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1. Intr oduction

This note discussesnulti-sensorfusion. Throughsensorfusion we may combine
readingsfrom differentsensorsremove inconsistencieandcombinethe informa-
tion into one coherentstructure.This kind of processings a fundamentafeature
of all animaland humannavigation, where multiple information sourcessuchas
vision, hearingandbalancearecombinedo determingoositionandplana pathto a
goal.

While the conceptof datafusionis not new, the emegenceof new sensorsad-
vancedprocessingechniquesandimproved processinchardware make real-time
fusion of dataincreasinglypossible.Despiteadwancesin electroniccomponents,
however, developingdataprocessingpplicationssuchasautomaticguidancesys-
temshasproveddifficult. Systemghatarein directcontactandinteractwith thereal
world, requirereliable and accuratanformation abouttheir ervironment. This in-
formationis acquiredusingsensorsthatis devicesthatcollectdataabouttheworld
aroundthem.

The ability of oneisolateddevice to provide accuratereliable dataof its ervi-
ronmentis extremelylimited asthe ervironmentis usuallynotvery well definedin
additionto sensorgienerallynotbeingaveryreliableinterface.

Sensofusionseekdo overcomehedravbacksof currentsensotechnologyby
combininginformationfrom mary independensourcesf limited accuray andre-
liability to giveinformationof betteraccuray andreliability. This makesthesystem
lessvulnerableto failuresof a singlecomponentindgenerallyprovide moreaccu-
rateinformation.In additionseveralreadingsfrom the samesensorare combined,
makingthe systemlesssensitve to noiseandanomalousbsenations.
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2. Sensors

2.1 SensorClassification

Sensorsnay be classifiedinto two groups:active or passive Active sensorsends
a signalto the ervironmentand measureshe interactionbetweenthis signaland
the ervironment.Examplesinclude sonarand radar By contrast,passivesensors
simply recordsignalsalreadypresentin the environment.Passve sensordnclude
mostthermometerandcameras.

Sensorsnay alsobeclassifiedaccordingo the mediumusedfor measuringhe
environment.This type of classifications relatedto the sensesvith which humans
arenaturallyendaved.

Electomagneticsensos (Humanvision).

1. ChagedCoupledDevices(CCD)
2. RadioDetectionandRanging(RADAR)
3. ect.

Soundwavesensos (Humanhearing).

1. SoundNavigationandRanging(SONAR)
2. ect.

Odorsensos (Humansmell).
Touch sensos.

1. Bumpers
2. Light Emitting Diodes(LED)
3. ect.

Proprioceptivesensos (Humanbalance). The senseshattell the body of its posi-
tion andmovementarecalledproprioceptivesensesExamples:

1. Gyroscopes
2. Compass
3. GPS

4. ect.
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2.2 Multiple SensorNetworks

Multiple sensomnetworksmaybe classifiedby how thesensorsn thenetwork inter-
act. Threeclassesaredefined:

Complementary. Sensorsare complementarywhenthey do not dependon each
otherdirectly, but canbe combinedto give a morecompleteimageof the en-
vironment. Complementarydatacan often be fusedby simply extendingthe
limits of thesensors.

Competitive. Sensorsare competitive when they provide independenmeasure-
mentsof thesamenformation.They provideincreasedeliability andaccurag.
Becauseompetitive sensorareredundantinconsistenciemay arisebetween
sensorreadingsand caremustbe takento combinethe datain away that re-
movestheuncertaintiesWhendoneproperly, thiskind of datafusionincreases
therobustnes®f the system.

Cooperative. Sensorsare cooperatie when they provide independenmeasure-
ments,that when combinedprovide information that would not be available
from ary onesensorCooperatie sensometworks take datafrom simplesen-
sorsand constructa new abstractsensomwith datathatdoesnot resemblethe
readingsfrom any onesensor

Themajorfactorsdictatingthe selectionof sensorgor fusion are:the compati-
bility of the sensorgor deploymentwithin the sameernvironment,andthe comple-
mentarynatureof theinformationderived from the sensorslf the sensorsvereto
merelyduplicatetheinformation,thethefusionprocessvould merelybetheequiv-
alentof building in redundang for the enhancemenof reliability of the overall
system.

Ontheotherhand thesensorshouldbecomplementargnoughin termsof such
variablesasdatarates field of view, range sensitvity to make fusionof information
meaningful.
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3. Fusion

3.1 Levelsof SensorFusion

Obsenationaldatamay be combined,or fused,at a variety of levels from the raw
datalevel to a statevector(feature)level, or at the decisionlevel. A commondif-
ferentiationis amonghigh-level fusion, which fusesdecisions mid-level fusion,
which fusesparametergoncerningfeatuies sensedocally, and low-level fusion,
which fusesthe raw datafrom sensorsThe higherthe level of fusion, the smaller
theamountof informationthatmustbe processes.

This hierarchycanbe further detailedby classificationaccordingto input and
outputdatatypes,asseenin Figure3.1.

Processing Processing

Data — Features— Decision

NN

Input ) Input
Fusion
Output Output

N\

Data — Features—® Decision
Processing Processing

Fig. 3.1.Levelsof sensoifusion. Thefundamentalevels of data-feature-decisicarebroken
down into amodeclassificatiorbasedn input-outputrelationship.

