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Schrodinger Operators on the Half Line:
Resolvent Expansions and the Fermi Golden
Rule at Thresholds
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Dedicated to K. B. Sinha on the occasion of his sixtieth birthday

Abstract

We consider Schrédinger operators H = —d? /dr?+V on L?(]0, 00))
with the Dirichlet boundary condition. The potential V may be local
or non-local, with polynomial decay at infinity. The point zero in
the spectrum of H is classified, and asymptotic expansions of the
resolvent around zero are obtained, with explicit expressions for the
leading coefficients. These results are applied to the perturbation of
an eigenvalue embedded at zero, and the corresponding modified form
of the Fermi Golden Rule.

Keywords: Schrodinger operator, threshold eigenvalue, resonance,
Fermi Golden Rule.
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1 Introduction

This paper is a continuation of [5, 7], where expansions of the resolvents of
Schrodinger type operators at thresholds, as well as the form of the Fermi
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Golden Rule (which actually goes back to Dirac), when perturbing a nonde-
generate threshold eigenvalue, were obtained. While the methods and results
in [5, 7] are to a large extent abstract, the examples discussed were restricted
to Schrodinger operators in odd dimensions with local potentials. The aim
of this paper is to show that the methods in [5, 7] allow to treat the non-local
potentials in exactly the same manner as the local ones, although the prop-
erties of the corresponding operators can be quite different. For example,
one can have zero as an eigenvalue in one dimension, or eigenfunctions for
the zero eigenvalue with compact support (in this connection see e.g. [2]).

Let us briefly describe the results. Let HY denote —d?/dr? on H =
L*([0,00)) with the Dirichlet boundary condition. Let V be a potential,
which can be either local or non-local. We assume that V' is a bounded self-
adjoint operator on H. Let H* = L?*([0,00)) denote the weighted space.
Then we assume that V extends to a bounded operator from H~?/2 to H?/?
for a sufficiently large > 0. Since we are concerned with threshold phe-
nomena, the first step is to study the solutions of the equation HW¥ = 0. The
result is that under the above conditions, for the solutions of HWV = 0 there
are four possibilities.

(i) No non-zero solutions. In this case zero is called a regular point for H.

(i) One non-zero solution in L>([0,00)), but not in L*([0,00)). In this
case zero is called an exceptional point of the first kind for H.

(iii) A finite number of linearly independent solutions, all belonging to
L*(]0,00)). In this case zero is called an ezceptional point of the second
kind for H.

(iv) A finite number of linearly independent solutions, which can be chosen
such that all but one belong to L([0,00)). In this case zero is called
an exceptional point of the third kind for H.

Let us note that if V' is multiplication by a function, then only cases (i) and

(ii) occur.
In all cases we obtain asymptotic expansions for the resolvent of H around
the point zero. It is convenient to use the variable Kk = —iy/z in these

expansions. We have

p
(H+ k) = Z K Gy + O(kPT)
j=—2
as k — 0, in the topology of the bounded operators from H?® to H™* for a
sufficiently large s, depending on p and the classification of the point zero
for H. We compute a few of the leading coefficients explicitly.



These results on asymptotic expansion for the resolvent, and the explicit
expressions for the coefficients, are the main ingredients for the application of
the results in [7], concerning the perturbation of an eigenvalue embedded at
the threshold zero. The main result from [7] in the context of the Schrédinger
operators on the half line considered above is as follows. Let H = HP + V|
where V' satisfies Assumption 3.3 for a sufficiently large 5. Let W be another
potential satisfying the same assumption. We consider the family H(e) =
H+eW fore > 0. Assume that 0 is a simple eigenvalue of H, with normalized
eigenfunction ¥,. Assume

b= <\IJQ, W\IJ0> > 0, (11)
and that for some odd integer v > —1 we have
G;j=0, forj=-1,...,v—2,and g, = (¥, WG, WVy) #0. (1.2

Then Theorem 3.7 in [7] gives the following result (the modified Fermi
Golden Rule) on the survival probability for the state W, under the evolution
exp(—itH (g)), showing that for ¢ sufficiently small the eigenvalue zero of H
becomes a resonance:

There exists €9 > 0, such that for 0 < ¢ < gy we have

(W, e HEP ) = ¢7MAE) L 5(e ), > 0. (1.3)
Here A(e) = xo(e) —il'(e) with

[(e) = —i* g, b2 W2 (1 4 0(e)), (1.4)
zo(e) = be(1 4 O(e)), (1.5)

as ¢ — 0. The error term satisfies
6(,t)| < CeP™ ) t>0, p(v)=min{2, (2+v)/2}. (1.6)

As an application of the results on asymptotic expansion of the resolvent of
H near zero we explicitly compute the coefficient g, in two cases.

The contents of the paper is as follows. In Section 2 we introduce some
notation used in the rest of the paper. Section 3 forms the core of the paper
and contains our results on the resolvent expansions for the free Schrodinger
operator on the half line, and then for the Schrodinger operator with a general
class of potentials, including non-local ones. In Section 4 we illustrate the
general results by giving an explicit example with a rank 2 operator as the
perturbation. Finally, Section 5 contains the results on the modified Fermi
Golden Rule for the class of operators considered here.
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Let us conclude with some remarks on the literature. Resolvent expan-
sions of the type obtained here are typical for Schrédinger operators in odd
dimensions, when the potential decays rapidly. Such results were obtained
in [4, 3, 8]. More recently, a unified approach was developed in [5, 6]. It is
this approach that we use here. Another approach to the threshold behavior
is to use the Jost function. See for example [1, 11]. See also the cited papers
for further references to results on resolvent expansions around thresholds.

2 Notation

Let H be a selfadjoint operator on a Hilbert space H. Its resolvent is denoted
by R(z) = (H — 2z)~'. In the sequel we will often look at operators with
essential spectrum equal to [0,00), such that 0 is a threshold point. We
will look at asymptotic expansions around this point for the resolvent. It is
convenient to change the variable z by introducing z = —k?, with Rex > 0.

In the half line case there is a type of notation common in the physics
literature that is very convenient. The resolvent will have an integral kernel
k(r,r"), r,r" € [0,00). We introduce the two functions

r~ = max{r,r'}, ro=min{r,r'}. (2.1)
We note a few properties for future reference
rs+re=r+7r, ro—ro=\r—7r|, rs-ro=r-r. (2.2)

The weighted L?-space on the half line is given by
H* = L**([0,00)) = {f € L ([0, 00)) | / )P (L +72)dr < o0}, (2.3)
0

for s € R. We write H = H® = L*([0,00)). We use the notation B(sy, s2)
for the bounded operators from H*! to H*2.

The inner product (-,-) on H is also used to denote the duality between
H?® and H~°. We use the bra and ket notation for operators from H?® to H 5.
For example, the operator f — [ f(r)dr -1 from H* to H~* for s > 1/2 is
denoted by [1)(1].

In the asymptotic expansions below there will be error terms in the norm
topology of B(sy, s9) for specified values of the parameters s; and s,. Here
k€ {C]0 < [¢| < 0, Re¢ > 0} for a sufficiently small 6. We will use the
standard notation O(k?) for these error terms.



3 Resolvent Expansions

In this section we first obtain the resolvent expansion of the free Schrodinger
operator on the half line, and then for the Schrodinger operator with a general
class of potentials, including non-local ones.

3.1 The Free Operator with the Dirichlet Boundary
Condition

We denote by HP the operator with the domain and action given by

2
D(HP) = {] € K| [ € ACY(0.00)), 1(0) =0}, HPf=—Srf (3)
Here the space AC? denotes functions f that are continuously differentiable
on [0,00), with f’ absolutely continuous (see [10]). It is well-known that this
operator is selfadjoint.
The resolvent RY(z) = (HP —2)~! has the integral kernel (using z = —x
as above)

2

KP(k;r,r') = _— sin(ikr<)e ">, (3.2)
K

which can be rewritten as

1
KP(k;rr') = ——

o (€*H(T>+7'<) _ 6*”(7>*7‘<)) ' (3'3)

Using the Taylor expansion we can get the following result, as in [4, 3, 8.

