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Qrqolqhdu Rxwsxw Ihhgedfn Frqwuro ri Xqghuzdwhu Yhklfoh

Surshoohuv xvlqj Dgydqfh Vshhg Ihhgedfn

Wkru L1 IrvvhqWdqg Prjhqv Eodqnh_

Wr Dsshdu lq wkh HHH Mrxuqdo ri Rfhdqlf Hqjlqhhulqj lq 53331

Devwudfw

Dffxudwh surshoohu vkdiw vshhg frqwuroohuv fdq eh ghvljqhg e| xvlqj qrqolqhdu frqwuro wkhru| dqg ihhg0
edfn iurp wkh dgydqfh vshhg ri zdwhu jrlqj lqwr wkh surshoohu1 Lq wklv sdshu/ dq rxwsxw ihhgedfn frqwuroohu
lv ghulyhg/ uhfrqvwuxfwlqj wkh dgydqfh vshhg iurp yhklfoh vshhg phdvxuhphqwv/ xvlqj d wkuhh0vwdwh prgho
ri surshoohu vkdiw vshhg/ iruzdug +vxujh, vshhg ri wkh yhklfoh dqg wkh dgydqfh vshhg1 O|dsxqry vwdelolw|
wkhru| lv xvhg wr suryh wkdw d qrqolqhdu revhuyhu frpelqhg zlwk dq rxwsxw ihhgedfn lqwhjudo frqwuroohu
surylgh h{srqhqwldo vwdelolw|1 Wkh rxwsxw ihhgedfn frqwuroohu frpshqvdwhv iru yduldwlrqv lq wkuxvw gxh wr
wlph0yduldwlrqv lq dgydqfh vshhg1 Wklv lv d pdmru sureohp zkhq dsso|lqj frqyhqwlrqdo yhklfoh0surshoohu
frqwuro v|vwhpv1 Wkh sursrvhg frqwuroohu lv vlpxodwhg iru dq xqghuzdwhu yhklfoh htxlsshg zlwk d vlqjoh
surshoohu1 Wkh vlpxodwlrqv ghprqvwudwh wkdw wkh dgydqfh vshhg fdq eh hvwlpdwhg zlwk jrrg dffxudf|1 Lq
dgglwlrq/ wkh rxwsxw ihhgedfn lqwhjudo frqwuroohu vkrzv vxshulru shuirupdqfh dqg urexvwqhvv frpsduhg
wr d frqyhqwlrqdo USP frqwuroohu1

Nh|zrugv= Rxwsxw ihhgedfn frqwuro/ surshoohu vkdiw vshhg frqwuro/ qrqolqhdu frqwuro/ xqghuzdwhu yhklfohv1

Qrphqfodwxuh

x Vxujh vshhg ri yhklfoh +p2v, G Surshoohu gldphwhu +p,
Yd Dgydqfh vshhg +p2v, W Surshoohu wkuxvw +Q,
q Surshoohu vkdiw vshhg +usv, T Surshoohu wrutxh +Qp,
$p Surihoohu vkdiw vshhg +udg2v, M3 Dgydqfh udwlr +0,
[x Olqhdu gdpslqj frh!flhqw lq vxujh +nj2v, NW Wkuxvw frh!flhqw +0,
[xmxm Txdgudwlf gdpslqj frh!flhqw lq vxujh +nj2p, NT Wrutxh frh!flhqw +0,
[ bx Dgghg pdvv lq vxujh +nj, � Ghqvlw| ri zdwhu +nj2p6,
w Wkuxvw ghgxfwlrq qxpehu +0, $i Qdwxudo iuhtxhqf| +udg2v,
z Zdnh iudfwlrq qxpehu +0, �4> �5 Wkuxvw frqvwdqwv +0,
pi Pdvv ri zdwhu lq surshoohu frqwuro yroxph +nj, �4> �5 Wrutxh frqvwdqwv +0,
gi Olqhdu gdpslqj frh�1 iru frqwuro yroxph +nj2v, Wqmqm Wkuxvw frh!flhqw +njp,
g3 Txdgudwlf gdpslqj frh�1 iru frqwuro yroxph +nj2p, WmqmYd Wkuxvw frh!flhqw +nj,
Nq Olqhdu prwru gdpslqj frh!flhqw +njp52v, Tqmqm Wrutxh frh!flhqw +njp5,
Nqmqm Qrqolqhdu prwru gdpslqj frh!flhqw +njp5, TmqmYt Wrutxh frh!flhqw +njp,
Mp Prphqw ri lqhuwld iru GF0prwru2surshoohu +njp5, T3 Wrutxh gxh wr vkdiw vshhg +Qp,
Yp GF prwru dupdwxuh yrowdjh +Yrow, T4 Wrutxh gxh wr dgydqfh vshhg +Qp,
lp GF0prwru dupdwxuh fxuuhqw +D, W3 Wkuxvw gxh wr vkdiw vshhg +Q,
� GF0prwru frqwuro lqsxw +fxuuhqw/ yrowdjh ru wrutxh, W4 Wkuxvw gxh wr dgydqfh vshhg +Q,
p Pdvv ri xqghuzdwhu yhklfoh +nj, Dvxujh Furvv0vhfwlrqdo duhd lq vxujh +p5,
Fg Gudj frh!flhqw +0, Dwkuxvwhu Furvv0vhfwlrqdo duhd ri wkuxvwhu +p5,

