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ORTHONORMAL BASES FOR ANISOTROPIC «-MODULATION
SPACES

KENNETH N. RASMUSSEN

ABSTRACT. In this article we construct orthonormal bases for bi-variate
anisotropic a-modulation spaces. The construction is based on generating a
nice anisotropic a-covering and using carefully selected tensor products of
univariate brushlet functions with regards to this covering. As an application,
we show that n-term nonlinear approximation with the orthonormal bases in
certain anisotropic a-modulation spaces can be completely characterized.

1. INTRODUCTION

The construction of unconditional bases for a given smoothness space is im-
portant as it often leads to simple characterizations of the space. For example,
smoothness measured in a Besov space is equivalent to a certain sparseness
of a wavelet expansion [18]. More generally, norm characterizations allow us
to identify certain smoothness spaces as nonlinear approximation spaces (see
e.g. [10] and [15]). As a consequence we gain better understanding of how suf-
ficiently smooth functions can be compressed by thresholding the expansion
coefficients for a sparse representation of the function [5,6].

The a-modulation spaces My (IR?), a € [0,1], were introduced by Grobner
[11] and include the Besov and modulation spaces as special cases correspond-
ing toa = 1 and o« = 0, respectively. They are part of a much more gen-
eral construction introduced by Feichtinger and Grobner called decomposition
spaces [8], [7]. Decomposition spaces are based on structured coverings of the
frequency space RY and in the case of the a-modulation spaces the a-parameter
determines the nature of the covering. The Besov spaces (x = 1) correspond
to a dyadic covering, the modulation spaces (x = 0) correspond to a uniform
covering and the intermediate cases correspond to “polynomial type” cover-
ings of the frequency space. So far frames have been constructed for a broad
subclass of the decomposition spaces [4], but the author is not aware of any
general method for constructing bases for decomposition spaces. On the other
hand, a orthonormal basis for bi-variate a-modulation spaces was constructed
in [19].

2000 Mathematics Subject Classification. 41A17, 42B35, 42C15.
Key words and phrases. anisotropic a-modulation spaces, brushlets, local trigonometric
bases, nonlinear approximation.
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The goal of this article is to construct an orthonormal basis for bi-variate
anisotropic a-modulation spaces. Building on the work in [19] the orthonormal
basis is constructed by using carefully selected tensor products of univariate
brushlet functions. Brushlets are the image of a local trigonometric basis under
the Fourier transform, and such systems were introduced by Laeng [16]. Later
Coifman and Meyer used brushlets as a tool for image compression [17]. By
using the constructed orthonormal basis, we also identity certain anisotropic «-
modulation spaces as approximation spaces associated with nonlinear n-term
approximation.

The outline of the article is as follows. In Section 2 univariate brushlets
are defined, and bi-variate brushlet bases are constructed for a flexible cov-
ering of R2. In Section 3 anisotropic a-modulation spaces are defined, and
an anisotropic a-covering is constructed. Furthermore, by applying the con-
structed a-covering to the bi-variate brushlet bases from Section 2, we show
that unconditional bases for the anisotropic a-modulation spaces are gener-
ated. In Section 4 we apply the constructed basis to nonlinear n-term ap-
proximation. Finally, there is an appendix where we prove that anisotropic
a-modulation spaces are independent of the a-covering used.

2. BRUSHLET BASES

In this section we introduce orthonormal brushlet bases for L,(R), and use
them to construct bi-variate brushlet bases associated with a flexible covering
of the frequency space R? (see e.g. [2]). In the following section, by choosing
a covering that fits to the anisotropic a-modulation spaces, we will then be
able to show that the constructed bi-variate brushlet bases form unconditional
bases for the a-modulation spaces.

Each univariate brushlet basis is associated with a partition of the fre-
quency axis. The partition can be chosen with almost no restrictions, but in
order to have good properties of the associated basis we need to impose some
growth conditions on the partition.

Definition 2.1.

