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ON THE INFIMUM OF THE ENERGY-MOMENTUM
SPECTRUM OF A HOMOGENEOUS BOSE GAS

H.D. CORNEAN, J. DEREZINSKI, AND P. ZIN

ABSTRACT. We consider second quantized homogeneous Bose gas in a large
cubic box with periodic boundary conditions, at zero temperature, and in
the grand canonical setting (the chemical potential p is fixed, the number of
particles can vary). We investigate upper bounds on the infimum of the energy
for a fixed total momentum k given by the expectation value at one-particle
excitations over a squeezed state. We show that the results of the Bogoliubov
approach (usually derived heuristically) coincide with the results of the first
iteration of our method (which leads to rigorous upper bounds).
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1. INTRODUCTION

One can distinguish two possible approaches to the Bose gas at density p: “canon-
ical” and “grand-canonical”. Further on in our paper we will concentrate on the
latter setting. Nevertheless, in the introduction, let us stick to the canonical ap-
proach.

Suppose that the 2-body potential of an interacting Bose gas is described by
a real function v defined on R?, satisfying v(x) = v(—x). We assume that v(z)
decays at infinity sufficiently fast.

A typical assumption on the potentials that we have in mind in our paper is

o(k) >0, keR? (1.1)

where the Fourier transform of v is given by
(k) = /’U(X) e ikx dk. (1.2)
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Potentials satisfying (1.1) will be called repulsive. Note, however, that a large part
of our paper does not directly use any specific assumption on the potentials.

In order to define the quantities at nonzero density, we start with a system of n
bosonic particles in A = [0, L] — the d-dimensional cubic box of side length L. We
assume that the number of particles equals n = pV, where V = L% is the volume
of the box. Following the accepted (although somewhat unphysical) tradition we
replace the potential by

vL(x):% > k), (1.3)

ke 2r 74

where k € %’TZd is the discrete momentum variable. Note that v’ is periodic with
respect to the domain A, and v*(x) — v(x) as L — oco. The system in a box is
described by the Hamiltonian

1
HEn = — Z §A,; + Z ol (x; — x;j) (1.4)
i=1

1<i<j<n

acting on the space LZ(A™) (symmetric square integrable functions on A™). We
assume that the Laplacian has periodic boundary conditions.
Let us denote by EX" the ground state energy in the box:

EL™ .= infspHP™,

where spK denotes the spectrum of an operator K.
The total momentum is given by the operator

n

Phm=3"—iv,,.

=1

Its spectrum equals %’TZd.
Note that HX™ and PX™ commute with each other. Therefore we can define
the joint spectrum of these operators

2
sp(H"", PLm) € R x 2,

which will be called the energy-momentum spectrum in the box. For kj € Q%Zd,
we define the infimum of the energy-momentum spectrum in the boz to be

inf{s : (s,kz) € sp(H"*™, PL™)}. (1.5)

The main subject of our paper is studying upper bounds to (1.5).

We would also like to use this paper as an occasion to state precisely some
conjectures about the energy-momentum spectrum of Bose gas with repulsive in-
teractions in themodynamical limit. These conjectures are suggested by various
heuristic arguments, notably due to Bogoliubov. They go far beyond what we can
prove rigorously at the moment.

By the excitation spectrum in the box we will mean sp(H%" — EL-n PL:n), For
ky € %Zd, we define the infimum of the excitation spectrum (IES) in the box as

e"(kp) :=1inf{s : (s,k;) € sp(HY", P2} — ELm, (1.6)

Let L — co with p = 7. The momentum lattice %’TZd converges in some sense
to the continuous space R¢. The Hamiltonians H%" — EL™ do not have a limit
in any meaning known to us. Nevertheless, we would like to define the IES in this
limit as a function on R?. It is not obvious how to do it. We propose the following
definition:



For k € R? and p > 0, we take 6 > 0 and set

.. . n 2m n
¢’(k,8) := liminf (mf{eL’ (ky) @ K, € fzd, k—kj| <6, p= ﬁ}) .
This gives a lower bound on the IES for the momenta k; in the window in the
momentum space around k of diameter 26. The quantity €”(k,d) increases as §
becomes smaller. The IES at the thermodynamic limit is defined as its supremum
(or, equivalently, its limit) as 0 \, 0:
e’ (k) := sup e’ (k, J).
6>0

Under Assumption (1.1) it is easy to prove that EL" is finite and X" (0) =

€”(0) = 0 (see Theorem 4.1 and Proposition 4.2).

Conjecture 1.1. We expect that for a large class of repulsive potentials the fol-
lowing statements hold true:

(1) The map R? 3 k + (k) € R, is continuous.
(2) Let k € R If {Ls}s>1 C R diverges to +oo, and p = ng/L%, then for every
sequence k, € 2 7% which obeys k; — k, we have that "=+ (k,) — (k).

(3) If d > 2, then infy4g % =: e > 0.

(4) There exists ¢s > 0 such that limy_.q % = ¢s.

Statements (1) and (2) can be interpreted as some kind of a “spectral thermo-
dynamic limit in the canonical approach”. Note that if (1) and (2) are true around
k = 0, then we can say that there is “no gap in the excitation spectrum”.

The properties (3) and (4) of the Bose gas were predicted by Landau in the
40’s. Shortly thereafter, they were derived by a somewhat heuristic argument by
Bogoliubov [2]. They seem to have been confirmed experimentally (see e.g. [13]).

(3) is commonly believed to be responsible for the superfluidity of the Bose gas.
More precisely, it is argued that because of (3) a drop of Bose gas travelling at
speed less than c., will experience no friction.

(4) implies that the sound has a well defined speed at low frequencies equal to
Cs.

Note that in dimension d = 1 the condition (3) should be replaced by

(3) If d = 1, then € (k + 2mp) = €”.