WGhsduwphqw ri Hqjlqhhulqj F|ehuqhwlfv/ Qruzhjldq Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj|/ Q0:7<4 Wurqgkhlp/ Qruzd|1
_Ghsduwphqw ri Dxwrpdwlf Frqwuro/ Ddoeruj Xqlyhuvlw|/ Iuhguln Edmhuv Yhm :F/ GN0<573 Ddoeruj/ Ghqpdun1
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4 Lqwurgxfwlrq

Xqpdqqhg xqghuzdwhu yhklfoh +XXY, vshhg dqg srvlwlrq frqwuro v|vwhpv duh vxemhfw wr dq lqfuhdvhg irfxv
zlwk uhvshfw wr shuirupdqfh dqg vdihw|1 Wklv lv gxh wr dq lqfuhdvhg qxpehu ri frpphufldoo| dqg plolwdulo|
dssolfdwlrqv ri XXYv1 Vr idu prvw irfxv kdv ehhq gluhfwhg wrzdugv wkh ghvljq ri wkh rxwhu0orrs frqwuro
v|vwhp/ wkdw lv vshhg dqg srvlwlrqlqj frqwuro v|vwhpv zkloh wkh ghvljq ri wkh surshoohu vhuyr orrsv kdyh
uhfhlyhg ohvv dwwhqwlrq1 Dq ryhuylhz ri frqwuro phwkrgv iru vshhg dqg srvlwlrqlqj frqwuro ri XXYv lv irxqg
lq Irvvhq ^;` dqg uhihuhqfhv wkhuhlq1 Wklv sdshu irfxvhv rq wkh ghvljq ri d surshoohu vkdiw vshhg frqwuroohu
zlwk ihhgedfn iurp hvwlpdwhg dgydqfh vshhg Yd= Wkh prwlydwlrq iru wkh zrun lv frpshqvdwlrq ri wkuxvwhu
orvvhv gxh wr yduldwlrqv lq wkh pdjqlwxgh ri wkh surshoohu d{ldo lqohw  rz1

Lq \rhujhu hw do1 ^5;` d rqh0vwdwh prgho iru surshoohu vkdiw vshhg q zlwk wkuxvw wrutxh W dv rxwsxw lv
sursrvhg1 Wklv prgho fdq eh zulwwhq=

5�Mp bq.Nqmqmq mqm @ � +4,

W @ W +q> Yd, +5,

zkhuh � lv wkh frqwuro lqsxw +vkdiw wrutxh,1 Iru vlpsolflw| \rhujhu hw do1 ^5;` dvvxph wkdw Yd @ 3 zkhq
frpsxwlqj W= Krzhyhu/ Yd fdq eh phdvxuhg e| xvlqj d odvhu0Grssohu yhorflphwhu +OGY, v|vwhp/ d sduwlfoh
lpdjh yhorflphwhu +SLY, v|vwhp ru dq dfrxvwlf Grssohu yhorflphwhu v|vwhp iru lqvwdqfh1 Lq wklv duwlfoh d
vwdwh revhuyhu iru uhfrqvwuxfwlrq ri Yd zloo eh ghvljqhg/ wkdw lv Yd lv wuhdwhg dv dq xqphdvxuhg vwdwh1

Khdoh| hw do1 ^43` kdyh prgl�hg wkh prghov +4,�+5, wr ghvfuleh ryhuvkrrwv lq wkuxvw zklfk duh w|slfdo
lq h{shulphqwdo gdwd1 Edvhg rq wkh uhvxowv ri Frg| ^8` dqg PfOhdq ^49`/ Khdoh| dqg fr0zrunhuv sursrvh d
wzr0vwdwh prgho =

5�Mp bq.Nqq @ � �T+q> Yd, +6,

pi
bYd . gi +Yd � x, mYd � xm @ W +q> Yd, +7,

W @ W +q> Yd, +8,

wr lqfoxgh wkh g|qdplfv ri wkh dgydqfh vshhg Yd ri wkh surshoohu dqg wkh iruzdug vshhg x ri wkh yhklfoh1
Wklv zdv grqh e| prghoolqj d frqwuro yroxph ri zdwhu durxqg wkh surshoohu dv d pdvv0gdpshu v|vwhp1
Wkh pdvv0gdpshu ri wkh frqwuro yroxph lqwhudfwv zlwk wkh yhklfoh vshhg g|qdplfv zklfk dovr uhsuhvhqwv d
pdvv0gdpshu v|vwhp1