A family of intervals I is called a disjoint covering of Q = [w,w') C R, w < /', if
it consists of a countable set of pairwise disjoint half-open intervals I = [ay, a}),
ay < a, such that Uperl = Q. If, furthermore, each interval in I has a unique
adjacent interval in I to the left and to the right, and there exists a constant
A > 1 such that

I
(2.1) ATl < % < A, for all adjacent I, I'eld,
we call I a moderate disjoint covering of (). o

Given a moderate disjoint covering I of (), we can easily assign to each interval
I € T a cutoff radius e; > 0 at the left endpoint and a cutoff radius €} at the



ORTHONORMAL BASES FOR ANISOTROPIC a-MODULATION SPACES 3

right endpoint, satisfying

¢} = ey, whenever o} = ay
(2.2) er+ep < |1
€ > C|I|,

with C > 0 independent of I.

We are now ready to define the brushlet system. For each I € I, we first
construct a smooth bell function localized in a neighborhood of I. Take a non-
negative ramp function p € C*(RR) satisfying

(2.3) p@)z{?ﬁﬁgi_ﬁ,

with the property that

(2.4) p(&)* +p(=¢)* =1.
Define for each I = [ay, a}) € I the bell function

(2.5) h@%zp(giﬁ)p<%_g)-

€l EII

Notice that supp(br) C (ar —er,a; +¢)) and by(¢) = 1 for & € [ay + ey, a] — €.
Let £(&) :== F(f)() := (2m)™/2 [a f(x)e™*¢dx, f € Lo(R?). Now if L is a
moderate disjoint covering of R then the set of local cosine functions

(2.6) Wy 1(8) = \/%bl(é‘) cos (n(m + %)%) ,meNy, [ €1,

constitute an orthonormal basis for L,(R), see e.g. [1]. We call the collection
{wW,1tmeNg, 1e1 @ brushlet system. There is also a more explicit representation
of brushlets in direct space. Define §;(¢) := b;(|I|¢ + «;) and ey, 1 := (m +
D71, we then have

1]

@7 wwa(x) =[Sl [ (111x 4 ew)) + 111 (x = en))]
It can easily be verified that for » > 1 there exists C > 0 such that
(2.8) g1(x)[ < C(1+ |x)7

independent of I € I.
To later generate bi-variate brushlet bases, we define the operator Py :
LZ(IR) — Lz(]R) as
29)
Pif(6) = bi(&)[b1(8)f(6) + br(2ar — §) f (20 — &) — by (207 — &) f (207 — &)].

By straight forward calculations it can be verified that Pr is an orthogonal pro-
jection, mapping L,(R) onto span({wy,}menN,). We shall list some properties
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of P; here and refer to [12, Chap. 1] for a more detailed discussion of local
trigonometric bases.
If I and ] are two adjacent intervals in I then for f € Ly(R),

(2.10) Pif(&) +Pif(&) = £(2), & € [ +ep,a)—¢).
Furthermore,
(2.11) Pr+P; = Pry;

with the e-values e and e’] It follows that {wm I'tmeN,, I'e{1,]} i an orthonormal
basis for functions bandlimited to [a; + ¢, &} — €] on L,(IR?), and by repeating
the argument, a basis for all functions in Lz(]R) can be constructed by using a
moderate disjoint covering of IR. This will be the key idea for constructing nice
bi-variate brushlet bases.

For later use, we introduce P := Py ® Pj, Q := I x ] C R%. By using the
univariate case, we have that Pg is an orthogonal projection, mapping L, (IR?)
onto W({wml,l ® me,]}ml,melNo)-

2.1. Construction of bi-variate brushlet bases. A simple way of constructing
bi-variate brushlet bases is to use the tensor product on a univariate brushlet
basis. Although this gives us a basis for L,(IR?), we lose the ability to gen-
erate a structured anisotropic covering of the frequency plane. An example
of this in the isometric case can be seen with tensor products of orthonormal
wavelets. Here we end up with hyperbolic bi-variate wavelet systems which
offer no characterizations of isotropic smoothness spaces. Instead we take the
tensor product of two brushlet bases, extract the brushlets on the diagonal with
regards to the frequency index, and then repopulate this subsystem in a struc-
tured way.

