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ORTHONORMAL BASES FOR ANISOTROPIC α-MODULATION
SPACES

KENNETH N. RASMUSSEN

Abstract. In this article we construct orthonormal bases for bi-variate
anisotropic α-modulation spaces. The construction is based on generating a
nice anisotropic α-covering and using carefully selected tensor products of
univariate brushlet functions with regards to this covering. As an application,
we show that n-term nonlinear approximation with the orthonormal bases in
certain anisotropic α-modulation spaces can be completely characterized.

1. Introduction

The construction of unconditional bases for a given smoothness space is im-
portant as it often leads to simple characterizations of the space. For example,
smoothness measured in a Besov space is equivalent to a certain sparseness
of a wavelet expansion [18]. More generally, norm characterizations allow us
to identify certain smoothness spaces as nonlinear approximation spaces (see
e.g. [10] and [15]). As a consequence we gain better understanding of how suf-
ficiently smooth functions can be compressed by thresholding the expansion
coefficients for a sparse representation of the function [5, 6].

The α-modulation spaces Ms,α
p,q(R

2), α ∈ [0, 1], were introduced by Gröbner
[11] and include the Besov and modulation spaces as special cases correspond-
ing to α = 1 and α = 0, respectively. They are part of a much more gen-
eral construction introduced by Feichtinger and Gröbner called decomposition
spaces [8], [7]. Decomposition spaces are based on structured coverings of the
frequency space Rd and in the case of the α-modulation spaces the α-parameter
determines the nature of the covering. The Besov spaces (α = 1) correspond
to a dyadic covering, the modulation spaces (α = 0) correspond to a uniform
covering and the intermediate cases correspond to ”polynomial type” cover-
ings of the frequency space. So far frames have been constructed for a broad
subclass of the decomposition spaces [4], but the author is not aware of any
general method for constructing bases for decomposition spaces. On the other
hand, a orthonormal basis for bi-variate α-modulation spaces was constructed
in [19].

2000 Mathematics Subject Classification. 41A17, 42B35, 42C15.
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The goal of this article is to construct an orthonormal basis for bi-variate
anisotropic α-modulation spaces. Building on the work in [19] the orthonormal
basis is constructed by using carefully selected tensor products of univariate
brushlet functions. Brushlets are the image of a local trigonometric basis under
the Fourier transform, and such systems were introduced by Laeng [16]. Later
Coifman and Meyer used brushlets as a tool for image compression [17]. By
using the constructed orthonormal basis, we also identity certain anisotropic α-
modulation spaces as approximation spaces associated with nonlinear n-term
approximation.

The outline of the article is as follows. In Section 2 univariate brushlets
are defined, and bi-variate brushlet bases are constructed for a flexible cov-
ering of R2. In Section 3 anisotropic α-modulation spaces are defined, and
an anisotropic α-covering is constructed. Furthermore, by applying the con-
structed α-covering to the bi-variate brushlet bases from Section 2, we show
that unconditional bases for the anisotropic α-modulation spaces are gener-
ated. In Section 4 we apply the constructed basis to nonlinear n-term ap-
proximation. Finally, there is an appendix where we prove that anisotropic
α-modulation spaces are independent of the α-covering used.

2. Brushlet bases

In this section we introduce orthonormal brushlet bases for L2(R), and use
them to construct bi-variate brushlet bases associated with a flexible covering
of the frequency space R2 (see e.g. [2]). In the following section, by choosing
a covering that fits to the anisotropic α-modulation spaces, we will then be
able to show that the constructed bi-variate brushlet bases form unconditional
bases for the α-modulation spaces.

Each univariate brushlet basis is associated with a partition of the fre-
quency axis. The partition can be chosen with almost no restrictions, but in
order to have good properties of the associated basis we need to impose some
growth conditions on the partition.