An additionaldimensiorto the fusion processis temporalfusion, thatis fusion
of dataor informationacquiredover a period of time. The canoccuron all levels
listedabove andhenceis viewedasa partof the the catgorizationabove.

The humanbrainis working on all levelsin the categorizationof Figure3.1as
well asin temporalfusion. An importantcharacteristiof the brainis the decision
fusion becausef the ability to take a global perspectie. The machineis mostef-
ficient relative to humansat the datalevel becauseof its ability to procesdarge
amountsof raw datain ashortperiodof time.
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3.2 An I/O-Based Characterization

By characterizinghe threefundamentalevelsin Figure3.1, data-featue-decision
by theirinput outputrelationshipwe geta numberof input-outputmodes:

Data In-Data Out (DIDO). This is the most elementaryfor of fusion. Fusion
paradigmsn this category aregenerallybasedon techniquesievelopedin the
traditionalsignalprocessinglomain.For examplesensorsneasuringhe same
physicalphenomenasuchastwo competitive sensorsnaybecombinedo iden-
tify obstaclesteachsideof arobot.

Data In-Feature Out (DIFO). Here,datafrom differentsensorsare combinedto
extract someform of featureof the ervironmentor a descriptorof the phe-
nomenonunderobsenation. Depth perceptionin humans,by combiningthe
visual informationfrom two eyes,canbe seenasa classicalexampleof this
level of fusion.

Feature In-Feature Out (FIFO). In thisstageof thehierarchybothinputandout-
put arefeaturesFor exampleshapefeaturesfrom andimagingsensommay be
combinedwith rangeinformationfrom aradarto provide ameasuref thevol-
umetricsizeof theobjectbeingstudied.

Feature In-Decision Out (FIDO). Here,theinputsarefeaturesandthe outof the
fusion processis a decisionsuchas a target classrecognition.Most pattern
recognitionsystemgerformthis kind of fusion. Featurevectorsare classified
basedbn a priori informationto arrive ata classor decisionaboutthe pattern.

DecisionIn-Decision Out (DIDO). Thisis thelaststepin the hierarchy Fusionat
this level imply that decisionare derived at a lower level, which in turn im-
ply thatthe fusion processat previously discussedevels have alsobeenper
formed. Examplesof decisionlevel fusion involvesweightedmethodg(voting
techniquesandinference.

In practicalproblemsit is likely thatfusionin mary of themodesdefinedabore
will beincorporatednto the designto achiere optimalperformanceThe procesof
extractingrelevantinformationfrom thedata,in termsof featuresanddecisionspn
theonehandmay bethrowing away information,but onthe otherhandmayalsobe
reducingthe noisethatdegradethe quality of the ensuingdecision.

3.3 Central versusDecentral Fusion

Centralizedarchitecturesassumethat a single processomperformsthe entire data
fusion processWith the growing compleity of systemsgentralizedfusionis be-
cominglessattractive dueto the high communicatiodoad andreliability concerns.
An alternatve is to performa local estimationof statesor parametergrom avail-
abledatafollowedby afusionwith othersimilar featureso form a globalestimate.
Whendoneright, this assures gracefuldegradationof the systemasnode<fail.

A fully is comprisedof a numberof nodes.Eachnodesprocesssensordata
locally, validatesthem, and usesthe obsenationsto updateits stateestimatevia
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Fig. 3.2. Alternatearchitecturesor multi-sensoridentity fusion. (a) Datalevel fusion, (b)
Featurdevel fusion.



3.3 CentralversusDecentraFusion 9

standardKalmanfiltering. The nodesthencommunicatesheir resultsin termsof
stateand possibly parameterestimateso other similar nodesthat are then used
locally in the other nodesto updatetheir local estimatein a secondupdate.The
estimateavailableis now a global estimateandit may be verified to be the sameas
would beachievzedusinga centralizedarchitecture.
Thedecentralize@rchitecturas moreresistanto nodefailures.

A N
Xy, Py X Pg
Data » Local Global »
validation estimator » update
A A
X,, P, Xy Py
I_Data_l - L_ocaI > Global >
validation estimator update
Communication
of results
between nodes
N N
X Py Xy Pg
I_Data_\ > chal > Global >
validation estimator update

Fig. 3.3. Decentralizedfusion of data.Local estimatesof stateand parametelis updated
locally by datafrom otherfusionnodesachieving a globalestimate.



10 4. Multiple Model Estimation

4. Multiple Model Estimation

This chapterextendsthe consideratiorof estimationtheoryto considerthe useof
multiple processnodels.Multiple processnodelsoffer a numberof importantad-
vantage®ver singlemodelestimators.

Multiple modelsallow a modularapproachto be taken. Ratherthan develop
a single modelwhich mustbe accuratefor all possibletypesof behaiour by the
true system,a numberof differentmodelscanbe derived. Eachmodelhasits own
propertiesand,with anappropriatechoiceof a datafusionalgorithm,it is possible
to spanalargermodelspace.

Four different strat@ies for multiple model estimationare examinedin this
chapter

multiple modelswitching
multiple modeldetection
multiple hypothesidesting
multiple modelfusion

Although the detailsof eachschemaeis different, the threefirst all usefunda-
mentallythe sameapproachThe designerspecifiesa setof models.At ary given
time only oneof thesemodelsis correctandall theothermodelsareincorrect The
differentstratgiesusedifferenttypesof testto identify which modelis correctand,
oncethis hasbeenachieved, theinformationfrom all the othermodelsis neglected.

