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Dynamic Modeling of Renal Blood Flow in Dahl
Hypertensive and Normotensive Rats

Torben Knudsen, Henrik Elmer, Morten H. Knudsen, Niels-Henrik Holstein-Rathlou, and
Jakob Stoustrup*, Senior Member, IEEE

Abstract—A method is proposed in this paper which allows
characterization of renal autoregulatory dynamics and efficiency
using quantitative mathematical methods. Based on data from rat
experiments, where arterial blood pressure and renal blood flow
are measured, a quantitative model for renal blood flow dynamics
is constructed. The mathematical structure for the dynamics is
chosen as a “grey-box model,” i.e. the model structure is inspired
from physiology, but the actual parameters is found by numerical
methods. Based on a number of experiments, features are ex-
tracted from the estimated parameters, which describe myogenic
responses and tubuloglomerular feedback responses separately.
The method is applied to data from normo- and hypertensive Dahl
rats, and a discriminator that separates data from normotensive
Dahl R rats and hypertensive Dahl S rats is constructed.

Index Terms—Discriminators, feature extraction, hypertension,
myogenic response, normotension, system identification, tubu-
loglomerular feedback mechanism.

I. INTRODUCTION

THE KIDNEYS play an important role in regulating blood
pressure and maintaining a proper internal environment

for the cells of the body. Since the glomerular filtration rate
(GFR) is highly sensitive to fluctuations in the blood pressure,
an optimal regulation requires mechanisms that minimizes the
effects of blood pressure fluctuations on GFR, and hence the
renal excretion of salt and water. One such mechanism is renal
blood flow autoregulation [1]. Autoregulation is the result of
two physiological control mechanisms that operate at the level
of the individual nephron: 1) the tubuloglomerular feedback
mechanism (TGF) and 2) the myogenic mechanism. The TGF
regulates the resistance of the afferent arteriole in response to
changes in the tubular NaCl concentration at the macula densa.
Experiments has demonstrated that this feedback regulation can
become unstable and generate self-sustained oscillations with a
typical period of 30–40 s [2], [3]. The myogenic mechanism is
an intrinsic response of the preglomerular vessels where an in-
crease in transmural pressure results in a vasoconstriction. Like
the TGF, the myogenic mechanism also shows self-sustained os-
cillations albeit with a shorter period (4–8 s) [1].
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There are many instances where it would be valuable both
to quantify the individual efficiency and to characterize the dy-
namics of the two mechanisms. Recent experiments have shown
a decreased efficiency of the myogenic component of autoregu-
lation in Dahl salt sensitive hypertensive rats [4]. The decreased
autoregulatory efficiency could contribute to the development
of hypertension through its effects on salt and water balance,
but it could also be a cause of the renal injuries seen in the hy-
pertensive animals. Renal damage secondary to hypertension is
one of the most common causes of end-stage renal failure in for
example the United States of America [5]. A simple and effi-
cient method for quantifying the efficiency of renal autoregula-
tion could be a clinical tool to identify patients at risk for hy-
pertensive kidney damage. Characterization of efficiency and
dynamics could also be of value for monitoring kidney func-
tion in renal transplant recipients. By tracking autoregulatory
efficiency or dynamics, it may be possible to detect rejection
episodes or other conditions that require intervention to pre-
vent loss of the graft. Screening transgenic animals for pos-
sible renal manifestations of the genetic trait, and monitoring for
renal effects and possible side effects of pharmaceutical drugs
are other potential applications for such a method. Preferably,
such a method should be based on noninvasive techniques.

Various modeling approaches have been applied in the study
of renal blood flow regulation. This includes techniques where
the system is perturbed by a variable input, here defined to be the
arterial pressure, like step changes [6], sinusoidal pressure vari-
ations [7], [8], the normally occurring spontaneous fluctuations
in the arterial pressure [9] or a random input signal [10]–[12].
System identification can be performed both in the frequency
and time domain. Nonlinear dynamical systems theory has also
been applied, as in [13] where black-box Volterra and neural
network approaches have been investigated. Although these ap-
proaches have yielded valuable insight into the dynamics of
renal blood flow regulation, they do not produce a limited pa-
rameter set that is useful for diagnostic, prognostic, or screening
purposes.

