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Robust Feedback Linearization-based Control Design for a Wheeled
Mobile Robot

JanDimon Bendtsen,PalleAndersen,andTomSøndergårdPedersen

Departmentof ControlEngineering,Aalborg University
FredrikBajersvej 7C

DK-9220Aalborg East,Denmark.
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�
pa,dimon,tom� @control.auc.dk

This paperconsidersthe trajectorytrackingproblemfor a four-wheeldriven, four-wheel
steeredmobilerobotmoving in outdoorterrain. Therobot is modeledasa non-holonomic
dynamicsystemsubjectto purerolling, no-slipconstraints.A nonlineartrajectorytracking
feedbackcontrol law basedon dynamicfeedbacklinearizationis designedfor this model.
Sinceseveralparametersin the model,in particulartheground-wheelcontactfriction, are
not well known a priori, a robustnessanalysisis carriedout for boundeduncertainties.It
is demonstratedthatuncertaintiescanrendertheclosed-loopsystemunstable,andtwo ap-
proachesto avoid this aresuggested.

Keywords:AutonomousVehicles,FeedbackLinearization,RobustControl,VehicleDynamicsandControl,
WheeledMobile Robots

1. INTRODUCTION

The work presentedin this paperis motivatedby
a projectcurrentlyin progress,whereanautonomous
four-wheeldriven, four-wheelsteeredrobot is under
construction. The purposeof the project, which is
a collaborationbetweenthe DanishAgricultural Re-
searchCenterand Aalborg University, Denmark,is
to constructa robot that is ableto survey anagricul-
tural field autonomously. Thevehiclehasto navigate
to certainwaypoints(measurementlocations),where
digital imagesof thecrops,weeds,etc.canbetaken.
Imageanalysiswill be usedin order to obtain esti-
matesof thecropandweeddensityat eachmeasure-
ment location. This information will be combined
for eachlocation to yield a digitized weedmap of
the field, openingup opportunitiesfor the farmerto
adjustthe applicationof fertilizer andpesticidesac-
cording to the stateof the field. The robot will be
equippedwith GPS,magnetometerandodometersen-
sors,whichwill not only helpin theexactdetermina-
tion of the location whereeachimageis taken, but
also provide measurementsfor an estimationof the
robot’s position and orientationfor a tracking algo-
rithm.

The robot is equippedwith independentsteering
anddrive motors(8 DC motorsin total), whoseindi-

vidual controllersareconnectedto a main computer
via a fieldbus. It is thuspossibleat any giventime to
setrotationspeedor torquereferencesfor eachmotor.

As statedabove, the robot needsto navigatefrom
waypoint to waypoint,and in order to minimize the
damageto thecroprows,therewill besignificantpor-
tion of theoperationwhereit is not convenientto fol-
low straightlinesbetweenthewaypoints.Rather, the
robot needsto track a smooth,spline-typetrajectory
betweenthewaypoints.To addressthetrackingprob-
lem, which is themainsubjectof this paper, we will
thereforeneedto considernot only thekinematicsof
the robot, but also the dynamics. Following the ap-
proachtaken in [1] and [2], we presenta dynamic
modelof therobotcontaininga kinematicsub-model
describingthegeometricaspectsof therobot’strajec-
tory trackingandadynamicsub-modeldescribingthe
dynamicsfrom inputtorquesto resultingvelocities.It
is assumedin the modelingthat thereis neitherslip
norskidding.

As themodelis highly nonlinearandinvolvesnon-
holonomicconstraints,it is clearthatanonlinearcon-
trol schemeis moresuitedthanalinearone.Wethere-
fore designan input-output feedbacklinearization-
basedcontrol law to solve the trajectory tracking
problem,consideringboththekinematicsanddynam-
ics in thedesign.Thesteeringdynamicswill bedealt
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with by closinglocal loopsaroundeachsteeringmo-
tor; the presenceof large friction forcesmakes it a
necessityto apply servo control to the steering.The
driving dynamicscan be partly linearizedby com-
puting a total torquethat negatesthe nonlinearities,
but aninterestingpoint ariseswhenthis torquehasto
be distributedto the four driving motors,asthe sys-
temis mechanicallyover-determined.Wechooseone
of several solutions,which minimizesthe maximum
torqueappliedto any onewheelat a giventime.

