Aalborg Universitet
AALBORG UNIVERSITY

DENMARK

Stable decomposition of homogeneous Mixed-norm Triebel-Lizorkin spaces

Nielsen, Morten

Published in:
Journal of Approximation Theory

DOl (link to publication from Publisher):
10.1016/j.jat.2023.105958

Creative Commons License
CCBY 4.0

Publication date:
2023

Document Version
Publisher's PDF, also known as Version of record

Link to publication from Aalborg University

Citation for published version (APA):
Nielsen, M. (2023). Stable decomposition of homogeneous Mixed-norm Triebel-Lizorkin spaces. Journal of
Approximation Theory, 295, Article 105958. https://doi.org/10.1016/j.jat.2023.105958

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

- Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
- You may not further distribute the material or use it for any profit-making activity or commercial gain
- You may freely distribute the URL identifying the publication in the public portal -

Take down policy
If you believe that this document breaches copyright please contact us at vbn@aub.aau.dk providing details, and we will remove access to
the work immediately and investigate your claim.

Downloaded from vbn.aau.dk on: May 16, 2024


https://doi.org/10.1016/j.jat.2023.105958
https://vbn.aau.dk/en/publications/c41dea66-eb29-4791-bc42-6296fee0b9c8
https://doi.org/10.1016/j.jat.2023.105958

;') Available online at www.sciencedirect.com
JOURNAL OF

ki ScienceDirect Approximation
Theory

: Ve
ELSEVIER Journal of Approximation Theory 295 (2023) 105958 _—
www.elsevier.com/locate/jat

Full Length Article

Stable decomposition of homogeneous Mixed-norm
Triebel-Lizorkin spaces

Morten Nielsen

Department of Mathematical Sciences, Aalborg University, Skjernvej 4A, DK-9220 Aalborg East, Denmark

Received 13 July 2022; received in revised form 16 June 2023; accepted 16 August 2023
Available online 22 August 2023

Communicated by W. Sickel

Abstract

We construct smooth localized orthonormal bases compatible with homogeneous mixed-norm Triebel—
Lizorkin spaces in an anisotropic setting on RR¥. The construction is based on tensor products of so-called
univariate brushlet functions that are constructed using local trigonometric bases in the frequency domain.
It is shown that the associated decomposition system form unconditional bases for the homogeneous
mixed-norm Triebel-Lizorkin spaces.

In the second part of the paper we study nonlinear m-term approximation with the constructed basis
in the mixed-norm setting, where the behavior, in general, for d > 2, is shown to be fundamentally
different from the unmixed case. However, Jackson and Bernstein inequalities for m-term approximation
can still be derived.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

MSC: 42B35; 42C15; 42C40; 41A17; 41A65

Keywords: Smoothness space; Triebel-Lizorkin space; Besov space; Nonlinear approximation; Jackson inequality;
Bernstein inequality

1. Introduction

The notion of sparse stable expansions of functions plays a fundamental role for many
applications of harmonic analysis since it allows for discretization of various problems making
them suitable for numerical analysis and general mathematical modeling, one example being
wavelet expansions of L ,-functions, or of functions with some prescribed smoothness such
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as measured on the Besov space scale. The success of this approach is well-known with a
corresponding diverse spectrum of algorithms for e.g. signal compression.

From the point of view of mathematical modeling, it is desirable to have as flexible tools
as possible as it allows one to incorporate and capture finer properties of various natural
phenomena in the model. Recently, function spaces in anisotropic and mixed-norm settings
have attached considerable interest, see for example [1,5,12,15,26,27] and reference therein.
This is in part driven by advances in the study of partial and pseudodifferential operators,
where there is a natural desire to be able to better model and analyze anisotropic phenomena.

In this paper, we focus on stable expansions in Besov and Triebel-Lizorkin spaces in an
anisotropic setting. The Besov and Triebel-Lizorkin spaces form a family of smoothness spaces
defined on R? that include the Hardy and Lebesgue spaces as special cases.

Recently, homogeneous Besov and Triebel-Lizorkin spaces in a mixed-norm anisotropic
setting were introduced in [17], along with an adapted notion of a ¢-transform that provides a
universal, but redundant, decomposition of the various Besov and Triebel-Lizorkin spaces. This
follows parallel to the original construction by Frazier and Jawerth, where they successfully
applied the ¢-transform to an in-depth study of some of the finer properties of the properties
of isotropic Besov spaces and Triebel-Lizorkin space. Later the ¢-transform techniques were
refined to obtain orthonormal wavelets, see [22,32].

The interest in mixed-norm smoothness spaces is not new. The Russian school investigated
mixed-norm Besov, Sobolev and Bessel potential spaces, even in the anisotropic setting, more
than four decades ago [7,8].

The main contribution of the present paper is to offer a construction of a universal
orthonormal basis for L,(R?), once the anisotropy has been fixed, that extends to unconditional
basis for all mixed-norm Besov and Triebel-Lizorkin spaces. The fact that the representation
system is non-redundant allows for a more precise analysis of the approximation properties of
the system. For example, it will be shown in Section 6 that is possible to derive an inverse
estimate of Bernstein type for the system. Obtaining a Bernstein estimate is a longstanding
open problem for the redundant ¢-transform, even in the unmixed case, cf. [34].

We believe that our construction is the first example of a universal non-redundant represen-
tation system for mixed-norm Besov and Triebel-Lizorkin spaces, except for certain unmixed
cases under restrictions on the anisotropy. We mention that orthonormal r-regular wavelet bases
have been constructed, see [11,14], in the unmixed case for a lattice preserving dilation. A
tensor product approach producing wavelet-like bases is considered in [36, Section 5.2].

The orthonormal basis is constructed in Section 4 using a carefully calibrated tensor product
approach based on so-called univariate brushlet systems. Brushlets are the image of a local
trigonometric basis under the Fourier transform, and such systems were introduced in [31].
Brushlets have been used as a tool for image compression, see [33]. Univariate brushlet
bases are extremely flexible and can be adapted to any type of exponential covering of the
frequency axis, where e.g. wavelets are restricted to only dyadic decompositions. We will
use this flexibility in each variable separately in the tensor product construction presented in
Section 4 in order to obtain compatibility with the overall anisotropic structure on R?. We give
a full characterization of the mixed-norm Besov and Triebel-Lizorkin spaces in Section 5,
using the constructed orthonormal basis.

A relevant question that must be considered is whether the mixed-norm spaces really bring
anything new to the table. In Section 6 we address this question by studying nonlinear m-term
approximation with the constructed basis in the mixed-norm setting. Non-linear approximation
with wavelets in the unmixed Triebel-Lizorkin setting has previously been studied in detail, see
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e.g. [18,30]. Non-linear approximation in a discrete Besov and Triebel-Lizorkin space setting
has been studied in [23].

In Section 6, we show that the approximation behavior in the mixed-case, in general, for
d > 2, is fundamentally different from the unmixed case. In particular, it is shown that the
constructed orthonormal basis cannot, in general, be normalized to form a greedy basis for the
mixed-norm Triebel-Lizorkin spaces. Despite the lack of the greedy property, it is shown in
Section 6 that Jackson and Bernstein inequalities for nonlinear m-term approximation can be
derived. However, as it turns out, the inequalities have non-matching exponents, so a complete
characterization of the approximation spaces for m-term approximation is not possible using
the standard machinery of nonlinear m-term approximation.