Other approaches have been to create white-box like models,
or physiological models, where individual parts of the nephrons
are included. Among those are [14] and [15], where a model of
the tubuloglomerular feedback is made to describe spontaneous
oscillations arising in this system. In [16], a myogenic response
is added to the model. The latter models contain considerable
physiological information (many parameters), and as such are
unsuited for parameter estimation from experimental data.

The aim of the project was therefore to find a suitable model
structure and a parameter estimation method which together
models renal blood flow dynamics. It was an explicit goal
that the model should have a limited number of parameters.

0018-9294/04$20.00 © 2004 IEEE
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Fig. 1. Estimated amplitude [A(!)] of system transfer function for a Dahl salt resistant normotensive rat.

Here, a linear system-identification method is used [17], [18].
Thus, the dynamic model is linear with the arterial pressures
as input and the renal blood flow as output. Estimation of
model parameters is done in the frequency domain using the
tool called “Senstools” [19]. The model is constrained to the
low-frequency range, where autoregulation is known to be
active [1]. The method is tested by applying it to experimental
data from normotensive (Dahl salt resistant) and genetically
hypertensive (Dahl salt sensitive) rats [4].

II. METHODS

A. Input–Output Relation Between Arterial Pressure and
Renal Blood Flow

In normal kidneys, both the tubuloglomerular feedback and
the myogenic response contributes to autoregulation. Due to
their intrinsic oscillations, both mechanisms are associated with
characteristic resonances in the frequency domain [14]. This
feature is used in creation of the dynamic model, by modeling
both mechanisms as forced harmonic oscillators with a damping
coefficient and a resonance frequency . Two such models in
series will then represent a dynamic model for the entire kidney
input–output relation.

In general mathematical terms, the relation between arterial
blood pressure and renal blood flow can be seen as a function

mapping the input, the arterial blood pressure , onto the
output, the renal blood flow

(1)

If the function is linear, then a frequency-domain representa-
tion (2) can be found relating the cross-spectral density function

and the power-spectral density [17]

(2)

Fig. 2. Sketch of a second-order system, having a resonance peak at the
frequency ! , a low-pass gain jH(0)j, and a high-pass gain jH(1)j.

Both and are easily calculated from experimental
data by a fast Fourier transform (FFT) algorithm [20].
is a complex function, thus containing an amplitude and
a phase

(3)

Fig. 1 shows a typical example of the amplitude as esti-
mated from experimental data. Characteristically, two peaks are
found within the frequency range from 0.01 to 1 Hz.

B. Model Structure

The goal is to find a structure for parametric modeling of the
input-output relation between arterial blood pressure and renal
blood flow in the frequency domain. For simplicity, it will be
constrained to the magnitude of (3). To make
parameter estimation feasible, the model should have a limited
number of parameters. Consequently, it cannot be based on the
detailed physiological properties of the system, but only repre-
sent its major dynamic features.

First, a model structure is sought that gives the magnitude plot
seen in Fig. 2, with a resonance frequency , a low-pass gain

, and a high-pass gain . The
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Fig. 3. Schematic drawing of the linear model consisting of the myogenic responseH , in series with the tubuloglomerular feedbackH .

idea is to put two such structures in series to give peaks as in
Fig. 1.

First, it is noted in Fig. 1 that the system may have a low-fre-
quency gain different from one, so a gain constant is intro-
duced into the model. Furthermore, a high-pass gain larger than
zero is present, so the number of zeros in the model must equal
the number of poles.

