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Robust Feedback Linearization-based Control Design for a Wheeled
M obile Robot
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Email: {pa,dimon,tom@control.aualk

This paperconsidershe trajectorytracking problemfor a four-wheeldriven, four-wheel
steerednobile robotmaoving in outdoorterrain. Therobotis modeledasa non-holonomic
dynamicsystemsubjectto purerolling, no-slipconstraints A nonlineartrajectorytracking
feedbackcontrol law basedon dynamicfeedbacHinearizationis designedor this model.
Sinceseveral parameterén the model,in particularthe ground-wheektontactfriction, are
not well known a priori, a robustnessanalysisis carriedout for boundeduncertainties.It

is demonstratethat uncertaintiecanrenderthe closed-loopsystemunstable andtwo ap-

proachego avoid this aresuggested.

Keywords: AutonomousVehicles Feedback.inearization,Robust Control, VehicleDynamicsandControl,
WheeledMobile Robots

1. INTRODUCTION

The work presentedn this paperis motivatedby
aprojectcurrentlyin progresswhereanautonomous
four-wheeldriven, four-wheelsteeredobotis under
construction. The purposeof the project, which is
a collaborationbetweenthe DanishAgricultural Re-
searchCenterand Aalborg University, Denmark,is
to constructa robotthatis ableto surwey anagricul-
tural field autonomouslyThe vehiclehasto navigate
to certainwaypoints(measuremenrbcations),where
digital imagesof the crops,weeds etc.canbetaken.
Imageanalysiswill be usedin orderto obtain esti-
matesof the crop andweeddensityat eachmeasure-
ment location. This information will be combined
for eachlocation to yield a digitized weed map of
the field, openingup opportunitiesfor the farmerto
adjustthe applicationof fertilizer and pesticidesac-
cording to the stateof the field. The robotwill be
equippedvith GPS magnetometeandodometesen-
sors,whichwill notonly helpin theexactdetermina-
tion of the location whereeachimageis taken, but
also provide measurementfor an estimationof the
robot’s position and orientationfor a tracking algo-
rithm.

The robot is equippedwith independensteering
anddrive motors(8 DC motorsin total), whoseindi-

vidual controllersare connectedo a main computer
via afieldbus. It is thuspossibleat any giventime to
setrotationspeedr torquereferencegor eachmotor.

As statedabove, the robot needsto navigate from
waypointto waypoint,andin orderto minimize the
damageo thecroprows,therewill besignificantpor-
tion of the operationwhereit is not corvenientto fol-
low straightlines betweerthe waypoints.Rather the
robot needsto track a smooth,spline-typetrajectory
betweerthewaypoints.To addresshetrackingprob-
lem, which is the main subjectof this paper we will
thereforeneedto considemot only the kinematicsof
the robot, but alsothe dynamics. Following the ap-
proachtaken in [1] and[2], we presenta dynamic
modelof therobotcontaininga kinematicsub-model
describinghe geometricaspect®f therobot'strajec-
tory trackinganda dynamicsub-modetiescribinghe
dynamicdrom inputtorquesto resultingvelocities. It
is assumedn the modelingthat thereis neitherslip
nor skidding.

As themodelis highly nonlinearandinvolvesnon-
holonomicconstraintsit is clearthata nonlinearcon-
trol schemés moresuitedthanalinearone.Wethere-
fore designan input-outputfeedbacklinearization-
basedcontrol law to solve the trajectory tracking
problem consideringpoththekinematicsanddynam-
icsin thedesign.The steeringdynamicswill bedealt



with by closinglocal loopsaroundeachsteeringmo-

tor; the presenceof large friction forcesmalesit a

necessityto apply seno controlto the steering. The

driving dynamicscan be partly linearizedby com-

puting a total torquethat negatesthe nonlinearities,
but aninterestingpoint ariseswhenthis torquehasto

be distributedto the four driving motors,asthe sys-
temis mechanicallyover-determinedWe chooseone
of several solutions,which minimizesthe maximum
torqueappliedto ary onewheelata giventime.

After the partial linearizationof the dynamics,we
designapathtrackingcontrollaw, alsobasednfeed-
back linearization. Feedbackinearization designs
have the potential of reachinga low degreeof con-
senativenesssincethey rely on explicit cancelingof
nonlinearities. However, such designscan also be
guite sensitive to noise,modelingerrors,actuatorsat-
uration, etc. In caseof this robot, thereare several
parametersn the modelthat are not known well, in
particularthe friction disturbancesrom the ground,
but alsomotortime constant@ndinertiadistributions.
As a consequencbereof,we will conducta robust-
nessanalysisof thefeedbackinearizationdesign.We
shaw that even quite limited uncertaintiean cause
instability undernormal driving conditions,and we
suggestwo approacheto dealwith this problem.

