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ABSTRACT 

H. U. Koyliioglu 
College of Arts and Sciences, Kor; University 

80860 istinye, istanbul, Turkey 

Differential equations are derived which exactly govern the evolution of the second-order 
response moments of a single-degree-of-freedom (SDOF) bilinear hysteretic oscillator 
subject to stationary Gaussian white noise excitation. Then, considering cases for which 
response stationarity will be achieved, i.e., excluding the case of an elastic-perfectly
plastic oscillator, algebraic equations for the response moments are found. By the nature 
of the problem, these moments depend on the probability of the oscillator being in the 
plastic state. Upon considering oscillators with low yield levels and using analytically
available information, physical reasoning, and approximations supported by empirical 
observation, an equation for the probability of the oscillator being in the plastic state 
is derived. Upon numerical solution of this equation, analytical approximations to the 
response moments can be obtained. All analytical, approximate, and numerical results 
are verified by extensive Monte Carlo simulations. 

1. INTRODUCTION 

Over the last few decades, the problems of predicting the response and reliability of hys
teretic systems subject to random excitation have received considerable attention. While 
this attention has mainly stemmed from the engineering usefulness of hysteretic systems 
in the modelling of actual physical and mechanical phenomena, it has also been due to 
the inherent difficulty in obtaining exact closed-form solutions to these problems. As 
a consequence, various approximate analytical procedures for handling the nonlinearity 
and non-analyticity of hysteretic systems have been proposed. Among the approximate 
analytical methods most commonly used include Markov methods1 •2 •3 •4 •5 •6 •7 , equivalent 
linearization8 •9 •10 •11 •12 •13 •14 •15 •16 •17 , equivalent nonlinearization with cumulant-neglect 
closure18 , the associated linear oscillator approach19 •20 •21 •22 •23 •24 •25 •26 , and the Slepian 
process approach27

•28 •
29

. (It should be noted that due to the enormous amounts of liter
ature on hysteretic systems, the foregoing is by no means an exhaustive list of references 
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on the subject.) While most of the above-cited techniques produce good-to-excellent 
results for weakly-to-moderately nonlinear oscillators, when highly-nonlinear oscillators 
are considered, such as when the yield level is low relative to the standard deviation of 
the corresponding linear oscillator and, in addition, the secondary-to-primary stiffness 
is small, the accuracy of most of the aforementioned techniques breaks down or the 
methods are not justifiably applicable. In such cases, Monte Carlo methods are often 
the only recourse to solving the problem. 

In this paper, we consider a bilinear hysteretic oscillator subject to stationary Gaus
sian white noise excitation. Such an oscillator is often used as an idealized model of 
a simple structure undergoing earthquake excitations. As such, it may often be nec
essary to determine approximate, yet accurate, statistics of the oscillator's stationary 
response-especially the standard deviation of displacement-quickly and efficiently. To 
this end, a system of differential equations is derived which exactly governs the second~ 
order response moments of the bilinear hysteretic oscillator. Then, considering cases of 
response st_ationarity, that is, excluding the case of an elasto-plastic oscillator, the dif
ferential equations can be reduced to algebraic equations which depend not only on the 
unconditional moments of response but also on the probability of the oscillator being 
in the plastic state as well as on response moments conditioned on the oscillator being 
in the plastic state. Using physical reasoning supported by empirical observation for 
the lj:ase of low yield levels, a priori bounds on the conditional response moments are 
obtained. These bounds in conjunction with analytical and empirical approximations 
of unprovided response moments leads to an equation for the probability of being in the 
plastic state. Upon numerical solution of this equation, analytical approximations of 
the unconditional standard deviations of velocity and displacement follow immediately. 
The accuracy of these approximations as well as the accuracy of all analytical, approxi
mate, and numerical results contained herein is verified through extensive Monte Carlo 
simulations. 

2. MOMENT EQUATIONS 

Consider the following equations of motion for a SDOF bilinear hysteretic oscillator 
excited by Gaussian white noise30

, 

X+ 2~woX + w6(D'X + (1- D')Z) = W(t) 

.i =X {1- H(X)H(Z- u)- H( -X)H( -Z- u)} 

X(O) = X(O) = Z(O) = 0 

. .. 

( 1) 

(2) 

(3) 

where X, X, and X denote, respectively, the random displacement, velocity, and accel-
eration of the oscillator; Z, the random hysteretic component of the response; H'(t), a 
zero-mean Gaussian white noise excitation with double-sided spectral density S0 ; C the 
damping ratio; w0 , the circular eigenfrequency of the corresponding linear oscillator; 0', 

the secondary-to-primary stiffness ratio; u, the positive yield level of the oscillator; and 
H(- ), a Heaviside step-function defined as 

H(y) = { 
1, 

0, 

if y ~ 0 

otherwise 
(4) 
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In state-vector form, the foregoing equations can be written as 

Y = a(Y) dt + b dB(t) (5) 

where 

a(Y) = [ -2~woX- w~(~X + (1- a)Z) ] 
X {1- H(X)H(Z- u)- H( -X)H(-Z- u)} 

(6) 

and B( t) is a Wiener process. The vector a is referred to as the drift vector and the 
vector b, in general, is known as the diffusion vector. 

Equation ( 5) represents a vector Markov diffusion process interpreted in the Ita sense 
and as such, Ita's differential formula can be applied to derive equations which govern 
the evolution of the response moments. Ita's differential formula for an arbitrary, well
behaved function f(Y, t) of the state vector Y and timet is given by 

8 J - n 8 J 1 n n 82 J . 
df = ---;:;-dt + L ~dY; +- L L 8 ·8 . dY;dYj 

ut . u Y; 2 . . Y; Y1 t=l z=l J=l 

(7) 

By substituting (5) into (7), letting .f = Y;7' 1 1~:" 2 
· • • }~~k, and taking the expectation, 

differential equations for the m.th-order joint moments of response quantities can be 
derived, where m = :L1 mj. The resulting general expressions for first- and second
order joint moments are given by 

Pi = E[ai] 

li:ij = E[aiYj] + E[ajY;] + bibj 

(8) 

(9) 

where E is the expectation operator, /-li = E[Yi] and "'ij = E[Y;Yj], and Yj, aj, and bj 
denote the j th components of the vectors Y, a, and b, respectively. 