The latter stratgyy, modelfusionutilize that processmodelsarea sourceof in-
formationandtheir predictionscanbe viewed asthe measuremerfrom a virtual
sensor Therefore,multiple model fusion can be castin the sameframework as
multisensorfusion anda Kalmanupdaterule canbe usedto consistentlyfusethe
predictionsof multiple processmodelstogether This stratgy hasmary important
benefitsover the otherapproacheso multiple modelmanagementt includesthe
ability to exploit informationaboutthe differencesn behaiour of eachmodel.As
aresult,thefusionis synenistic: the performancef the fusedsystemcanbebetter
thanthatof ary individual model.

4.1 Benefitsof Multiple Models

Increasingthe compleity of a procesamodeldoesnot necessariljeadto a better
estimator As the processmodel becomesanore complicated,it makes more and
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more assumptionsboutthe behaiour of the true system.Theseare embodiedas
an increasingnumberof constraintson situationsin which the modelfits the real
world. Whenthe behaiour of the true systemis consistentwith the assumptions
in the model,its performancds very good. However, whenthe behaiour is not
consistentperformancecanbe significantlyworse.Simply increasingthe order of
themodelwithoutregardto this phenomenaouldleadto a very complicatedhigh
order modelwhich works extremely well in very limited circumstancesin most
othersituationsjts performanceouldbepoor.

Multimodel estimatiortechniqguesreamethodwhichaddressethisunderlying
problem.Ratherthan seeka single model which is sufficiently complicatedand
flexible thatit is consistentvith all possibletypesof behaiour for thetruesystema
numberof low orderapproximatesystemsaredeveloped Eachapproximatesystem
is developedwith a differentassumptionsboutthe behaiour of the true system.
Sincetheseassumptionsare different, the situationsin which eachmodelfits is
different.

By ensuringa suitablecomplemenbver the rangeof operationof the system,
goodperformancecanbe achiezed underall conditions.Althoughthe accuray of
a single modelin a specificcircumstances lost, it is balancedby the range of
situationsover which performanceds good. The modelsare combinedso that the
strengthof onecoversfor the weaknessesf the others.Figure4.1 providesarep-
resentatiorof this.

State space of Applicability of
interest model 3

Applicability of
model 1

Applicability of
model 2

[
-

Fig. 4.1.Theuseof multiple models Threedifferentmodelshave beenderivedwith different
but overlappingdomains Although a single modelis not capableof describingthe entire
behaiour of the systema suitablecombinationof all of themodelscan.
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4.2 Problem Formulation

Supposea setof n processnodelshave beenderived. Eachusesa differentsetof
assumptionaboutthetrue systemandtheresultis a setof n approximatesystems.
Thei’'th approximatesystemis describedisingthe procesaindobsenrationmodels

(k—1),tg-1) +v(k—1) (4.1)

f(zi
h(zi(k),tx) + w(k) (4.2)

(

Thestatespaceof theapproximatesystems relatedto thetruesystenmstate z,
accordingto the structuralequations

z;(k) = gi(zr(k), tx)

z; (k)
zi(k)

The problemis to find the estimateof the variablesof interesty(k|k)* with
covarianceP,, (k|k) whichtakesaccounbf all of thedifferentapproximatenodels
suchthat the trace of P,,(k|k) is minimized. The strategy is not limited to just
combiningthe estimatef the variablesin anoutputstage the estimatemay also
befeedbackto eachof theapproximatesystemsdirectly affectingtheir estimates.

This is reflectedin the modelmanagemensgtratey which may be summarized
in termsof two setsof functions— thecritical valueoutputfunction

y(k) =m(ys(k),... ,yn(k)) (4.3)

which combinethe multiple model estimatesand the approximatesystemupdate
function

z;i(k) = ni(z1(k), ...,z (k)) (4.4)

that updatesthe i’th model state.A successfumultimodel managemenstratey
shouldhave thefollowing properties:

Consistency Theestimateshouldalwaysbeconsistert. Theestimatesecomen-
consistentvhenthe discrepang betweerthe estimatedcovarianceandthetrue
covariances not positive semidefinite.

Performance. Thereshouldbe a performanceadvantageover usinga single pro-
cessmodel.Thisjustifiesthe extra complexity of usingmultimodelsinsteadof
asinglemodel.Thesebenefitancludemoreaccurateestimatesandmorerobust
solutions.

Theory. Themethodshouldhave afirm theoreticafoundation.Not only doesthis
meanthattherangeof applicabilityis known, butit is alsopossibleo generalize
thetechniqueto awide rangeof applications.

! Thewhole statespacemaynot be of interestandy (k|k) maythusbeasubsedf z(k|k)
? Thatis P(i|5) — E{i*(i|j)£~(Ti|j)|Zj} < 0 wherez arestateerrors,and Z; aremeasure-
mentsupto timet;
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4.3 Methods of Multi-Model Estimation

The principle and practiceof multiple modelestimationhasbeenusedextensiely
for mary years.This sectionreviews variousmultimodelschemes.

