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ON THE TRACE PROBLEM FOR LIZORKIN-TRIEBEL SPACES WITH
MIXED NORMS

JON JOHNSEN AND WINFRIED SICKEL

ABSTRACT. The subject is traces of Sobolev spaces with mixed Lebesgue norms on Eu-
clidean space. Specifically, restrictions to the hyperplanes given by z; = 0 and z,, = 0 are
applied to functions belonging to quasi-homogeneous, mixed norm Lizorkin—Triebel spaces
F ;}’qa; Sobolev spaces are obtained from these as special cases. Spaces admitting traces in
the distribution sense are characterised up to the borderline cases; these are also covered
in case x1 = 0. For x; the trace spaces are proved to be mixed norm Lizorkin—Triebel
spaces with a specific sum exponent; for z,, they are similarly defined Besov spaces. The
treatment includes continuous right-inverses and higher order traces. The results rely on
a sequence version of Nikol’skij’s inequality, Marschall’s inequality for pseudodifferential
operators (and Fourier multiplier assertions), as well as dyadic ball criteria.

1. INTRODUCTION

The motivation for this paper comes from parabolic boundary problems. To settle ideas
we consider a simple problem, say for a domain 2 C R” with C*° boundary I' := 0¢2, and
with A = 97 + - -+ + 92 denoting the Laplacian,

Ou—Au=f in Qx]0,T7, (1)

yr=¢ onI'x]0,TY, (2)

Up—o = up  at 2 x {0}. (3)

Among the data, f(z,t) may have different integrability properties with respect to the x

and t-directions. E.g. there may be given p; # p, in [1, 00] such that

([ o ey ™ < . @)

(It is throughout understood that an L.-norm applies whenever p; = co.)

Correspondingly, any solution u(x, ) is expected to belong to this L; space, p'= (p1, p2),
at least if ¢ = 0 and uy = 0. It is well known that this can have various interpretations
such as a bounded kinetic energy of the associated physical system for 7= (2,00). When
Qr = Qx ]0; T[, a more precise information on u will be that

u, o, 8§1u, . ,a,fnu € LyQr). (5)

2000 Mathematics Subject Classification. 46E35.
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2 J. JOHNSEN AND W. SICKEL

The set of such u is denoted ng’l(QT). That in this case u € ng’l(QT) is a result of the
maximal regularity theory, that has been intensively studied since the 1980s; the reader
may consult [Ama95, Ch. I11,4.10] as a reference to this development.

In case ¢ # 0 and ug # 0, a natural question is of course in which spaces it is possible
to prescribe ¢ and wug, such that u € W;’I(QT) still holds. Even for the above problem,
the answer is somewhat delicate for p; # ps.

This investigation was seemingly begun by Weidemaier [Wei98, Wei02, Wei05], but other
works have been devoted to this area, cf. the paper by Denk, Hieber and Priiss [DHP].

To give a brief account of what can be expected, let 7 denote the operator of restriction
to the lateral surface, so that the boundary condition (2) may be written you = ¢, and let
ro stand for the restriction to the initial surface at ¢ = 0 (i.e. rou = uy).

However, we simplify by taking the flat case in which €2 = R™ and ¢ € R. The initial
data uy should then be given in the Besov space Bg; ,%Q/T) *(R™), as 1 is a surjection

ro: W2 (R x R) — B2~ 2/P2(R™). (6)

Pp1,p2

For ¢ the situation is different, for if R?~! x R; is equipped with mixed-norm spaces
Ly(R2! x Ry) for p’ = (p1,...,p1,p2) (n — 1 copies of p1), 7 is a surjection
Yo: W2 R x R) — F VP (R R,). (7)
Here the range space is a Lizorkin—Triebel space with mixed norms (due to p’) and with its
sum exponent equal to p; (so in general this is not a Besov space). In addition the space
has an anisotropy related to the smoothness index s; this is handled via weights a; assigned
to each coordinate axis, so that @' = (1,...,1,2). The resulting quasi-homogeneity of the
space is well known, so the exact definitions are given in Section 3 below.

Motivated by the above outline, we shall study the general trace problem for the quasi-
homogeneous, mixed-norm Lizorkin—Triebel spaces Fg’j (R™). This problem was first stud-
ied by Berkolaiko [Ber84, Ber85, Ber87b, Ber87al. The fact that vy has a Lizorkin—Triebel
space as the range was discovered by him for spaces with 1 < pp, < oo forall k, 1 < ¢ < .

Like Berkolaiko, our point of departure is a Littlewood—Paley decomposition of the
functions, u = ) u;, but this we combine with a rather straightforward L.,—Lz-estimate,
using the maximal functions u} of Fefferman—Stein type. More precisely, if 7= (p1,p"),

Sup H 223(8 )p1|u .)|p1)ﬁ ’Lpu}

z€R

<cll sup 2Y]u;()] |Lp(RY)| - (8)
7=0,1,2,...

The expression to the right is estimated by ||| in F;’f, so most of the conclusions can
be drawn from this L..—L,-estimate. With this method, there are extensions to arbitrary
pr €10, 00], for all k, 0 < ¢ < co. In particular we settle the cases when p, = 1 for one or
more k = 1,...,n, which the previous works on the subject [Ber84, Ber85, Ber87h, Ber87a,
DHP, Wei05] were unable to cover.

Moreover, the trace of F;.”g (R™) is treated for all s above a certain limit. The isotropic

condition s > % is for mixed norms replaced by s > pik for the trace at x;, = 0, when all
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p; €]1,00[. As a minor novelty a shift of the borderline is necessary if 0 < p; < 1 holds for
one the tangential variables z;. This is evident from (i) in Theorem 1 and Figure 1 below.

The paper is organised as follows: In Section 2 our results on the trace problems are pre-
sented. The definition of F; f g recalled in Section 3, together with the properties needed
for the spaces. In the deﬁnltlon we follow Triebel’s book [Tri83], though the conventions
for the quasi-homogeneity given by @ are the same as in [Yam86b] (and as in our joint
work with Farkas on the unmixed cases [FJS00]); mixed norms are treated as in works
of Schmeisser, Schmeisser and Triebel [Sch84, ST87|, but here we also draw on a joint
work [JS] proving a crucial Nikol’skij inequality for vector-valued functions. In addition
dyadic corona and ball criteria for the Fg.y’j are established in the applicable style known
at least since [Yam86b]; a pointwise estimate of pseudo-differential operators is also shown,
inspired by a work of Marschall [Mar96]. Section 4 then proceeds to give the proofs, using
maximal functions (based on an estimate of Bagby [Bag75]); Section 5 contains a few final
remarks.

2. TRACES OF QUASI-HOMOGENEOUS MIXED-NORM LIZORKIN—TRIEBEL SPACES

2.1. The main theorems. In the following vectors ¥ = (z1,...,z,) in R” may be split
in groups like ¥ = (2/, zy, 2”). E.g. when restriction to the hyperplane I';, given by x; = 0
is considered, =’ = (x1,...,25_1) and 2" = (z41,...,2,) will be convenient; because z’

and z” both indicate tuples, vector arrows are suppressed. These conventions are also used
for @ and p.
In general one can define many standard traces, say for f € C*°(R"),
f

VS (@' 2") = a—mi:(w/yxk?x//) ‘mkzo : (9)
Here we shall mainly treat v for £ = 0 and £ = n. However, for general f, the operator
Yo% should be understood as the distributional trace defined in the natural way as vy, f =
flz,=0 when f in its dependence of xj, defines a continuous map from R to D'(R""!); that
is, Yo% is defined for f in the subspace

C(R,,, D'(R™1)) c D'(R"). (10)

Here we recall that any g € C(R,,,D'(R"1)) defines a distribution A, in n variables,
with its action on arbitrary ¢ € C§°(R") given by integration of the continuous function

x — (g(zk), ¢(-, zk, ) ); more precisely, (A, fR “, Tk, ) ) dxg. For topo-
logical vector spaces X, Y, the set of contlnuous bounded maps f X — Y is denoted by
Ch(X,Y).

All mapping properties of v ; are meant as restrictions, for example vp: X — Y means
that for the distributional trace, X is contained in the preimage 7, L(Y).

Similarly v;xf is defined for f € D'(R") when the distributional derivative 9] f is in
C(R,,,D'(R™1)).
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As our first main result, we determine the F 5@ that belong to the domain of the trace
in the inner variable:

Theorem 1. For the trace 71 on the hyperplane {x; = 0}, and for a given anisotropy
a=(ay,...,a,), the following properties of a triple (s,p,q) are equivalent:

(1) (s,p,q) satisfies the inequality

3>—+Z——ak (11)
k>1
and, in addition, s = % only holds if also p1 < 1;

(ii) the operator vo.1 is continuous from F;f (R") to D'(R™1).

In the affirmative case there is a continuous embedding prj (R") — Cy(R,,, L. (R™1)),

with the integral exponents given by r = max(1,px) for k=2,...,n

The co-domain D’ above is of course not optimal. Indeed, it is a main point for o ; that
the range space is a Lizorkin—Triebel space; cf. (7). This result is established here under
the condition that

>_+Z mlnlpg,.