2. DYNAMIC MODEL AND LINEARIZATION

We consider a four-wheel driven, four-wheel
steeredrobot moving on a horizontal plane, con-
structedrom arigid framewith four identicalwheels.
Eachwheelcanturn freely aroundits horizontalaxis,
andits directioncanbefreely controlledaswell. The
contactpoints betweeneachof the wheelsand the
groundmustsatisfy purerolling andnon-slip condi-
tions.

Wheell

Wheel4
Wheel3

| L , LF

>

Figure 1. Definition of the field coordinatesystem
(xr,yr), vehicle coordinatesystem(z,, y,,), vehi-
cle orientationd, andthedistance/; anddirection~y;

from thecenterof masg(x, y) to wheell. Eachwheel
planeis perpendiculato the ICR.

Considera reference(‘field’) coordinatesystem
(xp,yr) in the plane of motion. The position of
the robotis then completelydescribedby the coor
dinates(z,y) of a referencepoint within the robot
frame, which without loss of generalitycanbe cho-
senasthe centerof mass,andthe orientationd rel-
ative to the field coordinatesystemof a (‘vehicle’)
coordinatesystem(z,, y,,) fixedto the robot frame.
Thesecoordinatesarecollectedin the postue vector

= [z y )T € R The positionof eachwheel
within thevehiclecoordinatesystemwill bedescribed
by asetof vectorsfrom thecenterof masgo thepoint
of rotation of eachwheel. The position of the i’th
wheel,1 < i < 4, is thusgivenby a constantangle
relative to the z,, axis, denotedy;, andthe constant
distancefrom the centerof mass,denoted?;. Be-
causahewheelsarenotallowedto slip, the planesof
eachof the wheelsmustat all timesbe tangentialto
concentriccircleswith the centerin theinstantaneous
centerof rotation(ICR). Theanglebetweerthewheel
planeof thei’thwheelandthez, directionis denoted
;. Thewheelsareplacedin arectangulaconfigura-
tion, asindicatedin Figurel. Denotingthe distances
betweernwheels1 and?2 by d,, andbetweenwheels
1 and4 by d4, thefollowing two auxiliary equations
describingthe lasttwo wheelorientationscanbe ob-
tained:

_ —1 cos 31 sin 32
B3 = tan (oos,31 I sm(ﬁz—ﬁl)> (1)

d12

B 1 sin 31 cos B2
fi= tan (Cosﬁl cos,@2+% Sin(52_51)> @
Define 3 = [61 [ B3 Bu" and ¢ =
[#1 ¢2 ¢3 d4]T. Themotionof the four-wheeldrive,

four-wheelsteeredobotis thencompletelydescribed
by thefollowing 11 generalizeaoordinates:

a=[z y 0 57 7] =[T BT 7]
®3)

andwe canwrite the purerolling, no slip constraints
onthecompactmatrix form

Ji(B)Rg 0 Js

in which
[cos By sinfBy  £1sin(By —71)
nE) = cos B2 sinfly  Lasin(B2 —2)
1 ~ |cosfB3 sinf3 f3sin(f3 —3)
[cos By sinfy  Lasin(By — a)
Jo = rlixy
[—sinfB; cosBi f1cos(Bi— 1)
_ —sinfy cosfBa Lo cos(By — v2)
Gi(B) = —sinf3 cosfs {3cos(B3 —v3)
| —sinfy cosfBy  Lycos(By —V4)

[ cos® sinf 0O
—sinf cosf 0
0 0 1




[2] definestwo characteristimumbers,degree of
mobility ¢,, and degree of steeribility §5, which ex-
presshow thekinematicconstraintsestrictthemove-
ment of the wheeledmobile robot. 4,, is defined
as the dimensionof the null spaceof C; and ex-
presseghe numberof degreesof freedomthat can
be manipulateddirectly from the inputsto the kine-
matic model (velocities)without reorientationof the
wheels. The degreeof steeribility is definedasds =
rank{C1(8)} = 3 — J,, andexpresseshe numberof
wheelorientationghatcanbe orientedindependently
whensteeringherobot. It canbededucedrom equa-
tions (1) and(2) that6,, = rank{C1(3)} = 2 and
0s = 3 —2 = 1. Then,following the argumenta-
tionin [2], it canbededucedhatthe posturevelocity
of the wheeledmobile robot £ is constrainedo be-
long to a one-dimensionadlistribution parametrized
by the orientationanglesof two wheels,say ; and
(B2. Thus,

