy dx (5.65)

=∑
i

Φ̃i (x, y)

Λi
(
ω2

i −ω2
) ∫ lx

0

∫ ly

0
F0δ0(x −x0, y − y0)Φ̃i (x, y)dy dx (5.66)

=∑
i

Φ̃i (x, y)Φ̃i (x0, y0)

Λi
(
ω2

i −ω2
) F0 (5.67)

=∑
i

cT
i χ(x, y)cT

i χ(x0, y0)

Λi
(
ω2

i −ω2
) F0, (5.68)

where (5.67) is assuming point force excitation, and the normΛi is defined as

Λi =
∫ lx

0

∫ ly

0
m′′(x, y)Φ̃2

i (x, y)dy dx. (5.69)

The mass per unit area of the system can be calculated as:

m′′(x, y) = m′′
p +

S∑
j

m′
bδ0(y − y j ), (5.70)
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and thereforeΛi becomes:

Λi =
∫ lx

0

∫ ly

0
m′′ (cT

i χ
)2

dy dx (5.71)

=
∫ lx

0

∫ ly

0

(
m′′

p +
S∑
j

m′
bδ0(y − y j )

)(
cT

i χ
)2

dy dx (5.72)

=
∫ lx

0

∫ ly

0

(
m′′

p

(
cT

i χ
)2

)
dy dx +

∫ lx

0

∫ ly

0

(
S∑
j

m′
bδ0(y − y j )

(
cT

i χ
)2

)
dy dx (5.73)

=Λp,i +Λb,i , (5.74)

where χ=χ(x, y) and the norms related to the plate and the beams respectivelyΛp,i and
Λb,i are defined as:

Λp,i =
∫ lx

0

∫ ly

0

(
m′′

p

(
cT

i χ
)2

)
dy dx (5.75)

= m′′
p cT

i

(∫ lx

0

∫ ly

0

(
χχT)

dy dx

)
ci (5.76)

⊥= m′′
p cT

i ci , (5.77)

and

Λb,i =
∫ lx

0

∫ ly

0

(∑
j

m′
bδ0(y − y j )

(
cT

i χ
)2

)
dy dx (5.78)

=
∫ lx

0

∫ ly

0

∑
j

m′
bδ0

(
y − y j

)(∑
m

∑
n

c i
mnϕm(x)ψn(y)

)2

dy dx (5.79)

=∑
j

∫ ly

0
m′

bδ0
(
y − y j

)∫ lx

0

(∑
m

∑
n

c i
mnϕm(x)ψn(y)

)2

dx dy (5.80)

=∑
j

∫ ly

0

∫ lx

0

(∑
m
ϕm(x)

(∑
n

cmnψn(y)

))(∑
m
ϕm(x)

(∑
n

cmnψn(y)

))
dx

×m′
bδ0

(
y − y j

)
dy (5.81)

⊥= m′
b

∑
j

∑
m

n,n′

c i
mnc i

mn′ψn(y j )ψn′(y j ), (5.82)

where we make use of the fact that ϕm are orthonormal functions.

5.4 Torsion

One of the major advantages of using Hamilton’s Principle without deriving the wave
equation of the system, is that we can fairly easily add forces and moments by expressing
them as strain potential and kinetic energies. In this section we wish to include torsion
of the beams. The rotational kinetic energy from twisting of the beams is:

Kr =
S∑

j=1

∫ ly

0

Θ′

2
u̇ j (x, t )2 dx, (5.83)
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where Θ′ is the rotational mass moment of inertia [m2/m] per unit length. The potential
strain energy is

Pr =
S∑

j=1

∫ ly

0

Tr

2

(
∂u j (x, t )

∂x

)2

dx, (5.84)

where Tr is the rotational stiffness (or torsional stiffness) [Nm2]. In the following, we will
define the rotational mass moment of inertia and the rotational stiffness of a rectangular
beam.

5.4.1 Torsional stiffness and rotational mass moment of inertia

First we need to introduce the shear modulus, which can be found in Cremer et al. [9]:

G = E

2(1+ν)
, (5.85)

where E is the Young’s modulus of elasticity and ν is the Poisson ratio. Thus, G has the
same unit as E [N/m2]. Following Cremer et al. [9] we find the rotational stiffness as:

Tr = Gb3h

3
, (5.86)

where b is the beam width, and h is the height. The mass moment of inertia per unit
length of the beam is defined to be:

Θ′ =Θ′
x =

∫
r 2 dm′, (5.87)

where r is the distance to the axis of rotation, and m′ is the mass per unit length. The
calculation for a rectangular beam about its center axis is shown in figure 5.2.

Figure 5.2: The mass moment of inertia per unit length. Here calculated of a beam about the x-
axis.

Now, that we have described the rotational energies, we can implement them in our
model.

5.4.2 Fourier sine series

As done previously we shall describe the rotational motion using Fourier sine series:

u(x, j , t ) = Re
{
ũ(x, j )e iωt } , (5.88)
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Chapter 5. A modal model

where u = u(x, j , t ) is the angular displacement of the j ’th beam. The complex amplitude
has a solution on the form:

ũ = ũ(x, j ) =∑
m

cr
m jϕm(x), (5.89)

where cr
m j are complex coefficients. Thus, we can apply the sine series solution to the

energies in the same manner as done with the purely transversal motion:∫ T

0
Kr dt

⊥= T

2

Θ′ω2

2

∑
m

∑
j

cr
m j cr∗

m j , (5.90)

and ∫ T

0
Pr dt

⊥= T

2

Tr

2

∑
m

∑
j

k2
mcr

m j cr∗
m j . (5.91)

After doing so, all we need is to make the coupling between the motion of the plate and
the rotational motion of the beams.

5.4.3 Coupling between beam and plate

The rotational coupling between the plate and the beams is governed by the fact that

ũ(x, j ) = ∂

∂y
w̃(x, y j ) (5.92)

which leads to ∑
m

cr
m jϕm(x) = ∂

∂y

∑
m

∑
n
ϕm(x)ψn(y j ) (5.93)

⇒
∫ lx

0
ϕk (x)

∑
m

cr
m jϕm(x)dx =

∫ lx

0
ϕk (x)

∑
n

∑
m

cmnϕm(x)κn

√
2

ly
cos

(
κn y j

)
dx (5.94)

⊥⇒ cr
m j =

∑
n

cmnϕm(x)κn

√
2

ly
cos

(
κn y j

)
. (5.95)

Again, we define a vector of coefficients:

cr =


cr

11
cr

12
...

cr
M J

 , (5.96)

and let L be defined such that

cr = Lc (5.97)

Thus as we have seen before,

L =


. . . 0

L′

0
. . .

 , (5.98)
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where

L′ =


∂
∂yψ1(y1) ∂

∂yψ2(y1) . . . ∂
∂yψn(y1)

∂
∂yψ1(y2) ∂

∂yψ2(y2) . . . ∂
∂yψn(y2)

...
∂
∂yψ1(yS) ∂

∂yψ2(yS) . . . ∂
∂yψn(yS)

 , (5.99)

which leads to

L′ =



√
2
ly
κ1 cos

(
κ1 y1

) √
2
ly
κ2 cos

(
κ2 y1

)
. . .

√
2
ly
κn cos

(
κn y1

)√
2
ly
κ1 cos

(
κ1 y2

) √
2
ly
κ2 cos

(
κ2 y2

)
. . .

√
2
ly
κn cos

(
κn y2

)
...√

2
ly
κ1 cos

(
κ1 yS

) √
2
ly
κ2 cos

(
κ2 yS

)
. . .

√
2
ly
κn cos

(
κn yS

)

 . (5.100)

Now, in a similar manner to before, we define stiffness and mass matrices for the rotation:

Kr =


. . . 0

Tr k2
m

0
. . .

 , (5.101)

Mr =


. . . 0

Θ′

0
. . .

 , (5.102)

where Kr and Mr are both MS ×MS dimensional. By letting

K = Kp + JTKbJ+LTKr L, M = Mp + JTMbJ+LTMr L, (5.103)

we can include the rotational energies and apply equations 5.59 and 5.61 to solve the
forced problem or the eigenvalue problem respectively; that is, the coefficient vector of
the forced problem can be derived from

(K−ω2M)c = F, (5.104)

and the eigenvalues can be computed from the eigenvalue problem

(K−ω2M)c = 0 ⇒ M−1Kc =ω2c. (5.105)

When calculating high-frequency responses, a considerable number of modes is needed
in the calculations. Since the size of the matrices correspond to the squared number of
modes, the computational problem quickly becomes rather complex. In the next chapter,
we will describe how the model has been implemented in MATLAB.
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CHAPTER

6
Calculation with MATLAB

In order to calculate the vibration of an entire plate, it is necessary to be able to evaluate a
number of spatial points simultaneously to obtain acceptable performance. For this pur-
pose we need an operator describing the element-wise multiplication (.*) implemented
in MATLAB.

Definition 6.1 (Hadamard product). Let A and B be matrices of equal dimension. De-
note their entries ai j and bi j respectively. The Hadamard product (denoted by the op-
erator ◦) of A and B is:

A◦B =

a11b11 a12b12 . . .
a21b21 a22b22 . . .

...

 . (6.1)

In a similar manner we will use the operator ∼ to denote (right) division element-wise.

A∼B =

a11b−1
11 a12b−1

12 . . .
a21b−1

21 a22b−1
22 . . .

...

 . (6.2)

The Hadamard product is commutative.

The goal of the present section is to sketch an implementation of equation (5.68) on page
41, such that the displacement of the entire plate can be calculated at once.

First, let x = (x1, x2, ...., xX ) and y = (y1, y2, ...., yY ) define the spatial points (x, y) that
are to be evaluated. Then, define the following matrices:

ϕ=



ϕ1(x1) ϕ1(x1) . . . ϕ2(x1) ϕ2(x1) . . . ϕM (x1)
ϕ1(x2) ϕ1(x2) . . . ϕ2(x2) ϕ2(x2) . . . ϕM (x2)

...
...

...
ϕ1(xX ) ϕ1(xX ) . . . ϕ2(xX ) ϕ2(xX ) . . . ϕM (xX )

...
...

...


X×M N

(6.3)
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and

ψ=



ψ1(y1) ψ1(y2) . . . ψ1(yY ) . . .
ψ2(y1) ψ2(y2) . . . ψ2(yY ) . . .

...
...

ψN (y1) ψN (y2) . . . ψN (yY ) . . .
...

...
ψ1(y1) ψ1(y2) . . . ψ1(yY ) . . .
ψ2(y1) ψ2(y2) . . . ψ2(yY ) . . .

...
...


M N×Y

(6.4)

Define C to be a matrix containing the eigenvectors, ci . These can be obtained in MATLAB

by numerically solving the eigenvalue problem (5.61) on page 40.1

C =


...

...
...

c1 c2 . . . cM N
...

...
...

 . (6.5)

Recall the definition (5.64). In the point of excitation, (x0, y0) we have:

χ(x0, y0) =


...

ϕm(x0)ψn(y0)
...

 . (6.6)

Therefore the matrix product

CTχ(x0, y0) (6.7)

is a column vector containing the product cT
i χ(x0, y0) for all eigenvectors, ci .

Definition 6.2 (Diagonal function). Let diag(·) be a function on the space of square
matrices, extracting the main diagonal into a column vector; that is,

diag(A) =

a11

a22
...

 , A = [
ai j

]
. (6.8)

We can now express Λi for all i . First we put equations (5.75) and (5.78) into M N -
dimensional vectors.

Λp =


...

Λp,i
...

=


...

m′′
p cT

i ci
...

= m′′
p diag(CTC). (6.9)

1One way of doing this is shown in the MATLAB code included in appendix C. For further details on
specific syntax, see the MathWorks™ documentation http://www.mathworks.com.
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The contribution from the beams (5.78) is a bit more tricky. First, we reshape the eigen-
vectors ci into M ×N matrices:

c i
11

c i
12
...

c i
M N

 7−→

 c i
11 c i

12 . . . c i
1N

...
...

...
...

c i
M1 c i

M2 . . . c i
M N

 . (6.10)

Then, we evaluate the sum of the beams and formulate a new family of matrices Hi using
an Hadamard product:

Hi =

 c i
11 c i

12 . . . c i
1N

...
...

...
...

c i
M1 c i

M2 . . . c i
M N

◦


∑

j
ψ1(y j )

∑
j
ψ2(y j ) . . .

∑
j
ψN (y j )

...
...

...
...∑

j
ψ1(y j )

∑
j
ψ2(y j ) . . .

∑
j
ψN (y j ).

 , (6.11)

where the matrix on the right has M identical rows. We can now express the sums of (5.78)
as the sum of all elements in the matrix produced by multiplying Hi by its own transpose
from the left.

Gi =
[

g i
nn′

]
= HT

i Hi . (6.12)

We obtain the following expression:

m′
b

∑
j

∑
m

n,n′

c i
mnc i

mn′ψn(y j )ψn′(y j ) = m′
b

∑
n,n′

g i
nn′ . (6.13)

We do this for all the eigenvectors:

Λb = m′
b


...∑

n,n′
g i

nn′

...

 , (6.14)

and finally we add the contribution from the plate and beams respectively:

Λ=Λp +Λb . (6.15)

Remark 6.3 (Nested loops vs. matrix operations). During the development of the
MATLAB code used in the present thesis, Λi was first implemented (for test purposes)
using nested loops as there is little risk of error when writing sums as loops. However,
as the code was tested it turned out that it would be a matter of weeks to iterate through
10.000 Λi values. Expressing the summation using matrix operations took about ten
minutes, and the computer spent approximately ten seconds calculating all 10.000 val-
ues afterwards.

We write the term (ω2
i −ω2) as a column vector with entries for all eigenvalues:

Ω=


...

ω2
i −ω2

...

 . (6.16)
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In order to calculate the displacement as given in equation (5.68), we must first recognize
that the sum ∑

m

∑
n

cmnϕm(x)ψn(y) (6.17)

can be calculated for all (x, y), where x = (x1, x2, ...., xX ) and y = (y1, y2, ...., yY ), by diag-
onalizing the coefficients and multiplying by the matrices ϕ and ψ (equations (6.3) and
(6.4) respectively):

∑
m

∑
n

cmnϕm(x1)ψn(y1) . . .
∑
m

∑
n

cmnϕm(x1)ψn(yY )

...
...∑

m

∑
n

cmnϕm(xX )ψn(y1) . . .
∑
m

∑
n

cmnϕm(xX )ψn(yY )

 (6.18)

=ϕ


. . .

cmn
. . .

ψ. (6.19)

Therefore by defining a ’coefficient’ matrix (note that this matrix include the contribu-
tions from all the eigenvectors)

Q = CT ◦

M N identical columns︷ ︸︸ ︷
...

...
(CTχ(x0, y0))∼(Λ◦Ω) (CTχ(x0, y0))∼(Λ◦Ω) · · ·

...
...

, (6.20)

and denoting its entries qi j , we can calculate the displacement using the diagonal matrix:

Ξ=


. . . 0∑

j
qi j

0
. . .

 . (6.21)

We can express equation (5.68) as the product:

w̃x,y =ϕΞψ. (6.22)

The advantage of using eigenvectors to compute the forced displacement is, that the
heavy parts of the process; that is, computing the eigenvalues and the actual mode shapes
of the system, need only be carried out once. Having done these calculations, changing
the frequency or the excitation is a rather simple matter.

Displacement vs. excitation frequency Calculating and plotting the displacement
of the forced problem in a single point as a funciton of excitation frequency may be car-
ried out in MATLAB using matrix operations. Consider equation (5.68) and let (x1, y1) be
the point at which we wish to study the displacement. Then,

w̃x1,y1 (ω) =∑
i

cT
i χ(x1, y1)cT

i χ(x0, y0)

Λi
(
ω2

i −ω2
) F0, (6.23)
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where both χ(x0, y0) and χ(x1, y1) are M N dimensional column vectors. Letω f be a row
vector containing the excitation frequencies (ω f 1,ω f 2, . . . ) to be investigated. We now
define a matrix:

Ω=


...

...
ω2

i −ω2
f 1 ω2

i −ω2
f 2 · · ·

...
...