After thepartial linearizationof thedynamics,we
designapathtrackingcontrollaw, alsobasedonfeed-
back linearization. Feedbacklinearizationdesigns
have the potentialof reachinga low degreeof con-
servativeness,sincethey rely on explicit cancelingof
nonlinearities. However, such designscan also be
quitesensitive to noise,modelingerrors,actuatorsat-
uration, etc. In caseof this robot, thereare several
parametersin the model that arenot known well, in
particularthe friction disturbancesfrom the ground,
butalsomotortimeconstantsandinertiadistributions.
As a consequencehereof,we will conducta robust-
nessanalysisof thefeedbacklinearizationdesign.We
show that even quite limited uncertaintiescancause
instability undernormal driving conditions,and we
suggesttwo approachesto dealwith this problem.

2. DYNAMIC MODEL AND LINEARIZATION

We consider a four-wheel driven, four-wheel
steeredrobot moving on a horizontal plane, con-
structedfrom arigid framewith four identicalwheels.
Eachwheelcanturn freelyaroundits horizontalaxis,
andits directioncanbefreely controlledaswell. The
contactpoints betweeneachof the wheelsand the
groundmustsatisfypurerolling andnon-slipcondi-
tions.
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Figure 1. Definition of the field coordinatesystem� ��
�����
�� , vehicle coordinatesystem
� � � ��� � � , vehi-

cle orientation

�
, andthedistance

� 

anddirection

� 

from thecenterof mass

� ������� to wheel1. Eachwheel
planeis perpendicularto theICR.

Considera reference(‘field’) coordinatesystem� � 
 ��� 
 � in the plane of motion. The position of
the robot is then completelydescribedby the coor-
dinates

� ������� of a referencepoint within the robot
frame,which without lossof generalitycanbe cho-
senas the centerof mass,and the orientation

�
rel-

ative to the field coordinatesystemof a (‘vehicle’)
coordinatesystem

� � � ��� � � fixed to the robot frame.
Thesecoordinatesarecollectedin theposture vector��� � �!� �#"%$ &('*) . The position of eachwheel
within thevehiclecoordinatesystemwill bedescribed
by asetof vectorsfrom thecenterof massto thepoint
of rotation of eachwheel. The position of the + ’ th
wheel, ,.-/+0-21 , is thusgivenby a constantangle
relative to the ��� axis, denoted

�43
, and the constant

distancefrom the centerof mass,denoted
� 3

. Be-
causethewheelsarenotallowedto slip, theplanesof
eachof the wheelsmustat all timesbe tangentialto
concentriccircleswith thecenterin theinstantaneous
centerof rotation(ICR).Theanglebetweenthewheel
planeof the + ’ th wheelandthe � � directionis denoted5 3

. Thewheelsareplacedin a rectangularconfigura-
tion, asindicatedin Figure1. Denotingthedistances
betweenwheels , and 6 by 7 
98 andbetweenwheels, and 1 by 7 
�: , thefollowing two auxiliaryequations
describingthe last two wheelorientationscanbeob-
tained:5 ) � ;=<?>�@ 
 A�B=CED�F#C9G H�DJIA�BKCED F A�BKCLD I�MON FQPN FQI C9G HSRQD I @ D FUT (1)

5V: � ;=<?> @ 
 C9G HVD F A�B=CED IA�BKCED F A�BKCLD I�MON FQPN FQI C9G HSRQD I @ D FUT (2)

Define
5 � � 5 
 5 8 5 ) 5 :

"U$
and W �� W 
 W 8 W ) W :

"%$
. Themotionof thefour-wheeldrive,

four-wheelsteeredrobotis thencompletelydescribed
by thefollowing 11 generalizedcoordinates:

X � � � � 5 $ W
$ $ � � $ 5 $ W

$ $
(3)

andwe canwrite thepurerolling, no slip constraints
on thecompactmatrix form

Y � X?�[ZX � \ 
 � 5 ��]�^ _ \ 8`a
 � 5 ��]�^b_ _ ZX � _ (4)

in which

\ 
 � 5 � �
cJd?e 5f
 eKg > 5h
i��
 e=g > � 5f
fj � 
 �cJd?e 5[8 eKg > 5V8k�J8 e=g > � 5[8lj � 8 �cJd?e 5 ) eKg > 5 ) � ) e=g > � 5 ) j � ) �cJd?e 5[: eKg > 5V:k�J: e=g > � 5[:lj � : �

\ 8 � mLnL:Eop:
`a
 � 5 � �

j eKg > 5h
 cJdqe 5f
i��
 crd?e � 5f
hj � 
 �j eKg > 5V8 cJdqe 5[8k�J8 crd?e � 5[8sj � 8 �j eKg > 5 ) cJdqe 5 ) � ) crd?e � 5 ) j � ) �j eKg > 5V: cJdqe 5[:k�J: crd?e � 5[:sj � : �
] ^ � crd?e � eKg > � _j eKg > � crd?e � __ _ ,
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[2] definestwo characteristicnumbers,degree of
mobility tvu anddegreeof steeribility tKw , which ex-
presshow thekinematicconstraintsrestrictthemove-
ment of the wheeledmobile robot. tKu is defined
as the dimensionof the null spaceof

`a

and ex-

pressesthe numberof degreesof freedomthat can
be manipulateddirectly from the inputs to the kine-
matic model(velocities)without reorientationof the
wheels.Thedegreeof steeribility is definedas t w �
rank
� ` 
 � 5 � � �yx j t u andexpressesthenumberof

wheelorientationsthatcanbeorientedindependently
whensteeringtherobot.It canbededucedfrom equa-
tions (1) and (2) that tKu � rank

� `�
 � 5 � � � 6 andtKw �zx j 6 � , . Then, following the argumenta-
tion in [2], it canbededucedthattheposturevelocity
of the wheeledmobile robot

Z�
is constrainedto be-

long to a one-dimensionaldistribution parametrized
by the orientationanglesof two wheels,say,

5h

and5[8

. Thus, Z� & span
�
col
� ] $^|{ � 5 � �?�

where { � 5 � &}'*) is perpendicularto the space
spannedby the columnsof

` 

, i.e.,
` 
 � 5 � { � 5 ��~_�� 5 . { canbe found by combiningthe expression

for
` 
 � 5 � with equations(1) and(2) to

{ �
��
 crd?e 5V8 cJdqe � 5f
fj � 
 � j��J8 cJd?e 5f
 crd?e � 5[8sj � 8 ���
 eKg > 5V8 cJdqe � 5f
fj � 
 � j��J8 e=g > 5f
 crd?e � 5[8sj � 8 �e=g > � 5f
fj�5[8 � �

Thediscussionaboveimpliesthattherobotposture
canbe manipulatedvia a velocity input � ��� � &�' in
the instantaneousdirection of { , that is, ] ^ Z� ��� � �{ � ��� ��� � . Similarly, it is possibleto manipulatethe
orientationsof thewheelsvia anorientationvelocity
input � ��� � ��� Z5f
�Z5[8

"U$ &�' 8 . This allows usto arrive
at theso-calledposturekinematicmodel:

Z� Z5�� � ]
$
^ { __ n � � � (5)

Due to large friction effects in gearsand contact
friction betweenthe groundandwheels,it hasbeen
decidedto applylocalservo loopsto control

Z5
, yield-

ingapproximatelylineardynamicswithoutovershoot.
Thedynamicsof � will bedealtwith accordingto

theapproachsuggestedin [1] and[2], which is to ap-
ply theLagrangeformalismto theproblem.TheLa-
grangeequationsfor non-holonomicsystemsarewrit-
tenon theform

77 �
�q�� ZXv� j

�q�� XK� ��� � � X?�
$h� ��� �

in which
�

is the total kinetic energy of the system
and XK� is the � ’ th generalizedcoordinate.On theleft-
handside,

� � � X?� is the � ’ th columnin the kinematic
constraintmatrix

Y � X?� definedin (4),

�
is a vector

of so-calledLagrange undeterminedcoefficients, and� � is ageneralizedforce(or torque)actingonthe � ’ th
generalizedcoordinate.