The statement (3)’ has a simple rigorous proof, which we will give later on in
our paper. It implies that in dimension d = 1 the excitation spectrum is periodic
with the period 2mp.

The original argument of Bogoliubov is based on the idea that in thermody-
namical limit homogeneous Bose gas with repulsive interactions can be effectively
described by a quadratic bosonic Hamiltonian. For quadratic Hamiltonians one can
easily find the infimum of the excitation spectrum. For instance, for the free Bose
gas the IES is not very interesting: it just equals zero for all momenta. However,
there exist quadratic Hamiltonians with the IES of the form described by (3) or
(3)’, and (4). One can argue that this fact indicates that Conjectures 1.1 and 4.3
are plausible. We describe some relevant facts about the energy-momentum spec-
tra of quadratic Hamiltonians in Appendix A. We could not find these facts in the
literature, although they probably belong to the folk knowledge.

To our experience, most physicists interested in this subject (but not all) would
agree that one should expect Conjecture 1.1 (as well as the analogous Conjecture
4.3 formulated in the grand-canonical setting) to be true. To our surprise, in
the literature devoted to this subject the authors seem to avoid making precise
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conjectures about these things. In particular, we have not seen a rigorous definition
of the IES similar to (1.7).

Since Bogoliubov, many theoreticians have worked on this subject. Nevertheless,
to our knowledge, no satisfactory rigorous analysis of the energy-momentum spec-
trum of the Bose gas exists. Only in the one-dimensional case, when the interaction
v is a repulsive delta-function, it can be described fairly explicitly (see [9, 8]) and
at least one can prove that there is no gap in it in the thermodynamical limit.

Almost all theoretical works on the energy-momentum spectrum of the Bose
gas instead of the correct Hamiltonian HX" (or its second-quantized version H’
and the grand-canonical version H lf ) considered its modifications. They either
replaced the zero mode by a c-number or dropped some of the terms, or did both
modifications [1, 7, 5, 6, 15, 16]. These Hamiltonians have no independent physical
justification apart from being approximations to the correct Hamiltonian in some
uncontrolled way.

In our paper we are not interested in any such modified Hamiltonians: all our
statements will be related to the grand-canonical Hamiltonian H ,f (the natural
second quantization of H%" — un). Note however, that some of the quantities we
study are not quite the ones we are interested in: instead of the bottom of the
spectrum, most of the time we consider its upper bounds given by the expectation
values between some restricted classes of vectors.

In many papers on the Bose gas one does not obtain a cusp at the bottom of
the excitation spectrum. One usually obtains a small gap between the ground
state energy and the lowest excitation. There is no such gap in the calculations
of Bogoliubov, as crude as they are. However, when one tries to “improve” on
Bogoliubov’s calculations, the gap usually appears. Yet, there are arguments that
this gap is an artifact of these approximations, and in the complete treatment
it should not appear, see Hugenholtz-Pines [7], Girardeau-Nozieres [5], and the
q% Theorem of Bogoliubov [3]. To our understanding, these arguments are not
yet complete proofs of a statement similar to Conjectures 1.1 and 4.3. We believe
that to prove or disprove them would be an interesting subject for research in
mathematical physics.

One should remark that there exists a large rigorous literature on the Bose gas,
see e.g. [10] or the recent lecture notes of Lieb, Seiringer, Solovej and Yngvason [11]
and references therein. This literature, however, is devoted mostly to the study of
the ground state energy or the pressure, and not to the dependence of the infimum
of the excitation spectrum on momentum.

The main purpose of our paper is to describe two methods that can be used
to give upper bounds on the infimum of the energy-momentum spectrum. The
first, which we call the Squeezed States Approximation (SSA), uses squeezed states
and 1-particle excitations over squeezed states to obtain a variational estimate.
The second, which we call the Improved Bogoliubov Approximation (IBA) is a
modification of the SSA, and gives a less precise estimate. These methods leads to
functions R? 3 k — €, 1(K), €iba,(k), which can be viewed as the approximation
to the true IES R? 3 k — ¢,,(k) in SSA and IBA respectively.

By squeezed states we mean states obtained from the vacuum by a Bogoliubov
translation and rotation. Note that the requirement of the translation symmetry
restricts the choice of these transformations. In particular, only a translation of
the zero mode is allowed and only pairs of particles of opposite momenta can be
created.

To our knowledge, in the context of the Bose gas, the idea of using squeezed
states to bound the ground state energy first appeared in the paper of Robinson
[14]. Robinson considered a slightly more general class of states — quasi-free states.
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He noticed, however, that in the case he looked at it is sufficient to restrict to pure
quasi-free states — which coincide with squeezed states. One should mention also
[4], where a variational bound on the pressure of Bose gas in a positive temperature
is derived by using quasi-free states.

Only an upper bound to the ground state energy is considered in [14]. We go one
step further: we show how this method can be extended to obtain upper bounds on
the infimum of the energy-momentum spectrum by using one-particle excitations
over squeezed states.

The method IBA seems to be much more convenient computationally then SSA.
We show that it leads to a relatively simple fixed point equation, which can be
used to obtain the upper bounds. It seems that the quantities involved in IBA have
limits as L — oo. This is at least suggested by formal arguments. It would be
interesting to rigorously prove that this is true.

Note that the method IBA seems also well suited as the first step to a systematic
perturbative treatment of the Bose gas. It leads to the construction of an effective
Hamiltonian, which can serve as the main part of the full Hamiltonian H lf , whereas
the reminder can be treated as a perturbation.