2. The anisotropic setup and some preliminaries

Let us first introduce the anisotropic structure on R“ that will be used for defining the
mixed-norm Besov and Triebel-Lizorkin spaces at the end of this section. Let b, x € R4 and
t > 0. We denote by r’x = (t"1xy, ..., t%x,). We fix a vector @ € [1, o) and we introduce
the anisotropic quasi-norm | - |; as follows: We set [0[; := 0 and for x # 0 we set |x|; = o,
there 1, is the unique positive number such that |7, “x| = 1. One observes immediately that

|t;‘x|a = t|x|;, forevery x € R?, ¢ > 0. 2.1

From this it follows that | - |; is not a norm unless @ = (1, ..., 1), in which case it is equivalent
with the Euclidean norm | - |.

The anisotropic distance can be directly compared to the Euclidean norm, see e.g. [3,13],
in the sense that there are constants ¢, c; > 0 such that for every x € R,

(14 Ixlp)™ < 14 |x| < e2(1 + |x|)™, 2.2

where we denoted a,, :== mini<j<qaj, ay = MaX|<j<qa;.
We will also need the following anisotropic bracket. We consider (1, a) € R?*! and define

()i =101,z  xeR.

This quantity has been studied in detail in [10,35]. It holds that there are constants c3, cs > 0
such that

e3(x)a < 1+ Ixl; <eslx)a,  x eRL (2.3)
One can show that there is a constant ¢5 > O such that

(x+y)a <estn)a(y)a  xyeR™ (2.4)
Furthermore, we define the homogeneous dimension by

vi=lal=a+ - +aq, (2.5)

which will play an important role later when we estimate certain maximal functions. Also, by
going to polar coordinates one can deduce that for t > v,

/ (x);7dx < ¢; < 0. (2.6)
R4

We will also need balls adapted to the anisotropy a. Let x € R? and r > 0. We denote by
B;(x,r):={y € R : |x — yl|z < r}, the ball of radius r, centered at x. Note that B;(x, r) is
convex and |B;(x, r)| = |Bz(0, D|r".



M. Nielsen Journal of Approximation Theory 295 (2023) 105958

2.1. Maximal operators and mixed-norm lebesgue spaces.

Maximal operator estimates will be of fundamental importance for our study of Triebel-

Lizorkin spaces. Let 1 < k < d. We define for f € L}OC(}R”!),
1

M, f(x) = Sup / | f X1y ooy Ve ooy Xa)|dyk, x € RY, 2.7
Ielf 1

where I is the set of all intervals / in R containing x;.
We will use extensively the following iterated maximal function:

Mo fx) = (MaC--- My [f1%)-- )" (x), 6 >0, x e RY 2.8)

Remark 2.1. If R is a rectangle R = I} x ... x I, it follows easily that for every locally
integrable f

/ |fWldy < [RIM; f(x) = [RIMGI 1 (x), 6 >0, x € R (2.9)
R

Mixed-norm Lebesgue spaces will play an important role for defining mixed-norm smooth-
ness spaces. Let p = (pi, ..., pa) € (0,00)? and f : RY — C. We say that f € L := L3(R?)
if

1
1
Ifll5 = / (f </ | f(x, ...,xd)l”ldxl) dxz) dxg <oco. (2.10)
R R \JR

The quasi-norm ||| 3, is a norm when min(p;, ..., ps) > 1 and turns (L3, |- ||5) into a Banach
space. Note that when p = (p, ..., p), then L; coincides with L,. For additional properties
of L, see for example [3,4].

For p = (p1,..., pa) € (0,00)%, 0 < ¢ < 00, and a sequence f = {f;}jen of L(RY)

functions, we define the (quasi-)norm

1/q
1l = 11519 -
jEN 13
Where there is no risk of ambiguity we will abuse notation slightly and write || f; || Ljtg) instead

of I{fihllzzey)-
We shall need a variation of the Fefferman—Stein vector-valued maximal inequality, see

[3,28]. Suppose p = (p1, ..., pa) € (0,00)?, 0 < g < oo and 0 < 6 < min(py, ..., p4, q),
then

MG 0 < CoIUML ey 2.11)

with Cp := Cp(®, p, q).

We mention that using a slight variation on standard techniques, see e.g.
[10, Proposition 3.3], a Petree type estimate can be derived. We let the Fourier transform be
defined and normalized for f € L;(R¢Y) by

FUE) = &) = 2m) " /R f@etEdr, E e R

4
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Then for every 6 > 0, there exists a constant ¢ = ¢y > 0, such that for every ¢+ > 0, and f
with supp(f) C r[-2, 214,

sup _ ol cMoy f(x), x e RY. (2.12)

veRn (1d(x — y)/*

By combining the Petree estimate with the Fefferman—Stein vector-valued maximal inequal-
ity, calling on (2.4) and (2.6), and again using a very slight variation on standard techniques,
see e.g. [10, Theorem 3.5], we can derive the multiplier result given in Proposition 2.2, which
will be used in Section 5. The details of the proof are left to the reader.

For 2 = {f2,} a sequence of compact subsets of R?, we let

LE(Ly) = {{fulnen € Lj(ty) | supp(f) S 2, ¥n).
For m e Ry, and f : R? — C, we let

) 1/2
Iy = ( /R FTF)I <x>§”“dx)

denote the (anisotropic) Sobolev norm. We have,

Proposition 2.2.  Suppose p € (0,00) and 0 < g < oo, and let 2 = {TiClien be a
sequence of compact subsets of R? generated by a family {T, = 1t} - +&k}ken of invertible affine
transformations on R?, with C a fixed compact subset of RY. Assume {y/ i}jen is a sequence
of functions satisfying ; € Hy" for some m > 5 + m. Then there exists a constant
C < oo such that

{Yx (D) filll L) = Csup 19 (Ti) - I{fidll e
J

Sfor all {fi}ken € Lg(ﬂq), where Y (D) f = F " {y F(f)).
2.2. Schwartz functions and tempered distributions

Finally, let us recall some basic facts about Schwartz functions and tempered distributions.
We denote by S = S(RY) the Schwartz space of rapidly decreasing, infinitely differentiable
functions on R¢. A function ¢ € C* belongs to S, when for every k € Ny and every multi-index
o e Ng, with Ny := N U {0}, there exists ¢ = ¢; o > 0 such that

[0%p(x)| < c(1 + |x])7*, for every x € RY. (2.13)
The dual space S’ = S'(R?) of S is the space of tempered distributions. We will denote by

Soo 1= Sno(RY) = {w €S :/ Xy (0)dx = 0, Vo eNg}.
R4

We notice that S is a Fréchet space, because it is closed in S and its dual is S, = S'/P,
where P the family of polynomials on R“. The anisotropic homogeneous mixed-norm Besov
and Triebel-Lizorkin spaces will be based on distributions in S'/P.
3. Dyadic rectangles, the ¢ -transform, and mixed-norm smoothness spaces
For j € Z and k € Z4, we denote by Q i the dyadic rectangle
O ={(x1,..., %) eRY 1 ky <2/%x; <y +1,i=1,....d}.
5
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For every Q = Qj; we denote by xp = 2774k the “lower left-corner”, and by |Q| =27Y, the
volume. We also notice that

Qi = 277910, D) + xg

For now on we will denote by Q; the set of all dyadic rectangles of volume [Q| =277", j € Z
and by Q the set of all dyadic rectangles. Note that for every j € Z, the set of all the dyadic
rectangles of the same volume Q; is a disjoint partition of R?.

