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MATRIX WEIGHTED MODULATION SPACES

MORTEN NIELSEN

ABSTRACT. Given a matrix-weight W in the Muckenhoupt class A,(R"), 1 < p < oo,
we introduce corresponding vector-valued continuous and discrete a-modulation spaces
My & (W) and my) (W) and prove their equivalence through the use of adapted tight
frames. Compatible notions of molecules and almost diagonal matrices are also intro-
duced, and an application to the study of pseudo-differential operators on vector valued
spaces is given.

1. INTRODUCTION

The matrix-weighted LP-space LP(W), 1 < p < oo, are defined for W: R" — CN*N
a measurable matrix-valued weight function that is positive definite a.e., as the family of
measurable functions f: R” — CV satisfying

1/p
(1 I8llz0w) = ( /| nwwl/p<x>f<x>\pdw> <o,

Factorizing over
{£: R" = CY; |[£]l o wy = 0},

turns LP(W) into a Banach space. These weighted spaces of vector-valued functions have
attracted a great deal of attention recently (see, e.g., [18,[19,23L25.26]) partly due to the
fact that the setup generates a number interesting mathematical questions related to vector
valued functions that is naturally connected to various classical results on Muckenhoupt
weights in harmonic analysis. A highlight in the matrix-weighted case is the formulation of
a suitable matrix A, condition by Nazarov, Treil and Volberg that completely characterizes
boundedness of the Riesz-transform(s) on LP(W) for 1 < p < oo, see [29,31].

From a more applied point of view, the matrix weighted setup is also of interest due
to the fact that the inherent flexibility obtained by varying properties of the weight func-
tion, including adjustment of the size N, allows one to adapt the setup to be useful for
applications in a variety of mathematical modeling scenarios. One area where weighted
function spaces can be useful is in the study of partial differential equations with some
sort of degeneracy, e.g., ”perturbed” elliptic equations with various types of singularities
in the coefficients, where it is natural to look for solutions in weighted smoothness spaces,
see [8/21] and references therein.

As is well-known, one can use LP-spaces to build a variety of useful smoothness spaces by
imposing restrictions on suitable local components of functions measured by a (weighted)
LP-norm. Roudenko was the first to apply such an approach in the matrix weighted setup,
based on LP(W) spaces as defined in Eq. (L), see [26], where she introduced a very
natural notion of matrix weighted Besov spaces B, ,(W). This work was later extended
by Frazier and Roudenko [I4L[15] to matrix-weighted Triebel-Lizorkin spaces.

Besov spaces are created by measuring LP-norms of local components of functions cor-
responding to a dyadic decomposition of the frequency space. However, it was observed in
the scalar case by Triebel [30] that the same general decomposition approach, using other
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partitions of the frequency space, can yield other types of useful smoothness spaces such
as modulation spaces that are associated with a uniform decomposition of the frequency
space.

The main contribution of the present paper is to present a construction of matrix
weighted a-modulation space for weights that satisfy a certain matrix Muckenhoupt con-
dition. The scalar-value a-modulation spaces My (R™) are a family of smoothness spaces
based on polynomial type decompositions of the frequency space. The family contains
the Besov spaces, and the modulation spaces introduced by Feichtinger [10], as special
“endpoint” cases. The family offers the flexibility to tune general time-frequency proper-
ties measured by the smoothness norm by adjusting the parameter « as it determines the
structure of the polynomial decomposition of the frequency space R™ used to define the
corresponding smoothness space.

The (scalar) a-modulation spaces were introduced by Grobner [I7] using a general
framework of decomposition type Banach spaces introduced by Feichtinger and Grébner
in [9,[I1]. To the best of the author’s knowledge, a-modulation spaces have not yet been
considered with weights, so even in the scalar case (i.e., N = 1) the results presented in
the present paper are new.

Scalar (unweighted) a-modulation spaces have proven useful in the study of classes
of pseudo-differential equations with symbols in certain adapted Hormander classes, see
[2/41[61120], so there is ample reason to believe that weighted a-modulation spaces can play
a role in the study of, e.g., perturbed elliptic equations with singularities in the coefficients.

The structure of the paper is as follows. In Section 2] we first recall the time-frequency
structure of scalar-valued a-modulation spaces and proceed in Section to extend the
definition to obtain (quasi-)Banach spaces in a certain matrix weighted vector-valued
setting. SectionBlis devoted to obtaining a full discrete characterisation of matrix weighted
a-modulation spaces using a simple adapted band-limited frame for the matrix weighted
a-modulation spaces. An algebra of discrete almost diagonal matrices adapted to the
matrix weighted a-modulation spaces is introduced in Section 4 which allows us to define a
natural notion of molecules for matrix weighted a-modulation spaces. The almost diagonal
matrices and molecules may be used to simplify the study of various operators on the
matrix weighted smoothness spaces, making it much easier to obtain various boundedness
results for, e.g., partial differential operators. As an example of the almost diagonal
approach, we conclude the paper in Section Bl with a study of Fourier multipliers on
matrix weighted a-modulation spaces.

2. VECTOR-VALUED SMOOTHNESS SPACES

In this section we extend the definition of a-modulation spaces to obtain (quasi-)Banach
spaces in a matrix weighted vector-valued setting in a way such that Roudenko’s matrix
weighted Besov spaces [26] becomes a special ”endpoint case” corresponding to o = 1. The
scalar a-modulation spaces form a family of smoothness spaces that contain modulation
and Besov spaces as special limit cases.

The spaces are defined by imposing restrictions on local components of functions de-
fined using from specific decompositions of the frequency space. Specifically, the general
structure of the local components is governed by a parameter «, belonging to the interval
[0,1]. This parameter determines a segmentation of the frequency domain from which the
spaces are built. We will use the same type of decompositions in the vector-valued setting.

2.1. The family of a-coverings of the frequency domain. We first recall the notion
of an a-covering as introduced in [IT]17].

Definition 2.1. A countable collection Q of measurable subsets (Q C R"™ is called an
admissible covering of R"™ if
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i. R" = Ugeo@
ii. There exists ng < co such that #{Q' € Q: QN Q" # 0} < ng for all Q € Q.

An admissible covering is called an a-covering, 0 < o < 1, of R™ if

iii. Q| =< (§)*™ (uniformly) for all £ € @ and for all Q € Q,
iv. There exists a constant K < oo such that

R
sup —2 < K,
QeQ TQ

where rg 1= sup{r € [0,00) : J¢, € R" : B(¢,,7) C Q} and R := inf{r € (0,00) :
Jde, € R™: B(ep,r) 2 Q}, where B(z,r) denotes the Euclidean ball in R™ centered
at x with radius r.

Remark 2.2. For a € R™ and roy > 0, we define the corresponding cube R|a, r] as
(2.1) Rla,ro] == a+ro[—1,1]".

We notice that for @ € Q, condition iv. in Definition 2.1l ensures that we have the following
containment in cubes,

Rl&1,mq/(2v/n)] € Q € R[é2, Ry,
for some &1,& € Q.