A well-defined resonance peak can be obtained by a model for
a forced damped oscillator which has the Laplace transformed
transfer function given in (4) as follows:

(4)

where is the natural frequency, is the damping coefficient,
and is a complex variable. The transfer function contains two
poles, so the same number of zeros has to be included in order to
obtain a curve as in Fig. 2 with a nonzero high-frequency gain.
Hence, the numerator must take the form given in

(5)

Each component of autoregulation is modeled by a structure
of the type in (6), where the index is either for the
transfer function modeling the myogenic response or TGF for
the transfer function modeling the tubuloglomerular feedback

(6)

is the Laplace transform of the renal blood flow and
the Laplace transform of the arterial blood pressure. The com-
bined action of the two components is modeled by placing them
in series. This yields the transfer function in (7), which is shown
graphically in Fig. 3

(7)

(8)

(9)

(10)

T (11)

The result of this model structure is a parameter vector (11)
containing nine parameters. This yields a model structure flex-
ible enough to capture the basic dynamics seen in Fig. 1.

C. Parameter Estimation

Generally, the parameter estimate is the parameter vector
which minimizes a performance function (12) that
measures the difference between experimental data and a corre-
sponding model prediction based on . Here, frequency-domain
estimation is used where (13) is the 2-norm based on
frequency-domain errors (14) between nonparametric
gain estimates and corresponding predicted values

given by the model

(12)

(13)

(14)

Fig. 4 illustrates this by showing and in one
plot.

The minimization can be done with several methods. Here, a
Gauss–Newton algorithm is employed. This requires the Hes-
sian matrix (15), which can be approximated from the model
gradient

(15)

(16)

The gradient can be determined analytically in some
cases, but is always available through numerical differentiation.

An accurate estimate of a parameter requires that is sen-
sitive to . Furthermore, in general, the most sensitive param-
eters will be estimated most accurately. Consequently, charac-
teristic sensitivity measures have been developed [18]. These
measures are convenient for experiment design, assessment of
parameter accuracy and choice of parameters to be identified.

D. Establishing a Discriminator

One of the goals of the present work is to establish a gen-
eral method that can be used for allocating individuals to dif-
ferent groups based on differences in dynamic renal autoregula-
tory function as expressed by differences in the estimated model
parameters. In the context of the present study, we use data from
normo- and hypertensive rats (see below) to test whether the
developed model can be used to detect a well established dif-
ference in renal autoregulatory function between two strains of
rats. If and are the density functions for the parameters

from hypertensive Dahl S and normotensive Dahl R rats, re-
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Fig. 4. The solid highly irregular curve is a nonparametric estimate of the transfer function for a Dahl R normotensive rat, calculated as the cross power spectrum
of renal blood flow and renal arterial blood pressure divided by the auto power spectrum of the renal arterial blood pressure (2–3). The dashed line is a parametric
model, based on two harmonic oscillators in series, fitted to the nonparametric one in the frequency range below 1 Hz.

spectively, the optimal rule for detecting hypertension
is given by

(17)

is the loss associated with the detection of hypertension
when normotensive is the case and is the a priori probability
for normotension. Using equal losses and a priori probabilities
gives .

With a small number of observations as, e.g. 2 10, there
is usually reason to assume normal distributions and equal co-
variances for and . These assumptions (18) are therefore
accepted, as they simplify the detection rule to one that is linear
in (21). Notice the notation meaning has the dis-
tribution with parameters and

(18)

(19)

T T

T (20)

T (21)

T T (22)

Here, and are means and is the common covariance.
All of these can be estimated. Inserting these estimates in (21)
gives the application specific constants and .

Among the initial number of parameters there could be
some parameters which do not contribute to the discrimina-
tion. This makes a reduction to parameters possible.
A test for this possibility is based on (26), where and (23)
is Mahalanobi’s distance for all parameters and the reduced set,
respectively, and are the number of samples in each pop-
ulation

T (23)
T (24)

(25)

(26)

E. Experimental Preparation and Data Collection

The data are taken from a previous study where simultaneous
recordings of arterial blood pressure and renal blood flow were
performed in ten hypertensive and ten normotensive rats form
the inbreed Dahl rat strains [4]. The experimental conditions are
briefly described below. For details, see [4].

Experiments were performed on hypertensive male Dahl salt
sensitive rats (S) weighing 220–430 g, and normotensive male
Dahl salt resistant rats (R) weighing 200–300 g. The experi-
mental protocol had been approved in advance by the institu-
tional animal care committee.