Ruljlqdoo| Khdoh| hw do1 ^43` frqvlghuhg d yrowdjh frqwuroohg prwru1 Krzhyhu/ dv vkrzq lq Dsshqgl{ D
wkh prgho uhsuhvhqwdwlrq +6, fdq eh xvhg wr ghvfuleh=

� Prwru +dupdwxuh, yrowdjh frqwuro

� Prwru +dupdwxuh, fxuuhqw frqwuro

� Prwru wrutxh frqwuro

Wkh gl�huhqw GF0prwru frqwuro vwudwhjlhv duh rewdlqhg e| fkrrvlqj Nq dqg � dffruglqj wr Wdeoh 5 lq
Dsshqgl{ D1 H{shulphqwdo yhul�fdwlrqv ri wkh rqh0vwdwh dqg wzr0vwdwh prghov duh irxqg lq Zklwfrpe dqg
\rhujhu ^59`1

Edvhg rq wkh prgho ri Khdoh| hw do1 ^43` dqg wkh uhvxowv lq Dsshqgl{ D/ zh sursrvh d wkuhh0vwdwh surshoohu
vkdiw vshhg frqwuro prgho=

5�Mp bq.Nqq @ � �T+q> Yd, +9,

pi
bYd . g3+Yd � x, . gi +Yd � x, mYd � xm @ W +q> Yd, +:,

+p�[ bx, bx�[xx�[xmxmx mxm @ +4� w,W +q> Yd, +;,

W @ W +q> Yd, +<,

zkhuh gdpslqj lq vxujh lv prghoohg dv wkh vxp ri olqhdu odplqdu vnlq iulfwlrq/ �[xx> +Idowlqvhq dqg Vruwodqg
^:`, dqg qrqolqhdu txdgudwlf gudj/ �[xmxmx mxm > +Idowlqvhq ^9`,1 Vlploduo|/ zh kdyh lqfoxghg olqhdu gdpslqj/
g3+Yd � x,> dqg txdgudwlf gdpslqj/ gi +Yd � x, mYd � xm > lq wkh d{ldo  rz prgho1 Txdgudwlf gdpslqj dorqh
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zrxog jlyh dq xquhdolvwlf uhvsrqvh dw orz vshhgv vlqfh wkh gdpslqj dw }hur vshhg zloo eh }hur1 Wkh olqhdu
vnlq iulfwlrq jlyhv h{srqhqwldo frqyhujhqfh wr }hur dw orz vshhgv1

Lq wkh vhtxho/ wkh xqphdvxuhg vwdwh Yd zloo eh uhfrqvwuxfwhg e| xvlqj d vwdwh revhuyhu1 Wkh remhfwlyh
lv wkdw surshoohu wkuxvw W +q> Yd, dqg wrutxh T+q> Yd, fdq eh frpsxwhg iru d wlph0ydu|lqj Yd> uhvxowlqj lq
d pruh dffxudwh dqg urexvw frqwuro vfkhph wkdq frqyhqwlrqdo vkdiw vshhg frqwuroohuv zkhuh wklv h�hfw lv
qhjohfwhg1

414 Surshoohu Orvvhv

Zkhq ghvljqlqj dq XXY frqwuro v|vwhp/ frppdqghg irufhv dqg prphqwv pxvw eh uhdol}hg e| d surshoohu
frqwuro v|vwhp xvlqj d pdsslqj iurp wkuxvw ghpdqg wr surshoohu uhyroxwlrq1 Wklv lv d qrq0wulyldo wdvn vlqfh
d surshoohu lq zdwhu vx�huv vhyhudo skhqrphqd wkdw fdxvh wkuxvw orvvhv1 Wkh sulpdulhv duh=

D{ldo Zdwhu Lq rz= Surshoohu orvvhv fdxvhg e| d{ldo zdwhu lq rz/ wkdw lv wkh vshhg ri wkh zdwhu jrlqj
lqwr wkh surshoohu1 Wklv lv xvxdoo| uhihuuhg wr dv dgydqfh vshhg1 Wkh dgydqfh vshhg zloo lq jhqhudo
gl�hu iurp wkh vshhg ri wkh yhklfoh1 Wkh g|qdplfv ri wkh surshoohu d{ldo  rz lv xvxdoo| qhjohfwhg zkhq
ghvljqlqj wkh surshoohu vkdiw vshhg frqwuroohu1 Wklv ohdgv wr wkuxvw ghjudgdwlrq vlqfh wkh frpsxwhg
wkuxvwhu irufh lv d ixqfwlrq ri erwk wkh surshoohu vkdiw vshhg dqg d{ldo  rz1 Wkh pdjqlwxgh ri wkh
d{ldo  rz zloo vwurqjo| lq xhqfh wkh wkuxvw dw kljk vshhg vr lw lv fuxfldo iru wkh surshoohu shuirupdqfh1