Due to the asymmetry of the drift vector, namely, 

a(Y) =-a(-Y) ( 10) 

E[ai] = 0 for each i as a result of the zero initial conditions. Then, Equation (8) implies 
that the vector of first-order response quantities is identically zero, i.e., /-li = 0 for 
each i. Thus, for reasons of practicability, only second-order response moments will be 
considered. 

Substituting (6) into (9) yields the following set of differential equations governing the 
time-evolution of the second-order joint moments of response (dependence of the joint 
moments on time is suppressed for notational convenience): 

li:1 1 = 2x:12 

li:12 = x:n- 2~wox:12- w~(ax:n + (1- a)x:13) 

K13 = x:23 + K:J2 - E[X X H(X)H(Z- u)]- E[X X H( -X)H( -Z- u)] 

li:n = -4~wox:22 - 2w~ (ax:12 + (1- a)x:23) + 27r5o 

li:23 = -2Ewox:23- w5(ax:13 + (1- a)x:33)+ 
. 2 . . 2 . 

x:22 - E[X H(X)H(Z- u)]- E[X H( -X)H( -Z- u)] 

li:33 = 2x:23- 2E[XZH(X)H(Z- u)]- 2E[XZH(-X)H(-Z- u)] 

( 11) 
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where K:1 1 = E[X2],K:12 = E[XX],K:13 = E[XZ],K:zz = E[X2],K:z3 = E[XZ], and K:;r3 = 
E[Z 2

]. 

In most approximate analyses involving moment equations, the expectations above in
volving Heaviside functions are replaced by equivalent polynomial expansions of various 
orders. Here these expectations will be expressed as response moments conditioned on 
the oscillator being in the plastic state .. To this end, let p x x z( x, x, z) represent the 
joint probability density function of X, X, _and Z. This joint probability density is of 
the mixed type in the sense that X and X are continuous variables of infinite range 
whereas Z ranges only between -u and u and has a finite probability of assuming the 
values -u or u. In addition, let P{Z = u} represent the probability that the oscillator 
has reached the positive yield state. Due to the symmetry of the oscillator, the prob
ability of being in the positive yield state is equal to the probability of being in the 
negative yield state, i.e. , P{Z = u} = P{Z = -u}. With these conventions established, 
consider the term E[XX H(X)H(Z- u)]. This term can be rewritten as follows 

E[XXH(X)H(Z- u)] = 

1oo 1oo 1u+ 
-oo dxx -oo di:i:H(i:) -u- dzH( z -u)Pxxz(x,i:,z)= (12) 

1100 

dx X {

00 

di: i: Px.Xiz( x,i: lz = u) P{Z = u} = P{Z = u}E[XXIZ = u] 
-oo Jo 

Intuitively, the result is clear, the term XXH(X)H(Z -u) is equal to XX if the system 
is in the positive yield state and zero otherwise. Note that the velocity of the oscillator 
is non-negative when Z = u. Due to the symmetry of the oscillator, expressions similar 
to (12) are obtained for the following expectations: 

E[XXH(-X)H(-Z- u)] = P{Z = -u}E[XXIZ = -u] = P{Z = u}E[XXIZ = u] 

E[.\' 2 H(X)H(Z- u)] = E[X 2 H(-X)H(-Z- u)] = P{Z = u}E[X 2 1Z = u] (13) 

E[X ZH(X)H(Z- u)] = E[X ZH( -.\')H( -Z- u)] = uP{Z = u.}E[.XIZ = u] 

Substituting the results of (12) and (13) into (11) and setting the left-hand sides equal 
to zero, i.e. , considering the state of st.ationarity, yields the following algebraic equations 
for the determination of the stationary response moments 

0 = 2~~:12 
0 = 11:22- 2~wo~~:12- w6(n~~:u + (1- n)~~:13) 

0 = "23 + KJ2- 2P{Z = u}E[X.XIZ = u] 

0 = -4~WQK22- 2w6(nKJ2 + (1 - n)K23) + 21rS0 

0 = -2~wo~~:23- w6(n~~:13 + (1- n)n:33) + 11:22- 2P{Z = u}E[X2IZ = u] 

o = 2n:23 - 4uP{Z = u}E[XIZ = u] 

(14) 

The first of equations (14) eliminates K: 12 from consideration. Further, both the third 
and last of equations ( 14) yield expressions for K: 23 . Use will be made of the latter, as it 
requires only the knowledge of the marginal probability density of X when the system is 
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in the plastic state, whereas the former requires information about the joint probability. 
density of X and X in the plastic state. Note that by discarding the third of equations 
(14), four nontrivial/non-redundant equations for the eight unknowns 1\:u, /\: 13 , /\: 22 , 

/\: 23 , /\: 33 , E[XIZ = u], E[X 2 IZ = u], and P{Z = u} remain. Hence extra information 
regarding the physical system, including the probability density of X during plastic 
excursions, is needed to obtain numerical results for the response moments. 

3. MARGINAL PROBABILITY DENSITY FUNCTION OF VELOCITY 
DURING PLASTIC EXCURSIONS 

Consider the stationary response of the corresponding linear SDOF dynamical system. 
Let u be an arbitrary positive distance from the origin . It is well-known from crossing
theory, that if values of X are sampled at u-upcrossings, the empirical' distribution of 
X tends to a Rayleigh distribution. That is, the probability density of.\:" tends to one 
which has no probability mass arbitrarily near zero as the velocity of the system must 
be greater thari zero in order to have a u-upcrossing. 

