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Abstract

The power tessellation (or power diagram or Laguerre
diagram) turns out to be particular useful in connection to a
certain class of stochastic models for a disc process used for
generating a random set model. We discuss how to simulate
these models and calculate various characteristics of power
tessellations, where some new relations are established. The
proposed model is fitted to a heather dataset.

1. Introduction

This paper concerns the simulation of a random set
given by a finite union of discs generated by a certain
class of stochastic models. In this connection the power
tessellation (or power diagram or Laguerre diagram)
turns out to be particular useful. As a running example
for this paper, Fig. 1 shows a finite configuration of
discs, and Fig. 2 shows the power tessellation of the
union of these discs. The present paper is based on our
previous work [11, 12] but now with a focus on the
aspects related to power tessellations. A substantial part
of this work has been the developments of codes in C
and R for constructing power tessellations and making
simulations of our models. The codes are available at
www.math.aau.dk/”jm/Codes.union.of.discs

and at www.math.aau.dk/ jm/Codes.likelihood.

union.of.discs.

The paper is organized as follows. Section 2 considers our
stochastic models which extend the Boolean model based on
a Poisson disc process (the commonly used disc process
model) to a more flexible model class with interaction
by specifying a probability distribution which depends on
certain characteristics of the union of discs such as area,
perimeter, and other geometric properties to be specified
later. Section 3 provides the details on the power tessellation
for a union of discs as needed for subsequent sections. Sec-
tion 4 considers a birth-death type algorithm for simulation
of the disc processes, and Section 5 discusses in detail how
successive power tessellations can be constructed when a
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Figure 1. A configuration of discs in general position.

new disc is added or an existing disc is removed. Section 6
deals with geometric characteristics and inclusion-exclusion
formulae for a union of discs and how to make local
computations when considering a successive construction
of power tessellations as in Sections 4 and 5. The section
contains some new results which might be of general interest
for readers interested in power diagrams. Section 7 discusses
the statistical aspects by considering a particular dataset and
a fitted disc process based on our models. Section 8 contains
concluding remarks.

2. Stochastic models

We use the following notation. The d-dimensional Eu-
clidean space is denoted R%. Let S C R? be a bounded set
defining the region of centres of discs to be considered in
the sequel. Identify a two-dimensional closed disc b(z, )
with centre z € S and radius » > 0 by the point z =
(z,7) € Sx(0,00). Then, denoting the disc process by X, a



Figure 2. The power tessellation of the union of discs in
Fig. 1.

realization of X can be identified as a finite configuration of
such points, i.e. X = {(21,71), .., (#n, ")} C S x (0, 00)
(0 £ n < o0). Moreover, the corresponding realization of
the random set, denoted Ux, is Ux = U™ ,b(z;,7;). In the
special case n = 0, we consider X = () as the empty
configuration and Ux = ) as the empty subset of R?.

The commonly used model for the random set is a
Boolean model [9]. Then the distribution of X is specified
by an intensity function p : S — [0,00) for the centres,
where 11 = [ p(z)dz is assumed to be strictly positive
and finite, together with a distribution @ on (0, 00) for the
radii. Specifically, the number N of discs specified by X
is then Poisson distributed with mean p, and conditional
on N, the 2N random variables given by the centres and
radii of the discs are mutually independent, each centre has
density p(z)/p on S, and each radius follows the distribution
Q. In other words, X is a Poisson process on S x (0,00)
with intensity measure dz Q(dr), see [9]. Fig. 8 shows
a simulation of the Boolean model within a rectangular
window W = [0,20] x [0,10], where p is equal to the
constant 2.45 and () is the uniform distribution on [0, 2.45].

Since the independence properties of the Poisson process
imply a lack of interaction, more interesting models have
been introduced in [7] and further generalized in [11] to a
class of models called T'-interaction disc processes. Here T
is the six-dimensional statistic

T(X) = (A(Z’{X)v L(ux)v X(Z/{x)a Nh(ux)7 NiC(Z/{X)7 Nbv(ux))a

(1)
where A means area, L perimeter, y Euler-Poincaré char-
acteristic (i.e. the number of connected components minus
the number of holes), /N, number of holes, N;. number

of isolated cells, and NV}, number of boundary vertices.
Section 6 relates these characteristics to the cells of the
power tessellation of Ux. By an isolated cell we mean a
disc which is not intersected by another disc in x, and
a boundary vertex is the intersection point of two arcs of
the boundary of Uy. Moreover, let = (61,...,05) € R®
denote a six-dimensional parameter vector, and for vectors
t = (t1,...,t¢) € RS, define the usual inner product
on RS by 6 -t = S0 6;t;. Then the density fy of the
T-interaction disc process X with respect to the Poisson
process on S x (0,00) with intensity measure dz Q(dr) is
given by

fo(x) = %exp (0-T(x)), @)

where 6 is chosen such that the density is well-defined, i.e.
such that

cp = exp (/ p(2) sz(dr) X
Sx(0,00)

