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COMPACTLY SUPPORTED CURVELET TYPE SYSTEMS
KENNETH N. RASMUSSEN AND MORTEN NIELSEN

ABSTRACT. In this article we study a flexible method for constructing curvelet
type frames. These curvelet type systems have the same sparse representation
properties as curvelets for appropriate classes of smooth functions, and the
flexibility of the method allows us to construct curvelet type systems with
a prescribed nature such as compact support in direct space. The method
consists of using the machinery of almost diagonal matrices to show that a
system of curvelet molecules which is sufficiently close to curvelets constitutes
a frame for curvelet type spaces. Such a system of curvelet molecules is then
constructed using finite linear combinations of shifts and dilates of a single
function with sufficient smoothness and decay.

1. INTRODUCTION

Second generation curvelets were introduced by Candes and Donoho, who
also proved that curvelets give an essentially optimal sparse representation of
images (functions) that are C? except for discontinuities along piecewise C2-
curves [4]. It follows that efficient compression of such images can be archived
by thresholding their curvelet expansions. Curvelets form a multiscale system
with effective support that follows a parabolic scaling relation width ~ length?.
Moreover, they also provide an essentially optimal sparse representation of
Fourier integral operators [2] and an optimal sparse and well organized so-
lution operator for a wide class of linear hyperbolic differential equations [3].
However, curvelets are band-limited, and contrary to wavelets it is an open
question whether compactly supported curvelet type systems exist.

In this article we study a flexible method for generating curvelet type
systems with the same sparse representation properties as curvelets (when
sparseness is measured in curvelet type sequence spaces). The method uses a
perturbation principle which was first introduced in [10], further generalized
in [8] and refined for frames in [9]. The constructed curvelet type system con-
sists of finite linear combinations of shifts and dilates of a single function with
sufficient smoothness and decay. This allows us to the flexibility to construct
curvelet type systems with a prescribed nature (see Section 6) such as compact
support in direct space. For the sake of convenience the construction will only
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COMPACTLY SUPPORTED CURVELET TYPE SYSTEMS 2

be done in R?, but it can easily be extended to R?. The main results can be
found in Sections 4 and 5.

The curvelet type sequence spaces we use are associated with curvelet type
spaces G‘;’,’q which were introduced in [1]. Here G;’q was constructed by apply-
ing a curvelet type splitting of the frequency space to a general construction of
decomposition spaces; thereby obtaining a natural family of smoothness spaces
for which curvelets constitute frames (see Section 2). Originally, this construc-
tion of decomposition spaces based on structured coverings of the frequency
space was introduced by Feichtinger and Grobner [6] and Feichtinger [5]. For
example, the classical Triebel-Lizorkin and Besov spaces correspond to dyadic
coverings of the frequency space (see [12]).

The outline of the article is as follows. In Section 2 we define second
generation curvelets and curvelet type spaces. Furthermore, we introduce
curvelet molecules which will be the building blocks for our compactly sup-
ported curvelet type frames. Next, in Section 3 we use the properties of
curvelet molecules to show that the “change of frame coefficient” matrix is
almost diagonal if the curvelet molecules have sufficient regularity. With the
machinery of almost diagonal matrices, we can then in Section 4 show that
curvelet molecules which are close enough to curvelets constitute frames for
the curvelet type spaces. Finally, in Section 5 we construct these curvelet
molecules from finite linear combinations of shifts and dilates of a single func-
tion with sufficient smoothness and decay. We conclude the paper with a short
discussion in Section 6 of the possible functions which can used to construct
the curvelet molecules.

2. SECOND GENERATION CURVELETS

We begin this section with a brief definition of curvelets and curvelet molecules
which will later be used to construct curvelet type frames. Furthermore, we
define the curvelet type spaces for which curvelets constitute frames. For a
much more detailed discussion of the curvelet construction, we refer the reader
to [3,4], and for decomposition spaces, of which the curvelet type spaces are a
subclass, we refer to [1,6].