Definition 2.1.
A family of intervals I is called a disjoint covering of Ω = [ω, ω′) ⊆ R, ω < ω′, if
it consists of a countable set of pairwise disjoint half-open intervals I = [αI , α′I),
αI < α′I , such that ∪I∈I I = Ω. If, furthermore, each interval in I has a unique
adjacent interval in I to the left and to the right, and there exists a constant
A > 1 such that

(2.1) A−1 ≤ |I||I′| ≤ A, for all adjacent I, I′ ∈ I,

we call I a moderate disjoint covering of Ω. �
Given a moderate disjoint covering I of Ω, we can easily assign to each interval
I ∈ I a cutoff radius ε I > 0 at the left endpoint and a cutoff radius ε′I at the
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right endpoint, satisfying

(2.2)
ε′I = ε I′ , whenever α′I = αI′

ε I + ε′I ≤ |I|
ε I ≥ C|I|,





with C > 0 independent of I.
We are now ready to define the brushlet system. For each I ∈ I, we first

construct a smooth bell function localized in a neighborhood of I. Take a non-
negative ramp function ρ ∈ C∞(R) satisfying

(2.3) ρ(ξ) =

{
0 for ξ ≤ −1
1 for ξ ≥ 1,

with the property that

(2.4) ρ(ξ)2 + ρ(−ξ)2 ≡ 1.

Define for each I = [αI , α′I) ∈ I the bell function

(2.5) bI(ξ) := ρ

(
ξ − αI

ε I

)
ρ

(
α′I − ξ

ε′I

)
.

Notice that supp(bI) ⊂ (αI − ε I , α′I + ε′I) and bI(ξ) = 1 for ξ ∈ [αI + ε I , α′I − ε′I ].
Let f̂ (ξ) := F ( f )(ξ) := (2π)−d/2

∫
Rd f (x)e−ix·ξ dx, f ∈ L2(R

d). Now if I is a
moderate disjoint covering of R then the set of local cosine functions

(2.6) ŵm,I(ξ) :=

√
2
|I|bI(ξ) cos

(
π(m + 1

2)
ξ − αI

|I|

)
, m ∈N0, I ∈ I,

constitute an orthonormal basis for L2(R), see e.g. [1]. We call the collection
{wm,I}m∈N0,I∈I a brushlet system. There is also a more explicit representation
of brushlets in direct space. Define ĝI(ξ) := bI(|I|ξ + αI) and em,I := π(m +
1
2)|I|−1, we then have

(2.7) wm,I(x) =

√
|I|
2

eiαI x [gI
(
|I|(x + em,I)

)
+ gI

(
|I|(x− em,I)

)]
.

It can easily be verified that for r ≥ 1 there exists C > 0 such that

(2.8) |gI(x)| ≤ C(1 + |x|)−r

independent of I ∈ I.
To later generate bi-variate brushlet bases, we define the operator PI :

L2(R)→ L2(R) as
(2.9)
P̂I f (ξ) := bI(ξ)[bI(ξ) f̂ (ξ) + bI(2αI − ξ) f̂ (2αI − ξ)− bI(2α′I − ξ) f̂ (2α′I − ξ)].

By straight forward calculations it can be verified that PI is an orthogonal pro-
jection, mapping L2(R) onto span({wm,I}m∈N0). We shall list some properties
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of PI here and refer to [12, Chap. 1] for a more detailed discussion of local
trigonometric bases.

If I and J are two adjacent intervals in I then for f ∈ L2(R),

(2.10) P̂I f (ξ) + P̂J f (ξ) = f̂ (ξ), ξ ∈ [αI + ε I , α′J − ε′J ].

Furthermore,

(2.11) PI + PJ = PI∪J

with the ε-values ε I and ε′J . It follows that {wm,I′}m∈N0,I′∈{I,J} is an orthonormal
basis for functions bandlimited to [αI + ε I , α′J − ε′J ] on L2(R

2), and by repeating
the argument, a basis for all functions in L2(R) can be constructed by using a
moderate disjoint covering of R. This will be the key idea for constructing nice
bi-variate brushlet bases.

For later use, we introduce PQ := PI ⊗PJ , Q := I × J ⊂ R2. By using the
univariate case, we have that PQ is an orthogonal projection, mapping L2(R

2)
onto span({wm1,I ⊗ wm2,J}m1,m2∈N0).