This is stronger than the sharp mequahty in (i), but e.g. when ¢, p, > 1 for all k£ > 1 it
gives the same borderline as (i); in general it does soif ¢ > p; > -+ > p,.

) — ak). (12)

-3y Pkyq

Theorem 2. When (s,p,q) fulfils (12), then o1 is a bounded surjection pr”j (R™) —

a1 g

Fs r1’ (Rn 1 )

p".p1

The implication (ii) == (i) in Theorem 1 is actually a consequence of the following
result, that we obtain from specific counterexamples.

Lemma 1 Let m € {1,...,n}. If vo.m is continuous F;.f (R") — D'(R"1), then it holds
that s = &=+ 3, (3F — ak)+ In the case sy, = 9= (so that py > 1 for all k # m)
contmuzty of Yo,m zmplzes Pm < 1.

In connection with restriction to the hyperplane given by x,, = 0, our result correspond-
ing to Theorem 1 leaves a borderline case open in the quasi-Banach space case.

Theorem 3. For the trace ¥y, on {z, = 0}, and for a given anisotropy @, it holds for the
following properties of a triple (s,p,q) that (1) = (ii):
(i) (s,p,q) satisfies
5>—+Z——ak (13)
k<n
and, in addition, equality only holds if p, < 1;
(ii) the operator o, is continuous from Fyt (R™) to D'(R*').
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Conversely (ii) = (i) in case pp > 1 for all k < n; and if 0 < pp < 1 for some
ke{l,....n—1}, then (ii) implies the inequality (13).
When (i) holds, then Ff“ (R") — Cy(R, L. (R™™1)) forr), = max(1,px), k=1,...,n—1.

Here the implications of (ii) are obtained from Lemma 1 for m = n.

For the trace 7, that acts in the outer integration variable, the range is generically a
Besov space:

Theorem 4. When the triple (s, p,q) fulfils

Qp, Qg
— + A —ag), ]‘4
n ;(mln(laplr-')pk) k) ( )

an

then Yo, s a bounded surjection Fq’a (R™) — B o “ (R™1).
. _ . . . 1
Since F;, = B, , in the isotropic case, we get for s > o 1 < p < oo that

Y1(Fyg) = Fopt 7 = By VP = y0,(Fy,). (15)

p,q

In this way the present results give back the isotropic trace theory, and they show how
things split up qualitatively (with F'- and B-spaces as ranges) and quantitatively (with p;
and p, as sum exponents) when mixed norms are introduced.

In Theorems 2 and 4 the surjectivity was just a convenient way to express the optimality

al " s—a—", ’
of taking F, o "7 and B, o, respectively, as co-domains. But not surprisingly the

stronger fact that Y1 and ¥, have everywhere defined right-inverses also holds in the
present context.

Theorem 5. There exist continuous operators Ky, K,: 8'(R"™') — S'(R"), both with
range in the space Cp(R,S'(R™™1)), such that for every v € S'(R"1),

Yo, (K1v) = v, Yo (Knv) = v. (16)

Moreover, for any p= (p1,...,pn) in |0,00] and any @,
Ki: F5 (RN = Flr “(Rﬂ) for 0<q< oo, (17)
K,: B;;fpn(R”‘l)H Fm (R”) for 0<q< oo, (18)

are bounded maps for arbitrary s € R.

Let us also briefly describe results for higher order traces v, ;. Because they are compos-
ites of the trace vy, and differentiation Bj , both in the sense of distributions, and since
89 has order jaj in the F 5 i _scale, the cont1nu1ty properties of 7, are straightforward
consequences of the above theorems.
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As usual, the surjectivity of v;; is implied by that of the matrix-formed operator p, x
used for posing Cauchy problems,
Y0,k
Y1,k
Pmk = < : ) . (19)
’Ym;Lk

Cor“ollery L. When s > (m—1)ar+ 3t + 3 (Gmmpe g — ) then pma is a bounded
surjection
o m—1 s—jai—L o/
s ST () — T] B (o). (20)
=0

There is a continuous operator K\™: &'(R*=1)m — S'(R™), which maps S'(R"1)™ into
the domain of py,1 and is a right-inverse of py,1; and Kl(m) 18 furthermore continuous with
respect to the spaces in (20) for the specified s.

Corollary 2. When s > (m —1)a, + o 4 an(m —ay) then pmy is a bounded
surjection
5— janf— a’

(R 1. (21)

m—1
Pm Fl;; Rn - H Bp »Pn
7=0
There is a continuous operator K™ : S'(R*H™ — S'(R"), which maps S'(R*™1)™ into

the domain of pp,» and is a right-inverse of py, ,,; and K™

respect to the spaces in (21) for the specified s.

is furthermore continuous with

2.2. Remarks on the borderlines. As illustrated in Figure 1, the mixed-norm spaces
F;’qa give borderline phenomena differing a good deal from the well-known isotropic, un-
mixed L,-theory (we take @ = (1,...,1) for simplicity): as a similarity ¢ plays no role, so
we take ¢ = 2; then the spaces reduce to Sobolev spaces Hj = F2, when 1 < p; < oo for
all k. Moreover, beginning with 71, it is by (i) of Theorem 1 necessary that s > 1/p,
with s = 1/p; being possible only for p; < 1. This requires in addition that

S(= 1), =0, (22)

o1 Pk

hence p, > 1 for all £ > 2. However, p; < 1 excludes the identification with a Sobolev
space (but any u in F3,(R") is then at least a continuous function of z; valued in the
Banach space L, (R"1)).

When Zbl(pik — 1)1 > 0, i.e. at least one p; < 1 there is a marked difference to the
non-mixed case because the borderline is displaced upwards, cf. Figure 1. This is not
unnatural, though, since there is a Sobolev embedding, with r, = max(1, p;) for & > 1,

1

F§,2<Rn) — F(ZI;1177.11)72<R7L) fOI" S = + Z _ — 1 (23)

k>1
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‘(ll p1

FIGURE 1. The vy -borderlines for s, for different values of p”; dashes indi-
cate that s must be strictly larger than at the borderline

where the last space is located at the borderline for the Banach case. For p; < 1 it is
therefore clear that 701 is defined on F3,, whereas for p; > 1 this might look contradictory.
But the meaning of Theorem 1 is that the subspace to the left in (23) is barely small enough
to be in the domain of 71, even for p; > 1 (cf. the proof, where (23) is sharpened by a
precise application of the vector-valued Nikol’skij inequality, cf. (52) below, that allows a
decisive shift to a sum exponent ¢ < 1).

2.3. The working definition of the trace. For an overview of the methods, it is noted
that we work with a quasi-homogeneous Littlewood—Paley decomposition 1 = Z;o:O(ID
such that, for j > 1,
Eesupp®;, = 2771 <[]z < 27T (24)

Hereby | - |z stands for a quasi-homogeneous distance function, with level sets given by
n-dimensional ellipsoids of varying eccentricity; cf. Section 3.1 for details.

Decomposing v = ) ®;(D)u there is an obvious candidate for the trace, say 71, for
since the ®;(D)u are C*°-functions by the Paley-Wiener-Schwartz theorem, one can set

o1t = Z &;(D)u ], - (25)

We adopt this as a working definition for v, ;. In fact, the proof of (i) = (ii) in Theorem 1
shows that under the condition (i), the series in (25) converges in L,». But as the value x; =
0 does not play a special role, a further argument yields F;,qa (R") — Cu(R, L. (R"1)).
The argument also shows that 4 is a map Fgg (R") — D'(R™!) that is a restriction of
the distributional trace 7o ;.

Similar remarks apply to the outer trace 7.

Remark 1. Nikol skij [Nik75] assigned a trace on e.g. {x, = 0} to any f(2',x,) behav-
ing as an Ly -function in ©' and depending continously (near x, = 0) on the parameter
Ty, t.e. to any f in C(R, Ly(R™1)). The trace is of course defined on the larger space
C(R,D'(R™1)), but by Theorems 1 and 3, the Fs; that admit traces are regular enough
to fulfil Nikol skij’s requirement, at least when the components of ' or r" are equal.
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2.4. Anisotropic Sobolev spaces. For comparison’s sake, we collect the relation to the
anisotropic counterparts of the well-known Bessel potential and Sobolev spaces.

Proposition 1. Let 1 < p' < oo and s € R be arbitrary.
(i) Then F;g(R”) = H;’a (R™) where H;’a consists of the u € S'(R™) for which

| FH( A+ [€12)72 Fu (-) | Ly (RY)]| < oo. (26)

(ii) When my, = > € No for each k = 1,...,n, then Fg’g(R”) = Wpfﬁ (R™) for m =
(my,...,my,), where T/Vg1 consists of the u € S'(R™) such that

| 2o R+ 32 | S 12 (R < oo 27)
=1 3

In both cases the norms are equivalent to that of pr’j.

The essential part of this result goes back to Lizorkin [Liz70]|, who introduced and
discussed the above spaces.