Let v be an even C*(RR) window that is supported on [—7t, 7] such that its
27t-periodic extension obeys |v(0)|? + [v(6 — 71)|*> = 1, for 8 € [0,277). Define
v;1(0) = v(2U72lg — 7tl) for j > 2.and I = 0,1,...,2U/2) —1. Next, with the
angular window in place, let w € CZ°(RR) obey

lwo(H)>+ Y w2/t =1, t € R,
j>2

with wy € CZ°(R) supported in a neighborhood of the origin. We then define
1) ¢(6) == w(27TIE]) (v (8) + (6 + 7)), & = [¢](cosb,sinb) € R”.
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Notice that the support of w(27/|& )vj0(0) is contained in a rectangle R; =
Ij x I given by
L= {8, tj <& < tj+Lj}, Lj == {82,2[¢2| <1},
where t; is defined by minimizing L;, L; := 6, 2/ and lj == 62712172 (51 de-

pends weakly on j, see [4, Section 2.2]). With [1; := £1j and R; = ;j x I; the
system

n—3j/4 i(k1+1/2)2*fgl ikzz—f/zgz . )
e; = o e %2 ,keZs
is an orthonormal basis for Ly(R;). Finally, we define
(2.2) (&) = ¢j1(D)ejx(Rg,8), 1= (j, LK),

where Ry, is rotation by the angle 0, := 72~ li72]1, and as coarse-scale elements

we define 710 x(¢) := 551¢1,0(§)eik'§/50, where ¢1 (&) := wo(|¢]) and & > 0 is
sufficiently small. The system {7, },,c 7.2 is called curvelets, T := {(j,1)|j >

1,1=0,1,..., 2li/2) — 1}. It can be shown that curvelets constitute a tight frame
for L,(IR?) (see [4, Section 2.2]).

To later construct curvelet type frames, we need a system of functions
which share the essential properties of curvelets. As we shall see, curvelet
molecules, which were introduced in [3] and used there to study hyperbolic
differential equations, have all the properties we need. For x € IN3, we define
_ ok

k| := K1 + K, and for suitably differentiable functions we define f(*) := PP
51 62

Definition 2.1.
A family of functions {z,by}y c.7xz2 18 said to be a family of curvelet molecules with
reqularity R, R € N, if for j > 2 they may be expressed as

3j
Pu(x) =2%a,(Dy jRe,x — (k1/61,k2/62)),
where D, ;¢ = (2_j§1,2_f/262), 01,62 > 0 and all functions a, satisfy the fol-

lowing:
e For |x| < R there exists constants C > 0 such that
2.3) 2l (x)] < C(1+ |x[) 2R,

e There exists constants C > 0 such that

2.4) 18,(8)] < Cmin(1,277 + 8| +272|&])R.

Here the constants may be chosen independent of p, and the coarse-scale
molecules, j = 1, must satisfy an obvious modification. o
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It can be shown that curvelets constitute a family of curvelet molecules with
regularity R for any R € IN.

To define the curvelet type spaces which together with the associated
sequence spaces will characterize the sparse representation properties of
curvelets we need a suitable partition of unity.

Definition 2.2.
Let Q;; := supp(¢;;) for (j,1) € J, where ¢;; was defined (2.1). in A bounded
admissible partition of unity (BAPU) is a family of functions {¢;;} ey C
S := S(IR?) satisfying:

e supp(¢9;;) € Qj1, (j,1) € J.

* Yines ?i(5) =1, € R%

o sup ;e QP HIF ol ey < oo, p € (0,1].

o

We are now ready to define curvelet-type spaces. We let £(&) == F(H)(©) =
(27) 7! [go f(x)e" ¢ dx, f € L1(IR?), and by duality extend it uniquely from
S(R?) to S'(R?).

Definition 2.3.

Let {¢;,}(j1)es beaBAPU and ¢;;(D)f := F @i Ff). Fors € R, 0 < g < oo
and 0 < p < oo, we define G}, := G;lq(]RZ) as the set of distributions f € &' :=
S'(IR?) satisfying

gy, = ( X [Poumyf]t )" <

(j.edg
&

It can be shown that G} ; is a quasi-Banach space (Banach space for p,q > 1),
and S is dense in G;’q (see [1] and [6]).