 , (6.24)

and a coefficient vector:

q = F0
(
CTχ(x1, y1)

)◦(
CTχ(x0, y0)

)
∼Λ, (6.25)

where Λ is defined as in (6.15). In MATLAB we can now calculate a vector containing the
displacement at (x1, y1) for different excitation frequencies as

w̃ω f = qT (1∼Ω) , (6.26)

where 1 is a matrix containing ones in all positions.

6.1 Computational aspects

The matrix system derived in section 5.3.2.1 provides a very neat way of computing the
complex coefficients, but the matrices involved quickly become very large as the number
of modes included is increased. The purpose of this section is to divide the problem
into smaller parts, that can be solved numerically by using several computers running
parallel calculations. This can be done rather easily, as the large (M N ×M N ) matrices are
structured as M matrices of dimension N ×N on a diagonal, and zeros elsewhere. This
is because of the block diagonal nature of the coupling matrix J, as will be formulated
formally in theorem 6.5. The claim is, that the large M N ×M N matrices are structured as
follows: 

[ ]
N×N

0[ ]
N×N

0
0

[ ]
N×N

0
. . .


M N×M N

(6.27)

In the following section, we shall prove that each of the N ×N submatrices can be treated
independently of the rest.

6.1.1 Block diagonal matrices

First, consider the following definition:

Definition 6.4 (Block diagonal matrix). We define a block diagonal matrix to be a ma-
trix on the form

A =


S1 0

S2 0

0
. . .

0 SN

 , (6.28)

where dim(S1) = dim(S2) = . . . = dim(SN ). We refer to Sn as the blocks of A.
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By the definition of the matrix product, the following theorem is trivial. The keyword is
that the two matrices have an equal number of blocks such that the matrix products of
the blocks are well defined.

Theorem 6.5 (The product of two block diagonal matrices). Let A and B be block di-
agonal matrices with blocks Sa

n and Sb
n respectively, such that both of the matrix prod-

ucts AB and Sa
nSb

n are well defined; that is, the number of blocks in A equals the number
of blocks in B.

Then, the matrix product AB is a block diagonal matrix on the form

AB =


. . .

Sa
nSb

n
. . .

 , (6.29)

where the elements outside the blocks Sa
nSb

n are all zero.

Note that a diagonal matrix can be considered a block diagonal matrix of an arbitrary
number of (diagonal) blocks. Thus, the matrix product of the block diagonal matrix J and
any diagonal matrix is again block diagonal.

From theorem 6.5 we can show how the inverse, the determinant and the eigenvalues
of a square block diagonal matrix with square blocks can be found by considering the
blocks one by one.

Theorem 6.6 (Properties of a square block diagonal matrix). Let A be a square block
diagonal matrix with square blocks. Then,

1.

A−1 =


S−1

1 0
S−1

2 0

0
. . .

0 S−1
N

 , (6.30)

2.

det(A) = det(S1) ·det(S2) · . . . ·det(SN ), (6.31)

3.

λ is an eigenvalue of A ⇔∃n ∈ {1, · · · , N } : λ is an eigenvalue of Sn , (6.32)

where Sn are the blocks of A.

The above theorem is essential, as we wish to calculate both inverses and eigenvalues of
rather large block diagonal matrices to solve equations (5.59) and (5.61). Calculation of
eigenvalues in MATLAB is a rather heavy task, and the gain from splitting up the problem
is significant.

In the following we prove the three parts of theorem 6.6 one by one.
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Proof 6.7 (Theorem 6.6. Part 1. The inverse). We shall prove the theorem by using the-
orem 6.5 and the uniqueness of matrix inverses. Let

A =


S1 0

S2 0

0
. . .

0 SN

 , C =


S−1

1 0
S−1

2 0

0
. . .

0 S−1
N

 , (6.33)

then by theorem 6.5

AC =


S1S−1

1 0
S2S−1

2 0

0
. . .

0 SN S−1
N

=


1 0

1 0

0
. . .

0 1

 (6.34)

=


S−1

1 S1 0
S−1

2 S2 0

0
. . .

0 S−1
N SN

= CA. (6.35)

Thus, C = A−1.

Proof 6.8 (Theorem 6.6. Part 2. The determinant). Again, we use theorem 6.5:

A =


S1 0

S2 0

0
. . .

0 SN

=


S1I 0

S2I 0

0
. . .

0 SN I

 (6.36)

=


S1 0

I 0

0
. . .

0 I




I 0
S2 0

0
. . .

0 I

 . . .


I 0

I 0

0
. . .

0 SN

 , (6.37)

where I is the identity matrix of the same dimension as Sn . By the multiplicative prop-
erty of determinants we have

det(A) =
N∏

n=1
det(Sn), (6.38)

since expansion by minors, with respect to the rows containing only ones on the diago-
nal yields

det





I 0
. . . 0

0 Sn 0

0
. . .

0 I



=

M N∏
i=1

i∉N ′

(−1)2i

det(Sn) = det(Sn), (6.39)

where M N is the number of rows in A and N ′ contains the row numbers of the block Sn .
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Proof 6.9 (Theorem 6.6. Part 3. Eigenvalues). Consider the characteristic polynomial,
p(λ) of A.

det(A−λI) = p(λ), (6.40)

It is well known that the eigenvalues of A are the roots (counted with multiplicity) of the
characteristic polynomial (see Fraleigh and Beauregard [11]). By theorem 6.5 we have:

p(λ) = det(A−λI) = det




S1 −λI 0
S2 −λI 0

0
. . .

0 SN −λI


 (6.41)

=
N∏

n=1
det(Sn −λI) =

N∏
n=1

pn(λ), (6.42)

where I is the identity matrix of suitable dimension (there is no risk of confusion) and
pn(λ) is the characteristic polynomial of Sn . Thus, the roots of p(λ) are exactly those of
the pn(λ)’s, which proves that the eigenvalues of A are in fact those of its blocks.

We have now proven that we can treat each block separately when solving for the coeffi-
cients in equations (5.59) and (5.61) on page 40.
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7
Statistical Energy Analysis

Prediction of the sound transmission in structures, like between building elements, can
be a rather cumbersome and time consuming task. Often, a numerical analysis requires
rather large amounts of computational power, along with time consuming analysis of the
system parameters that are needed, for instance when defining a finite element model.
In statistical energy analysis (SEA) the mean vibrational energy flow is calculated, on the
contrary to more traditional approaches based on the wave equation [33]. SEA is based
on power balance equations, using the flow of energy to provide a spatially and time av-
eraged frequency mean value response. Thus, SEA provides a computationally easy and
quick estimate on the overall vibration. Quite often such an estimate can be a valuable
tool, as for instance when designing houses, a more detailed model is both too expensive
and too time consuming to implement. Further, there may be stages in a design project,
where the exact details of a specific construction are still unknown, but where enough is
known to perform an SEA estimate of the overall vibration response of a structure [21].

Due to the time consuming work of understanding and implementing the modal
model, as presented in chapters 5 and 6, the topic of SEA will only be briefly introduced in
the present thesis. Investigation of parameters, calculations and development of an SEA
based model adapted to spatially periodic structures, all belong to the section of future
work.

7.1 Assumptions of SEA

SEA is based on statistical room acoustics, and therefore many of the same assumptions
and considerations apply, see Ohlrich [30]:

• The excitation is broadband,

• all propagation and reflection angles are equally probable as frequency averages
(diffuseness),

• all natural frequencies of the room are equally well excited,

• the detailed form of the room is without importance.
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The latter point being one of the major advantages of using SEA-based estimates as an
estimate of the supplied power to a finite structure can be based on the point mobility of
an infinite one [30].

In general, statistical room acoustics uses two different approaches; one using a modal
model, and another using a wave based model. In some cases it may be advantageous
to combine the two models as the each have both advantages and drawbacks. The dif-
ference between these approaches is outside the scope of the present thesis, as we are
concerned only with the modal approach.

One of the requirements of SEA is a fairly high density of modes in each frequency
band. This assumption is one of the reasons why SEA of today is not suitable for periodic
structures, as we shall see later on. For rib reinforced plates as dealt with in the present
investigation, the ribs introduce an orthotropic behavior of the plate because the stiffness
in one direction is increased. Further, the modes of spatially periodic structures are not
uniformly distributed, but tend to group together in so-called pass bands. Bands without
any modes are called stop bands. Thus, the modal density is no longer a smooth func-
tion, but instead a comb-shaped function. In the 2D case as investigated here, the pass
band/stop band grouping will not be as distinct as for the 1D case, since the considered
structure is only spatially periodic in one of its dimensions.

Other disagreements, between standard SEA methods and lightweight (spatially pe-
riodic) building structures are; high spatial attenuation in the direction perpendicular to
the ribs, and lack of diffuseness in the vibration field of the structure. Further, determin-
ing the coupling loss factor can cause difficulties, as the radiation efficiency of this type
of structure is not always an easy task.

7.2 SEA of today

Statistical Energy Analysis has been subject to many discussions about its validity, as it
yields very poor results for certain kinds of structures. Among these structures are ribbed
plates as investigated in the present thesis. However, when predicting high frequency re-
sponses of structural vibration, other methods, such as the finite element method, are
not computationally practical since the short wavelength requires a considerable num-
ber of elements. Thus, a statistical model may be advantageous.

SEA has been shown to provide good results on a number of structures, and therefore
effort is still put into adapting and developing SEA methods to suit a broader range of
applications with greater precision.

One attempt to improve standard SEA is the Wave Intensity Analysis (WIA) by Lang-
ley (see [18] and [19]), in which the wave field is decomposed into directional wave in-
tensity components using Fourier series. WIA is a natural extension to SEA, and it has
been demonstrated to provide better result than conventional SEA when applied on both
panel arrays [18] and stiffened plates [19].

Langley, Smith, and Fahy [20] models a stiffened plate as a damped coupling element
between two SEA subsystems, incorporating the periodic effects in the transmission and
absorption coefficients. They compare the result to those of both conventional SEA and
WIA, neither of which are able to describe the phase effects and the pass band/stop band
behavior.

One of the advantages of WIA is that it relaxes the assumption of diffuseness. This
makes it possible to predict not only high-frequency vibration as with SEA, but extend
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the prediction into the mid-frequency range. This has been investigated by Nishino and
Ohlrich [27], [28].

7.3 Flanking transmission

Cremer et al. [9] describes how built-up structures, like buildings and ships, are affected
by flanking transmission. Airborne sound is transmitted between different partitions not
only directly through the partitioning element, but also via flanking elements. As building
techniques improve, the direct transmission is decreased, and thus including the flanking
transmission in the calculations becomes a necessity. Cremer et al. [9] even goes as far as
to say, that it can be anticipated, that the flanking transmission dominates in the case of
the primary partitioning structure being a high quality double wall with the sidewalls and
ceilings are homogeneous plates. Figure 7.1 shows a rough sketch of the transmission
paths between neighboring rooms. Flanking transmission may occur not only through
walls, but also floors, ceilings or even ducts and pipes.

Figure 7.1: Airborne sound is transmitted between different partitions not only directly through
the partitioning element, but also via flanking elements.

Including flanking transmission in calculations of sound transmission is not a straight
forward task, since flanking transmission – unlike transmission along the direct path –
can be hard to determine in a laboratory. Prediction models for flanking transmission of
homogeneous structures exists, but in most lightweight building constructions these are
not usable.

7.4 SEA subsystems

One of the major uses of SEA is to predict the vibration response of one structural com-
ponent caused by energy transferred through couplings with other components. Such an
analysis is carried out by separating the structural components into subsystems. Simply
put, SEA deals with the flow and storage of dynamical energy between coupled subsys-
tems. The energy storage is related to the modal density, whereas the energy transfer de-
pends on the damping loss factor and the coupling loss factor along with the impedances
needed to determine the input power, see Lyon and DeJong [21]. The key assumption in
this approach is, that the energy flow between connected subsystems is proportional to
the difference in modal energies of the subsystems [20]. Following Ohlrich [30], the time-
averaged supplied power from a point force, F0(t ) can be expressed as

P = F 2
0 Re

{
Ỹ∞

}= M〈v2〉ωη, (7.1)

57



Chapter 7. Statistical Energy Analysis

where P is the power supplied by the point force F0(t ), Ỹ∞ is the complex point mobility

of the corresponding infinite structure, M is the total mass, 〈v2〉 is the mean square spa-
tially averaged vibration velocity, ω is the angular frequency, and η is the damping loss
factor.

7.5 Periodic structures

When attempting to model ribbed plates using SEA based theory, many different ap-
proaches has been investigated. One extreme is modelling each panel (the part of the
plate lying between two beams) as a separate subsystem describing the effect of the
beams by means of coupling properties. However, such an approach would result in a
ridiculously large model when describing complex structures. Further, the number of
modes in each panel may not satisfy the assumptions of SEA, and finally this sort of model
would not incorporate periodic effects such as pass band/stop band behavior [20].

The other extreme is to consider the ribbed plate as a single subsystem, smearing
out the effect of the beams to produce what Langley et al. [20] refers to as an “equivalent
orthotropic plate”. Again, this approach does not account for the spatial periodicity of the
beams. Further, Langley states that this approach can only be successful if the bending
stiffness of the beams is low compared to that of the plate, and further that the spacing
of the beams must be small compared to the wavelength [20]. Mace [22], [23] finds that
a periodically stiffened plate can be treated as an orthotropic plate when the stiffener
spacing is less than one third of the wavelength in the plate.

Incorporation of pass band/stop band behavior has been done by both Keane and
Price [14] and Tso and Hansen [38], but in both cases rather specific structures are con-
sidered, and further work needs to be done to adapt the theory to more general periodic
structures.

In the system proposed by Brunskog [5], the ribbed plate is described by two SEA
subsystems; one that represents the waves travelling perpendicular to the beams, and in-
corporating the periodic effect introduced by the ribs, and another describing the waves
travelling parallel to the beams. The latter subsystem does not include periodic behav-
ior. It should be recognized that each subsystem contains both plate and beams. The
proposed model is shown in figure 7.2.

Figure 7.2: The proposed SEA subsystems. Each plate is divided in two separate subsystems; one
that represents the waves travelling perpendicular to the beams, and incorporating
the periodic effect introduced by the ribs, and another describing the waves travelling
parallel to the beams. Redrawn from [5].
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The idea is to investigate the modal energies of each subsystem, and this way deter-
mine how the input power is divided between the parallel modes and the perpendicular
modes. How the subsystems of the proposed model are coupled to each other need to
be investigated, as knowing this coupling is a necessity in order to apply the proposed
subsystem configuration.

In chapter 9 a possible method of separating the modes into a perpendicular group
and a parallel group is investigated.
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CHAPTER

8
Results of the model

In the following chapters, the MATLAB model will be used to simulate the behavior of
several lightweight structures. Initially the input to the model was based on parameters
given by Sjökvist et al. [34], but later in the process of writing this thesis, other struc-
tures has been investigated as well; that is, a wooden structure and a steel structure.
The wooden structure has been investigated further by varying the distance between the
beams as well as the beam dimensions. The investigation focuses on the effect of includ-
ing rotational energies in the model, as this seems to have a great influence on the pass
band/stop band behavior which we expect from periodic structures. In the present chap-
ter, we focus on the calculations of model density, which has been done by numerically
solving the eigenvalue problem described in section 5.

Figures that are not directly discussed, but which may still be of interest to the reader
(and serve as documentation of the model), will be put in appendix B. In the case where
similar, but slightly different, figures may be found in the appendix, there will be a refer-
ence to those figures in the text.

If not clearly stated otherwise, truncation of the infinite sums are done using M = 200
and N = 150, as the resulting 30.000 modes turn out to be sufficient, yet computationally
quick. The criterion of being ’sufficient’ is that when the number of modes up to a given
frequency is plotted as a function of frequency, the graph should be equal to the same
calculation performed with more terms included.

In general a considerably higher number of modes need to be included in the calcula-
tions when predicting the forced response of the system. This is because the higher order
modes influence the response, as can be seen from equation (5.68) on page 41.

8.1 Description of the system

By means of the model previously described, the eigenvalues of several plates are found.
The structures are:

• A wooden structure. The plate is 5 m by 6 m made from 22 mm chipboard. The
beams are made of douglas fir, with cross sectional dimensions 50 mm by 100 mm,
evenly spaced with a distance of 600 mm, which is a typical spacing for a floor
construction.
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• A similar chipboard plate, but with 1 m distance between the beams.