2.1. Construction of bi-variate brushlet bases. A simple way of constructing
bi-variate brushlet bases is to use the tensor product on a univariate brushlet
basis. Although this gives us a basis for L2(R

2), we lose the ability to gen-
erate a structured anisotropic covering of the frequency plane. An example
of this in the isometric case can be seen with tensor products of orthonormal
wavelets. Here we end up with hyperbolic bi-variate wavelet systems which
offer no characterizations of isotropic smoothness spaces. Instead we take the
tensor product of two brushlet bases, extract the brushlets on the diagonal with
regards to the frequency index, and then repopulate this subsystem in a struc-
tured way.

We saw earlier that the univariate brushlet bases were constructed from
an moderate disjoint covering of R, and the operator PI could be seen as a
building block associated with the bandlimited functions on I. We shall use
the same idea here, and first construct a covering of R2.

Let {In}n∈Z and {Jl
n}n∈N−,kn≤l≤0 ∪ {J0

0} ∪ {Jl
n}n∈N+,0≤l≤kn be moderate

disjoint coverings of R such that n < n′ implies αIn < αIn′ and αJl
n
< αJl′

n′
,

and l < l′ implies αJl
n
< αJl′

n
. This gives us the diagonal part of our cov-

ering and works as a "scaffold" for the rest of the covering, see Figure 1.
Next, let {In,i}1≤i≤mI

n
, n ≥ 1, be moderate disjoint coverings of ∪n

n′=−n In′

with the same constant A from (2.1) as the covering {In}n∈Z; furthermore,
we require that In,1 = I−n and In,mI

n
= In. Define {J0

n,j}1≤j≤mJ
n

similarly. We

introduce a covering of R2 with the help of the hollow rectangles ∪Q∈Pn Q,
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Pn := Pb
n ∪Pt

n ∪Pl
n ∪Pr

n, n ≥ 1,

Pb
n =

{
In,i × Jl

−n|1 ≤ i ≤ mI
n, k−n ≤ l ≤ 0

}

Pt
n =

{
In,i × Jl

n|1 ≤ i ≤ mI
n, 0 ≤ l ≤ kn

}

Pl
n =

{
I−n × J0

n,j|2 ≤ j ≤ mJ
n − 1

}

Pr
n =

{
In × J0

n,j|2 ≤ j ≤ mJ
n − 1

}
,

and the center rectangle P0,

P0 = {I0 × J0
0}.

It follows that ∪Q∈P Q = R2, P := ∪∞
n=0Pn and the sets in P are disjoint.

InI−n

J1
n

J0
n

J−1
−n

J0
−n

In+1I−n−1

J0
n+1

J0
−n−1

Figure 1. Covering of R2 by P. The shaded area is the sets in Pn.

With the covering P, we can now define our bi-variate brushlet system
{wm,Q}m∈N2

0,Q∈P,

(2.12) wm,Q(x, y) := wm1,I(x)wm2,J(y), m = (m1, m2), Q = I × J,

where wm1,I was defined in (2.6). With this notation, we have that PQ denotes
the orthogonal projection onto span({wm,Q}m∈N2

0
),

(2.13) PQ f = ∑
m∈N2

0

〈 f , wm,Q〉wm,Q, f ∈ L2(R
2).
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Next, we use the orthogonal projections PQ to prove that {wm,Q}m∈N2
0,Q∈P is

an orthonormal basis for L2(R
2).

Proposition 2.2.
The system {wm,Q}m∈N2

0,Q∈P is an orthonormal basis for L2(R
2).

Proof:
To prove that the system is complete in L2(R

2), we first observe that only
adjacent rectangles in P overlap. It follows that there exists a family of open
sets {Un}n∈Z2 such that for f ∈ L2(R

2), ∑Q∈P P̂Q f (ξ), ξ ∈ Ūn, contains at most
four non-zero elements and ∪n∈Z2Ūn = R2. This can be used to show that
∑Q∈P PQ converges strongly to a bounded operator on L2(R