We now briefly present the resolution of the identity that will be needed for the ¢-transform
and will form the framework for introducing the mixed-norm Besov and Tiebel-Lizorkin
spaces. It is known, see e.g. [0, Lemma 6.1.7], that we can choose ¢, i satisfying the following
conditions

@, ¥ € S(RY), 3.1

supp ¢, ¥ C{§ e RY: 27! < |g| <2}, (3.2)

1@, 1Y) =c>0 if 2734 < g <24 3.3)
and

D @A) =1 if £ #£0. (3.4)

jez

We then put ¢;(x) = 2/vp(27%x) and define V¥, j € Z,in a similar way. We have
@;(8) = P(2774€) for every & € RY, so by (3.2)
supp(@)), supp(¥;) € g e RY: 27! < [g| <2} = Ty, (3.5)
We deduce from (2.1)—(2.2) that there exists an M € N, such that 7; N 7; = ( when
i —j| > M.
For every t > 0 there exists a constant ¢; > 0 such that

lo; (O, 1] < ¢.27(279%)=7,  x e RY, (3.6)

Definition 3.1. Functions ¢, ¥ satisfying (3.1)—(3.3) will be called admissible.

3.1. Mixed norm smoothness spaces

We now recall the definition of anisotropic mixed-norm Triebel-Lizorkin and Besov spaces.
For ¢, ¥ are admissible, we have the following definition of the homogeneous anisotropic
mixed-norm Triebel-Lizorkin and Besov spaces

Definition 3.2. Lets € R, p € (0,00)¢, g € (0,00] and @ € [1, c0)?. The anisotropic
homogeneous mixed-norm Besov space B;q (@) is defined as the set of all f € S'(R?)/P such
that

. 1/
17185, @ = (307 e+ 1) < oo, G.7)
JEZ
6
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and the anisotropic homogeneous mixed-norm Triebel-Lizorkin space F 3 (a) is defined as the
set of all f € S'(RY)/P such that

1= | (Z@ho = 107) | < o0, (3)

J€EZ 5

with the £,-norm replaced by sup; if ¢ = oo for both B;;q(a) and F gq(&).

We will also need the associated discrete versions of the functions spaces.

Definition 3.3. Fors € R, p = (p1,..., pa) € (0, 00)?, q € (0,00] and a € (0, c0)¢ we
define the sequence space bi; q(ﬁ), as the set of all complex-valued sequences a = {ap}geco
such that

lally, o= (2| 3 101" laolTo0]) ™ < oo, (3.9)

JEL  QeQ;

and the sequence space f[‘—j ’ (@), as the set of all complex-valued sequences a = {ag}geg such
that

~ 1/q
e —s/v )4
lall s, = | (32 D2 401 laglTon?) | <o, (3.10)
JEZ QEQj R
p
where iQ =07V 2]lQ, 1, is the characteristic function of the rectangle Q, and the £,-norm
is replaced by sup; if g = o0

We are now ready to define the g-transform S, that provides an important and universal
discrete decomposition of the various smoothness spaces on the Besov and Triebel-Lizorkin
scale. For g : RY — C, and Q = Qjr € Qj, we use the notation g¢ = |0~ 2g(27% . —k).

Definition 3.4. Let ¢ be an admissible function. The g-transform S, or the analysis operator,
is the map sending each f € S’/P to the complex-valued sequence

Sof = 1Sy Nalo. with (S,f)g = (f. ¢g). for every Q € Q.

Let ¢y be admissible. The so called inverse ¢-transform T, or the synthesis operator, is the
map taking a sequence a = {daglo to Tya =, o aoVo-

Remark 3.5. It is not entirely trivial that Ty, is well defined. For an approach to this question
in the mixed-norm case, see [24].

One of the main results presented in [16,17], extending the seminal work by Frazier and
Jawerth [20,21], is the following discrete decomposition and norm characterization using the
@-transform.

-

Theorem 3.6. Lets € R, p = (pl,...,pd) e (0, oo)d g € (0,00], a € [1,00)
and 2 Y admissible. The ¢-transform S, : F 3 (a) — fs (@) and the inverse @-transform
Ty : fa (a) — Fé (a) are bounded. Furthermore TyoS, is the identity on FY (a) In particular,
||f||FA @ ~ ISy f”fs @ Jor every [ € FS (a) The same characterization result holds for the

Besov spaces B 5 (a) wzth associated sequence space bY (a)

7
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One potential issue with the decomposition system {yp}¢ is the redundancy of the system,
which makes the analysis of the systems approximation properties much more difficult, see
the discussion in [34]. The goal in the sequel is to construct an orthonormal basis for Ly(R%),
i.e., a non-redundant system, that will support a similar type of universal decomposition of
B;q(a) and F ;q(a), respectively, as provided by Theorem 3.6.

4. Orthonormal brushlet bases

A universal method to create orthonormal bases for multivariate L, is to use a tensor product
construction based on a univariate orthonormal basis for L,(R). Often this method works well,
but the approach can be considered problematic for wavelet bases and similar systems as basis
elements with long “skinny” support in the frequency plane are created. Such elements are often
not well-adapted for the analysis of smoothness spaces of Besov or Triebel-Lizorkin type due
to the incompatible time—frequency structure. In this section, we will still rely on a tensor
product construction, but it will be based on a more stable decomposition of the frequency
space. The specific coverings will be introduced in Section 4.1, and the corresponding bases
will be based on tensor products of so-called univariate brushlets. The construction of brushlets
is a well-established approach [31,33], but for the convenience of the reader we have included
a summary of the needed facts about brushlets in Appendix A.

4.1. Lizorkin coverings of R? and associated decomposition systems

In order to combine individual multivariate brushlet systems in a coherent way to obtain an
orthonormal basis for the full space L>(R), it will be convenient to have a suitable partition
made up of rectangles of the frequency space R?\{0}. Moreover, the partition should also be
constructed to be compatible with the frequency structure of the anisotropic Triebel-Lizorkin
space. We will now introduce such partitions based on an idea first considered by Lizorkin in
an isotropic setting.

Given an anisotropy @ = (aj, ..., a4), define the rectangles

R,-:{x:lxi|§2j“f,i:l,...,d}, for j € Z,

and the corridors K; = R; \ R;_y for j € Z. Let E; = {£I1,42}, E| := {£1}, and put
E = E{ \ E?, where we notice that |E| = 49 — 27, For each j € Z, and k € E, define

Rjx = {x € RY: sgn(x;) = sgn(k;), and ([k;| — D2/7" < |x; |V < |k; 2771,

where the construction ensures that K; = Ugcp R k.
Clearly, R is a d-dimensional rectangle, so we may write

Rix=1} x I}, x--xIf j€ZkekE,

1 ka>

where each ,’k is a half-open interval in R. Letting ¢;; € R? denote the center of R, we
also have the affine representation

Rjx =27 BOO([=1. DY) + c;.
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Ky

Ko

Fig. 1. Three corridors K_;, Ko, and K; from a Lizorkin decomposition of R? with @ = (3/2,1).

where B(k) : R — R9, k € E, is the matrix given by
2@+ if k| =1

B(k) = diag(b(k)1, ..., b(k)q), with b(k); == 22, if k| =2

The family R = {R; }jez rer gives an anisotropic Lizorkin partition of R7\{0}. For notational
convenience, we also define R; := {R; s }tcg. See Fig. 1 for an illustration.

We now construct univariate brushlet bases, following the outline in Appendix A, adapted
to the intervals {/ ]’ ki e More specifically, we consider the intervals,

{£[0, 207 D4) ) U {£[207 D, 2/4)} 4.1)

where we choose corresponding cutoff radii 2U~2% at 42/% and cutoff radii 2V~% at
{0, £20-Dai} " where we again refer to Appendix A for a discussion of cutoff radii. For each

R = I} R Ij2k2 X x Il j€Z, ke E, we define the orthonormal brushlet system,
{w,,,Rj_k n € Ng},

with w, g, defined as the tensor product in Eq. (A.16), see Appendix A,
d
u),,,Rj’k = ® w”"’lj',k,- .
i=1

Remark 4.1. It is important to observe that by the construction in Appendix A, wyg;, €

Soo(RY), since the (compact) frequency support of the smooth function w,, R;, does not contam
the zero frequency. Hence, the expanswn coefficient (f, wy g, ,) is well- defined for feS/P
(and, in particular, for f € F U BA )

We claim that the full system
W = {wyr;, :n €N{, j € Z.k € E}, 4.2)

is an orthonormal basis for L,(R?) that provides the wanted universally stable decomposition
of the Besov and Triebel-Lizorkin spaces. The claim will be substantiated in the following
sections.
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5. Stability of the multivariate brushlet systems

We have the following fundamental property of the system {w, g; ,} defined in the previous
section. '

Proposition 5.1. Given any anisotropy a = (ai, . .., ag) € [1, 00)%, the corresponding system
W defined in Eq. (4.2) forms an orthonormal basis for Ly(R?).