We also need the sequence spaces associated with the curvelet-type spaces.
For the sake of convenience, we write || f¢|| instead of ||{ fx }xek || when the index
set is clear from the context.

Definition 2.4.
Fors € R, 0 < g <ooand 0 < p < oo, we define the sequence space g;, , as the
set of sequences {sy },c 7.z2 C C satisfying

lsyllgs, = Hzf(s+%<%—%>>< Y Isul”)

)
kez?2

< o0,
l‘i

where the [,-norm is replaced with the l-norm if p = co. o
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Notice that the sequence spaces [, are special cases of gj, as we have

34D
849 =lg .
Next, we introduce frames for G;‘W and use the notation F < G when

there exists two constants 0 < C; < C; < oo, depending only on “allowable”
parameters, such that C1F < G < GyF.

Definition 2.5.
We say that a family of functions {¢ },,c 7.z in the dual of G} ; is a frame for
G; 4 if forall f € G; , we have

1fllgg, = I1CF 9 g5,

The following is called the frame expansion of {’Pu}ye 7xz2 When it exists,

(2.5) f= Y (£,

HET xZ2

in the sense of &', where S is the frame operator Sf = Y¥,c 772 (f, ¥) ¥y,
feG, o

From [1, Lemma 4 and Section 7.3] we have that curvelets (2.2) constitute a
frame for the curvelet type spaces with a frame operator S that is equal to the
identity, S = I

Proposition 2.6.
Assume that s € R, 0 < g < coand 0 < p < co. For any finite sequence
{sutucgxzz C C, we have

H ;ZZS”W”‘ G g < Clisullg; ;-
HET X :

Furthermore, {77#};16 Jxz2 1s a frame for G; . with frame operator 5 = I,

IfllG, = 14F m)llgs,e f € G
O]
Notice that frame expansions for two frames {1[;14}’4E 7xz2 and {7 #}ye Ik

have the same sparseness when measured in the associated sequence space
S if {S’ltpy}ﬂeszz and {S’lqy}yeszz also constitute frames for G;

P
1, S b llgs,, = I1f s, rey = I1CF, ST M) llgs, -

Hence, to get a curvelet type system {gby}ye 7xz2 With the same sparse
representation properties as curvelets {1, },c .z, it suffices to prove that
{S ’11,0;4}]46 J xz2 constitutes a frame for Gj .
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3. ALMOST DIAGONAL MATRICES

To generate curvelet type frames in the following sections we introduce the
machinery of almost diagonal matrices in this section. Almost diagonal matri-
ces where used in [7] on Besov spaces, and here we find an associated notion
of almost diagonal matrices on g; .. The goal is to find a definition so that
the composition of two almost diagonal matrices gives a new almost diagonal
matrix and almost diagonal matrices are bounded on gj, ;.

To help us define almost diagonal matrices we use a slight variation of the
pseudodistance introduced in [11] which was constructed in [3]. For this we

need the center of 7, in direct space, x, := ng(k12_j /81,k2277/25,), and the
”direction” of 1, p, := (cos8,,sin6,).

Definition 3.1.

Given a pair of indices u = (j, k,1) and ' = (j',k,1'), we define the dyadic-
parabolic pseudodistance as

w(p, ') == 27711+ min(2/, 27 )d(p, 1)),
where

d(p, p') = [0y — 9#’|2 + | — xy’|2 + [Copr X — x|
o

The dyadic-parabolic distance was studied in detail in [3], and from there we
can deduce the following properties:

e For 6 > 0 there exists C > 0 such that

(3.1) Y o)l <C
kez?
e For 6 > 0 there exists C > 0 such that
(32) Y wpp) it <c
(G,heg
e For N > 2 and é > 0 there exists C > 0 such that
(33) Y w(u )y N, p) N < Cwp, )N,
‘ulleszz

o Let {¢u},crxz2 and {1y} ,c 7«72 be two families of curvelet molecules
with regularity 4R, R € IN. Then there exists C > 0 such that

(3.4) [t | < Ceopu, )5
These properties lead us to the following definition of almost diagonal matrices
on g .-
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Definition 3.2.