4.3.1 Model Switching Methods

The simplestapproachor estimationwith multiple modelsis modelswitching. It
is simpleto understandgcomputationallyefficient, andreadily facilitatesthe useof
mary differentmodels.The essentialdeais shavn in Figure4.2.

Estimate 1
Sensors P Filter 1 —|_>
Estimate 2 Select Output estimate
| - d -
—» Filter 2 »> ectmate ;
1 r—->
’ :
H 1
H 1
H 1
H 1
H 1
‘ :
i ) Estimate n !
=== Fitern  f---------2

Fig. 4.2. Themodelswitchingmethodto estimationwith multiple models.The outputfrom
thebankof filters is thatof thefilter which usesanappropriatenodelfor the givensituation.

Giventhatn filters areimplementedpne for eachprocessmodel. All the fil-
tersoperatecompletelyindependentiyandin parallelwith oneanotherThey make
predictions performupdatesandgenerateéhe estimate®f the critical valuesof the
system.Combiningthe informationfrom the differentmodelsis very simple.lt is
assumedhat, at ary time ¢, only onemodelis appropriate. The outputfrom the
bankof filtersis thatof thefilter which usesthe appropriateanodel.The problemis
to identify theappropriateanodel. The outputmodelmanagemerfunctionis

m(y1(k), ... ,yn(k)) = 61(k)y1(k) + ... 6n(k)yn(k) (4.5)

where

5:(k) = {1 if modeli is selected (4.6)

0 if modeli is notselected.

Sinceonly onemodelis chosenat ary time §;(k) sumsto unity. The filters com-
bineinformationonly for outputpurposesandtheir respectie statespacesareun-
changed.

The key designissuewith this approachs to choosethe switchinglogic which
determineghe valuesof §;(k) which is dependenbn the specificapplication.The
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landbasedhavigation of the SpaceShuttle(Ewell 1988),for example,usestwo dif-
ferent processmodelswhich correspondo acceleratingand cruising flight. The
acceleratingnodelis usedwhenthe acceleratiorexceedsa predefinedimit. When
acceleratioris belov somecritical level, theshuttleis assumedo bein cruisemode.
In thesecasescomplex gravitationalandatmospherianodelsareincorporatednto
theequation®of motion. Thethresholdvasselectedisingextensive empiricaltests.

Switchingon the basisof measurement®r estimates)nay leadto jitter if the
switching criterion is noisy andits meanvalueis nearthe switchingthreshold A
morerefinedsolutionis to employ hysteresiswitchingwhich switchesonly when
thereis a significantdifferencebetweerthe performancef the differentmodels.

Althoughthe modelswitchingmethodandits variantsaresimpleto understand
anduse,therearea significantnumberof problems.The mostimportantis thatthe
choiceof the switchinglogic is oftenarbitrary andhasto be selectecempirically—
thereis no theoreticajustificationthatthe switchinglogic is correct.

4.3.2 The Model DetectionMethod

The modeldetectionapproachs a moresophisticatedrersionof the modelswitch-
ing method Ratherthanswitchonthebasisof variousadhocthresholdsit attempts
to detectwhich modelis the leastcomplex model (parsimonioug(Ljung 1987))),
whichis capableof describingthe mostsignificantfeaturesof the true system.The
issueis a biashariancetradeof. As a modelbecomesnorecomple, it becomes
betterdescriptionof the true system,andthe bias becomegrogressiely smaller
However, amorecomplex modelincludesmorestatesGiventhatthereis only afi-
nite amountof noisydatatheresultis thattheinformationhasto bespreacbetween
the statesandthe varianceon the estimate®f all of the statesncrease.

For example,if a vehicleis driving in a straightline a very simplemodelmay
beused However, whenthevehicleturn, the effectsof dynamicsandslip mayhave
to beincluded.By ensuringthattheleastcomplex modelis usedat ary givenpoint
in time, the variancecomponenbf the biashariancetradeof is minimizedso that
themodelis not overly complicatedor the maneuersin question.

The outputmodelmanagemenrfunctionis of the sameform asEquationg4.5)
and(4.6).No informationis propagatedrom onemodelto thenext andtheapprox-
imatesystemupdateis henceunity.

Onemethodfor testingwhethera modelis parsimoniousr notis to usemodel
reductiontechniguesTheseexaminehow a high ordermodelcanbe approximated
by alow ordermodel.A crucialcomponenfor any modelreductionschemds the
ability to assesshe relative importancethat differentstateshave on the behaiour
of the system.If a numberof stateshave very little effect on output,thenthey can
be deletedwithoutintroducingsubstantiaérrors.