Proposition 3.1. The resolvent RY(—«k?) has the following asymptotic ex-
pansion. Let p > 0 be an integer and let s > p + % Then we have

RP(—k%) = GPr +0(s"*) (3.4)

=0

in the norm topology of B(s,—s). The operators G? are given explicitly in
terms of their integral kernels by

—1y , .
D (T (= ) (35)
Let sq, 59 > % with sy + sy > 2. Then GY € B(sy, —sq). For s > % we also
have GF € B(H*, L>([0, 00))).

Ifj > 1 and s > j+ 3, then G} € B(s, —s).



Proof. The straightforward computations and estimates are omitted. O

Remark 3.2. For future reference we note the expressions

Gb ., (3.6)
GP:—rore = —r -7/,
p.1 5 134
Gy - S7<r> + 5'< (3.8)
1 1
GY - —é(rir< + r>ri) = —6(7*3 e (r)?). (3.9)

3.2 The Potential and the Factorization Method

We now add a potential V to H{ and find the asymptotic expansion of
the resolvent of H = HJ + V around zero. We will allow a rather general
class of potentials, so we introduce the following assumption. We consider
only bounded perturbations, however it is possible to extend the results to
potentials with singularities.

Assumption 3.3. Let V be a bounded selfadjoint operator on I, such
that V extends to a bounded operator from H5/2 to H”/? for some § >
2. Assume that there exists a Hilbert space X, a compact operator v €
B(HP/2,K), and a selfadjoint operator U € B(X) with U? = I, such that
V =v*Uv.

Remark 3.4. The factorization leads to a natural additive structure on the
potentials. Assume that V; = v;Ujv;, j = 1,2, satisfy Assumption 3.3. Let
K = XK, ® K,. Using matrix notation we define

o U1 o U1 0
=[] wfr 2] 010
Then it follows that V' = V; + V5 has the factorization V = v*Uv with the

operators v and U defined in (3.10) and the space X = K; & Ks.

Example 3.5. We give two examples, the first one a local perturbation, and
the second one a non-local perturbation.
(i) Let V' be multiplication by a realvalued function V(r). Assume that

V(r)| < C+r)~"

for some § > 2. Take X = H and let v = v* denote multiplication by
IV(r)|['/2. Let U denote multiplication by 1, if V(r) > 0, and by —1, if
V(r) < 0. Then all conditions in Assumption 3.3 are satisfied.
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(ii) Let ¢ € H%2 and v € R, v # 0. Let V = 7|p)(p|. It has the

following factorization. Let X = C. Let v: H /2 — K be given by v(f) =

7' (¢, f), and U multiplication by sign(y). Then v*(z) = z|y|'¢, and

we have V' = v*Uv. The generalization to an operator of rank N follows
from Remark 3.4.

Write H = HP + V with V satisfying Assumption 3.3. We note the
following result.

Lemma 3.6. Let V satisfy Assumption 3.3. Then V is HP-compact.

Proof. We have
V(Hy +i)~" = [V(L+7)[(1+r) 72 (H + )",

The first term [ - -] is bounded by the assumption and the second term |- - - |
is compact by well-known arguments. O

We now briefly recall the factorization method, as used in [5], but here
extended to cover the non-local potentials. The starting point is the operator

M(k) = U +v(HY + r*) 1o,

which is now a bounded operator on K. The factored second resolvent equa-
tion is given by

R(—k?) = RP(—k?) — R (—r*)v* M (k) " RY (—K?). (3.11)

The first step in obtaining an asymptotic expansion for R(—x?) is to
study the invertibility of M (k) and the asymptotic expansion of the inverse.
Inserting the asymptotic expansion (3.4) we get

M(k) = zp:anj + O(kPT), (3.12)

§=0
provided (3 > 2p + 3. Here

My =U +vGEv*  and Mj:UG]DU*, j=1,...,p. (3.13)

3.3 Analysis of ker M,

We analyze the structure of ker M, and the connection with the point zero
in the spectrum of H.



Lemma 3.7. Let Assumption 3.3 be satisfied with 3 > 3.