The normotensive Dahl R rats were fed a low salt diet (0.4%
NaCl) from the time of weaning at four weeks of age and for the
following seven weeks prior to the experiments. The hyperten-
sive Dahl S rats were fed a low-salt diet (0.4% NaCl) during the
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first week after weaning, then switched to a high-salt diet (8%
NaCl) for the next four weeks, and were finally put on a low-salt
diet for the last two weeks prior to experiments.

Anesthesia was induced by placing the rats in a chamber
containing 5% halothane administered in a mixture of 35%
oxygen and 65% nitrogen. Catheters were inserted into the
left jugular vein for infusions and into the right carotid artery
for continuous recording of the arterial blood pressure. A
tracheostomy was performed, and the rats were placed on a
servo-controlled operating table that maintained their body
temperature at 37 . The rats were connected to a small animal
ventilator that was adjusted to maintain arterial plasma pH
between 7.35 and 7.45 with a mixture of 35% oxygen and
65% nitrogen, tidal volume 1.9–2.1 ml, and a frequency of
55–57 breaths/min. The final halothane concentration needed
to maintain sufficient anesthesia was 1%.

The abdomen was opened through a midline incision
extended to the left flank. The distal aorta was cannulated
at the bifurcation with a polyethylene tube (PE-90), filled
with blood freshly obtained from a donor animal, which had
been on the same diet. The blood-filled tube led to a small
Plexiglas chamber where low-viscosity silicone oil made an
interface with the blood. Another polyethylene tube filled with
silicone oil connected the chamber to a stainless steel bellows.
The bellows was connected to a linear motor (Ling Dynamic
Systems, Royston, U.K.) controlled by a computer.

The left kidney was denervated by stripping away all visible
nerves, and wiping the artery with a solution of 5% phenol dis-
solved in ethanol. The ureter was cannulated to ensure free flow
of urine. 6% bovine serum albumin (BSA) (Sigma, St. Louis,
MO) in saline was infused at a rate of 20 for the dura-
tion of the surgery, and 1% BSA was continued throughout the
experiment at the same infusion rate. The left kidney was super-
fused with saline preheated to 37 .

A catheter (PE-50) was inserted into the superior mesenteric
artery. It was connected to a Statham P23-dB pressure trans-
ducer (Gould, Oxnard, CA). Renal blood flow was measured
continuously with an electromagnetic blood flowmeter (Scalar
Medical, model 1402, Delft, The Netherlands) with the probe
placed around the left renal artery.

Arterial blood pressure and renal blood flow were recorded
while broad-band fluctuations were induced in the arterial
blood pressure. The fluctuations were generated by the bellows
pump, and resulted in blood pressure fluctuations with the
spectral properties of band-limited white noise. The duration of
the forcing was 30 min.

Data acquisition has previously been described in detail [4].
Briefly, the two signals were passed through an antialiasing
filter, and sampled simultaneously (off-line), each at a frequency
of 20 Hz for 25 min.

III. RESULTS

A. Initial Parameter Values

Because the two subparts of (9) are identical, there is no
a priori information about which of the two peaks they are
meant to represent. Any difference between the MR part and
the TGF part is only to be found in the parameters. Hence,
the knowledge that the resonance frequencies should be found
within different frequency ranges is used to separate the model

TABLE I
MEANS AND STANDARD DEVIATIONS FOR IDENTIFIED PARAMETERS IN

NORMOTENSIVE DAHL R (NT) AND HYPERTENSIVE DAHL S (HT) RATS

parts in the estimation. This is done by choosing the initial
values of and to be, respectively, substantially lower
and higher than their expected values. The rest of the initial pa-
rameters are chosen so that the model starts with a “correct”
shape with two peaks, each having a height comparable to the
one found in most data sets.

The estimation are separated into two parts. First, only the
resonance frequencies, and , and the damping coef-
ficients, and , are estimated given the initial values of
the rest of the parameters. The hope is that the two resonances
each will find a peak in the data, and settle there. Second, these
estimated parameters are used as new initial parameters in an
estimation were all parameters are free to change.