Proof of Proposition 5.1. Let us first consider orthonormality. Let S; = {wur;, : k €
E.n € Ng} and notice that the functions in S,, and S, have disjoint frequency support for
|m — n| > 1. Also notice, using the separable structure of the multi-variate brushlet functions,
that the partitioning of the sets K; ensures that S,, is orthogonal to S+, where it is essential
that we have chosen compatible e-values for the univariate systems at levels j = m and
Jj = m £ 1, see the specification following (4.1). Within each S;, orthonormality follows
directly from the separable structure of the bi-variate brushlet system and the orthogonality of
the respective univariate brushlet systems.

We will now verify completeness of the system, where we first notice that for f € L,(R¢),

> F(Prf)E).
ReR

where we use the notation introduced in Appendix A, is well-defined and converges pointwise
as the support of each term in the sum overlaps with at most 2¢ other terms corresponding to
adjacent rectangles. We will exploit the tensor product structure of Pg, where we first sum “too
many” terms in the sense that we consider the product set E := E;l 2 E,where E, = {£2, 1}
is defined as before. We have,

D P =2 Py, ®Pp, @@y,
keE keE

(TP )e(Zr,)e (X P,
k1€Ey ko€Ey

kqeEy

= 1}®”P1/2®~-~®731;1,

where I} = [—27%,2/4) with cutoff radius 20~ at +2/%_ In a similar fashion, we deduce
that

Z Priy=Ppn ®Pp & ®Pu .
’ j—1 Jj—1 Jj—1

ke{£1)d
Hence,
ZPR/'J« = ZPR/'J« - Z Prj,
kekE keE ke{£1}d
=73,1®77,2®~--®P17—P,11®'P,21®~-~®771¢1. 5.1
J J J J= J= J=
Noticing the telescoping structure of (5.1), we obtain for jo € Z and N € N,
Jo+N
Z Z PRj’k - /PIJ!()+N ® 7)112()-%—N(8 o ® Plj%-%—N
j=jo—N keE

®Pp ® - @Pu

N jo—N jo—N

- 7)1!
Jo—

10
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It thus follows easily that

Jot+N
NhAI};o E E PRj.k = Isz(Rd),
j=jo—N keE

in the strong operator topology. This completes the proof. [
5.1. Characterizations of B;,q(ﬁ) and Fg’q(ﬁ)

We claim that the spaces F g’ q(ﬁ) and B;’ q(Zi) can be completely characterized using the
brushlet system considered in Proposition 5.1. We focus on proving this claim for the Triebel-
Lizorkin type spaces F E (a) For many of the proofs in this Section, we will call on results on
vector-valued multlphes as discussed in Section 2.1. The corresponding results for the Besov
spaces Bé (a) are easier to handle due to the (simpler) structure of the space, and we will just
state the results for BS (a) and leave most details to the reader.

For R _R,k_I’ ki ><I’2 X - XI «, € R, with R given in Section 4.1, we define for
ne Ng,

U(R,n):{yeRd:2ﬁy—n(n+a)e[—1,1]d}, (5.2)

where a == [1,..., 11" € RY. It is easy to verify there exists L < oo so that uniformly
in x and R, ), 1yk.m(x) < L. One may also verify that for n,n’ € N&, UR,n') =
U(R,n)+ 2774’ — n), and that |[U(R, n)| =277 < |R|"".

Let us now prove that the canonical coefficient operator is bounded on F 1§ q(Ei). We mention
that the operator is well-defined according to Remark 4.1 in the sense that the quantity Sy (f)
defined below in Proposition 5.2 can be computed for any f € S'/P.

Proposition 5.2. Suppose s € R, p € (0, 00)?, and 0 < g < oco. Then
1S, (NIl < C||f||ﬁ1§,q(a), VRS F,?,q(c'i),
where

8= (X SR wom) ) 53

RERnENg

with Ty ny = |RI"* Ly (g n).

Proof. Take f € FS (Rd) N Sso(RY) and consider R € R;, for some j € Z, i.e., |R| < 27V
(uniformly in j). We erte the cosine term in Eq. (A.6) as a sum of complex exponentials,
and we take a tensor product to create w, g. This process creates a multivariate function with
2¢ “humps”, and, as it turns out, we will consequently need 2¢ terms to control the inner

product (f, w, g). To be more specific, we write R = I} x I x --- x I; C R?, and let
Gr =g, ® - ® gy,, where g; is the function defined in Eq. (A.8) in Appendix A. Put
a(n+1
el’t,lj = %9 ne NO7
J
and let e, g == [en, ;> ---» end,,d]T forn € Ng. We define the diagonal matrices

0O,, := diag(vy), 5.4
11
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with v,, € R? chosen such that Ufndzlvm ={-1, l}d , and we put
A = diag(| ;1 | 2], . . ., [1al]).

Then estimate (A.17) in Appendix A implies that,

2d
[(f, w )l < C27PIRIV2 Y I f, GROACx + Onen )|

m=1
Zd
= C2PIRI7 Y 1 f * Hr(Oen )],
m=1
where Hg(-) := |R|G(—A-). Now, notice for x € U(R,n) we have (2/%(e, z — x)); < c.
Hence, for 0 < ¢t < min(py, ..., pd,q),

s/v g q
2 g (R I wn ) o))
Zd
<CY D IRIIf x Hr(Omen )" Dy (x)
m=1 neNg

d i
< C/Z 2qu|f * HR(Omen,R)|q

(27 (e, g — x))"

Ty g, (x)

m=1 neNg
o . q
25| f % Hr(Opy)l
CN Y (0 Sy i) Mo
yeURn)  (274(y — X))

m=1 neNg

We now apply the maximal inequality (2.12), where we notice by the construction of Hp,
Hy € 279[—2,2]%, so consequently supp[((f * Hg) o O,,)"] € 2/4[—2, 2]?. We obtain

2d
D AR wa ) Ty ()Y < C (27 Mo ((f * Hr))(Ow))". (5.5)
neNg m=1

We now pass to the discrete Triebel-Lizorkin norm of S, f, where we notice that, due to
the frequency localization of Hg around R,

f*HR=Z¢i*I/fi*f*HR, (5.6)

ieFR

for Fp .={i : T; ﬂsupp(lfl;) 0 Cj+{—-M,—-M+1,...,M — 1, M}, where the dyadic
structure of U;P;, and the support sets {7}, ensure that M can be chosen independent of R.
One can also verify, using the specific structured compact support in frequency, that both

systems {vr;}; and {Hgr}rer satisfy the conditions stated in Proposition 2.2 for any m >
5+ m. Hence, by substituting (5.6) in (5.5), and using Proposition 2.2 twice, we

12
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obtain
od
18,005 = e 3 [(Z @ (X 0 x v £+ 1) (0,)") |
m=1 ReR icFg 5
od
<X S @ @ e v s+ )0)) |
m=1 ReR ieFg P
od

(e @=wxno))

m=1 ReR ieFp ]
. 1/q
| (@i = 117) 7|
JEZ
C oS (7Y
1/ 0 o

M

IA

P

IA

and the general result then follows from a limiting argument using that Soo(RY) is dense in
F (a). O
pq

Remark 5.3. Clearly, the quantity ||S;(f)ll; is closely related to the f ;q—norm given in (3.10),
but slightly different domains for the sequences are used in the two cases due the structure
imposed by the Lizorkin-decomposition. Rather than applying a potentially complicated
re-indexing, we will slightly abuse notation below and (re-)define

~ 1/q
lenrhnljs @ = (Z Z<|R|S/“|cn,R|11U<R,n><~>>q) , (5.7)
ReR pend -
0 p
and
/v ~ qa\1/q
ewalnrlis, @ = (D2 | D2 IR lenr I Towmo]) (5:8)
" ReR neNg b

for sequences {c, r},,g With index domain Ng x R.