The following example, which can be considered a “canonical” «-covering, was first
considered in [I7], see also [1].

Example 2.3. For a € [0,1), there exists ¢y > 0 such that for any ¢; > ¢g, the family of
sets
By = B(fk,clrk), keZz",

with B(e,r) denoting the (open) Euclidean ball of radius r > 0 centered at ¢ € R™, and
(2.2) re= (K)o, &=k,  keZm,

with (€) := (1 +[¢[*)'/2, € € R™, form an a-covering.

Remark 2.4. For the case @ = 1, which is not part of the covering families considered
in Example 2.3l a dyadic Lizorkin-type covering of R™ form an example of a 1-covering

leading to the matrix-valued Besov spaces considered in [26]. We refer to [3] for addition
information on Lizorkin-type coverings.

It is known that any pair of a-coverings Q = {Q} and P = {P} satisfy the following
finite overlap condition, see [1, Lemma B.2],

(2.3) sup #Ag < 400, where Ag :={P e P:PNQ # 0}.
QeQ

We will need a so-called bounded admissible partition of unity adapted to a-coverings.
For f € L1(R"), we let

F(f)E) = (2m) "2 - fl@)e ™ de, € ER",

denote the Fourier transform, and we use the standard notation f(¢) = F(f)(£). With
this normalisation, the Fourier transform extends to a unitary transform on L?(R™) and
we denote the inverse Fourier transform by F~1.

Definition 2.5. Let Q be an a-covering of R™. A corresponding bounded admissible
partition of unity (BAPU) {1g}qeco is a family of smooth functions satisfying

i. supp(¢)q) C Q
ii. ZQeg T/JQ(@ =1
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iii. There exists a uniform constant C' such that for Q € Q and {gp € @,
IF (o) ()| < Clép|™ (1 + [€gl*ah) ™!, z e R™

Remark 2.6. The assumption (iii) in Definition is slightly modified compared to the
usual definition of a BAPU in the scalar case, cf. [1J11]. This is done in order to accomodate
the requirements of a matrix setup, where we will need the convolution result in Lemma
2.13] below to be applicable to the functions from any BAPU.

The results in Section B, and the construction of a ¢-transform, rely on the known
fact that it is possible to construct a smooth BAPU with additional structure. For a
straightforward construction of such a BAPU adapted to the a-covering considered in
Example 2.3] we may take ¢ € C°°(R") to be non-negative with ¢(£) = 1 when [£| < 1
and ¢(£) = 0 for |¢| > 3, and put

(2.4 @ =p(SZ08), kezn

CoTk

where ¢( is the constant from Example 23] and r; given in Eq. (22)). We notice that
©i(§) =1 on the sets B} from Example [Z3] forming an a-cover, and, moreover, it can be
verified that

_ w8

forms a corresponding BAPU, which will be verified in Lemma 2T below. A ”square-root”
of this BAPU can be obtained by setting

(2.6) op(e) = 2

E:Zezn‘P%(g)

We then have
dMbrEP =1, ¢er™

Lezm
It is perhaps less obvious that the functions {F~!(33)} are all well-localised as required
in Definition 251 (iii). We have the following result.
Lemma 2.7. The family of functions {@x}r defined in Eq. [24]) satisfies Definition [Z.3.

Proof. Property (i) and (ii) in Definition are straightforward to verify. We turn to
property (iii). Let B} be defined as in Example 23l For n, € By we define g, by gi :=
Yr (7% - =1k ), where one can verify that there exist 7 > 0 and constants C, § € (NU{0})",
independent of k, such that
107G ()] < Cplp.rn (),
see, e.g., [I, Proposition A.1]. Tt follows easily that |gi(z)] < C(1 + |z|)™""! with C
independent of k. We also notice that
FH (e) (@) = rie™ T gy (ryz).

Hence, we obtain the decay estimate

(2.7) F () ()| = ri|e™ @ gy (rpx)| < Crp(1 4 rglal) ™,
with C independent of k, and {1}, therefore satisfies Definition O

Let us also recall the well-know application of BAPUs to an easy construction of tight
frames adapted to the a-decompositions, see, e.g., [3]. Put

Qr = Qf = R[rik,arg), keZ,
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be an a-cover of cubes with 7y defined in (Z2]) with a > max{2cy, m/n/2}, and where ¢y
is the constant from Example 2.3l Consider the localized trigonometric system given by

erel€) = (2m) " PGy (e — RN, ko re

with 7 defined in Eq. (22)). Then we define the system ® := {y} ¢}i¢ in the Fourier
domain by

(2.8) Pr,e(§) = 05 (E)er,e(€),

where {07}, is the system given by Eq. (2.6). One can verify that

(2.9) o e(r) = (2@)*”/273,2/2ei”’“k'm,u,yC (EE + nw),
a

with the function py given by fi := ¥ (ry - +&). Using an argument similar to the proof
of Lemma [277] one may verify that {u} are uniformly well-localised in the sense that for
every N € N there exists Cy < 0o, independent of k, such that

(2.10) @) < Cn(1+1z))7Y, zeRr™

This in turn implies that

(2.11) loke(z)] < CN(2a)_"/27"Z/2(1 + 7|z — xth*N, z € R",
with

(2.12) Thp = %r,;lf, k.t eZ".

In the frequency domain, we have supp(¢x ¢) C B(&, cry) for some ¢ > 0 independent of
k, which implies that there exist constants K such that the localisation

(2.13) G e©)] < Knrp 2(L+ e — €)Y, ceRrn,

holds true for N € N. It can easily be verified, see [3], that ® := {¢, ¢}1 ¢ forms a tight
frame for L?(R"), i.e., we have the identity

(214) f = Z<f’ @k,f%pk,b f € L2(Rn)a

k0
where the sum converges unconditionally in L?(R™).

2.2. Matrix-weighted LP-spaces and Muckenhoupt weights. As mentioned in the
introduction, we will need weighted vector-valued LP-spaces for the construction of smooth-
ness spaces considered below. For 1 < p < oo and W: R? — CN*N a matrix-valued
function, which is measurable and positive definite a.e., let LP(W) denote the family of
measurable functions f: R” — CV satisfying Eq. (IT)) factorised over

{£: R" = CY; [If]| oy = 0}

It can be verified that, for 1 < p < oo, the dual space to LP(W) is LP' (W ~?'/P), where p/
is the dual exponent to p, i.e., 1/p+ 1/p’ =1, see [31] for further details.