From the equations of motion of the bilinear hysteretic oscillator ( 1), it is seen that be
tween yield-level excursions, the system acts as a linear oscillator. Thus, if the yield level 
is sufficiently high in relation to the standard deviation of the corresponding linear oscil
lator, it is reasonable to assume that between plastic excursic;ms the oscillator's respons~ 
renormalizes to Gaussianity such that the distribution of X at yield-level upcrossings 
is approximately Rayleigh distributed with mean ,;;/2() x and second moment 2()~, 
where()}< is the unconditional standard deviation of velocity (this idea forms the basis 
of the Slepian process approach). However, this distribution does not account for the 
distribution of X for the system's entire sojourn to the plastic state. During plastic ex
cursions, if white noise effects are neglected, the velocity of the oscillator monotonically 
decreases from its value at yield-level-upcrossing to zero at which point the oscillator 
exits the plastic state. Physically, this means that the average value of X during plastic 
excursions is less than the average value of X at yield-level upcrossings. Further, as 
every yield-level upcrossing corresponds to a zero-velocity yield-leyel downcrossing, it 
seems physically reasonable to expect the probability density of X during plastic. ex
cursions to have some probability mass arbitrarily near zero - possibly approaching a. 

half-Gaussian probability density with mean ~(),';. and second moment ()~. 
For low yield levels (in relation to the standard deviation of the corresponding linear 
oscillator), it is not the case that the system's response will renormalize to Gaussianity 
between plastic excursions. However, the velocity at a u-upcrossing still must be positive 
and this velocity will again steadily decrease to zero during plastic excursions f:luc.h 
that the average velocity during plastic excursions is less than the average value at u

upcrossings. Thus, while the distribution of the velocity at u-upcrossings is not expected 
to be Rayleigh, it is conjectured that the mean and second moment of the Rayleigh 
distribution (with parameter ()l equal to the unconditional variance of velocity of the 

bilinear oscillator) form upper bounds on the mean and second moment of X during 
plastic excursions. Further, it is conjectured (again for low yield levels) that the mean 
and second moment of the half-Gaussian density (with parameter ()l equal to the 
unc~mditional variance of velocity) form lower bounds on the mean and second moment 
of X during plastic excursions. 
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These conjectures are supported by results obtained through Monte Carlo simulation. 
A SDOF bilinear hysteretic with w 0 = 1, ~ = 0.05, and a = 1/21 was considered for 
various yield levels u. The intensity of the white noise excitation was prescribed so 
that the mean-square displacement of the corresponding linear oscillator, a~ ,a, was 1, 
i.e., 50 = 2~wJ/7r. Thus, the yield level u is normalized in proportion to the standard 
deviation of the corresponding linear oscillator. 

a) 
1.5 

,-.., 

~ 1.0 

~ 
N 

~0.5 

' .... 
/' ' 

I \ ' I \ \ 
I \ ' 

I \ \ 
I \ \ 
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I ',, ' 

I ', ' 
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----Rayleigh 

I ................ ~' ...... 
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N 

~0.5 
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2.0 2.5 
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Figure 1: Conditional probability densities of X given Z = u found by Monte Carlo simulations in 
comparison with half-Gaussian and Rayleigh densities ; (a) u/a-x,o = 0.25; (b) u/a-x,u = 0.50; 
(c) u/a-x,o = 0.75; (d) u/a-x,o = 1.00. 

Figure 1 shows the conditional probability density functions of X given that the system 
is in the positive yield state in comparison with Rayleigh and half-Gaussian densities 
for various values of ufax,0 . The means and second moments of the distributions are 
listed in Table 1. 

For ratios of u /a x ,a less than or equal to one, the means and second moments of the 
Rayleigh and half-Gaussian distributions form upper and lower boun~s, respectively, 
on the means and second moments of the empirical distributions of X. Thus in the 
ensuing analysis, the terms E[X/Z = u] and E[X2 /Z = u] in equations (14) are taken 
to be bounded as follows: 

{2 0' 0 y; X < E[X/Z = u] < Jiax 
< E[X 2 /Z = u] < 

( 15) 

(16) 
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Table 1: Means and second moments of the distributions appearing in Figure 1 

u/11'x o Means Second Moments 

Half-Gaussian Empirical Rayleigh Half-Gaussian Empirical Rayleigh 

0.250 0.457 0.553 0.718 0.328 0.436 0.656 
0.500 0.409 0.517 0.643 0 .263 0.385 0.526 
0.750 0.475 0.531 0.746 0 .354 0.415 0 .708 
1.000 0.523 0.554 0.821 0.429 0.458 0.858 

4. EQUATION FOR THE PROBABILITY OF BEING IN THE PLASTIC 
STATE 

For ease of notation consider the following reformulation of equation ( 1): 
•• I . 