Z/SX(O ) m/sXm )eXp(e T{(z1,71)s -+ (20, 70)}))

dz1Q(dry) - -+ dz, Q(dry,)

is finite (in the sum, if n = O then the integral is set to
one). For a general characterization of the parameter space
© = {6 € R® : ¢y < oo} and a discussion on how to
handle the intractable normalizing constant ¢y when making
simulation-based statistical inference based on Markov chain
Monte Carlo methods, see [12, 13]. For instance, if @
has bounded support, then ©® = RS is the entire space.
Fig. 9 shows a simulation of the T-interaction process within
the region W = [0,20] x [0,10] and with a density with
respect to the Poisson process used in Fig. 8 and where
0 = (—4.91,1.18,-1.75,—1.75,0,0) (in this case © = RS
and further simulations can be found in [12].

The reference Poisson process agrees with the 7T-
interaction disc process if § = 0. When 6 # 0, the density
fo(x) depends only on x through Uy, or more precisely
only on the geometric characteristics A(Ux), ..., Noy(Ux).
This is advantageous, since in applications often only Ux
may be observable (and possibly only within some window
as discussed in Section 7) while x may be incompletely
observed.

3. Power tessellation of a union of discs

This section defines and studies the power tessellation of
a union of discs U = U,;¢b;. For specificity we assume that
the index set 7 = {1,...,n} is finite, though everything
in this section immediately extends to the case where I is
countable.

We assume that the discs b;, ¢ € I satisfy the general
position assumption (henceforth GPA). This means the fol-
lowing. Identify R? with the hyperplane of R3 spanned by



the first two coordinate axes. For each disc b(z,r), define
the ghost sphere s(z,r) = {y € R® : |ly — 2| = r},
i.e. the hypersphere in R® with centre z and radius r. A
configuration of discs is said to be in general position if
the intersection of any k + 1 corresponding ghost spheres
is either empty or a sphere of dimension 2 — k, where
k = 1,2,.... Note that the intersection is assumed to be
empty if £ > 2, and a sphere of dimension 0 is assumed to
consists of two points. Fig. 1 shows a finite configuration
of discs in general position. It can be verified that with
probability one a realization of any disc process model
considered in this paper satisfies the GPA, see [11].

For each disc b; (i € I) with ghost sphere s;, let s =
{(y1,y2,y3) € s; : y3 > 0} denote the corresponding upper
hypersphere, and for v € b;, let y;(u) denote the unique
point on sf those orthogonal projection on R? is u. The
subset of s; consisting of those points “we can see from
above” is given by

Ci ={yi(u) u € by, [Ju—yi(u)| = [lu—y; v
whenever u € b;, j € I},

and the GPA implies that the non-empty C; have disjoint 2-
dimensional relative interiors. Thus, as illustrated in Fig. 3,
the non-empty C; form a tessellation (i.e. subdivision) of
Urs; corresponding to the 2-dimensional pieces of upper
ghost spheres “as seen from above”. Projecting this tessel-
lation onto R?, we obtain a tessellation of I/, see Fig. 2.
Below we study this tessellation in some detail.

Figure 3. The upper hemispheres as seen from above;
the underlying discs are shown in Fig. 1.

Let J = {i € I:C; #0}. For i € I, define the power
distance of a point u € R? from b; = b(z;,7;) by m;(u) =
|u— 2;|> — r2, and define the power cell associated with b;

by
Vi = {u e R?: m(u) < m;(u) forall j €I}

For distinct ¢, j € I, define the closed halfplane H; ; = {u e
R?: m;(u) < mj(u)}. Each V; is a convex polygon, since it
is a finite intersection of closed halfplanes H; ;. The power
cells have disjoint interiors, and by GPA, each V; is either
empty or of dimension two. Consequently, the non-empty
power cells V;, i € J constitute a tessellation of R? called
the power diagram (or Laguerre diagram), see [1] and the
references therein. In the special case where all radii r; are
equal, we have I = J and the power diagram is a Voronoi
tessellation (e.g. [10, 14]) where each cell V; contains z; in
its interior. If the radii are not equal, a power cell V; may
not contain z;, since H; ; may not contain z;.

Let B; denote the orthogonal projection of C; on R2.
By Pythagoras, for all u € b;, m;(u) + |[u — y;(u)||* = 0.
Consequently, for any 4,j € I and u € b; N by,

lu=yi(w)|| = [lu=y;(w)|| if and only if  7;(u) < m;(w).

