Aalborg Universitet AALBORG

UNIVERSITY

On directed coverings

Fajstrup, Lisbeth

Publication date:
2008

Document Version
Publisher's PDF, also known as Version of record

Link to publication from Aalborg University

Citation for published version (APA):
Fajstrup, L. (2008). On directed coverings. Department of Mathematical Sciences, Aalborg University. Research
Report Series No. R-2008-21

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

- Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
- You may not further distribute the material or use it for any profit-making activity or commercial gain
- You may freely distribute the URL identifying the publication in the public portal -

Take down policy
If you believe that this document breaches copyright please contact us at von@aub.aau.dk providing details, and we will remove access to
the work immediately and investigate your claim.

Downloaded from vbn.aau.dk on: August 23, 2025


https://vbn.aau.dk/en/publications/636f4d70-cb6f-11dd-a016-000ea68e967b

AALBORG UNIVERSITY

On directed coverings
by

Lisbeth Fajstrup

Q{—QOOS—Ql December 200&

DEPARTMENT OF MATHEMATICAL SCIENCES
AALBORG UNIVERSITY
Fredrik Bajers Vej 7G = DK-9220 Aalborg st = Denmark
Phone: +4599408080 = Telefax: +4598158129
URL: http://www.math.aau.dk

ISSN 1399-2503 = On-line version ISSN 1601-7811




ON DIRECTED COVERINGS

LISBETH FAJSTRUP

ABSTRACT. In [1], we study coverings in the setting of directed topology. Un-
fortunately, there is a condition missing in the definition of a directed covering.
Some of the results in [1] require this extra condition and in fact it was claimed
to follow from the original definition. It is the purpose of this note to give the
right definition and point out how this affects the statements in that paper.
Moreover, we give an example of a dicovering in the sense of [1], which does
not satisfy the extra condition. Fortunately, with the extra condition, the
subsequent results are now correct.

1. INTRODUCTION

In [1], we give a construction 7 : (X, %) — (X, o) which is denoted a universal
dicovering. Moreover, we define dicoverings as maps p : (Y,y0) — (X, zo) with
certain lifting properties. We claim the existence of a map ¢ : (X, 7o) — (Y, o)
s.t. m = po ¢; and it is in this sense, that the universal dicovering is universal.
However, for the map ¢ to be well defined, we need an extra lifting condition in
the definition 2.40f a dicovering. The purpose of this note is to make this clear.

2. THE PROBLEM AND THE SOLUTION

The directed spaces in [1] are locally partially ordered spaces. We will work
in d-Top, the category of d-spaces, here. The approach through locally partially
ordered spaces as in [1] requires extra conditions on the spaces, i.e., longer defi-
nitions, and hence would make this note longer; moreover, d-Top seems by now
to be the right category for directed topology.

Definition 2.1. A d-space is a topological space X with a set of paths ﬁ(X) c X!
such that

° ﬁ(X) contains all constant paths.

e v, € 13(X) implies v * | € 13(X), where % is concatenation.

o If ¢ : I — I is monotone, t < s = ¢(t) < ¢(s), and v € P(X), then

yo¢ € P(X)
A d-map or dimap f : X — Y is a continuous map, such that if a € ﬁ(X)

then foa € P(Y).

Date: December 16, 2008.
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The set of distinguished paths, ﬁ(X) are called the dipaths. They are d-maps
from the ordered interval I to X. The category of d-spaces is denoted d-Top

Definition 2.2. For a d-space (X, P(X)) and A, B subsets of X, let P(X, A, B)
be the set of dipaths v : I — X, v(0) € A, v(1) € B.

Let I x I be the unit square with discrete order (equality) in one coordinate
and the standard order along the other. Dipaths are increasing in the second and
constant in the first coordinate. Let x,y be points in X and v, u € ﬁ(X,a:,y),.
Then ~y is dihomotopic to p if there is a d-map H : I x I — X with H(0,t) =~(1),
H(1,t) = p(t) and H(so,t) € P(X,x,y) for all so.

H is a dihomotopy with fized endpoints and the equivalence classes are called
dihomotopy classes.

7T1(X, x,y) is the set of equivalence classes.

We define a universal dicovering as in [1] disregarding the extra conditions on
the topology given in [1] on X, since these are not relevant for this note. See
Rem. 2.8

Definition 2.3. [Following [1] Def. 3.1] Let ((X,z¢), P(X))) be a pointed d-space

and let U be a basis for the topology on X . The universal dicovering space (X, Zg)
of X with respect to xq is the set

{B]ly = (1.0) — (X, a0)}

where [7y] is the dihomotopy class of v with fized endpoints and &g is the diho-

motopyclass of the constant dipath [xo| The topology on (X, %) is given by the
following subbasis:

For ~: (I,0) — (X, xo) such that (1) € U, where U € U, let

U['ﬂ = {[77] € UyEUﬁl(Xa 95073/)”77] ~U [7]}

where [y] ~u [n] if there is a dimap H : I x I — X such that H(0,t) = ~(t),
H(1,t) =n(t), H(s,0) = x¢ and H(s,1) € U for all s € I.