(i) Let f € ker My. Define g = —GPv*f. Then Hg = 0, with the derivatives
in the sense of distributions. We have that g € L*([0,00)) N C(]0, 00)), with
9(0) = 0. We have g € H, if and only if

(vr, f)ac=0. (3.14)

(ii) Assume g € H* N C([0,00)), s < 3/2, satisfies g(0) =0 and Hg = 0,
in the sense of distributions. Let f = Uvg. Then f € ker M.

(i) Assume additionally that V' is multiplication by a function. Let f €
ker My, f # 0. Then (vr, f) # 0, and dim ker My = 1.

Proof. Let f € ker My, and define g = —G¥v* f. Then we have

o)== [ e = [ - e

Since v*f € H® for some s > 3/2, the second term belongs to H. The
first term is a constant. Thus part (i) follows. For part (ii), assume g €
H*NC(]0,00)), s < 3/2, satisfies g(0) = 0 and Hg = 0, in the sense of
distributions. Let f = Uvg € K. By assumption and definition we have

2

@g:Vg:v*f.

The mapping properties of v* imply that v*f € H* for some s > 3/2. Thus
we can define

h(r)=— /oo(r — ") (v* f)(r")dr'.

Hence 5

d
~_h =0

dz?

We conclude that Cg‘i—;(h — ¢g) = 0 in the sense of distributions, and thus for
some a,b € C we have g(r) = h(r) + a4+ br. Since g € H™*, s < 3/2, and
h € H, we conclude that b = 0. Since g(0) = 0 by assumption, we have

a=—h(0)=— /000 r'o(r') f(r)dr.

Thus we have shown that



such that
Uf =UUvg =vg = —vGEv* f,
or Myf =0.

Assume now that V' is multiplication by a function V, and that the fac-
torization is chosen as above in Example 3.5. To prove part (iii), assume
that f € ker My and that (vr, f) = 0. Let ¢ = —GPv*f. Then Myf = 0
implies f = Uvg. Using (vr, f) = 0, we find that g satisfies the homogeneous
Volterra equation

o)== [ =V )ar

It follows by a standard iteration argument that g = 0, and then also f = 0.
To prove the final statement, assume that we have f; € ker My, and f; # 0,
j = 1,2. Define g; = —GPv*f;. Then we can find an o € C, such that
(vr, f1) + avr, fo) = 0. Thus we get

(g1 + aga)(r) = — /00(7" — "WV (') (g1 + age)(r')dr'.

It follows again by the iteration argument that g; + ago = 0, and then as
above also f; + a.fo = 0. This concludes the proof of part (iii). O

Remark 3.8. Let us note that for a local potential it suffices to assume
(G > 2 for the results in Lemma 3.7 to hold, since in this case we can use the
mapping property of G¥ given in Proposition 3.1.

We need the following result, which is analogous to [4, Lemma 2.6]. We
include the proof here.

Lemma 3.9. Assume that f; € X, such that (3.14) holds for f;, j = 1,2.
Then we have that

(f1,vGFv" fo) = —(GFv" 1, GgV" f). (3.15)
Proof. Let g; = —GPv* f;. Since (3.14) holds, we have that g; € L*(]0, 00)).
Furthermore, we have

d2
ng = U*fj (3.16)

in the sense of distributions. We denote the Fourier transform on the line by
~. From (3.16) follows that we have

£75(€) = —(v" £;) (€).
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Since v*f; € H* for some s > 3/2, the Fourier transform (v*f;) is continu-
ously differentiable, by the Sobolev embedding theorem. Since g; € L*(R),
we must have

e Aoy
@Y 0) =0, (") (0) =0 (3.17)

It follows from (3.7) that GPv* f; = 0. Thus we have
* . 1 * — *
(f1,0G5v" fo) = lim ;@ fi, (HY + 87 = GG o' fa).
Now compute using the Fourier transform:
1
g(v*fh ((Hy + &%) = GP)* f2)

. OOW( : 1)<v*f2f<£>df.