2), and it suffices
to prove pointwise that

(2.14) ∑
Q∈P

P̂Qs = ŝ

for functions s in a suitable dense subset of L2(R
2). Since finite linear com-

binations of separable functions are dense in L2(R
2), we only need to verify

(2.14) for a separable function s(x, y) = g(x)h(y) with g, h ∈ L2(R).
We begin with the projections associated with P0 and P1. By using (2.11)

on the second coordinate, we sum up the projections associated with Pl
1 and

Pr
1,

∑
Q∈Pl

1

PQ = PI−1×J0
0

(2.15)

∑
Q∈Pr

1

PQ = PI1×J0
0
.(2.16)

Next, we use (2.11) on the first coordinate to sum (2.15) and (2.16) together
with the projection associated with the center rectangle I0 × J0

0 ,

(2.17) ∑
Q∈Pl

1∪P0∪Pr
1

PQ = P∪1
i=−1 Ii×J0

0
.

Finally, we add the projections associated with Pb
1 and Pt

1 to get

(2.18) ∑
Q∈∪1

n=0Pn

PQ = P∪1
i=−1 Ii×∪1

j=−1∪l Jl
j
.

By repeating the procedure N times we end up with

(2.19) ∑
Q∈∪N

n=0Pn

PQ = P∪N
i=−N Ii×∪N

j=−N∪l Jl
j
.
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It then follows from (2.10) that as N goes to infinity,

(2.20) ∑
Q∈∪N

n=0Pn

P̂Qs

converges pointwise to ŝ which proves (2.14). Hence, {wm,Q}m∈N2
0,Q∈P is

complete in L2(R
2).

The system is orthonormal, which will follow from the fact that it consists
of carefully selected tensor products of univariate brushlets. One can check
that two distinct brushlets associated with the same hollow rectangle Pn are
orthogonal. If |n − m| ≥ 2 then two brushlets associated with Pn and Pm,
respectively, do not overlap in the frequency space. This leaves us with brush-
lets that are associated with Q ∈ Pn and P ∈ Pn+1, respectively. If we look
at the R+ ×R+ part of the frequency space, then the brushlets only overlap
if Q = In × Q2, P = In+1 × P2 or Q = Q1 × Jkn

n , P = P1 × J0
n+1 (see Figure

1). In which case we have from the univariate brushlets that the brushlets are
orthogonal. The rest of the frequency space follows similarly. �

3. Anisotropic α-modulation spaces

In this section, we define the anisotropic α-modulation spaces and show that
our brushlet system {wm,Q}m∈N2

0,Q∈P can constitute bases for them. To define
the anisotropic α-modulation spaces, we need a nice partition of unity and this
partition is based on a covering of the frequency plane which again is based
on an anisotropic quasi-norm.

First we define an anisotropic quasi-norm | · |a,

(3.1) |ξ|a := |ξ1|1/a1 + |ξ2|1/a2 , ξ = (ξ1, ξ2) ∈ R2,

where a = (a1, a2), a1, a2 > 0 and a1 + a2 = 2. We also define 〈ξ〉a := (1 +
|ξ|2a)1/2 and the balls

(3.2) Ba(ξ, r) := {ζ ∈ R2 : |ξ − ζ|a < r}.
Notice that |Ba(ξ, r)| = r2λa, λa := |Ba(0, 1)|.

With such an quasi-norm | · |a, we can define anisotropic α-coverings.

Definition 3.1.
A countable setQ of measurable connected subsets Q ⊂ R2 is called a connected
admissible covering if R2 = ∪Q∈Q Q and there exists n0 < ∞ such that #{Q′ ∈
Q : Q̄ ∩ Q̄′ 6= ∅} ≤ n0 for all Q ∈ Q. Let

rQ = sup{r ∈ R : Ba(cr, r) ⊂ Q, cr ∈ R2},(3.3)

RQ = inf{R ∈ R : Q ⊂ Ba(cR, R), cR ∈ R2}(3.4)
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denote the radius of the inscribed and circumscribed disc of Q ∈ Q, respec-
tively. A connected admissible covering Q is called an anisotropic α-covering of
R2, 0 ≤ α ≤ 1, if |Q| � 〈ξ〉2α

a for some ξ ∈ Q and all Q ∈ Q, and there exists
K < ∞ such that RQ/rQ ≤ K for all Q ∈ Q. �
Remark 3.2.
Notice that |Q| � 〈ξ〉2α

a for some ξ ∈ Q implies the same for all ξ ∈ Q with
constants independent of ξ and Q. Also we have restricted ourself to con-
nected sets to later use the general theory of decomposition spaces to show
that anisotropic α-modulation spaces are well-defined (see [4]). However, by
generalizing [3, Theorem 3.1] one can drop the requirement that the sets need
to be connected. ◦
For technical reasons we shall require our partitions of unity to satisfy the
following.