An N x N matrix weight is a locally integrable and positive definite a.e. matrix function
W:R" — CNXN_ Tt turns out that one needs certain additional properties of the matrix
weight in order to prove, e.g., completeness of the smoothness spaces introduced in the
sequel. The matrix Muckenhoupt condition will play an important role. We say that a
matrix weight W satisfied the matrix A, condition, 1 < p < oo, provided

cdt \P da
(2.15) (W]a,®n) = sup / </ WYP(z)W=1P ()| _) 8T s
8 QeQ | Q| Q|
where Q is the collection of all cubes in R™. The norm || -|| appearing in the integral is any

matrix norm on the N x N matrices. In case (2.15)) is satisfied, we write W € A,(R"™).
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Remark 2.8. The matrix Ap-conditions were introduced and studied in [22],29,31] using
the notion of dual norms. The condition given in (2.15]) was shown to be equivalent to the
original condition by Roudenko in [26], and (2.I5) has the advantage of often being more
“operational”.

Similar to the scalar case, special care has to be taken to define a matrix Muckenhoupt
condition in the endpoint case p = 1. Following Frazier and Roudenko [14], we define the
matrix A (R"™)-class as follows.

Definition 2.9. Let W : @ — CV*V be a matrix weight. We say that W € A;(R?)
provided that

1 _
(2.16) WA, (®r) := sup esssupyEQ—/ W (&)W (y)| dt < +oo.
QEeQ QI Jg

Remark 2.10. It can be verified that in the scalar case N = 1, the conditions given by (215
and (2.16]), respectively, reduce to the corresponding well-known scalar A, conditions,
see [14126] for further details.

2.3. Vector valued modulation spaces. Let m : R — C be a bounded measurable
function (a multiplier). We denote by m(D)f := F~'(mf), the corresponding Fourier
multiplier operator, i.e., the convolution of F~1(m) with f.

We denote by & = S(R™) the Schwartz space of rapidly decreasing, infinitely differen-
tiable functions on R™. A function ¢ € C* belongs to S(R") when, for every k € Ny with
Np := NU {0}, the semi-norms
(2.17) pr(p) == max sup (1 + [z[)*|0%(x)|

aeNY:|a|<E zcRrn
are all finite, where we put |a| := 7%, a; for @ € Nj. As is well-known, the semi-
norms {py} turn S into a Fréchet space. The dual space S’ = S’(R?) of S is the space
of tempered distributions. It will also be useful to consider the corresponding concepts in
a vector setup, where we consider the direct sum Fréchet space @évzl S(R™), with dual
space @évzl S'(R™) consisting of N-tuples of tempered distributions.

We are now ready to give the definition of the vector-valued weighted a-modulation
spaces.

Definition 2.11. Let W : R — CV*¥V be a matrix-weight, and let @ = {Q} be an a-
covering with associated BAPU {g}gco of the type given in Definition Let {g € Q,
Q€ Q. Forae(01],seR, 1<p<oo and 0 < g < oo, we let My (W) denote the
collection of all vector-valued distributions f = (f1,..., fy)? € @j\le S'(R™), such that

{rczws/nuwQ(D>fHW)}Q

with 1g(D)f == (Yo(D)f1,...,vo(D)fn)T acting coordinate-wise. For ¢ = oo, the £4-
norm is replaced by the supremum over Q.

< 00,

£l azes ow
t

Based on the corresponding definition of (un-weighted) scalar a-modulation, one may
hope that the family M7 (W) is in fact a (quasi-)Banach space, at least for "nice” matrix-
weights W. This turns out to hold for matrix weights in A,(R™), where we have the
following result, where it is also shown that up to equivalence of norms, My, (W) is
independent of the choice of BAPU whenever W € A, (R").

Proposition 2.12. Let 1 <p < oo and W € A,(R™). For 0 < g < oo and s € R,

(a) We have continuous embeddings

N N
P SR™) = Mgz (W) — P S'(R™).
j=1 j=1
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b) The space My (W) is complete, i.e., My (W) is a (quasi-)Banach space.
X P,
(c) The space My (W) is independent of the choice of BAPU (up to equivalence of
norms).

We will postpone the proof of (a) and (b) until Appendix[Alas we first need to develop a
number of technical tools providing estimates to handle certain band-limited vector-valued
functions. To prove (c), we will need the following convolution lemma proven by Frazier
and Roudenko [15, Lemma 4.4]. The reader may also consult Goldberg’s result on general
singular integrals [16] for the range 1 < p < co.

Lemma 2.13. Let 1 < p < oo and W € A,,. Suppose that g : R — C with |g(z)] <
C'(1 + |z|)~™" ! for some constant C', and let gs(x) = §"g(6x) for 6 > 0. If £ € LP(W)
then gs * £ € LP(W) and

llgs * £l Loowy < ClIEllLoewry,
for some constant C := C(W,C",p) independent of § > 0.

Remark 2.14. The proof in [I5] covers the discrete cases § = 27, j € Z, but the reader can
easily verify that the same proof extends to cover any § > 0.

Remark 2.15. Suppose W € A, for some 1 < p < co. Consider a BAPU {1} satisfying
Definition associated with an a-covering Q of R". For {n € Q € Q, we may define a
well-localised function g by § := ¥ (|€g|® - —§¢@). Similar to the estimate (2.7), one may
obtain the localisation

IF () (@)] = léol" e g(|éq|*x)| < CléqI™ (1 + léql*l=) ™,
with C independent of Q). Hence, by Lemma 2.13] we finally arrive at the uniform bound
100 (D) ey = 1IF (@) * £l Lowy < ClIEl Low)s
with C' := C(W, p) independent of Q.
We can now prove Proposition 2.12l(c).

Proof of Proposition 212 (c). Let Q@ = {Q} and P = {P} be two a-coverings with as-
sociated BAPUs ¥ = {¢g}gco and I' = {yp}pcp, respectively. We first notice, using
uniformly bounded height of any a-covering, that for Q € O,

(2.18) bo(D)f = ¢qo(D) > yp(D)f,

PGAQ

with Ag = {P € P: PNQ # 0}, where we recall that #A¢ is bounded by a constant ng
independent of @, see Eq. (2.3). Hence, by Lemma 2.13] and Remark 15|
QD) ey < C Y (D)l owry.

PGAQ
By Definition F8].(iii), for Q € Q and P € P with PN Q # 0, we have |Q| =< (£)*" < |P|
uniformly for any £ € @ N P. It follows from this observation that

QI (D)t | rowy < C Y [P/ vp(D)E o).

PEAQ

Similarly, we obtain, for P € P,

PI e (D) lleowy < C ) QI QD)o w),
QeBp
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with Bp = {Q € Q : QN P # (}. Using the uniform bounds on the cardinality of the sets
Ag and Bp, it is then straightforward to verify that

Hrczws/"uwmn)fum(m}

€1 azes (wy =

Qe

= H{rPrs/%p(D)fuLp(W)}

, fe M;f;f(W).
plle,

0

The completion of the proof of Proposition 2.12lcan be found in Appendix[Al To simplify
the notation below, we will call on the equivalence provided by Proposition 2.121(iii) and
for a € [0,1) always use the “canonical” BAPU {uy }rezn given in (23] associated with
the a-covering of Example 23l With this choice, for s € R, 1 < p < 00, and 0 < ¢ < o0,
we have

(219) sz on = | { i) |

. feMIpW).

klle,

Remark 2.16. One may use the same reasoning as used for the proof of Proposition 2.121(c)
to verify that the “square root” system {6f'} defined in (ZG]) also satisfies, for s € R,
1<p<oo,and 0 < g < o0,

(2.20) s ) < H{rz\wg(mfumm}

The details are left for the reader.