X+ aX + bX + cZ = W(t) ( 17) 

where a= 2~w0 , b = w6a, and c = w6(1- a). The nontrivial/nonredundant algebraic 
equations for the stationary response moments become 

0 = 1\,22- b/\,11- C/\,13 

c 1rSo 
0 = "-22 + -"-23 - --

a a (18) 
. 2 

0 = -a/\,23- b"-13- C"-33 + 1\,22- 2P{Z = u}E[X IZ = u] 

0 = 2~>23- 4uP{Z = u}E[XJZ = u] 

The last of equations (18) indicates that 1\, 23 = 2uP{Z = u}E[.YJZ = u] which, given 
the bounds on E[XJZ = u], can be written as 

1\,23 = 2 u P{Z = u} d CTx = f CTx (19) 

where .f = 2uP{Z = u}d. Substituting this result into the second of equations (18) 
and using 1\, 22 = E[X2

] = CT} yields a quadratic equation in CT ;i>., namely 

2 c.f 1rSo 
(T . + -(T ' - - = 0 x a x a 

(20) 

whose positive root is given by 

c.f 
(T" =--+ 

X 2a (21) 
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The standard deviation of velocity as given by equation (21) is a monotonically decreas
ing function of udP { Z = u} for given system parameters. It follows then that the mean
square velocity, aX will also be a monotonically decreasing function of udP{ Z = u}. 
When u -+ 0, PtZ = u} -+ 0.5 and the system behaves as a linear oscillator with 
stiffness aw5 . When u -+ oo, P{Z = u} -+ 0 and the system behaves as a linear os
cillator with stiffness w5. In both cases , aj = 7rSo/2~wo, which forms an upper bound 
on the mean-square velocity. When udP{ Z = u} is nonzero, the oscillator's stiffness 
will be repeatedly softened upon its entries into the plastic state. This softening of the 
restoring force leads to oscillations of lower frequency and, consequently, lower velocity 
implying that the mean-square velocity will decrease. 

Turning now to the third of equations (18) and using K22 = a}, K23 = fa x, and 
equation ( 16) results in 

(22) 

where 

fl = 2P { Z = u} e (23) 

(24) 

The significance of equation (22) is that the left-hand side is entirely a function of 
known system constants, parameters that are bounded, and the probability of being 
in the plastic state. Consequently, if the right-hand side of equation (22) a priori can 
be well-approximated in terms of system constants and/or the probability of being in 
the plastic state, the equation can be solved for P { Z = u} with regard to the bounded 
constants d and e to give functioning (though not rigorous) bounds on P { Z = u}. Thus, 
the problem becomes one of determining valid approximations of K 13 and K. 33 . 

5. APPROXIMATIONS TO K. 33 AND K 13 

First consider K.33 . Let pz(z) be the marginal mixed probability density of z and let 
pz(z) represent the continuous part of pz(z) between -u and u. Due to the symmetry 
of the oscillator, pz(z) is symmetric about zero. Assuming pz(z) to be approximately 
uniformly distributed, i.e., pz(z) ~ 2

1u(1- 2P{Z = u}), it follows that 

r u 2 2P{Z = u} + 2 Jo dz z2 pz(z) ~ (25) 

1 
u 2 2P{Z = u} + u2

3(1- 2P{Z = u}) 
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I 
Figure 2: Comparison of estimated exact values of E[Z2] found by Monte Carlo simulations with ap-
proximate values found using eq. (25); (a) a= 0.05; (b) a= 0.25; (c) a= 0.50; (d) a= 0.75. 
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Figure 3: Comparison of estimated exact values of E[Z 2 ] with estimated exact values of E[X Z] obtained 
by Monte Carlo simulations; (a) a= 0.05; (b) a= 0.25; (c) a = 0.50; (d) a= 0.75. 
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Figure 2 shows estimated exact values of K33 as computed via Monte Carlo simulatio~s 
in comparison with values predicted by using the estimated exact values of P{ Z = u} 
as determined by Monte Carlo simulations. As is evident, (25) provides a very close 
approximation to the actual value of K33, especially at low values of u /a x ,o. 

To determine an approximation for K 13 , first note that X = Z + 6. where 6. is the net 
plastic displacement of the oscillator. Thus, 

(26) 

where use was made of the fact, uncovered by extensive Monte Carlo simulations, that 
Z and 6. are approximately uncorrelated. This correlation is the difference between K: 13 

and K: 33 but it is quite small for values of Cl' ::; 0.25 (which covers most cases of practical . 
interest) and reasonably small for o ~ 0.50 as can be seen in Figure 3. 

Thus, in the sequel the right-hand side of equation (22) is approximated by 

b"'I3 + CK33 ~ b"'33 + C/\,33 ~ (b + c)u 2 
( 2P{Z = u} + ~(1- 2P{Z = u} )) (27) 

With the above results in conjunction with equation (22), the following equation for the 
probability of being in the plastic state is obtained, 

a~(l- g)- a.fax- (b + c)u 2 
( 2P{Z = u} + ~(1- 2P{Z = u} )) = 0 (28) 

where u,.:; is given in terms of P{Z = u} by equation (21). 

Equation (28) can be reduced to a. qua.rtic equation in P { Z = u} and thus has an 
exact analytical solution. However, it is extremely lengthy as verified by the softwan~ 
program Mathematica. Thus, for purposes of numerical evaluation, equation (28) was 
solved numerically using M athematica's root-finding algorithm. 

6. NUMERICAL EXAMPLES 

To investigate the accuracy of the results given by equation (28) its dependence on the 
yield level, u , and the secondary-to-primary stiffness ratio, o, various parametric cases 
were considered. For each case, the intensity of the white noise, So, was prescribed so 
that the mean-square displacement of the corresponding linear oscillator was equal to 
one. Then u could be interpreted as the ratio of the yield level to the standard deviation 
of the corresponding linear oscillator or, equivalently, the reciprocal of u could be viewed 
as the factor by which the white noise intensity was increased or decreased with respect 
to the linear case. Values of u considered ranged from 0.25 to 1.0 while values of a 
ranged from 0.05 to 0. 75. In addition, recall that the parameters d and e enter (28) 

through f and g and these parameters are restricted to the intervals ~ ::; d ::; .JI, 
1 ::; e ::; 2. 

P { Z = u} was evaluated in two different ways with respect to d and e, namely, by 
setting d and e to their extreme low values and extreme high values, respectively. For 
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all cases considered, w0 = 1.0 s-1 (without loss of generality as time can always De 
measured in units of 1lwo) and e = 0.05. 