¢ € spar{col{ Rj %(8)}}

where £(3) € R? is perpendicularto the space
spannedby the columnsof C1, i.e., C1(3)Z(6) =
0 V(. X canbefound by combiningthe expression
for C1(3) with equationg1) and(2) to

1 cos B2 cos(B1 — y1) — €2 cos By cos(PB2 — 72)
Y= 61 sin /))2 COS([)’l — ")/1) — 62 sin /31 COS(ﬁQ — ”/2)
sin(f1 — B2)

Thediscussioraboveimpliesthattherobotposture
canbe manipulatedvia a velocity inputn(t) € R in
the instantaneouslirection of ¥, thatis, Ref(t) =
Yn(t) V. Similarly, it is possibleto manipulatethe
orientationsof the wheelsvia an orientationvelocity
input¢(t) = [f1 B2]T € R2. Thisallows usto arrive
attheso-calledpostue kinematicmodel

1 _[REE O] [n
HEI IR

Due to large friction effectsin gearsand contact
friction betweenthe groundand wheels,it hasbeen
decidedo applylocal sero loopsto control 3, yield-
ing approximatelyineardynamicswithoutovershoot.

The dynamicsof n will be dealtwith accordingto
theapproactsuggesteéh [1] and[2], whichis to ap-
ply the Lagrangegformalismto the problem. The La-
grangeequationgor non-holonomisystemarewrit-
tenontheform

d (90T orT T
pr <0_qk> —0—%—%(@ A+ Qp

in which T is the total kinetic enegy of the system
andgy, is the k'th generalizeatoordinate Ontheleft-

handside, cx(q) is the £’th columnin the kinematic
constraintmatrix .A(q) definedin (4), A is a vector

of so-calledLagrange undetermineatoeficients and
Q. isageneralizedorce(or torque)actingonthek’th
generalizeatoordinate.

Thekinetic enegy of therobotis calculatedas

VT Ry Js 0
0 0 Jg

L . [BG§MRy RV 0
T=35q" i (6)

with appropriatechoicesof M, Jg and J;. In the
caseof the wheeledmobile robot we canderive the
following expressions:

m 0 s
M=1|0 m e )
4
Bs e Lp+my Ei:l '71‘2

Here, Z; is the moment of inertia of the frame
around the center of mass. Furthermore,m =
my 4+ dMmy, ps = —My 2;1:1 Lisiny;, and pu, =
My Zle {; cos y;, wherem ¢ andm,, arethemasses
of the robot frameand eachwheel, respectrely. We
note that sincethe wheelsare placedsymmetrically
aroundthe z, andy, axes, us and u. shouldvan-
ish. However, this may not be possibleto achieve
completelyin practice,dueto unevendistribution of
equipmentithin therobot.

Turning to the wheels,we denotethe momentof
inertiaof eachwheelby Z,, andfind

1
']ﬁ — §Iw]4><4 and J¢ == IwI4><4 (8)

and

V =

0 0 0 0
O 0 0 0. 9)
Tw Zw Iw Iy

The Lagrangeundeterminectoeficients are then
eliminatedin orderto arrive at the following dynam-
ics:

hi(B)1) + ®1(8)¢n = ST E7, (10)

inwhich B = J{J,' € R®>*andr, € R*isa
vectorof torquesappliedto rotate(drive) thewheels.
Thequadratidunctionh (53) is givenby

m(B) =M+ ETI,E)S >0 (11)
and®, () € Risgivenby

&,(8) =2 (M + ETJL,E)YNB) (12
N(B) = [Ny N3], where

7[1 COS /32 Sin(ﬁl — "/1) —+ £2 Sin ﬂl COS(ﬁQ — ’)/2)
N1 = 7[1 Sil’l 62 Sil’l(ﬂl — "/1) — 52 COSs ﬂl COS(ﬁQ — ’)/2)
i cos(B1 — B2)
— {1 sin B3 cos(B1 — 71) + L2 cos By sin(Ba — ¥2)
Ny = €1 cos B2 cos(B1 — 1) + Lo sin (B sin(Fz — ¥2)
L —cos(f — B2)