Conversely to Proposition 1, one often needs to identify a given Sobolev space Wgﬁ
with a Lizorkin—Triebel space. While this can be done in many ways, we first recall the
convention, preferred in the Russian school, e.g. [BIN79, Liz70], of taking the smoothness
s as the harmonic mean of the given orders,

1 1,1 1
o (), 28
s abm Tt ) (28)
Then, by setting ay = s/my, for k = 1,...,n, Proposition 1 clearly gives
Wi(R") = F3g(R"), and ay+ - +a, = |d =n. (29)

This yields the following trace results for Sobolev spaces.

Proposition 2. Let m = (my,...,m,) € NJ and 1 < pp < oo fork=1,...,n, and define
s by (28) and ay, = s/my, for all k. Then there are bounded surjections

_a1 1

Yo.1: Wg‘ (R™") — Fp,,7§7 (R™) for my > . (30)
1
- s—an qf 1
You: Wit (R") — By, " (R*™Y)  for m, > —. (31)
Note that substitution of e.g. a1 = s/m; entails s — 21 = (1 — #pl), where the last

expression is used by some authors.
However, as an alternative to (28)-(29), there is also an identification

Wi (R”) = FEE(R") with s = max(mi,...,m,). (32)
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Indeed, it is verified in Lemma 10 below that F;f = 1;\2’)‘6 with equivalent quasi-norms,

for every A > 0. So (32) follows from (29) for A\ = %(m% + -4+ min)max(ml, N (S
Then the weigths in (32) fulfill

1
ap = — max(my,...,my,) fork=1,... n; min(ay,...,a,) = 1. (33)
myg
In particular this gives the normalisation min(as,...,a,) = 1, instead of |d| = n.

Another virtue of (32)—(33) is that every my; € [0,s]. Moreover, in (7) the space
Wé’l(R" x R) stands for ng """ >1(R™ x R), so (33) clearly gives @ = (1,...,1,2); cf. (7).

We prefer to adopt the convention that min(ay,...,a,) = 1 throughout, since it makes
some estimates simpler and gives direct reference to e.g. [Yam86b, Joh96, FJS00, JS].

Remark 2 (related work). Traces of mized norm Sobolev spaces W;ﬁ were covered by
Bugrov [Bug71]. In a series of papers [Ber84, Ber85, Ber87b, Ber87a| Berkolaiko proved
Theorems 2—4 with all py and q in |1,00[. He also obtained the necessary condition s > Z—z
for these cases (whereas corrections for 0 < pr, < 1 can be found in the present paper).

Moreover, Berkolaiko showed that for k = 2,...,n—1 the ranges of vy are given neither
by Besov nor Lizorkin—Triebel spaces; instead the relevant norms will have the discrete (-
norm ‘replacing’ that of L,, (as is shown here for k =1 and k = n). We have refrained
from going into this, since o1 and 7o, should suffice for most parabolic problems.

It was seemingly first realised by Weidemaier [Wei98] that it is relevant for the fine
theory of parabolic problems to have Lizorkin—Triebel spaces as trace spaces. Among the
other works on this application we can mention [DHP, Wei02, Wei05].

3. LIZORKIN-TRIEBEL SPACES F;f BASED ON MIXED NORMS

3.1. Notation and preliminaries. For a given p' = (p1,...,p,) with pr €10,00], k =
1,...,n, we denote by LzR") the set of all equivalence classes of measurable functions
u : R" — C such that

P2 P 1

|| = (/R (A(A\U(xl,...,xn>|pl dxl)“d@)”g... dxn)”" (34)

is finite (modification if some of the p; are equal to co). With this quasi-norm LzR") is
complete, and a Banach space if min(py,...,p,) > 1. Furthermore, for 0 < ¢ < oo, we
shall use the abbreviation Lz (¢,)(R") for the set of all sequences {u}7,, of measurable
functions uy: R™ — C such that (with sup, for ¢ = c0)

(3 tmerr) ™

k=0

[ {ur}iZo | Ly (C) (R == Ly (R")]| < oo. (35)

‘ o0

For brevity H m ‘Lﬁ (KQ)H may replace H {up}2, ‘Lﬁ (Eq)(R")H. If max(p1,...,Pn,q) < 00,
then C§° is dense in Lz (¢,)(R™). Lz was studied by Benedek and Panzone [BP61].

In general we adopt standard notation from distribution theory. E.g. D'(R") stands for
the space of distributions on R", while §'(R") is the subspace of tempered distributions.
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The Fourier transformation is denoted by Fu = @, where Fu(¢) = [5. e u(z) dx for
u € S(R") with S(R™) being the Schwartz space of rapidly decreasing C'*°-functions on
R™.

On R™ we use an anisotropic distance function |- |z of a quasi-homogeneous type,
given by @ = (ay,...,a,). First @ is used for the quasi-homogeneous dilation t%z :=
(txy, ..., t%x,) for t > 0, and t*%7 := (+*)% for s € R, whence t % = (¢t!)%z. Then
|z|z is the unique ¢ > 0 such that =% € S"~! (]0|z = 0), i.e.

2
Sl g, (36)
It is seen directly that [t%x|; = t|z|z (| - |# is not a norm), and one has
|z +yla < [zfa + |yla- (37)
max(|zy [V, x|V < |alg < a4 4 o |V (38)

We set Bz(z, R) :={y||r —ylza < R}. Areview of |- |z can be found in [JS, Yam86b].
Along with | - |, a quasi-homogeneous Littlewood-Paley decomposition 1 = > ®; will
be chosen as follows: based on some ¢ € C*°(R) such that 0 < ¢(t) <1 for all ¢, ¥(t) =1
if <11/10, and ¢(¢) = 0 if ¢ > 13/10, we set U;(€) := (279|¢|z) for j € Ng (¥; = 0 for
j <0) so that &; :=W; —W; ; gives 1 =377 ®;(¢) for all { € R". Clearly
supp @; C {¢ | 552’ < [¢la < 527 }- (39)

This choice is indicated by the uppercase letters ¥, ® throughout. Whenever 1 < p, < 00
for Kk =1,...,n, then a Littlewood-Paley inequality holds for all u € Lz(R"™):

exflu|Lall < [ Q17 (@57 ul )2 [ L] < 2 [l L] (40)
=0
In fact the right-hand side inequality follows directly from a theorem of Krée [Kré67, Th. 4];

then the inequality to the left is obtained from the completeness of Lz and duality (cf. a
similar proof in [Yam86a, Prop. 3.3]).

3.2. Lizorkin—Triebel spaces with mixed norms. Let ®;, j € Ny, be our anisotropic
dyadic decomposition of unity.

Definition 1. Let 0 < p1,...,pp < 00, s € R, and 0 < ¢ < co. Then the mixed norm
(quasi-homogeneous) Lizorkin—Triebel space F77 (R") is the set of u € S'(R") such that

[l [F ) = H (2 2jsq|f‘1[<1>jfu](.)\q> !

The F;f (R™) are quasi-Banach spaces, and Banach spaces if py, ..., p,, ¢ all belong to

LR < co. (41)

[1,00]. Instead of the quasi-triangle inequality, it is useful that for all u, v € Fg’qd (R™) the
number 7 = min(1, py,...,p,, q) gives rise to the estimate

lu+ v Egg 1T < lulE5g 17+ v [F5g I (42)

»q 54
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Up to equivalent quasi-norms, the spaces F ;’f (R™) do not depend on the chosen anisotropic
dyadic decomposition of unity

We shall also need the corresponding Besov spaces. They have properties like the above-
mentioned for the F;j, so we just give the definition.

Definition 2. For 0 < py,...,pn,q < 0 and s € R the quasi-homogeneous mixed norm

Besov space By, (R") consists of all u € S'(R™) such that

q

|u|Bse|| = (Zgﬂ'sanl(@jm) |Lﬁ(R”)||q) < 0. (43)
5=0

Proposition 3. F;f (R™) is translation invariant; and for ¢ < oo and every u € F;.’j (R™),
the translations Thu := u(- —h) — u in F;’f for h — 0. Analogously u € B;’j (R™) implies

Th € B;:’g (R™), with T,u — uw when q and all py, are finite.

Proof. Since ®;(D)1, = 7,®;(D), the norm of F;;’qa is translation invariant, as that of
LR™) is so. Hence both u, 7,u may be approximated in F ;7’; to within an e, by choosing
a suitable ¢ € S, when ¢ < co. And || 7% — ¢ [F7'|| — 0 for h — 0, because 71 — ¢ in
S(R™) and the injection S — F>" is continuous. (Clearly By can replace F ;7" here.) [
Remark 3. For a = (1,1,...,1) these spaces fits into the general scheme developed by
Hedberg and Netrusov, cf. [HN]. So in the isotropic situation we have a lot of properties at
hand for these classes like characterization by atoms, characterization by oscillations (local

approzimation by polynomials) and characterization by differences. We envisage that most
of the material presented there has a counterpart for the anisotropic spaces.

3.3. Embedding results. For a continuous linear injection of X into Y we throughout
write X — Y. A proof of the next result is given further below.

Lemma 2. There are continuous embeddings
S(R") — FyT(R") — S'(R"). (44)
S(R") — By (R") — S'(R"). (45)
S(R™) is dense in F;.,’j (R™) for q¢ < oo, and dense in B]‘;:g (R™) for q,p1,- .. ,pn < 0.