Thus B; = V; Nb;. By GPA and the one-to-one correspon-
dence between B; and Cj, the collection of sets B;, i € J
constitutes a subdivision of I/ into 2-dimensional convex sets
with disjoint interiors. We call this the power tessellation of
the union of discs and denote it by B. Further, if i € J,
we call B; the power cell restricted to its associated disc
b; (clearly, B; = () if ¢ € I\ J). Since V; may not contain
zi, B; may not contain z;; an example of this is shown in
Fig. 2. We say that a cell B; is isolated if B; = b;.

It is illuminating to consider Figure 2 when making the
following definitions. If the intersection e;; = B; N B;
between two cells of B is non-empty, then e; ; = [u; ;, v; ;]
is a closed line segment, where w;; and v;; denote the
endpoints, and we call e;; an interior edge of B. The
vertices of B are given by all endpoints of interior edges.
A vertex of B lying on the boundary OU is called a
boundary vertex, and it is called an interior vertex otherwise.
Each circular arc on B defined by two successive boundary
vertices is called a boundary edge of B. The circle given
by the boundary of an isolated cell of B is also called a
boundary edge or sometimes an isolated boundary edge. The
connected components of Ol are closed curves, and each
such curve is a union of certain boundary edges which either
bound a hole, in which case the curve is called an inner
boundary curve, or bound a connected component of U/, in
which case the curve is called an outer boundary curve. A
generic boundary edge of B is written as |u;,v; | if B; # b;
(a non-isolated cell), where the index means that u; and v;
are boundary vertices of B;, or as db; if B; = b;. We order
u; and v; such that |u;,v;] is the circular arc from wu; to v;
when 0b; is considered anti-clockwise.

By GPA, any intersection among four cells of 5 is empty,
each interior vertex corresponds to a non-empty intersection
among three cells of B, and exactly three edges emerge at



each vertex. Note that each isolated cell has no vertices
and one edge. Each interior edge e; ; is contained in the
bisector (or power line or radical axis) of b; and b; defined
by 0H;; = {u € R? : m;(u) = m;(u)}. This is the line
perpendicular to the line joining the centres of the two discs,
and passing through the point

1 7‘? 77”,[»2
Zij = 5 Zi + Zj + 7”2’ |2 (Zl — Zj) .

i = 7]

We call Ei,j = aHm- n bZ = aHm- n bj the chord of bz mb]‘.
ObViOLlSly, €i,j Q Ei,j-

The dual graph D to B has nodes equal to the centres
zi, © € J of discs generating non-empty cells, and each edge
of D is given by two vertices z; and z; such that e; ; # 0.
See Fig. 4. Note that there is a one-to-one correspondence
between the edges of D and the interior edges of B.

~

Figure 4. The dual graph corresponding to the power
tessellation in Fig. 2.

4. Algorithms for simulation of the disc pro-
cesses

We can construct the power tessellation of a finite union
of discs by successively adding the discs one by one,
keeping track on old and new edges and whether each
disc generates a non-empty cell or not. This successive
construction is considered in Section 5 and is much in
line with a Metropolis-Hastings algorithm to be discussed
below for the simulation of the 7T-interaction disc process
introduced in Section 2.

4.1. The conditional intensity

The so-called Papangelou conditional intensity will
play a key role. For a finite configuration x =
{(z1,71),. .., (2n,rn)} specifying n € {0,1,...} discs with
centres in the bounded region S, and for v = (z,r) speci-
fying another disc b(z,r) with centre in .S, the Papangelou
conditional intensity is defined by

Ao(x,v) = fo(x U{v})/ fo(x). ()
. Combining (1)-(3), we obtain

)\9 (X7 Z)) = exp (91A(X7 U) + 02L(X7 Z)) + 03X(Xa U)+
94]\[}1()(7 U) + 05N (X, U) + 0 Npy (X7 v))
“)

where for functionals W = A,/ L,..., we define
Wi(x,v) = W(Uxugy) — W(lx). We can interpret
Ao(x,v)p(z) dz Q(dr) as the conditional probability for
observing a disc with centre in an infinitesimally small
region around z of area dz and radius in an infinitesimally
small interval around r of length dr, given that the remaining
discs of the process are specified by x.

Note that the model is specified by Ay, since there is a
one-to-one correspondence between fy and A\g. Moreover,
in contrast to fy, A\p does not depend on the intractable
normalizing constant cg in (2). Moreover, Ag(x,v) depends
only on local information in the sense that it only depends
on v and those connected components of Uk which are
intersected by b(v). This is utilized when making simulations
as discussed in Sections 4.2 and 6.2.

4.2. Birth-death Metropolis-Hastings algorithm

Simulation of the reference Poisson process with inten-
sity measure p(z)dzQ(dr) is straightforward using the
definition of this process, see Section 2 and [13]. It is
more complicated to simulate a T-interaction disc process
with Papangelou conditional intensity (4). In fact other
models with A\g(x,v) depending only on W (x,v) for W =
A, L, x, Ny, Ni, Ny, or other characteristics of the power
tessellation may also be simulated by the following algo-
rithm.