For all cases of a considered, the values of P { Z = u} found by setting d and e equal 
to their extreme low values ( J2Tii and 1, respectively) were on the high side, that is, 
they formed upper bounds on the probability of being in the plastic state. These upper 
bounds became increasingly sharp as u I C7 x ,o approached 1. The opposite was true for 
the values of P{ Z = u} found by setting d and e equal to their extreme high values 
( .;:;J2 and 2, respectively). In this case, the results formed lower bounds for all values 
of u I C7 x ,o. Similarly, these bounds became increasingly sharp as u I e7 x ,o approached 1. 

Figure 4 shows comparisons of the estimated exact values of P { Z = u} with results 
found by solving equation (28) for each ordered pair of the constants d and e, namely 
( j2fii, 1) and ( FJ2, 2). . . 

a) 0.5 .------,.----r----,.------, b) 0.5 ,-----~---.------...---. 

--simulated --simulated 
0.4 -------· upper bound 0.4 '---- --------upper bound -= 0.3 

~ 
li:' 0.2 

0.1 

---- lower bound -= 0.3 
~ 
li:' 0.2 

',,, ---- lower bound 

'-,,_ ---,,-----------------------
0.1 

0.0 '-------~-----,-'-----~-----' 
0.0 0.5 1.0 

0.0 '--------'----..___--~----' 
0.0 0.5 1.0 

ulux.o ulux.o 

c) 0.5 .-------.----.-----.------, d) 0.5 ,-----~-----.-----,-------, 

0.4 

0.1 

-- simulated 
----- -------- upper bound 

------,'---<~_:_lower bound 

-----------------

0.4 

-= 0.3 
~ 
li:' 0.2 

---- -- simulated 
------- -------- upper bound 

------ -- - - lower bound .......... 

---, , __ -----------,' -----
0.1 

---

0.0 L----~-----,-L----~---,-1 
0.0 0.5 1.0 

0.0 '--------'----..___--~----' 
0.0 0.5 1.0 

ulux.o ulux.o 

Figure 4: Solutions of (28) for the probability of being in the plastic state; (a) Cl' = 0.05; (b) 
Cl'= 0.25 ; (c) Cl'= 0.50; (d) Cl'= 0.75. 

7. APPROXIMATION OF THE RESPONSE MOMENTS 

With bounds on the probability of being in the plastic state established, the expression 
given by equation (21) can be used to determine an approximation of C7 x. As before with 
the equation for P { Z = u}, the expression for e7 x can be evaluated using the extreme 
values of d and the corresponding values of P { Z = u}. These results are presented in 
Figure 5. 
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a) 1.0 .---~----.-----r------, 

to.5 

0.0 . 
0.0 

--simulated 
·------· approximation 1 
--- - approximation 2 

0.5 

ulax.o 
1.0 

c) 1.0 .-----,...---.----,...-----, 

__ .---
to.5 

--simulated 
·------· approximation 1 
---- approximation 2 

0.0 '----~----'----~-----' 
0.0 0.5 1.0 

ulax.o 

b) 1.0 r----,..----r-----r-----, 

b>< 0.5 

--simulated 
·------· approximation 1 
---- approximation 2 

0.0 ':---~----:-'-:----~--~ 
0.0 0.5 1.0 

ulax.o 

d) 1.0 r----~--.,----,------, 

--..::-::::--~-=====4 

·>< t:l 0.5 

--simulated 
·------· approximation 1 
-- -- approximation 2 

0.0 ':---~------:-"::----~-----' 
0.0 0.5 1.0 

ulax.o 
Figure 5: Comparisons of estimated exact values of rrx with approximations found using eq. (21 ); (a) 
a= 0.05; (b) a= 0.25; (c) a= 0.50; (d) a= 0.75. 