The definitions at once give part (i) of the next result; and (iii) follows from (ii), that
holds by Minkowski’s inequality.

Lemma 3. When p, < oo holds for all k in the F-spaces one has:
(i) For s’ < s and q, ¢ €]0, 0],

(R") — Fi(R");  ByI(R") — B3 (R"). (46)

s,a
Drq
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(il) For ry <min(py,...,pn,q) and max(py,...,pn,q) < o,

1

(Xl (R)17) ™ < | Ly ) @] < (3 ey |Ls @)™, (47)

for an arbitrary sequence (u;) of measurable functions.
(iii) With r1 and ry as in (i),
Byp, R") = Iy (Ra) — By, (R). (48)
Let b = (by,...,b,) € R™ such that b, > 0, k = 1,...,n. As a convenient notation we
introduce the cube

Qy = {(ml,xn) ’ |xk|§bk,k:1,...,n} (49)

The symbol x - y refers to the scalar product of z, y in R". For a vector 7 we shall as a

convention set
1_ (1 1 1
L=(1,1,....2). (50)

In our proofs the vector-valued Nikol’skij inequality will play a major role. This inequality
concerns sequences (f;) in S’'(R™) that fulfill a geometric rectangle condition,

supp F f; C [-AR], AR]] x --- x [-AR’, ARJ]. (51)
Here A > 0 is a constant, while the fixed numbers Ry,...,R, > 1 define the rectangles.

Theorem 6. When 0 < pp, < 1, < o0 for k = 1,...,n and 7 # p, then there is for
0 < g <oo anumber c> 0 such that

| S0 L] < el sup (L] 8™ 1500 |2 (52)
=0 7€No k=1

for all sequences (f;) in S'(R™) fulfilling (51).

For the proof the reader is referred to [JS, Thm. 5]. As noted there, this vector-valued
Nikol’skij inequality at once gives Sobolev embeddings for the F;:;, where by virtue of
(52) it suffices to increase only a single component py of p:

Corollary 3. When 0 < px < 1 < 0o for all k and 7 # p, then
sd (Rr) y FLT (R (53)

pa1 7,92

holdsfort:s—&’-(l—%),

12 7
The classical Nikol’skij inequality deals with a single function with compact spectrum.
This results by applying (52) to a sequence with a single non-trivial element; then also
r, = 00 is allowed (cf. [JS, Thm. 4]). This will, by the definition of B, give
Corollary 4. Suppose 0 < pr, <1, < 00 for all k; ¥ # p. Then
By (R) — B (R") (54

orbotht—ﬁ'%

holds if t — a -

=Sy

<s—a- s—&’~%andq1§q2d050.

ST



ON TRACES AND MIXED NORMS 13

—

By definition, every u € Bgédl, has finite norm series in L, whence Bgéal (R") — Cy(R™).

- 1
Therefore Lemma 3 and Corollary 4 give F/(R") — B

s—a-=,da

7 (R™), so
1
>

Remark 4. The embeddings and inequalities of this section have been extensively studied,
i many versions, over several decades. It would be outside of our topic to recall this
here, [BIN96] or [ST87] may be consulted as a general reference; [JS| has remarks on the
development, as well as proofs pertaining to the anisotropic framework used here.

35,00

ST(RY) < C(R") for s> d- (55)

3.4. Maximal inequalities. As usual we let M f denote the Hardy-Littlewood maximal
function, defined for a locally integrable function on R™ by

1
M) = sup s /B Ly (56)

When the definition of M is applied only in the variable z;, we shall via the splitting
xr = (o', zg, ") use the abbreviation

Myu(zy, ..., zn) = (Mu(2', -, 2"))(zx) (57)

Using this, we can formulate an important inequality due to Bagby [Bag75]. Let 1 < p,, <
oo, and let 1 < ¢,pr < oo for k < n. Then there exists a constant ¢ such that every
sequence in Lz(¢,) fulfils the inequality

| Mo [ Lp(€g) R[] < e[ | Lp(lq) R™)]| - (58)

It is well known that this allows the iterated maximal function M, (... My(M;f)...)(x) to
be estimated in the mixed norm space Lj.
However, we shall also use the maximal function of Fefferman—Stein type,

‘e u(z — 2)|
u*(7,b;x) = su .
BT = S T o) - (L4 bl )

In our cases the function u will have compact spectrum, and then u* is majorised by the
iterated Hardy—Littlewood maximal function. As a first step one has the next result.

(59)

Proposition 4. Suppose 0 < 7 < co. Let b € R™ such that b; > 0 for all i. Then there
exist a constant ¢ > 0 such that

jufz - 2) | \rafrasy e
su <ec(M,(... Mo(M;|u|™)™2/m )/t T 60
SR T Talim) (L) < Ul MBI ) ) (60)

holds whenever supp Fu C Qy and v € Lz(R™) for 0 < py < oo for all k.

The proof given in [ST87, Thm. 1.6.4] for n = 2 is easily extended to arbitrary dimen-
sions. Combined with a dilation, Proposition 4 gives, as in [ST87, 1.10.2], a vector-valued
estimate for the Fefferman—Stein maximal function, which will be central to our trace
estimates in Section 4:
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Proposition 5. Let 0 < p'< 00, 0 < g < 00, and suppose every component of 7" satisfies
0 <re <min(py,...,pk, Q). (61)
Then there exists a ¢ > 0 such that, whenever () is a sequence in |0, 00[",
w70, L (6) (R < | g | L (6) (R (62)
holds for all sequences (u;) in Lz(€,)(R™) such that supp Fu; C Qpi for all j € Ny.
Proof. We apply Proposition 4 to
Obviously supp Fg; C Qq,....1) for every j, and we have
* ri\r2/T ro/rn_1\1/T™
(@) < er (Ma(. .. My(My|gy|m)r2/ms,yrn/mn=s) 7 (g, (64)
where ¢; is independent of j. Now (63) and = = (blyy, ..., b y,) give

93(bin = Vizns b = buzn)l e (65)

() = sup - -
g]( ) ZCR™ (1_|_|b{zl|1/’r‘1)(1+|b{zn|1/’rn>

Moreover, M commutes with dilation, i.e. M f(dx) = M f(6-)(x), so

Tn 1 .

(Ma(... Mao(My|gs") 7 )7 5) ™ () (B, -, blg)
= (M( . Ma(Milgy(V) -, b)) 7o) P (y). (66)

In view of (63) this means that

TR ), (67)

Applying Bagby’s inequality (58) to Ly, /r,, ... pn/rn)(£q/r,) (using that all exponents belong
to |1,00[, by the restriction on r,), this gives

W7 V) < o (M. Ma(My oy |™)

r2
M

| wl (7075 ) | Ly (G) (R™)|| < o || (Mi—y - .. Ma(My|uy|™) ..)rnl—l | Ly (€)(R™)]|. (68)

By freezing x,,, Bagby’s inequality (58) applies t0 L, /r 1....pn_1/rn1)(Lajra_i J(R"™1). And
by reiterating this, the statement follows. ]

3.5. Marschall’s inequality. Inspired by Marschall’s paper [Mar96], we shall give a ver-
sion of his pointwise estimate of pseudo-differential operators b(x, D), that is suitable for
the mixed norm spaces.

In Marschall’s inequality the symbol is estimated via the norm of a homogeneous Besov
space B;:g‘(R"). To recall the definition of the norm, we need a dyadic partition of unity,
1=>57 _ ¢ronR"\{0}. This can be obtained from the previously introduced functions,
by setting ¢; = (27| - |z) — ¥(2'77| - |z) for all j € Z. With this,

supp ¢, C Bz(0,2"%1) \ B#(0,2*7") C Qausnaqr, _y)- (69)

7777
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Using (¢;) ez, the norm || - ]BS ‘IH of B;:g(R”) is defined in analogy with that B;’g, simply
by summing over Z. It follows stralghtforwardly that

| £(2%4.) }B‘”‘H e B3], kezZ. (70)

This scaling relation is the important property we need from this tool.
For the anisotropic weights, i.e. @, the length is denoted by |d| = a3 + -+ + a, for
simplicity’s sake.

Proposition 6. Let a symbol b € C(R™) and a function uw € C*°(R™) be given such that,
for A>0 and R > 1,

supp Fu C Bz(0, AR) and suppb C Bz(0, A) (71)

When t = (ty,... ,tn) satisfies 0 < t, < 1 for all k, then there exists ¢ > 0 such that, for
d:=min(1,ty,...,t,), the followmg inequality holds for all x € R™,

o1 =

b(DYu()] < o(RATE |[b] By || (Ml Maful )=/ )7) " (@), (72)
Here ¢ can be taken as a function of @ and t only.