Clearly, the function €pa (k) has a well defined physical meaning for a finite
volume: added to the ground state energy it gives an upper bound on the infimum
of the energy-momentum spectrum. In the thermodynamical limit this loses its va-
lidity, since the infimum of the energy-momentum spectrum in the grand-canonical
approach seems to go to —oo. However, following the experience of many similar
physical theories, we hope that the approximations we introduced are somehow
close to reality. In other words, we would not be surprised if €jpa,, (k) turned out
to be close to €, (k). If under some conditions this is true, it would be interesting
to describe and justify this closeness rigorously.

There exists a natural iterative procedure that one can try to use in order to solve
the fixed point equation of IBA. The first iteration of this procedure gives a result
which coincides with the original Bogoliubov approximation in its grand-canonical
version. This explains why both approximations look so similarly. In particular, in
both IBA and Bogoliubov’s calculations, one has a step which amounts to replacing
the zero mode by a c-number, and one performs a Bogoliubov rotation. However,
whereas IBA has a clear rigorous meaning (it gives an upper bound), Bogoliubov’s
calculations are presentedpurely heuristic.

As we discussed above, the repulsive Bose gas in dimension d = 1 has a periodic
IES. Therefore, it is clear that the methods SSA and IBA give poor upper bounds
in d = 1 for large momenta.

Actually, our hope that the methods SSA and IBA give answers close to real-
ity has another weak point in any dimension d. Equation (10.11) indicates that
€iba, 1 (k) has a nonzero gap, at least if IBA involves a nontrivial Bogoliubov rota-
tion and traslation, and if the infinite volume limit can be justified. Therefore, it
seems that IBA does not give the correct qualitative shape of the true IES.

Perhaps, this is the most important (even if negative) finding of our paper. It
implies that at the bottom of its spectrum, repulsive Bose gas should be approxi-
mated by a more complicated ansatz, than just what we propose. In the literature,
the existence of a gap in various approximation schemes, which try to improve on
the original Bogoliubov’s one, has been noticed by a number of authors [6, 15].
However, to our knowledge these authors did not consider the correct Hamiltonian,
but always used one of its distorted versions.

The structure of our paper is as follows:

In Section 2 we recall the original Bogoliubov calculations. They use the canon-
ical approach.



In Section 3 we discuss the case of dimension d = 1.

In Section 4 we introduce the notation in the grand-canonical setting. We state
a conjecture analogous to Conecture 1.1 in this setting. The grand-canonical ap-
proach is used throughout the later part of the paper as well.

In Section 5 we describe the original Bogoliubov calculations adapted to the
grand-canonical approach.

Sections 2, 3 and 5 should be viewed as an extension of the introduction, included
for a historical perspective and for comparison with the results obtained in later
sections.

The main part of our paper starts with Section 6 where we describe the Squeezed
States Approximation. In Section 7 we describe the Improved Bogoliubov Approx-
imation.

In Sections 8 and 9 we derive the basic fixed point equation for the Improved
Bogoliubov Approximation. It is described in Theorem 10.1.
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2. ORIGINAL BOGOLIUBOV APPROACH

As realized by Bogoliubov, even if one is interested in properties of the Bose gas
with a fixed but large number of particles, it is convenient to pass to the second
quantized description of the system, allowing an arbitrary number of particles. To
this end one introduces the second quantized form of (1.4), that is

1
HEY = f/a;iiAxaxdx

1 * %
—1—5//axava(x—y)ayaxdxdy7 (2.1)

acting on the symmetric Fock space I's(L?(A)). It is convenient to pass to the
momentum representation:

1
HE = Z §k2a1*<ak (2.2)
k

1 ~ * *
+ ﬁ Z 5(k1 + ko — k3 — k4)v(k2 — kg)aklakzakaak47
k1,k2 ks ks

where we used (1.3) to replace vX(x) with the Fourier coefficients 9(k). Note that
d(k) = 0(—k), and ax = V23", e X gy
Recall that the number and momentum operator are defined as

NE .= Za;ak, P .= Zka;ak. (2.3)
k k

HE™ and PL" coincide with the operators HX and PT restricted to the eigenspace
of N with the eigenvalue n.



Let us proceed following the original method of Bogoliubov. We make an ansatz
consisting in replacing the operators ag, ap with c-numbers:

ajap ~ |al?, ap~a, af~a. (2.4)
. . . !
We drop higher order terms. We will write 37, for 37y .

P11, 9(0) ok .
HL ~ Z <§k2+ ( )V ( )|a|2> atax
k

+Z/ ({;(k)a aga’y + Sl aka_k> + ®|0¢|4- (2.5)
Kk

2V 2V 2V
Then we replace o with p, setting
!
lof? + Z agax = pV,
k
and again we drop the higher order terms. Thus for n =~ pV we obtain

Ln L,p .__ ! l 2 ~ *
H""~ H) = ; <2k +v(k)p> ayax

19(k)p, o? a? 0(0) . o
+ ——apa’, + ——saxa_x) + —Vp=.
Zk: 2 (|O[|2 k" —k |C¥|2 k k) p
We perform the Bogoliubov rotation to separate the Hamiltonian into normal
modes:
al*( = Ckbl*( — Skb,k, ax = Ckbk — Skbikv

where
N 2\ —1/2 1/2
e po(k) )
Sk = —FW—— 1— | -1 . 2.6
¥ T Vlal ( <%k2+p@(k) (26)
and cx = /1 + |sk|?. We obtain
/
HEP = 3 wf (K)bibi + By (2.7)
k
where the elementary excitation spectrum of H{jg is
1...1 .
whe (k) = \/51(2(51{2 +20(k)p), (2.8)
and its ground state energy equals
0(0
gl = Wy
11 1 .
+Z 3 <wbg(k) - (§k2 +pv(k))> . (2.9)
k

Now, as discussed in Appendix A, the IES of Hfg’.p is given by
e (k) = inf{wf, (ki) + - +wf (ko) : kit +k, =k, n=12.}

Note that (in any dimension)
wl (k)

(1) infk#) blgTI = Cer > 0;
. be (k)
(2) limg_.o w“i(l = cs.

with co; = inf /3 (3k? + 20(k)p) and ¢ := 1/pd(0). Therefore, by Theorem A.4
(1) and (2) we have



€pe (K)

(1) infxzo —ng\ = Cer;
. Pk
(2) limk—o GblgT(l) = c.