Assume that s € R, 0 < g < coand 0 < p < oo. Let r := min(1,p,q) and
ti=s+3(3— %) A matrix A = {ay}, ez is called almost diagonal on
8p,q if there exists C, 4 > 0 such that

N

oyge] < C20 ol )+

o
Remark 3.3.

Note that by using (3.3), we get that the composition of two almost diagonal
matrices on g3 , gives a new almost diagonal matrix on gj, .. e

We are now ready to show the most important property of almost diagonal
matrices; they act boundedly on the curvelet type spaces.

Proposition 3.4.
If A is almost diagonal on gj, ;, then A is bounded on g3, .

Proof:

We only prove the result for p < co as the result for p = oo follows in a similar
way with [, replaced by lw. Let wo(p, p') := w(j,1,0,7",1',0), {su},cqxz2 €
8p,q and assume for now that p > 1. We begin with looking at the /,-norm
of ||As|[¢s . By using Minkowski’s inequality, Hélder’s inequality and (3.1) we
get

(X lcas)y)”

kez?
L 19 3 a\P\VP
<c( L ( & 20 Pl 5 L sl 7))
kez?z (' 1eJ kKez?
L 19 3 a\P\VP
<C Z 2(j _])two(;t,;/) 2r 2( Z ( Z |sy/]w(y,y’) 2r 2) )
G eg kez? \Nk'ez?
L, 19
<C Y. 20U lawy(up') 22
(G'1eJg
3.4 3 a\p-1\ VP
X < Z Z |sy/‘f7w(‘u,‘u’) 2r 2( Z a)(],t,‘u’) 2r 2) )
kez?2 k' cz? kez?

IN

c Y 2 M) B X ,sy,‘pf

(jheg Kez?
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We then have
y 1 1/p\ T\ 1/4
s, <c( X (% 25 L ) "))
(Ghedg (.1ed K ez?

For g > 1 we use Holder’s inequality and (3.2) to get

’ 10

sl <c( T ¥ 2t

Ghedg (j1heg

1

<(E el)" (T alu )"

K ez? G 1eg
<C|[s]lgs,,

For g < 1 the result follows by a direct estimate. The case p < 1 remains, and
here we first observe that

~ i —i -
A= {a;m’}y,y’eijZ = {’a}l]/l'|p2(] 2 tp)}y,y’eijZ

is almost diagonal on g7 ,. Furthermore, if we let
P

0= {vu}yegnzz = {|Sy\p2_f(t_tp)}yeszz we have
1/ , q9/p\ 1/4
||v||gsP — ( Y ( ) 2]tF’|sP,|P) ) = IIslgs,,-
(HeTJ Nkez?
Before we can put these two observations into use, we need that
[(As)u P < ) Y lagwlPlswlP = 0j(t—tp) Y Y a0
(71eT Kez? (j'1)eT Kez?
We then have

1/ 1/
Iasllg, < 180l < Clol? = Clolg,
p ?

4. CURVELET TYPE FRAMES

In this section we study a family of curvelet molecules {1, } e xz2 Which is
a small perturbation of curvelets {7, } neg xz2-The goal is first to show that if

{¥u},cgxz is close enough to {1} ,c 772, then {u},c 7.7 is a frame for
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Gjg- Next to get a frame expansion, we show that {5_11/)14}ye 7xz2 is also a
frame, where S is the frame operator
Sf= ). {fyuvw
UET xZ2

The results are inspired by [9] where perturbations of frames were studied in
Triebel-Lizorkin and Besov spaces.

Let {e (1, — ¥u) tue g xz2 be a family of curvelet molecules with regular-
ity 4|t| + 2 + 6] independent of ¢ for some ¢,6 > 0. Then {Yutycgxze is a
family of curvelet molecules with regularity 4[|¢| + 2 + §], and motivated by
{114} 17«22 being a tight frame for Ly(R?), we formally define (f, ¢,/) as

(4.1) Fopw) =Y, ) (fomu), f € Gy
UEJ xZ2

It follows from (3.4) and Proposition 3.4 that (-,9,/) is a bounded linear func-
tional on Gj ; in fact we have

pa’
, / , < ’ ! ’
%;WvammUﬂwlH{%;WKw¢wawﬂh€ﬂwgh
(42) < ClI{f Mg, < Cllfllgs,

Furthermore, {v,by}y6 Jxz? is a norming family for G;, as it satisfies
1f ¢ llgs,, < Clifllg;,- This can be used to show that S is a bounded

operator on G, ,, and for small enough ¢ this will be the key to showing that

{4y} is a frame for Gy ,.