. E+r2 ¢
& =< —1 -~
= * (V" dg.
| R O O
It follows from (3.17) that
1 * - 2
g(v fi) (§) € L*(R).
Thus we can use dominated convergence and take the limit x — 0 under the
integral sign above, to get the result. d

3.4 Resolvent Expansions: Results

Let us now state the results obtained. We use the same terminology as in [4],
since we have the same four possibilities for the point zero. We say that zero
is a reqular point for H, if dim ker My = 0. We say that zero is an exceptional
point of the first kind, if dimker My = 1, and there is an f € ker M, with
(vr, f) # 0. We say that zero is an exceptional point of the second kind, if
dimker My > 1, and all f € ker M, satisfy (vr, f) = 0. In this case zero
is an eigenvalue for H of multiplicity dim ker M. Finally, we say that zero
is an exceptional point of the third kind, if dimker My > 2, and there is an
f € ker My with (vr, f) # 0.

We introduce the following notation. Let S denote the orthogonal pro-
jection onto ker My. Then My + S is invertible in B(X). We write

Jo=(My+95)". (3.18)
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Theorem 3.10. Assume that zero is a regular point for H. Let p > 1 be an
integer. Assume that 3 > 2p+3 and s > p+ % Then we have the expansion

p

R(—r%) =Y WG+ 0(s") (3.19)

=0

in the topology of B(s, —s). We have
Go=(I+GyV) 'GP, (3.20)
G, = +GPV)y'\GPI+vah). (3.21)

The kernels of the operators GF and GP are given in (3.6) and (3.7), respec-
tively.
Theorem 3.11. Let p > 0 be an integer, and let V' satisfy Assumption 3.3

for some B > 2p + 7. Assume that zero is an exceptional point of the first
kind for H. Assume that s > p + % Then we have an asymptotic expansion

R(—r%) =Y KG;+ 0 (3.22)
j=—1
in the topology of B(s, —s). We have
Gy = W) (], (3.23)
where
L e
[(f,or)]

for f € ker My, || f]| = 1.

Theorem 3.12. Let p > 1 be an integer, and let V' satisfy Assumption 3.3
for some 3 > 2p+11. Assume that zero is an exceptional point of the second
kind for H. Assume that s > p+ % Then we have an asymptotic expansion

p

R(—r%) = Y WG+ 0" (3.24)
j=—2
in the topology of B(s, —s). We have
G_y=Py, (3.25)
G.,=0, (3.26)
Go =GP — GPv* JpwGE — GPv* JowGDV Py — P\VGPv* JouGY
+ RVGPV PR + PVGY +GPV R, (3.27)
G =GP — GPv JpwGY — GPv* oGP + GEV Py + RV GY,
+ GPv* JowGPV Py + P,V GEPv* TGP, (3.28)
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Here Py denotes the projection onto the zero eigenspace of H, and the oper-
ator Jo is defined by (3.18).

Theorem 3.13. Let p > 0 be an integer, and let V satisfy Assumption 3.3
for some B > 2p+ 11. Assume that zero is an exceptional point of the third
kind for H. Assume that s > p+ % Then we have an asymptotic expansion

R(—K?%) = zp: K G+ Ok (3.29)

j=—2
in the topology of B(s, —s). We have

Gy = Py, (3.30)
G = |‘I/c><\Ilc’ (331)

Here Py is the orthogonal projection onto the zero eigenspace, and V. is the
canonical zero resonance function defined in (3.50).

Remark 3.14. It is instructive to compare the results above with the results
in the case dimension d = 3, see [4]. The operator we consider here is the
angular moment ¢ = 0 component of —A + V on L?*(R?), provided V' com-
mutes with rotations. In particular, we can only get zero as an eigenvalue for
non-local V', and the expansion in the second exceptional case has coefficient
G_1; =0 (and in the third exceptional case this coefficient only contains the
zero resonance term), consistent with the result in [4], where in the radial
case this term lives in the ¢ = 1 subspace, see [4, Remark 6.6].

3.5 Resolvent Expansions: Proofs

We now give some details on the proofs of the resolvent expansions.