We saw earlier that the univariate brushlet bases were constructed from
an moderate disjoint covering of IR, and the operator Pz could be seen as a
building block associated with the bandlimited functions on I. We shall use
the same idea here, and first construct a covering of R2.

Let {In}nez and {Ji}nen k,<i<o U{J9} U {Ji}nen, 0<i<k, be moderate
disjoint coverings of R such that n < n' implies aj, < a7, and ap < A j

and | < I’ implies < . This gives us the diagonal part of our cov-

ering and works as a "scaffold" for the rest of the coverlng, see Figure 1.
Next, let {Iyi};<;<,;, 7 = 1, be moderate disjoint coverings of Uj,__ Iy
with the same constant A from (2.1) as the covering {In}nez; furthermore,
we require that I,y = I, and I, ,,; = I,. Define {]2’]-}1 <j<m], similarly. We

introduce a covering of R?> with the help of the hollow rectangles Ugep, Q,
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P, :=P,UP, UP,UP,, n>1,
P = {1y x L1 <i < mb ko, <1<0}
P! = {IW- xJl1<i<ml,o<i< kn}
P! = {I_n x JO|2 < j<m)— 1}
P’ = {In xJ012<j< m{,—l},
and the center rectangle P,

Py = {Io x JO}.
It follows that Ugcp Q = R?, P := Un_oIP and the sets in IP are disjoint.

I—n—l ]—’n In In-‘rl

0
Jn +1

1
Jn

0
Jn

Figure 1. Covering of R? by P. The shaded area is the sets in P,,.

With the covering IP, we can now define our bi-variate brushlet system
{wm,Q}me]Ng,QelP'
212)  Wio(xY) = Oyt (X0 g (y), m = (my,ma), Q=1 ],

where wy,, | was defined in (2.6). With this notation, we have that Py denotes
the orthogonal projection onto span({wm,Q}meN%),

(2.13) Pof = Y {f,wmQ)Wmq, f € L2(R?).

2
meNg



ORTHONORMAL BASES FOR ANISOTROPIC a-MODULATION SPACES 6

Next, we use the orthogonal projections Py to prove that {wm,Q}meN% Qep 18

an orthonormal basis for L, (IR?).

Proposition 2.2.
The system {wy, o}, eN2,QcPp 18 an orthonormal basis for L, (IR?).

Proof:

To prove that the system is complete in Ly(IR?), we first observe that only
adjacent rectangles in IP overlap. It follows that there exists a family of open
sets {Uy, },,cz2 such that for f € Ly(IR?), Yocp ZTQ\f({f), ¢ € Uy, contains at most
four non-zero elements and U520, = R2 This can be used to show that
Y gcp Po converges strongly to a bounded operator on L»(IR?), and it suffices
to prove pointwise that

(2.14) Y Pgs=3

for functions s in a suitable dense subset of L,(IR?). Since finite linear com-
binations of separable functions are dense in L,(IR?), we only need to verify
(2.14) for a separable function s(x,y) = g(x)h(y) with g, h € Lp(R).

We begin with the projections associated with Py and IP;. By using (2.11)
on the second coordinate, we sum up the projections associated with P} and
IPi,

(2.15) Y. Po="P .p
QelP}

(2.16) Y. Po=Pyp
Q€T

Next, we use (2.11) on the first coordinate to sum (2.15) and (2.16) together
with the projection associated with the center rectangle Iy x J§,

(2.17) Y. Po=Py g
QeP! UP,UP;

Finally, we add the projections associated with IP? and P} to get

(2.18) Y. Po=Py g
QGUiZOPn ! ]

By repeating the procedure N times we end up with

(2.19) Y. Po=Py v g
QEU,{?’:O]PH - " :
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It then follows from (2.10) that as N goes to infinity,
(2.20) Y. DPgs

converges pointwise to § which proves (2.14). Hence, {wm,Q}me]Ng Qep 18

complete in Ly(IR?).