Thus, the IES of H}fg’p has all the properties described in Conjecture 1.1.
We can also compute that for small |k|

@ SOV L4 e —1/2
sk &= — (p6(0)) /" |K]| . (2.10)
V2|a|
Therefore, if ¥ denotes the ground state of (2.9), then
' (po(0))""2
(Vlaia?) = |sf* ~ ==55 —.
The density of particles p equals
o | 1, e
— + = . 2.11
v V; |sk| (2.11)
We expect that for large L, (2.11) converges to
1 2
— dk. 2.12
m+ o | I (212)

3. BOSE GAS IN DIMENSION d = 1

Bosonic gas in dimension d = 1 seems to have different properties than in higher
dimensions. In particular, statement (3) of Conjecture 1.1 should be replaced by

(3).
Let us prove the statement (3)’. Consider first the system of n bosons in an
interval of size L, with p = #. For any m € Z, define the operator

U :=exp (1% le> .
i=1

Clearly, U is a unitary operator on Lg(R™) satisfying

UrpPt"U = PR+ 21,
27 (27)?
U*HL,nU _ HL;n o _PL,n AV
I T’
Hence if ® is a common eigenvector of the Hamiltonian and the momentum with
(HE" —EY® = 0,
(PE" —K)® = 0,
then
1
(HE" —B)UD = f(—27rk +212p)U D,
(PE™ —k —2mp)U® = 0,

Considering L — oo, we see that the IES in thermodynamical limit is periodic in
k with the period equal to 27p.

Another peculiarity of dimension d = 1 is related to the formula (2.12). We
note that |k|~! is integrable only in dimension d > 1. Therefore, for d = 1 (2.12)
diverges. Thus, the Bogoliubov approximation is problematic for d = 1 if we keep
the density p fixed as L — oo. To our knowledge, (2.10) and the above described
problem of the Bogoliubov approximation in d = 1 was first noticed in [5].

Nevertheless, in spite of the breakdown of the Bogoliubov approximation, many
authors believe that the IES in d = 1 exhibits the behavior € (k) =~ cs(k) for low
momenta, see e.g. [12], Chapter 6.

8



4. GRAND-CANONICAL APPROACH TO THE BOSE GAS

It was noted already by Beliaev [1], Hugenholz - Pines [7] and others that in-
stead of studying the Bose gas in the canonical formalism, fixing the density, it is
more mathematically convenient to use the grand-canonical formalism and fix the
chemical potential. Then one can pass from the chemical potential to the density
by the Legendre transformation.

More precisely, for a given chemical potential 1 > 0, we define the grand-
canonical Hamiltonian

HY:=H" — uN* (4.1)
1 *
= Z(§k2 — ILL)akCLk
k

1 ~ * *
+ v E O(ky + ko — k3 — ky)i(ko — k3)ay, ay, ax,ax, -
ki1,k2 k3 ks

The ground state energy in the grand-canonical approach is defined as
L _: e 770 _ : Lin _
E; =infspH, = 7}gfl(E un). (4.2)
Note that the corresponding density p is given by
wE, = —Vp. (4.3)

Both EX™ and Eﬁ are finite for a large class of potentials, which follows from a
simple rigorous result, which we state below.

Theorem 4.1. Suppose that 9(k) > 0, 9(0) > 0 and v(0) < co. Then H™™ and
Hlf are bounded from below and

L.n 6(0) 2 U(O)
; > N ipr 7 .
Bz gyt 44
(30(0) + p)?
EL > —y2_~ 7 4.
AT (45)
For k;, € ZT”Zd we define the IES in the box
e;(kp) :=inf{s : (s,kp) €sp(H},P")} - E". (4.6)
For k € R? we define the IES at the thermodynamic limit
k) = lim inf inf Lk, . 4.7
€u(k) = sup <1LHll£ (k’Lei"Z‘%,nkk’LKéE#( L))) (4.7)
Another natural definition would be:
€,(k) := inf | limsup sup eﬁ(k/L) . (4.8)
0>0 \ L—oo \K|e2274, |k—K/ |<5

This bounds from above the IES in the box in every window of diameter 2§. Clearly,
€, (k) < é(k). Although it is not obvious that €, and €, are actually equal, we only
consider €, (k) in this paper.

Now let us formulate some results and conjectures on the behavior of the IES.

Proposition 4.2. At zero total momentum, the excitation spectrum has a global
minimum where it equals zero: €=™(0) = #(0) = 0 and €/(0) = €,(0) = 0.
9



Proof. Each EX" is a non-degenerate eigenvalue of HX" and HY™ commutes
with the total momentum and space inversion. Thus each EX" corresponds to zero
total momentum, and hence by (4.2) so does E. Hence "™ (0) = €/(0) =0. O

Let us now formulate the conjectures about €, (k) (analogous to the Conjecture
4.3 about €”(k)):
Conjecture 4.3. We expect the following statements to hold true:

(1) The map R? 3 k — ¢,(k) € R, is continuous.

(2) Let k € R% If {L;}s>1 C R diverges to +oo, then for every sequence
ks € %—:Zd which obeys ko — k, we have that e/* (k) — e(k).

(3) If d > 2, then infy4g % =:Cer > 0.

(4) There exists ¢s > 0 such that limy_.q E‘IS“) = cq.