• Again, a similar chipboard plate, but with larger beams. The beams are still made
from douglas fir, but have cross sectional dimensions 70 mm by 250 mm. The spac-
ing is kept at 600 mm.

• A steel construction. The plate is 5 m by 6 m steel with a thickness of 6 mm. The
beams are simple rectangular beams with a height of 100 mm. 10 mm thickness is
used for the beams.

• An unknown construction (from now on LGS) based on the parameters used by
Sjökvist et al. [34]. The data for the plate are consistent with 18 mm plywood using
material properties found in [30]. The plate is 4 m by 6 m, and the beams are spaced
500 mm.

The before mentioned assumptions of thin plates, slender beams and simple support still
apply. In table 8.1 the material properties of the investigated systems are shown. It can
be seen that the beams used by Sjökvist are quite different from the rectangular beams
used in the other constructions. The bending stiffness Bb of LGS is fairly high compared
to the others, while neither the torsional stiffness Tr nor the mass per unit length m′

b are
significantly different from the range of the others. Most outstanding is the mass moment
of inertia,Θ′, which is much higher than for any of the other beam configurations.

In the table only the real parts of the material properties are shown. In the model,
damping is introduced as a complex Young’s Modulus, which makes both shear modulus,
bending stiffness and rotational stiffness complex as well. The complex Young’s Modulus
is calculated as E

(
1+ iη

)
. The damping coefficient η of both beams and plate can be

found in the table 8.1.
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Figure 8.1: Structure “LGS”. Frequency response in the driving point (x0, y0) = (1.32,1). On the left
is the amplitude, and on the right is the phase.

8.2 Input mobility

To begin with, we present a figure showing the frequency response of one of the mod-
elled constructions. For driving force is 1 N. In the figure 8.1 the input mobility of the
structure “LGS” is shown. It can be seen that the phase at low frequencies has a 90◦ lead,
as expected because the system acts spring-like at low frequencies. This is merely meant
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System Wood Wood (1 m) Wood (heavy) Steel LGS
lx [m] 5 5 5 5 4
ly [m] 6 6 6 6 6
lb [m] 600·10−3 1 600·10−3 600·10−3 500·10−3

Plate chipboard chipboard chipboard steel
hp [m] 22·10−3 22·10−3 22·10−3 6·10−3 -
ρp [kg/m3] 650 650 650 7.80·103 -
νp [·] 300·10−3 300·10−3 300·10−3 280·10−3 300·10−3

Ep [N/m2] 4.60·109 4.60·109 4.60·109 200·109 -
ηp [·] 20·10−3 20·10−3 20·10−3 10·10−3 20·10−3

B ′
p [Nm] 4.49·103 4.49·103 4.49·103 3.91·103 2.80·103

m′′
p [kg/m2] 14.30 14.30 14.30 46.80 10.80

Max f [Hz] 6.38·103 6.38·103 6.38·103 44.27·103

Beams douglas fir douglas fir douglas fir steel
hb [m] 100·10−3 100·10−3 250·10−3 100·10−3 -
b [m] 50·10−3 50·10−3 70·10−3 10·10−3 -
ρb [kg/m3] 520 520 520 7.80·103 -
νb [·] 300·10−3 300·10−3 300·10−3 300·10−3 300·10−3

Eb [N/m2] 12·109 12·109 12·109 200·109 -
ηb [·] 20·10−3 20·10−3 20·10−3 10·10−3 20·10−3

Bb [Nm2] 50·103 50·103 1.09·106 166.67·103 1.35·106

m′
b [kg/m] 2.60 2.60 9.10 7.80 6.75

G [N/m2] 4.62·109 4.62·109 4.62·109 76.92·109 -
Tr [Nm2] 19.23·103 19.23·103 131.92·103 2.56·103 12.90·103

Θ′ [kgm] 2.71·10−3 2.71·10−3 51.11·10−3 6.57·10−3 200·10−3

Max f [Hz] 2.42·103 2.42·103 967.64 2.55·103 -

Table 8.1: Input parameters for the initial investigation of the modal density. Three slightly va-
ried wooden systems are investigated; one with greater separation between the beams,
and another with larger beams. Further, a steel construction and a construction based
on Sjökvist et al. [34] has been investigated. The complex terms from damping are not
included in the table. The rows marked “Max f ” are calculations of the greatest fre-
quency fulfilling the rule off thumb, saying that the bending wavelength should not
exceed six times the thickness/height when assuming thin plates and slender beams
[9]. The density and Young’s modulus of fir are found on allmeasures.com. The other
material properties are from Ohlrich [30].

as a partial validity test of the model. The input mobilities of the other structures can be
found in the appendix, figures B.1-B.4.

Later we shall investigate the vibration patterns of ribbed plates, but first we will look
into the modal density.

8.3 Modal density

The modal density, here relative to the frequency (some authors use the angular fre-
quency instead), ∆N /∆ f with N being the number of modes, is calculated by counting
the number of modes occurring within a given frequency band and dividing by the band-
width. Both a fixed bandwith (10 Hz) and an exponential bandwidth (1/6th octaves) have
been used. The results are shown in figures 8.2-8.5.
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Figure 8.2: Modal density of the structure “wood”. On the left a constant bandwidth of 10 Hz is
shown, and on the right 1/6th octave bands. The 1/6th octave figure shows small fluc-
tuations towards higher frequencies, but no dominating pass band/stop band behav-
ior can be seen. The low frequency is best seen at the left figure, as the 1/6th octaves
are simply too narrow at the low end, and thus the fluctuation is not necessarily a mat-
ter of grouping modes, but rather because of the number of modes being very low at
the low end of the frequency scale.

In figure 8.2 the results of the system “wood” is shown. The 1/6th octave analysis
shows small fluctuations towards higher frequencies, but no dominating pass band/stop
band behavior can be seen. The low frequency is best seen using constant bandwidth, as
the 1/6th octaves are simply too narrow towards the low end, and thus the fluctuation is
not necessarily a matter of grouping modes, but rather because of the number of modes
being very low at the low end of the frequency scale.

Figure 8.3 shows the results of a wooden structure with slightly larger spacing be-
tween the beams. Very similar results to those with only 600 mm spacing between the
beams are seen, except the fluctuations in the 1/6th octave analysis are even smaller to-
wards higher frequencies, compared to figure 8.2.
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Figure 8.3: Modal density of the structure “wood (1 m)”. On the left a constant bandwidth of 10 Hz
is shown, and on the right 1/6th octave bands. The 1/6th octave figure becomes nearly
constant towards higher frequencies. Otherwise, the result is very similar to that of
figure 8.2.

By making the beams larger, it is expected that the influence of periodicity will be
greater. That this is the case can be seen in figure 8.4, which shows the modal density
when using 70×250 mm2 cross sectional area for the beams. Because of the rather large
height of the beams, the rule-of-thumb saying that slender beam theory can only be ap-
plied when the bending wavelength is larger than six times the height of the beams, im-
plies that the model of this structure is only valid up until approximately 1 kHz. The figure
shows fluctuations indicating that the modes tend to group (periodically) in certain fre-
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quency bands. As the 2D structure is only spatially periodic in one of its dimensions, we
do not expect to see a zero modal density in the stop bands, but rather a fluctuation as in
the present case. Later on we shall try to divide the modes into two groups, such that one
group shows no periodic effects, whereas the other has pass bands and stop bands like in
the one dimensional case.
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Figure 8.4: Modal density of the structure “wood (heavy)”. On the left a constant bandwidth of
10 Hz is shown, and on the right 1/6th octave bands. Be aware that the assumption
of slender beams is only valid up to approximately 1 kHz (see table 8.1). Compared to
figures 8.2 and 8.3 fluctuations indicating grouping modes are seen.

A figure showing similar results for the steel construction can be found in the ap-
pendix (figure B.5). As was the case of the simple wooden structures in figure 8.2 and 8.3
no apparent grouping of modes can be seen.

The last system, “LGS”, shows significant grouping of the modes. This is shown in
figure 8.5. By comparing the material properties of “LGS” and “wood (heavy)” to the oth-
ers, we are led to believe that the periodic behavior becomes significant as the bending
stiffness and the rotational mass moment of inertia increases. If so, this would not be
unexpected, as the periodicity is introduced by the beams, and thus the more stiff and
heavy these are, the greater the impact.
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Figure 8.5: Modal density of the structure “LGS”. On the left a constant bandwidth of 10 Hz is
shown, and on the right 1/6th octave bands. Clear indications of modes grouping to-
gether in bands can be seen.

The effect of bending stiffness and rotational mass moment of inertia of the beams is
investigated in figure 8.6, where the modal density of the “wood” structure is shown for
different modified parameters. Multiplying the bending stiffness by 1000 does not have
a great influence on the fluctuation at higher frequencies, whereas a factor of 100 on the
rotational mass moment of inertia is seen to have a huge impact. Finally, the rotational
stiffness has been multiplied by 1000. This is seen to affect the fluctuation as well. This
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supports the thought that the fluctuation is caused by the periodicity in the direction
across the beams, since the bending stiffness of the beams act in the direction parallel
to the beams, whereas the rotation acts across them. Further, it is seen that the position
of the fluctuation peaks does not change when comparing the modified rotational mass
moment of inertia to the modified rotational stiffness. This suggests that the position
of the pass bands depend on the geometry; that is, the distance between the beams. A
parameter study where the wooden structures with different spacing are compared will
help investigate this suggestion. However, the parameters must be modified, such that
fluctuations are clearly seen. Thus, we multiply both the rotational mass moment of iner-
tia and the rotational stiffness by a factor of 100. The result is shown in figure 8.7. Looking
at 1 kHz it is clearly seen that the position of the peaks depend on the distance between
the beams.

Figure 8.6: Modified “wood” structure. The modal density is shown in 1/6th octave bands. (—)
unmodified “wood” structure, (—) beam stiffness increased by a factor of 1000, (—)
rotational mass moment of inertia increased by a factor of 100, (—) rotational stiff-
ness increased by a factor of 1000, (– –) frequency averaged modal density of an infi-
nite plate. It is seen that the fluctuation is mainly depending on the rotational mass
moment of inertia and the rotational stiffness of the beams, whereas their bending
stiffness is without greater influence on the fluctuation. The added bending stiffness
influences the low frequency behavior.

In the model that we use in the present thesis, the plate is modelled by a plane, and
the beams by lines. As such, the beams have neither width nor height, and thus vertical
symmetry relative to the plate is not considered. However, as we define dimensions of the
beams in order to calculate stiffnesses and masses the vertical location of the beams need
to be considered when calculating the rotational mass moment of inertia. In the above
calculations the axis of rotation is the center line of the beam, but when considering for
instance a floor construction, the plate will usually be positioned on top of the beams,
and thus the axis of rotation would be centered at the top of the beam. When calculating
the mass moment of inertia relative to this axis, the rotating mass is four times higher
than when using the center axis.

In the original model by Chung [3] the effects of rotational energies are not included,
but as the previously discussed results suggest that these energies may play an impor-
tant role in our model, relative to the grouping of modes, we shall perform a comparison
of calculations with and without rotational energies. Further, we will investigate how
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Figure 8.7: Modified “wood” and “wood (1 m)” structures. The modal density is shown in 1/6th
octave bands. The structures are both modified by multiplying a factor of 100 to
both rotational mass moment of inertia and rotational stiffness. (—) modified “wood”
structure, (—) modified “wood (1 m)” structure. The position of the peaks is seen to de-
pend on the beam separation distance. This is especially clear when looking at 1 kHz,
where one configuration has a valley while the other has a peak.

the periodic behavior is affected by using the higher rotational mass moment of iner-
tia caused by the beams being located underneath the plate contrary to being centered
vertically.

8.4 Effect of torsion

In the following section we make comparisons of the modal densities, with rotational
energy using centered beams, with rotational energy using off-center beams (the plate
lying on top of the beams), without rotational energies, and without beams at all. The
latter calculation serve as a partial validation of the model, as it is directly comparable to
the frequency averaged modal density of an infinite plate, as given in equation (3.12) on
page 18.

Figure 8.8 shows the modal density of the system “LGS”. 1/6th octave bands are cho-
sen to get some smoothing of the results. As pointed out earlier, the 1/6th octave bands
are too narrow at low frequencies to obtain the desired smoothing. The figure shows
very different results with and without the rotational energies of the beams included in
the calculations. Some fluctuation is seen without including torsion, but it seems that
the grouping is opposite of that including the torsion. The calculation including torsion
shows much bigger fluctuations than when calculated without these energies. The calcu-
lation for the plate alone shows good agreement with the theoretical frequency averaged
modal density of an infinite plate. Clearly, this figure proves that the rotational energies
cannot be neglected for this particular structure.

Figure 8.9 shows the modal density of the system “steel” using 1/6th octave bands
as before. This figure shows very little fluctuation when the rotational energies are not
included in the calculation, but if any, looking at the higher frequency range, it seems that
the modes have the opposite grouping compared to the calculations including torsion,
just as the case seen in figure 8.8. Thus the torsion cannot be neglected for this structure
either. The effect of using the rotational mass moment of inertia about an axis centered
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Figure 8.8: Modal density of the system “LGS” calculated in 1/6th octave bands. (—) Without rota-
tional energies, (—) with rotational energies, (—) plate without beams, (– –) frequency
averaged modal density of an infinite plate. The effect of including rotational energies
in the calculation are clearly seen; the fluctuation becomes much larger compared to
the calculation without these energies. The calculation of the plate alone shows good
agreement with the theoretical frequency averaged value

Figure 8.9: Modal density of the system “steel” calculated in 1/6th octave bands. (—) Without
rotational energies, (—) with rotational energies, (—) using mass moment of inertia
about the top of the beams, (—) plate without beams, (– –) frequency averaged modal
density of an infinite plate. The effect of including rotational energies in the calcula-
tion are clearly seen; the fluctuation becomes much larger compared to the calculation
without these energies. The calculation of the plate alone shows good agreement with
the theoretical frequency averaged value
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(compared to a centered axis) at the top of each beam is pronounced in this figure at
higher frequencies. Again, the calculation for the plate alone shows good agreement with
the theoretical frequency averaged modal density of an infinite plate.

Similar figures for the three wooden systems are included in the appendix (figures
B.6-B.8). Except for the system with the heavy beams, these show almost no tendency
of mode grouping. The system with the heavy beams show such tendencies, but mostly
above the limiting frequency of slender beam theory.

Next, we will try varying the dimensions of the plate slightly, while keeping the area
constant. The idea is to see how such small imperfections influence the modal densities.

8.5 Small variations of plate dimensions

To investigate the effect of small variations of the plate dimension, the modal densities
of 3000 nominally identical plates has been calculated. This has been done for several of
the investigated systems. The results are shown as mean values with standard deviation
error bars using 1/6th octave bands. These results are depicted in figure 8.10 and 8.11.
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Figure 8.10: Modal density of the structure “LGS” calculated in 1/6th octave bands. The depicted
result is an average of 3000 nominally identical plates; that is the plate dimensions are
varied randomly with up to 10 cm in each direction, but keeping the area constant.
Standard deviations are shown as error bars.

It is seen that in general the standard deviations are rather small, and thus small vari-
ations in the width and/or lenght of the plate are not crucial in the calculations. However,
at low frequencies large deviations may be seen as the 1/6th octave bands become very
narrow and the modal density is fairly low.

A similar calculation has been carried out for the “wood” structure. The figure B.10
can be found in the appendix.

8.6 Summary

In the present chapter, we have seen that:

• The phase of the input mobility is leading 90◦ at low frequencies. Since we expect
spring like behavior at sufficiently low frequencies, the result is in agreement with
the expectation.

71



Chapter 8. Results of the model

Frequency f [Hz]

d
N

/d
f

[1
/H

z]

10 30 50 100 300 500 1k 3k 5k
0

0.5

1

1.5

2

Figure 8.11: Modal density of the structure “steel” calculated in 1/6th octave bands. The depicted
result is an average of 3000 nominally identical plates; that is the plate dimensions are
varied randomly with up to 10 cm in each direction, but keeping the area constant.
Standard deviations are shown as error bars.