To make the contritutionsfrom differentmodesclear, we turn to balancede-
alizations(Silvermann,Shooloohi, and Dooren1983). In balancedrealizationsa
linear transformationis appliedto the statespaceof the system.In this form, the
contribution of differentmodesis madeclear anddecisionrulescanbe easilyfor-
mulated.
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To calculatethe balancedealizationgfor thelinearsystem,
z(k + 1) = F(k)z(k) + B(k)u(k) 4.7)
z2(k) = H(k)z(k) (4.8)

its obsenability, My, and controllability, W3, Grammiansare evaluatedacrossa
window of lengthl accordingto the equations

k
Ma(k,k—01)2 > &"(i—1,k)H' (i)H(i)$(i — 1,k) (4.9)
i=k—I+1
k
Wa(k,k—1)& > &(k,i—1)B(i)B' (i) (k,i—1) (4.10)
i=k—I+1

whered(i, m) is the statetransitionmatrix from discretestepmto i.
The Grammiansarediagonalizedy finding the matricesT' (k) and X2 (k) such
that

My(k — 1, &)Wa(k — 1, k) = T(k) Z2(k)T (k) (4.11)

If thelineartransformatior? (k) is appliedto the statevector, the calculatedGram-
miansarediagonalandboth equalto X' (k) which is the matrix of singularvalues.
This matrixis diagonal:

0’1(/6) 0 0
0 Oz(k) 0
Tk =1 . N : (4.12)
0 o e oulh)

Thessingularvaluesreflectthe significancehateachstatehasfor the behaiour
of the system(Silvermann,Shooloohi, and Dooren1983). Both the obsenability
andcontrollability of the stateareincludedin the measurelf a stateis almostun-
obsenable,it haslittle effect on the measureautputof the system.f it is almost
uncontrollablethe controlinputscanexertlittle influenceoniits final value. If it is
bothunobserableanduncontrollableijts valueis not affectedby the controlinputs
andit doesnot changethe outputof thesystem.

Example4.3.1. A vehicledynamicsmodelmayincludetire stiffnessparameterin

thestatevectorin orderto modeltheanumberof physicalparametere thetire that
changeovertime.Whenthevehicledrivesin astraightine theforcesandslip angles
aresmall,renderingthetire stiffnessparametersinobserable.In this situation,the
filter shouldswitchto alower ordermodelwithouttire modeling.

As the methodabove is only usedfor the switchingrule, linearizationis ac-
ceptablefor nonlinearmodels but the overheadassociatedavith this methodis still
significant.Moreoverit maybedifficult to evaluatetheresults.

The two approachesvhich have beendescribedso far use deterministictests
to identify which modelis appropriateThe alternatve is to considerprobabilistic
methodswhich aredescribechext.
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4.3.3 Multiple HypothesisTesting

Multiple HypothesisTesting(Magill 1965) (MHT) is one of the mostwidely used
approaches$o multimodel estimation.Ratherthanusingboundsto defineregions
of applicability, eachmodelis consideredo be a candidateor the true model.For
eachmodel ,thehypothesighatit is thetruemodelis raised andthe probability that
the hypothesidgs correctis evaluatedusing the obsenation sequenceOver time,
the mostaccuratemodelis assignedhe largestprobability and so dominatesthe
behaiour of the estimator

Figure 4.3 shaws the structureof this method.Eachmodelis implementedn
its own filter andthe only interactionoccursin forming the output. The outputis
a function of the estimatesnadeby the differentmodelsaswell asthe probability
that eachmodelis correct. The fusedestimateis not usedto refine the estimates
maintainedn eachmodelandsotheapproximatesystenupdategunctionsareunity.

Sensors »- Filter 1
E Combine Output estimate
Filter 2 ».| estimates
>
i A
i
:
1
L-- Filter n
i
|
1
Yvy
Probablity

calculation

Fig. 4.3. Themodelhypothesisnethod.Theoutputis afunctionof theestimatesnadeby the
differentmodelsaswell asthe probabilitythateachmodelis correct.

Thefollowing two assumptiongremade:

1. Thetruemodelis oneof thoseproposed.
2. Thesamemodelhasbeenin actionsincet = 0.

Fromthesetwo assumptionsa setof n hypotheseareformed,onefor eachmodel.
Thehypothesidor thei'th modelis

H; = Model M; is correct (4.13)

By assumptiori thereis no null hypothesidbecaus¢hetruemodelis oneof models
in the set. The probability that model M; is correctat time ¢, conditionedon the
measurementsp to thattime, Zj, is
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pi(k) = p(M;| Zy) (4.14)

The initial probability that M; is correctis given by p;(0), which accordingto
assumptiorL sumto unity overall models.

The probability assignedo eachmodelchangeghroughtime asmoreinforma-
tion becomesavailable. Eachfilter predictsand updatesaccordingto the Kalman
filter equationsConsiderthe evolution of 1; from k — 1 to k. UsingBayes’rule

pi(k) £ p(M;| Zy)
p(Mi|z(k), Zr-1)

_ p(3(8)|Ze1, Mi)p(M;| 2y 1)

p(2(k)| Zk-1)
__ p((k)[Zk—1, Mi)pi(k — 1)
>y p(2(k)| Zk—1, M;)p(M;| Zi—1)

Thep(z(k)|Zk-1, M;) is the probability thatthe obsenation z(k) would be made
giventhatthe model M; is valid. This probability may be calculateddirectly from
theinnovationsr; (k) £ z(k) — 2(k|k — 1). Assumingthattheinnovationis Gaus-
sian,zeromeanandhascovarianceS(k|k — 1) thelikelihoodis

(4.15)

1
Ailk) = Gy den(s; (hk = )iz <P (4.16)
{3 = (~5r7 RS (klk = 1)rik)) (@.17)

wherem is thedimensionof theinnovationvector
TheinnovationcovarianceS (k) is maintainedy the Kalmanfilter andgivenby