Throughout most of our paper, the chemical potential p is considered to be the
natural parameter of our problem. If we want to pass to canonical conditions (fixed
density), then we need to prove that

L

: B

e, = lim —=
® L—oo Ld

exists and defines a differentiable, concave function of ;. Denote by p(p) the unique
solution to the equation —d,e,(,) = p. Then €’(k) = €,(, (k).

5. GRAND-CANONICAL VERSION OF THE ORIGINAL BOGOLIUBOV APPROACH

Let us describe the version of the original Bogoliubov approximation adapted to
the grand-canonical approach. We follow e.g. Zagrebnov-Bru [16].
We make the replacement (2.4) and drop higher order terms:
HL

(1 9(0) + 0(k) .
B Hlfg,u = Z <§k2 — Kt % ‘O‘|2 axak

Q

k
o)a? L . d(k)a?
22 (Fap ket T aan)
00), 4 >
+ oY la|® — pV]al=.

We perform the Bogoliubov rotation and obtain
i
Hy, )\ = Z Wi (K)bibic + By, (5.1)
k

where the excitation spectrum is

1 (0), ,1 0(0) + 20(k)
whg (k) = \/(§k2fﬂ+|a\27)(§k2 — =) (5.2)
and the ground state energy equals
Lo _ @@ — ‘2
ben 2V
11 1., 50(0) + (k)
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Note that

whg,pu (k) — (%k2 —u+ mp%vﬁ(k))

2 |4

L (B ROt

Hence the term with > in (5.3) is second order in the interaction. Therefore,
keeping only first order terms we obtain

r 200

4
bg,u ~ W|a| - N|04|2~
To find the lowest ground state energy for a given . we compute
(0
0= Ojap2 By, = %'O"Q s

which gives p ~ @|a|2. Thus
Bl v
2V 20(0)°
Applying (4.3) we obtain p = pt(0). If we insert this into (5.3) and (5.2), we obtain
expressions identical to (2.9) and (2.8).

L
Ebgw ~

6. INFIMUM OF THE EXCITATION SPECTRUM IN THE SQUEEZED STATES
APPROXIMATION

In what follows we will always use the grand-canonical approach. We will drop
pfrom H, €, (k), etc.

In this section we describe an approximate method, which will give a rigorous
upper bound on E¥ and E¥ + € (k). The main idea of this method is the use of the
so-called squeezed states. (See Appendix B for a brief summary of basic properties
of squeezed states).

Let « € C and Q%Zd 5 k — 6k € C be a square summable sequence with
ek = G_k. Set

= e—oza8+aao U‘9 — e—%eka;‘(aik+%§kaka,k
k

Then U, ¢ := W,Up is the general form of a Bogoliubov transformation commuting
with PL. Let Q denote the vacuum vector. Note that

V9= U;eﬂ
is the general form of a squeezed vector of zero momentum. Vectors of the form
U,k = U;’eaiiQ
are normalized and have momentum k, that means
(P — k), g = 0.

By the Squeezed States Approximation (SSA) we will mean applying the varia-
tional method using only vectors like ¥, o and ¥, g x.
We define the SSA ground state energy in the box

EL = mg(%ﬁmwa,g).

For k;, € ZT’TZ‘I we define the SSA IES in the box
esalkr) == inf (a0, |H" Vo 01,) — By

11



and for k € R? we define the SSA IES in the thermodynamic limit

€ssa(k) := sup | liminf inf cGalky) | | -
5>0 \ Lo \K €29, [k—K) |<§

Clearly, from the mini-max principle we obtain:

Er < EL EY 4 ef(ky) < BE + €&, (kp).

Conjecture 6.1. We believe the following statements to hold true:
(1) ek,(kz) > 0 for all k, € 227
(2) €ssa(k) > 0, for all k € R%.
(3) The map R? 3 k + e4a(k) € Ry is continuous.
(4) Let k € R% If {Ls}s>1 C R diverges to +oo, then for every sequence
k, € %—’;Zd which obeys k, — k, we have that eZs (ky) — €ga (k).

3
4

Thus we conjecture that the Squeezed States Approximation does not capture the
behavior at the bottom of the IES predicted by Landau, in particular €, (0) > 0.

7. A RIGOROUS VERSION OF THE BOGOLIUBOV APPROXIMATION

The method of SSA is still not very convenient computationally. In this section
we describe a less precise method of finding an upper bound to E* + e (k), which
seems, however, more convenient in practical calculations. This method resembles
closely the original Bogoliubov method. It consists of similar steps: it introduces
a c-number « for the zero mode, it involves a “Bogoliubov rotation” and drop-
ping terms of higher order in creation and annihilation operators. In contrast to
the original Bogoliubov approach, our approach leads to a rigorous upper bound.
Therefore, we call it the Improved Bogoliubov Approximation (IBA).

For any L large enough we assume that the infimum of (¥, o|HLV,, 4) is attained.
Therefore, for any large enough L we can fix (o, 0%), where o € C and 2277 5

k — 0L € C, such that
EL, = (Vor oo |[H* V1 go).

Ssa

We define for k;, € %’er
Eili)a(kL) = (\I/ocL70L,kL|HL\IjaL,9L,kL) - EL

ssa*

For k € R% we set
€iba (k) := sup | liminf inf ek (K )
ba( ) 6>18 < L —o00 <k/L€2T7er7 [k—K, | <5 1ba( L)))

e (k) < EiLba(k)v €ssa(k) < €iba(k).

ssa

Clearly,

Again, we have a conjecture similar to the conjecture about the Squeezed States
Approximation:

Conjecture 7.1. We believe the following statements to hold true:
(1) eill’)a(kL) > 0 for all k;, € Q%Zd.
(2) €pa(k) > 0 for all k € RY.
(3) The map R > k — €pa(k) € Ry is continuous.
(4) Let k € RY If {Ls}s>1 C R diverges to +oo, then for every sequence
k, € i—ZZd which obeys k, — k, we have that eﬁ);(ks) — €ipa (k).