Equation(10) canbe partially linearizedby choosing
T4 appropriately The torquesare simply distrubted
evenlyto eachwheel;we obsenethat

T1

T2 -1

EZTd) = [al az as Cl4] -

T4

where L is the left-handside of (10). Thenwe set
7o = U5, U € R* andchoose¥; = Lsign(a;)/o,
whereo is the sum of the four entriesin the vector
YT E. Thisdistribution policy ensureshatthelargest
torqueappliedto theindividual wheelsis assmallas

possible.
Hence by applyingthetorque
1
0= ooy (h1(B)v + @1(B)¢n) (13)
we arrive atthe model
13 0 RIY 0O 0 0],
x=|n|l=10 0 0X+10M
B. 0 0 0 0 I

(14)

whereit is assumedhatthe 3 dynamicscanbe con-
trolled via local sero loops,suchthatwe canmanip-
ulate3 asanexogenousnputto themodel. Thestan-
dardapproachHrom herewould thenbeto transform
the statesnto a nonlinearinput equationfollowed by
a feedbacklinearizationof the nonlinearitiesand a
standardinear control design. We choosethe new
statesz = T(x) = [§rep — €T €L, — €71, which
yieldsthefollowing dynamics:

© - E B {%m%&z)}
— A4+ BS(Ov—oaly),  (15)

<[ g

§(x) anda(x) arefoundby calculating (R} >n) to
3(x) = Rg [Z(8) N(B)n] (16)

and

a(x) = sin(B1 — Ba)n* x
—{y sin B3 cos(B1 — 1) + L2 sin By sin(Bz — 72)

£y cos By cos(B1 — 1) — L2 cos By cos(B2 — 72)
0
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If we then apply the control law [v (¢T]7 =

5(x) (a(x) — KZz), we obtainthe closed-loopdy-

namicsz = (A — BK)z, which caneasilybe made
to tendto 0 ast — oo, assumingof coursethat we

avoid situationswhered () becomesingular Figure
2 shaws a situationwherethe robotfollows a pre-set
path.

Trajectory following using the nominel model

0

I I I I I I
0 2 4 6 8 10
x[m]

Figure2. Pathtrackingwith the nominalmodeland
statefeedbacHKinearization.

3. ROBUSTNESSANALYSIS

However, the aforementionedstandardapproach
relies on the assumptiorthat the modelis perfectly
known. If this is not the case,we may risk thatthe
closedoop becomesinstable Motivatedby this con-
sideration,we presentthe main contritution of this
paper:arobustnessanalysisof the statefeedbacHin-
earizationcontroldesign Jeadingto theidentification
of problematidssuedor stability. By includingthese
issuedn arobustcontroldesign the closed-loogsys-
tem canbe guaranteedo be capableof dealingwith
uncertainparametersn the model (14) suchasfric-
tion, gravity, etc. Firstly, weaugmen{10) with uncer
tain termsrelatedto friction lossesand uncertainties
ontheparameteri the expressiorfor T

(h1(B) + Ah)i) + (21(B)¢ + Ay = BT By

Thenominalvaluesusedfor computingthetorquein
(13) areadjustedaccordingly suchthatthe accelera-
tion of the vehicle after applicationof the computed
torquecanbewritten as

n=A8m+1+A2n)y

whereA; € [—fi; f1], Ag1 € [—g1;g1] arebounded
uncertainties. Similarly, we can expectthat the lo-

cal controllersgoverningthe steeringanglesare not

ableto follow thereferencevaluesfor 3 asaperfectly
known first-order linear system,resultingin uncer

taintieson ¢. Theseconsiderationgive rise to the
following uncertairversionof (14):

¢ RY>n 0 0
n|= 0 + A + | (1+Ag)v
Be 0 0 (I + Ag2)¢

(18)

If we now apply the statetransformation: = T'(x)
as above and the nominal control law [v ¢T]T =



5(x)(a(x) — Kz), we obtainthefollowing closed-
loop dynamics:

z2=(A—-BK)z+ B(5(X)Ag5(x)7l(7KZ) +
S()Ag(x) ta(x) + RF Apn)  (19)

This closed-loopsystemcan be renderedunstable,
if thetermd(x)A,d0(x) * is large. Figure3 shavs

a simulationmadeunderthe sameconditionsasin

Figure 2, except that A, hasbeensetto A, =

diag{1.1,0.98,0.98}, i.e., 10 % uncertaintyon the
robotvelocity n and2 % uncertaintyon the steering
velocitiesC. In this case the robot losesstability in

the sharpcurve, not becausef the uncertaintiesh

per se but ratherbecauses(y)A,d(x)~* becomes
large.