We use a simple version of the birth-death type
Metropolis-Hastings algorithm studied in [5, 6, 13] to gen-
erate a Markov chain X;, £ = 0,1,... which converges
towards the T-interaction disc process. The details are given
below, where a birth is an addition of a disc and a death is
a deletion of an existing disc.

Suppose X; = x is the state at iteration ¢. Then we
generate a proposal which is either a ‘birth” xU{v} of a new
discs v = (z,7) or a ‘death’ x\ {x;} of an old disc z; € x.
Each kind of proposal may happen with equal probability



1/2. Define

Js p(s)ds
p(z)(n(x) + 1)

In case of a birth-proposal, z has a density on S proportional
to p, and r follows the distribution ). This proposal is
accepted as the state at iteration ¢ + 1 with probability
min{1, Hy(x,v)}, where the Hastings ratio is given by
Hyp(x,v) = ro(x,v). In case of a death-proposal, x; is a
uniformly selected point from x, and the Hastings ratio in
the acceptance probability of the proposal is now given by
Hy(x,2z;) = 1/rg(x \ {z;},2;) (in the special case where
x = (), we do nothing). Finally, if neither kind of proposal
is accepted, we retain x at iteration ¢ + 1.

As verified in [6], the generated Markov chain is aperiodic
and positive Harris recurrent, the chain converges towards
the distribution of X, and Birkhoff’s ergodic theorem estab-
lishes convergence of Monte Carlo estimates of mean values
with respect to T'-interaction process (2). In some cases local
stability is satisfied, meaning that for some constant Ky we
have

ro(x,v) = Ao(x,v)

Ao(x,v) < Ko; (&)

see Proposition 7 in [11]. Then the chain is geometrical
ergodic, and hence a central limit theorem applies for
Monte Carlo estimates, see [2, 13, 15]. Moreover, from
a computational perspective, the important point of the
algorithm is that it only involves calculating the Papangelou
conditional intensity, so only local computations of the
statistics appearing in (4) are needed.

Denote the support of @ by supp(Q), and the support of
the intensity measure of the reference Poisson process by

Q= {(z,7) € S x(0,00) : p(z) >0,r € supp(Q)}.

Let A be the set of all finite configurations x € € so that
the discs given by x are in general position. In theory we
may use any state of A" as the initial state of the algorithm,
but we have mainly used three kinds of initial states:

(a) the extreme case of the empty configuration {J;

(b) if local stability is satisfied, the other extreme case is
given by a realization from a Poisson process D with
intensity measure Kyp(z)dz Q(dr), where Ky is the
upper bound in (5);

(c) a realization of the reference Poisson disc process W
with intensity measure dz Q(dr) (an intermediate case
of (a)-(b) if Ky > 1).

When local stability is satisfied, there exists a coupling be-
tween the T-interaction process X and the Poisson processes
D and ¥ in (b) and (c) such that D dominates both X and
VU, ie. X CDand ¥ C D. See [8].

5. Successive construction of power tessella-
tions

This section explains how to construct a new power
tessellation of a union of discs by adding a new ball
(Section 5.1) or deleting an old ball (Section 5.2), assuming
that the old power tessellation is known. This is exactly what
is needed for the birth-death Metropolis-Hastings algorithm
in Section 4.2. The constructions can easily be extended to
keep track on the connected components of the union of
discs, but to save space we omit those details.

5.1. The case where a new disc is added

Suppose we want to construct a new power tessellation
B"Y of a union UV = UTb; of n > 1 discs in general po-
sition, where we are adding the disc b,, and we have already
constructed the power tessellation B°'9 of /%4 = U?~1b;
based on the n — 1 other discs (if n = 1 then B°9 and
U°Y are empty). More precisely, with respect to B°, we
assume to know all the old edges. We denote old interior
edges by [ug™!, v?'] and old boundary edges by |ug'd, v9'!]
or Ob¢', We want to construct the new tessellation B*¢% of
U™ = U4 Ub, by finding its interior edges [ul%", vPo™
and boundary edges |ul®™, vV associated to the new cell
ByeV. This is done in steps (ii) and (iv) below. Moreover,
to obtain the remaining new edges, we modify old interior
edges [u"!, v?"!] and old boundary edges |ug'd,v§'] or
Ib%'4, noticing that a “modified old edge” can be unchanged,
reduced or disappearing. This is done in steps (iii) and (v)
below. Notice that steps (i), (ii), and (iv) determine the new
cells, i.e. which of the sets BT°V,..., B;°" are empty or
not.