B. Parameter Estimation in Dahl R Normotensive Rats

In Fig. 4, the estimated amplitude of the nonparametric
transfer function is shown as the solid irregular line. The
dashed line represents the parametric model where the pa-
rameters in (9) are estimated to fit the amplitude of
the nonparametric transfer function. The parametric model
identifies the two peaks with good fits for both the frequencies
and the amplitudes. For the system shown the frequencies
are found to be and . The
two damping coefficients were found to be and

, respectively.
Fig. 6 shows all nine estimated parameters from ten different

data sets, measured on ten Dahl R normotensive rats and repre-
sented as circles.

The standard deviation for the estimated are 0.26, being
substantially higher than for the being 0.1. This is prob-
ably because the number of points in the range is much
less than in the range. The mean values of the two param-
eters are much closer, being 0.28 and 0.3, respectively. In the
case of the resonance frequencies and , the standard
deviations are found to be 0.022 and 0.04, respectively, and the
mean values are found to be 0.039 and 0.22. For the estimated
low-frequency gain , the mean is found to be 0.08 with a
standard deviation of 0.05.

A comparison of means and standard deviations for both nor-
motensive and hypertensive animals are shown in Table I.

C. Parameter Estimation in Dahl S Hypertensive Rats

The solid irregular line in Fig. 5 is the estimated amplitude
of the nonparametric transfer function in a Dahl S hypertensive
rat. In contrast to the normotensive rats where two distinct peaks
were present, only one broad based peak is detectable in the
hypertensive rats. The estimated frequency of the MR part of
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Fig. 5. The figure is similar to Fig. 4, but data is from a Dahl S hypertensive rat.

Fig. 6. Scatter plots of estimated parameters for the ten Dahl R normotensive rats (�) and the ten Dahl S hypertensive rats (+). The x-axis is rat number.

the dynamic model has moved into the lower frequency range,
and it can be seen as a knee in the curve at .
The low-frequency part (TGF) is in the same range as found
for the normotensive rats, being at . The two
damping coefficients are found to be and

, respectively.

Fig. 6 shows the estimated parameters from ten different data
sets from the Dahl S hypertensive rats. The individual values are
represented as pluses.

The standard deviation for the estimated is 0.31, al-
most the same as found in the normotensive case. However,
there is a substantially higher variability for the -parame-
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Fig. 7. Estimated resonance frequencies related to the myogenic response. The stars are estimated for normotensive Dahl R rats and the circles for hypertensive
Dahl S rats. The resonances are in hertz.

Fig. 8. Values for all rats using the optimal discriminator with all parameters in the top plot and only ! in the bottom plot. The x-axis is rat number.

ters, the standard deviation being 0.44. The mean values of the
two damping coefficients are 0.34 and 0.58, respectively. In the
case of the resonance frequencies and , the standard
deviations are 0.03 and 0.009 respectively and the mean values
are found to be 0.03 and 0.11.

An overview of means and standard deviations for all nine
parameters both in the normotensive and the hypertensive cases
is shown in Table I.

D. Discrimination Between the Two Populations

Inspection of Fig. 6 reveals that is useful to discriminate
data from the two strains of rats. This parameter is plotted on

Fig. 7 against the corresponding values for with asterisks
for the normotensive rats and circles for the hypertensive rats.
The line separating the two rats strains are chosen by inspection
to be at 0.175 Hz.

However, the other eight parameters could also hold useful
information for the discrimination even though it is not evident
when considering one parameter at a time. To test this possi-
bility, we applied the test described in Section II-D.

The result is shown in Fig. 8. The plotted points are the values
of the optimal discriminators T for all 2 10 rats, the dashed
line is the level (21). In the top plot, all nine parameters are
used while in the bottom plot only is included. The con-
tribution from parameters other than are insignificant as
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Mahalanobi’s distance drops from 19.6 to 10.4, corresponding
to a p-value of 0.61.