With the adjusted notation, Proposition 5.2 can be rephrased more naturally proving that the
canonical analysis operator Syy, defined for f € S’/P by

Swf = {Sw . rbnrs With (Sw far = (f, wy &), for (2, R) € N x R,

is bounded on F Ii,‘q (a),

Sw: F @) — f3,(@), (5.9)

pa
with a similar result for B‘;; ” (a) and l}‘;; ” (@).

We now turn to a companion result to Proposition 5.2 and (5.9) that will imply that the
canonical reconstruction operator Tyy for {w, r}, defined for (finite) sequences ¢ = {c, g} by

TWC = Z Z Cn,RWn R,

ReR neNg

is bounded on fij q(Zi) and b}, q(c'i), respectively, using the interpretation specified in (5.7). We
will need the following Lemma for the proof of Proposition 5.5.

13
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Lemma 5.4. Let O < r < 1. There exists a constant C, independent of R € R, such that for
any finite sequence {s, r}, r we have

2(/
> tsnr Il wa k(O] < CIRI Y MY Isn Lo )(Onn), ¥ €RY,
neNg m=1 neNg

with O,, defined in Eq. (A.18).

The proof of Lemma 5.4 can be found in Appendix B. We have the following estimate of
Tw.

Proposition 5.5. Suppose s € R, p € (0,00)! and let 0 < q < oo. Then for any finite
sequence S = {s, r}n.r, We have

17wl @ =

iy @ = CISIg @

A similar estimate holds for B;’q(a) and l};’q(&').

Proof. Assume that ¢, ¥ is an admissible pair as specified in Definition 3.1. We will use the
associated system {¢,} jcz to calculate the norm in F’ z; q(é). Using the structure given by (A.6),
and Proposition 2.2, we get

|2 suwmna| = [{200x (L X snamne)] |

RER pend . RER end
0 £, 0 Lj(tg)
50”[2/3 D) :sn,an,R} H : (5.10)
RENj neNd A
7 Lg)

where N; = {R" € R:T; Nsupp(bg) # ¥}. It can easily be verified that #N; is uniformly
bounded and that we have the uniform estimate 2/ < |R|'" for R € N ;. Hence, we obtain

23 T |, el Soomtnanl ],
I > Y snwnal | < RIS snalonal} | (5.11)
RENIHENO neNg

Fix 0 < r < min(py, ..., ps4,q). Then by Lemma 5.4, and the Fefferman—Stein maximal
inequality (2.11), we obtain

iR 3 tsnliwnat} |

d
neNy L)
2d
< CH{IRll/ZH/U ZMr(Z |Sn,R|]1U(R,n))(0m')}RH
m=1 neNg L)
7(lq
<c {IRl””*‘/“ > Isn,RIIlm,n)}RH : (5.12)

neNd
0 Lj(Lg)

where we used the (quasi-)triangle inequality and straightforward substitutions in the integrals.

We also notice that the final sum over n in (5.12) is locally finite with a uniform bound on the

14
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number of non-zero terms, which implies that
q
(Z |Sn,R|]lU(R,n)) = > IsurlLukm-
neNg neNg
uniformly in R. We can now combine (5.10),(5.11) and (5.12) to obtain,

172
by = CH{IREY Y Isnrl R 1w |

d
nENO

(X S 0reensiTunr) |

ReR neNg

[T

R L3ty

<C

P
—_— / .
= C'ISljy

where we used that Ty = |[R|"*Lygny. O

We now use Proposition 5.2 and Proposition 5.5 to obtain the main result of this paper,
that {w, r} is an orthonormal basis that universally captures the norm of B;;,,q(a) and F qu(a),
respectively. Moreover, in the Banach space case the system forms an unconditional basis for
B[S;’q(&') and for F[f)’q(ﬁ).

Theorem 56 Lets € R, p € 0, 0), 0 < q < oo. The maps Sy and Ty are bounded
and make F[;j’q(c'i) a retract of f[‘g,q(&') in the sense that Tyy o Sy = Idps ). In particular, we
have the norm characterization e

a5 oy X || S (A € FE 5 ,
1l o= 1wl @ f € E,@

with f'};q(ﬁ) defined in (5.8). Moreover, {me}neNg,ReR forms an unconditional basis for
Fg’q(a) when p € [1,00) and 1 < g < . .

Siml:lar characterization results hold for the Besov spaces B‘;;’q(c_i) with associated sequence
space b;q(&').

Proof. The norm characterization follows at once by combining Proposition 5.2 and
Proposition 5.5. The claim that the system forms an unconditional basis when p € [1, 00)?
and 1 < g < oo follows easily from the fact that F f§ q(ﬁ) is a Banach space, and that finite
expansions in {w, g} have uniquely determined coefficients giving us a norm characterization
of such expansions by the L ;-norm of_S‘q"(-).

The proof in the Besov space case B;; q(a) is similar, but somewhat more simple. We leave
the details to the reader. [

We mention that whenever a wavelet-type orthonormal basis can be constructed for the
particular anisotropy, one can easily adapt Theorem 5.6 to the wavelet case with a simplified
proof. This is the case for, e.g., lattice preserving dilations, where one can construct r-regular
wavelets forming orthonormal bases for Ly(R%), see [11,14], and for the particular cases where
the tensor-product wavelet construction discussed in [36, Section 5.2] applies.

The norm characterization obtained in Theorem 5.6 may appear similar to the characteriza-
tion obtained for tight frames in [16,17], but one should notice the important additional fact
that {w, g} is a non-redundant system. This fact has significant implications for, e.g., m-term

15
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nonlinear approximation using the system {w, g}, where the linear independence will allow one
to prove inverse estimates of Bernstein type. Inverse estimates are currently out of reach for
the redundant ¢-transform frames considered in [16,17], see a discussion of this longstanding
open problem in [34].

6. Nonlinear m -term approximation

We now consider m-term nonlinear approximation with the system W in F qu(&'). Let us
first introduce some needed notation.

We use the notation V < W to indicate V is continuously embedded in W for two
(quasi)normed spaces V and W, ie., V C W and there is a constant C < oo such that
I llw < Cll-llv. )

A dictionary D = {g,}nen in F[—/iq(ﬁ), p € (0, o00), 0 < g < oo, B > 0, is a countable
collection of quasi-normalized elements from F ﬁq(a) in the sense that there exists C > 1 such
that

—1
c = ”gn“Ff‘ @) <C, n e N,
p.q

Given D, we consider the collection of all possible m-term expansions with elements from D:

5@ =g

ieA

¢ € C #A < m}

The error of the best m-term approximation to an element f € F ; q(ﬁ) is then

on(f,D)ps = = s
m(f )Fﬁ’q(a) meEm(’D)”f fm”F (a)

The approximation space AZ(F g’q(ﬁ), D) essentially consists of all functions that can be
approximated at the rate O(m~%). The parameter ¢ is for fine-tuning only.