3
4
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In order to implement the above method, let us see that
(Uao|H Wog) = (AUan H U 49Q),
(Va0 [H Vo, ) = (ag, AUa, o H'U; gay, Q).

The Hamiltonian after the Bogoliubov transformation can be Wick ordered:
U o H'U? g = B + Crag +C ag
+ % zk: Or(k)aja* ) + % zk:@L (k)axa—_x + zk: DL (k)ajax
+ terms higher order in a’s. (7.1)
Then we easily see that
(Wap|H Vo) = BY, (Vo ox|H Vo 0x) = BY + DX (k).

If we require that B attains its minimum, then we will later on show that au-
tomatically C* and OT(k) vanish for all k. Besides, we get that BL = EL and
D¥ (k) = €, (k).

Note that it is natural to introduce the effective Hamiltonian

Hy, = EL + Y el (K)bib, (7.2)
k

where by = U, paxU, ;,0- The elementary excitation spectrum of Hi%a coincides with
the IES of the full Hamiltonian H” in the Improved Bogoliubov Approximation.

The method IBA seems especially convenient, not only as a means of obtaining
an upper bound, but also as the first step to a systematic perturbative treatment
of the Bose gas. We can use the effective Hamiltonian (7.2) as the main part of the
full Hamiltonian H”, treating the higher order terms dropped when defining (7.2)
as a perturbation.

8. BOGOLIUBOV TRANSLATION OF THE HAMILTONIAN

In the sequel we drop the superscript L.

We apply the Bogoliubov transformation in two steps. First we apply W, :=
e~ a0 +%a0  We have WaaoW} = ao+ a. Hence it suffices to displace the zero mode
and our Hamiltonian takes the form:

0(0
WaHW: = —plaf? + 22t (s.1)

2V
(0 .
%|a|2 - u) (@ap + aag)

k2 _ M+ (’lAI(O) +ﬁ(k))|a2> al*(ak

+
7N

7N

N | =

- Vv
v(k
+ Z 2(—‘/) (@Paxa_x + aja* o?)
K
i(k . -
+ Z i/)(aakJrk,akakr + aagay axyx)
KK/
(ks —k3) . .
T > ok +ks—ks— k4)(227v'3)ak1ak2ak3ak4'

ki,ko ks ka

Before the displacement of the zero mode the Hamiltonian possessed global phase
symmetry. After the displacement, the Hamiltonian will still have it if we also rotate
the c-number a with the same phase as each operator ay.

13



9. BOGOLIUBOV ROTATION OF THE HAMILTONIAN
Next we perform the Bogoliubov rotation by Uy. We set

O
———sinh |0x|.
O] |Ox|

ck := cosh |6k|,
Note that

UpaxUg = cxax — ska’y, UpapUs = ckay, — Ska_k (9.1)

We have sy = s_x and ¢x = c_x = /1 + SkSk.
The result of the rotation is:

(0) |OL‘4
QV

B = —plof +

k) o 2—
— Z —(a SkCk + a”“3kck)
- 2V

o(k — Kk’
+ l; %ckskck@k/

+Z 9(0) +U(k k')

¢ - (U(O Z 20 +U )|8k|2> (aco — aiso)

+ Z % (&Sockgk — aCOCkSk) ;

|sic|*|swe %

2 14 o
0 ok’ — k
- (%O&z — %: ( % sk/ck/> Ck Sk
~ N W
B (vg()az _ ; U(kV k sk/ck/> sk

The main intermediate step of the calculations leading to the above result is
described in Appendix C.
14



10. CONDITIONS ARISING FROM MINIMIZATION OF B

We demand that B attains a minimum. To this end we first compute the deriva-
tives with respect to o and @: The first derivatives with respect to a and @ are:

(M RO > GORLIL) W) -
k)
27y

0xB = <u+@|al2+z(@(0);&|sk2)a
k

0u B

SkCkQY,

— Z ’US() SKCK Q.
k

Note that
C = cp0xB — 500, B,
so that the condition
0zB =0,B=0 (10.1)

entails C = 0.
Computing the derivative with respect to sk, Sk we can use
Sk Sk

Os, . ck = —, Ok = —.
Sk 201{7 Sk QCk

-
+ (_172(‘1;)@2 n ; %‘;k)ck@k/) (Ck + %)
0B = (kﬁ . <@(o);@(k))|a|2+; (@(O)Jri;/(k k))|8k,|2) .
(2o ; %‘;k)cwk) (Ck + %)

+

/N N N
| 22
<|=

(k) _, ok —k) ) 82
2y ¢ +%: oy Ko

One can calculate that

2 2
O(k) = (—2ck + |SC‘;‘ ) 8, B — ‘Z—EaskB.

Thus 95, B = 05, B = 0 entails O(k) = 0.
15



All the above conditions can be rewritten using

k2
e = 5 —n
20(0) + 0 (k) o(k' — k) +9(0)
+|Oz| Vv + ; Vv ‘Sk | )
o 20(k) o(k' — k)
gk: = « 7 — ; ?sk/ck/. (102)
Note that fy is real. Then:
_ Ok BN Sic
0,.B = _ PRl gk
N sk 5 <0k+ e gk4ck
9x lskl*\  _ sk
03B = fus—% T
. Jsk 5 <Ck + Do ) I e
and
— Ck — _
sk0s, B —5k05, B = 7(9k5k — Tk Sk)-
This implies that
JxSk = Gy Sk- (103)
Note also that we can use fx and gk to write (without minimizing)
D(k) = filci+ |skl®) — cx(skfi + Sigk), (10.4)
Ok) = —2cisifx + 550k + Chgx. (10.5)
The condition (10.1) yields
U(O) 9 0(0) + (k") 9 (k') _
P S EO D o5 W 0y
This allows to eliminate p from the expression for fy:
k? 2 0(k)
for = S Al
I~ k) =), a? (k)
+%: v s |~ + WZ v Sk Ck - (10.7)

We will keep a? instead of u as the parameter of the theory, hoping that one can
later on express u in terms of a?.
One can express the minimizing conditions in the following theorem.