IV. DISCUSSION AND CONCLUSION

The long term perspective of this project is to develop a
method for assessing possible changes in renal blood flow
regulation from noninvasive measurements of arterial blood
pressure and renal blood flow. Steady state measurements of
these variables can detect changes in autoregulatory efficiency,
but they cannot discriminate between changes due to alterations
in either the TGF mechanism or the myogenic mechanism.
The present approach takes advantage of the fact that the
two autoregulatory mechanisms operates on slightly different
timescales [1]. The hypothesis is that by combining dynamic
measurements with dynamic modeling, it will be possible to
separate the contributions of the two mechanisms to renal
autoregulation, and thus, to determine whether a possible
dysfunction is present in one or both the autoregulatory mech-
anisms.

This hypothesis has been tested with success as the method
developed in the present paper successfully separated dynamic
recordings of arterial blood pressure and renal blood flow from
normo- and hypertensive Dahl rats. It is especially promising
that the parameter that was most efficient for discriminating be-
tween the two data sets was the resonance frequency associ-
ated with the myogenic response. The data were obtained in a
previous study where it was shown, using micropuncture tech-
niques, that the hypertensive Dahl S rats had a severely reduced
efficiency of the myogenic mechanism, whereas the TGF re-
sponse was normal [4], [21]. The latter is also in excellent agree-
ment with the present results, since there was no discriminatory
information in the parameters associated with the TGF response.

It is important to stress that the results do not allow the con-
clusion that the method can be used to discriminate between
normo- and hypertensive rats from other genetically hyperten-
sive strains. Hypertension is a multifactorial disease, and there
are important pathophysiological differences between the dif-
ferent experimental models. It is, of course, a prerequisite that
the underlying disease process should involve the relevant con-
trol systems, i.e., the myogenic and/or the TGF mechanism, and
lead to changes in renal autoregulatory dynamics. In the latter
case, the present results show that by using a simple dynamic
model it is possible to extract a parameter set that discriminates
between renal function in normo- and hypertensive rats.

A method for assessing detailed information on renal function
based on simple, noninvasive measurements is highly desirable.
Using finger-cuff based methods, it is possible to obtain con-
tinuous measurements of the arterial blood pressure in humans.
Furthermore, the improvement of ultrasound Doppler systems
has now made it possible to continuously measure renal blood
flow noninvasively. One of the next goals is therefore to apply
the present method to human data.

Such a method could be useful in several clinically relevant
situations. For example, it is well known that a subgroup of hy-
pertensive patients are at high risk for developing kidney failure
as a consequence of the high blood pressure [5]. Based on ex-
perimental data, it has been suggested that one reason for this
propensity could be a reduced autoregulatory efficiency [22].
However, at present it is not possible to predict which patients

will develop renal failure due to hypertension. If it was pos-
sible, using the present method, to detect a subgroup of patients
at high risk for developing hypertensive renal damage, these
patients could be subjected to a more aggressive antihyperten-
sive therapy with the goal of preventing future renal damage.
We speculate that the method could also be of use in moni-
toring kidney function in for example renal transplant recipients.
Early detection of organ rejection is vital for securing both graft
and patient survival. It is possible that alterations in dynamic
autoregulatory efficiency could be an early sign of rejection.
Clearly, the potential clinical applications are highly specula-
tive at present, and additional experiments, including prospec-
tive trials, are needed in order to decide the clinical utility of the
method.

The model was fitted to renal blood flow data obtained using
a broadband forcing of the arterial blood pressure. We do not,
however, expect this to be a major limitation. Results from other
laboratories have shown that similar transfer functions can be
obtained in both dogs and rats using only the spontaneously
occurring fluctuations in the blood pressure [23], [24].

The parameter estimation task proved to be difficult and re-
quired the application of specially designed methods. Also, the
model was only fitted to the frequency gains, i.e. all phase infor-
mation was left unused. These subjects calls for further research
so as to optimize model identification, and possibly the discrim-
inatory efficiency.

In conclusion, we have developed a parsimonious dynamic
model that can be used for characterising the efficiency and dy-
namics of the two most important renal autoregulatory mech-
anisms. The model could be clinically useful by, for example,
allowing tracking of kidney function in individual patients, or
for identifying subgroups of patients having an increased risk
of renal disease.
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