The system is orthonormal, which will follow from the fact that it consists
of carefully selected tensor products of univariate brushlets. One can check
that two distinct brushlets associated with the same hollow rectangle IP,, are
orthogonal. If |[n —m| > 2 then two brushlets associated with P, and Py,
respectively, do not overlap in the frequency space. This leaves us with brush-
lets that are associated with Q € P, and P € P,,;4, respectively. If we look
at the R x Ry part of the frequency space, then the brushlets only overlap
if Q=1,xQy P=1I,,1xPorQ = QX ],’;”, P = P; x ]2+1 (see Figure
1). In which case we have from the univariate brushlets that the brushlets are
orthogonal. The rest of the frequency space follows similarly. u

3. ANISOTROPIC A-MODULATION SPACES
In this section, we define the anisotropic #-modulation spaces and show that
our brushlet system {wm,Q}meN%,Q@P can constitute bases for them. To define

the anisotropic a-modulation spaces, we need a nice partition of unity and this
partition is based on a covering of the frequency plane which again is based
on an anisotropic quasi-norm.

First we define an anisotropic quasi-norm | - |,,

3.1) 8la = 161[Y" + 182V, & = (81,82) € R,
where a = (ay,a3), a1,a; > 0 and a; +a, = 2. We also define (), := (1 +
|&[2)1/2 and the balls
(32) Bu(§r) :i={ € R*: [T = {la <1}
Notice that |B,(&,7)| = r?Aq, Ag := |B,(0,1)].
With such an quasi-norm | - |;, we can define anisotropic a-coverings.

Definition 3.1.
A countable set Q of measurable connected subsets Q C R? is called a connected
admissible covering if R?> = Upeg Q and there exists 1y < oo such that #{Q’ €

Q:0NQ #@} <npforall Q € Q. Let
(3.3) rg =sup{r € R: By(cr,7) CQ, ¢, € IRZ},
(3.4) Rg=inf{R € R: Q C B,(cg,R), cg € R?*}
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denote the radius of the inscribed and circumscribed disc of Q € O, respec-
tively. A connected admissible covering Q is called an anisotropic x-covering of
R?, 0 < a < 1,if |Q] < (€)2* for some & € Q and all Q € Q, and there exists
K < oo such that Rg/ro < Kforall Q € Q. o

Remark 3.2.

Notice that |Q| = (&)2* for some & € Q implies the same for all ¢ € Q with
constants independent of ¢ and Q. Also we have restricted ourself to con-
nected sets to later use the general theory of decomposition spaces to show
that anisotropic a-modulation spaces are well-defined (see [4]). However, by
generalizing [3, Theorem 3.1] one can drop the requirement that the sets need
to be connected. o

For technical reasons we shall require our partitions of unity to satisfy the
following.

Definition 3.3.
Given 0 < a <1, let Q be an anisotropic a-covering. A corresponding bounded
admissible partition of unity (BAPU) is a family of functions {¢o}oco C

S(IR?) satisfying:
* supp(yq) < Q
* YocoPo =1
o supgo QP F ol < oo
o

It was proven in [4, Section 6] that an anisotropic a-covering with a corre-
sponding BAPU exists for every a € [0, 1]. We define the multiplier (D) f :=
F Y yoFf), f € Ly(R?). A standard result on band-limited multipliers [21,
Proposition 1.5.1] ensures that if {{)g}ocg is a BAPU, then 1o (D) extends to a
bounded operator on band-limited functions in LP(IRZ), 0 < p < oo, uniformly
inQ € Q.

We are now ready to define anisotropic a-modulation spaces.