a) 2.5 .-----,----.-----r------, 

2.0 

1.0 

0.5 

-- simulated 
·-----· approximation 1 
- --- approximation 2 

0.0 '----~----'----~-----' 
0.0 0.5 1.0 

ulax.o 

c) 2.5 ,------.----,-------.------., 

2.0 --simulated 
-------·approximation 1 
--- ... approximation 2 1.5 

J< 
1.0 

~~~-------------------~ 
0.5 

0.0 '----~----'-,.----~--~ 
0.0 0.5 1.0 

ulax.o 

b) 2.5 ,---..,....----,---~------, 

2.0 

........... _ 

0.5 

-- simulated 
·---·--· approximation 1 
-- -- approximation 2 

--::.~-

0.0 L---~----:-"::----~-----' 
0.0 0.5 1.0 

d) 2.5 

2.0 
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1.0 

0.5 

0.0 
0.0 

... __ _ 

ulax.o 
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·------· approximation 1 
---- approximation 2 

0.5 

ulax.o 
1.0 

Figure 6: Comparisons of estimated exact values of rrx with approximations found using eq. (30); (a) 
a= 0.05; (b) a= 0.25; (c) a= 0.50; (d) a= 0.75. 
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The approximate results were essentially insensitive to the values of d used as long as 
the corresponding value of P { Z = u} was used as well. This is because the variables 
d and P{ Z = u} appear as a product in equation (21) and recall that high values 
of d resulted in low values of P { Z = u} and vice-versa. Hence, the products were 
approximately equal. In Figure 5, "Approximation 1" corresponds to using d = ~ 
(and the subsequent value of P{ Z = u}) whereas "Approximation 2" corresponds to 

using d= ~· 

Similarly, an approximation of ax can be computed using the first of equations (18) 
which can be written as 

(29) 

Making use of the approximation ~~: 13 :::::::: ~~: 33 :::::::: u 2 (2P{Z = u} + ~(1- 2P{Z = u} )) 
yields 

1 c ( 1 ) ai = bai- z;u 2 2P{Z = u} + 3(1- 2P{Z = u}) (30) 

Once again, in light of the upper and lower bounds on P { Z = u} there are multiple ways 
in whi~h to evaluate equation (30). However, a more conservative estimate is obtained 
by using the lower bound values of P{Z = u} when evaluating the approximation to ~~: 13 
since then the right-hand side is (relatively) maximized. Figure 6 shows comparisons of 
the estimated actual values of ax with approximations found using equation (39). Here 
"Approximation 1" corresponds to using the value of a x found in "Approximation 1" 
above along with the minimum approximation to ~~: 13 . Similarly, "Approximation 2" 
corresponds to using the value of a x found in "Approximation 2" above along with the 
minimum approximation to ~~: 13 . As with the approximations to a x, the approximations 
to ax very closely agree with the estimated exact values. 

8. CONCLUSIONS 

Algebraic equations were derived for a bilinear hysteretic oscillator excited by stationary 
Gaussian white noise which related stationary response moments , conditional response 
moments, and the probability of being in the plastic state. Then, considering the 
physics of the oscillator at low yield level upcrossings, a priori bounds, verified by Monte 
Carlo simulations, were assigned to the conditional response moments E[XIZ = u] and 
E[X 2 IZ = u]. These bounds in conjunction with a priori approximations of E[XZ] 
and E[Z2

] led to an equation expressed in terms of known system constants, bounded 
parameters, and the probability of being in the plastic state, P{Z = u}, which was 
then solved numerically to determine bounds on P{Z = u} . With bounds on P{Z = u} 
established, very accurate approximations of a x and a x were evaluated as functions of 
P{Z = u}. 

The primary usefulness of the derived expressions is that they provide a quick and easy 
way to determine very accurate stationary response statistics of a bilinear hysteretic os
cillator for a wide array of system parameters which in turn may be used in rudimentary 
design or analysis considerations. 



14 

9. ACKNOWLEDGEMENT 

The first author is grateful for the support provided through the research program 
Dynamics of Structures at Aalborg University, Aalborg , Denmark. 

10. REFERENCES 

1. Roberts , J .B , The Response of an Oscillator with Bilinear Hysteresis to Stationary 
Random Excitation Journal of Applied Mechanics , ASME 45 (1978) 923-28. 

2. Roberts, J .B. The Yielding Behavior of a Randomly Excited Elasto-Plastic Structure. 
Journal of Sound and Vibration , 1980, 72, 71-85. 

3. Roberts , J .B. Application of Averaging Methods to Randomly Excited Hysteretic Sys
tems. In Nonlinear Stochastic Dynamic Engineering Systems , ed. F . Ziegler and G.I. 
Schueller. Springer-Verlag, Berlin, Heidelberg, 1988, 361-79. 

4. Roberts , J .B. Response of Nonlinear Mechanical Systems to Random Excitation; Part 
I: Markov Methods. Shock Vibration Digest, 1981 , 13, 17-28. 

5. I wan, W.D. & Spanos, P-T. Response Envelope Statistics for Nonlinear Oscillators with 
Random Excitation. Journal of Applied M echanics, ASME, 1978, 45, 170-4. 

I 