(i) Considering old discs intersecting the new disc: If b,
is contained in some disc b; with j < n, then B}V is
empty and so B"°V = B° is unchanged. Assume that b,
is not contained in any disc b; with j < n, and without
loss of generality that b, intersects B!, ... B9 but not
B ... B, where 0 < i < n—1 (setting i = 0 if b,
has no 1ntersect10n). Then B} = B;?Id is unchanged for
j=14+1,...,n—1, so it suffices below to find the edges
of BIV,..., BV and B}V,

If i = 0 then B;®" = b, is an isolated cell with boundary
edge 0b,,. In (ii)-(v) we assume that ¢ > 1.

(ii) Finding the interior edges of B} °": To obtain the
interior edges of B)°V, for 5 = 1,...,7, we start by
assigning e} [u;“;‘;v, vzmnw} considering u}" and vjoY
as (potentlal) boundary vertices given by the endpoints of
the chord FEj;,. Further, for £ = 1,...,¢ with £k # j,
if e}V N Hy ) = 0 (or equivalently w3 ¢ H, and

;‘fLW gZ H, 1, since H,, ;, is convex) we obtam that e;‘C,‘L” — 0
and we can stop the k-loop, else e“ew — e?e“’ N Hy . In
the latter case, either both Vertlces are contained in H,
and so the edge remains unchanged, or exactly one vertex is



not contained in H,, , e.g. u;‘ﬁf & H,,  but v§ﬁilw € Hy i,
in which case u;3" becomes an interior vertex given by the
point enewmaﬂn % while 077" is unchanged. In this way we
find all interior edges of B;‘Lew and all interior and boundary
vertices of B}°V.

Since we have assumed that ¢ > 0, B),°V is empty if and
only if it has no interior edges.

(iii) Modifying the old interior edges: At the same time as
we do step (ii) above, we also check whether each interior
edge e"ld = [u‘;}g,v‘)ld} of B4 with j < k < i should be
kept, reduced or omitted when we consider 3"V (recalling
that e9" = 63?}](3 is unchanged if j > ¢ or k > i). We have

new old old
e =€ NHjn=¢€j) NHgp.

Thus 29" is empty if u°ld ¢ Hy,,, and v°1d ¢ Hy ,,, while

e;‘ek"" = e°1d if u‘jlg € Hkn and vof IS Hk n. Further, if

u‘ﬂ,f € Hk » and v°1d ¢ Hpp, then By = [u"lg,vjn?ew]
where 07" is the pornt given by e A 8Hk n- Similarly,
if uOId ¢ Hy,, and v°1d € Hyn, then ey = [ujnvekw,v;}g]
Where ujq" is the pornt given by e°1d N 8H kon-

Note that for each j <, Bj°Y 1s empty if and only if it
has no interior edge.

(iv) Finding the boundary edges of B;®": Suppose that

B}*" has m > 0 boundary vertices wi®", ..., w,o%. Notice

that m is an even number, and we can organize the boundary

new new)
5 .

vertices such that w}*™ = z,, + r,(cos ]V, sin ¢}
new

Wit = z, + rn(cos PRV sin pheV), where 0 < iV <

- < % < 27, Then B2°Y has m/2 boundary edges,

m

namely

.oy

g w§T, [ Ll ]
if 2, + (1,0) € Hy, j for all j =1,...,4, and
g 5w L

otherwise.

(v) Modifying the old boundary edges: Finally, we modify
the boundary edges Lu;?ld,v‘?ld] of B°4 considering B"°"
and j < i (noticing that [u$'9,v9'1] is a boundary edge of
B*% too if j > ). This is done in a similar way as in
step (iv). Suppose that B}“" has m; > 0 boundary vertices
wiv, ..., wnCW which we organize as in (iv). Then BnCW
has boundary edges

new new new new
1 Lwy 1,

|_’UJ w3 g new IleW.I

Rl \_wm » W1

if zj4+(r;,0) € H;j, for all k < n with k # j and b; Ny, #
@, and

Lwnew SW—| Lwnew w4ew“ , Lw;}”e]“il , ’LU?,?JW

otherwise.

5.2. The case where a disc is deleted

Suppose we are deleting the disc b, from a configu-
ration {b1,...,b,} of n > 1 discs, which are assumed
to be in general position. We also assume that we know
the power tessellation B°d of ¢°4 = U7b;. Below we
explain how to construct the new power tessellation 5"V
of U™V = U?_lbi. More precisely, with respect to B°',
we assume to know all the interior edges [ug'}', v5'!] and all
the boundary edges |u$'d,v9!d]. We want to construct the
tessellation B"Y of U™V = 1{°'9\ b, by finding the interior
edges [u;5",v}'5"] and the boundary edges [uj®",v}"]
associated to each new cell B]*V, noticing that B}'°V either
agrees with BY'd or is an enlargement of BY or is a
completely new cell. One possibility could be to “reverse”
the construction in Section 5.1, where a new disc is added,
however, we realized that it is easier to create the new edges
without reversing the construction in Section 5.1 but using a
construction as described below. This is partly explained by
the fact that an old empty set BY'd may possibly be replaced
by a non-empty set B}¥.