• Good overall agreement between the calculated modal densities of the unstiffened
plates compared to the theoretical values from equation (3.12).

• The modal density of the investigated systems show fluctuations toward higher
frequencies. This behavior is most pronounced for the “LGS”, “steel” and “wood
(heavy)” systems.

• High values of the bending stiffness and the mass moment of inertia of the beams
seem to lead to greater fluctuation. When investigated closer by varying the pa-
rameters, it is discovered that the rotational mass moment of inertia is determining
the magnitude of the fluctuations along with the rotational stiffness, whereas the
added bending stiffness only affects the low frequency behavior.

• Two systems with different distances between the beams (but otherwise equal pa-
rameters) are compared. The resulting modal density plots show that the positions
of the peaks depend on the separation distance between the beams.

• Comparison of the modal densities with and without including rotational energies
of the beams shows, that including these energies is essential to the grouping of
the modes (the fluctuations seen at higher frequencies). This comes as no surprise
since the rotational parameters has just shown to be critical to these fluctuations.

• The factor of four, that is the difference between using a centered axis and an axis at
the top of the beams, is significant when calculating the rotational mass moment
of inertia of the beams.

• When varying the plate dimensions up to 10 cm in both length and width (keeping
the area constant) the modal density only shows small variations. The standard
deviation is fairly low (except for the very low frequencies) when using 1/6th octave
bands for analysis.
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CHAPTER

9
Grouping the fundamental modes

Our goal is to divide the fundamental modes into two groups; one which we shall call the
perpendicular modes, and another which we term the parallel modes.

9.1 An angular approach

In our search for possible ways to group the modes, we consider the following geometri-
cal approach. In equation (5.63) it has been shown, that each mode shape of the ribbed
plate is a linear combination of the sinusoidal mode shapes of the plate alone,ϕm(x)ψn(y).
Further, we have seen that each eigenvector contains the coefficients of equation (5.63).
Now, the idea that we wish to investigate, is to reshape each eigenvector into an M ×N
matrix and the putting the corresponding mode into one of the two groups (either per-
pendicular or parallel) depending on where it has its dominant coefficients, relative to an
angle θ, as depicted in figure 9.1.

Figure 9.1: Angular separation approach. The modes are each put into the group that contains
the most dominant coefficients for that particular mode. Colors: Perpendicular modes
and parallel modes.

Let c⊥i be the coefficients above the separation angle, and likewise let c∥j be the coef-
ficients below the separation angle. If∣∣∣∣∣∑

i

(
c⊥i

)2

∣∣∣∣∣>
∣∣∣∣∣∑

j

(
c∥j

)2
∣∣∣∣∣ , (9.1)

we consider the given mode to belong to the perpendicular group of modes. If (9.1) is not
fulfilled, we let the mode belong to the parallel group of modes.
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The goal is to investigate if such a separation approach can lead to the modal den-
sity of one group showing pass-band/stop-band behavior while the other group does not
show this kind of behavior. We do so, by writing a MATLAB script, that for a given angle
does the separation and displays the modal densities graphically.

For each column we use the product of the column number and the tangent of the
angle, to determine how many of the coefficients should be counted as perpendicular.
I.e. in the n’th column the first n · tanθ (see fig. 9.2) coefficients are included in the sum
of perpendicular coefficients in equation (9.1), whereas the rest are counted as parallel.

Figure 9.2: In the n’th column the first n · tanθ coefficients are included in the sum of perpendic-
ular coefficients

9.2 Results of the angular approach

By using the angular approach described above, grouping of the modes have been at-
tempted for the “LGS” structure and the “steel” structure, as these show fluctuations in-
dicating that the modes tend to be more dense in some frequency bands compared to
others.

Finding the optimal angle has been done simply by plotting the resulting modal den-
sities of all angles from 5◦ to 85◦ in steps of 5 degrees. Then, by looking at the gener-
ated figures, the optimal angles regarding a division such that one group shows pass-
band/stop-band behavior while the other group does not, has been determined.

We have no reason to expect the optimal angles for two different systems to be equal,
and as we shall see in the following, they are not.

When investigating the “LGS” structure, an angle of 35◦ has been found as the opti-
mal angle. The results are shown in figures 9.3 and 9.4. The perpendicular modes show
clear pass-band/stop-band behavior, while the parallel modes show a fairly flat modal
density towards the higher frequencies. At lower frequencies the perpendicular modes
are dominating.

The results of the “steel” structure are shown in figures 9.5 and 9.6. For this struc-
ture, an angle of 15◦ turned out to provide the best result. It can be seen from the figures,
that the perpendicular modes show clear pass-band/stop-band behavior at frequencies
above 500 Hz, while the parallel modes show a fairly flat modal density at these frequen-
cies. At lower frequencies the parallel modes are dominating and show fluctuating be-
havior.

Inspired by the clear periodicity of the perpendicular modes seen in figure 9.6, we will
investigate the repetition rate in the following section.
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Figure 9.3: Grouping of the modes in structure “LGS”. The optimal angle is found to be θ = 35◦.
1/6th octave bands. (—) Perpendicular modes, (—) parallel modes, (– –) total modal
density, and (– –) frequency averaged modal density of an infinite plate. The perpen-
dicular modes show clear pass-band/stop-band behavior, while the parallel modes
show a fairly flat modal density towards the higher frequencies. At lower frequencies
the perpendicular modes are dominating.
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Figure 9.4: Grouping of the modes in structure “LGS”. The optimal angle is found to be θ = 35◦.
10 Hz constant bandwidth depicted on a linear scale. (—) Perpendicular modes, (—)
parallel modes, and (– –) frequency averaged modal density of an infinite plate. The
periodic behavior of the perpendicular modes is clearly seen.
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Figure 9.5: Grouping of the modes in structure “steel”. The optimal angle is found to be θ = 15◦.
1/6th octave bands. (—) Perpendicular modes, (—) parallel modes, (– –) total modal
density, and (– –) frequency averaged modal density of an infinite plate. The perpen-
dicular modes show clear pass-band/stop-band behavior at frequencies above 500 Hz,
while the parallel modes show a fairly flat modal density at these frequencies. At lower
frequencies the parallel modes are dominating and show fluctuating behavior.
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Figure 9.6: Grouping of the modes in structure “steel”. The optimal angle is found to be θ = 15◦.
10 Hz constant bandwidth depicted on a linear scale. (—) Perpendicular modes, (—)
parallel modes, and (– –) frequency averaged modal density of an infinite plate. The
periodic behavior of the perpendicular modes is clearly seen. As the linear scaling
tends to hide what is happening at low frequencies the fluctuation in the parallel
modes at low frequencies is not seen as clearly in this figure compared to figure 9.5.
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Investigation of the perpendicular modes

9.2.1 Investigation of the perpendicular modes

First, we use MATLAB to trace the on-set frequencies of the pass bands seen in the perpen-
dicular modes depicted in figure 9.6. The frequencies are listed in table 9.1. Cremer et al.
[9] suggest that the pass band/stop band behavior is periodic in kl . Since kl ∼ √

f we
plot the square root of the onset frequencies as a function of the period number. The re-
sult is seen in figure 9.7. Next, we use polynomial fitting to see if the data are positioned
on a straight line. As can be seen in the figure, the modal density of the perpendicular
modes is clearly fluctuating with a period proportional to kl .

On-set number On-set frequency [Hz]
1 870
2 1280
3 1760
4 2330
5 2960
6 3700
7 4500

Table 9.1: On-set frequencies found by tracing the perpendicular modes in figure 9.6. The fre-
quencies in the table are used to verify that the periodicity is proportional to kl , see fig.
9.7.

Figure 9.7: Periodicity in kl . Data from the perpendicular modes of the structure “steel”. The plot
shows square root of the on-set frequencies from figure 9.6 as a function of the period
number, see table 9.1. It can be seen that the periods are proportional to kl as the data
are on a straight line.

The modal density of the perpendicular modes of the structure “steel” are plotted as
a function of

√
f /2π using 10 Hz bandwidth in figure 9.8. A similar figure showing the

perpendicular modes found for the “LGS” structure can be found in the appendix, figure
B.9.
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Figure 9.8: Modal density of the perpendicular modes of the structure “steel”. 10 Hz bandwidth is
used. It can be seen that the periods have equal width in

√
f ∼ kl .

9.3 Summary

On an overall level, the angular approach may not be the best solution when trying to
group the modes into two; one group showing pass-band/stop-band behavior, and an-
other showing an even distribution of modes. However, it has been shown that an an-
gular approach can indeed be used to obtain such grouping at higher frequencies where
the structures behave nicely in a periodic sense. By using the term ’nicely’ we mean,
that though there may be fluctuations towards lower frequencies they tend to be more
random in their distribution.

It has been found, that the optimal angle of separation differs from system to system.
How the angle is related to the material properties and configuration of the structure is
yet to be determined. Actually, in an SEA sense the angle is not really of importance –
the modal density of each of the two groups is what is interesting. It would be expected
that the modal density of the perpendicular beams can be found, by studying how simi-
larly spatially periodic 1D structures behave. Likewise, the parallel modes should be dis-
tributed somewhat like the well known theoretical frequency averaged modal density of
an infinite plate. However, the added stiffness caused by the beams need to be included
in the calculations of such a distribution.

In short, we have seen that:

• The angular approach makes it possible to separate the modes into two groups;
one that shows periodic behavior and one that does not.

• The angle of separation differs from structure to structure.

• The period of the modal density of perpendicular modes is proportional to kl .
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CHAPTER

10
Vibration pattern

In the present chapter, we will look at vibration patterns of both mode shapes and forced
vibrations. The reason for investigating such figures is, that by looking at the vibration
pattern, information about directional propagation can be obtained.

10.1 A few mode shapes

In figures 10.1 and 10.2 a few of the actual mode shapes of the steel structure are shown.
It can be seen from figure 10.1 that the mode shapes are composed from sinusoids. By
looking at figure 10.2 it can be seen that there is only little variation within each bay,
whereas the variation between different bays may be greater. This tendency is not as
pronounced at lower frequencies, as can be seen at the 200 Hz mode depicted in figure
10.1.

Figure 10.1: A couple of actual mode shapes of the “steel” structure. The plate is here seen from
above. Blue colors are low displacements, red colors are high displacements.

Similar figures for the “LGS” structure can be found in the appendix (figures B.11 and
B.12).
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Chapter 10. Vibration pattern

Figure 10.2: A couple of actual mode shapes of the “steel” structure. The plate is here seen from
above. Blue colors are low displacements, red colors are high displacements.

10.2 Forced vibration

As explained earlier, the vibration response caused by forced excitation depend on the
higher order modes as well as the lower ones. Thus, one should always make sure that
sufficiently many modes are included in the calculation when simulating a forced re-
sponse. In the following, the number of modes necessary is determined by trial-and-
error; that is, by increasing the number of modes until the generated figure shows no
difference from the previous one.

The figures in the present section are calculated with truncation M = N = 500, as
these values are found to be sufficiently large.

Figure 10.3 shows forced vibration of the “steel” structure at 1/3 octave bands cen-
tered at 1 kHz and 4 kHz respectively. The plate is excited with a 1 N point force at
(x, y) = (1.32,1.2). The response shown is an average of ten random frequencies within
a 1/3 octave band. The average is obtained by averaging the squared velocities and con-
verting to decibels afterwards. Strong attenuation across the beams – especially between
the excited bay and the neighboring ones – is seen, whereas the attenuation within each
bay is seen to be low. Similar results of the “LGS” structure are depicted in figure 10.4.

Looking at figure 10.3 strong attenuation in the direction perpendicular to the beams
is seen, whereas only relatively little attenuation is seen within each bay. In figure 10.4
dominating modes parallel to the beams are clearly seen in the 1/3 octave band at 1 kHz,
but still the figure shows strong attenuation across the beams compared to the parallel
direction when considering the bays close to the excitation point. This observation agrees
with the results of Sjökvist [33].

A figure by Sjökvist showing the forced vibration of the “LGS” structure is included in
appendix, see figure A.1. The figure shows strong directionality, which indicates that the
pass bands are highly directional. When averaging over random frequencies within a 1/3
octave band, we do not see the same kind of directionality in the results presented here.

Forced vibration at lower frequencies is shown in the appendix, where a series of
figures showing forced vibration of the “LGS” structure is given. The low-frequency re-
sponse is less interesting in terms of SEA, as the modal density is too low for SEA pre-
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Forced vibration

Figure 10.3: Forced vibration of the “steel” structure. The plate is here seen from above. Blue col-
ors are low velocity levels, red colors are high ones. Truncation at M = 500, N = 500
has been used for the calculation. The figures show RMS averages of 10 random fre-
quencies within a 1/3 octave band centered at 1 kHz (left) and 4 kHz (right) respec-
tively. The beams are spaced 600 mm starting at y = 0.3. The plate is excited with a
1 N point force at (x, y) = (1.32,1.2). Strong attenuation across the beams – especially
between the excited bay and the neighboring ones – is seen, whereas the attenuation
within each bay is seen to be low.

Figure 10.4: Forced vibration of the “LGS” structure. The plate is here seen from above. Blue colors
are low velocity levels, red colors are high ones. Truncation at M = 500, N = 500 has
been used for the calculation. The figures show RMS averages of 10 random frequen-
cies within a 1/3 octave band centered at 1 kHz (left) and 4 kHz (right) respectively.
The beams are spaced 500 mm starting at y = 0.25. The plate is excited with a 1 N
point force at (x, y) = (1.32,1). Strong attenuation between the excited bay and the
neighbouring bays is seen. Away from the excitation, dominant modes in the direc-
tion along the bays is seen.
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Chapter 10. Vibration pattern

dictions. Further, low frequency response can be obtained by other methods like finite
element modelling. Figures B.13-B.22 show forced vibration at various frequencies. To
apply some smoothing, each figure is the mean result of 50 random frequencies within
a 1/6th octave band. Each figure is composed of two plots, both showing the plate from
above. The plot on the left is a calculation including rotational energies, whereas the plot
on the right does not include this effect. As discovered when investigating modal density
there is a significant difference between the results with and without rotational energies.

10.3 Summary

We have demonstrated how some of the actual mode shapes of a rib reinforced plate
looks. Further, we have shown how the model predicts the forced vibration response,
when excited with a time harmonic point force at various frequencies. We have seen
that:

• A high number of modes is necessary to calculate the forced vibration response at
high frequencies.

• The rib reinforced plate has strong attenuation across the beams, whereas

• only relatively little attenuation within each bay is seen.
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CHAPTER

11
Summary

It the present thesis a modal model of a rib reinforced plate has been presented. In chap-
ter 1 a brief introduction is given, followed by a quick walk-through of some basic princi-
ples in chapter 2. The theory in chapter 2 should not be new to the reader, but is merely
presented as a reminder, since these principles are fundamental in order to understand
the model presented at a later stage.

Chapter 3 primarily deals with the bending wave equation of beams and plates. A
solution to the bending wave equation of a simply supported beam is found. Further,
the concept of modes, natural frequencies and mode shapes is introduced. This chapter
concludes the introductory part of the thesis.

The next part of the thesis deals with the theory behind the model, and later the im-
plementation in MATLAB. First, an introduction to Hamilton’s principle is given in chap-
ter 4 starting with the calculus of variations and the variational delta operator. Hamilton’s
principle is then introduced, and finally adapted to the use of complex exponential nota-
tion.

Chapter 5 deals with the modal model. By describing the plate and beams separately,
using the mechanical motion to calculate the kinetic and elastic potential energies of
each component, Hamilton’s principle is applied and an expression for the forced de-
flection of the combined system is found. Further, an eigenvalue problem is derived. By
numerically solving the eigenvalue problem, the natural frequencies and corresponding
mode shapes can be found. In chapter 6 linear algebra is used to simplify the matri-
ces describing the system. The chapter describes how both the forced problem and the
eigenvalue problem can be solved in MATLAB. The procedure is made such that the prob-
lem can be divided into smaller pieces that can be solved using parallel computing. This
makes it possible to solve the problem for frequencies, that would otherwise be very diffi-
cult to deal with, as the number of modes to include in the calculations increases rapidly
with the frequency.