Definition 3.3.
Given 0 ≤ α ≤ 1, let Q be an anisotropic α-covering. A corresponding bounded
admissible partition of unity (BAPU) is a family of functions {ψQ}Q∈Q ⊂
S(R2) satisfying:

• supp(ψQ) ⊆ Q
• ∑Q∈Q ψQ ≡ 1
• supQ∈Q |Q|1/p−1‖F−1ψQ‖Lp < ∞.

�
It was proven in [4, Section 6] that an anisotropic α-covering with a corre-
sponding BAPU exists for every α ∈ [0, 1]. We define the multiplier ψQ(D) f :=
F−1(ψQF f ), f ∈ L2(R

2). A standard result on band-limited multipliers [21,
Proposition 1.5.1] ensures that if {ψQ}Q∈Q is a BAPU, then ψQ(D) extends to a
bounded operator on band-limited functions in Lp(R2), 0 < p ≤ ∞, uniformly
in Q ∈ Q.

We are now ready to define anisotropic α-modulation spaces.

Definition 3.4.
Given 0 ≤ α ≤ 1, letQ be an anisotropic α-covering of R2 with a corresponding
BAPU {ψQ}Q∈Q. For s ∈ R, 0 < p ≤ ∞ and 0 < q < ∞, we define the
anisotropic α-modulation space, Ms,α

p,q(R
2), as the set of distributions f ∈ S ′(R2)

satisfying

(3.5) ‖ f ‖Ms,α
p,q(R2) :=

(
∑

Q∈Q
〈ξQ〉qs

a ‖ψQ(D) f ‖q
Lp

)1/q
< ∞,

where ξQ ∈ Q. �
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We show in the Appendix that anisotropic α-modulation spaces are indepen-
dent of which α-covering is used. Furthermore, it can be shown that Ms,α

p,q(R
2)

is a quasi-Banach space (Banach space for p, q ≥ 1), and S(R2) is dense in
Ms,α

p,q(R
2), see [4] and [8]. For more information on quasi-Banach spaces, we

refer the reader to [14] and [13].

3.1. Orthonormal bases for anisotropic α-modulation spaces. With the
anisotropic α-modulation spaces in place, we need to adapt the covering P

such that the associated brushlet system {wm,Q}m∈N2
0,Q∈P constitutes bases for

them. The natural choice would be to make P an α-covering, and as we shall
see, this will suffice.

First we need to make P an α-covering. We will focus on α ∈ [0, 1)
since α = 1 corresponds to a dyadic covering, and we use a polynomial type
covering. Without loss of generality we will also assume that a2 ≥ a1. Let
I0 := [−1, 1), In := [nβa1 , (n + 1)βa1), and I−n := −In, n ≥ 1, β ≥ 1. Next,
we introduce the sequence {ym}m∈N, y0 := 1, ym := ym−1 + nβa2−a2/a1 , where
n ∈ N is chosen such that nβa2 ≤ ym−1 < (n + 1)βa2 . We can then define
Jl
n := [ym−1, ym), m := n + l + ∑n−1

i=1 ki, 0 ≤ l ≤ ki, where ki ∈ N are chosen
such that |Jl

n| = nβa2−a2/a1 , see figure 2. Furthermore, let J0
0 := [−1, 1) and

J−l
−n := −Jl

n. To make sure that Jl
n is defined for all n ∈N, we notice that

ym − ym−1 = nβa2−a2/a1 ≤ nβa2−1 < (n + 2)βa2 − (n + 1)βa2 .

In fact, we have kn + 1 � na2/a1−1.