Proof. Since convolutions in S xS’ are mapped to products by the Fourier transformation,
b(D)u(z) = F 1 (bFu)( /.7-" (z — y)u(y) dy. (73)
With z fixed, y — F1b(x — y)u(y) has, by the triangle inequality for ||z, its spectrum in

Bz(0,A) + Bz(0, RA) C Bz(0,(R+ 1)A). (74)
Therefore the Nikol’skij inequality (52) and an Lg-version of (42) yields

@) < [ 17 e y)uty)l dy

< ¢1(RA)" @ 71al H}" Bz — ) u}L;H (75)
1/d
< a(RAD (| dula — )F e - Julzel) "
keZ
In this inequality it suffices for the Lynorm, by (69) to integrate over a cube on the right-
hand side, and by the obvious estimate sup, ¢ (y)F 'b(y)| < [ |F, 2, (0xF 'b)| dn =: by,
one finds

I = / | ok(x — ) F bl — y)uly)[" dys < cobl 2" Myful" (z1).  (76)
By 20+ Dar)

Proceeding iteratively by setting [; = ffo (1 j,l)ti/ ti-1 dy;, one finds analogously

[ee]

[n - / (Infl)tn/hkl dyn
B(In,2(k+1)a”) (77)

ktn al .4 %=1 a n/tn—
< g 2 RS ke hp (MM uf) ) ) @, ).
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a1
t

Raising to the power 1/t, creates the factor 2"
dLla
(75) by observing that 3, o, 2@ || F (g, F] |L, || = || 0| By ;|| O

, so the desired inequality follows from

Now we turn to a vector-valued version which will be of great service for us.

Proposition 7. Suppose 0 < tp, < min(1,py,...,px,q) for k=1,...,n. Let ¢ € C§°(R")
such that supp ¢ C Bz(0,2), and set ¢; = $(277%), j € N. Then there exists a constant ¢
such that L

| F (65 Fus] | L5 (€) R[] < eRTT7 ||y [ Ly (£)(R™)| (78)
for all sequences {u;}52, in S'(R") fulfilling supp Fu; C {£ | [{]a < R2'} for some R > 1.

Proof. Applying Proposition 6 with A = 27 to F~'[¢;Fu,], this is estimated by the iterated

14
a
1

maximal function times ¢(R27)% &l | p(273) ‘B d?aH. So by (70),
F g Fus](@)] < BT G| BY 7| (Mal- . (M) ) ). (79)
The claim now follows by repeated use of (58), as in the proof of Proposition 5. 0

The above techniques also give a proof of the lift property for the Fg’j scale.

Proposition 8. The map A,: 8" — S’ given by Au = F (1 + |£2)/2Fu] is a linear
homeomorphism F2' (R") — F2 "(R") for every r € R.

Proof. To show the boundedness of A,, we let 1 = )  ®; denote the Littlewood-Paley

decomposition; and take ¢; = ®;_1 + ®; + ®;,1 such that ngJ = ®; for all j. Moreover,
¢; = ¢(277%) for j > 1 for a suitable ¢. Then || A,u|F; "¥|| consists of terms like
20T F @y (1 + [€[3) 2 Fu] = 29 Fg; @5 F ), (80)

with Fourier multipliers g;(&) = 2777(1 + |£[2)/26¢;(€). They fulfil suppg; C supp ¢; C
Bz(0, R27) for a fixed R > 1. Hence Marschall’s inequality gives a bound of |2% g;(D)u;(x)|
by the iterated maximal function on 2%®;(D)u times

a- a,u, ,a

(@1
/@51 | g; ‘B

A il G

<cll @ + €)7o Wit = C

Here we have used the scaling property, and taken some m > a - % to get a uniform bound
for all 7 > 0, which holds since ¢ = 0 around the origin (the case j = 0 is obvious). Now
boundedness of A, follows from Bagby’s inequality, similarly to the proof of Proposition 5.
The estimates are valid for arbitrary r € R, so the boundedness of A;! = A_, is also
obtained. ]

Remark 5. The lift property in Proposition 8 applies to the proof of Proposition 1. Indeed,
for H;’d it will be enough to prove HE’E(R”) = Fgf(R”) with equivalent norms; but this
holds by (40). (Krée’s result [Kré67] was also used in [Liz70, Thm. 2| for the proof of
a variant of (40) with a homogeneous, but non-smooth decomposition.) For my = s/ay,
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k = 1,...,n, the identification W;ﬁ (R™) = H;’a (R™), with equivalent norms, has been
proved by Lizorkin, cf. Theorem 3 and (20) ff. in [Liz70].

3.6. Convergence criteria. It is a central theme to conclude the convergence in S’ of a
series Z;O:O uj, where supp Fu; is compact for each j. More precisely the u; are supposed
to satisfy one of the following conditions, that can be imposed for each choice of a:

(I) (The dyadic corona condition.) There exist an A > 1 such that for every j > 1,
suppi; C {€ | % < [¢la < A2}, (82)

whilst suppay C {& | [€la < A}
(II) (The dyadic ball condition.) There exist an A > 0 such that for every j > 0,

supp i; C {€ | [€la < A27 }. (83)

The convergence of z;io u; will follow, if in addition to one of these conditions either some
growth or integrability condition is fulfilled by the u; in a uniform way. The resulting dyadic
corona and dyadic ball criteria are summed up below.

To conclude the mere S’-convergence, the following lemma was given by Coifman and
Meyer albeit without arguments [MC91, Ch. 16]. We give a proof here, because some of the
observations therein have additional consequences, that are useful for the present paper.

Lemma 4. 1° Let (u;)jen, be a sequence of C*-functions in S'(R™) that for suitable
constants C' >0, m > 0 fulfils both (1) and

luj(z)| < C27™(1 + |z|)™ for all j > 0. (84)

Then Y 72 u; converges in S'(R™) to a distribution u, for which @ is of order m.
2° For every u € S'(R™) the conditions (1) and (84) are fulfilled by the u; defined from
a Littlewood—Paley decomposition of u.

Since any u € S’ is of finite order, the u; in 2° have equal orders. Then there is some
m > 0 such that |u;(x)| < ¢;(1+ |z|)™, by the Paley-Wiener-Schwartz Theorem, which
almost gives (84); but the j-dependence is by 2° not worse than ¢; = O(2™).

Proof. Tn 2° it is clear that w;(z) = (4, ®;¢'*¢) fulfils (I) and
Juj ()| < esup{ (1+[€))"[Dg(@27E)e ™) | £ €R™, o] <m}. (85)

Invoking Leibniz’ rule, the worst terms occurs when derivatives of order m fall on the
exponential, and this is estimated by C2/™(1 + |z|)™.
To prove 1°, note that if ¢ € C*°(R™) is supported for i < |€] < 2A and equalling 1
where £ < [¢] < A, any ¢ € S fulfils
m+n
2

(a7, 2) < (1412l 2wl (1 + 12?2 F (@27l (86)
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Here the first norm is O(2™) by (84). For any k > 0 Parseval-Plancherel’s identity gives
11+ |2 2)™ " F (0 (277) @) 2

S Y e NP [
la+B8|<2m+2n 2i-1/A
= (A, k,m,m, 0, 9)277%. (87)
That is, (u;, p) = O(2m=%7) for k > m, so > —o{uj, ) converges, whence ) u; does
soin &'. O
Remark 6. Littlewood—Paley decompositions u = Z;io u; are rapidly convergent, in the
following sense: if an arbitrary uw € 8" is decomposed as in 2° above, the proof of 1° gives

(uj, o)y = 027N for every N >0, p € SR"), (88)
s0 (u—3 puj, ) = {uj, @) = O02N*) — 0, rapidly for k — oo.

For the F ;'j we have the following (quasi-homogeneous) dyadic ball criterion:

Lemma 5. When s > Y ,_, D) |d| for 0 < p< 0 and 0 < g < oo, then there

exists a ¢ > 0 such that, for every sequence (u;) in S'(R"™) fulfilling both the dyadic ball
condition (II) and that

Fo= || (3 299u]7)7 | Ly]| < o0, (89)
7=0

the series Y u; converges in S'(R™) to a u € prj (R™) for which || u \F;’f | <cF.
Proof. By condition (II) there is a fixed h € N such that ®;Fu;, =0 for k < j—h. So

M M
FURDY  Fup] =F'@; Y Fuy] for M>j—h. (90)
k=0 k=j—h

Setting k = 7+ ¢ and using that |- |¢1]| < |- |¢+]] for 7 = min(1, p1, ..., pn, q), one obtains
the first of the following inequalities, that also rely on Proposition 7 with R = 2%+,

[eS) M—j
[ Z ue [Frg || < (@ Z |F_l[¢jfuj+€]|T)Q/T)T/q | L/ ||
k<M =0 (—h
M .
< 30| 2F O Fud [ Ly (4] (91)
{=—h

o0 o0
<o 3 BT | v Ly (1) < T S 2D,
(=—h t=—h
Hereby t; < min(1,p1,...,pk, q) must be fulfilled. But the t; can be taken with this
property at the same time as s > a - %— |d|; cf. the conditions on s in the lemma.
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With # as above, the sequence (Yo, u,kq)MeN is by (91) bounded in prj (R™). This
yields at once that it is fundamental in pr ;¢ for s’ < s, thence convergent to some u. By

monotone convergence for M — oo in (91), the estimate || u \F;’j | < cF is obtained. O

In case p, < ... < py < p; the restriction for s reduces to s > ZZ=1 ak(m —1).