In chapter 7 provides a brief introduction to statistical energy analysis. Further, a
proposal to an SEA model by Brunskog is presented. This model is the reason for the
investigation of mode groups in chapter 9.

After introducing SEA, results of the implemented modal model are presented and
discussed. Chapter 8 deals with the modal density of different ribbed plates, simulated
using the model. A parameter study of the various inputs to the model is performed by

85



Chapter 11. Summary

varying them one by one. It is found that the rotational energies are important to the pass
band/stop band behavior seen as fluctuations in the modal density. The positions of the
peaks in the fluctuation depends on the distance between the beams.

Next, in chapter 9 the goal is to separate the modes into two groups, such that one
shows periodic behavior, while the other one does not. A geometrical approach is inves-
tigated, and it is successfully implemented. Looking closer at the group of perpendicular
modes; that is, the group of modes showing pass band/stop band behavior, it is seen that
the periodicity is evenly spaced in terms of kl . Details, such as how to determine the
angle of separation for a given structure are still to be investigated. Further, in terms of
SEA, a method to predict the modal densities of the two groups, without implementing a
modal model, need to be developed.

Finally, a few of the actual mode shapes and some forced vibration patterns are pre-
sented in chapter 10. Strong attenuation in the direction perpendicular to the beams is
seen, whereas the attenuation in the direction along them is relatively little in compari-
son.
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CHAPTER

12
Conclusion

The main outcome of the thesis at hand, is the modal model presented in chapter 5. Un-
derstanding the underlying theory and implementing the model has taken a considerable
amount of time. As writing a thesis includes meeting a deadline, the findings listed in the
section below are therefore not necessarily all that can be obtained from the model; that
is, given more time, further details of the behavior of a simply supported ribbed plate
could be investigated using the present model.

12.1 Findings in the thesis

From the investigations carried out in chapters 8-10 it has been shown that the modes
of a spatially periodic ribbed plate can be divided in two groups; one showing periodic
behavior in terms of pass bands and stop bands, and another that does not show such
behavior. We have seen that the rotational mass moment of inertia and the rotational
stiffness are important to the pass band/stop band behavior. Further, simulations show
that the frequencies of the pass bands are determined primarily by the distance between
the beams. The period of the modal density of the perpendicular modes is proportional
to kl .

Small variations of the plate dimensions has shown to be non-critical, when the dis-
tance between the beams is fixed and the area of the plate kept constant.

Investigation of mode shapes and forced vibration responses of different plate con-
figurations has revealed that the spatial attenuation in the direction across the beams is
strong, whereas it is small within each bay in comparison.

12.2 Future work

The work presented in this thesis is only part of a greater goal; namely the development
of an SEA based model describing the vibrational behavior of coupled spatially periodic
structures. Continuing the work in that direction could be done by a number of different
investigations:

• Expansion of the model by including for instance the slippage that occurs in the
coupling between the plate and the beams. This is described by Chung [3] as a
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spring potential energy.

• Implementation of point coupling of the beams to the plate, as would be the case
with a wooden floor screwed onto the beams.

• Validation of the model by comparing to measured experimental results. Preferably
well defined and homogeneous materials like lexan or metal should be used.

• Validation by comparing to other calculation methods, such as the finite element
approach.

• Development of an expression for the modal density of perpendicular modes and
parallel modes respectively. Such an expression will be needed for SEA adaptation.
As will further investigation of the basic assumptions of SEA.

• Investigation of how minor changes in the material properties affect the vibrational
response. In order for a prediction tool to be useful for wooden constructions, it
must not be too sensitive to changes in the material properties, as these have a
great variation between different samples of wood. Nor is wood nearly as homoge-
neous as for instance steel.

• Consideration of near-periodicity.

• Determination of coupling loss factors and transmission coefficients of coupled
periodic structures. How to handle coupling that is neither strong nor weak should
be determined.

As can be seen from the above suggestions and considerations, there is plenty of work yet
to be done.
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APPENDIX

A
Figures from various sources

Figure A.1: From [33, p.79, fig.4]. Original caption: "The plate seen from above. The position of
the beams is marked with black lines and the excitation point is marked with a white
’+’ sign. The vibration level for the 5000 Hz one-third octave band is displayed by grey
scale, where darker means more vibration; see the bar at the right side of the figure."
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APPENDIX

B
Additional figures

In the following appendix, additional figures from the model is shown. These figures are
not directly discussed, but may still be of interest.
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Figure B.1: Structure “wood”. Frequency response in the driving point (x0, y0) = (1.32,1.2). On the
left is the amplitude, and on the right is the phase.

Frequency f [Hz]

Velocity level

[d
B

re
1

0
−

9
[m

/s
]

Frequency f [Hz]

Phase

[r
a

d
ia

n
s]

10 30 100 300 1k 3k10 30 100 300 1k 3k
−π

−

π

2

0

π

2

π

80

100

120

140

Figure B.2: Structure “wood (1 m)”. Frequency response in the driving point (x0, y0) = (1.32,1).
On the left is the amplitude, and on the right is the phase.
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Figure B.3: Structure “wood (heavy)”. Frequency response in the driving point (x0, y0) =
(1.32,1.2). On the left is the amplitude, and on the right is the phase.
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Figure B.4: Structure “steel”. Frequency response in the driving point (x0, y0) = (1.32,1.2). On the
left is the amplitude, and on the right is the phase.
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Figure B.5: Modal density of the structure “steel”. On the left a constant bandwidth of 10 Hz is
shown, and on the right 1/6th octave bands are used. As was the case in figures 8.2
and 8.3, no apparent pass-band/stop-band behavior can be seen.
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Figure B.6: Modal density of the system “wood” calculated in 1/6th octave bands. (—) Without
rotational energies, (—) with rotational energies, (—) using mass moment of inertia
about the top of the beams, (—) plate without beams, (– –) frequency averaged modal
density of an infinite plate. The effect of including rotational energies in the calcula-
tion are clearly seen; the fluctuation becomes much larger compared to the calcula-
tion without these energies. The calculation of the plate alone shows good agreement
with the theoretical frequency averaged value

Figure B.7: Modal density of the system “wood (1 m)” calculated in 1/6th octave bands. (—) With-
out rotational energies, (—) with rotational energies, (—) using mass moment of in-
ertia about the top of the beams, (—) plate without beams, (– –) frequency averaged
modal density of an infinite plate. The effect of including rotational energies in the
calculation are clearly seen; the fluctuation becomes much larger compared to the cal-
culation without these energies. The calculation of the plate alone shows good agree-
ment with the theoretical frequency averaged value
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Appendix B. Additional figures

Figure B.8: Modal density of the system “wood (heavy)” calculated in 1/6th octave bands. (—)
Without rotational energies, (—) with rotational energies, (—) using mass moment
of inertia about the top of the beams, (—) plate without beams, (– –) frequency av-
eraged modal density of an infinite plate. The effect of including rotational energies
in the calculation are clearly seen; the fluctuation becomes much larger compared to
the calculation without these energies. The calculation of the plate alone shows good
agreement with the theoretical frequency averaged value.
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Figure B.9: Modal density of the perpendicular modes of the structure “LGS”. 10 Hz bandwidth is
used. It can be seen that the periods have equal width in

√
f ∼ kl .
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Figure B.10: Modal density of the structure “wood” calculated in 1/6th octave bands. The de-
picted result is an average of 3000 nominally identical plates; that is the plate dimen-
sions are varied randomly with up to 10 cm in each direction, but keeping the area
constant. Standard deviations are shown as error bars.

Figure B.11: A couple of actual mode shapes of the “LGS” structure. The plate is here seen from
above. Blue colors are low displacements, red colors are high displacements.
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Figure B.12: A couple of actual mode shapes of the “LGS” structure. The plate is here seen from
above. Blue colors are low displacements, red colors are high displacements.

Figure B.13: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 28 Hz.
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Figure B.14: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 56 Hz.

Figure B.15: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 90 Hz.

99



Appendix B. Additional figures

Figure B.16: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 140 Hz.

Figure B.17: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 180 Hz.
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Figure B.18: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 250 Hz.

Figure B.19: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 400 Hz.
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Figure B.20: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 630 Hz.

Figure B.21: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 1000 Hz.
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Figure B.22: Comparison of the vibration pattern with and without torsion included in the model.
On the left the torsion is included, and on the right it is not. The positions of the
beams are indicated by the broken lines across both figures. The excitation is a 1 N
time harmonic point force at x = 1.32 m and y = 1 m. The vibration pattern shown
is an average of the response caused by 50 random excitation frequencies within a
1/6th octave band centered at 1250 Hz.
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APPENDIX

C
MATLAB scripts

In the present appendix, the MATLAB scripts, that have been used to produce figures and
numerical results presented in this thesis, are included. The scripts are merely provided
as a documentation of the findings, and the reader should be warned, that they were not
written with publishing in mind – writing nice and easy-to-read scripts can be a time
consuming and demanding task, even for a trained programmer (which this author is
not).

C.1 MATLAB version
For the numerical calculations in the present thesis, the following version of MATLAB has
been used. It has been running on DTU gbar linux servers (glint00-glint17), and has been
accessed through ThinLinc client software. Of course only a few of the installed packages
has actually been used, as can be seen from the included scripts.

-------------------------------------------------------------------------------------
MATLAB Version 7.7.0.471 (R2008b)
MATLAB License Number: 167507
Operating System: Linux 2.6.18-92.1.6.el5 #1 SMP Wed Jun 25 12:38:37 EDT 2008 x86_64
Java VM Version: Java 1.6.0_04 with Sun Microsystems Inc. Java HotSpot(TM) 64-Bit Server VM mixed mode
-------------------------------------------------------------------------------------
MATLAB Version 7.7 (R2008b)
Simulink Version 7.2 (R2008b)
Aerospace Blockset Version 3.2 (R2008b)
Aerospace Toolbox Version 2.2 (R2008b)
Bioinformatics Toolbox Version 3.2 (R2008b)
Communications Blockset Version 4.1 (R2008b)
Communications Toolbox Version 4.2 (R2008b)
Control System Toolbox Version 8.2 (R2008b)
Curve Fitting Toolbox Version 1.2.2 (R2008b)
Database Toolbox Version 3.5 (R2008b)
Datafeed Toolbox Version 3.2 (R2008b)
EDA Simulator Link DS Version 2.0 (R2008b)
Econometrics Toolbox Version 1.0 (R2008b)
Filter Design Toolbox Version 4.4 (R2008b)
Financial Derivatives Toolbox Version 5.3 (R2008b)
Financial Toolbox Version 3.5 (R2008b)
Fixed-Income Toolbox Version 1.6 (R2008b)
Fixed-Point Toolbox Version 2.3 (R2008b)
Fuzzy Logic Toolbox Version 2.2.8 (R2008b)
Genetic Algorithm and Direct Search Toolbox Version 2.4 (R2008b)
Image Processing Toolbox Version 6.2 (R2008b)
Instrument Control Toolbox Version 2.7 (R2008b)
MATLAB Builder JA Version 2.0.2 (R2008b)
MATLAB Compiler Version 4.9 (R2008b)
MATLAB Distributed Computing Server Version 4.0 (R2008b)
MATLAB Report Generator Version 3.4 (R2008b)
Mapping Toolbox Version 2.7.1 (R2008b)
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Model Predictive Control Toolbox Version 3.0 (R2008b)
Neural Network Toolbox Version 6.0.1 (R2008b)
Optimization Toolbox Version 4.1 (R2008b)
Parallel Computing Toolbox Version 4.0 (R2008b)
Partial Differential Equation Toolbox Version 1.0.13 (R2008b)
RF Blockset Version 2.3 (R2008b)
RF Toolbox Version 2.4 (R2008b)
Real-Time Workshop Version 7.2 (R2008b)
Real-Time Workshop Embedded Coder Version 5.2 (R2008b)
Robust Control Toolbox Version 3.3.2 (R2008b)
Signal Processing Blockset Version 6.8 (R2008b)
Signal Processing Toolbox Version 6.10 (R2008b)
SimBiology Version 2.4 (R2008b)
SimDriveline Version 1.5.1 (R2008b)
SimElectronics Version 1.1 (R2008b)
SimEvents Version 2.3 (R2008b)
SimHydraulics Version 1.4 (R2008b)
SimMechanics Version 3.0 (R2008b)
SimPowerSystems Version 5.0 (R2008b)
Simscape Version 3.0 (R2008b)
Simulink Control Design Version 2.4 (R2008b)
Simulink Design Verifier Version 1.3 (R2008b)
Simulink Fixed Point Version 6.0 (R2008b)
Simulink Parameter Estimation Version 1.2.3 (R2008b)
Simulink Report Generator Version 3.4 (R2008b)
Simulink Response Optimization Version 3.2 (R2008b)
Simulink Verification and Validation Version 2.4 (R2008b)
Spline Toolbox Version 3.3.5 (R2008b)
Stateflow Version 7.2 (R2008b)
Stateflow Coder Version 7.2 (R2008b)
Statistics Toolbox Version 7.0 (R2008b)
Symbolic Math Toolbox Version 5.1 (R2008b)
System Identification Toolbox Version 7.2.1 (R2008b)
SystemTest Version 2.2 (R2008b)
Video and Image Processing Blockset Version 2.6 (R2008b)
Virtual Reality Toolbox Version 4.8 (R2008b)
Wavelet Toolbox Version 4.3 (R2008b)

C.2 Solving the eigenvalue problem

In this section, a script that solves the eigenvalue problem and store the results for later
analysis is presented. Further some scripts for calculating and plotting the modal density
are provided.

C.2.1 modalmodelEVP.m

This script solves the eigenvalue problem and stores the data for later analysis.

1 % Modal model implemented from the draft paper
2 % "Non-diffuse bending waves in lightweight ribbed plates"
3 % by Jonas Brunskog and Hyuck Chung.
4

5 % Author: Kristoffer A. Dickow
6 % Part of MSc project, DTU 2009
7

8 % Calculates the eigenvalues and eigenvectors and saves them in a file.
9

10 clear all; clc; close all;
11

12 savefile = 'filename'; % enter filename here
13

14 t0 = clock; % needed to measure calculation time
15

16 lx=5; % Plate dimension
17 ly=6; % Plate dimension
18

19 M = 200; % Truncation of m
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20 N = 150; % Truncation of n
21

22 yj = .3:.6:ly; % Position of beams
23 %yj = .5:1:ly; % Position of beams
24 %yj = .25:.5:ly; % Position of beams
25

26 %%%%%% 22mm chipboard on fir beams
27

28 % constants plate
29 hp=22e-3; % thickness
30 rhop=6.5e2; % density
31 nup=.3; % poisson ratio
32 Ep=4.6e9*(1+1i*.02); % Young's modulus
33

34 Bp=Ep*hp^3/(12*(1-nup^2)); % plate bending stiffness pr unit width
35 mp=rhop*hp; % plate mass per unit area
36

37 % constants beam
38 bb=5e-2; % width of beams
39 hb=10e-2; % height of beams
40 rhob=5.2e2; % density of beams
41 Eb=1.2e10*(1+1i*.02); % Young's modulus
42 nub=.3; % poisson
43

44 Bb=Eb*bb*hb^3/12; % beam bending stiffness
45 mb=rhob*(bb*hb); % beam mass per unit length
46 Gb=Eb/(2+2*nub); % Shear modulus
47 Tr = Gb*bb^3*hb/3; % Torsional stiffness
48 Theta = rhob*bb*hb^3/12; % Rotational mass moment of intertia
49 %Theta=Theta*4; % place the rotation axis at the end instead of centered
50

51 %%% STEEL CONSTRUCTION
52

53 % % constants plate
54 % hp=6e-3;%18e-3; % thickness
55 % rhop=7.8e3;%6.5e2; % density
56 % nup=.28;%.3; % poisson ratio
57 % Ep=2e11*(1+1i*.01);%4.6e9*(1+1i*.02); % Young's modulus
58 %
59 %
60 % Bp=Ep*hp^3/(12*(1-nup^2)); % plate bending stiffness pr unit width
61 % mp=rhop*hp; % plate mass per unit area
62 %
63 % % constants beam
64 % bb=10e-3;%5e-2; % width of beams
65 % hb=100e-3;%10e-2; % height of beams
66 % rhob=rhop;%5.3e-2; % density of beams
67 % Eb=Ep;%1.2e10*(1+1i*.02); % Young's modulus
68 % nub=nup;%.3; % poisson
69 %
70 % Bb=Eb*bb*hb^3/12; % beam bending stiffness
71 % mb=rhob*(bb*hb); % beam mass per unit length
72 % Gb=Eb/(2+2*nub); % Shear modulus
73 % Tr = Gb*bb^3*hb/3; % Torsional stiffness
74 % Theta = rhob*bb*hb^3/12; % Rotational mass moment of intertia
75 % %Theta=Theta*4; % place the rotation axis at the end instead of centered
76 %%%%%%%%%%%%
77