Theorem 4.1.
There exists €y, C1,C, > 0 such that if {e~ (1, — V) tuegxze is a family of

curvelet molecules with regularity 4[|t/ + 2 + 6] independent of ¢ for some
e < ¢gpand d > 0, then we have

(4.3) Cillflley, < IKf dllgs, < Callflles, f € Gy
where we used the notation from Definition 3.2.
Proof:

That {%}PE 7xzz2 1 a norming family gives the upper bound, thus we only

need to establish the lower bound. For this we use that {¢ (17, — Vu) bueg xz2
is also a norming family so we have

1= 9)lgs, < Celllls,
It then follows that

1fllGs, < CIC mollgs,,
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< CUICE wdllgg + 1Ko me — i) lgs,,)

< C(IKf vl +ellfllcs,,)-

By choosing ¢ < 1/C we get the lower bound.
|

As one might guess from Theorem 4.1, the boundedness of the matrix

-1 . . _ .
{0, ST ) b we g xz2 on &y, is the key to showing that {S 1¢y}y€szz is
also a frame for Gfﬂ,q' For the sake of convenience, we use the notation from
Definition 3.2 in the following.

Proposition 4.2.

There exists &9 > 0 such that if {¢~! (17, — ¢,) } is a family of curvelet molecules
with regularity 4[|t + % + 0] independent of € for some ¢ < gy and § > 0,
and {¢y},c 7«72 is a frame for GY, = Ly(IR?), then {(ny,S’llpy/)}erszz is
bounded on g3, ;.

Proof:

The fact that {%t}ye 7xz2 1s a frame for L,(IR?) ensures that S~! is a bounded

operator on Ly(IR?). We first show that S~! is bounded on Gy,g- This will
follow from showing that

(4.4) I(I=5)fllg;, < Cellfllcs, f € Gy

choosing € small enough and using the Neumann series. Assume for a moment
that

D =A{dyutypegxzz = {{ = S)u, )} ye 7 <22 satisties
(4.5) IDsllg;,, < Celsllgs..
By using that S is self-adjoint, we then have
I =5)fllgs,, < CIHCT = S) f 1t g, = CIPLS ) g,
< Cel{(frmu) g5, < Cellfllcs,,-
So to show (4.4) it suffices to prove (4.5). Note that

((I=SYmunmey =Y. () memwe) — Y (1 ) Yy, 10

‘u//eszz y//€j><22

= Y ) =)+ Y e — ) (W, ).

VNGJXZZ P//eszz
By setting
Dy = {dy gy gy = {mr = ) }
Dy := {daymyy b = {1 1) 3,
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D5 := {d3) oy } = L)
Dy :={dygmyy } = {0 e — )
we have the decomposition
D = D1D;y + D3D;.
Since {e~ (17, — ¥u) tuegxz2 is a family of curvelet molecules with regularity
4[|t| 4+ 2 + &) independent of ¢, we have from (3.4) that ¢ 1Dy, D;, D3, 1Dy
are almost diagonal on g} .. Next, we use Remark 3.3, and by Proposition 3.4,
IDsllg;, < Cellsllgs,
Consequently, (4.4) holds, and for sufficiently small ¢ the operator S~! is
bounded on G; . Finally, let s := {S}l}yeszz € gpqand b =: ), suny. By
using (2.6) we have that h € G}, and as {{},,c 7.7 is a frame for L,(IR?),

P4’
we have that S~! is self-adjoint which gives

Z <77w5_1¢y’>5y = 2 <S_1i7y, IIJV/>S;4 = <S_1h, ll]]/‘/>'
UET xZ2 UET xZ2

If we combine this with {,, },,c 77> being a norming family (4.2), we get

| T s ees] . =15 g, < CIS g,
UET xZ2 3pa

< Clihlls, < Cllsllg,

which proves that { (17, S™',/) },, ,ve 7x 72 is bounded on g, .. .