Thekineticenergy of therobotis calculatedas

� � ,6 ZX
$ ] $^*� ]�^�]

$
^*� _�

$ ]�^ \ D __ _ \q�
ZX (6)

with appropriatechoicesof � , \ D and \q� . In the
caseof the wheeledmobile robot we canderive the
following expressions:

� � � _ � w_ � � �� w � �}��� � ���
: 3�� 
 � 83 � (7)

Here,
���

is the moment of inertia of the frame
around the center of mass. Furthermore, � �� � � 1 � � , � w � j � �

: 3Q� 
 � 3 eKg > � 3 , and � �y�
���

: 3�� 
 � 3 cJd?e �p3 , where� � and��� arethemasses
of the robot frameandeachwheel,respectively. We
note that sincethe wheelsareplacedsymmetrically
aroundthe ��� and ��� axes, � w and � � shouldvan-
ish. However, this may not be possibleto achieve
completelyin practice,dueto unevendistribution of
equipmentwithin therobot.

Turning to the wheels,we denotethe momentof
inertiaof eachwheelby

� � andfind

\ D � ,6 � � n :Eop: and \q� � � � n :Eop: (8)

and

� � _ _ _ __ _ _ _� � � � � � � � �
(9)

The Lagrangeundeterminedcoefficients are then
eliminatedin orderto arrive at thefollowing dynam-
ics:  �
 � 5 ��Z� �¢¡ 
 � 5 � �£� � {

$f¤ ¥ � (10)

in which

¤ � \
$
 \ @ 
8 &¦'*) op: and ¥ � &¦' : is a

vectorof torquesappliedto rotate(drive) thewheels.
Thequadraticfunction

 �
 � 5 � is givenby �
 � 5 � � {
$ � � �

¤s$
\ �
¤ � {¢§ _ (11)

and
¡ 
 � 5 � &�' is givenby¡ 
 � 5 � � {

$ � � �
¤ $
\ �
¤ ��¨ � 5 � (12)

¨ � 5 � ��� ¨ 
 ¨ 8 " , where

¨ 
 � j©��
 cJd?e 5[8 eKg > � 5f
hj � 
 � � �J8 eKg > 5h
 cJdqe � 5[8lj � 8 �j©��
 e=g > 5[8 eKg > � 5h
fj � 
 � jª�J8 crd?e 5h
 cJdqe � 5[8lj � 8 �cJdqe � 5h
fj�5[8 �
¨ 8«� j©� 
 e=g > 5 8 crd?e � 5 
 j � 
 � � � 8 crd?e 5 
 e=g > � 5 8 j � 8 �� 
 crd?e 5 8 cJdqe � 5 
 j � 
 � � � 8 e=g > 5 
 eKg > � 5 8 j � 8 �j cJdqe � 5 
 jª5 8 �
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Equation
¬

(10) canbepartially linearizedby choosing¥ � appropriately. The torquesaresimply distrubted
evenly to eachwheel;we observethat

¤
{ ¥ � �­��® 
 ® 8 ® ) ® :

" ¥ 
¥ 8¥ )¥ :
��¯

where
¯

is the left-handside of (10). Then we set¥ � �±° ¥r² � ° &¢' : andchoose
° 3 �³¯

sign
� ® 3 ��´?µ ,

where µ is the sumof the four entriesin the vector{
$ ¤

. Thisdistributionpolicy ensuresthatthelargest
torqueappliedto the individual wheelsis assmallas
possible.

Hence,by applyingthetorque

¥r² � ,¤ { ° �  V
 � 5 ��¶ ��¡ 
 � 5 � �£� � (13)

we arriveat themodel

Z· � Z� Z� Z5�� �
_ ] $^ { __ _ __ _ _ · �

_�_
, __ n

¶
�
(14)

whereit is assumedthat the
5

dynamicscanbecon-
trolled via local servo loops,suchthatwe canmanip-
ulate
Z5
asanexogenousinput to themodel.Thestan-

dardapproachfrom herewould thenbe to transform
thestatesinto a nonlinearinput equationfollowedby
a feedbacklinearizationof the nonlinearitiesand a
standardlinear control design. We choosethe new
stateş

� � � ·a� �¹� �EºK»�� j � $ Z� $ºK»�� j Z� $�" , which
yieldsthefollowing dynamics:

Z¸ � Z� ¼� � Z�½½£¾ � ]
$
^ { � �� ¿ ¸ �yÀ t � ·���¶ jyÁ � ·a��� (15)¿�� _ n_ _ � À � _n

t � ·a� and
Á � ·�� arefoundby calculating

½½£¾ � ]
$
^ { � � to

t � ·�� � ]
$
^ { � 5 �Â¨ � 5 � � (16)

and

Á � ·�� � e=g > � 5f
fj�5[8 � � 80Ãj©� 
 e=g > 5 8 cJd?e � 5 
 j � 
 � � � 8 eKg > 5 
 eKg > � 5 8 j � 8 �� 
 cJd?e 5 8 crd?e � 5 
 j � 
 � j�� 8 cJdqe 5 
 cJd?e � 5 8 j � 8 �_ �
(17)

If we then apply the control law
� ¶ �
$�"%$ �

t � ·a� @ 
 � Á � ·�� j­Ä�Å¸ � , we obtainthe closed-loopdy-
namics Z¸ � � ¿ j À Ä � ¸ , which caneasilybe made
to tendto _ as

�ÇÆkÈ
, assumingof coursethat we

avoid situationswheret � ·a� becomessingular. Figure
2 shows a situationwheretherobot follows a pre-set
path.
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Trajectory following using the nominel model

Figure2. Path trackingwith the nominalmodeland
statefeedbacklinearization.

3. ROBUSTNESS ANALYSIS

However, the aforementionedstandardapproach
relies on the assumptionthat the model is perfectly
known. If this is not the case,we may risk that the
closedloopbecomesunstable.Motivatedby thiscon-
sideration,we presentthe main contribution of this
paper:a robustnessanalysisof thestatefeedbacklin-
earizationcontroldesign,leadingto theidentification
of problematicissuesfor stability. By includingthese
issuesin a robustcontroldesign,theclosed-loopsys-
tem canbe guaranteedto be capableof dealingwith
uncertainparametersin the model (14) suchasfric-
tion,gravity, etc.Firstly, weaugment(10)with uncer-
tain termsrelatedto friction lossesanduncertainties
on theparametersin theexpressionfor

�
:�   
 � 5 � ��É   ��Z� � � ¡ 
 � 5 � � ��É�¡ � � � {
$h¤ ¥ �

Thenominalvaluesusedfor computingthetorquein
(13) areadjustedaccordingly, suchthat theaccelera-
tion of the vehicleafter applicationof the computed
torquecanbewrittenas

Z� � É � � � � , �ÊÉÌË 
 ��¶
where

É � & � j¢ÍÎq
#ÏfÍÎ�
 " � ÉÐË 
 & � j ÍÑ 
JÏ ÍÑ 
 " arebounded
uncertainties.Similarly, we can expect that the lo-
cal controllersgoverningthe steeringanglesarenot
ableto follow thereferencevaluesfor

Z5
asaperfectly

known first-order linear system,resulting in uncer-
taintieson � . Theseconsiderationsgive rise to the
following uncertainversionof (14):Z� Z� Z5�� �

] $^ { �__ � _É � �_ � _� , ��É Ë 
 ��¶� n �ÊÉ Ë 8 � �
(18)

If we now apply the statetransformatioņ
� � � ·a�

as above and the nominal control law
� ¶ �
$�"U$ �
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t � ·a� @ 
 � Á � ·�� j�Ä ¸ � , weobtainthefollowing closed-
loopdynamics:

Z¸ � � ¿ j À Ä � ¸ ��À � t � ·�� ÉÐË t � ·a� @ 
 � jÒÄ ¸ � �
t � ·a� É Ë t � ·a� @ 
 Á � ·�� � ]

$
^ É � � � (19)

This closed-loopsystemcan be renderedunstable,
if the term t � ·�� É Ë t � ·�� @ 
 is large. Figure3 shows
a simulationmadeunder the sameconditionsas in
Figure 2, except that

ÉÌË
has been set to

ÉÐË �
diag
� , � , �=_ � Ó?Ô �Õ_ � Ó?Ô � , i.e., 10 % uncertaintyon the

robot velocity � and2 % uncertaintyon the steering
velocities � . In this case,the robot losesstability in
the sharpcurve, not becauseof the uncertainties

ÉÐË
per se, but ratherbecauset � ·�� ÉÌË t � ·�� @ 
 becomes
large.
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Unstability due to model uncertanty

Figure3. Lossof stability dueto uncertaintiesin the
feedbacklinearization.