Definition 3.4.
Given 0 < a < 1, let Q be an anisotropic a-covering of R? with a corresponding
BAPU {¢g}pcg. Fors € R, 0 < p < c0oand 0 < g < co, we define the

anisotropic a-modulation space, My (IR?), as the set of distributions f € S'(R?)
satisfying

S 1/
(35) I lhgzimey =  E (alt oD IE,) <o,
€

where o € Q. o
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We show in the Appendix that anisotropic a-modulation spaces are indepen-
dent of which a-covering is used. Furthermore, it can be shown that M%(]Rz)
is a quasi-Banach space (Banach space for p,q > 1), and S(IR?) is dense in

M;;,",;(I[{z), see [4] and [8]. For more information on quasi-Banach spaces, we
refer the reader to [14] and [13].

3.1. Orthonormal bases for anisotropic a-modulation spaces. With the
anisotropic a-modulation spaces in place, we need to adapt the covering IP
such that the associated brushlet system {wle}meN%’Qe]{, constitutes bases for
them. The natural choice would be to make IP an a-covering, and as we shall
see, this will suffice.

First we need to make P an a-covering. We will focus on a« € [0,1)
since &« = 1 corresponds to a dyadic covering, and we use a polynomial type
covering. Without loss of generality we will also assume that a, > a;. Let
Ip := [-1,1), I, := [nP", (n + 1)), and I_,, := —1I,, n > 1, B > 1. Next,
we introduce the sequence {y}men, Yo := 1, Ym = Ymu_1 + nP2~%2/M where
n € N is chosen such that nf2 < vy, ; < (n+1)$2. We can then define
]ﬁl = Ym-1,Ym), m:=n+1+ Z?;ll ki, 0 < < k;, where k; € IN are chosen
such that |J}| = nP2~®2/m gee figure 2. Furthermore, let JO := [~1,1) and
]:,l1 := —J%. To make sure that J! is defined for all n € IN, we notice that

Ym — Ym—1 = n:BQZ_[Q/al S n.BafZ_l < (7/[ + 2):81'12 _ (n + 1).Ba2.

In fact, we have k,, + 1 =< n%/m-1,

A
2
(n+2)%2 1 T X T
[n+1 X J’!%Jrl
]n+1 X J’r(z]Jrl
Bay L~ H
(n/ + 1) I” X J/:E :
!
I, x JY |
1
nPa L 1 1 :
1 1 1
1 1 1
1 1 1
1 1 1
| | N
nfu (n+1)fa (n+2)7m

Figure 2. Choosing I, X J! such that P is an a-covering.
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One can check that {I,} and {J}} are moderate disjoint coverings of R. To
generate IP, we choose {I,;} and {]2,].} such that |I, ;| < |I,| and \]21]. = |J9].
As the sets in P are disjoint it follows easily that IP is a connected admissible
covering of IR?.

Next, to show that IP is a an anisotropic a-covering, we notice that IP is

constructed such that we only need to check the requirements for I,, x J,. We
have

|In|1/ﬂ1 ~ pBa=1)/ar _ ,(Bay—az/ar)/ay _ |]1l1|1/ﬂ2_
For Q = I, x J} it follows that rg > C|I,|'/™ and Rg < ||/ + |J}|'/% which
gives Rop/rg < K < oo, Q € IP. Finally, given a € [0,1) we need to define
such that |Q| < (&)2* for some ¢ € Q, Q € P. By choosing
1+ 2
. 1
we get 2a = 2 — 1 — ap/ay, and it follows that

L x L] = nPa-Vrpoa/a _ p2B-l-a/n _ g2 (22

where & is the corner of I, x J! closest to origo.

We now have that IP is an anisotropic a-covering, and from Proposition 2.2
we know that {wm,Q}me]Ng,Qe]P is an orthonormal basis for L,(IR?). Next, we
show that these conditions are sufficient to prove that {wle}meN%’Qeﬂj is an

unconditional basis for the corresponding anisotropic a-modulation space.
First we need the following definition and lemma.