That {S’lz,lJH}HE Jxz2 is a frame for G; , now follows as a consequence of

{1 S_lll]‘ul>}y,y/€ 7 xz2 being bounded on g3, .. We state the following results
without proofs as they follow directly in the same way as in the Besov space
case. The proofs can be found in [9]. First, we have the frame expansion.

Lemma 4.3.
Assume that {lpy}ye 7xzz2 is a family of curvelet molecules with regularity

4[|t|+ 2 + 6] and a frame for L,(R?). If {<77V'571¢y’>}y,y’6‘7><22 is bounded
on g; ., then for f € G; , we have

f= Z <ff5_1§by>l/]y

HET xZ2

in the sense of S’.
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Next, we have that {S_llpy}ye Jxz2 is a frame for Gj .

Theorem 4.4.
Assume that {lpy}y c7xzz is a family of curvelet molecules with regularity
4[|t| + 2 + 6] and a frame for L (IR?). Then {S_ll[)y}yeszz is a frame for Gj, ,

if and only if {(1,,, S‘lzpy/>}%y/€szz is bounded on g, .. .

It follows from Proposition 4.2, Lemma 4.3 and Theorem 4.4 that if { },,c 722
is a family of curvelet molecules which is close enough to curvelets, then the
representation }_, ¢ 7, 72 (f, S ')y, f € G4, has the same sparse represen-
tation properties as curvelets when measured in g}, ;. As a final result we also
have a frame expansion with {S _llpy}ye TxZ2-

Lemma 4.5.

Assume that {1,[];4}}4 c7xzz2 is a family of curvelet molecules with regularity
4[|t| + 2 + 6] and a frame for L, (IR?). If the transpose of {(17,,, S 1yy) hoplegxz2
is bounded on g3, ,, then for f € Gj, , we have

f= Z <ff‘abﬂ>5_1l/]y

HET xZ2

in the sense of S’.
]

All that remains now is to construct a flexible family of curvelet molecules
which is close enough to curvelets in the sense of Proposition 4.2.

5. CONSTRUCTION OF CURVELET TYPE SYSTEMS

In this section we construct a flexible curvelet type systems. We do this by
showing that finite linear combinations of shifts and dilates of a function g
with sufficient smoothness and decay can constitute a system {wﬂ}ye Tx2Z2

such that {¢~1(y, — ¥u) byegxzz is a family of curvelet molecules with reg-

ularity 4(|t| + Z 4 ) independent of ¢ > 0. From the previous section, we then
have that the representation Y, 7,72 ( 87 ¢u, f € G5, has the same
sparse representation properties as curvelets when measured in g ,. Notice
that by starting out with a compactly supported function g, we get a com-
pactly supported curvelet type system.

First we take g € CM*1(IR?), §(0) # 0, which for fixed N’ > 2,M > 0
satisfies

(5.1) g <+ x)N, k] < M+1,
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Next, for m > 1 we define g,(x) := Cym?g(mx), where C; =: $(0) 1. It then
follows that

959 (x)| < Cn® W1 4 m|x) N, k| < M +1,
(5.2) /]R gn(x)dx=1.

We recall that curvelets (2.2) are a family of curvelet molecules for any regu-
larity R € IN. From the definition of a family of curvelet molecules (Definition
2.1), we have that for j > 2 curvelet molecules can be expressed as

3j
Mu(x) = 24 ay(Dy-jRe,x — (k1/61,k2/62)),
where a4, must satisfy (2.3) and (2.4). For the coarse scale, j = 1, similar
requirements exist. So to construct a family of curvelet molecules {, },,c 772
such that {¢71 (17, — ) Huegxz2 is a family of curvelet molecules, we need to

construct a family of functions {by },c 7z such that e 1(a, — by,) satisfy (2.3)
and (2.4). We define {¢y,},,c 7.z as

3
Pu(x) := 24 by (Dy-Re,x — (k1/61,k2/62))

for j > 2, and similar for the coarse scale elements, j = 1. To construct
{by}yc g xz2 e use the following set of finite linear combinations,