Proof of Theorem 3.10

We give a brief outline of the proof. Since by assumption M, is invertible in
XK, and since we assume 3 > 2p + 3, we can compute the inverse of M (k)
up to an error term O(xP™!) by using the Neumann series and the expansion
(3.12). This expansion is then inserted into (3.11), leading to the existence
of the expansion up to terms of order p, and to the two expressions

Go =GP — GPv MGy

and
Gy = (I — GEv* My '0)GP (I — v* My 'wGY).

12



Now we carry out the following computation
I —GPv* My v =1 — GPv* (U + vGEve) v
=1 - GPv U +vGPvU)
=1 - GPvUv(I 4+ GPv*Uv) ™
=I-GYVUI+GJV)!
= +GJv)™.
Using this result, and its adjoint, we get the expressions in the theorem. It is

easy to check that the above computations make sense between the weighted
spaces.

Proof of Theorem 3.11

We assume that zero is an exceptional point of the first kind. Thus we have
that dimker My = 1. Take f € ker My, ||f|l = 1. Let S = |f)(f] be the
orthogonal projection onto ker My. Assume > 2p+ 7. Let ¢ = p+ 2. Then
by Proposition 3.1 we have an expansion

q
M(k) = Z K M + O(k11) = My + kM, (k). (3.32)
=0
We now use [5, Corollary 2.2]. Thus M (k) is invertible, if and only if
- N j+1
m(x) = S (~1)'siS [Ml(n)JOT 3 (3.33)
=0

J

is invertible as on operator on SK. We also recall the formula for the inverse
from [5, Corollary 2.2].

M(k)™ = (M) +S)™ + %(M(/{) +8)7tSm(k)rS(M (k) +8)7L. (3.34)

It is easy to see that we have an expansion

q—1
m(k) =Y Kk'm;+ O(k?),
j=0
where
mo = SMlS, (335)
my = SMQS — SMljoMls, (336)

my = SM3S — SMyJoMyS — SMyJoMy S + SMyJo My Jo My S. (3.37)

13



Using (3.7) we see that
mo = SMS = —|Svr)(Svr| = —|(f,vr)|* S. (3.38)

Since (f,vr) # 0, it follows that my is invertible in SK. The Neumann series
then yields an expansion

q—1
m(k) =mg' + Z K A+ O(K9).
j=1
The coefficients A; are in principle computable, although the expressions

rapidly get very complicated. This expansion is inserted into (3.34). We also
use the Neumann series to expand

(M(k)+8)™" = Jy + zq: KM, + O (k).

j=1
This leads to an expansion
1 =
M(k)™' = =Smy'S IB; + Ok
(k)" = —Smy +§H j+O(s"),
where we also used that SJy = JpS = 5. We now use (3.11) together with

the expansion above and the expansion of RP(—k?) from Proposition 3.1 to
conclude that we have an expansion

q—2
R(—~K?%) = —lGODU*SmSISUGOD + ZﬁjGj +O(k" ).
K

J=0

This concludes the proof of the theorem.

Proof of Theorem 3.13

Assume that zero is an exceptional point of the third kind for H. Thus
dim ker My > 2, and there exists an f € ker My with (vr, f) # 0. We repeat
the computations in the proof of Theorem 3.11, although the assumptions
are different. As above, S denotes the orthogonal projection onto ker M.
Given p > 0, assume 3 > 2p + 11, and let ¢ = p + 4. Then 8 > 2¢ + 3, and
for this ¢ we have the expansion (3.32). We also have the expansion (3.33)
and the expressions for the first three coefficients given in (3.35), (3.36), and
(3.37), respectively. We have

mo = SMS = —|Svr)(Svr|,

14



which by our assumption is a rank 1 operator. The orthogonal projection
onto ker my is given by

1
S1 =85+ E\SWMSW\, a = ||Svr|%,

and by assumption S; # 0. Now we use the main idea in [5], the repeated
application of Corollary 2.2. Applying it once more, we get

m(r) " = (m(r) +51)7

1
+ E(m(l-ﬁ) +81) 7 S1q(k)ES (m(k) + S1) (3.39)
with
q(k) = qo + kgL + -+ O(k")
= SlmlSl -+ H[Slmgsl — Slml(mg + 51)_1m151]
4+ 4+ 0>k, (3.40)
Here the --- are terms, whose coefficients can be computed explicitly. We

must have that g is invertible in S;XK. Otherwise, we can iterate the proce-
dure, leading to a singularity in the expansion of R(—x?) of type k=7 with
j > 3, contradicting the selfadjointness of H. Thus we have

g(F) ' =gt = Kgy ' ge -+ O, (3.41)