Rwkhu h�hfwv wkdw zloo uhgxfh wkh surshoohu wkuxvw zhuh ghvfulehg lq Vûuhqvhq hw do1 ^56` dqg uhihuhqfhv
wkhuhlq1 Vrph ri wkhvh h�hfwv duh=

Furvv0Frxsolqj Gudj= Zdwhu lq rz shushqglfxodu wr wkh surshoohu d{lv fdxvhg e| fxuuhqw/ yhvvho vshhg
ru mhwv iurp rwkhu wkuxvwhuv1 Wklv zloo lqwurgxfh d irufh lq wkh gluhfwlrq ri wkh lq rz gxh wr gh hfwlrq
ri wkh surshoohu udfh1

Dlu Vxfwlrq= Iru khdylo| ordghg surshoohuv yhqwlodwlrq +dlu vxfwlrq, fdxvhg e| ghfuhdvlqj suhvvxuh rq wkh
surshoohu eodghv pd| rffxu/ hvshfldoo| zkhq wkh vxephujhqfh ri wkh surshoohu ehfrphv vpdoo gxh wr
wkh yhvvho*v zdyh iuhtxhqf| prwlrq1

Lq0dqg0rxw0ri Zdwhu H�hfwv= Iru h{wuhph frqglwlrqv zlwk odujh yhvvho prwlrqv wkh lq0dqg0rxw0ri zdwhu
h�hfwv zloo uhvxow lq d vxgghq gurs ri wkuxvw dqg wrutxh iroorzlqj d k|vwhuhvlv sdwwhuq1

Wkuxvwhu Kxoo Lqwhudfwlrq= Wkuxvw uhgxfwlrq dqg fkdqjh ri wkuxvw gluhfwlrq pd| rffxu gxh wr wkuxvwhu0
kxoo lqwhudfwlrq fdxvhg e| iulfwlrqdo orvvhv dqg suhvvxuh h�hfwv zkhq wkh wkuxvwhu udfh vzhhsv dorqj wkh
kxoo1 Wkh odwwhu lv wkh Frdqgd h�hfw +Idowlqvhq ^9`/ ss1 5:3�5:5,1

Wkuxvwhu0Wkuxvwhu Lqwhudfwlrq= Wkuxvwhu0wkuxvwhu lqwhudfwlrq fdxvhg e| lq xhqfh iurp wkh surshoohu
udfh iurp rqh wkuxvwhu rq qhljkerulqj wkuxvwhuv pd| ohdg wr vljql�fdqw wkuxvw uhgxfwlrq1

415 Frqwulexwlrqv

Wkh pdlq frqwulexwlrqv ri wkh sdshu duh d joredoo| h{srqhqwldoo| vwdeoh +JHV, qrqolqhdu revhuyhu iru hv0
wlpdwlrq ri dgydqfh vshhg xvlqj yhvvho vshhg dqg surshoohu uhyroxwlrq phdvxuhphqwv +Wkhruhp 4, dqg d
qrqolqhdu rxwsxw ihhgedfn surshoohu vkdiw vshhg frqwuroohu xvlqj ihhgedfn iurp wkh hvwlpdwh ri wkh dgydqfh
vshhg +Wkhruhp 5,1 Wkh qrqolqhdu vkdiw vshhg frqwuroohu frpshqvdwhv iru wkuxvw orvvhv gxh wr wlph yduldwlrqv
lq dgydqfh vshhg dqg lw lv vkrzq wr surylgh vxshulru wkuxvw txdolw| frpsduhg wr frqyhqwlrqdo ghvljqv1 Wkh
ryhudoo v|vwhp lv suryhq wr eh JHV e| dsso|lqj O|dsxqry vwdelolw| wkhru|1 Wkh sursrvhg rxwsxw ihhgedfn
frqwuroohu lv d vwhs wrzdugv wkh ghvljq ri pruh vrsklvwlfdwhg rxwsxw ihhgedfn vkdiw vshhg surshoohu frqwuroohuv
plqlpl}lqj vrph ri wkh surshoohu orvvhv olvwhg lq wkh suhylrxv vhfwlrq1

416 Rxwolqh

Wkh sdshu lv rxwolqhg dv iroorzv= Vhfwlrq 5 eulh | uhylhzv wkh wkhru| ri surshoohu wkuxvw dqg wrutxh prghoolqj1
Vhfwlrq 6 ghvfulehv wkh prghoolqj ri wkh xqghuzdwhu yhklfoh g|qdplfv dqg wkh d{ldo  rz g|qdplfv ri wkh
surshoohu1 Lq Vhfwlrq 7 d qrqolqhdu revhuyhu iru dgydqfh vshhg lv sursrvhg zkloh Vhfwlrq 8 frqwdlqv d
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qrqolqhdu rxwsxw ihhgedfn frqwuroohu iru surshoohu vkdiw vshhg xvlqj wkh revhuyhu1 Vhfwlrq 9 h{whqgv wkh
uhvxowv ri Vhfwlrq 8 wr lqwhjudo frqwuro1 Vhfwlrq : frqwdlqv d fdvh vwxg| zlwk d XXY gulyhq e| d vlqjoh
surshoohu dqg Vhfwlrq ; frqwdlqv frqfoxglqj uhpdunv1