The set of dipaths P(X) is the closure of {I'(t) = Ylo,q] where 7 : ((I,0) —
(X, o)} under composition, reparametrization and subpath.
Let : (X, Z0) — (X, x) be the endpoint map, 7([y]) = v(1).

A directed covering is defined in terms of lifting properties in [1]. We did not
require condition 3, i.e., that dihomotopies with fixed endpoints and initial point
xg lift to dihomotopies with fixed endpoints. Condition 2 is a lifting property for
dihomotopies with fixed initial point.

Definition 2.4. [Following [1] Def. 4.1] Let IT : X — X be a d-map. Then II is
a dicovering with respect to xg € X if for every yo € 1171 (xq):

(1) For every dipath -~ : I — X such that v(0) = xg, there is a unique lift
4 I — X, such that Il o4 =~ and 7(0) = yp.
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(2) For every d-map H : I x I — X with H(s,0) = z there is a unique lift
H:IxIT—X st lloH=H and H(s,0) = y,.
(3) For every d-map H : I x I — X with H(s,0) = zo and H(s,1) = z, there
is a unique lift H : I x I — X s.t. o H=H, H(s,0) =y and H(s,1)
15 constant.
When X =1x xo == {z € X|3y: (I,0) — (X, z0) : (1) = 2}, II"Y(z0) = & and
X =1 < To, the dicovering is a simple dicovering, and all dipaths lift uniquely,
not only the ones initiating in xy.

Our universal dicovering is universal in the sense of

Proposition 2.5. [[1] 4.6] Let II : (X,%) — (X.,zo) be a dicovering w.r.t.
zo € X, such that IT"'(xg) = %¢. Then there is a map ¢ : (X, %) — (X, o)
covering the identity, i.e., Il o ¢ = 7.

Proof. Let ¢([y]) = 4(1), where ¥ is the unique lift of v with initial point .
This is well defined, since if [\] = [] € X,,, A is dihomotopic to . Since
dihomotopies with fixed endpoints lift to dihomotopies with fixed endpoints, it
follows that A(1) = 4(1). O

The map ¢ is not well defined if we remove condition 3 in Def. 2.4, and hence X
is not “universal” in that setting. In [1] we claimed that condition 3 follows from
condition 2 and continuity of dihomotopies. This claim is made, and condition 3
is needed, in the proof of [1] Prop. 4.5 as well:

Proposition 2.6. [[1] 4.5/ Let 11 : (X,ﬁ:o) — (X, z9) be a simple dicovering.
Then for v € X, |IT7Y(x)] < |71(X, 2o, x)|

However, as the following example shows, condition 3 does not follow from the
original definition. In particular, Prop. 2.6 does not hold in this example.

Example 2.7. (See Fig.1) Let X be the quotient of I x I under the relation
(5,0) ~ (0,0) and let X be the quotient of X under the relation (s,1) ~ (0,1).
Let p = (X,(0,0)) — (X,(0,0)) be the quotient map. Then Def. 2.4 1 and 2
certainly hold with xo = (0,0),i.e., dipaths and of dihomotopies initiating in (0,0)
lift uniquely. But the dihomotopy (with fized endpoints) H : I X I— X given by
projection to the quotient X lifts to projection to the quotient X, which does not
have fized endpoint H(s,1). Hence this example is a dicover with regard to the
original definition but not to the one given here.

All examples of dicoverings in [1] in fact do satisfy the extra lifting condition,
hence it is still true that the map ¢ in 2.5 is not necessarily continuous; the
“Hawaiian star” example ([1] 4.7) proves that.

Remark 2.8. In [1], we study universal dicoverings with base space X a locally
partially ordered space satisfying some technical requirements on the interplay
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(0,0) T x I/(s 0)~(00)

F1GURE 1. All maps are projections or inclusions

between the topology and the directed paths. These cases can be studied in the
above framework of d-spaces. Since the universal dicovering construction satisfies
the present definition of a dicovering, the results, examples and counterexamples
are still relevant: For instance, our construction 2.3 will not always provide a
Hausdorff universal dicovering even if the base space is Hausdorff, and the fibers
are not discrete (by [1] Ex. 3.7) but extra requirements on the topology of X will
ensure that.

Remark 2.9. In [2] we prove that in certain subcategories of d-Top, there exists
a universal dicovering w.r.t. the original definition. The methods in [2] provide
existence of a universal dicovering (X, zo) — (X, zg) w.r.t. the definition here as

well, and the resulting d-map f : X — X is a bijection of sets. We study this in
a subsequent paper.
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