78 %LGS:
79 % Bb=1.35e6*(1+1i*.02);
80 % Bp=2800*(1+1i*.02);
81 % mb=6.75;
82 % mp=10.8;
83 % Theta=.2;
84 % Tr=1.29e4*(1+1i*.02);
85

86 m = (1:M)'; % Column vector
87 n = (1:N); % Row vector
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88

89 km = pi*m/lx; % Column w/ modes in x direction
90 kappan = pi*n/ly;% Row w/ modes in y direction
91

92 clear m n
93

94 S = length(yj);
95

96 Kpmn = Bp*(repmat(km.^2,1,N)+repmat(kappan.^2,M,1)).^2; % MxN matrix
97

98 Jdiag = sqrt(2/ly)*sin(yj'*kappan); % J-matrix is diagonal with M
99 % Jdiag's on the diagonal

100

101 Idiag = sqrt(2/ly)*cos(yj'*kappan).*repmat(kappan,S,1);
102

103 % Allocate memory
104 Di = zeros(M*N,1);
105 V = sparse(zeros(M*N));
106

107 for ii=1:M;
108 Km = diag(Kpmn(ii,:))+Jdiag'*(Bb*km(ii)^4*eye(S))*Jdiag+Idiag'*(Tr*km(ii)^2*eye(S))*Idiag;
109 Mm = mp*eye(N)+Jdiag'*(mb*eye(S))*Jdiag+Idiag'*(Theta*eye(S))*Idiag;
110 [Vm Dm] = eig(Mm\Km);
111 V((ii-1)*N+1:ii*N,(ii-1)*N+1:ii*N) = Vm;
112 Di((ii-1)*N+1:ii*N) = diag(Dm);
113 end
114

115 % V is an MN by MN matrix with eigenvectors as columns
116 % Di is a coloumn vector with corresponding eigenvalues
117

118 disp(['Calculation time: ',num2str(etime(clock,t0)),' seconds'])
119 clear Dm Jdiag Idiag Km Kpmn Mm S Vm ii t0
120 save(savefile);

C.2.2 modaldensity.m

This script plots the modal density of one or more systems.

1 % Author: Kristoffer A. Dickow
2 % Part of MSc project, DTU 2009
3

4 clc;clear all; close all;
5 % requires that modalmodelEVP has been run first.
6 % requires newsemilogfig.m - if not available search and replace
7 % newsemilogfig with figure()
8 % same for newloglogfig.m and newlinfig.m
9 % requires mygrid.m, otherwise remove mygrid-calls

10

11 t0 = clock; % needed to measure calculation time
12

13 % Initialize figures
14 fig1=newloglogfig; % mode count, log scale
15 fig2=newlinfig; % density in 10 Hz bands, linear scale
16 fig3=newsemilogfig; % density in 1/6 octaves, log scale
17 [fig4 fig4l fig4r]=newdoublesemilogfig; % constant bandwith and 1/6 octave. Log scales
18

19 for data={'wood100torsion' 'wood1m100torsion'}
20

21 load(char(data));
22

23 slopeplate = real(lx*ly*mp/(2*sqrt(Bp*mp))); % modal density of a plate from MO 7022
24

25 [Di I] = sort(real(Di)); % sort eigenvalues
26 Di = sqrt(Di)/(2*pi); % eigenfrequencies
27
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28 f=0:0.5:10e3;
29 Nm = cumsum(histc(Di,f)); % cumulative histogram
30 figure(fig1);
31 plot(Di,1:length(Di));
32

33 df = 10; % Hz
34 ff=0:df:10e3;
35

36 figure(fig2);
37 DNr=histc(Di,ff)/df;
38 plot(ff,DNr);
39 figure(fig4)
40 subplot(fig4l)
41 plot(ff,DNr);
42

43 % calculate 1/6 octave bands from 10 Hz to 5 kHz
44 freqs=[0 0];
45 cf = 1000*2^(1/12); % upper cut off
46 count = 0;
47 while cf>2
48 count = count+1;
49 freqs(count)=cf;
50 cf=cf/2^(1/6);
51 end
52 freqs=fliplr(freqs);
53 cf = 1000*2^(1/6)*2^(1/12); % upper cut off
54 while cf<10000
55 count = count+1;
56 freqs(count)=cf;
57 cf=cf*2^(1/6);
58 end
59 [rows cols] = size(Di);
60

61 DNr=histc(Di,freqs)./(repmat(freqs*(2^(1/6)-1),cols,1))';
62

63 figure(fig3)
64 plot(freqs/2^(1/12),DNr);
65 figure(fig4)
66 subplot(fig4r)
67 plot(freqs/2^(1/12),DNr);
68 end
69

70

71 % add legends and theoretical average value for just a plate w/o ribs
72 figure(fig1);
73 plot(10:5000,polyval([slopeplate 0],10:5000),'LineStyle', '--', 'LineWidth', 1, 'Color', [0 0 0]);
74 xlabel('Frequency f [Hz]');
75 ylabel('Cumulative mode number');
76 mygrid;
77 %legend('with torsion','without torsion');
78 figure(fig2);
79 plot(ff,ones(size(ff))*slopeplate,'LineStyle', '--', 'LineWidth', 1, 'Color', [0 0 0]);
80 xlabel('Frequency f [Hz]');
81 ylabel('∆N /∆ f [1/Hz]');
82 mygrid;
83 %legend('with torsion','without torsion');
84 figure(fig3);
85 plot(ff,ones(size(ff))*slopeplate,'LineStyle', '--', 'LineWidth', 1, 'Color', [0 0 0]);
86 xlabel('Frequency f [Hz]');
87 ylabel('∆N /∆ f [1/Hz]');
88

89 mygrid;
90 %legend('with torsion','without torsion');
91 figure(fig4);
92 subplot(fig4l);
93 ylim([0 2]);
94 xlabel('Frequency f [Hz]');
95 ylabel('∆N /∆ f [1/Hz]');
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96 mygrid;
97 subplot(fig4r);
98 ylim([0 2]);
99 xlabel('Frequency f [Hz]');

100 ylabel('∆N /∆ f [1/Hz]');
101 mygrid;

C.2.3 devideModes.m

This script implements the geometrical approach described in section 9.1

1 % this script loads eigenvalues and eigenvectors and devides the modes into
2 % two groups determined by a separation-angle.
3

4 clc; clear all; close all;
5

6 load('lgsEVPdata')
7

8 slopeplate = real(lx*ly*mp/(2*sqrt(Bp*mp))); % modal density of a plate from MO 7022
9

10 % idea: choose an angle, find perpendicular modes (above the angle)
11 % plot the modal density of these modes, observe grouping in pass- and stop
12 % bands (hopefully).
13

14 % for each eigenvector, determine if it's normal or perpendicular and
15 % create an index-vactor that can be used to find related eigenvalues.
16

17 separationAngle = 35;%15:5:20; % [degree] separation angle
18

19 for sepAng=separationAngle;
20

21 separationVector = zeros(M*N,1); % 0 if below separation, 1 if above
22 rows = 1:M; % all rows
23

24 cols = min(N,floor(rows*tand(90-sepAng)));% columns to count below separation
25

26 for ii = rows
27 colsBelow = cols(ii);
28 separationVector(N*(ii-1)+1:N*ii)=[zeros(colsBelow,1);ones(N-colsBelow,1)];
29 end
30

31 separationIndex = zeros(M*N,1);
32

33 for ii = 1:M*N
34 eigenvector = V(:,ii);
35 below=abs(sum(eigenvector(¬separationVector).^2));
36 above=abs(sum(eigenvector(¬¬separationVector).^2));
37 if below<above
38 separationIndex(ii)=1;
39 end
40 end
41

42 eigenfreqBelow = sort(sqrt(real(Di(¬separationIndex)))/(2*pi));
43 eigenfreqAbove = sort(sqrt(real(Di(¬¬separationIndex)))/(2*pi));
44 eigenfreqAll = sort(sqrt(real(Di))/(2*pi));
45

46 %%% fig1
47

48 fig1=newloglogfig;
49 plot(eigenfreqAbove,1:length(eigenfreqAbove))
50 plot(eigenfreqBelow,1:length(eigenfreqBelow))
51 plot(eigenfreqAll,1:length(eigenfreqAll),'--')
52

53 %%% fig2
54 df = 10; % Hz
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55 ff=0:df:10e3;
56

57 DNr=histc(eigenfreqAbove,ff)/df;
58

59 fig2=newlinfig;
60 plot(ff,DNr);
61

62 DNr=histc(eigenfreqBelow,ff)/df;
63 plot(ff,DNr);
64

65 DNr=histc(eigenfreqAll,ff)/df;
66 plot(ff,DNr,'--');
67

68 %%% fig3
69 fig3=newsemilogfig;
70

71 % calculate 1/6 octave bands from 10 Hz to 5 kHz
72 freqs=[0 0];
73 cf = 1000*2^(1/12); % upper cut off
74 count = 0;
75 while cf>2
76 count = count+1;
77 freqs(count)=cf;
78 cf=cf/2^(1/6);
79 end
80 freqs=fliplr(freqs);
81 cf = 1000*2^(1/6)*2^(1/12); % upper cut off
82 while cf<10000
83 count = count+1;
84 freqs(count)=cf;
85 cf=cf*2^(1/6);
86 end
87 [rows cols] = size(Di);
88

89 DNr=histc(eigenfreqAbove,freqs)./(repmat(freqs*(2^(1/6)-1),cols,1))';
90 plot(freqs/2^(1/12),DNr);
91

92 DNr=histc(eigenfreqBelow,freqs)./(repmat(freqs*(2^(1/6)-1),cols,1))';
93 plot(freqs/2^(1/12),DNr);
94

95 DNr=histc(eigenfreqAll,freqs)./(repmat(freqs*(2^(1/6)-1),cols,1))';
96 plot(freqs/2^(1/12),DNr,'--')
97 %%%
98

99 % add legends and theoretical average value for just a plate w/o ribs
100 figure(fig1);
101 plot(10:5000,polyval([slopeplate 0],10:5000),'LineStyle', '--', 'LineWidth', 1, 'Color', [0 0 0]);
102 xlabel('Frequency f [Hz]');
103 ylabel('Cumulative mode number');
104 mygrid;
105

106 figure(fig2);
107 plot(ff,ones(size(ff))*slopeplate,'LineStyle', '--', 'LineWidth', 1, 'Color', [0 0 0]);
108 xlabel('Frequency f [Hz]');
109 ylabel('∆N /∆ f [1/Hz]');
110 mygrid;
111

112 figure(fig3);
113 plot(ff,ones(size(ff))*slopeplate,'LineStyle', '--', 'LineWidth', 1, 'Color', [0 0 0]);
114 xlabel('Frequency f [Hz]');
115 ylabel('∆N /∆ f [1/Hz]');
116 mygrid;
117 end
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C.3 Solving the forced problem

C.3.1 modalmodelEVP_forced_freq.m

This script produces a frequency response.

1 % Author: Kristoffer A. Dickow
2 % Part of MSc project, DTU 2009
3

4 clc;clear all; close all;
5 % requires that modalmodelEVP has been run first.
6 % plots deflection at a single point as a function of excitation frequency
7

8 t0 = clock; % needed to measure calculation time
9

10 load('woodbig')
11

12 % define observation point
13 x1 = 1.32;
14 y1 = 1;
15

16 %%% Calculation of deflection %%%
17

18 x0=1.32; % excitation point
19 y0=1; % excitation point
20 f=10:5000; % frequency range
21

22 phimx0 = sqrt(2/lx)*sin(km*x0); % phi_m(x0)
23 psiny0 = sqrt(2/ly)*sin(kappan*y0);% psi_n(y0)
24

25 [Psix0 Psiy] = meshgrid(phimx0,psiny0);
26

27 Psix0 = Psix0.*Psiy;
28 Psix0 = Psix0(:);
29

30 phimx1 = sqrt(2/lx)*sin(km*x1); % phi_m(x1)
31 psiny1 = sqrt(2/ly)*sin(kappan*y1);% psi_n(y1)
32

33 [Psix1 Psiy] = meshgrid(phimx1,psiny1);
34

35 Psix1 = Psix1.*Psiy;
36 Psix1 = Psix1(:);
37

38 omega = f*2*pi;
39

40 Lambda_p = mp*diag(V'*conj(V));
41

42

43 %%%%%% calculate Lambda_b
44 psiyj=zeros(length(yj),N);
45 for jj=1:length(yj)
46 psiyj(jj,:)=sqrt(2/ly)*sin(pi*yj(jj)/ly*(1:N));
47 end
48 psiyj=sum(psiyj,1);
49 Lambda_b=zeros(M*N,1);
50 for ii=1:M*N
51 ci=V(:,ii);
52 ci=reshape(ci,N,M)'.*repmat(psiyj,M,1);
53 Lambda_b(ii)=mb*sum(sum(ci'*ci));
54 end
55

56 Lambda=Lambda_p+Lambda_b;
57

58 q = (V'*Psix1).*(V'*Psix0)./Lambda;
59

60 [Omega Omegay] = meshgrid(omega.^2, Di);
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61

62 Omega = Omegay - Omega;
63

64 w=q'*(1./Omega);
65 v=1i*omega.*w;
66

67 disp(['Calculation time: ',num2str(etime(clock,t0)),' seconds'])
68

69 [fig1 fig1l fig1r]=newdoublesemilogfig;
70

71 subplot(fig1l)
72 plot(omega/(2*pi),10*log10(abs(v.^2)/(sqrt(2)*1E-9)^2))
73 xlabel('Frequency f [Hz]');
74 title('Velocity level');
75 ylabel('[dB re 10−9 [m/s]');
76 mygrid
77

78 subplot(fig1r)
79 plot(omega/(2*pi),phase(v))
80 ylim([-pi pi]);
81 xlabel('Frequency f [Hz]');
82 title('Phase');
83 ylabel('[radians]');
84 set(gca,'YTick',[-pi -pi/2 0 pi/2 pi],'YTickLabel',...
85 {'−π' ;'−π

2 '; '0' ;'π2 ' ;'π'});
86 mygrid

C.3.2 modalmodelEVP_forced.m

This script plots the forced vibration response based on the eigenvalues and eigenvectors.
Further, it plots some of the actual mode shapes.