. fe MI(W).
4

k

3. DISCRETE VECTOR VALUED MODULATION SPACES AND NORM CHARACTERZATIONS

Often the notion of smoothness can be linked to sparseness for suitable functions ex-
pansions. In this section we define discrete vector-valued weighted a-modulation space to-
gether with a simple construction of adapted tight frames that will support a -transform
in the spirit of the classical construction by Frazier and Jawerth [12[13].

Let k,¢ € Z", and let 71 be as in Eq. (22]). Using the notation introduced in (1), we
define for a constant a > max{2cy,7y/n/2}, with ¢; the constant from Example 2.3 the
sets

T ., T 4 T 4 T 1\
.1 = —_ p— g - .
(3.1) Q(k, 0) R[ark €,ark } o7 0+ [O,ark >

Clearly, for fixed k, Qy := U;Q(k,¢) forms a partition of R™ with |Q(k, )| = (E)nrk_".

a
The sets will play the role of a suitable substitute for the dyadic cubes, so we denote

Q = Ug Q.
Let 14 denote the characteristic function of a measurable set A. We have the following
definition.

Definition 3.1. Let W : R” — CV*V be a matrix-weight, and suppose a € [0,1], s € R,
1<p<oo,and 0 < g < oo. Welet let Q = {Q(k,£)} ¢ be the collection of sets defined in
BI). We let mypy (W) denote the collection of all vector-valued sequences s = {sg}geco,

where sg = (S(Ql), . ’Sé?N))T’ enumerated by the sets in Q, such that

1
> 1Rk, O 28000 Lok }
tezn Le(w) 7 k

i Y 1Q(k, ) W2 (0)sg k.0 100 (t)
‘ez

ls@}alhmss vy = H{k

=<Z

kezm

£q

q ) 1/q
Lr(dt) '

For q = 0o, the £?-norm is replaced by the supremum over k.
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In order to make a connection between the discrete spaces myy (W) and the continuous
setting, we will rely on a number of weighted sampling results for band-limited vector-
valued functions. The following Lemma provides a weighted LP sampling result for band-
limited vector-valued functions that have their frequency support contained in sets that
are not ”centered”. Similar to the scalar case, it is possible to center the spectrum by
translation, which corresponds to applying a modulation to the function, which does not
affect the LP-properties considered in the Lemma. We let

Q= {f:]R”—>CN|supp(fi) CBy,i=1,...,N},

where B}} are the sets considered in Example 2.3l We have the following lemma, which
provides an adapted version of the sampling result [26, Lemma 6.3] by Roudenko.

Lemma 3.2. Let1 <p < oo, W € A, and suppose g € §)j,. Then there exists a constant
Cpm, ndependent of g, such that

% oo

Lezn

p
™ _
Wl/p(x)g<grk 16)‘ de < cp,anHIip(W).

Proof. Recall that BY := B(kry, cir), so for g € Qp, the modified function

~ i T k. ™ _
g = elakg<grk1 >

satisfies supp(g ) C B(0,e1%) € B(0,2). Now, by a change of variable,

/ ‘Wl/p( |p dr =< Tk”/ Wl/p<—7“k >g(€)
Q(k,0) £+]0,1)n

We now use the general sampling result [26, Lemma 6.3] to deduce that there exists a
constant ¢, ,,, independent of g, such that

WUP(E -1 >~ /
Z /é+[0,1)” ark ’ g( )

LeZm
We apply another change of variable to obtain,
T o_ P n ~
Z / Wl/p(x)g<grk 1€> dr <1, Z / ‘Wl/p <Er )g(ﬁ)
tezn Q(k,e) ez £+[0,1)™
S cpvnrk‘_anHLP(W(ﬁ k_l))

T

P
du

p
dr < ¢plEl,

Wzt

P
dx

= CpmHgHip(w)-
[l

We can use Lemmal[3.2to obtain the following norm estimate for the canonical expansion
coefficients ¢y, ¢ := (f, ¢y, ¢) associated with the tight frame defined in Eq. (Z8]). The result
show that the natural analysis operator for this system is bounded from M, ;' (W) to
mp’q (W) — at least for "nice” matrix weights W.

Proposition 3.3. Let a € [0,1], 1 < p < 00, and 0 < q < co. Suppose W € A,,. Then
there exists a constant C := C(«a, q, W) such that for £ € Mp.z (W),

(3.2) {eretrellmes wy < ClIElaes oy

with cgp = (£, i)
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Proof. Recall that ¢y, € Q with
Bra(€) = (2a) e TR G () E TR
so, we have
() = (2m) V2 T QU0 o (D) (S ).
Hence, using the observation in (Z20)),

s 1
8 onhclgzon = | e 1002 € ortona|
tezn Lr(w)J klleg
p ql/p
AL o o G ] 7
ez Q(k,0) kg
< Cp,q”{rkuek( )fHLP(W)}ngq
=€l args owy
where we used the observation in Eq. (2:20) for the final estimate. O

We will now prove that the corresponding reconstruction operator for the tight frame
defined in Eq. (Z8)) is bounded from my’y (W) to My (W) for suitable weights W.

We will need the notion of a doubhng matrix weight for the following result. Using the
notation introduced in (2.]]), we have the following definition.

Definition 3.4. We say that the matrix weight W : R® — CN*¥ satisfies the doubling
condition of order 0 < p < oo if there is a constant ¢ such that for all x,y € R™ and r > 0,

33) [ wiresrar<e [ wirayea
R[x,2r] R[x,r]

Suppose ¢ = 27 is the smallest constant for which (3)) holds, then 3 is called the doubling
exponent of W.

Remark 3.5. Notice that ([3.3)) is stating the condition that the scalar measure wy(t) :=
|[W/P(t)y|[P is uniformly doubling and not identically zero (a.e.). It is known that when-
ever W € A, then wy is a scalar A, weight for any y € R". Morevover, the A, constant
is bounded by the A, constant of W and thus independent of y, see, e.g., [16, Corollary
2.3]. This implies that wy is a scalar doubling measure, see [27], and the corresponding
doubling exponent 3 is also independent of y.

We have the following result that in particular applies to matrix weights in A, c.f.