Unstability due to model uncertanty

12| @ @

I I I I I I I I I I I
12 -10 -8 -6 -4 -2 0 2 4 6 8
x[m]

Figure3. Lossof stability dueto uncertaintiesn the
feedbacKinearization.

One circumstanceunder which this phenomenon
may occur, is whentherobotis driving atlow speed.
This is the standardlifficulty encounteredt low ve-
hicle speedsn non-holonomicsystemsiueto Brock-
ett's Obstruction,cf. [6]. Obviously, this is not the
reasorwhy we losestability in the simulationshovn
in Figure3, however. Thisinstability is causedy the
wheelconfigurationgettingcloseto thesingularities,
thatis, theCR depictedn Figurel getscloseto one
of the wheels. This causesi(x)A,d(x)~" to grow
withoutboundssince

160D < F(60)A6(X) ™)
_ _ 1

= r0())a(Ag).  (20)

Here,o(-),o(-), andk(-) arethelargestandsmallest
singularvaluesandthe conditionnumberof a matrix,
respectiely.

Theinequality (20) shavs thatit is possibleto de-
creasethe boundon the norm on the left-hand side

either by decreasinghe uncertaintiesor by ensur
ing that the conditionnumberof ¢ is bounded. De-
creasingthe first term can for instancebe done by
designinga local torque feedbackcontroller such
that the uncertaintieson » are suppressed.By ap-
plying this approachin our model, the robot could
be stabilizedsuchthat it wasableto follow the tra-
jectory. The disturbancesvere decreasedo A, =
diag{1.02,0.98,0.98}, i.e.,theuncertaintyon theve-
locity wasdecreasetb 2 %. This simulationis shovn
in Figure4.

Trajectory following using a model with 2% uncertanties

1

0

. . . . . .
0 2 4 6 8 10
x[m]

Figure4. Stabletracking causedvy decreasef un-
certaintiesn feedbacHinearization.

The secondapproachis to avoid large condition
numbersof §(x). Sinced dependsonly on 5 and
7, this canonly be ensuredby choosingtrajectories
wherex(0) is bounded.The obvious meansof doing
that,wouldbeto includethecalculationof x(4) in the
pathplanningalgorithm,anddiscardpathsthattends
to unstabilizetherobot.

4. CONCLUSION

In this paperwe have consideredhe path-tracking
problemfor a four-wheeldriven, four-wheelsteered
autonomousobot. The robot needsto navigate be-
tweenwaypointson agriculturalfields, andin order
to minimize the damageto the crop rows, therewill
be significantportion of the operationwhereit is not
corvenientto follow straightlines betweenthe way-
points. Rather the robot needsto track a smooth,
spline-typetrajectorybetweerthe waypoints.

Taking the startingpoint in standardnon-slipping
and pure rolling conditions,a kinematic-dynamical
model was establishedsia the Lagrangeformalism.
The main purposeof deriving this model,wasto es-
tablishhow thedriving andsteeringorquesaffectthe
robotmotion.

Basedon this, two feedbacklinearization-based
controlloopsweredevised. A partiallinearizationof



the dynamicswas achieved using computedtorques
and local seno loops aroundthe steeringmotors.
Then,apathtrackingcontrollerwasdesignedccord-
ing to thefeedbacHinearizationmethod.

Rolustnessanalysisshaved, however, that if pa-
rametersarenot fully known, or thereareunmodeled
friction effectsetc., instability may occut This was
demonstratedising a simulation example, where a
small deviation from the nominal model causecthe
robotto becomeunstable. The main reasonfor this
phenomenomwas found to be imperfectcancelation
of certainnonlinearterms. Two waysto avoid insta-
bility were then suggested.Firstly, it is possibleto
minimizethe effectsof theuncertaintiesn themodel
usinglocal feedbacKoops. The applicability of this
approachwas demonstratean the samesimulation
exampleas mentionedabove. The secondapproach
would beto obtainthe conditionnumberof theafore-
mentionechonlineatermandusethisin theplanning
algorithm, ensuringan upperboundon the perturba-
tionsto thenominallinearizedsystem.Lyapunw-like
argumentscanthen be usedto prove thatthe closed
loop systemis stablein the presencef boundeddis-
turbancesand/or parametricuncertaintiesalong the
linesof for instancd4] or [5].
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