(i) Considering the discs intersecting the disc which is
deleted: Clearly, if BS'd is empty, then B"V = B°4 s
unchanged. Assume that B%'Y is a non-empty cell, and
without loss of generality that b,, intersects bi,...,b; but
not b;41,...,b,—1, where 0 < ¢ < n —1 (setting ¢ = 0 if
b, has no intersection). Then it suffices to find the edges
of By®¥,..., By, since B} = B$'! is unchanged for
j:i+1 nfl.Ifz OthenB(’ld:bnlsan
isolated cell, and 50 Byev = pold . Brew = pold
are unchanged. In the following steps (ii)-(iv), suppose that
1> 0.

(ii) Finding the new interior edges: If © = 1, no new
interior edge appears. Suppose that ¢ > 2. We want to
determine each set e;ew with j < k < 4. We start by
assigning all cells B{°V,..., B]*" to be non-empty, and
by assigning e} [u?‘”;cw,vﬁw], considering w3 and

vieY as (potentlal) boundary vertices given by the endpomts
of the chord E; ;. Consider a loop with [ = 1,...,4 and
L # j, k. If e}V N Hy; = 0 (or equivalently unCW ¢ Hy,
and vnew gZ sz, since Hy; is convex), we have that

erq i 1s empty and we can stop the [-loop. Otherwise assign
e;y — €% NHj,, where we notice that only the following
two cases can occur. First, if both vertices of e}%" are
contained in H}, ;, the edge remains unchanged. Second, if
exactly one vertex is not contained in Hy, j, e.g. unew & Hy
but v ;ew € Hj,, then u;‘e"" becomes an interior vertex given
by the point €75¥ N O0H},,; while vjq" is unchanged. When
the loop is ﬁnrshed, we have determined all the new interior
edges, including the information whether their endpoints are
interior or boundary vertices.

(iii) Determining the new cells: For each j < i, we
determine if B}" is a new cell by checking if it has an edge.
Suppose that B}" has no interior edge, i.e. it is either an



empty set or a new isolated cell. If an arbitrary fixed point of
b; is included in H;; foralll =1,...,n—1 with [ # j, then
B; has exactly one boundary edge and it is an isolated cell.
Otherwise B}°" is empty. In this way we determine whether
each Bj°Y is empty or a new cell, including whether it is
an isolated cell.

(iv) Finding the new boundary edges: We have already
determined the new isolated boundary edges in step (iii).
Consider a non-isolated cell B]‘-‘eW with 7 < ¢ with boundary
vertices wp®V = z;+71;(cos pV,sin V), k=1,...,m;.
Recall that m; > 0 is an even number and we organize the
vertices so that 0 < IV < ... < <pnm°jv < 2m, cf. (iv) in
Section 5.1. Then B}" has m; /2 boundary edges, namely

w3 wf], L], Wi, [whe, w)e]

my;
if zj 4+ (r;,0) € H;; forall I =1,...,4, and

new new

Lwl 7w§16ww’ |_w3 new new

vwzeWL trt |_wm]—17 m;

otherwise.

6. Calculation of characteristics of power tes-
sellations and unions of discs

6.1. Geometric characteristics and inclusion-

exclusion formulae

Propositions 1-2 below concern various useful relations
between certain geometric characteristics of the union of
discs U = Uy and of its power tessellation B = DBy,
assuming x € N. Among other things, the results become
useful in connection to verifying Ruelle stability (see [11]),
for computation of geometric characteristics in Section 6.2,
and for the sequential construction of power tessellations
considered in Section 4.2.

Define the number of connected components N.. =
Neo(U), and the following characteristics of B: the number
of non-empty cells N, = N (B), the number of interior
edges Nio = Nio(B), the number of edges N = Npe + Nie,
the number of interior vertices Ny, = Niy(B), and the
number of vertices N, = N, + Nj,. These statistics
do not appear in the T-interaction process specified by
(1)-(2) since they cannot be determined from I/ but only
from B, which usually in practice only U is observable
(and possibly only within some window as discussed in
Section 7). Furthermore, let N = n(x) denote the number
of discs.

Proposition 1. We have
NiCSNCCSNCSN7 Nbv:2Nie_3NiV7 (6)

and
X:Ncc_Nllch_Nie+Niv~ @)

If N. > 2 and N.. = 1, then

Npe = Npv < 2Nie, 3Ny = 2N.. ®)
If N, > 3 and N, = 1, then
Nije <3N, —6. 9
Moreover,
Npy < 6N (10)
and
N, =0 if N, <2, Ny <2N.—5 if N, > 3. (11)

Proof. The inequalities in (6) clearly hold, and the identity in
(6) follows from a simple counting argument, using that each
interior edge has two endpoints, and exactly three interior
edges emerge at each interior vertex.