Theorem 10.1. Suppose that p > 0. Let the first derivative of B with respect to
o, @, (sk), (Sk) vanish. Let fx and gk be given by (10.7) and (10.2) and let p be
expressed by (10.6). Let k € 2X7°.

(1) fi > loxl>.
(2) D(k) =0 iff fiu =0.
(3) D(k) # 0 iff f2 > |gk|>. Then sk solves the equation

, 1/2
| fiell =/ F2—19k|?
s =simily (SPEET) a0

Sk = O) gk = 0.

We have then
D(k) = signfic\/ fi — |gxl?. (10.9)

16
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(4) We have

0B 2B 1 _[fo g
{ 02 B aaa:B}—[yo fo |- (10.10)

(10.10) is positive/negative definite iff D(0) is positive/negative. Besides,

D(0) = 2signfy \/@oﬂ Z %k)Ekck
k

Proof. We can use (10.3) to rewrite (10.4) and (10.5) as

D(k) = filck +[sk|*) — 2exs10i,
Ok) = —2cisific+ (sl + cid)gi.
The condition O(k) = 0 implies
2v/1 + [sk)?s1fic = (1 + 2|5k]?) 9. (10.11)
Hence
4wl + [su) (fid = lowl®) = loncl*. (10.12)

Therefore fZ > |gikl|?.

If fi =0, then gx = 0, and hence D(k) = 0.

By (10.12), f2 = |gx|? implies gx = 0. Hence fx = 0 and D(k) = 0.

If f2 > |gk|?, then we easily derive (10.9), which shows that D(k) # 0 and the
sign of fi and D(k) coincide. O

Note that if we have D(k) < 0 for some k, then our method gives no useful
results. This is equivalent to fx < 0. Therefore, physically the only interesting case
of the above theorem corresponds to fix > 0.

The positivity of (10.10) is a necessary condition for the existence of minimum
of B. Note that it implies that D(0) > 0.

Theorem 10.1 suggests the following iterative procedure for finding «, (sx) sat-
isfying the minimization condition. We start form s, = 0. Then, by (10.6),

= —”g)) .
Inserting @ and sk = 0 in (10.7) and (10.2) gives
k? | o0(k)
= — 10.1
o= S ot (10.13
o(k
g = aQ%. (10.14)

Note that 9(k) > 0 implies that fix > 0. Inserting (10.13) and (10.14) into (10.8)
we obtain
—1/2 1/2
«

W oo
. V2ol

Dk) = \/k; (k; +2ro(k)@g)>>,

which coincide with the formulas for sk and wy,,,, (k) obtained in the grand-canonical

version of the original Bogoliubov approximation (replace p in (2.10) and (2.6) with

(o)

|
|
Y
=
=
_;:3 <>
<> 5
S
= |3=
N——
(V)
|
—
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Let us compute the ground state energy in the Squeezed States Approximation.
Inserting (10.6) to the expression for B we obtain

2
(0 k?
B=—%%W+Zmﬁ+27aﬁ
k k

ok — k) —o(k') —v(k
+¥ ( ) 2V( ) ( )‘Sk/|2|5k|2
o(k') a? _
+> (V)Wsk/ck/\SkF
k

ok — Kk’
+Z (27‘/)61(181(/61(51(.
k

Using (10.6) again to eliminate |«|? in favor of p, and then computing the derivative
with respect to u we obtain

—0uB =lal> +>_ |skl*-
k

Therefore, the grand-canonical density is given by
RS S

v .

Note that it seems that in the thermodynamic limit one should take oo = +/V pg e'%0,
for some fixed parameter py having the interpretation of the density of the conden-
sate and a fixed phase ¢g. Then one could expect that sy will converge to a function
depending on k € R? in a reasonable class and we can replace % zk: by (2# J dk.

(10.15)

In particular, we obtain (in the physical case of positive D)

D(0) = 2\/ﬁ(0)p0(27lr)d/dk@(k)skck.

APPENDIX A. ENERGY-MOMENTUM SPECTRUM OF QUADRATIC HAMILTONIANS

Suppose that we consider a quantum system described by the Hamiltonian
H= / w(k)ajaxdk, (A1)
Rd
with the the total momentum

P = kaygaxdk,
]Rd
both acting on the Fock space I's(L?(R%)). We will call the function w appearing in
H the elementary excitation spectrum of our quantum system and we will assume
it to be nonnegative.

Clearly, the ground state energy of H is 0. In this appendix we will discuss
a possible shape of the energy-momentum spectrum, which in this case coincides
with the excitation spectrum. First note that the excitation spectrum of (A.1) is
not arbitrary. We will show that there is a large class of quadratic Hamiltonians
for which the excitation spectrum has the properties described by Conjecture 4.3
(3) or (3), and (4).

The results of this appendix strictly speaking do not apply to the Hamiltonian of
Bose gas, since it is not purely quadratic. Nevertheless, it applies to its Bogoliubov
approximation, which is quadratic, and which is believed to capture some features
of the full Hamiltonian in the thermodynamic limit. They are very simple and
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probably they mostly belong to the folk wisdom. However, we have never seen
them explicitly described in the literature.
Let R? 3 k +— ¢(k) € R be a nonnegative function. We say that it is subadditive
iff
(ki + ko) < e(ki) +e(ka), ki, ko € R%
Let R? 5 k +— w(k) € R be another nonnegative function. We define the
subbadditive envelope of w to be

e(k) :=inf{wk;)+ - +wk,) : ki+---+k, =k, n=1,2,... }.