One circumstanceunderwhich this phenomenon
mayoccur, is whentherobot is driving at low speed.
This is thestandarddifficulty encounteredat low ve-
hiclespeedsin non-holonomicsystemsdueto Brock-
ett’s Obstruction,cf. [6]. Obviously, this is not the
reasonwhy we losestability in thesimulationshown
in Figure3, however. This instability is causedby the
wheelconfigurationsgettingcloseto thesingularities,
thatis, theICR depictedin Figure1 getscloseto one
of the wheels. This causest � ·�� É Ë t � ·�� @ 
 to grow
withoutbounds,sinceÖ t � ·a� É Ë t � ·�� @ 
 Ö - Íµ � t � ·�� É Ë t � ·�� @ 
 �

- Íµ � t � ·��JÍµ � ÉÌË � ,µ � t � ·a�Õ�� × � t � ·��Õ�JÍµ � É Ë � � (20)

Here, Íµ �ÕØ ���Jµ �ÕØ � , and
× ��Ø � arethe largestandsmallest

singularvaluesandtheconditionnumberof amatrix,
respectively.

The inequality(20) shows that it is possibleto de-
creasethe boundon the norm on the left-handside

either by decreasingthe uncertaintiesor by ensur-
ing that the conditionnumberof t is bounded.De-
creasingthe first term can for instancebe doneby
designinga local torque feedbackcontroller, such
that the uncertaintieson � are suppressed.By ap-
plying this approachin our model, the robot could
be stabilizedsuchthat it wasable to follow the tra-
jectory. The disturbanceswere decreasedto

É Ë �
diag
� , � _ 6 �=_ � Ó?Ô �Õ_ � Ó?Ô � , i.e., theuncertaintyon theve-

locity wasdecreasedto 2 %. Thissimulationis shown
in Figure4.
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Trajectory following using a model with 2% uncertanties

Figure4. Stabletrackingcausedby decreaseof un-
certaintiesin feedbacklinearization.

The secondapproachis to avoid large condition
numbersof t � ·�� . Since t dependsonly on

5
and� , this canonly be ensuredby choosingtrajectories

where
× � t � is bounded.Theobviousmeansof doing

that,wouldbeto includethecalculationof
× � t � in the

pathplanningalgorithm,anddiscardpathsthat tends
to unstabilizetherobot.

4. CONCLUSION

In thispaper, we haveconsideredthepath-tracking
problemfor a four-wheeldriven, four-wheelsteered
autonomousrobot. The robot needsto navigatebe-
tweenwaypointson agriculturalfields, and in order
to minimize the damageto the crop rows, therewill
besignificantportionof theoperationwhereit is not
convenientto follow straightlines betweenthe way-
points. Rather, the robot needsto track a smooth,
spline-typetrajectorybetweenthewaypoints.

Taking the startingpoint in standardnon-slipping
and pure rolling conditions,a kinematic-dynamical
model was establishedvia the Lagrangeformalism.
The mainpurposeof deriving this model,wasto es-
tablishhow thedriving andsteeringtorquesaffect the
robotmotion.

Basedon this, two feedbacklinearization-based
control loopsweredevised.A partial linearizationof
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the
Ù

dynamicswasachieved usingcomputedtorques
and local servo loops around the steeringmotors.
Then,apathtrackingcontrollerwasdesignedaccord-
ing to thefeedbacklinearizationmethod.

Robustnessanalysisshowed, however, that if pa-
rametersarenot fully known, or thereareunmodeled
friction effectsetc., instability may occur. This was
demonstratedusing a simulation example, where a
small deviation from the nominal model causedthe
robot to becomeunstable.The main reasonfor this
phenomenonwas found to be imperfectcancelation
of certainnonlinearterms. Two waysto avoid insta-
bility were then suggested.Firstly, it is possibleto
minimizetheeffectsof theuncertaintiesin themodel
usinglocal feedbackloops. The applicability of this
approachwas demonstratedon the samesimulation
exampleasmentionedabove. The secondapproach
wouldbeto obtaintheconditionnumberof theafore-
mentionednonlineartermandusethis in theplanning
algorithm,ensuringan upperboundon theperturba-
tionsto thenominallinearizedsystem.Lyapunov-like
argumentscanthenbe usedto prove that the closed
loop systemis stablein thepresenceof boundeddis-
turbancesand/or parametricuncertaintiesalong the
linesof for instance[4] or [5].
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