In case p; = ... = p, this gives back the unmixed version known since [Yam86b].

The above proof gives more, for if the series fulfils the stronger corona condition (I),
then F~1(®;Fur) = 0 unless j —h < k < j + h. In this case the sums in (91) have
l € {—h,...,h}, so the restriction on s is not needed. This proves

Lemma 6. When s € R and 0 < p'< 0, 0 < g < o0, there exists ¢ > 0 such that, for
every sequence (u;) in S'(R™) fulfilling both the dyadic corona condition (I) and that
00 ‘ .
Fim [ (0 27} |1 < oo @)

=0

the series 3~ u; converges in S'(R") to a u € F;j (R™) for which || u |F§7’g | <cF.

For the Besov spaces, the dyadic ball and corona criteria follow by interchanging the
order of the Lz and /,-norms in the proof Lemma 5, and by using Proposition 7 for
sequences having only a single non-trivial term. Thus one has the next result.

Lemma 7. When s >y ,_, e~ |d| for 0 < p'< & and 0 < g < oo, there exists

a
P15 Pk

¢ > 0 such that, for every sequence (u;) in S'(R™) fulfilling both (II) and
B = () 29| u; | Ly v < oo, (93)
=0
the series 37~ u; converges in S'(R") to a u € B;’g (R™) f?T‘ which || u \B;’f; | <cB.
If B < o0 and (I) hold, then the convergence and || u|B || < c¢B holds for all s € R.
By Lemma 6 and 7, the choice of the Littlewood—Paley decomposition and the constants

are without significance for the F;*" and B spaces. For completeness the next result is
given.

Lemma 8. FEvery differential operator of the form D = Dgl...Dg" gives conlinuous

maps 0 (R") — F;;a'a(R”) and BZ (R") — B;;O"a(]R”), for every s € R.

Proof. For the scale prj , Lemma 6 and Proposition 7 applied to D%u = Z;‘;O(Da}"fl@j)*

u give at once that D* has order « - d. The Besov case is similar. ]
As another consequence of the dyadic corona criterion, we sketch a

Proof of Lemma 2. The embeddings (44)—(45) were shown in [JS, Prop. 10]. The density
of § C Fy follows from Lemma 6: v := Z;'V:o ®;(D)u converges to u in F ', because
for u — uV = > isn @(D)u the number F' — 0 as N — oo by dominated convergence
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(¢ < 00). The set of g € LyN S’ with supp Fg C Bz(0,2V!) is embedded into Fgg, for
g=g+0+... fulfils (I) with A =2+ Therefore the convergence of ulN - cF 1) € S

to u™ in Ly for ¢ — 0 implies || cF " Wy(e-)u™ —u™ [F57 || — 0. A similar reasoning works
for B;;’Z O

Occasionally it is useful to have a corona criterion based on powers of 2* for some A > 0.

Lemma 9. When s € R and 0 < p< 0, 0 < g < o0, there exists ¢ > 0 such that, for
every sequence (u;) in S'(R™) fulfilling supp Fug C Bz(0,A) and

supp Fu; C {&| 52V < [¢la < A2V} for j>1, (94)
Fy =[] Q2 122w | Lg|| < oo, (95)
j=0

the series Y u; converges in S'(R™) to a u € Ff’a (R™) for which || u |Ff’d || < cF).

Proof. Note that (94) gives an h € N such ®;Fu;, = 0 unless l —h <k <{+h With
k = [j/A + v ([-] is the integer part), a modlﬁcatlon of (91) glves

00 h+1
IS w B0 | < (@ 30 17 @ Fugnn )Y Ly |
k<M j=0 v=—~h (96)
<c ), (A2 | 9oy | Ly (6)]|

lv|<h+1
Here the last inequality results from Proposition 7, for { € suppuy;/a+., entails ||z <
AN+ < (A221)27 . Tt is clear that 2% < 22U/ Therefore m = [j/)\] gives
| 275U /a4 [Ggll < x| 25w, €], for the sequence (27%upjjntv)jen, is either lacunary
for 0 < XA < 1 or, for A > 1, it has every u,, repeated just [A] times. Consequently
H > wens Uk |F H < cF) for all M, so that convergence and the estimate follow as in the
proof of Lemma 6. [

For example Lemma 9 gives invariance of Fl;f’; under the reparametrisation (s,a@) +—

(As, Ad):

Lemma 10. F;v’j (R™) = FI%Z’AE(R”) for every A > 0, and the quasi-norms are equivalent.
Proof. For b = Ad the definition gives |€ |b’\ = [£|z, so that the Littlewood—Paley decomposi-
tion 1 = Z;io CID? associated with b yields functions that for j > 1 are equal to 1 in the set
where (32)*2V < [¢]s < (45)*2Y. Hence Lemma 9 gives || u|Fy7 < ellu ]F’\S 7|, Since
a and A > 0 are arbitrary, the opposite inequality also holds. O

In view of this, we may assume that all a; > 1; this is convenient in Section 4 below.

Remark 7. Since there are few general references to the mized norm spaces pr’j , we note
that the reader may find the necessary theory here and in [JS].
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4. PROOFS

4.1. The general necessary conditions. We ﬁrstﬂ give the proof of Lemma 1, since this
just amounts to a calculation of some norms in pr”; of suitably chosen functions. Recall
our normalisation min(ay,...,a,) = 1.

4.1.1. Ezamples. To have a convenient set-up, we shall consider traces on the hyperplane
z, = 0 for arbitrary m € {1,...,n}. The remaining n — 1 variables are split in two
groups x> and z.. The reason for this labelling will be clear later when a pis fixed: the
components p, with k& # m splits naturally into the groups p> and p. in which p; > 1,
respectively pp < 1; accordingly x>, - are defined from the same indices.
Let f, g € S(R) be fixed, as we may, such that [, f(t)dt = 1, g(0) = 1 and, with
ap = max(ay, ..., a,),
supp f C {|7[ <1/(10n)*},  suppg C { (35" <I7| <1} (97)
Introducing the tensor product
wi(x) = (] flan) @ 9(2m ) @ (] ] 2 F (2 a)) (98)
T> T
we shall estimate the Schwartz function v; = %Z?i ;11w Note first that for § € supp w,

one has for the vector n = & — &,,e,, (formed by resetting the m'® coordinate to 0) that,
since Z—z > 1 for all k,

_an _an
e < > 1G]V <> (10n) e 4> 24(10n) e < 25t 2l (99)
k#m T> T<
Using the triangle inequality for | - |z,
162" < [&ml"*m = [nla < [€la < &ml"*™ + Inla < 152" (100)
This means that every & € suppuy; satisfies ®;(§) = 1, for this identity holds where
%2! < la < %2’. Consequently the ®; disappear from the norms of v;, e.g.

2j
oy [Fgg = 510D 27w ()Y | L] - (101)
I=j+1

For certain triples (s, P, ¢) this can be calculated precisely.

Lemma 11. Let p be a vector from ]0,00], and let p> and p< be the above mentioned
splitting corresponding to a fized m.
1° For s = 2= + 37, (3F — ag) it holds for every q that
s,d L1
v |Byg Il = c-ja". (102)
2° If pp > 1 and pr, > 1 for k # m, thenfors:;;—:,
s,d P
loj |Fp | = - jom (103)

P,Pm
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Proof. In analogy with (101) above, || v; \BS’dH = (Zl 7125 | wy | Ly]| 7). Since the
2, (GE—ar)) .

P p

L#znorm respects the tensor products entering wl, and since 2'(rm is absorbed

1
by the dilations, || v; |B% | = L T | Fllp (5151 llglls, )7 = cjo "
In case 2°, a similar procedure applies to (101); the group z. is empty by assumption,

S0
b m m m 1
o B2 0 = £ T 163 [ 2 la@ e duy)i =gt (04
k#m l=j+1
since the factors involving f do not depend on the summation index. O

The interest of Lemma 11 comes from the obvious fact that

Yo,mV; — 6o(r<) ® Hf(xk) for j— o0 (105)

>

(which means f(z1) ® -+ ® f(z,) if < is empty). From this we get the

4.1.2. Proof of Lemma 1. Given that 7o, : f’a (R") — D'(R™ 1) is continuous for some
triple (s,p,q), we set t = &= + Zpk?ém(— — ak)+
Then s < t cannot hold, for else Bﬁ — F ; ;” , and this embedding would be incompatible
with the continuity of g ,,, since by Lemma 11 the v; tend to 0 in Bﬂ2 and a fortiori in F
(whilst y0,,v; 7> 0, cf. (105)). Therefore the continuity implies s > 2= +37 (% ak)+
Similarly 2° of Lemma 11 shows that in case pr > 1 for k # m, the trace 7o, is only

continuous from Fg’f on the borderline (which is s = a,,/p, then) if p,, < 1.

4.2. Proof of Theorem 5. We shall proceed with Theorem 5, for later we draw on the
properties of the extension operator, during the proof of the theorems on the trace.