Remark

Proposition 3.6. Let o € [0,1], 1 <p < 00, 0 < g < 00, and suppose W satisfies ([B.3)).
Then there exists a constant C' such that for any finite vector-valued coefficient sequence
S = {Cj7g}(j7g)ep, FCZ"x 7",

Z Cj P40

(J0)eF
Proof. We have, using the fact that supp(¢x) C By,

(3.4)

< Cl{cjetllmg:s wy-
w)

qu

H Z Cj0j, H{ V(D Z Cjepj.0 }
GOEeF Myg (W) ( OEF Lr(w) ) klle,
- H{V"Z wk( Z ZC]Z@]Z } s
JEN(k Lr(W)J klle,
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where N(k) = {m € Z" : By, N BY # 0}. Now, r; =< 1} (uniformly) for j € N(k), so by
Remark 2.15],

Z ZCJZSO]Z

JEN(k) £

<Cry,
Lp(W)

Z Z CjePj0

JEN(K) ¢
<C Y| e
jeNm T

Recall that ¢;, satisfies the decay property ([2.11]) for any N > 0. We now use (ZII) to
obtain the estimate

Lr(W)

Lo(w)

p
> e
¢

Le(W)

p
<[ (znw/p Dl loso(o)] ) da
n/2 1/ N\’
<o [ (3 S @ (4 e - a3 ™) da
" ¢

< Cfvr?p/Q /]R" Z HWl/p(x)cj,ng (1 + rj|x — I’j,g‘)i% dz,
¢

where we used the discrete Holder inequality for the last step in the case 1 < p < oo with
N chosen large enough such that for the dual Holder exponent p’ to p,

sup 1+
u€eR™ Z (
For we p = 1 we obtain the estimate directly without using Holder’s inequality. The

function w; ¢(x) := ||[W/P(x)c;,||P is doubling with a doubling constant 3 > 0 independent
of j and ¢. We can therefore use Lemma [B.8 below to obtain the following estimate,

p
> e < Cjri? Z/n WP ()ej ollP (14 rj]e —aj]) "2
l

o)
< O Z/ WY (2)e; | da
Lezn Q>0

Np,

=
u——ﬁD < 0.

p
HZ\Q (GO Peique

Lo (W)

We may now conclude that
Z Cj 00 <C { Z 7 ZC]’,M]',@ }
(4,0)eF My (W) JEN(k) ¢ Lr(W)J klleg
=C { Z CﬂlQ(J f) }
FEN(K) Lr(W)J klleg
<C {ZTJS‘ Z\Q(jﬂ)\’l/zcy',zlqz(j,é) }
j ¢ Lr(W)J klitg
(3.5) < I{esetlmgz oy

where we used the uniform bound on the cardinality of N (k). This concludes the proof.

0
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Remark 3.7. Since {¢g o}tk C S(R™), it follows easily from Proposition B3] and Propo-
sition B.6] by standard arguments, that @évzl S(R") is dense in My (W) whenever 1 <
p<oo,0<g<oo,and W € A,

The following technical lemma was used in the proof of Proposition

Lemma 3.8. Let w: R"™ — (0,00) be a function satisfying the doubling condition

/ w(t)dt < c/ w(t) dt, x € R",r >0,
R[x,27] R[x,r]

with doubling exponent B > 0 such that 2° = ¢. Let j, ¢ € Z" and let the quantities Q4,0),
i, x5 be defined by Eqs. B1)), @2) and (ZI2), respectively. Then for L > (3, we have

/ w(m)(l—i—rj‘x—xj,g‘)_de§C’/ w(zx) dz,
Rn QU0

Proof. We make a partition R” = UYX_gR,,, where Ry = Q(j,¢) and the rectangular
“annuli” R,,, m > 1, is defined by

Ry, = {y eR": Emelrj‘l <y —2jfoo < Eerj‘l}.
a a

Then

/n 2)(1+rj|z —2j0])” dx—Z/ 2) (14 rjle —zj,]) " da
<CZQ"”L/ w(z) dz

m

However, by the doubling property of w(x), noting that R,,, C {y : |y — xj|ec < 2™ Zr -1

a’j
/ w(z) de < 0257”/ w(z) dz,
m Ry

fo v bl =il d$<0’22 o [ e de< e [ ) dn

Ro
provided that L > (. O

we have

SO

4. STABLE EXPANSIONS AND ALMOST DIAGONAL MATRICES

The band-limited tight frame {y;} provides a nice stable decomposition system for
Mpy (W) whenever W € A,. It is, however, desirable to extend the stability results
to cover more general systems of localised “molecules” as this will allow us to study,
e.g., boundedness of various operators acting on My (W). In this section, we will study
molecules in a discretised setting using an adapted notion of almost diagonal matrices.

4.1. Reducing operators and the connection to scalar spaces. It is known that for
any matrix weight W : R? — CN*N 1 < p < oo, and Q = Q(k,¢) denoting the cubes
from (B.I)), there exists a nonnegative-definite matrix Ag such that for x € RV,

1/p
[A0x] = () = [ wxrar)

with equivalence constants independent of @ and x. Ag is referred to as a reducing
operator for the norm p, g on RY. Frazier and Roudenko, see [14}[15,26], made the
important observation that reducing operators can be used to make certain connections
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between the matrix-weighted Besov space and the scalar p-transform studied by Frazier
and Jawerth [I2]. We will now use a similar approach to study the vector-valued a-
modulation spaces. We will need the following definition.

Definition 4.1. Let a € [0,1], s € R, 1 < p < 00, and 0 < ¢ < o0, and let {Ag}geco be a
family of reducing operators associated with . For any vector-valued sequence {sy ¢} ¢,

we define
{ LP(dt) }k

We have the following observation.
Lemma 4.2. Let a € [0,1], s €e R, 1 < p < 00, and 0 < ¢ < oo, and let {Ag}geo be
a family of reducing operators associated with W. For any finite vector-valued sequence
s = {sk¢}ke, we have

Z |Q(k, )] !AQ(k,aSk,/z\lQ(k,Z)
Lezm

{sk.ekellmgs qagmnh :

0a

I{sk.etrellmgs vy = I{skerelme: (aon.on:
with equivalence constants independent of s.

Proof.

H S 1 02 WP (t)s o[ 1. (1)
Lezn

I{sk,e}ellmes owy =

Lp(dt) }k

Z |Q(k, £)] |AQ(k,2)Sk,€|p 1Q k,0)( > }

LP(dt) }k

1
> QK O 2 [ Agu.pskel oo
Lezn

{sk,e 3k ellmgs (Ao

0a

0

There is a straightforward connection between the (quasi-)norm given by [| - ||,,a (4 oo}
defined for a scalar sequence

Lr(dt) }k

where we refer to [3,24] for further details on the scalar discrete a-modulation spaces.
Given a vector-valued sequence s := {sy ¢} ¢, we define the scalar sequence ¢ := {tg(x )}
by putting

and the scalar discrete a-modulation space norm || -
t .= {tre} by

H s,
Mp,q

_1
> QU O 2tk L,

Lezn

(11) e = {2

)

/q

the = |AQk,0)Sk.el-

Then we clearly have

(4.2) 18llmes ({ag ey = Ellmg:s-
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4.2. Almost diagonal matrices. The identity provided by Eq. ([A2]) combined with
Lemma allows us to use operators on the scalar space my’; to study the vector-valued
mp g (W). For this purpose, it will be useful to recall the following notion of almost diagonal
matrices for the scalar spaces my, introduced by Rasmussen and the author in [24].