The first identity in (7) is just the definition of y (see
Section 2) and the second identity follows from Euler’s
formula.

Assuming N, > 2 and N.. = 1, (8) follows from simple
counting arguments, using first that exactly two boundary
edges emerge at each boundary vertex, second the simple
fact that Ny, < N,, and third that exactly three edges
emerge at each vertex.

To verify (9), consider the dual graph D. Since we assume
that N, > 3 and N.. = 1, D has N;, edges and N, vertices,
and so by planar graph theory [16], since D is a connected
graph without multiple edges, the number of dual edges is
bounded by 3N, — 6.

To verify (10), note that Ny, < 2N, cf. (6). Using (9)
and considering a sum over all components, we obtain that
N, is bounded above by the number of components with
two cells plus three times the number of components with
three or more cells. Consequently, Ny, < 6N.

Finally, to verify (11), note that [V}, is given by the sum
of number of holes of all connected components of I/, and a
connected component consisting of one or two power cells
has no holes, so it suffices to consider the case where N, =
1 and N, > 3. Then by (7), Ny, is bounded above by 1 —
(N¢— Nie), which in turn by (9) is bounded above by 2N, —
5.

Equation (11) is a main result in [7]. Our proof of (11) is
much simpler and shorter, demonstrating the usefulness of
the power tessellation and its dual graph. The upper bound
in (11) can be obtained for any three or more discs: If x
consists of three discs by, b2, b3 such that b; N b; # ? for
1<i<j<3and byNbyNby =10, then N, = 1 and
N. = 3, so Ny, = 2N, — 5. Furthermore, we may add a
fourth, fifth, ...disc, where each added disc generates two
new holes—as illustrated in Figure 5 in the case of five
discs—whereby N, = 3,4,... and Ny, = 2N, — 5 in each
case.



Figure 5. A configurations of five discs with exactly
2N, — 5 holes.

Kendall et al. [7] noticed the inclusion-exclusion formula
for the functionals W = A, L, x:

W(ux):iw(bi)* Z W(b;Nbj)+---

1<i<j<n

+ (=) "W n---nby)

where the sums involve 2™ —1 terms. Using the power tessel-
lation, inclusion-exclusion formulae with much fewer terms
are given by (6)-(7) for x and Ny, and by Proposition 2
below for A and L. In Proposition 2, I1 (x), I2(x), and I3(x)
denote index sets corresponding to non-empty cells, interior
edges, and interior vertices of By, respectively. Note that
I1(x) and I5(x) correspond to the cliques in the dual graph
Dy consisting of 1 and 2 nodes, respectively, while I3(x)
corresponds to the subset of 3-cliques {4, j,k} € Dx with
b Nb; N by # 0 G.e. b; U b; U b has no hole). Moreover,
if {i,j,k} € Dx, then b; Nb; Nby, # 0 if and only if
E; ;N E; 1, # 0, where the latter property is easily checked.

Proposition 2. The following inclusion-exclusion formulae
hold for the area and perimeter of the union of discs:

Alh) = D Albi)— > Abindy)
i€l (x) {i,5}€I2(x)

+ > ABinb; N (12)
{i,4.k} €13 (x)

= Y AMB) (13)

i€l (x)
and
L) = > Lb:i)— > L{biNby)
i€l (x) {i.j}€D(x)
+ ) L(binb;Nby) (14)
{i..k}El5 (%)

= > Le). (15)

e boundary edge of Bx

Proof. Equations (12) and (14) are due to Theorem 6.2 in
[4], while (13) and (15) follow immediately.

Edelsbrunner [4] establishes extensions to R¢ of the
inclusion-exclusion formulae given by the second identities

in (6), (12), and (14). Note that we cannot replace the sums
in (12) by sums over all discs, pairs of discs, and triplets of
discs from x.

6.2. Local calculations

For calculating the area and perimeter, the inclusion-
exclusion formulae (13) and (15) appear to be more suited
than (12) and (14) when the computations are done in
combination with the sequential constructions of power
tessellations considered in Section 4.2 and Section 5. Note
that we need only to do “local computations”.

For example, suppose we are given the power tessellation
B of ¢°4 = U}~ 'b,; and add a new disc b,. When con-
structing the new power tessellation B™*" of U™V = UTb;,
we need only to consider the new set B,, and the old cells
in B°'Y which are neighbours to B,, with respect to the dual
graph of B"°V, cf. Section 5.1. Similarly, when a disc is
deleted and the new tessellation is constructed, we need
only local computations with respect to the discs intersecting
the disc which is deleted, cf. Section 5.2. Moreover, local
computations are only needed when calculating N;. and
Ny

In order to calculate (x, Ny) or equivalently (Nee, Ny),
we could keep track on the inner and outer boundary curves
in our sequential constructions, using a clockwise and anti-
clockwise orientation for the two different types of boundary
curves. However, in our MCMC simulation codes, we found
it easier to keep track on N, Nje, Ny, and N, and thereby
obtain by the second equality in (7), and hence N}, by the
first inequality in (7). In either case, this is another kind of
local computation.