It remains to perform the back-substitution, and to compute the coeffi-
cients. The back-substitution leads to

1 1
R(—K%) = G o+ —=G_1 + -+ O(r*"),
R K
with expressions

G,Q == —GODUSlqo_lSlvG(?, (342)
G,1 = Gé)vslqo_lslmgSlqo_lSlvGé)

— GODU(S — Slqo_lSlml)(mo + Sl)_l(S - mlslqo_lSl)vGé). (343)

These expressions can be simplified. The computations are similar to the

ones in [7], although there are some differences. Let Py denote the projection

onto the eigenspace for eigenvalue zero for H.
Let us start by reformulating the result in Lemma 3.7. Let

T=-GPv*S, and T =Uvh,. (3.44)

15



The operator T is a priori only bounded from X to H™* for s > 1/2, but
Lemma 3.7 shows that it is actually bounded from X to H, with RanT" =
PyJH. We also have that T is bounded from H to X, with RanT = S;X.
Now Lemma 3.9 implies that

TT =Py and TT =S5 (3.45)

The adjoint 7 is the closure of the operator —S;vGE. These observations
lead to the result s
Siqy 'Sy = —-TT*. (3.46)

Now insert into (3.42) to get
G o =TTT*T* = P,.
Then we note that
G0DU51q0_151m251q()_151UG()D = 0. (3.47)

This result holds, since S;m».S; = SlG:?v*Sl = 0, as can be seen from the
kernel (3.9) and the condition (3.14), which holds for all functions in the
range of Si. As for the last term in (3.43), from (3.38) and (3.40) it follows
that

(mo+S1) =9, — %|Svr)(5vr|, (3.48)
(S — Si1gy ' S1m1)S; = 0. (3.49)
Define
= W(GODU|SUT> — PV GEPv|Sur)). (3.50)
Then a computation shows that we have
Gy = [e)(We|. (3.51)

This concludes the proof of Theorem 3.13.

Proof of Theorem 3.12

We will not give the details of the proof of this theorem. It follows along the
lines of the previous proofs. More precisely, if as above S is the orthogonal
projection onto ker My, then (3.34-3.37) hold true with my = 0, and the
argument leading to the the invertibility of qo, see (3.40), gives the fact that
M; is invertible. Then expanding in (3.34) and carrying the computation far
enough, one finds the expressions in (3.25-3.28) for the first four coefficients
explicitly, which are of interest in connection with the Fermi Golden Rule
results below.
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4 A Non-Local Potential Example

We will illustrate Theorem 3.13 by giving an explicit example, using a rank
2 perturbation. The example is constructed such that H has zero as an
exceptional point of the third kind.

Let us define two functions in L?([0, 00)) as follows.

(0 for0<r<3,
Pi(r)=q1 for3<r<4,
0 forda<r<oo,

\

(0 for0<r<1,
1 forl <r<2,

Palr) = —3 for2<r<3,
L0 for3<r<oo.
We have - -
/ r¢1(r)dr #0 and / r¢o(r)dr = 0. (4.1)
0 0

As our potential we take

3 75
V = =l {0n] - 22162 (al (+2)

For the factorization we take X = C?, and define v € B(H, X) by

(01, f
o(f) = ;§< 2ub (4.3)
%<¢)27 f>
We let U = —I, where [ is the identity operator on X. Then we have

V =v*Uv. Next we compute My. Direct computation shows that
vGPv* = 1.