In × J0
n

In × J1
n

In+1 × J0
n+1

In+1 × J1
n+1

In+1 × J2
n+1

nβa1 (n + 1)βa1 (n + 2)βa1

nβa2

(n + 1)βa2

(n + 2)βa2

Figure 2. Choosing In × Jl
n such that P is an α-covering.
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One can check that {In} and {Jl
n} are moderate disjoint coverings of R. To

generate P, we choose {In,i} and {J0
n,j} such that |In,i| � |In| and |J0

n,j| � |J0
n|.

As the sets in P are disjoint it follows easily that P is a connected admissible
covering of R2.

Next, to show that P is a an anisotropic α-covering, we notice that P is
constructed such that we only need to check the requirements for In × Jl

n. We
have

|In|1/a1 � n(βa1−1)/a1 = n(βa2−a2/a1)/a2 = |Jl
n|1/a2 .

For Q = In× Jl
n it follows that rQ ≥ C|In|1/a1 and RQ ≤ |In|1/a1 + |Jl

n|1/a2 which
gives RQ/rQ ≤ K < ∞, Q ∈ P. Finally, given α ∈ [0, 1) we need to define β

such that |Q| � 〈ξ〉2α
a for some ξ ∈ Q, Q ∈ P. By choosing

(3.6) β :=
1 + a2

a1

2(1− α)
,

we get 2αβ = 2β− 1− a2/a1, and it follows that

|In × Jl
n| � nβa1−1+βa2−a2/a1 = n2β−1−a2/a1 = n2αβ � 〈ξ〉2α

a ,

where ξ is the corner of In × Jl
n closest to origo.

We now have that P is an anisotropic α-covering, and from Proposition 2.2
we know that {wm,Q}m∈N2

0,Q∈P is an orthonormal basis for L2(R
2). Next, we

show that these conditions are sufficient to prove that {wm,Q}m∈N2
0,Q∈P is an

unconditional basis for the corresponding anisotropic α-modulation space.
First we need the following definition and lemma.

Definition 3.5.
Let Q and P be coverings of R2 and G a subset of R2. We define

(3.7) AQG := {Q ∈ Q : Q̄ ∩ Ḡ 6= ∅}
and the sets

(3.8) Q̃ :=
⋃

Q′∈AQQ

Q̄′, Q ∈ Q.

�
Notice that a connected admissible covering Q fulfills #AQQ ≤ n0, Q ∈ Q. One

can also check that {Q̃}Q∈P is an anisotropic α-covering.

Lemma 3.6.
Given f ∈ L2(R

2), 0 ≤ α < 1 and 0 < p ≤ ∞. If {ψ̃Q}Q∈P is a partition of
unity for {Q̃}Q∈P which satisfies

ψ̃Q(x) = 1, x ∈ supp(ŵ0,Q),
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and {ψQ}Q∈P is a partition of unity for {supp(ŵ0,Q)}Q∈P, then there exists
C, C′ > 0, independent of Q ∈ P, such that

(
∑

m∈N2
0

|〈 f , wm,Q〉|p
)1/p

≤ C|Q|
1
p− 1

2‖ψ̃Q(D) f ‖Lp , and

‖ψQ(D) f ‖Lp ≤ C′|Q|
1
2− 1

p ∑
Q′∈Q̃

(
∑

m∈N2
0

|〈 f , wm,Q′〉|p
)1/p

.

When p = ∞ the sum over m ∈N2
0 is changed to sup.

Proof:
Notice that (2.7) together with (2.8) yield the following estimates,

(3.9) sup
x∈R2

∑
m∈N2

0

|wm,Q(x)|p ≤ Cp|Q|
p
2 and sup

m∈N2
0

‖wm,Q‖p
Lp
≤ C′p|Q|

p
2−1.

Take f ∈ L2(R
2) and let us first assume that p ≤ 1. We then have (see, e.g. [21,

p. 18])

∑
m∈N2

0

|〈 f , wm,Q〉|p = ∑
m∈N2

0

|〈ψ̃Q(D) f , wm,Q〉|p ≤ ∑
m∈N2

0

‖(ψ̃Q(D) f )wm,Q‖p
L1

≤ C|Q|1−p ∑
m∈N2

0

‖(ψ̃Q(D) f )wm,Q‖p
Lp
≤ C|Q|1− p

2 ‖ψ̃Q(D) f ‖p
Lp

.