Definition 6.1. The approximation space AZ‘(F 56](5), D) is defined by

00 1/q
1
L agit ooy = (Z(m (£ Dy )’ Z) < 00,
m=1
and (quasi-)normed by ”f”A"‘ i @D = I fllze @ T |f|A¢y F,s ,@.Dp for 0 < g, < o0.
pr.q pr.q

When g = oo, the £, norm is replaced by the sup-norm.
Now a fundamental question is whether it is possible to completely characterize
A‘;‘(F qu(ﬁ), D) in terms of known smoothness spaces. Often this problem is addressed by

studying Jackson and Bernstein estimates for the dictionary D. Suppose ¥ < F g.q(a) is a
quasi-normed linear subspace. Then a Jackson inequality with exponent r; > 0 is a so-called
direct estimate of the type

o]?l(f? ID)FPSq((}) S Cm_rj ”f”Y’ m € Na f € Y7
while a Bernstein estimate with exponent rp > 0 is an inverse estimate of the type

ISy = Cm™ ISl 5 @) S € 2u(D).

Whenever it is possible to find an appropriate subspace Y with corresponding Jackson and
Bernstein estimates with matching exponents, one can call on general theory to obtain a

16
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characterization of .A"‘(F f q(a)) in terms of certain interpolation spaces between Y and F ’3 (a)
we refer to [19, Chap 7] for further details.

A general challenge is to obtain good estimates of 0,,(f, D)js 5, as m — 00. Sometimes
this can be accomplished by using a simple thresholding apf;fioach. We will need some
additional terminology to study this question further.

6.1. Greedy and democratic systems

For I' C N, put Xp = ZjeF gj- We say that D is democratic if there exists ¢ > 1 such
that for all finite sets I', I” C N with #I" = #I",

-1
NIl gy SNl gy < lSrln g

Let us add some more structure to make thresholding well defined. Let us suppose D C
Ly(RHNF [ff q(c_i) is such that there exists an associated dual system {g;} C Ly(R?) satisfying
<§i9gj>:8i,j» l,]EN

A greedy algorithm of step N is defined as a correspondence

N
GN(F) =D A &ne)8ns

=1
for any permutation {n;};2, of N such that

I Gl g = I0F Bnd&al i ) = IS Bus)gsll o ) =
P pa g
We say that D is greedy provided there exists a constant C > 1 such that

If = Gu(Dlljp ) < Con(F. D)ps @ meN,
Psq p-q

for all f € Ff (@).
Let us turn our attention to the system /. We have the following first observation regarding
the basis VV and greediness.

Lemma 6.2. Let p = (p1, pa, ..., pa) € (0,00)%, 0 < g < 0o and B € R. Let W; be a
re-scaled quasi-normalized version of WV in Fﬁ (a) Then W; is greedy in Fﬂ (a) if and only

if W; is democratic in F 4 (a)

Proof. A general result by Temlyakov and Konyagin, see [23,29], yields that W; is greedy
if and only if W} is democratic and forms an unconditional basis for F g (a) We have from

Theorem 5.6 that W; forms an unconditional basis for F ’3 (a) so W; is greedy if and only
if it is democratic. D

Remark 6.3. Temlyakov and Konyagin [29] proved their result in a Banach space setting, but
the reader can easily verify that their arguments also work in a quasi-Banach setting as the one
used in Lemma 6.2. This generalization has also been observed in [23].

We can now characterize exactly when WW; is democratic in F f’f q(Zi).

17
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Proposition 6.4. Let p = (p1, p2,..., pa) € (0, 00, d > 2. Let W5 be a re-scaled
quasi-normalized version of W in Fg’q(ﬁ). Then W; is democratic in ng(ﬁ) if and only if
pP1=p2=--"=Pa

Proof. By calling on the characterization given in Theorem 5.6, we notice that quasi-
normalization of WV in F 2 (a) implies that
Wi = {cn,Rj,kwn,Rj.k ‘ne No,j €7,k € E},

with normalization constants {c, g, ,} satisfying

Ry X 21( Pt ﬂ)
unlformly in n, ] and k, with the exponent 8 — (p1 + -+ ;—i’]) representing the differential
dimension of F - (a). Let us suppose W; is democratic in F 2 (a) Form,n € {1,2,...,d},
with m # n, andN> 1, put
N N
Fn(x) = chen,Royk Weey, R g s Gy(x) = chem,Ro_k Weep, Ro i » 6.1
=1 =1

where e; is the i’th basis vector from the canonical basis for R, and k € E is fixed. We are
supposing that W5 is democratic, so

1wt g =< IGN I )
P.q P9

uniformly in N € N. However, using the characterization given in Theorem 5.6, we see that

= Nl/Pn’

lFnll e - <
FL @
and

Gl =< N'/pm,

B = =
5 @

so we obtain N'/P» =< N'/Pn and conclude that p, = p,, by letting N — oo. Hence, the only
case where the W5 can possibly be democratic is the unmixed case p; = p, = --- = pq.

Now suppose p; = py = = pg = p for some p € (0, oo). Calling on the characterization
given in Theorem 5.6, democracy of Wp,p,...py Will follow if we can prove that the special
sequence,

-~ 1r
1r:= Z T
A

B .
f(ﬁ,pv---,p),q(“)

.....

where 1y denotes the sequence defined on R X Ng with entry 1 at F and zero otherwise,
satisfies

T r e 5 < DY, 6.2)
f(lww--,p),q(a)
uniformly, for every finite subset I' C R x Ng.

However, this particular sequence space estimate in the unmixed setting has been studied
in detail by Garrigés and Herndndez in [23], where a minor modification to the proof of

[23, Prop. 3.2], in order to adapt to (5.7), confirms the estimate (6.2). [
18
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We have the following corollary.

Corollary 6.5. Let p = (pi,p2,..., pa) € (0, 00), d > 2. Let W; be a re-scaled
quasi-normalized version of W in ng(a). Then Wy is greedy in F;q(ﬁ) if and only if
prL=p2=--=Ppa

Proof. Clearly, by the characterization given in Theorem 5.6, Wj is greedy in F P (a) if and
only if {1z} FERxNY is greedy in f~ (a) We notice that fﬂ (@) satisfies the hypothesm of

[23, Theorem 2.1], and invoking [23, Theorem 2.1], we obtain that W; is greedy in Fﬁ’q(a) if
and only if

||]1F||f£q(5) FeRxNg

is democratic in f; q(ﬁ). As noted in (the proof of) Proposition 6.4, this happens if and only
ifpp=pr=---=pg. U

6.2. A mixed-norm bernstein estimate

Now we consider a Bernstein estimate for the system ¥V, where we choose a Besov space to
be the embedded smoothness space. The technique we employ below to obtain the estimate for
W is to “unmix” the problem by using the embedding result given in the following Lemma 6.6,
which is proven in [17, Proposition 3.4].