Si(k|k — 1) = Hi(k)Pi(k)H;' (k) + Ri(k). (4.18)
The MHT now works by recursion first calculate);(k) for eachmodel. The
new probabilitiesarenow givenby
Ai (k) pi(k — 1)
pi(k) = <=
D SV OPACESY

The minimummeansquarecerror estimatds the expectedvalue. The outputfunc-
tion, i.e. the outputof the multiple modelis thusgivenby

(4.19)

g(klk) = m(yr(k), ... ,yn(k)) (4.20)
= E(y(k)[Zk) (4.21)
=E i(k)p(M;| Zy) (4.22)
(1:1 Yi\k)p k )
= Z Gini(k) (4.23)
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Thecovariancan theestimatecanbefoundto (Bar-ShalomandFortmann1988)

Pyy(kll) = > pi(k) (Pryy (kIk) + (Gi(k1k) = §(k[R)) (G (klk) — §(k1K))T)

(4.24)

which is a sumof probability weightedtermsfrom eachmodel.In additionto the
directcovariancefrom themodels,atermis includedthattakesaccountor thefact
thaty; is notequalto y;.

TheMHT approactwasdevelopedinitially for problemselatedto systemden-
tification — the dynamicsof a nominal plant were specified,but therewas some
uncertaintyin the valuesof several key parametersA bankof filters wereimple-
mented,onefor eachfilter candidateparametenalue. Over time, one model ac-
quiresa significantly greaterprobability thanthe othermodels,andit corresponds
to themodelwhoseparameteraluesaremostappropriate.

The basicform of MHT hasbeenwidely employedin missiletrackingwhere
differentmotion modelscorrespondo differenttypesof maneuers(Bar-Shalom
andFortmann1988).Experiencehowever, shavsthattherearenumerousgpractical
problemswith applyingMHT. The performancef thealgorithmis dependentipon
a significantdifferencebetweenthe residualcharacteristicén the correct andthe
mismattedfilters, which is sometimedlifficult to establish.

The threemethodswe have reviewed until now eachhasa numberof short-
comings,mary of which stemfrom the factthatthey usefundamentallythe same
principle. The methodsall at eachinstancen time assumedhatonly onemodelis
correct, andthe multimodelfusion problemis to identify thatmodel.However this
includesthe extremely strongassumptiorthatall the othermodels,no matterhow
closethey areto the currentmostappropriatenodel,provide no usefulinformation
whatever.

Theseshortcomingsotivatethedevelopmenbf anew stratey for fusinginfor-
mationfrom multiple models.This approachknown asmodelfusion,is described
next.

4.3.4 Model Fusion

The modelfusionapproachreatseachprocessnodelasif it wereavirtual sensor
Thei’th processnodelis equivalentto asensomwhichmeasurethepredictedvalue
#;(k|k — 1). The measuementis corruptedby noise(the predictionerror) andthe
sameprinciplesandtechniguessin multi-sensofusion maybeused.

Figure4.4 illustratesthe methodfor two approximatesystemsEachmodelis
implementedin its own filter and, in the predictionstep, eachfilter predictsthe
future stateof the system.Sinceeachfilter usesa differentmodeland a different
statespacethe predictionsaredifferent.

Filter 1 (or 2) propagateds prediction(or somefunctionsof it) to filter 2 (or 1)
which treatsit asif it wereanobsenation.Eachfilter thenupdatesusingprediction
andsensoiinformationalike.
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Fig. 4.4. Model fusion architecturefor two approximatesystems Eachfilter predictsthe
future stateof the systemusingthe sameinputs,and updatesusing sensorinformationand
thepredictionpropagatedrom the otherfilter.

The processnodelis usedto predictthe future stateof the system.Using the
procesamodelthe predictionsummarizesll the previous obsenationinformation.
Theestimateat ¢, is thusnotrestrictedto usingtheinformationcontainedn z (k).
The predictionallow temporalfusionwith datafrom all pastmeasurements.

Thefusionof datais bestappreciatedy consideringheinformationform (May-
beck1979)of theKalmanfilter prediction.Theamounf informationmaintainedn
anestimatet is definedto betheinverseof its covariancematrix. With the Kalman
gain K, thecovariancepredictionmay berewrittenas

P(k|k) = P(k|k — 1) — KH(k)P(k|k — 1) (4.25)
P(k|k)P(k|k — 1) = 1 — KH(k) (4.26)

Using this resultin combinationwith the Kalman gain in termsof the predicted
covariance(Maybeck1979)

K = P(k|k)H(k)"R(k)™* (4.27)

whereR(k) is the measurementovariance The statemeasuremenipdatemay be
written as

#(k|k) = P(k|k) [P~ (k|k — 1)&(k|k — 1) + H(k) "R(k)'2(k)]  (4.28)
A similar expressiorcanbefoundfor the predictedinformationmatrix
P(k|k)™' = P(k|k —1)~' + H(k) "R(k) "' H (k) (4.29)

The estimatein Equation(4.28)is thereforea weightedaverageof the predic-
tion andthe obsenation. Intuitively the weightsmustbe inverselyproportionalto
their respectie covariancesSeenin the light of Equation(4.28) predictionsand
obsenationsaretreatedequallyby the Kalmanfilter. It is thereforepossibleto con-
siderthe predictionfrom filter 1 (2) asanobsenration,Z(k|k — 1) with covariance
P~ 1(k|k — 1) thatcanbeusedto updatefilter 2 (1).
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Batch Estimator. This approachis fundamentallydifferent from the other ap-
proacheswhich are describedin this chapter Ratherthan assumethat only one
procesanodelis correct, all the modelsaretreatedasvalid descriptionof thetrue
system.At somepointsin time one model might be betterthan another but this
doesnot meanthatthe poorermodelyields no usefulinformation.On the contrary
sinceall the modelsare capableof makingconsistenpredictions they all provide
information.