1 % Author: Kristoffer A. Dickow
2 % Part of MSc project, DTU 2009
3

4 clc;clear all; close all;
5 % requires that modalmodelEVP has been run first.
6 % the output is comparable to modalmodelforced.m, but is based on actual
7 % modeshapes calculated by modalmodelEVP.
8

9 t0 = clock; % needed to measure calculation time
10

11 load('steeloffcenter') % file to load
12

13 [x,y]=meshgrid(0:.03:lx,0:.03:ly);
14 x = x(1,:);
15 y = y(:,1);
16

17 %%% Calculation of deflection %%%
18

19 x0=1.32; % excitation point
20 y0=1.2; % excitation point
21 f=1000; % excitation frequency
22

23 phimx0 = sqrt(2/lx)*sin(km*x0); % phi_m(x0)
24 psiny0 = sqrt(2/ly)*sin(kappan*y0);% psi_n(y0)
25

26 [Psix0 Psiy] = meshgrid(phimx0,psiny0);
27

28 Psix0 = Psix0.*Psiy;
29 Psix0 = Psix0(:);
30

31 omega = f*2*pi;
32
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33 x=x';
34 y=y';
35

36 X = length(x);
37 Y = length(y);
38 mrow = round(linspace(1,M,M*N)); % M is the outer variation of MN
39 ncol = repmat((1:N)',M,1);
40

41 phimx = sqrt(2/lx)*sin(repmat(x,1,M*N).*(pi/lx*repmat(mrow,X,1)));
42 psiny = sqrt(2/ly)*sin(repmat(y,M*N,1).*(pi/ly*repmat(ncol,1,Y)));
43

44 Lambda_p = mp*diag(V'*conj(V));
45

46

47 %%%%%% calculate Lambda_b
48 psiyj=zeros(length(yj),N);
49 for jj=1:length(yj)
50 psiyj(jj,:)=sqrt(2/ly)*sin(pi*yj(jj)/ly*(1:N));
51 end
52 psiyj=sum(psiyj,1);
53 Lambda_b=zeros(M*N,1);
54 for ii=1:M*N
55 ci=V(:,ii);
56 ci=reshape(ci,N,M)'.*repmat(psiyj,M,1);
57 Lambda_b(ii)=mb*sum(sum(ci'*ci));
58 end
59

60 Lambda=Lambda_p+Lambda_b;
61

62 Omega = Di-omega^2;
63

64 Q = sum(V'.*repmat((V'*Psix0)./(Lambda.*Omega),1,M*N),1);
65

66 w=phimx*diag(Q)*psiny;
67

68 v=abs(1i*omega*w)/(sqrt(2)*1E-9);
69

70 disp(['Calculation time: ',num2str(etime(clock,t0)),' seconds'])
71

72 figure();
73 v=10*log10(abs(v.^2));
74 pcolor(x,y,v'); shading interp; hold on;
75 set(gca,'CLim',[65 110])
76 %for yjj=yj
77 % line([0 lx],[yjj yjj], 'LineStyle', ':', 'LineWidth', 2, 'Color', [0 0 0]);
78 %end
79 xlabel('x [m]');
80 ylabel('y [m]');
81

82

83 [Di I] = sort(real(Di)); % sort eigenvalues
84 Di = sqrt(Di)/(2*pi); % eigenfrequencies
85

86 % plot some of the modes
87

88 %find desired frequencies
89 fdes=[200 500];
90 [temp f1] = min(abs(Di-fdes(1)));
91 [temp f2] = min(abs(Di-fdes(2)));
92 clear temp
93

94 [fig left right]=newdoublemodeplot(lx,ly);
95

96 eigenvect = V(:,I(f1));
97 frek = Di(f1);
98 mode = phimx*diag(eigenvect)*psiny;
99 subplot(left)

100 pcolor(x,y,10*log10(abs(mode.^2)')); shading interp; hold on;
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101 title(['Mode at ',num2str(round(10*frek)/10),' Hz']);
102

103 eigenvect = V(:,I(f2));
104 frek = Di(f2);
105 mode = phimx*diag(eigenvect)*psiny;
106 subplot(right)
107 pcolor(x,y,10*log10(abs(mode.^2)')); shading interp; hold on;
108 title(['Mode at ',num2str(round(10*frek)/10),' Hz']);

C.3.3 modalmodelforced.m

This script plots the forced vibration response calculated without using the eigenfunction
expansion.

1 % Modal model implemented from the draft paper
2 % "Non-diffuse bending waves in lightweight ribbed plates"
3 % by Jonas Brunskog and Hyuck Chung.
4

5 % Author: Kristoffer A. Dickow
6 % Part of MSc project, DTU 2009
7

8 % Calculates the forced deflection and creates pcolor plot
9

10 clear all; clc; %close all;
11

12 t0 = clock; % needed to measure calculation time
13

14 savefile=('filename'); % enter filename to save data
15

16 averages=1; % how many calculations to perform
17 octaves=0; % 1 for 1/1 octaves, 3 for 1/3 octaves, etc. (0 for exact frequency)
18

19 lx=4; % Plate dimension
20 ly=6; % Plate dimension
21

22 M = 500; % Truncation of m
23 N = 500; % Truncation of n
24

25 yj = .25:.5:ly; % Position of beams
26

27 f=1250; % Excitation frequency
28 x0=1.32; % Driving point
29 y0=1;% Driving point
30 F0=1; % Force amplitude
31

32 %%%%%% 22mm chipboard on fir beams
33

34 % constants plate
35 hp=22e-3; % thickness
36 rhop=6.5e2; % density
37 nup=.3; % poisson ratio
38 Ep=4.6e9*(1+1i*.02); % Young's modulus
39

40 Bp=Ep*hp^3/(12*(1-nup^2)); % plate bending stiffness pr unit width
41 mp=rhop*hp; % plate mass per unit area
42

43 % constants beam
44 bb=5e-2; % width of beams
45 hb=10e-2; % height of beams
46 rhob=5.2e2; % density of beams
47 Eb=1.2e10*(1+1i*.02); % Young's modulus
48 nub=.3; % poisson
49

50 Bb=Eb*bb*hb^3/12; % beam bending stiffness
51 mb=rhob*(bb*hb); % beam mass per unit length
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52 Gb=Eb/(2+2*nub); % Shear modulus
53 Tr = Gb*bb^3*hb/3; % Torsional stiffness
54 Theta = rhob*bb*hb^3/12; % Rotational mass moment of intertia
55 %Theta=Theta*4; % place the rotation axis at the end instead of centered
56

57 %%% STEEL CONSTRUCTION
58

59 % constants plate
60 hp=6e-3;%18e-3; % thickness
61 rhop=7.8e3;%6.5e2; % density
62 nup=.28;%.3; % poisson ratio
63 Ep=2e11*(1+1i*.01);%4.6e9*(1+1i*.02); % Young's modulus
64

65

66 Bp=Ep*hp^3/(12*(1-nup^2)); % plate bending stiffness pr unit width
67 mp=rhop*hp; % plate mass per unit area
68

69 % constants beam
70 bb=10e-3;%5e-2; % width of beams
71 hb=100e-3;%10e-2; % height of beams
72 rhob=rhop;%5.3e-2; % density of beams
73 Eb=Ep;%1.2e10*(1+1i*.02); % Young's modulus
74 nub=nup;%.3; % poisson
75

76 Bb=Eb*bb*hb^3/12; % beam bending stiffness
77 mb=rhob*(bb*hb); % beam mass per unit length
78 Gb=Eb/(2+2*nub); % Shear modulus
79 Tr = Gb*bb^3*hb/3; % Torsional stiffness
80 Theta = rhob*bb*hb^3/12; % Rotational mass moment of intertia
81 Theta=Theta*4; % place the rotation axis at the end instead of centered
82 %%%%%%%%%%%
83

84 %LGS:
85 Bb=1.35e6*(1+1i*.02);
86 Bp=2800*(1+1i*.02);
87 mb=6.75;
88 mp=10.8;
89 Theta=.2;
90 Tr=1.29e4*(1+1i*.02);
91

92 [x,y]=meshgrid(0:.03:lx,0:.03:ly);
93 x = x(1,:);
94 y = y(:,1);
95

96 m = (1:M)'; % Column vector
97 n = (1:N); % Row vector
98

99 km = pi*m/lx; % Column w/ modes in x direction
100 kappan = pi*n/ly;% Row w/ modes in y direction
101

102 clear m n
103

104 phimx0 = sqrt(2/lx)*sin(km*x0); % phi_m(x0)
105 psiny0 = sqrt(2/ly)*sin(kappan*y0);% psi_n(y0)
106

107 S = length(yj);
108

109 Jdiag = sqrt(2/ly)*sin(yj'*kappan); % J-matrix is diagonal with M
110 % Jdiag's on the diagonal
111

112 Idiag = sqrt(2/ly)*cos(yj'*kappan).*repmat(kappan,S,1);
113

114 clear yj
115

116 F = F0*phimx0*psiny0;
117 clear phimx0 phimy0
118

119 % Allocate memory
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120 v = zeros(length(x),length(y));
121

122 if octaves==0;
123 fmin=f;
124 fmax=f;
125 else
126 fmin = f/2^(1/(2*octaves));
127 fmax = f*2^(1/(2*octaves));
128 end
129

130 for aa=1:averages
131 f=fmin+(fmax-fmin)*rand();
132 omega=f*2*pi;
133

134 % Allocate memory
135 w = zeros(length(x),length(y));
136

137 c = zeros(M,N);
138

139 Ma = Bp*(km.^2*ones(1,N)+ones(M,1)*kappan.^2).^2-mp*omega^2; % MxN matrix
140 Mb = Bb*km.^4*ones(1,S)-mb*omega^2; % MxS matrix
141 Mc = Tr*km.^2*ones(1,S)-Theta*omega^2;
142

143 for ii=1:M
144 Matr = diag(Ma(ii,:))+Jdiag'*diag(Mb(ii,:))*Jdiag;%+Idiag'*diag(Mc(ii,:))*Idiag; % NxN
145 c(ii,:) = Matr\(F(ii,:)');
146 end
147

148 %disp('constants calculated');
149 clear Mb Ma Mc Matr MatrWO
150

151 for ii=1:length(x)
152 for jj=1:length(y)
153 phimx = sqrt(2/lx)*sin(km*x(ii)); % phi_m(x) mode
154 psiny = sqrt(2/ly)*sin(kappan*y(jj));% psi_n(y) mode
155 wxy = phimx*psiny;
156 w(ii,jj) = wxy(:)'*c(:);
157 end
158 end
159

160 v=v+(abs(1i*omega*w)/(sqrt(2)*1E-9)).^2;
161 disp(['loop no. ',num2str(aa),' of ',num2str(averages)])
162 disp(['ETA ',num2str((averages-aa)*etime(clock,t0)/aa),' seconds'])
163 end
164 v=v/averages;
165 v=10*log10(abs(v));
166

167 save(savefile);
168

169 %%%%
170 figure();
171 pcolor(x,y,v'); shading interp
172 set(gca,'CLim',[60 100],...
173 'PlotBoxAspectRatio',[lx ly 1])
174 colorbar('Location','EastOutside')
175 xlabel('x [m]');
176 ylabel('y [m]');

C.4 Other investigations

C.4.1 platevariation.m

This script calculates the eigenvalues for a number of nominally identical plates. The
dimensions of each plate is varied randomly keeping the area constant. The eigenvalues
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are stored for later analysis.

1 % Author: Kristoffer A. Dickow
2 % Part of MSc project, DTU 2009
3

4 % Multiple EVP. Small plate variations.
5 % Calculates the eigenvalues and stores them in a file.
6

7 clear all; clc; close all;
8

9 t0 = clock; % needed to measure calculation time
10

11 lx=4; % Plate dimension
12 ly=6; % Plate dimension
13

14 savefile='lgs1000plates';
15

16 M = 200; % Truncation of m
17 N = 150; % Truncation of n
18

19 yj = .3:.6:ly; % Position of beams
20 %yj = .5:1:ly; % Position of beams
21 yj = .25:.5:ly; % Position of beams
22

23 %%%%%% 22mm chipboard on fir beams
24

25 % constants plate
26 hp=22e-3; % thickness
27 rhop=6.5e2; % density
28 nup=.3; % poisson ratio
29 Ep=4.6e9*(1+1i*.02); % Young's modulus
30

31 Bp=Ep*hp^3/(12*(1-nup^2)); % plate bending stiffness pr unit width
32 mp=rhop*hp; % plate mass per unit area
33

34 % constants beam
35 bb=5e-2; % width of beams
36 hb=10e-2; % height of beams
37 rhob=5.2e2; % density of beams
38 Eb=1.2e10*(1+1i*.02); % Young's modulus
39 nub=.3; % poisson
40

41 Bb=Eb*bb*hb^3/12; % beam bending stiffness
42 mb=rhob*(bb*hb); % beam mass per unit length
43 Gb=Eb/(2+2*nub); % Shear modulus
44 Tr = Gb*bb^3*hb/3; % Torsional stiffness
45 Theta = rhob*bb*hb^3/12; % Rotational mass moment of intertia
46 Theta=Theta*4; % place the rotation axis at the end instead of centered
47 %%% STEEL CONSTRUCTION
48

49 % constants plate
50 hp=6e-3;%18e-3; % thickness
51 rhop=7.8e3;%6.5e2; % density
52 nup=.28;%.3; % poisson ratio
53 Ep=2e11*(1+1i*.01);%4.6e9*(1+1i*.02); % Young's modulus
54

55

56 Bp=Ep*hp^3/(12*(1-nup^2)); % plate bending stiffness pr unit width
57 mp=rhop*hp; % plate mass per unit area
58

59 % constants beam
60 bb=10e-3;%5e-2; % width of beams
61 hb=100e-3;%10e-2; % height of beams
62 rhob=rhop;%5.3e-2; % density of beams
63 Eb=Ep;%1.2e10*(1+1i*.02); % Young's modulus
64 nub=nup;%.3; % poisson
65
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66 Bb=Eb*bb*hb^3/12; % beam bending stiffness
67 mb=rhob*(bb*hb); % beam mass per unit length
68 Gb=Eb/(2+2*nub); % Shear modulus
69 Tr = Gb*bb^3*hb/3; % Torsional stiffness
70 Theta = rhob*bb*hb^3/12; % Rotational mass moment of intertia
71 Theta=Theta*4; % place the rotation axis at the end instead of centered
72 %%%%%%%%%%%%
73

74 %LGS:
75 Bb=1.35e6*(1+1i*.02);
76 Bp=2800*(1+1i*.02);
77 mb=6.75;
78 mp=10.8;
79 Theta=.2;
80 Tr=1.29e4*(1+1i*.02);
81

82 m = (1:M)'; % Column vector
83 n = (1:N); % Row vector
84

85 S = length(yj);
86

87 runs = 3000; % how many variations to perform
88

89 % Allocate memory
90 Di = zeros(M*N,runs);
91

92 for jj=1:runs
93 lxr=lx+rand/10;
94 lyr=lx*ly/lxr;
95

96 km = pi*m/lxr; % Column w/ modes in x direction
97 kappan = pi*n/lyr;% Row w/ modes in y direction
98

99 Kpmn = Bp*(repmat(km.^2,1,N)+repmat(kappan.^2,M,1)).^2; % MxN matrix use meshgrid
100

101 Jdiag = sqrt(2/lyr)*sin(yj'*kappan); % J-matrix is diagonal with M
102 % Jdiag's on the diagonal
103 Idiag = sqrt(2/lyr)*cos(yj'*kappan).*repmat(kappan,S,1);
104 for ii=1:M
105 Km = diag(Kpmn(ii,:))+Jdiag'*(Bb*km(ii)^4*eye(S))*Jdiag+Idiag'*(Tr*km(ii)^2*eye(S))*Idiag;
106 Mm = mp*eye(N)+Jdiag'*(mb*eye(S))*Jdiag+Idiag'*(Theta*eye(S))*Idiag;
107 Dm = eig(Mm\Km);
108 Di((ii-1)*N+1:ii*N,jj) = Dm;
109 end
110 disp(['Calculation time (loop ',num2str(jj),'): ',num2str(etime(clock,t0)),' seconds'])
111 end
112

113 % Di is a coloumn vector with eigenvalues
114

115 save(savefile);
116 disp(['Calculation time: ',num2str(etime(clock,t0)),' seconds'])

C.4.2 compareeigenvals.m

The script compares the eigenvalues calculated by the previous script, and plots the av-
erage modal density in 1/6th octave bands with standard deviation shown as error bars.

1 % devide eigenfreqencies into 1/6 octave bands and calculate mean and
2 % standard deviation. Input is a matrix with eigenvalues of comparable
3 % systems as columns
4 clear all; clc; close all;
5 load('steel3000plates');
6 Di = sqrt(real(Di))/(2*pi); % eigenfrequencies
7

8 slopeplate = real(lx*ly*mp/(2*sqrt(Bp*mp))); % modal density of a plate from MO 7022
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9

10 % calculate 1/6 octave bands from 10 Hz to 5 kHz
11 freqs=[0 0];
12 cf = 1000*2^(1/12); % upper cut off
13 count = 0;
14 while cf>2
15 count = count+1;
16 freqs(count)=cf;
17 cf=cf/2^(1/6);
18 end
19 freqs=fliplr(freqs);
20 cf = 1000*2^(1/6)*2^(1/12); % upper cut off
21 while cf<10000
22 count = count+1;
23 freqs(count)=cf;
24 cf=cf*2^(1/6);
25 end
26 [rows cols] = size(Di);
27

28 DNr=histc(Di,freqs)./(repmat(freqs*(2^(1/6)-1),cols,1))';
29 y=mean(DNr,2);
30 s=std(DNr,0,2);
31

32 fig1=newsemilogfig;
33 ff=freqs/2^(1/12);
34 errorbar(ff,y,s);
35 plot(ff,ones(size(ff))*slopeplate,'LineStyle', '--', 'LineWidth', 1, 'Color', [0 0 0]);
36 xlabel('Frequency f [Hz]');
37 ylabel('dN/df [1/Hz]');
38 mygrid;

C.4.3 straightline.m

This script is used to investigate if the onsets of pass bands are periodic in kl .