The next well-known lemma plays a significant role in the proofs, e.g. because the prop-
erty of K; and K, that they map into (,_ <o g’qd is a consequence of the fact that both
(106) and (107) hold for any £,-norm, 0 < r < oo.
Lemma 12. If (b;)jen, is a sequence of complex numbers, s > 0 and q, r €0, 00|, there
s a constant ¢ = c(s q,r) such that (with sup-norm over k for r = co)

I {2SJ(Z|bk| Y 20 14| < < {27,152, 44| (106)
H{Q—SJ(ZV) VT30 6] < e || {27035 | 4l] | - (107)

For r =1 this lemma is equivalent to [Yam86b, Lem. 3.8]; in general it may be proved
in a similar fashion as noted in [Joh96, Lem. 2.5].



ON TRACES AND MIXED NORMS 23

4.2.1. The right-inverse K;. Note first that ¢;(£") := ®;(0,£”) gives a Littlewood-Paley
decomposition on R"™!, so any v € &'(R""!) may be written v = > v; for v; = p;(D)v.

To construct Ky we introduce an auxiliary function ¢ € C*°(R) such that ¢(0) = 1 and
supp F» C [1,2]. Then K; can be defined as

Ky(z) = Z Y(29 2 Yo (), (108)

for the series converges in &’ by Lemma 4. To verify this, note that F(¢(27%)v;) equals
the product 27794 (27991& ) p;(£7)0(€), where e.g. 1 < |279¢;| < 2 implies 277 < |&] <
206+ and

€0 <161, €")a < 160, 0)la + 1(0,€")a < €]V + 1€"|urs (109)

this immediately give the inclusions, valid for j7 > 0,
supp F((27"Jv;) C {€ ]2 < [¢la<4-27 ). (110)

Moreover, from 2° in Lemma 4 the growth condition (84) follows at once. Hence K is a
well defined linear map S'(R"!) — S'(R").

Furthermore, A: a1 — »7% ¥(2/% a1 )v;(2") is in the set Cy(R, S'(R" ™)) of continuous
bounded maps R — S&’(R"!). In fact, the functions ¢(27%1.) are uniformly bounded, so
that g(z1) = > ¥(2721)(v;, ¢ ) by (88) converges to a continuous and bounded function
on R. Hence z; — (A(z1), ¢ ) has these properties, so A € Cy(R, S'(R*1)).

For every n € S(R™) this implies the first identity in

(A, m) = /R<A(931)7 (@1, ) Jrn-r dwy = /Zw@jmxl)% n(z1,-) )dx

N (111)
= lim > ($(2)v;, n)rn = (K1v, 7).
=0
Here passage to the last line is justified with the following majorisation,
sup |{v;, n(z1, )| < Cy27N(1 +23)7t,  for every N >0 (112)

1

that follows analogously to (88), by taking for ¢ in the proof of (88) a function like
o = (1 +t*)n(t,x) depending on a parameter ¢.
By the above formula Kjv = A € C(R,S'(R"1)), so since ¢(0) = 1,

Yo1K1v = A(0) = Zw(O)vj =v for every v € S'(R™1). (113)
=0

That is, K1 maps all of §'(R"™!) into the domain of 7 1, for which it acts as a right-inverse.
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Continuity of K;: §'(R" 1) — S'(R") results by proving that there exists an everywhere
defined linear map K;: S(R") — S(R"!) given by

Rn—1

Kin(a") = / (2 ) F oy Iy, 2" —y") dy'"dy.. (114)
j=0 " &

Indeed, using K7 one arrives at the following formula, where the right hand side depends
continuously on v € §'(R"1),

(K, 1) = (v, ) (/ Y@y Fol o (95 Fer—erm) dyn) Jen-r = (v, Kjv).  (115)
=0 7R
As for (114) it is noted that S(R") contains

(=€) Po(0,€") + Y 277Mh(=2771€1)@1(0,27 07D ¢")) Fn(&, ), (116)

j=1
since this is a product of Fn € § and a C*-function with bounded derivatives. Applying
F~1 and setting z; = 0, it results that the right-hand side of (114) is in S(R"!) .

ai

4.2.2. Boundedness of K. With v € F;,:;?ﬂ (R™ 1), for s € R, we obtain boundedness

of K, by showing that the series defining Kjv converges in F;j (R™). For this it suffices
by Lemma 6 to show

1"

> . s— a
1D (@) (2") [Lp(£y)|| < el v [F i . (117)
=0
By embeddings this may be reduced to the case ¢ < p;. For the integral
ad . , pL
)= [ (O wmaa))
R 520

we take N > pil so that [1)(279 )| < |27 21| supg tV |¢(t)| for 2y # 0. Then, if I; and
Iy denote the integrals over |z;| > 1 and |z;| < 1, respectively,
L O e e e
|z1|>1 =0 (119>

P1
q

p1
q

< er(1 = 20NN T (sup 207 oy (2 )7,
J
By splitting the integration area for Iy into intervals with 2-*+Da1 < |g,| < 27ka1 that
are of length (2 — 217%1)27%a1 " and by using the choice of N for j > k,
o) k oo
Ip <Y 27 (3 290 elld + D ()2 Vet NGB De )T (120)
k=0

j=0 j=k+1
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At the cost of a factor of 2 the two terms may be treated separately, so

Iy <c222 o (3 2@+ er 32 o 2N ® | (121)
k=0 j=k

7=0
According to Lemma 12, the /,-norms over j may be “cancelled” since the weights have
1
bases 2=% < 1 and 2V 7200?15 1) reSpectiveIYa SO
b < (ert e 207 (") (122)
Altogether I(z") < c4| o= UJ( " |€p1||p1, so by continued calculation of the Lz-norm,

1//

(117) follows. Therefore K; is bounded F, o , (R — Fg’f (R™) for all s € R, ¢ > 0.

4.2.3. The extension operator K,. This is in analogy with K taken as
= (@), (2). (123)
j=0

By Lemma 4, this is also meaningful in &', and the above discussion, mutatis mutandis,
gives that [, is a right-inverse of 7.

To show that K, is bounded from B;/_’p’?”’a (R™1) to F;.’qd (R™) for all ¢ €]0, 0], we may
assume that ¢ < min(py, ..., pn) For v belonging to the former space, we set

= pr 2,y ()[1) | |

For the integral I; over |z,| > 1, one use an N > p—n (but otherwise as above) together with

dzx,,. (124)

the triangle inequality for the mixed-norm with exponent l10’ = (B,..., =) to obtain
g d q q

that
Y IO ECAR e
|xn|>1 =0

Since ¢ < p,, Holder’s inequality gives I} < c¢||v |Bp,7pi"’ (R”*1)||p”.
Correspondingly I is split into regions with 2-(*+Dan < |z, | < 27k and this yields, cf.
the case for K; above,

[eS) k
o< ey 2 (3 290 Loy 1)
k=0 §=0

Pn
q

x NP da,,. (125)

e 3 NI (S 1Ly 2T (126)
Jj=k

By passing to the L,/ /-DOTMS and applying Lemma 12, one can get r1d of the sums over j = =

hence I < c||v \Bp, o [P, This shows that K, is continuous Bp, o rn (R” D — F;; (R™)
for 0 < ¢ < 00, any s € R.

o, !
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Remark 8. Our treatment of K1 and K,, was inspired by the isotropic estimates in [Tri83,
Thm. 2.7.2]. We have preferred to use Lemma 12 and the dyadic corona criterion, that
also give that the K, map all of S'(R"™') into the domain of Yom. The continuity
K 8 (R — S'(R™) followed from the existence of an adjoint K},: S(R") — S(R™™1).

4.3. On Corollaries 1-2. As noted prior to the corollaries, boundedness follows directly
from the other results. But surjectivity of p,, , is conveniently established here, by means
of some modifications of the right-inverses K, K,. Details will be given for k = 1; to
simplify notation, we treat p,,411, so the trace of highest order is v, 1.

The auxiliary function ¢ € F~'C§°(]1,2[) with ¢(0) = 1 can be taken such that
also ¢/(0) = --- = 9™ (0) = 0. Indeed, we may arrange that Fi(£;) is orthogonal in
Ly(11,2]) to W, := span(&y, ..., &), (It is well known that if a Hilbert space H has a
dense subspace U, it holds for every subspace W,, of dimension m € N that U (W is
dense in the orthogonal complement W= (induction w.r.t. m). In our case f(&) =1 has
projection g # 0 onto W;-, so the density implies the existence of ¢ € Cg°(]1,2[) N\ W,:
such that 0 # [ ¢gde, = [7¢f dé, = [} pd&i=:c. Then we can take ¢ = 2ZF1¢.)

Setting ¥y (1) = (k) 'z§(zy) for k < m, we have v;1¢p = (v;125)0(0)/k! = 65,
(Kronecker delta). Using 1, we let

Ky1v(x) = Z 2790V, (20 Y (2") for v =0,1,...,m. (127)
=0

It holds that K, v is in C(R,S'(R"!)) and K, is continuous &'(R"') — §'(R"), for
the arguments for K; apply verbatim, as 1, amounts to a special choice of 1. Moreover,
since 9% is S’-continuous, it applies termwisely, which cancels the factor 27741* and shows
that 0¥ K, 1v is in C(R,S'(R"1)); i.e. K,; maps into the domain of 7, ;. Incorporation of

—va;— 4 g .
the factor 2779 into the Kj-estimates yield continuity of K, ;: F;, TSN Fg’; for
all se R, 0 < q < 0.