K
®K,m = {by : by(-) = Zcigm(- —|—di),Ci €eR,d; € IRz}.
i=1

Proposition 5.1.
Let N> N >2,M>0andj > 0. If g € CM*1(IR?), ¢(0) # 0, fulfills (5.1) and
a, € Ly(R?) N CMT1(R?) fulfills

) (x) < C(1+ )N, | < M+1

: I
24(8)] < Cmin(1,27 + 6] +272|5] )M,

then for any ¢ > 0 there exists K,m > 1 (m independent of j) and b, € Ok
such that

(5.3) 1l (x) = b ()| < e(1+ [x)7N, k| <M
(5.4) 8,(8) — bu(@)] < emin(1,277 + & | + 272 |G )M,
Proof:

Let e > 0 and «, |[x| < M, be given. We construct the approximation of a, in
direct space in three steps. First by a convolution operator wy, = a, * g, then
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by 6, which is the integral in w;, taken over a dyadic cube Q, and finally by
a discretization over smaller dyadic cubes bl,q,m- From (5.2) we have

65 Al —wi @ = [ @@ =0 (5= y)guly) dy.

Define U := m"/2N, where A := min(1, N’ — N). For |x| < U, we use the mean
value theorem to get

12l (x) — a (x — y)| < Cmin(1, |y|).
Inserting this in (5.5) we have

0 (@)~ < [

min(1, y|)m?
1+ mly )V

Cm=*2  Cm=M?2
5.6 <Cm*< < :
. =SOSR

For |x| > U, we split the integral over Q) := {y : |y| < |x|/2} and O°. If y € O,
then |x — y| > |x|/2, and we have

/Q 10l (x) — al? (x — y)||gn(y) | dy < C(1 + [x)N

C _ Cm M/
T+ WML+ )V = (T + [x N

(5.7) <
(
Integrating over Q¢ with |x| > U gives

/QC a3 (x) = a” (x=y)|gm )| dy

<—C +/ Cr* dy

(4 [xPDNT T Joe (T4 |x = yDN' (X + mly )N
(5.8) « C_, Cmt Y N4m

(LA DN (T | ON T (1+ |x)N

So by choosing m sufficiently large in (5.6)-(5.8), we get
€ _
(5.9) ai) () = i) (0] < 5+ 1x) 7.

For the next step we fix m and choose 4 € IN. Let Q denote the dyadic cube
with sidelength 297!, sides parallel with the axes and centered at the origin.
We then approximate wy, with 6, defined as

O () = /Qw)gm« —y)dy.
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In which case we have
Wit (1) = 05 (x) = [ au(w)gh (x—v)dy,
and it follows that,
Cm2+|1<\
X S / 7 7
IS s T DN+ il — ylp)N

We first estimate the integral for |x| < 29~! which gives |y| > |x| and |x —y| >
271, Hence we obtain

Cm2+|K\ 1 Cm|K\f/\27Aq
5.10 L< —/ . _du< 2
o0 = TR Szt A mpa¥ = A5 RN
For |x| > 2971, we split the integral over Q) := {y : |y| > 27} N {y : |y| < |x|/2}
and O :={y: |y| > 29} n{y: |y| > |x|/2}. Ify € Q, then |x —y| > |x|/2, and
we get

i’ (x) = 6 dy:=L.

m2+x] Cm2 x| 1
a (1+ [y (1 +mlx —yl) (1 +m|x[)N Jiy[=27 (1 + |y])
Cmlxl=A2-2q
(5.11) < =
(1+ [x[)N

Similar for )/ we have

m2 x| C m2 x|
/ ! ! d]/ S N’ / N/ dy
o (1+ [y (1 +mlx —yN (T4 [N Jr2 (1 +m|x —yl)
Cm‘K‘ m|K|2*)‘q
(T+ N 7 (L4 2N
By choosing g sufficiently large in (5.10)-(5.12), we obtain