Definition 4.3. Assume that a € [0,1], s € R, 0 < ¢ < o0, and p € [1,00). A matrix
A = {a(m)(k,n) }jmkeezd 18 called almost diagonal on myy if there exist J > (T and
C,d > 0 such that

laG.omm| < Cofpgm (D), dGimkn e,

where

s+2 J+3 3
s Tk 2 . i 2 Tk 2
50 0km) () = <7> min (<i) (7) >C§k<J)
J J
é

X (14 min(rg, )|k m — $j7£|)7‘]7 )

¢j(J) := min <<Q>J+67 <T—k>6> (1 + max(ry, r) " e — &)~

Tk Ty
with 7, &, and zy, , defined in Eqgs. (2.2]) and (2.12]). We denote the set of almost diagonal
matrices on myly by adye.

with

Remark 4.4. We mention that a more symmetric sufficient condition for the matrix A :=
{a(,0)(km) }jmkpeza to be in adyy is obtained by requiring the existence of J >
and M > min{2J, |s| + n/2} such that,

M M
. ri r . _
a6k ngm{<_a> (—’f) }<1+mm<wj>\xk,m—xj,m 7

Tk Tj
(4.3) x (1 + max(rg, r;) "' — )77

_n__
min(1,q)

Any matrix A = {a¢)(km)}jmkecze in adyy induces a linezzrsoperator on my, by
calling on the usual matrix vector product. Specifically, let s € m,), be a finite sequence,
and put t = As, i.e.,

bho = Z A (5,6)(k,m) S (k,m)> (J,0) € Z" x Z".
(k,m)EZ™ X Z"
It was proven in [24] that almost diagonal matrices are in fact bounded on the class mp’;.

Proposition 4.5. Suppose that A € adyg. Then A is bounded on mypj;.

Next, we observe that the following elementary matrix estimate holds
-1 —1
[AQuke el = 1Ak Ag(jmyAum el < 1AQunAg(jml - [Aqi.m)cl
It is therefore of interest to study families of reducing operators that are “compatible”
with the almost diagonal classes introduced. This leads to the following definition.

Definition 4.6. Let {Ag}gco be a sequence of nonnegative-definite matrices and let
B >0,1<p<oo. Wesay that {Ag}gern is strongly doubling of order (3,p) if there
exists ¢ > 0 such that for P = Q(k,m) and Q = Q(7,¢),

) 7 n/p r (B—n)/p - - 8/p
(4.4)  ||AgAp'|| £ cmax o o (1 + min{r;, ri}|z;e ka\) .
j

We have the following lemma, where we recall that, as an important special case, any
W € A, is doubling of order p.
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Lemma 4.7. Let W be a doubling matriz weight of order p > 0 with doubling exponent [3
as specified in Definition[3.7] and suppose {Ag}qeo is a sequence of reducing operators of
order p for W. Then {Aq} is strongly doubling of order (3,p).

Proof. Let Q = Q(4,¢), P = Q(k,m) € Q, and let @ > 1 be a minimal constant for which
@ C aP. By an elementary geometric estimate, we have

(4.5) a < cmax {1, ;—k}(l + min{r;, ri}|z; ¢ — $k,m|)
j

By the doubling property,
wy(Q) < wy(aP) < caﬁwy(P).
Hence,

1 1 1 1P|
Aayl? < o [ WP de = oy (Q) < era’uy (P) = el o | Ary .
el g Q™ QI™ Y @
Now we put y = A;lz for arbitrary z € RY, and recall that |P| < r.", |Q| = r;". Using
estimate (45]) we obtain,

A\ B
|AgAp 2P < ¢ (:—j> max {1, %} (1 + min{rj, rg}z;e — xk,m\)ﬁ\z]p,
k J

and (4.4) follows. O

We can now define the class of almost diagonal matrices adapted to the vector-valued
sequence space myq (W). According to Remark [3.5], the definition in particular applies to
the setup where the matrix weight is in A,,.

Definition 4.8. Let W be a doubling matrix weight of order p > 0 with doubling
exponent 3 as specified in Definition B4l Put K := max{%, 5}.%”} A matrix A =

n

{a.0)(k;m) }jmkpezd 18 called almost diagonal on mypjy (W) if there exist J > ()

M > max{2J,|s| +n/2}, and C' > 0 such that
P \MHE £\ MHE s
a0 (kam)| < Cmin { <7“_Z> : <7> }(1 +min(ry, 75) [Tk m — xjel) 7
j
(4.6) x (14 max(ry, )~ ek = &1) 77,
with 7, &, and zy, ,, defined in Eqgs. (22]) and (212]). We denote the set of almost diagonal
matrices on mylg (W) by adys(W).

The following result provides a fundamental boundedness result for matrices in adp’;
on the vector-valued sequence space myq (W).

Proposition 4.9. Let o« € [0,1], s € R, 1 < p <00, and 0 < ¢ < o0, and let W € A,
with order p doubling exponent B as specified in Definition[37} Let {Aq}oern be a family
of reducing operators associated with W. Suppose B := {b(; m)k,n)}jm.keczd 15 almost
diagonal with B € ady;(J). Then B is bounded on myg(W).

Proof. Let s € mp (W) be a finite sequence, and put t = Bs, i.e.,

e = Z b(j,0)(k,m)S(k,m)> (4,0) €eZ" x 7.
(k,m)EZN <X 7I"
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There are no convergence issues due to the fact that s is finite. Now we define an associated
scalar sequence t = (tq)gern by letting t; o) = |Ag(j,0t(,0l- Then we notice that

tio = 14guntyol

:‘AQ(M) > bk SEm)
(k,m)EZ™ X"

< Z 16,0 (k) |+ 1AQG,0S ()|
(k,m)eZnx2m

—1
< > bgowml 1400.0 Aq (kmy 11 A (k,m)S (k)|
(k,m) €L x Z"

- Z V(5,6)(km) 5 (km)>
(k,m)€L™ X"
with S(k,m) = |AQ(k,m)S(k,m)| and YG,0) (k,m) = |b(j,2)(k,m)|||AQ(j,Z)Agg%k7m)H' Hence, using
the observation in Eq. (£2]), we have

[{tGom) Gom) Iz = 1t Gm) HGom) lmgee (ga01) = I Gm) Y Gom) lmes oy
and

{8Gm) }Gom) lmee = 1{8Gm) Y Gom) lmg (ga0p) = I{8Gm) Y Gom) llmess owy
where we have used Lemma for the equivalence. Therefore, to prove the wanted
boundedness result, it suffice to verify that T' := (y(jm)k,e)) € ady,; since, in the scalar

setting, an almost diagonal matrix for my’; will map my’; boundedly into my’; according
to Proposition We notice that the estimate by Lemma 7] and the almost diagonal
assumption on B given by (40), ensure that there exists some J > and M >

max{2J, |s| + n/2} such that,

Ti M Tk M
VGm) (k)| < C'min { (i) , <—> }(1 + min(r, 75)|Tn — Tjm|) 7

Tk V“j

_n__
min(1,q)

x (1 +max(ry, )~ é — &) 77,
and as noticed in Remark [4.4] this implies that I' € ad}7;. O

Let us now turn to a first useful application of Proposition @9 to study “change of frame”
operators. As we will see in Corollaries A.TT] and below, we can use the “change of
frame” operators to extend Propositions 3.3 and B.6lto cover much more general expansion
System.