By using that ψQ(D) is bounded on band-limited functions in Lp, we have the
second inequality in the lemma,

‖ψQ(D) f ‖p
Lp
≤ ∑

Q′∈Q̃
∑

m∈N2
0

|〈 f , wm,Q′〉|p‖wm,Q′‖p
Lp

≤ C′|Q| p2−1 ∑
Q′∈Q̃

∑
m∈N2

0

|〈 f , wm,Q′〉|p.

For 1 < p < ∞ the lemma follows by using the two estimates in (3.9) with
p = 1 together with Hölder’s inequality (see e.g. [18, §2.5]). The case p = ∞
follows similar to p ≤ 1. �
By taking the lq-norm in Lemma 3.6, we can derive our main result.

Theorem 3.7.
Given 0 < p ≤ ∞, 0 < q < ∞, s ∈ R, and 0 ≤ α < 1. With the system
{wm,Q}m∈N2

0,Q∈P, we have the following characterization

‖ f ‖Ms,α
p,q(R2) �

( ∞

∑
n=0

nqβ(s+α− 2α
p ) ∑

Q∈Pn

(
∑

m∈N2
0

|〈 f , wm,Q〉|p
)q/p)1/q

,
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where β was defined in (3.6). Furthermore, {wm,Q}m∈N2
0,Q∈P constitutes an

unconditional basis for Ms,α
p,q(R

2).

Proof:
The norm characterization follows by taking the lq-norm in Lemma 3.6 and
using that |Q| = n2αβ � 〈ξQ〉2α

a , ξQ ∈ Q, Q ∈ Pn. That {wm,Q}m∈N2
0,Q∈P con-

stitutes a unconditional basis for Ms,α
p,q(R

2), follows by standard results using
the norm characterization, that Ms,α

p,q(R
2) is a quasi-Banach space in which

S(R2) is dense and that {wm,Q}m∈N2
0,Q∈P is an orthonormal basis for L2(R

2). �

Remark 3.8.
By [20, Remark 4.6], one can use {wm,Q}m∈N2

0,Q∈P to construct a com-

pactly supported basis for Ms,α
p,q(R

2) with the same norm characterization as
{wm,Q}m∈N2

0,Q∈P. ◦
Theorem 3.7 also shows that {wm,Q}m∈N2

0,Q∈P induces a natural isomorphism

between Ms,α
p,q(R

2) and the sequence space ms,α
p,q defined by:

Definition 3.9.
Given 0 < p ≤ ∞, 0 < q < ∞, s ∈ R, 0 ≤ α < 1, we define the sequence space
ms,α

p,q as the set of sequences c := {cm,Q}m∈N2
0,Q∈P ⊂ C satisfying

‖c‖ms,α
p,q

:=
( ∞

∑
n=0

nqβ(s+α− 2α
p ) ∑

Q∈Pn

(
∑

m∈N2
0

|cm,Q|p
)q/p)1/q

< ∞,

where β was defined in (3.6). �
4. An application to nonlinear approximation

We finish this paper with applying {wm,Q}m∈N2
0,Q∈P to n-term nonlinear ap-

proximation in certain anisotropic α-modulation spaces.
First, we need some notation regarding nonlinear approximation. Let

D := {gk}k∈N be a Schauder basis in a quasi-Banach space X. We consider
the collection of all possible n-term expansions with elements from D:

Σn(D) :=
{

∑
i∈Λ

cigi

∣∣∣ci ∈ C, #Λ ≤ n
}

.

The error of the best n-term approximation to an element f ∈ X is then

σn( f ,D)X := inf
fn∈Σn(D)

‖ f − fn‖X.