Iljxuh 4= Vfkhpdwlf gudzlqj ri d surshoohu1

5 Surshoohu Wkuxvw dqg Wrutxh Prghoolqj

Iru d �{hg slwfk surshoohu wkh vkdiw wrutxh T dqg irufh +wkuxvw, W ghshqg rq wkh iruzdug vshhg x ri wkh
yhvvho/ wkh dgydqfh vshhg Y

d
+vshhg ri wkh zdwhu jrlqj lqwr wkh surshoohu, dqg wkh surshoohu udwh q> vhh Iljxuh

41 Lq dgglwlrq/ rwkhu g|qdplf h�hfwv gxh wr xqvwhdg|  rzv zloo lq xhqfh wkh surshoohu wkuxvw dqg wrutxh1
Dffruglqj wr Qhzpdq ^53`/ Euhvolq dqg Dqghuvhq ^6` dqg Fduowrq ^7` wkh iroorzlqj xqvwhdg|  rz h�hfwv duh
vljql�fdqw=

� dlu vxfwlrq

� fdylwdwlrq

� lq0dqg0rxw0ri0zdwhu h�hfwv +Zdjqhu*v h�hfw,

� zdyh lq xhqfhg erxqgdu| od|hu h�hfw

� Nxhvvqhu h�hfw +jxvw,

Lq wklv sdshu zh duh frqvlghulqj d ghhso| vxephujhg yhvvho lpso|lqj wkdw wkh �uvw irxu h�hfwv deryh fdq
eh qhjohfwhg1 Wkh Nxhvvqhu h�hfw/ zklfk lv fdxvhg e| d surshoohu lq jxvw/ zloo dsshdu dv d udslg rvfloodwlqj
wkuxvw frpsrqhqw1 Wkhvh  xfwxdwlrqv duh xvxdoo| vpdoo frpsduhg wr wkh wrwdo wkuxvw lq d g|qdplfdo vlwxdwlrq1
Lq wklv sdshu/ zh zloo khqfh dvvxph wkdw wklv h�hfw fdq eh qhjohfwhg dv zhoo1 Zh fdq wkxv dssur{lpdwh wkh
wkuxvw dqg wrutxh prghov zlwk d txdvl0vwhdg| uhsuhvhqwdwlrq1 Dv d uhvxow/ zh olplw rxu glvfxvvlrq wr txdvl0
vwhdg| wkuxvw dqg wrutxh prghoolqj zkloh d g|qdplf prgho iru vkdiw vshhg q/ dgydqfh vshhg Yd> dqg vxujh
yhorflw| x zloo eh suhvhqwhg

Xqvwhdg| prghoolqj lv/ krzhyhu/ dq lpsruwdqw wrslf iru ixwxuh uhvhdufk vlqfh xqvwhdg|  rz h�hfwv duh
vljql�fdqw lq pdq| sudfwlfdo vlwxdwlrqv lq sduwlfxodu iru vxuidfh yhvvhov1 D pruh ghwdlohg glvfxvvlrq rq wkh
dffxudf| ri xqvwhdg| dqg txdvl0vwhdg| prghoolqj lv irxqg lq Euhvolq dqg Dqghuvhq ^6`/ ss1 6:7�6;91

514 Txdvl0Vwhdg| Wkuxvw dqg Wrutxh

Txdvl0vwhdg| prghoolqj ri wkuxvw dqg wrutxh duh xvxdoo| grqh lq whupv ri oliw dqg gudj fxuyhv zklfk duh
wudqviruphg wr wkuxvw dqg wrutxh e| xvlqj wkh dqjoh ri lqflghqfh1 Wklv dssurdfk kdv ehhq xvhg e| \rhujhu
hw do1 ^5;`/ Khdoh| hw do1 ^43` dqg Zklwfrpe dqg \rhujhu ^59` iru lqvwdqfh1
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Wkh oliw dqg gudj duh xvxdoo| uhsuhvhqwhg dv qrq0glphqvlrqdo wkuxvw dqg wrutxh frh!flhqwv frpsxwhg
iurp vhoi0sursxovlrq whvwv/ vhh Irvvhq ^;` ru Ohzlv ^46`1 Wkh qrq0glphqvlrqdo wkuxvw dqg wrutxh frh!flhqwv
NW dqg NT duh frpsxwhg e| phdvxulqj W>T dqg q= Pruhryhu=