Definition 3.5.
Let Q and P be coverings of R? and G a subset of R2. We define

(3.7) A2 :={Qe€Q:0NG # 2}

and the sets

(3.8) Q= |J Q,Q¢c0
Q’eAg

<

Notice that a connected admissible covering Q fulfills #Ag < ng, Q € Q. One

can also check that {Q}gep is an anisotropic a-covering,

Lemma 3.6.
Given f € [5(R?),0 < a < land 0 < p < oo. If {¢o}ep is a partition of
unity for {Q}gep which satisfies

Po(x) =1, x € supp(@yg),
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and {o}oep is a partition of unity for {supp(@g)}oecp, then there exists
C,C’ > 0, independent of Q € PP, such that

(T 1 wmal?) " < clolb Fo(D)fll,, and

meN3
< C/ j** p p
lwo(D)fllL, <C1QIP7 3 (X [frwmanl?)
Q'eQ meN3
When p = oo the sum over m € INZ is changed to sup.

Proof:
Notice that (2.7) together with (2.8) yield the following estimates,

(3.9) sup Z [w,o(x)|P < Cp |Q|2 and sup ||wmQ||L <C'|Q|7_

x€R?2 meNZ meN3

Take f € Ly(IR?) and let us first assume that p < 1. We then have (see, e.g. [21
p- 18])

Y [fwm)l? = Y [{$o(D)f,wno)l? < Y [I($o(D)f)wmoll}

1,
meN3 meN3 meN3

<l Y [l($o(D)Hwmoll}, < CIQI2lIgo(D)fIF,

2
meNg

By using that 1o (D) is bounded on band-limited functions in L,, we have the
second inequality in the lemma,

lwoDIfIE, < Y. X K wmonlPllwmollf,

Q’eQme]N2
< C'|Qlt ! Y Y [fwno)l
Q'cQmeN3

For 1 < p < oo the lemma follows by using the two estimates in (3.9) with
p = 1 together with Holder’s inequality (see e.g. [18, §2.5]). The case p = 0
follows similar to p < 1. [

By taking the [;-norm in Lemma 3.6, we can derive our main result.

Theorem 3.7.
Given 0 < p < 0,0 < g <oo,5s € R, and 0 < a < 1. With the system
{wm,Q}melNg,QelP' we have the following characterization

ad 2 q/p\1/q
s = (0P8 ¥ (8 [Fawmgdl)"")
n=0

QE]Pn mGN%
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where B was defined in (3.6). Furthermore, {wle}meN% Qep constitutes an
unconditional basis for My (IR?).

Proof:

The norm characterization follows by taking the /;-norm in Lemma 3.6 and
using that |Q| = n?*f < (¢g)2%, &g € Q, Q € P,. That {wm,Q}me]Ng,QelP con-
stitutes a unconditional basis for M;’,’),;(Rz), follows by standard results using
the norm characterization, that M%(]RZ) is a quasi-Banach space in which
S(IR?) is dense and that {wm,Q}me]Ng,Qe]P is an orthonormal basis for L,(IR?). B

Remark 3.8.
By [20, Remark 4.6], one can use {wm,Q}melNg,Qe]P to construct a com-

pactly supported basis for M;,’,‘f](]RZ) with the same norm characterization as
{wm,Q}meJNg,QeP- ©
Theorem 3.7 also shows that {wy, o} meN2,QcP induces a natural isomorphism
between M3 (IR?) and the sequence space i}y defined by:

Definition 3.9.
Given0 < p < 00,0<g< 00,5 €R,0<a <1, wedefine the sequence space
my,, as the set of sequences ¢ := {Cm,Q}melNg,QelP C C satisfying

> a2 q9/p\1/4
el == (L a0 ¥ (8 Jemol?) ) < oo,
n=0

QeP, mGN%

where 5 was defined in (3.6). o

4. AN APPLICATION TO NONLINEAR APPROXIMATION

We finish this paper with applying {wm,Q}me]Ng,QelP to n-term nonlinear ap-

proximation in certain anisotropic a-modulation spaces.