6. Spanos, P-T. Hysteretic Structural Vibrations under Random Load. Journal of the 
Acoustical Society of America, 1979, 65, 404-10. 

7. Spencer, Jr., B.F., Reliability of Randomly Excited Hy.gteretic Structure,g, Springer
Verla.g, Berlin, Heidelberg, 1986. 

8. Ca.ughey, T.K., Random Excitation of a. System with Bilinea.r Hysteresis. Journal of 
Applied Mechanics , ASME, 1960, 27, 640-3. 

9. Caughey, T.K., Nonlinea.r Theory of Random Vibrations. Advances in Applied Mechan
ics, 1971, 11, 209-53 . 

10. Caughey, T.K. On the Response of Non-linear Oscillators to Stochastic Excitation . 
Probabilistic Engineering Mechanics, 1986, 1, 2-4. 

11. Iwan, W.D. & Lutes, L.D. The Response of a Bilinear Hysteretic System to Stationary 
Random Excitation. Journal of the Acoustical Society of America, 1968, 43, 545-52. 

12. Lutes , L.D. Approximate Technique for Treating Random Vibration of Hysteretic Sys
tems. Journal of the Acoustical Society of America, 1970, 48, 299-306. 

13. Iwan, W.D. & Yang, J . Application of Statistical Lineariza.tion Techniques to Nonlinea.r 
Multidegree-of-Freedom Systems. Journal of Applied Mechanics , ASME, 1972, 39, 545-
50. 

14. Baber, T .T. & Wen, Y.K. Random Vibration of Hysteretic Degrading Systems. Journal 
of Engin eering Mechanics , ASCE, 1981 , 107, 1069-87. 

15. Wen, Y.K., Equivalent Linearization for Hysteretic Systems Under Random Excitation 
Journal of Applied Mechanics, ASME 47 (1980) 150-54. 

16. Grossmayer, Rudolf L. & Wilfred D. Iwan, A Linearization Scheme for Hysteretic Sys-



15 

terns Subjected to Random Excitation Earthquake Engineering and Structural Dynamics 
9 (1981) 171-185. 

17. Roberts, J.B. Response of Nonlinear Mechanical Systems to Random Excitation: Part 
II: Equivalent Linearization and Other Methods. Shock Vibration Digest, 1981, 13, 
15-29. ???? 

18. Nielsen, S.R.K., K.J. M~rk, & P. Thoft-Christensen, Reliability of Hysteretic Systems 
Subjected to White Noise Excitation Structural Safety 8 (1990) 369-79. 

19. Karnopp, D. & Scharton, T.D. Plastic Deformation in Random Vibration. Journal of 
the Acoustical Society of America, 1966, 39, 1154-61. 

20. Vanmarcke, E.H. & Veneziano, D. Probabilistic Seismic Response of Simple Inelastic 
Systems. Proceedings of the 5th World Conference on Earthquake Engineering, Rome, · 
1974, 2851-63. 

21. Iyengar, N.R: & Iyengar, J.K. Stochastic Analysis of Yielding System. Journal of En
gineering Mechanics Division, ASCE, 1978, 104, 383-97. 

22. Grossmayer, R. Elastic-Plastic Oscillators Under Random Excitation. Journal of Sound 
and Vibration, 1979, 65, 353-79. 

23. Gross~ayer, R. Stochastic Analysis of Elasto-Plastic Systems. Journal of Engineering 
Mechanics , ASCE, 1981, 39, 97-115. 

24. Ziegler , F. & Irschik, H. Nonstationary Random Vibrations of Yielding Beams. Pro
ceedings of the 8th International SMIRT Conference, 1985, M1 , 123-8. 

25. Irschik, H. Nonstationary Random Vibration of Yielding Multi-Degree-of-Freedom Sys
tems: Methods of Effective Envelope Functions. Acta M echanica, 1986, 60, 265-80. 

26. Bhartia, B.K. & Vanmarcke, E.H. Associate Linear System Approach to Nonlinear 
Random Vibration. Jo·u.rnal of Engineering Mechanics, ASCE, 1991, 117, 2407-28. 

27. Ditlevsen, 0 . Elasto-Plastic Oscillator with Gaussian Excitation. Journal of Engineer
ing Mechanics, ASCE, 1986, 112 , 386-406. 

28. Ditlevsen, 0 . Gaussian Excited Elasto-Plastic Oscillator with Rare Visits to Plastic 
Domain. Journal of Sound and Vibration , 1991, 145, 443-56. 

29. Ditlevsen, 0 . & Bognar, L. Plastic Displacement Distributions of the Gaussian White 
Noise Excited El as to-Plastic Oscillator. Probabilistic Engineering Mechanics, 1993, 8, 
209-231. 

30. Kaul, M.K. & Penzien, J. Stochastic Seismic Analysis of Yielding Offshore Towers. 
Journal of the Engineering Mechanics Division, ASCE, 1974, 100, 1025-1038. 





STRUCTURAL RELIABILITY THEORY SERIES 

PAPER NO . 135: S. Engelund, J. D. S0rensen & S. Krenk: Estimation of th e Tim e. 
to Initimtion of Corr.osion in Existing Un cra.ck:ed Concret e StT'tt cinn;.s. ISSN 0902-7513 
R9438 . 

PAPER NO . 136: H. U. Koyliioglu, S. R. K. Nielsen & A. ~ - Ga.kma.k: 
Solntion M ethotis for StTv.ctures with Random Properties sv.bject to Random E xcitation. 

ISSN 0902-7513 R9444. 

PAPER NO. 137: J. D. S0rensen, M. H. Faber & I. B. Kroon: 
Optimal Relia.bility-Bas ed Planning of Experiments for POD Curves. ISSN 0902-7513 
R9455. 

PAPER NO . 138: S.R.K. Nielsen & P.S. Skj rerbcek, H.U. Koyliioglu & A.S. (jakmak: 
Prediction of Globa.l Da.mage and R eliabildy bns cd ·upon S equ ential Id ent~fi cation and 

Updating of RC Str·ncture.s .~·nbject to EaTthq11.ake.q. ISSN 0902-7513 R9505. 

PAPER NO . 139: R. Iwankiewicz , S. R. K Nielsen & P . S. Skj rerbcek: S ensitivity of 
_ Reliabildy Estimat-es in Partially Damaged RC StructuTes subject to EaTthqnakc.s nsing 

R erlv.ccd HysteTeiic Mod ek ISSN 0902-7513 R9507. 