The constants in V' were chosen to obtain this result. Thus My = 0. Take
1 0
ol sl

(vr, f1) #0 and (vr, fo) =0,

Then

17
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Figure 1: Canonical zero resonance function ¥,

due to (4.1). Thus zero is an exceptional point of the third kind for H with
this potential. We can also find the resonance function and an eigenfunc-
tion explicitly. An eigenfunction is given by —GPv*f,. Carrying out the
computations, one finds after normalization

—%r forO<r <1,

375 | 12 — Ip 41 forl<r<2,
\IIO(”:\/@ s 000l m for 2 < r < 3 (4.4)
—il T Er— 1 lor2sr<os,

0 for3 <r<oo.
Using this function and the expression (3.50) one gets
(—%r for0<r<1,
3op2 Sy 4 30 forl<r <2,
U, (r) = —%ﬁ%—%r—% for2<r<3, (4.5)
—%TQ—F%T—% for3<r <4,
1 for4 <r<oo.

The plots of the two functions are shown in Figure 1 and Figure 2, respec-
tively.

The computations in this example have been made using the computer
algebra system Maple.
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Figure 2: Normalized zero eigenfunction —W¥,

5 Application to the Fermi Golden Rule at
Thresholds

We recall the main result from [7] in the context of the Schrédinger operators
on the half line considered above. Let H = HP + V', where V satisfies As-
sumption 3.3 for a sufficiently large 3. Let W be another potential satisfying
the same assumption. We consider the family H(e) = H + W for ¢ > 0.
Assume that 0 is a simple eigenvalue of H, with normalized eigenfunction
Py, Assume

b= <\I/0, W\I/0> > 0. (5].)

The results in [7] show that under some additional assumptions the eigenvalue
zero becomes a resonance for H(e) for € sufficiently small. Here the concept
of a resonance is the time-dependent one, as introduced in [9]. The additional
assumption needed is that for some odd integer v > —1 we have

Gj=0, forj=-1,...,v—2,and g, = (Vg WG,W¥;) #0. (5.2)

Here G; denotes the coefficients in the asymptotic expansion for the resolvent
of H around zero, as given in either Theorem 3.12 or Theorem 3.13. The
main result in [7] gives the following result on the survival probability for the
state WU, under the evolution exp(—itH (¢)). There exists €9 > 0, such that
for 0 < € < g9 we have

(W, e HEP) = ¢7AE) L 5(e ), > 0. (5.3)
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Here A(g) = x(e) — iI'(e) with

D(e) = —i* g, b2 W2 (1 4 9(e)), (5.4)
zo(e) = be(1 + O(e)), (5.5)

as € — 0. The error term satisfies
6(,8)| < CeP™, >0, p(v)=min{2, (2+v)/2}. (5.6)
We state two corollaries to the results in this paper and in [7].

Corollary 5.1. Let H= HP +V be a Schrodinger operator on the half-line,
with V' satisfying Assumption 3.3 for some 3 > 17. Assume that zero is an
exceptional point of the second kind for H. The zero eigenfunction is denoted
by Wy and is assumed to be simple. Let also W satisfy Assumption 3.3 for
some 3 > 17. Assume that

b= (Wo, W) # 0, (5.7)
g1 = (Yo, WG W) # 0. (5.8)

Let H(e) = H+eW, e > 0. The the results (5.3)~(5.6) hold with v = 1.
We note that an expression for g; can be obtained from (3.28).

Corollary 5.2. Let H= HP +V be a Schrédinger operator on the half-line,
with V' satisfying Assumption 3.3 for some 3 > 9. Assume that zero is an
exceptional point of the third kind for H. The zero eigenfunction is denoted
by Vo and is assumed to be simple. The canonical resonance function is
denoted by V.. Let also W satisfy Assumption 3.3 for some 3 > 9. Assume
that

b= (W, W) % 0, (5.9)
g1 = (W0, WG Wg) = [(Wo, W) [* £ 0. (5.10)

Let H(e) = H+ W, e > 0. The the results (5.3)(5.6) hold with v = —1.

This second Corollary is particularly interesting, since we can check the
conditions (5.9) and (5.10) in the example given in Section 4. It is easy to
see that one can get both (¥o, WW,.) # 0 and (¥, WV,.) = 0, for both local
and non-local perturbations W. Only in the first case can one apply directly
the results from [7], due to the condition (5.2). The other case has not yet
been investigated in detail.

One can also use the results on resolvent expansions to give examples
using two channel models, as in [7]. We omit stating these results explicitly.
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