NW +M3, @
W

�G7q mqm
> NT+M3, @

T

�G8q mqm
+43,

Khuh G lv wkh surshoohu gldphwhu/ � lv wkh zdwhu ghqvlw| dqg=

M3 @
Yd

qG
+44,

lv wkh dgydqfh udwlr1 Wkh qxphulfdo h{suhvvlrqv iru NW dqg NT duh irxqg e| rshq zdwhu whvwv/ xvxdoo|
shuiruphg lq d fdylwdwlrq wxqqho ru d wrzlqj wdqn1 Wkhvh whvwv qhjohfw wkh xqvwhdg|  rz h�hfwv vlqfh
vwhdg|0vwdwh ydoxhv ri W>T dqg q duh xvhg1

Wkh qrq0glphqvlrqdo wkuxvw dqg wrutxh frh!flhqwv fdq dovr eh ghvfulehg e| wkh iroorzlqj sdudphwhuv
+Rrvwhuyhog dqg ydq Rrvvdqhq ^55`,=

NW @ i4

�
M3>

S

G
>
DH

Dr
> ]

�
+45,

NT @ i5

�
M3>

S

G
>
DH

Dr

> ]>Uq>
w

f

�
+46,

zkhuh S@G lv wkh slwfk udwlr/ DH@D3 lv wkh h{sdqghg0duhd udwlr/ ] lv wkh qxpehu ri eodghv/ Uq lv wkh
Uh|qrogv qxpehu/ w lv wkh pd{lpxp wklfnqhvv ri wkh eodgh vhfwlrq/ dqg f lv wkh fkrug ohqjwk ri wkh eodgh
vhfwlrq1

Iurp +43, wkh wkuxvw W dqg wrutxh T fdq eh zulwwhq

W @ �G7NW +M3,q mqm +47,

T @ �G8NT+M3,q mqm +48,

Wkh rshq zdwhu surshoohu h!flhqf| lq xqglvwxuehg zdwhu lv jlyhq dv wkh udwlr ri wkh zrun grqh e| wkh
surshoohu lq surgxflqj d wkuxvw irufh glylghg e| wkh zrun uhtxluhg wr ryhufrph wkh vkdiw wrutxh dffruglqj
wr=

�r @
YdW

5�qT
@

M3
5�

�
NW

NT

+49,

NW / NT/ dqg �r fxuyhv iru gl�huhqw slwfk udwlrv iru d Zdjhqlqjhq E0vfuhz vhulhv edvhg rq Wdeoh 8 lq
Rrvwhuyhog dqg ydq Rrvvdqhq ^55`/ zlwk Uq @ 5 � 439/ ] @ 7/ G @ 6=4 p/ dqg DH@Dr @ 3=85 duh vkrzq lq
Iljxuh 51

Iru vlpsolflw| zh zloo frqvlghu dq xqghuzdwhu yhklfoh zkhuh NW dqg NT vkrz d olqhdu ehkdylru lq M3=
Khqfh/ zh vxjjhvw wr dssur{lpdwh=

NW @ �4M3 . �5 +4:,

NT @ �4M3 . �5 +4;,

zkhuh �l dqg �l +l @ 4> 5, duh irxu qrq0glphqvlrqdo frqvwdqwv1 Lw vkrxog eh qrwhg wkdw qrqolqhdu ixqfwlrqv
iru NW dqg NT fdq dovr eh xvhg1 Wklv lv htxlydohqw wr wkh olqw wkhru| uhvxow/ vhh Eodqnh ^4`1 Irupxodv
+4:,�+4;, lpso| wkdw wkh pdwkhpdwlfdo h{suhvvlrqv iru T dqg W fdq eh zulwwhq dv +Irvvhq ^;`/ ss1 <7�<:,=

W @ Wqmqmq mqm � WmqmYd mqmYd +4<,

T @ Tqmqmq mqm �TmqmYd mqmYd +53,

zkhuh

Tqmqm @ �G8�5 Wqmqm @ �G7�5

TmqmYd @ �G7�4 WmqmYd @ �G6�4

+54,

duh srvlwlyh surshoohu frh!flhqwv jlyhq e| wkh surshoohu fkdudfwhulvwlfv1 Qrwlfh wkdw W dqg T duh gh�qhg iru
doo q hyhq wkrxjk M3 lv xqgh�qhg iru q @ 3= Wklv lv lpsruwdqw vlqfh wkh revhuyhu0frqwuroohu zloo eh edvhg rq
wkh h{suhvvlrqv iru W dqg T1
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Iljxuh 5= Rshq zdwhu NW +vrolg,/ 43 � NT +gdvk, dqg �r +gdvk0grw, dv d ixqfwlrq ri dgydqfh udwlr M3 iru
S@G @ 3=:/ 3=;< dqg 4=41 Uhfrqvwuxfwhg iurp gdwd lq ^55`1

6 Xqghuzdwhu Yhklfoh dqg Surshoohu D{ldo Iorz G|qdplfv

Zlwkrxw orvv ri jhqhudolw|/ zh zloo frqvlghu dq XXY prylqj lq vxujh +{0gluhfwlrq, htxlsshg zlwk rqh vlqjoh
surshoohu diw ri wkh kxoo +Iljxuh 4,1 Zh dovr dvvxph wkdw wkh surshoohu lv gulyhq e| d GF0prwru/ vhh Dsshqgl{
D1