Finally, let us explain in more detail how we can find
the area A. We can easily determine the total area of all
isolated cells of B. Suppose that B; is a non-empty, non-
isolated cell of . Let ¢; denote the arithmetic average of the
vertices of B;. Then ¢; € B;, since B; is convex. For any
three points ¢, u,v € R?, let A(c, u,v) denote the triangle
with vertices ¢, u,v. If |u,v]| is a boundary edge of B;, let
I'(u,v) denote the cap of b; bounded by the arc |u,v] and
the line segment [u,v]. Then the area of B; is the sum of
areas of all triangles A(c;, u,v), where u and v are defining
an (interior or boundary) edge of B;, plus the sum of areas
of all caps I'(u,v), where u and v are defining a boundary
edge of B;.

7. Statistical aspects

As an illustrative application example, we consider the
well known heather dataset first presented in Diggle [3].
Fig. 6 shows a binary image of the presence of heather
(Calluna vulgaris, indicated by black) in a 10 x 20 m rect-
angular region W at Jidraés, Sweeden (henceforth units are
meters). Assuming the heather plants grow from seedlings



Figure 6. The heather dataset.

into roughly hemispherical bushes, a disc process model
has a straightforward biological interpretation by identifying
heather bushes and discs.

Edge effects occur, since the heather plants expand outside
the observation window W, where W is a subset of S, the
bounded region of plants centres. In fact .S is unknown to
us, but this problem and the problem of edge effects can be
solved as discussed in detail in [12]; for the present paper
it suffices to think of S as a much larger region than W.

Diggle [3] and many other publications modelled the
presence of heather by a stationary random-disc Boolean
model, see the review in [12]. For the reference Poisson
process, let p = 2.45 be constant on S and () be the uniform
distribution on [0,0.53] (independent biological evidence
suggests that the radii of heather plants should be less than
0.5 m, cf. [3]; (3); see also the discussion in [12]).

For the T-interaction process, let 5 = 6 = 0. This
is mainly for convenience, since the number of isolated
cells and the number of boundary vertices will be hard
to determine from Fig. 6, the heather plants may only
approximately be discs, and only a digital image is observed
where the resolution makes it difficult to identify circular
structures. As discussed in [12], the model can be reduced
to the case where 63 = 04 so that § = (61, 62,05,65,0,0)
and hence

o) = - oxp (61 Alt) + B2L0) + 5 Neclld)

’ (16)
i.e. the important characteristics are the area A, the perimeter
L, and number of connected components N... Approximate
maximum likelihood estimates of the parameters are then
given by 6; = —4.91, f, = 1.18, and 3 = 2.25, and
approximate 95% confidence intervals are given by —6.48 <
0, < —3.35, 0.77 < 0y < 1.59, and —2.75 < 03 < —1.75.
For further details, including a discussion of other fitted
models and model controls, see again [12].

Using simulations under the fitted model (16), we obtain
an estimated intensity of plants given by 2.36 plants per unit
area, and an estimated mean plant radius of 0.25 with an
estimated standard deviation of 0.25. Further, Fig. 7 shows

2.5
|
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1.0

0.5
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Figure 7. Estimated distribution of the plant radius un-
der the fitted (A, L, N..)-interaction process. The solid
line show the uniform density of the typical radius under
the corresponding reference Poisson process.

Figure 8. Simulation of the Boolean model correspond-
ing to the reference Poisson process

the estimated distribution of the plant radius, which is ob-
viously different from a uniform distribution. Furthermore,
Fig. 8 shows a simulation under the the reference Poisson
process, and Fig. 9 a simulation under the fitted (A, L, N¢.)-
interaction process. These figures together with other plots
in [12] indicate that the 7-interaction process provides a
much better fit than the traditional Boolean model.

8. Concluding remarks

We have demonstrated the usefulness of the power tes-
sellation of a union of discs and related results for geo-
metric characteristics of this tessellation when simulating a
disc process with a density which only depends on such
characteristics. In this connection a successive construction
of power tessellations when adding or removing a single
disc has been developed, new interesting relations between
the geometric characteristics have been established, and
software have been developed and made public available.



Figure 9. Simulation of the fitted (A, L, N )-interaction
process.

As an application example, we have fitted our model to a
heather dataset. Since the heather dataset are rather smooth
while a disc process is naturally more rugged, possibly an
even better fit may be obtained by replacing the disc process
with a process of objects with a less restrictive form, e.g.
obtained by considering random deformations of discs. To
which extent the useful results discussed in this paper extend
to the case of a process of objects with non-circular shapes
is an open problem.
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