Finally K™ = (Koi ... Kpa) maps S'(R" 1™+ into the domain of py,11,; and

fulfils py,411 © Kl(mH) = I, since ;1 K, 1v = d5,v; and Kfmﬂ) is continuous with respect
to the spaces in Corollary 1.

/7P1

4.4. Proof of Theorem 1. Note first that (ii) = (i) is the special case m = 1 of
Lemma 1, proved above.

For brevity we use the following notation for maximal functions invoking the Littlewood—
Paley decomposition,

wi(tix) = sup ®;(Dyulz —y)| [ 1+ [20%yel) " (128)
yeRn k=1,...n

This applies via the estimate in Proposition 5, so it is once and for all assumed that ¢ is
chosen so that ¢; < min(py,...p;,q) for all j > 1.
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4.4.1. The basic mized-norm estimates. To see that (i) = (ii), let u € F];’f(R”) with
u=73 7" u; for uj = ®;(D)u, and let t be chosen as above. Then
) . " .
lu; (0,2")] < (:1M < auj(t; (21,2")), (129)

- ; L ly=a—

L+ 2oy

, 1 ay ) )
since 1+ 27" x| <1+ 2 —: ¢, for x; € [27791 20-7)a] Next an integration yields
2(1—=j)ay

@ = 2O < [ (e da, (130)

2—jal

so after multiplication by 257 and estimation by supj, 2°|u%(#; z)| in the integral, a sum-
mation yields

S 2y 0.0 < [ (sup 2 i) da. (131
j=0 .

Then Proposition 5 gives, since F 5’ — F3

p,00”7

(3 207 w0, ) P1)or | Ly

J=0

< ul 5. (132)

Moreover, by summing only over j between N + 1 and N + m (and by applying the
first part of (62) to a sequence of functions that vanish except for those j), one gets a
sharper conclusion, with v(z) := supy, 25 |ug (21, 2”)| and xy as the characteristic function
of 10,27N41] for brevity,

N+m

1O 12575 uy(0, 1) | Ly

j=N+1

< & || xw(ano(@) [LRY| N 0. (133)

The behaviour for N — oo follows by majorised convergence (with v(-,z") as the first
majorant), since ¢ is independent of N.
For s =2t 437, (2% — aj)+ we set rp = max(1,py) so that

D D A B N G (134)

Pk Tk

We continue in the same way for ¢ > 0 and for ¢ = 0. The vector valued Nikol’skij
inequality on R"!, cf. Theorem 6, then implies

N+m N+m N+m
H Z u;(0,-) ‘LT” < H Z |u; (0 Lyn|| < cpn Z |230u] |p1)p1 |Lp”
J=N+1 J=N+1 J=N+1 (135)

< cpre] || xv(21)v(z) [ L.

Consequently Y u;(0,2”) converges in the Banach space L,»(R"™!) — &'(R"™!) in all the
borderline cases. (For p; < 1 this can also be seen more directly, using that ¢,, — ¢,
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instead of the Nikol’skij inequality.) By similar inequalities now with summation over
j € Ny, it is in both cases seen from (132) that 7o is bounded Ff’j — L.

The generic cases given by the sharp inequality s > % + Zk>1( — ag)4 also give the
desired D’-continuity, as seen by restricting vy to subspaces with hlgher values of s.

4.4.2. Continuity in x;. To show that F;f (R") — Cy(R, L»(R"1)) it is, by a simple
embedding lowering s, enough to treat the case s = ;—1 + o; cf (134). We may assume
qg < oo, by passing to a larger space by means of a Sobolev embedding increasing a
component of p”.

To evaluate at 1 = z for an arbitrary z one can extend the above estimates. Indeed,
letting 2 run in [z + 2799, z 4+ 2(=)4] " and replacing y; by ¥, — 2, one finds (130) with
an integral over this interval (with the same constant).

This procedure gives the strengthened estimate

Sup H ZU] ‘Lr” < Cprt sup H Z ’2‘70 ‘)‘p1>é ’Lp//
7=0

Redeﬁnmg u; to 0 for j ¢ [N+ 1, N +m)], as before, this gives convergence of the series for
every z, hence a function z — f(2) = > u;(z,), and (136) shows it is bounded R — L,.

The continuity of f follows because translations 7,u — u in Fg’qd for h — 0, since q is
finite; cf. Proposition 3. Indeed, inserting m,u — u in (136),

| £z = B) = f(2) | L) < ]| muu — w2 N\ 0. (137)

To show that Ay = wu, note first that by (136) there is an estimate uniformly over a
compact interval containing every z appearing in supp ¢,

<o/ |lulF5T]. (136)

N
(D us(z,), (z,) Jmna| < ¢sup o [(Lyor)* || 1w [F55 - (138)

With this as a majorisation,

o0

(A7) = [ Sty 7 Rmdz—z//ujsodx"dz—ﬂ 7) = (u, 9).

=0 =0
(139)
Thence u = Ay € Ch(R, L,»(R"1)) as desired.

4.5. Boundedness in the F-scale (Theorem 2). Departing from the proof of Theo-

rem 1, note that in the subspaces where s > 1 + Zk>1(m — ay), the dyadic

corona criterion applies, because u;(0, z”) by the Paley~Wiener-Schwartz Theorem has its
spectrum where |£”|,» < 2711 ¢f. [Joh00, Rem. 3.4]. Therefore (132) implies

quj (0,2") \F/, Hc< ||u|Ffj||. (140)

The surjectivity follows from the already proved Theorem 5, in view of the formula 7 ; o
Kiv = v, proved for all v € §'(R"!), and the mapping properties of K.
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4.6. Proof of Theorems 3, 4. The implications of (ii) were accounted for directly after
the theorems by means of Lemma 1.

For the proof of (i) = (ii) the argument from Theorem 1 applies, mutatis mutandis.
Indeed, as in (129) one finds |u;(2', 2)| < c’luj(ﬁ (2',x,)) for a constant ¢} independent of
z; then one can take the L, (R™')-norm on both sides and proceed with the argument
for (130)-(132). Setting ry = max(1, py) for k <n and o =37, (3= — &), this gives for
s = ¢+ 0 and p, <1, when the Nikol’skij inequality is applied for each j >0,

j 1
Sup O i 2) L) < sup(Z 20770 || (-, 2) | Ly ") 7
, (141)
< ulF-
Now || - [64]| < ||+ |6, ]| gives a finite norm series, hence convergence of > 7% u;(-, 2) to

some f(z) in the Banach space C,(R, L,»(R*™1)). Clearly sup, || f(2) |Lv|| < " | u ]Ffa I

As for vy, there is an identification Ay = u, which yields f“ (R") — CW(R, L.(R™1)).
In particular the working definition of vy ,u is defined by evaluatlon at z = 0.

In cases with s = ¢ 4 2 4 o for € > 0, the inequality (141) is modified by having on
its left-hand side a norm in ¢ . But since || - [(1]] < || - |5 || whenever 0 < p, < oo, the
inclusion into Cy, (R, L,+) is seen in the same way. Altogether (i) = (ii) holds in all cases.

When (14) holds, the dyadic ball criterion for Besov spaces, cf. Lemma 7, applies yielding

continuity F pf”j(R”) — B;,j p’:jn’a (R™1); here the surjectivity is a consequence of the formula
Yon © K, = I. This completes the proof of Theorem 3.

5. FINAL REMARKS

To conclude, we note that also if we specialise to @ = (1,...,1) and p'= (p,...,p), our
results on the right-inverses K; (j = 1 and j = n) supplement those previously available,
say in [Tri83, 2.7.2], since the K are shown above to be well-defined continuous maps
S'(R™1') — S'(R"). Moreover, we show that all of S’(R"™!) is mapped into the domain
of 44, i.e. into C(R, D'(R™1')). This makes sense because we consider the distributional
trace. B

We also estimate the norms in C,(R, L,~) ete. directly in terms of the F;,’; -norms.

Already Berkolaiko gave specific counterexamples for the trace problem of mixed-norm
spaces with 1 < p' < oo. Our counterexamples show the necessity of raising the borderlines
upwards when 0 < pp < 1 holds for one of the tangential variables xy.

It should also be mentioned that we have a fairly complete theory, carrying over most of
the well-known results for isotropic spaces to the quasi-homogeneous mixed-norm spaces
Fy f’a In particular for fixed g, we cover all s running in a maximal open half-line. (How-
ever, traces of Bq 5, were not described, although we do not envisage any difficulties in
doing so with the methods of the present paper.)

The works on parabolic problems with traces of mixed-norm spaces [DHP, Wei05] have
for the lateral boundary data used spaces that are intersections of Faq ' (10, T[; Ly(09))
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and Ly(]0,T[; W2(Q)); also vector-valued solutions have been treated. We have left both

questions (identifications of F pf’j spaces with intersections and vector-valued versions) for
the future.
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