Lemma 6.6. Lets,t €R, p=(pi,...,pa) <€ (0,00), g €(0,00]anda € [1,00). We set
Pmin = min(p1, ..., pa) and pygy = max(pi, ..., pa), then
/ -
Pmmq(a) = BS (a) = Br (a) and Fpmnq( );) FS (a) — F[';maxq( )
where
t=s—(ﬂ+-~-+a—d)+ andr:s—(ﬂ+-~-+a—d)+ v
)4 Pd DPmin D1 Pa Pmax
We have the following Bernstein inequality for the system .
Proposition 6.7. Let p, T € (0,00), with ; < p;, i = 1,...,d, where we also suppose

Tin = Min{T; }f:l < Dmay = max{p; }le, and let 0 < g < oco. Then there exists a constant C
such that for any m > 1, 0 <r < o0, and o > (),

1/ Tmin—1/ Pmax
15152 @ = Cm [omin=1/Pmax | S|,

F]ér(a)v S e Zm(W)v

with
d a d Cl,
—B=2 -

j=1 1 p

~.

and T, = min{t,'},‘,l=1 and puae = max{p; }le. Moreover, the exponent 1/ Ty — 1/ Pimax s the
best possible.
19
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Proof. Let S € X,,(W). Using the (lower) Besov embedding from Lemma 6.6, with

d
t:a—zﬂ-i- U, (6.3)

T; Tmin

j=1
we obtain
||S||ng(a) S ISt @
5 I{{S, wn,R)}n,R”}}’r L q(@)”
min-

We continue the estimate, where we call on the known Bernstein estimate for sequence spaces
in the unmixed setting [23, Theorem 5.4], with parameters

v v
s=t+ — . (6.4)
Pmax Tmin
‘We obtain, for 0 < r < oo,
(S, wa m)bn.rlliy S m =P (S wn Mkl
< m i P || (S w, )kl
S ml/rmin—l/Pmax ||{(S, w”’R>}"7R”F? @’
p.r
where the last inequality follows by the upper embedding from Lemma 6.6 with
'y v
B=s+ Z = _ . (6.5)
j=1 bj Pmax

Hence, we obtain

. C 1/Tmin—1/ Pmax
L < m . -
||S||B;.{q(a) = ||S||F£r(a),

where, solving for « and 8 in the system of equations given by (6.3), (6.4), and (6.5),

Finally, to verify that the exponent 1/7yin — 1/ pmax 1S Optimal, we consider the scenario where
for some n € {1,2,...,d}, Tmin = T, and pmax = p.. Then we consider the function
Fy € Xy(W) given in Eq. (6.1), where we use the same calculation as in the proof of
Proposition 6.4 to deduce that, uniformly in N,
. o~ 1/t . — 1/pn
| Fwlg @ =< N/ and 1 Fwlle g =< NP
Hence,
. NYm—=1/px .
||FN||Bqu(a) < N/™ ’||FN"F£"1(5)’

which proves the claim. [

Remark 6.8. In the unmixed case, we recover a Bernstein estimate similar to the known
estimate for wavelet system with the perhaps more familiar looking smoothness relation
(¢ — B)/v = 1/t — 1/p. However, we allow for a completely arbitrary anisotropy d, so even
in the unmixed case, Proposition 6.7 covers new cases.

20



M. Nielsen Journal of Approximation Theory 295 (2023) 105958

6.3. A mixed-norm jackson estimate

We have the following Jackson inequality for the system W.

Proposition 6.9. Let p, T € (0,00), with ; < p;, i = 1,...,d, where we also suppose
Tonax -= Max{t; }?zl < Pmin = min{p; }le, and let 0 < g < oco. Then there exists a constant C
such that for anym > 1, 0 <r <00, and o € R,

=1/ tmax—1/ Pmi . 3 =
On(f W)t gy < Cm Ve U fll o Gy f € BE (@),
p.r ’
with

d d
—B= Z%—Z%.

j=1 j=1

Remark 6.10. It will actually follow from the proof of Proposition 6.9 that we do have the
embedding B¢ (a) — F ,‘?,r(‘_i)’ s0 o, (f, W) is well-defined for f € BZ (a) with the

P @
specified parameters.

Proof of Proposition 6.9. Given f € Bgyr(ﬁ), m € N, and S,, € X,,(W). Using the (lower)
Triebel-Lizorkin embedding from Lemma 6.6, with

-1
we obtain
1f = Sullze o S1F=Sulliy, @

S I = S wa )bkl 3 @

We now choose S, such that

p (6.6)
Pj min

I = S wn )bl < 20w oM B)fs

Hence, with this choice of S,,,
I f— Sm ||Fﬂ @~ S onl{(fs wa MR fy Gy

We now call on a known Jackson estimate for sequence spaces in the unmixed setting [23,
Theorem 4.3], with parameters
v v

t—s=

6.7)

Tmax Pmin

We obtain, for 0 < r < oo,
-1 -1
o'm({<f’ wn,R>}n,R)f'1§ L@ S < m (1/Tmax /pmm)”{ f Wy, R)}n R”btrmax @

—(1/tmax—1/Pmin .
<m (1/z /p )”f”B’

Tmax.r (@)

—(1 1 .
5 m (1/Tmax /Pmm)”f”B%r(a),
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where the last inequality follows from the Besov space embedding in Lemma 6.6 with

ot:s—i-za—":— Y . (6.8)

Hence,
—(1 —1 .
On(f W o S I = Sull o g S m™ V= UPmind|| £l o ).
p.r p.r T.r

where, solving for « and B in the system of equations given by (6.6), (6.7), and (6.8),
d d

Remark 6.11. The fact that WV cannot be normalized to be greedy in F gr(&), except in the
unmixed case, makes an estimate of the error of best m-term approximation more illusive,
and at present we do not know whether the Jackson inequality exponent in Proposition 6.9 is
optimal.

However, we may replace best m-term approximation by greedy m-term approximation in
Proposition 6.9, relying on exactly the same proof. For greedy m-term approximation, the
Jackson exponent in Proposition 6.9 is optimal. To verify this, consider the scenario where
for some n € {1,2,...,d}, Tmax = T, and pmin = p,. Then we consider a slightly modified
version of Fy given in Eq. (6.1), where we for the sake of simplicity now assume that WV has
been perfectly normalized in the sense that for all terms in Fy, [Icge,, Ry, Weep, Ry |l F,_)er @ = 1.
With this normalization, for small ¢ > 0, "

(Fan — eFy) — Gn(Fany — eFy) = (1 — &) Fy,
which implies that

|(Fay = eFx) = Gu(Fan = eFWl gy =< N/,
while

IEN N 52 @) = N,
S0

I(Fan = 6Fn) = Gy (Fan — e FN)ll g oy < NP [ Fyllge ),
p.r T

and letting N — oo proves optimality.
6.4. Embeddings of the mixed-norm approximation spaces

It is well-known from the general theory of non-linear approximation that Jackson and
Bernstein estimates can be used to obtain embedding results for the approximation spaces
A‘;(F f‘f q(ﬁ), D), and in the optimal scenario, where the exponents of the Bernstein and Jackson
estimates match, we get a full characterization of .AZ(F ;q(&), D) as a real interpolation space.

However, we notice from Propositions 6.7 and 6.9 that the exponents in the present setup,
in general, do not match up. In fact, the only case where we obtain matching exponents
is in the unmixed case. We summarize the embeddings that can be obtained directly from
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Propositions 6.7 and 6.9 in the following Corollary that will conclude this paper, where we
refer to [19] for a discussion of interpolation spaces, including the real method of interpolation,
which are used in the statement of the result. It is clearly of interest to obtain a (better)
characterization of the interpolation spaces appearing in Corollary 6.12 but this seems to be an
open problem in the mixed-norm setup.

Corollary 6.12. Let p,T < (0, oo), with 7; < pi, i = 1,...,d, where we also suppose
Tonax -= max{t; }le < Pmin = min{p; }le, and suppose 0 < g < oo. Put
1 1 1 1
ry = — — and rp = -
Tinax Pmin Trnin Pmax
Let o € R and put
- a; - a
1 1
a—pf= — - —.
X_: Ti Di

For 0 <s <ry, and 0 <t < 0o, we have the Jackson embedding
B 2N pa 2 sepB 2
(F,;,q(a), B;ﬁ,(a))s/”,, — A (F; (@), V).
For 0 <s <rpg, and 0 <t < oo, we have the Bernstein embedding

o B = .
Aj(F5 (@), W) — (Fﬁ’q(a), Bir(“))s/rB,z'
Proof. Follows from Propositions 6.7 and 6.9 combined with standard embedding results, see
e.g. [19, Chap. 7]. O
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Appendix A. Univariate brushlet bases

We consider brushlet systems in a univariate setting as introduced by Laeng [31]. Each
univariate brushlet basis is associated with a partition of the frequency axis R. The partition
can be chosen with almost no restrictions, but in order to have good properties of the associated
basis we need to impose some growth conditions on the partition. We have the following
definition.