1 clear all; clc; close all;
2 %%%%%%%%%%%% create fig %%%%%%%%%%%%%
3 figure();
4 set(gca,'LineWidth',.5,...
5 'ColorOrder',[.2 .6 .8;.6 .8 .2;.4 0 .6;.2 .8 1;1 .6 0;...
6 0 .6 0;.2 0 .6;0 .4 0;.2 .4 .6],...
7 'PlotBoxAspectRatio',[16 9 9],'Box','on'...
8 );
9 set(gcf,'DefaultLineLineWidth',1.5);

10 %xlim([10 5000]);
11 grid off;
12 hold all;
13 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
14

15 f=[870 1280 1760 2330 2960 3700 4500]; % onsets of pass bands
16 plot(sqrt(f),'Marker','o','MarkerSize',7,'LineStyle','none')
17 x=1:length(f);
18 p=polyfit(x,sqrt(f),1);
19 plot(x,p(1)*x+p(2));
20 ylabel('

√
f ∼ kl')

21 xlabel('Fluctuation no.')
22

23 mygrid()

C.5 Functions to produce the layout of figures
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The following functions are not affecting the numerical output of the model, but are only
used to create the desired graphical layout.

C.5.1 newlinfig.m

This function creates a new figure with linear scales.

1 function h=newlinfig()
2 h=figure();
3 set(gca,'LineWidth',.5,...
4 'XTick',(500:500:5000),...
5 'XTickLabel',{'','1k','','2k','','3k','','4k','','5k'},...
6 'ColorOrder',[.2 .6 .8;.6 .8 .2;.4 0 .6;.2 .8 1;1 .6 0;...
7 0 .6 0;.2 0 .6;0 .4 0;.2 .4 .6],...
8 'PlotBoxAspectRatio',[16 9 9],'Box','on'...
9 );

10 set(gcf,'DefaultLineLineWidth',1.5);
11 xlim([10 5000]);
12 grid off;
13 hold all;

C.5.2 newsemilogfig.m

This function creates a new figure with logarithmic x-scale.

1 function h=newsemilogfig()
2 h=figure();
3 set(gca,'LineWidth',.5,'XScale','log',...
4 'XTick',[10 30 50 100 300 500 1000 3000 5000],...
5 'XTickLabel',{'10','30','50','100','300','500','1k','3k','5k'},...
6 'ColorOrder',[.2 .6 .8;.6 .8 .2;.4 0 .6;.2 .8 1;1 .6 0;...
7 0 .6 0;.2 0 .6;0 .4 0;.2 .4 .6],...
8 'PlotBoxAspectRatio',[16 9 9],'Box','on'...
9 );

10 set(gcf,'DefaultLineLineWidth',1.5);
11 xlim([10 5000]);
12 grid off;
13 hold all;

C.5.3 newloglogfig.m

This function creates a new figure with both scales logarithmic.

1 function h=newloglogfig()
2 h=figure();
3 set(gca,'LineWidth',.5,'XScale','log','YScale','log',...
4 'XTick',[10 30 50 100 300 500 1000 3000 5000],...
5 'XTickLabel',{'10','30','50','100','300','500','1k','3k','5k'},...
6 'ColorOrder',[.2 .6 .8;.6 .8 .2;.4 0 .6;.2 .8 1;1 .6 0;...
7 0 .6 0;.2 0 .6;0 .4 0;.2 .4 .6],...
8 'PlotBoxAspectRatio',[16 9 9],'Box','on'...
9 );

10 set(gcf,'DefaultLineLineWidth',1.5);
11 xlim([10 5000]);
12 grid off;
13 hold all;
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C.5.4 newdoublesemilogfig.m

This function creates a new figure with two semi logarithmic subplots.

1 function [h left right]=newdoublesemilogfig()
2 h=figure();
3 left=subplot(1,2,1,'Parent',h);
4 set(gca,'LineWidth',.5,'XScale','log',...
5 'XTick',[10 30 100 300 1000 3000],...
6 'XTickLabel',{'10','30','100','300','1k','3k'},...
7 'ColorOrder',[.2 .6 .8;.6 .8 .2;.4 0 .6;.2 .8 1;1 .6 0;...
8 0 .6 0;.2 0 .6;0 .4 0;.2 .4 .6],...
9 'PlotBoxAspectRatio',[16 9 9],'Box','on'...

10 );
11 set(gcf,'DefaultLineLineWidth',1.5);
12 xlim([10 5000]);
13 grid off;
14 geom=get(gca,'Position');
15 hold all;
16 right=subplot(1,2,2,'Parent',h);
17 set(gca,'LineWidth',.5,'XScale','log',...
18 'XTick',[10 30 100 300 1000 3000],...
19 'XTickLabel',{'10','30','100','300','1k','3k'},...
20 'ColorOrder',[.2 .6 .8;.6 .8 .2;.4 0 .6;.2 .8 1;1 .6 0;...
21 0 .6 0;.2 0 .6;0 .4 0;.2 .4 .6],...
22 'PlotBoxAspectRatio',[16 9 9],'Box','on',...
23 'YAxisLocation','right');
24 set(gcf,'DefaultLineLineWidth',1.5);
25 set(gca,'Position',geom+[geom(3)+.05 0 0 0])
26 xlim([10 5000]);
27 grid off;
28 hold all;

C.5.5 newdoublepcolorfig.m

This function creates a new figure with two color plots.

1 function [h left right]=newdoublepcolorfig(lx,ly,range)
2 % lx and ly are dimensions
3 if nargin==0
4 lx=4;
5 ly=6;
6 range=[65 110];
7 end
8

9 h=figure();
10

11 left=subplot(1,2,1,'Parent',h);
12 set(gca,'LineWidth',.5, ...
13 'PlotBoxAspectRatio',[lx ly 1],...
14 'CLim',range,...
15 'YAxisLocation','left');
16 set(gca,'Position',get(gca,'Position')-[.05 0 0 0])
17 xlim([0 lx]);
18 ylim([0 ly]);
19 xlabel('x [m]');
20 ylabel('y [m]');
21 geom=get(gca,'Position');
22 hold all;
23 right=subplot(1,2,2,'Parent',h);
24 set(gca,'LineWidth',.5, ...
25 'PlotBoxAspectRatio',[lx ly 1],...
26 'CLim',range,...
27 'YAxisLocation','right');
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28 colorbar('Location','EastOutside')
29 set(gca,'Position',geom+[geom(3)+.05 0 0 0])
30 xlim([0 lx]);
31 ylim([0 ly]);
32 xlabel('x [m]');
33 ylabel('y [m]');
34 hold all;

C.5.6 newdoublemodeplot.m

Similar to the previous script.

1 function [h left right]=newdoublemodeplot(lx,ly)
2 % lx and ly are dimensions
3 if nargin==0
4 lx=4;
5 ly=6;
6 end
7

8 h=figure();
9

10 left=subplot(1,2,1,'Parent',h);
11 set(gca,'LineWidth',.5, ...
12 'PlotBoxAspectRatio',[lx ly 1],...
13 'YAxisLocation','left');
14 set(gca,'Position',get(gca,'Position')-[.05 0 0 0])
15 xlim([0 lx]);
16 ylim([0 ly]);
17 xlabel('x [m]');
18 ylabel('y [m]');
19 geom=get(gca,'Position');
20 hold all;
21 right=subplot(1,2,2,'Parent',h);
22 set(gca,'LineWidth',.5, ...
23 'PlotBoxAspectRatio',[lx ly 1],...
24 'YAxisLocation','right');
25 set(gca,'Position',geom+[geom(3)+.05 0 0 0])
26 xlim([0 lx]);
27 ylim([0 ly]);
28 xlabel('x [m]');
29 ylabel('y [m]');
30 hold all;

C.5.7 mygrid.m

This function adds solid grey gridlines to an existing figure.

1 function mygrid(h,col)
2 if nargin<3
3 rightaxes=false;
4 if nargin<2
5 col=[.6 .6 .6];
6 if nargin==0
7 h=gcf;
8 end
9 end

10 end
11 figure(h);
12 limX=get(gca,'XLim');
13 limY=get(gca,'YLim');
14 tickX=get(gca,'XTick');
15 tickY=get(gca,'YTick');
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16

17 for ii=tickX;
18 line([ii ii],limY,'Color',col,'LineWidth',.5);
19 end
20 for ii=tickY;
21 line(limX,[ii ii],'Color',col,'LineWidth',.5);
22 end
23 line(limX,[limY(1) limY(1)],'Color',[0 0 0],'LineWidth',.5);
24 line(limX,[limY(2) limY(2)],'Color',[0 0 0],'LineWidth',.5);
25 line([limX(1) limX(1)],limY,'Color',[0 0 0],'LineWidth',.5);
26 line([limX(2) limX(2)],limY,'Color',[0 0 0],'LineWidth',.5);
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List of symbols
Ã, A Amplitude
b,bb Beam width [m]
Bb Bending stiffness (beam) [Nm2]
B ′

p Bending stiffness per unit width (plate) [Nm]
cb ,cb,b ,cb,p Bending wave speed [m/s]
c,cb ,cr Coefficient vectors
cmn ,cb

m j ,cr
m j Complex coefficients for plate, beam (transverse)

and beam (rotation) respectively
C Matrix containing eigenvectors, see equation (6.5)
e base of the natural logarithm
E ,Ep ,Eb Young’s modulus of elasticity [N/m2]
f Frequency [Hz]
F̃ ,F Force [N]
F A function (chapter 4)
F Force vector
G Shear modulus [N/m2]
Gi Matrix, see equation (6.12)
h,hp Plate thickness [m]
h,hb Beam height [m]
Hi Matrix, see equation (6.11)
i Imaginary unit
I A functional (chapter 4)
I , Iy Second area moment of inertia [m4]
j Beam number
J Coupling matrix
kb ,kb,b ,kb,p Structural wavenumber for bending waves [m−1]
km Used for mode shapes. See equation (5.20)
K,Kp ,Kb Kinetic energy [J]
K,Kp ,Kb ,Kr Stiffness matrices

to be continued
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List of symbols (continued)
L Coupling matrix
lx , ly Length [m]
L Lagrangian [J]
m,n Integers used to keep track of modes
m Mass [kg]
m′,m′

b Mass per unit lenght [kg/m]
m′′,m′′

p Mass per unit area [kg/m2]
M , N Truncation of Fourier series
M Total mass (only chapter 7)
M,Mp ,Mb ,Mr Mass matrices
p Pressure [Pa]
P Time averaged power [W]
P ,Pp ,Pb Potential energy [J]
q Coefficient vector, see equation (6.25)
Q Coefficient matrix, see equation (6.20)
r Damping constant [kg/s]
s Spring constant [N/m]
S Area [m2]
S Number of beams (chapter 5 onwards)
S Action integral
t , t0, t1, t2,T Time [s]
Tr Rotational stiffness [Nm2]
ũ j ,u j Angular displacement
ṽ , v Velocity [m/s]
w̃ , w Transverse plate displacement [m]
w̃b , wb Transverse beam displacement [m]
W Work [J]
x Displacement [m]
x, y, z Cartesian coordinates
Ỹ ,Y Mechanical mobility [m/Ns]
Z̃ Mechanical impedance [Ns/m

χ Column vector, see equation (5.64)
δ Variational operator
δ0(·) Dirac delta function
δi j Kronecker delta
∆(·) Laplacian
∆N /∆ f Modal density [Hz−1]
ε A small value
η Damping loss factor
γ(·) An arbitrary smooth function
λ Roots of characteristic equation (chapter 3)
Λ,Λi ,Λp ,Λb Norm
∇(·) Del operator, gradient, divergence
ν Poisson’s ratio

to be continued
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List of symbols (continued)
κn Used for mode shapes. See equation (5.20)
ω,ωn ,ωi Angular frequency [rad/s]
Ω Vector, see equation (6.16). Matrix, see equation

(6.24)
ϕm(x) Mode shape
ϕ Matrix, see equation (6.3)
Φ̃i Complex mode shape of the i ’th mode. See equa-

tion (5.63)
Θ′ Rotational mass moment of inertia [m2/m]
ψn(y) Mode shape
ψ Matrix, see equation (6.4)
ρ mass density [kg/m3]
Ξ Diagonal matrix, see equation (6.21)

⊥= Indicates the use of orthogonality
x Spatial averaging
〈x〉 Time averaging
x̃ Denotes a complex quantity
ẋ Time derivative
x∗ Complex conjugate
xT Transpose
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action, 27
angle bracket notation, 4
angular mode grouping, 73
area moment of inertia, 18

bending stiffness, 16, 18
bending wave equation, 19
bending wave speed, 17
bending wavenumber, 17
bending waves in beams, 18
bending waves in plates, 16
block diagonal matrix, 51, 52
block diagonal matrix (def), 51
boundary conditions, 19, 36

calculus of variations, 27
characteristic equation, 19
citations, 5
complex conjugate notation, 4, 31
complex notation, 11
coupling beams and plate, 39, 44

damper, 7, 9
damping, 22
del operator (def), 16
delta function (def), 12
delta operator, 28, 29
diagonal function, 48
Dirac delta function (def), 12
divergence (def), 16
dot notation, 4

eigenfrequency, 21
eigenfunction, 21

eigenvalue problem, 39
energy, 33
equation of motion, 10
Euler’s formula, 11
Euler-Lagrange principles, 30

first variation, 27, 29
flanking transmission, 57
flexural rigidity, 16
flexural rigidity, 18
flexural waves, 16
force, 35
forced vibration pattern, 80
Fourier sine series, 19, 36, 43

generalized function, 12
gradient (def), 16

Hadamard product, 47
half range expansion, 20
Hamilton’s Principle, 27, 30, 37
harmonic motion, 11
Hooke’s Law of Elasticity, 8

impedance, 7
inertia, 18
inner product (def), 21
input mobility, 64
isotropic plate, 15

kinetic energy, 34
Kronecker delta (def), 21
Kurt Cobain, v

Lagrangian, 27, 34
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laplacian (def), 17
linear acoustics, 10

mass, 7, 9
mass matrix, 39
matlab, 105
mechanical elements, 7
mechanical impedance, 7
mechanical mobility, 7
mobility, 7
modal analysis, 20
modal density, 23, 65
modal density of a plate, 18
modal model, 33
mode grouping, 73
mode shape, 21, 79
modes, 20
Modulus of elasticity, 16
moment if inertia, 18

natural frequency, 21
Newton’s Laws of Motion, 8
Newton’s notation, 4
Newtonian mechanics, 8
normal modes, 20
notation, 4

orthogonality, 21
orthogonality (def), 21
orthotropic plate, 15
overline notation, 4

parallel computing, 51
parallel modes, 73
pass band, 3, 23, 74
periodic structure (SEA), 58
perpendicular modes, 73
plate, 15
plate analysis, 15
plate equations, 16
Poisson ratio, 16
potential energy, 34
principle of least action, 27, 30
principle of superposition, 10

references, 5
ribbed plate, 33
rotation, 42
rotational mass moment of inertia, 43

rotational stiffness, 43

SEA, 55
simple support, 19, 36
slender beam, 18
spring, 7, 9
spring constant, 9
Statistical Energy Analysis, 55
stiffness matrix, 39
stop band, 3, 23, 74
structural wavenumber, 17
subsystem, 57
superposition, 10

thin plate, 15
tilde notation, 4
time harmonic motion, 11
torsion, 42, 69
torsional stiffness, 43
twisting, 42

variation, 27
variational operator, 28, 29
vibration level, 13
vibration pattern, 79

wave speed, 17
wavenumber, 17
work, 35

Young’s modulus, 16, 23
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