We take 0 < o < 1 and let {¢gn}knezn be the tight frame defined in (Z3) for the
chosen o € [0,1). It can easily be verified that for any fixed N, P,L > 0, ¢y, has the
following decay in direct and frequency space,

(4.7) |orm ()] < Cr2 (14 rglagm — )72V,
. -5 - —2L—2-4%-p
(4.8) |Grm(©) < Org 2 (141 e — €)™ 1=,
where C' is independent of k and m, and as before,
(4.9) Thom = z7“,;1771, k,meZ",
a

with 7 defined in [2.2)). Let {txn}gneze C L2(R™) be another system with similar decay
properties,

(4.10) |%j,m ()]
(4.11) [0jm (6

< Cr2(1+rjlejm —2)) 7N,
_r _ 72L72LP
<Cr PG =g T
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The following lemma was proved in [24].

Lemma 4.10. Let 0 < o« < 1. Choose N, P, L > 0 such that 2N > n and 2L+2ﬁ% >
n. If both systems {Ng.ntrnezr and {¥jm}jmezn satisfy @EI0) and @II), we have

L]

P
s )] <C min (’f ) (1 4+ max(r, )6, — 1)

rj’ Tk
X (1 + min(ry, rj)|ze, — x]ym‘)iN

The lemma can be applied to obtain the following result reconstruction bound for any
system of "molecules” with the same general structure as the frame {¢g , }x nezn-

Corollary 4.11. Let « € [0,1), s€ R, 1 <p < o0, and 0 < g < 00, and let W € A, with
order p doubling exponent B as specified in Definition [3.4) Put K := max {%, %} and
choose N, P, L > 0 such that 2N > n and 2L + 2%% > n, and, additionally,

2
_LJFE, P>K+maxd — 5|+ 2L
min(1,q)  p min(1, q) 2

If the system {1 m}jmezn C L2(R™) satisfy [@I0) and @II) with parameters N, P, L as
specified, then there exists a constant C' such that for any finite vector-valued coefficient
sequence s := {c;o}(jner, I CZ" X 7",

Z Cj, K¢]€

(4,.0€eF

min{L, N} >

(4.12)

< Cl{cjetllmg:s wy-
M7 (W)

Proof. We expand f := Z( j.0er Cjetje in the canonical system {wje}. This yields
f= Z (BS) (j,m) Pk,ms
(k,m)eZmxZ™
with
B = (5,6, 9k,n)) (G,0) (km) -
By Proposition @9, |[Bs|[,a:s 5y < Cills|l;ne:swy, and it follows by Proposition 3.6] that

[Ellarg 2wy < CalBsllngs oy < CrCallsllmg

mpq

0

Using a similar type of argument, we can also obtain an estimate for the analysis/coefficient
operator for any system with the same general structure as the frame {¢y , }x nezn-

Corollary 4.12. Let « € [0,1), s€ R, 1 <p < o0, and 0 < g < 00, and let W € A, with
order p doubling exponent B as specified in Definition . Put K := max{ﬁ B "} and
choose N, P, L > 0 such that 2N > n and 2L + Q%PT > n, and, additionally,

2
_LJFE, P>K+max{ — 5|+ 2L
min(1,q)  p min(1, q) 2

If the system {1 m}jmezn C L2(R™) satisfy [@I0) and @II) with parameters N, P, L as
specified, then we have Then for £ € My, (W),

(4.13) [{ek,etoellmes wy < ClE s w)s

with ¢y ¢ := (£, Yr.0)-

min{L, N} >
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Proof. By Proposition [3.3] there exists C; such that for f € My (W),

{sk,e}kellmes owy < Crllfllages owy,
with sy ¢ := (f, pr¢). We also notice that
f = Z Sj,m@j,m-
(§,m)eZrx2™

We use this representation of f to calculate

Cr,o = (£, %n0),

where we obtain ¢ = Bs, with

B = (@m0 Vk,0)) (G,m) (k,0) -
Hence, by Proposition [£.9]

{ek,e i ellmg: vy < Collisketiellmg: wy < Cr0E N args owy-

5. AN APPLICATION TO FOURIER MULTIPLIERS

One key selling point of Definition A.8is that new almost-diagonal class ady’; (W) is fully
compatible with the already known scalar class ad;’; up to a simple W-dependent decay
modification specified by the doubling exponent 8 — at least if we rely on the symmetric
version of ady’; discussed in Remark (4.4l

In particular, calling on Proposition [£.9] any scalar boundedness result relying on the
symmetric version of the almost diagonal class ad)’; will have a simple modification to
the matrix valued setting for weights in A,. The specifics of the modification will depend
only on the doubling exponent 8 of the matrix-weight. Let us consider an application to
Fourier multipliers.

5.1. Fourier Multipliers. Let 1 < p < 00, 0 < ¢ < o0, and fix o € [0,1]. Suppose
that W € A,,. For m a bounded measurable function on R", we can define the associated
Fourier multiplier as the operator

m(D)f = F~'(mf),

which is initially defined and bounded on L?(R"™). We may extend m(D) to the vector-
setup by letting m(D) act coordinate-wise. We also notice that m(D) is then defined on
a dense subset of My (W), c.f. Remark B.7l We have the following result.

Proposition 5.1. Let 1 <p < oo, 0< g < oo, a€|0,1), and suppose that W € A,,. Fix
b € R. Assume that the multiplier function m : R™ — C satisfies the smoothness condition

sup (6)*1"~9"m(€)| < oo,

§eR
for every multi-index n € (NU{0})"™. Then
(5.1) m(D) : MS:SHo (W) — MG (W).