(5.12) <

(5.13) i) (x) = O(x)| < S+ <),

For the final step we fix g, choose I € IN and approximate 6, by a discretiza-

tion
brgm(-) = Y lau(xp)gm(- — x1),
IGHl,q

where x; is the center of the dyadic cube I and H , is the set of dyadic cubes
with sidelength 27! which together give Q. Note that by, ,, € O, K = 29F+1,
We introduce F(-) := ay(-)g,(qf)(x — -) which gives

O =0, (1 < F [ 1 gh? (x =) = ap(en)ghs) (x —x1)| dy
IEHl,q
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Y [ IFw) = Ex)ldy.
IEH[

By using the mean value theorem, we then get

O (0) = b5, ()] < 2 [ ly—xi] max [P0 (z)|dy
A IcH z€l(xp,y)
g |;<|<1

(5.14) < 22771 max ]gm (x —z)|,

|z <21+
|| <[re|+1

where [(x1,y) is the line-segment between x; and y. If |x| < 27%2 and |«/| <
k| 4+ 1, then we have

Cm3+|K|2qN
(1+ |x)N

For |x| > 2972 and |z| < 27F!, we have |x — z| > |x|/2, and hence for |x| <
x| + 1, it follows that

(5.15) |g,(1;(/)(x —z)| < Cm3tIr <

Cm3+|1<| CmSHK\
(T +m|x )N = (1 + |[x)N”

By choosing [ sufficiently large, we obtain by combining (5.14)-(5.16) that
(517) 655 (x) — bl (x)] < S(1+[x) 7.

Finally by combining (5.9), (5.13) and (5.17), we get

(5.16) g (x —2)| <

(5.18) oy (x) = b ()] < e(1+ [x) N

To approximate a, in frequency space we use three steps similar to the approx-
imation in direct space. Note that b, ,, still fulfills (5.18) if we choose I,q,m
even larger. First we use @y, to approximate 4, in which case we have

M
1

10, (8) 71 (1 — Ceg(&/m))|
< Cmin(1,27 + 81| +27 2|8 M1+ ) U1 — Cog(&/m)].

By choosing &z > 0 such that C(1 + &g) 1|1 — Co8(¢/m)| < e/3 and m such
that C|1 — Cog(¢/m)| < e/3 for [C] < g, We get

619) () — @n(@)] < Smin(1,27 +]g1] +272 )M
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Next, we fix m, choose q and limit the Fourier integral of a;, to Q from the
approximation in direct space,

6gm(C) :§M(§)/(Qay(x)eix'é dx.
This gives

(5.20) | (Z) = 0gm(E)] < 18m(2)] |3y (x)e™ €| dx < C27M.

|x|>21
In the last step, we fix g and approximate 6, ,,, by Bl,q,m. We introduce G(x) :=
a,(x)e™ ¢ which gives

070 (8) = brym(2)] §|§m(§)|‘ [~ ¥ e

IEH]q
/|G G(xp)|dx
IEHZ
(5.21) L max |G*) (x)| < Cm2%1~!
' 14 |¢/m| rer2 N .

[«'|<1

By combining (5.19)-(5.21) for sufficiently large [, g, m, we get

. ' . i
m}l(g) _bl,q,m(§)| S 81’1’111’1(1,2 ]+ |§1| +2 2|€2|)M
It follows that by choosing [, g, m large enough b, , ,,, fulfills both (5.3) and (5.4).

Furthermore, we have bl,q,m € Oxm, K= oq+I+1
[ |

6. DiscussioN

In this paper we studied a flexible method for generation curvelet type systems
with the same sparse representation properties as curvelets when measured in
8p,q- With Proposition 4.2, Lemma 4.3 and Theorem 4.4 we proved that a sys-
tem of curvelet molecules which is close enough to curvelets has these sparse
representation properties. Furthermore, with Proposition 5.1 we constructed
such a system of curvelet molecules from finite linear combinations of shifts
and dilates for a single function with sufficient smoothness and decay.
Examples of functions with sufficient smoothness and decay are the

exponential function e~I* and the rational functions (1 + |- |2)~N with N
sufficiently large. An example with compact support can be constructed by
using a spline with compact support. Furthermore as the system is con-
structed using finite linear combinations of splines, we get a system consisting
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of compactly supported splines.
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