Definition A.1. A family I of intervals is called a disjoint covering of R if it consists of
a countable set of pairwise disjoint half-open intervals I = [e;, «}), a; < «f, such that
Urer! = R. If, furthermore, each interval in I has a unique adjacent interval in I to the left and
to the right, and there exists a constant A > 1 such that
1
A7l < H <A, for all adjacent 1, I’ € 1, (A.1)
we call [ a moderate disjoint covering of R.
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Given a moderate disjoint covering I of R, assign to each interval / € I a cutoff radius
g > 0 at the left endpoint and a cutoff radius ¢} > 0 at the right endpoint, satisfying

(i) &) = ey whenever o) = ay
(i) er+e; <] (A2)
(iii) &7 > c|I],

with ¢ > 0 independent of /.

We are now ready to define the brushlet system. For each I € I, we will construct a smooth
bell function localized in a neighborhood of this interval. Take a non-negative ramp function
p € C®(R) satisfying

"(5)2{ ! feior (A3)
with the property that

o€+ p(—€? =1 forall& eR. (A4)
Define for each I = [ay, «}) € I the bell function

bi(&) :=p<s ;a’>p<“}g}_$>. (A5)

Notice that supp(b;) C [a; — &7, o) + &)1 and b;(§) = 1 for & € [a; + &1, &) — €}]. Now the
set of local cosine functions

W 1(8) = /%b,(é)cos(n(n + %)S |_1|“’) neNy, Iel, (A.6)

with Ny := N U {0}, constitute an orthonormal basis for L,(R), see e.g. [2]. The collection
{w,;:1 € I,n € Np} is called a brushlet system. The brushlets also have an explicit
representation in the time domain. Define the set of central bell functions {g;};c1 by

. ey 1]
g1&) =pl —& ol -0 -=8)), (A7)
Er 81

such that b;(§) = g,(|1|'(§€ — «;)), and let for notational convenience

1
€n,] ‘= M, IEH, I’lGNo.
1]
Then,
I| .
Wh,1(X) = 4/ %6’“”{g1(|1|(x +enn) + g1 (111(x —enn)}. (A.8)

By a straight forward calculation it can be verified, see, e.g., [9], that for r > 1 there exists
a constant C := C(r) < oo, independent of I € [, such that

lgr() <= CA+|xP~". (A.9)

Thus a brushlet w, ; essentially consists of two well localized humps at the points e, ;.
Given a bell function b;, define an operator P; : Ly(R) — L,(R) by

Prf) = biE)[bi1(E)fE) +biQas — &) fQay — &) — b;2a) — §) f2a) — £)]. (A.10)
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It can be verified that P; is an orthogonal projection, mapping L,(R) onto
span{w, ;:n € Nyp}.

Below we will need some of the finer properties of the operator given by (A.10). Let us list
properties here, and refer the reader to [25, Chap. 1] for a more detailed discussion of the
properties of local trigonometric bases.

Suppose I = [e;, ay) and J = [ery, ;) are two adjacent compatible intervals (i.e., o) = oy
and ¢} = g;). Then it holds true that

PifE+P,fE) = fE), Eclar+ena,—¢)l,  feL®). (A.11)

One can verify (A.11) using the fact that b; = 1 on [0 + &, ) — €}], and that b; = 1 on
[ay + &4, ) — &)1, together with the fact that

supp(b;(Db;ay — ) C oy — €1, 01 + €]
and
supp(b; ()b 2y — ) € [of — €7, o) + &]].
For & € [a] — &}, ay + &;] we notice that
PrfE+Psf€) = [b7(€) + b3E)E1f€)
+by(E)bs 20 = §) [ —§) = bi(§)b 20’ — §) [ (2 —§). (A.12)
One can then conclude that (A.11) holds true using the following facts (see [25, Chap. 1])
bi(§) = by Qu; — &), by() = bi(2e; — &), for & € o) — &}, a5 + 5],
and
bAE) + bi(E) =1, for & € [o; +e7,a; —&)].
Moreover,
Pr+P; =P (A.13)

with the e-values ¢; and &/, for 1 U J.
Now we turn to the multivariate tensor product construction. For a rectangle R = I} x I x
coox I; cRY, with I; = 7 (x}i), we define

Clearly, Py is a projection operator

Pg: Ly(RY) — spm{(éwij,,j:ij € NO}.
j=1
Notice that, j
Pr = bR(D)[é(Id S, = 54 |br(D). (A14)
j=1
where ]
b : f > F ' [brFf1, (A.15)
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with by = ®?=1 by;, and S, f(x) = ¢'?* f(—x), x,a € R. The corresponding orthonormal
tensor product basis of brushlets is given by

d
Wp g = ® Wa .1, n=(n,... ng) €N (A.16)
j=1
Let A = diag(|1;], | I2], - .., |14]). Repeated use of (A.8) yields

d
lwa, g ()] < 2-"/2|R|‘/21"[<|g1,.(|1,»|<xi +en 1)) + g (111 (i — en,«,l,«>|))

i=1

2d
<2 PIRI"? Y T IGR(Ax + Onen ), (A.17)
m=1
where Gr =g/, @ ---® g1,» en.r = l€n,, 115 -, é’nd,ld]T, and
0,, := diag(vy,), (A.18)

with v,, € R chosen such that U2 v,, = {—1, 1}¢. We also notice that for any r > 0, using
(2.2) and (A.9),

IGr(x)| < Cr(x);",  xeRY, (A.19)
with C, independent of R.

Appendix B. A technical proof

We give a proof of Lemma 5.4, which was used in the proof of Proposition 5.5.

Proof of Lemma 5.4. Fix N > d/r. From (A.8) and (A.19) we have that

2d
[wa ()] < CnIRIV?D (0,27 —m(n+a)); ", (B.1)
m=1
with Cy independent of R. Using the substitutions x = Oz, m =1, ..., 24 in the 29 terms

on the right-hand side of (B.1), using that O,, and 2J4. commute, we notice that it suffices to
prove the estimate

> lsnrl@x = 71+ )7V = CM( Y Isnrl Lo ) (). (B.2)
neNg nENg

We can, without loss of generality, suppose x € U(R, 0). For j € N, we let
Aj = {n S Ng:Zj_1 <|mr(n+a); < 2j},

and let Ag :=={n € Ng :m(n+ a)l; < 1}. Notice that Unea, U(R, n) is a bounded set contained
in the ball B;(0, c2/*!'|R|~/?). Now, since |U(R, n)| < |R|~" uniformly, 0 < r < 1, and using
(2.3),

D lsurl@x —7(n + )"

nEAj
_iN
f C2 J E |sn,R|

neAj
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. 1/r
=2 ( Y lsual’)

nEAj

1/r
< C2NIR|Y” ( / 2 |s,,,R|’1tU<R,n)<y>dy)
R

nEAj
. - 1/r
< C27/N|R|VT </ A (Z ISn,R|]1U(R,n)()’)> d)’)
B;(0,c2i+1|R|71/2) neA;

< C/z—j(N—d/i‘)Mr(Z |sn7R|]lU(R,n))(x).

2
neNj

Recall that N —d/r > 0, so we may perform the summation over j € N to obtain the needed
estimate (B.2). This concludes the proof. [J
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