Proof. Calling on Proposition [£.9] and Corollary A.1T] it is straightforward to verify that
it suffices to show that the matrix

(5.2) (&) m(D)pr s, pjm) } € ads (W),

Let Qi = By} be the a-covering from Example 2.3l We first observe, using the compact
support properties of the system {yy ¢}, that (m(D)yx. s, ¢jm) = 0 whenever Q,NQ; = 0.
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Let us therefore focus on the case Qi N Q; # 0, where we have 7, < r; (with constants
independent of k£ and j). The equivalence r; < r; in turn implies that we need to verify,

(5.3) (&)~ m(D)pres pjm)| < (L= [€=m])™770, QN Q; #0.
We have, using Eq. (2],
(D) pim) = [ MO Qera(Eemle) de
and by the affine change of variable £ := Ty := riy + &,
(m(D) @k, Pjm) = 7“;?/ m(Txy) 0k (Tiy)05 (Tey)ero(Tky)esm(Thy) dy

R

= (277)_n/n m(Tyy)0y (Try)05 (Try)

X exp [iz<(€—2m)-y—r—km-k+m-j>] dy.
a Tj T

Hence, letting gk ;(y) := m(Txy)0y (Tky)05 (Tky), we obtain

(D) x4, pjm)] < C ‘ﬂgkvj] ( [; £ - 4)

Now we proceed to make a standard decay estimate for the Fourier transform of gy ;.
Notice that 07 (T-)05 (1) is C°° with support contained in a compact set {2 that can be
chosen independent of £ and j, which can be verified using the fact that 7, =< r;. Hence,
by the Leibniz rule, one obtains for 5 € (NU {0})"

10°[98.,5)()] < Cala(€) Y 0"[m( ), EeR™
n<p

Then by the chain-rule, recalling that rp = (&)<,

10°[91,51(6)] < Cala(€) Y- r[(8"m) (T )] (€)

n<p
< C Z ,r|77‘ T £>b—a\7]|
n<p
< C1q(€) > (&) ()P,
n<pg

Standard estimates now show that for any N > 0, there exists Cy < oo such that

(&) " 1(m(D)pn,t, 0jam)| < Cn (14 |m — €)™

whenever Q; N Q; # 0. By the observation in Eq. (53]), we may therefore conclude that
(52) holds, and consequently, that the multiplier result (5.1]) also holds. O

It is well-know that for b € R, the bracket-function (-)° satisfies the estimate
7)1 < Ca&)* ), € eRr™

for any multi-index 8 € (NU{0})". We therefore have the following easy corollary, where
we use (-)°(-)~% =1 for the final norm-equivalence.

Corollary 5.2. Let 1 <p <00, 0 < g < oo, a € [0,1), and suppose that W € A,. Fiz
beR. Then

(5.4) (D)? s MSSH (W) — MEE(W).
Moreover, we have the norm equivalence

HQHM;;st(W) = H<D>b9HM§;;(W)7
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a,s+b
forge Myy"(W).

APPENDIX A. COMPLETENESS OF THE a-MODULATION SPACES

Here we complete the proof of Proposition 2.121 We recall that @;VZI S(R™) denotes

the family of vector functions f = (f1,..., fx)? with f; € S(R?), i =1,..., N. We equip
the space with the induced semi-norms

N
= "pa(fy),  with pa(f;) = sup (¢ Z 07 fi(€)
j=1

gerr A

As before, we let ®§V:1 S'(R™) denote the corresponding family of vector-valued tempered
distributions.

Completion of the proof of Proposition [2.12. We first show the embedding @jvzl S(R™) —
My (W). Let f € @j\le S(R™), and put w(z) := |[WYP(z)||P. As W € A,, it is known
that w belongs to scalar A,(R™), see [16, Corollary 2.3]. We will need the fact that scalar
Ap-wights have moderate average growth in the sense that

(A1) / ) w(z)(z) "+ dr < oo,

for any € > 0, see, e.g., [28] Chap. IX, Proposition 4.5].
Let L > 0. We have, for d > max{np,na + L},

[ wir@er D@l de< [ W@ D)) da
n R™
_ / w(@)|68 (D)E ()P do
.
< |6, [ o)) do

R~
(A.2) < Oll¢)0R (D)%

For the scalar function f; € S(R™) it can be shown (see, e.g., [3, Prop. 4.3.(ii)]) that for
d > max{np,na + L},

;L
(A.3) [)103(D) fillow < elk) =2 pa(f2),
with ¢ independent of f;. Hence, using (AJ]) and (A.2)), we obtain

~L —L/a
165 (DYE || Loy < calk) =apa(f) = cary, ™ “pa(£).

Recall that we may choose L arbltrarlly large, and for sufficiently large L, we obtain

11l azes owy = I{rRNIO% (D)El| Loy Yo llea < capa(),
for d suitably large, but independent of f. This provides the wanted embedding.

We now turn to the embedding M,y (W) < @;VZI S'(R™). Let us first consider the
case 1 < p < oo, Take f € My (W), and let 8 = (0y,...,0n5)" € @j\le S(R™). Then,
using the smooth resolution of the identity >, 0%(£)? = 1 from Eq. (2.6), we obtain

(£,0)cv = Y (O (D)L, 67(D)6)cn
kezn

= > (rWPOR(D)E, ) W PO (D)8) e
kezZm
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In the case 1 < ¢ < 0o, we use Holder’s inequality twice to obtain
L/:le(w),9(1ﬁ>cwldlfS§H{TZHH?(ZD)fHLpavy}kquH{TESHG?(Z?)GHquVVpvp)}nga,

with ¢’ the dual Holder exponent to ¢. It is known that wWr/p e A, see [26, Corollary
3.3]. Hence, we may use the embedding already obtained to conclude that, with d suitably
large,

= 182 (D)O o iy Yl < cpa(8),
S0

[ 46(@).6)er] do < el ypa(e),

which proves the continuous embedding My (W) — @évzl S'(R™). For 0 < g < 1 the
proof is similar starting from the estimate

(£, 0)enl < Y 07 (D)ENL, ) [sgpTQ*HHEKZD)GHquvaﬂ/m}q-
keZm™

In case p = 1, we may adapt the same proof relying on the estimates (A.3)) and

u/:le(w)79(w)>cN\dx < [Krgll€r (D)E Lo allea [ {75 105 (D)8l oo il o

Now we turn to the proof of part (b). Let {Ag}gern be a sequence of reducing operators
associated with W, and suppose {f,}, is a Cauchy sequence in M, (W). The sequence
is also Cauchy in the complete space @;VZI S'(R™) by part (a). Hence, the sequence has a

well-defined limit f € @j\[:l S’'(R™). By Proposition B3], ¢ = {(f,, ¢;¢);¢} is Cauchy in
mpq({Ag}). In particular,

_1 m n
Z QK. )" 2| A0y (cite — <k ) I Qer.0)
tezn

wo s|{s |
Lr(dt) ) k

as m,n — oo, which shows that {Aq,ncy' }m is Cauchy in CY, and since AQ(k,e) 18

sup T
LP(dt)

-1 m n
> QK O 2| Agee (e — i ) 1ok,
‘ezr

— 0,
V4l

invertible, we have that {cgz}m is Cauchy in CV. Define Cr = limy, o0 CT]Z@ where we
have ci ¢ = (f, ;) since f, — f in @évzl S'(R™) and ¢;; € S(R™). An application of
Fatou’s lemma shows that

ek, cHlmgg owy < T [{€g o Hlmgs w) < 00

f= Z Z Cj 04,05

JEL™ LeT™

We may write,

where we notice that the norm estimate from Eq. (8.) can be used to verify that f is
a locally integrable vector function. We apply Fatou’s lemma to the right-hand side of
the estimate (A.4), and together with Proposition B.8] to verify that f,, — £ in My (W),
proving completeness of the space. O
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