Clearly, e(k) is subadditive and satisfies e(k) < w(k).
Clearly, if w(k) is the elementary excitation spectrum of a quadratic Hamiltonian,
and e its subadditive envelope, then (k) is the infimum of its excitation spectrum.
Let us state and prove some facts about subadditive functions and subadditive
envelopes, which seem to be relevant for the homogeneous Bose gas.

Theorem A.l. Let f be an increasing concave function on [0, 00[ with f(0) > 0.
Then f(|k|) is subadditive.

Proof.
flki+ko|) < f(lk| + [kaf)
ki | |k2|
k| \k1|
P+ oyl e+ e /O
< f(lka]) + f([kal)-

O
We can generalize Theorem A.1 to periodic functions.

Theorem A.2. Let f be an increasing concave function on [0, @] with f(0) > 0.
Define € to be the function on R¢ periodic with respect to the lattice Z such that if
k € [—1, 119, then e(k) = f(|k|) (which defines € uniquely). Then € is subadditive.

Proof. We can extend f to a concave increasing function defined on [0, o[, e.g. by
putting f(t) = f( )fort> Vd,

Let ki, ks € R?. Let p1, p2 e [-1 5 2} such that k; — p; € Z%. Let p € [—
such that k; +ky — p € Z%. Note that |p| < |p1 + p2|. Now

e(ky + ko) f(pl) < f(lp1 + p2l)

572]

< f(pal) + f(Ip2l) = e(ki) + e(ka),

where in ... we repeat the estimate of the proof of Theorem A.1. (|
Obviously, we have

Theorem A.3. Let ¢y be subadditive and eg < w. Let € be the subadditive envelope
of w. Then ey < €.

In the case of the Bose gas with repulsive interactions we expect that the ex-
citation spectrum may have resemble that of a quadratic Hamiltonian with the
properties described by the following theorem, which easily follows from Theorems
A1, A2 and A.3:

Theorem A.4. Suppose that w > 0 and € is its subadditive envelope.
(1) If infrzo “"ET) = ¢, then infyxx |(k|) =c.
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(2) If liminfy_,o % = ¢, then e(k) < c[k|.
(8) Suppose that for some ¢ > 0, we have w(k) > cmin (|k|,1). Then

k k
likmjélf %R =cs implies llli% €|(T) = ..

(4) If w(k) is periodic with respect to 7.2, then so is (k).
(5) Let w(k) be periodic with respect to 7%, and, for some ¢ > 0, we have
w(k) > cmin (dist(k, Z%),1). Then

k
likmjgf % = ¢, implies 1112% €|T\ = Cs.

APPENDIX B. BOGOLIUBOV TRANSFORMATIONS

In this appendix we recall the well-known properties of Bogoliubov transforma-
tions and squeezed vectors. For simplicity we restrict ourselves to one degree of
freedom.

Let a*, a are creation and annihilation operators and §2 the vacuum vector.
Recall that [a,a*] =1 and af) = 0.

Here are the basic identities for Bogoliubov translations and coherent vectors.
Let

W = efaa*JrEa )

Then

[e3 2 *
W*Qd =e” 2 e (L
Here are the basic identities for Bogoliubov rotations and squeezed vectors. Let
U i oo

Then
UaU* = cosh|fla+ % sinh |0]a*,

Ua*U* =cosh|f|a* + % sinh |0)a,

U*Q = (1+ tanh?|g])F e~ 207 tanblfla’a” o
Vectors obtained by acting with both Bogoliubov translation and rotation will
be also called squeezed vectors.

APPENDIX C. COMPUTATIONS OF THE BOGOLIUBOV ROTATION

In this appendix we give the computations of the rotated terms in the Hamil-
tonian used in Section 9.

* * 2
UgakakUg = |Sk|
2 % * ok — 2 x
+epapax — CkSkaEa_y — CkSkaka_k + \sk| a_ a_x,
Upaya™ Uy = —3Skek
2 = = =2
+03 107 — CkSKARAK — CkSKkA Ak + SiG_k0Kk;
Ugaka_kUg = —SkCk

+cl2(aka_k — CkSkOR Ok — CkSKA 1 a_x + siaikai;
20



UpaiwaawUs = (co(|sk|?5(K') + |si|?6(k)) + Socxsid(k + k') a
— (so(|sk[*6(K") + |si|*d(k)) + cotsid(k + kK)) ag
+higher order terms;

Upaxiwapap Uy = (CO(|sk|2(5(k') + |51 [28(k)) + socxsid(k + k')) ag
— (So(|sk*6(K") + |sw|*6(k)) + cockSkd(k + k') ag
+higher order terms;

d(k1 + ko — k3 — ky)Upay, ay, ax,ax, Uy
= Ck, Sk, Ck35k35(k1 + kg)(s(kg + k4)
+ [, P lsi, |2 (0(ky — k3)d(ka — ka) + 0(ky — k4)d(ka — ks3))

_ * 2 k% 2 *
+ (Skl Cky (skscksa—k;;a—ks = Sk 0ky O ky — Cky ks O—ks T SkSCksakgaks)

+5k; Cks (Sk, Ck, O, A, — Eilakla,kl - cilailafkl + Eklcklaikla,kl))
x6(ky + ka)d(ks + ky)

+ (|3k2|2(\ck1|2al’i1 K, — Ck; Sk O, A 1, — Ci, Sk, Qi Ok, + |8k [P0 1, a—k,)
+5k | (lexs | P, ks — Cley Ska Gy @ 1, — s Skey Oky ke + [Sks [70% 1,0 k,))
x (8(ky — k)0 (k — k) + 6(ky — kq)d (ks — kg))
+higher order terms.
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