Next, we introduce the approximation spaces Aγ
q (X,D) which essentially con-

sists of the elements f for which σ( f ,D)X = O(n−γ).
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Definition 4.1.
Let 0 < γ, q < ∞. We define the approximation space Aγ

q (X,D) as the set of
distributions f ∈ X satisfying

| f |Aγ
q (X,D) :=

( ∞

∑
n=1

(nγσn( f ,D)X)
q 1

n

)1/q
< ∞,

and quasi-norm it with ‖ f ‖Aγ
q (X,D) := ‖ f ‖X + | f |Aγ

q (X,D). �

As Theorem 3.7 showed that {wm,Q}m∈N2
0,Q∈P induces an isomorphism be-

tween Ms,α
p,q(R

2) and ms,α
p,q, we can apply [9] to get a complete characteriza-

tion of certain nonlinear approximation spaces associated with anisotropic α-
modulation spaces:

Theorem 4.2.
Let 0 < γ, p < ∞, 0 ≤ α < 1, s ∈ R, τ−1 := γ + p−1 and ρ := 2αγ + s. If
D is the system {wm,Q}m∈N2

0,Q∈P normalized in Ms,α
p,p(R

2), then we have the
characterization

Aγ
τ (Ms,α

p,p(R
2),D) = Mρ,α

τ,τ(R
2)

with equivalent norms. �
Remark 4.3.
By using Remark 3.8, we can also get the characterization in Theorem 4.2 for a
compactly supported basis for Ms,α

p,p(R
2). ◦

Appendix

In this appendix we show that Ms,α
p,q(R

2) only depends on the α-covering up to
equivalence of the norms. First we extend Definition 3.5.

Definition A.1.

Let Q̃(0) := Q̄, and define inductively Q̃(k+1) := ˜̃Q(k), k ≥ 0. Finally let Q̃(k) :=
{Q̃(k)}Q∈Q. P is called almost subordinate to Q (written P ≤ Q) if there exists
k ∈N such that for all P ∈ P , we have P ⊆ Q̃(k) for some Q ∈ Q. �
Let Q and P be two anisotropic α-coverings. If Q̄ ∩ P̄ 6= ∅, Q ∈ Q, P ∈ P ,
then Definition 3.1 implies that RQ � RP. This can be used to prove that there
exists d0 < ∞ such that

(A.1) #AQP ≤ d0, P ∈ P .

Lemma A.2 below then gives that P is almost subordinate to Q. By interchang-
ing Q and P , we also have that Q is almost subordinate to P . From [4, The-
orem 1] it then follows that Ms,α

p,q(R
2) only depends on the α-covering up to

equivalence of the norms.
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Lemma A.2.
Let Q and P be connected admissible coverings. Then P is almost subordinate
to Q if and only if there exists d0 < ∞ such that

(A.2) #AQP ≤ d0, P ∈ P .

Proof:
Let us first assume that P is almost subordinate to Q, and choose P ∈ P . Then
there exists Q ∈ Q such that P ⊆ Q̃(k). One can easily prove that Q̃(k) is a
connected admissible covering so it follows that

(A.3) #AQP ≤ #AQ
Q̃(k) ≤ #AQ̃

(k)

Q̃(k) ≤ d0.

To prove the opposite way, let us assume that (A.2) is satisfied. Choose P ∈ P
and Q ∈ AQP . If AQP \{Q} = ∅, then P ⊆ Q, and we are done. If instead
AQP \{Q} 6= ∅ and Q̄ ∩ Q̄′ = ∅ for all Q′ ∈ AQP \{Q}, then

(A.4) P\Q̄ =
⋃

Q′∈AQP \{Q}
Q̄′ ∩ P.

However, this proves that P\Q̄ is both open and closed on P which contradicts
that P is a connected set. It follows that Q′ ⊂ Q̃ for some Q′ ∈ AQP \{Q}.
Next, we use the same argument with Q̃, and either P ⊆ Q̃ or there exists
Q′′ ∈ AQP \{Q̃} such that Q̄′′ ∩ Q̃ 6= ∅. As AQP contains at most d0 elements, we
can repeat the argument d0 − 1 times to get

(A.5) P ⊆
⋃

Q′∈AQP

Q̄′ ⊆ Q̃(d0−1)

which proves that P is almost subordinate to Q. �
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