PAPER NO . 140: R. C. Mica.letti , A. ~- Qa.kma.k , S. R.. K. Nielsen & H. U. Koyliioglu: 
En·oT Analy.sis of Statist1:r.a.l Linea.r1:zation wdh Gau,q.sia.n Closv.re fo r LaTge D r.gn;e-of
Freedom1 System,q. ISSN 1395-7953 R9631. 

PAPER NO 141: H. U. Ki)yliioglu, S. R. K. Nielsen & A. $. Cakma.k: Unr.eTia:in 
Buckling Load and R ez.iab£lit.y of Colu.mn,q with Un certain Properti e.~ . ISSN 0902-7513 
R9524. 

PAPER. NO . 142: S. R K. Nielsen & R. Iwa.nkiewicz: R espons r. of Non-Linr.nT Sys ie'rns 
to ft enewa.l Imp'll.ls es by Path Int cgmt?:on. ISSN 0902-7513 R9·512. 

PAPER NO . 143: H. U. I'\:oyluoglu , A. ~- Qakm.ak & S. R K. Ni lsen: Mirlbroh~en R e
inforced ConcTetc Sh ca.T Fra.m e,q Dv.e to Ea.Tthq·u.ak es. - A Hy.steTetic Mod el t o Q'll.antify 

Da.nwg e at the Storey Lev el. ISSN 1395-7953 R.9630 . 

PAPER NO . 144: S. Engelund : PTobabili8tic Models and Computat?:onal M ethorJ.,q joT 

Chloride Ingress in Concrete. Ph .D. -Tlwsis. ISSN 1395-7953 R9707. 

PAPER NO. 145: H. U. Koyliioglu, S. R. K. Nielsen , J a.mison Abbott & A. S. Ca.kma.k: 
Local and Modal Dama.g e Indi cators for R.einfon;ed Con crde Shea.1· Fm:rn es s·u.bject to 

Eatrthqnake8 . ISSN 0902- 7513 R.9521 

PAPER NO . 146: P . H. Kirkega.a.rcl , S. R. K. Nielsen, R. C. Mica.letti & A. S. Ca.lm: ale 
Id entifi r;o.tion of a. Ma.x irn.nm, Softening Da.m.a.ge Indica.toT of R.C-StTv.ct'IJ,Te8 11 .. sing T ime

Frequ en cy T er.hniques . ISSN 0902-7513 R9522. 

PAPER. NO. 147: R. C. Micaletti, A. S- Ca.kma.k, S. R.. K. Nielsen & P. H. Kirkcga.a.rd: 
Construction of Tim e-D epen dent Spedro. ·u .. sing Wwu elet Ana.lys1:s jM· D et er"rr1.1:no.t?:on of 
Global Dam.a.gc. ISSN 0902-7513 R.9517. 

PAPER NO . 148: H. U. IG'>yliioglu, S. R.. K. Nielsen & A. S. Cakmak: H ys i eTet ic 
MIJOF Mod el to Q1umt?jy Damage for TC Shear Fra.m. es subject to Earthq'Ua.kes. ISSN 
1395-7953 R9601. 



STRUCTUR AL R ELIABILITY THEORY SERIES 

PAPER NO. 149: P . S. Skj rerbrek, S. R. K. Nielsen & A. ~· Qa.kmak: Damage Loca
tion of Severely Dam aged R C-Str·uctv.Tes based on Measured Eigenperiods from a Single 
Response. ISS N 0902-7513 R9518. 

PAPER NO. 150: S. R. K. Nielsen & H. U. 1\:oyluoglu: Path Int egration appli ed to 
Stnt ctural Systems with Un certa.in Properties . ISSN 1395-7953 R9602 . 

PAPER NO . 151: H. U. 1\oyluoglu & S. R. K Nielsen : Sy.stem Dynamics and Modifi ed 
Cumv.tant N eglect Clns·u.re Schem es. ISSN 1395-7953 R9603 . 

PAPER NO. 152: R. '. Mi al tti , A.~ · Qakmak, S. R. K. Nielsen , H. U. Koyluoglu: Ap
proximate Analytical So lut?:on for th e 2nd-Order m oments of a SDOF Hyst retic Oscilla
tor with Low Yield Le·v e l.~ Excited by Stationa:ry Ga·u.ssian Wh£t e Noise . ISSN 1395-7953 
R9715. 

PAPER NO . 153: R . C . Mica.letti , A. $. ( jakma.k , S. R. K. Nielsen & H. U. Koyluoglu: A 
Solv.tion M ethod for Linea.r and Geom etTica.lly Nonlinear MDOF Systems with Random 
Properties s'ttbject to Random E:z;c itation. ISS N 1395-7953 R9632. 

PAPER NO. 154: J . D. S0rensen , M. H. Fa.b r I. B. Kroon: Optimal Rel1:ab ility-Based 
Planning of Expen:m ents joT POD Curves . ISSN 1395-7953 R9542. 

PAPER NO. 155: J . D. S0rensen, S. En.e;elund: Stochastic Finit e Elem ents in Reliability
Bas e~ Strv.ct·nra.l Optimization. ISSN 1395-7953 R9543. 

PAPER NO . 156: C. P f' tlerseu , P. Thoft- Ch.ri stensen: Guidelin es for- Int em.ct.ive Rehabildy
Based Stnt.ctv.ra.l Opt imizrJJtion 7t.sing Qna.si-Nc'lJJt on Algor-ithm.s. ISSN 1395-7953 R9615. 

PAPER NO. 157: P. Thoft- 'hristensen , F . M . .T ensen , C. R. Middlf' ton A . Bla.rkmore: 
A ssessm ent of th e Relia.bild y of Co ncTete Slab Bridg es. ISSN 1395-7953 R9616 . 

PAPER NO . 158: P . Thoft.-Christensen : Re- A ssessm ent of ConcTete BTidges . ISSN 
1395-7953 R9605. 

PAPER. NO . 159: H. I. Han scn , P. Thoft.-Christen ·en: Wind Tv.nnel Testing of Act1:ve 
Contro l Syst em for Bridg c.q. ISSN 1395-7953 R.9662. 

PAPER. NO 160: C. P eel rsen : l nt era.ctivr R eliability-Based Optimization of Stnt. c h~;ml 

Systems. Ph.D .-T hesi::;. ISSN 1395-7953 R9638. 

PAPER NO. 161: S. Engc~lund , .J . D. S~rensen : Stocha.stic Mod els joT Chloride-initinted 
Corrosion in R einjoTccrl Con cTete.ISSN 1395-7953 R.9608. 

PAPER NO. 165: P. H. I\:irkcgaard, F. M. J ns n , P. Th.oft- 'hri. tensen : Modelling of 
S·nrfa ce Sh1:ps v.sing A rtificia.l N e11. ra. l N etwo ·rks. ISSN 1593-7953 R96 25 . 

PAPER NO . 166: S. R. K . Niels< 11 , S. Krcnk: Stodwstic Respon.~e of En,er:qy Balanced 
Model for W o'l't ex- Indnccd Vibration. ISSN 1395-7953 R.9710. 

PAPER NO . 167: S. R. K Nicl. ·cn , R. Iwa nki · wicz: Dyna,mic systems Dri·ven by Non
Poissonian Impv.lses: M arko11 Vector Approach. ISSN 1395- 7953 R.9705. 

Departm.ent of Building T echnology and Structural Engineering 
A alborg Unive rsity, Sohngaardshohnsvej 57, DK 9000 Aalborg 
Telephone: +45 9635 8080 Telefax: + 45 9814 8243 