Eachprocessnodel makesits own estimatef the interestingvariables.The
different estimatescan be fusedtogetherefficiently and rigorously using a batch
estimator(Bierman1977).Define

—yl(k)
Yk)y=| ... |, (4.30)
[yn(K)
H=|:], (4.31)
LI
[Pyyys (k[k)  Pyyyo Eka) Pyy., Ekikg
P, P, (k P,,,. (k|k
Pyy(klk) = | " . e (4.32)
-Pynyl (klk) P’!/nyz (klk) Pynyn (k|k)
the estimate®f interestarethengivenby
Pyy(klk) = (HT Pyy (k|R)H) ™ (4.33)
y(k) = Pyy (k|k)Pyy (k|k)HTY (k) (4.34)

Thereareseveraladvantage®f this method First, it is notnecessaryo assume
that the real physicalsystemswitchesfrom modeto mode,nor is it necessaryo
develop a rule to decidewhich mode shouldbe used.Rather the informationis
incorporatedisingthe Kalmanfilter updateequations.

Supposehatfilter 1 is thecorrectmodel,characterizethy thefactthatits (con-

sistent)predictionhasa smallercovariancethanthatof filter 2. Filter 2 thenweights
thepredictiondrom filter 1 veryhighly in its update Corverselyfilter 1 weightsthe
predictionsfrom filter 2 by a very smallfraction. Theresultis that the information
which is mostcorrectis giventhe greatestveight. This methodis also capableof
exploiting additionalinformationwhich noneof the otherfilters used.
The Structur e of Prediction Propagation. In generalthe filters cannotdirectly
propagatendfusetheentirepredictionvectorswith oneanotherThereasoris that
differentmodelsusedifferentstatespacesOne modelmight possesstateswhich
the othermodelsdo not have.

Corversely two modelsmight have stateswhich are relatedto one another
througha transformation(for exampletwo filters might estimatethe absolutepo-
sition of two differentpointsrigidly fixed to the samevehicle).Only information
which canbeexpressedn acommonspacecanbe propagatedetweereachfilter.



4.3 Methodsof Multi-Model Estimation 21

A modeltranslatoffunctionT; _,;2(z1 (k)) propagateshe predictionfrom filter
1 into a statespacewhich is commonto bothfilters. Similarly, the predictionfrom
filter 2 is propagatedisingits own translatorfunction. The fusion spacefor both
filters consistsof parametersvhich arethe samein both filters. Theseparameters
obey theconditionthat

Tz_,lz(i‘z(k)) =T 12 (a‘;l (k)) (435)

for all choicesof thetrue statespacevectorzr (k) andz;(k) = g;(zr(k)). Candi-
datequantitiesinclude

— Stateswvhich arecommonto both models(suchasthe positionof the samepoint
measuredn the samecoordinatesystem).

— Thepredictedobsenations.

— Thepredictedvariableqstatesf interest).

However, it is importantto stresshatmary statesdo not obey this condition. This
is becausamary statesare lumpedparameterstheir value reflectsthe net effects
of mary differentphysicalprocessesSincedifferentapproximatesystemausedif-
ferent assumptionsdifferent physical processesre lumpedtogetherin different
parameters.

Eachfilter treatsthe propagatiorfrom the otherfilter asa type of obsenation
which is appendedo the obsenationstatespaceTherefore the obsenationvector
whichis recevedby filter 1is

T2—>12(932(k))

The modelfusionis a straightforward procedure For eachpair of modelsfind a
commonstatespacan whichtheconditionof Equation(4.35)hold. Theobsenation
spacefor eachfilter is augmentedappropriately and the applicationof the filter
followstrivially.

The modelfusion systemrelieson the Kalmanfilter for its informationpropa-
gation,andwe will hencehave to take accountof thatthe predictionerrorsin the
differentmodelsarecorrelatedvith oneanotheiin orderto getconsistenestimates.

Figure4.5shavstheinformationflowswhich occurwhentwo modelsarefused.
Informationcanbe classifiedin two forms: informationwhich flows from the out-
side(andis independentandthatwhich flows within (the predictionswhich prop-
agatebetweerthefilters). The externalflows areindicatedby dashedines, internal
flows by solid ones.Both flows play a key role in the predictionandthe update In
thepredictionstepeachfilter usests own processnodelto estimatehefuture state
of thesystem.

The processhoisesexperiencedy eachmodelarenotindependentor two rea-
sons.First, thereis a componentueto the true systemprocesaoise.Secondthe
modelingerrortermsfor eachfilter areevaluatedaboutthetrue systemstate.Since
theprocesshoisesarecorrelatedthe predictionerrorsarealsocorrelated Eachfilter

zl(k)z[ #(k) ] (4.36)
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Fig. 4.5.Informationflow in thefusedtwo-modelcase Theexternal(andindependentjows
areindicatedby dashedines, internalflows (the predictions)y solid ones.

updatesusingits own prediction,the predictionfrom the otherfilter, andthe sensor
information.