Ohw x +srvlwlyh iruzdugv, ghqrwh wkh iruzdug vshhg ri wkh xqghuzdwhu yhklfoh1 Wkh vxujh g|qdplfv lv
dvvxphg frxsohg wr wkh dgydqfh vshhg ri wkh surshoohu Yd +srvlwlyh edfnzdugv, dffruglqj wr=

+p�[ bx, bx�[xx�[xmxmx mxm @ +4� w,W +55,

pi
bYd . g3+Yd � x, . gi +Yd � x, mYd � xm @ W +56,

zkhuh pi A 3> g3 A 3 dqg gi A 3= Wkh yhvvho g|qdplfv lq vxujh +55, lv prghoohg dffruglqj wr Irvvhq ^;`
zkhuh p�[ bx A 3 lv wkh pdvv ri wkh yhvvho lqfoxglqj k|gurg|qdplf dgghg pdvv/ �[xx�[xmxmx mxm � 3 lv
gdpslqj gxh wr olqhdu vnlq iulfwlrq +Idowlqvhq dqg Vruwodqg ^:`, dqg txdgudwlf gudj +Ohzlv ^46`,/ dqg w A 3
lv wkh wkuxvw ghgxfwlrq qxpehu +w|slfdoo| 3=38� 3=5, gxh wr surshoohu0kxoo lqwhudfwlrqv1

Wkh g|qdplfv ri wkh zdwhu +56, gxh wr d frqwuro yroxph vxuurxqglqj wkh lqohw  rz ri wkh surshoohu lv
edvhg rq wkh zrun ri Khdoh| hw do1 ^43`/ Frg| ^8` dqg PfOhdq ^49`1 Wkh rqo| gl�huhqfh lv wkdw olqhdu
gdpslqj/ g3+Yd � x,> lv dgghg lq dgglwlrq wr wkh txdgudwlf whup gi +Yd � x, mYd � xm lq rughu wr surgxfh
pruh sk|vlfdo uhvxowv dw orz vshhg/ wkdw lv wkhq Yd � x lv vpdoo1 Khqfh/ h{srqhqwldo frqyhujhqfh ri Yd wr x

lv jxdudqwhhg iru W @ 3= Qrwlfh wkdw +56, uhsuhvhqwv d qrqolqhdu �k|gurg|qdplf� pdvv0gdpshu1

Iru d yhvvho prylqj dw srvlwlyh fuxlvh0vshhg lq vwhdg|  rz/ x @frqvwdqw dqg Yd @frqvwdqw1 Wkh uhodwlrq0
vkls ehwzhhq wkh vwhdg|0vwdwh vshhgv lv gh�qhg dv +Ohzlv ^46`,=

mYdm @ +4� z, mxm +57,

zkhuh z A 3 +w|slfdoo| 3=4� 3=7, lv ghqrwhg dv wkh zdnh iudfwlrq qxpehu/ vhh dovr Vûuhqvhq hw do1 ^56`1 Wkh
vwdwlf uhodwlrqvkls +57, lv qrw d jrrg dssur{lpdwlrq iru d g|qdplfdoo| srvlwlrqhg +GS, yhklfoh rshudwlqj lq
wkh zdyh d�hfwhg }rqh1 Vwdwlrq0nhhslqj lpsolhv wkdw wkh surshoohu vshhg zloo rvfloodwh derxw d vorzo|0ydu|lqj
phdq ghshqglqj rq wkh zdyh/ fxuuhqw dqg zlqg ordgv1 Wklv pljkw ohdg wr olplw f|fohv li wkh surshoohu
frqwuro v|vwhp grhv qrw frpshqvdwh iru wkh g|qdplf h�hfw gxh wr wkh �k|gurg|qdplf� pdvv0gdpshu +56,1
Frqyhqwlrqdo surshoohu frqwuro v|vwhpv gr qrw lqfoxgh wkh h�hfw ri wkh dgydqfh vshhg Yd vlqfh wklv uhtxluhv
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wkdw wkh surshoohu xqlw pxvw eh htxlsshg zlwk dq dgglwlrqdo vhqvru zklfk fdq eh txlwh h{shqvlyh1 Lq wklv
sdshu/ zh zloo dgguhvv wkh sureohp ri qrqolqhdu vwdwh hvwlpdwlrq lq rughu wr uhfrqvwuxfw wkh vwdwh Yd iurp
vshhg phdvxuhphqwv x=

Ghwhuplqdwlrq ri wkh D{ldo Iorz Sdudphwhuv pi dqg gi

Wkh d{ldo  rz gdpslqj frh!flhqwv fdq eh uhodwhg wr wkh zdnh iudfwlrq qxpehu z lq vwhdg|0vwdwh e| frqvlg0
hulqj wkh vwhdg|0vwdwh vroxwlrqv ri +55, dqg +56,/ wkdw lv=