First, we need some notation regarding nonlinear approximation. Let
D := {gx}ren be a Schauder basis in a quasi-Banach space X. We consider
the collection of all possible n-term expansions with elements from D:

Zn<D) = { Z Cigi
iEA
The error of the best n-term approximation to an element f € X is then

w(f,D)x := inf — full x.
oulf D= int I =l

Next, we introduce the approximation spaces AJ (X, D) which essentially con-
sists of the elements f for which o(f,D)x = O(n™7).

c; € C,#A < n}.
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Definition 4.1.
Let 0 < 7,9 < co. We define the approximation space Ag(X,D) as the set of
distributions f € X satisfying

flagxp) = ( i(”yan(frp)x)ﬁ)l/q < oo,

n=1 n

and quasi-norm it with HfHA;(X,D) = |Ifllx + |f|Ag(X,D)- o

As Theorem 3.7 showed that {wm,Q}me]Ng,Qe]P induces an isomorphism be-

tween Mj%(R?) and mj}, we can apply [9] to get a complete characteriza-
tion of certain nonlinear approximation spaces associated with anisotropic a-
modulation spaces:

Theorem 4.2.
Let0 < y,p<o0,0<a<1lseR t!:=q9+plandp = 2ay+s. If
D is the system {wle}meNé,QeP normalized in M3/, (IR?), then we have the

characterization

A7 (M}, (R?), D) = Mez(R®)
with equivalent normes. O]
Remark 4.3.
By using Remark 3.8, we can also get the characterization in Theorem 4.2 for a
compactly supported basis for My, (R?). o

APPENDIX

In this appendix we show that M;’Z(IRZ) only depends on the a-covering up to
equivalence of the norms. First we extend Definition 3.5.

Definition A.1.

Let @(0) := Q, and define inductively é(k+1) = Q(k), k > 0. Finally let ok .—
{ Q(k)}QEQ. P is called almost subordinate to Q (written P < Q) if there exists
k € IN such that for all P € P, we have P C @(k) for some Q € Q. o

Let Q and P be two anisotropic a-coverings. If QNP # @, Q € Q, P € P,
then Definition 3.1 implies that Rg =< Rp. This can be used to prove that there
exists dy < oo such that

(A.1) #AS <dy, P P.
Lemma A.2 below then gives that P is almost subordinate to Q. By interchang-
ing Q and P, we also have that Q is almost subordinate to P. From [4, The-

orem 1] it then follows that M,S[,’,”,;(IRZ) only depends on the a-covering up to
equivalence of the norms.
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Lemma A.2.
Let Q and P be connected admissible coverings. Then P is almost subordinate
to Q if and only if there exists dy < co such that

(A.2) #AS <dy, Pc P,

Proof:

Let us first assume that P is almost sgbordinate to Q, and choose P € P. Then
there exists Q € Q such that P C Q(k). One can easily prove that W) is a
connected admissible covering so it follows that

Q Q o
(A.3) #Ag < #A S5 < #A S5 < dy.

To prove the opposite way, let us assume that (A.2) is satisfied. Choose P € P
and Q € AZ. If AR\{Q} = @, then P C Q, and we are done. If instead
AS\{Q} #@and QN Q' = @ for all Q' € AF\{Q}, then

(A.4) PNQ= |J QnP

QeAF\{Q)
However, this proves that P\Q is both open and closed on P which contradicts
that P is a connected set. It follows that Q' C Q for some Q' € AQ\{Q}

Next, we use the same argument with Q and either P C Q or there exists

Q" e A%\{Q} such that Q" N Q # @. As AI? contains at most dj elements, we
can repeat the argument dy — 1 times to get

(A.5) PC |J @ cQBb
Q'eAg
which proves that P is almost subordinate to Q. [ |
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