Sincethe processoisesarecorrelatedthe predictionerrorscommittedby both
models

il(k|k—1) :Fl.’fl(k—].lk—l)‘F’Ul(k—l) (437)
Zo(klk — 1) = Fada(k — 1|k — 1) + va(k — 1) (4.38)

arealsocorrelatedThe crosscorrelationis
Pio(klk —1) = FiPia(k — 1|k — 1)Fy + Q12(k — 1) (4.39)

whereQ12 is thecrosscorrelationmatrix betweerthetwo processnodels.

As canbe seenthe cross-correlationbetweenthe predictionerrorsevolve in
a similar fashionto the covarianceof eachstateestimate First, the diffusion step
scaleghe crosscorrelation,secondthe correlationis reinforcedby addingprocess
noisecorrelation.

More insightis gainedby looking at a Taylor seriesexpansionof the measure-
mentvectorgivenin Equation4.36.

2(k) — E(h(wl(k —1))|Zk1
Ty12(w2(k)) — T2 (21 (K))

— Hy(k)z,(klk —1)
|:VT2—>12 (Z2(K|k — 1)? — VT112(Z1 (k|k — 1))] (4.41)

ri(k) = (4.40)

whereVT; _,15 representshe Jacobianj.e. a linearizationaboutthe currentstate.
Takingouterproductdeadsto the following crosscovarianceequation
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Py (k|k — 1) HE (k)

Pevri(klk = 1) = | p (ki = 1)VTT1 15 — Pro(k|k — )V T1s

(4.42)
whichshowvshow informationflows betweerthetwo filters. Thefirst componentie-
scribeshow the obsenationinformationis injected. The seconccomponentwhich
determinedheweightplacedon the predictionpropagatedrom filter 2, is the dif-
ferencebetweerthe covarianceof filter 1, andthe crosscorrelatiobetweerfilters 1
and? all projectednto the samespace.

In effect only the informationwhich is uniqueto filter 2 is propagatedo filter
1. As the two filters becomemore and more similar to one anothey they become
moreandmoretightly correlatedLessinformationis propagatedrom filter 2 and,
in the limit whenbothfilters useexactly the sameprocesanodels,no information
is passedetweenthemat all. Model fusion doesnot inventinformationover and
above whatcanbe obtainedrom the sensorsRather it is a differentway to exploit
the obsenations.In the otherlimit, asthe modelsbecomeessandlesscorrelated
with oneanotherthe predictionscontainmoreandmore independeninformation
andsois assignedh progressiely greaterweight. The updateenforcesthe corre-
lation betweenthe filters throughthe fact that the sameobsenationsare usedto
updatebothfilters with the sameobsenationnoises.

Therathercomplex crosscorrelationsn theobsenationnoisemaybesimplified
by treatingthe network of filters and crosscorrelationfilters as componentof a
single,all encompassingystemor combinedsystem.

4.3.5 Combined System

The combinedsystemis formedby stackingthe statespacef eachapproximate
system.Thecombinedstatespacevectorz,. is

z1(k)

zo(k) = $2:(k) (4.43)

2 (k)

The dimensionof z. is the sumof the dimensionsof the subsystenfilters. The
covarianceof the combinedsystemis

Pu(klk) Pua(klk) ---  Pin(klk)
Por(klk) Pos(klk) ---  Pon(k|k)

PRk = | O | (4.44)
Poi(klk) Pu(klk) - Pan(k|k)

Thediagonalsubblocksarethe covariancef the subsystemsndthe off diagonal
subblocksarethe correlationsbetweerthem.

The combinedsystemevolvesovertime accordingto a processnodelwhichis
corruptedby processioise.Thesearegivenby stackingthe componentfrom each
subsystem:
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t
Fel(@e(K|R), u(k), ve(k), t) = . * (4.45)

Theassociatedovariances

Qu1(k) Qi2(k) ---  Qun(k)
Q21(k) Q22(k) ---  Qan(k)
Qc(k) = : : . : (4.46)

in(k) QnZ(k) an(k)

The obsenationvectorsfrom the individual subsystemarealsoaggreatedto
yield the combinedsystems obsenationvector However, simply stackingthe ob-
senation vectorsfrom the individual subsystemsan introduceredundantterms
which mustbe eliminated.This problemcanbe illustratedby consideringthe in-
novationvectorsfor the two systemcase Acting independenthof oneanotheythe
innovationsfor thetwo approximatesystemsare

_ (k) = ha(z1(k — 1)

ri(k) = [Tz—uzz (xz(k)) (—:ET1—>12 (iv)l (k))] (4.47)
_ (k) — ha(z2(k — 1)

ra(k) = [Tl—uzz (xl(k)) (—$T2—>12 ($)2(k))] (4.48)

Both innovation vectorshave the samemodelfusion component’s_, 15 (z2 (k)) —

Ti 12 (a:l(k)) apartfrom a sign. Eliminating the redundanterms,the combined
innovationvectorbecomes

’I"c(k) = T2_>12 (.’Ez (k)) — Tl—)12 (.’El(k)) (449)
Z(k) - h2 (a}g(k - 1))

To becontinued....
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