�[xx�[xmxmx mxm @ +4� w, ^g3+Yd � x, . gi +Yd � x, mYd � xm` +58,

Vxevwlwxwlqj +57,/ |lhogv=

+�[x � +4� w,g3z,x.
�
�[xmxm � +4� w,giz

5
�
x mxm @ 3 +59,

Vroylqj wklv h{suhvvlrq iru g3 dqg gi xqghu wkh dvvxpswlrq wkdw x 9@ 3> |lhogv wkh iroorzlqj irupxodv=

g3 @
�[x

+4� w,z
A 3> gi @

�[xmxm

+4� w,z5
A 3 +5:,

vlqfh w A 3 dqg z A 3= Wkh pdvvpi ri wkh frqwuro yroxph fdq eh wuhdwhg dv d ghvljq sdudphwhu1 D jxlgholqh
frxog eh wr fkrrvh pi dffruglqj wr Khdoh| hw do1 ^43`=

pi @ �Dwkuxvwhuo� A 3 +5;,

zkhuh � lv wkh ghqvlw| ri zdwhu/ Dwkuxvwhu lv wkh furvv0vhfwlrqdo duhd ri wkh wkuxvwhu/ o lv wkh ohqjwk ri wkh gxfw
dqg � � 4=3 lv dq hpslulfdoo| ghwhuplqhg dgghg pdvv frh!flhqw1 Iru frqyhqwlrqdo yhklfohv=

3 ? pi ? p +5<,

Ghwhuplqdwlrq ri wkh K|gurg|qdplf Frh!flhqwv [ bx>[x dqg [xmxm

Wkh XXY prgho sdudphwhuv fdq eh irxqg e| xvlqj v|vwhp lghqwl�fdwlrq +VL, phwkrgv/ vhh ]krx dqg Eodqnh
^5<` iru lqvwdqfh/ k|gurg|qdplf frpsxwdwlrq surjudpv/ vhpl0hpslulfdo phwkrgv ru hqjlqhhulqj mxgjhphqw1
Iru d vohqghu erg| d �uvw jxhvv frxog eh +Irvvhq ^;`,=

�[ bx @ +3=38� 3=43, �p +63,

Wkh gdpslqj frh!flhqwv fdq eh irxqg e| dv=

�[x @
p�[ bx

Wvxujh
> �[xmxm @

4

5
�FgDvxujh +64,

zkhuh Wvxujh A 3 lv d ghvljq sdudphwhu +wlph frqvwdqw lq vxujh,/ Fg lv wkh gudj frh!flhqw dqg Dvxujh lv
wkh furvv0vhfwlrqdo duhd lq vxujh dv gh�qhg e| Pruulvrq*v htxdwlrq/ vhh Ohzlv ^46`1 Dowhuqdwlyho|/ �[x dqg
�[xmxm fdq eh irxqg e| shuiruplqj d iuhh ghfd| whvw +Idowlqvhq ^9`,1

614 Uhvxowlqj Prgho iru Yhklfoh Vshhg dqg Surshoohu D{ldo Iorz G|qdplfv

Htxdwlrqv +55,�+56, dqg +4<, fdq eh frpelqhg wr jlyh=

�
p�[ bx 3

3 pi

� �
bx
bYd

�
.

�
�[x �[xmxm mxm 3
�g3 � gi mYd � xm g3 . gi mYd � xm

� �
x

Yd

�

. mqm

�
3 +4� w,WmqmYd

3 WmqmYd

� �
x

Yd

�
@

�
+4� w,Wqmqmq mqm

Wqmqmq mqm

�

+65,

:



Wkh phdvxuhphqw htxdwlrq lv=

| @
�
4 3

� � x

Yd

�
+66,

Wklv fdq eh zulwwhq lq vwdwh0vsdfh irup dffruglqj wr=

K b{.G3{.G4+{>|,{. mqm H{ @ i+q, +67,

| @ k
W
{ +68,

zkhuh { @ ^x> Yd`
W > | @ x dqg

K @

�
p�[ bx 3

3 pi

�
+69,

G3 @

�
�[x 3
�g3 g3

�
+6:,

G4+{>|, @

�
�[xmxm mxm 3
�gi mYd � |m gi mYd � |m

�
+6;,

H @

�
3 +4� w,WmqmYd

3 WmqmYd

�
+6<,

i +q, @

�
+4� w,Wqmqmq mqm

Wqmqmq mqm

�
+73,

k
W @

�
4 3

�
+74,

7 Qrqolqhdu Revhuyhu iru Surshoohu D{ldo Iorz

D qrqolqhdu revhuyhu iru vkdiw vshhg hvwlpdwlrq dqg idxow ghwhfwlrq kdv ehhq sursrvhg e| Eodqnh/ L}dgl0
]dpdqdedgl dqg Orrwvpd ^5` xqghu wkh dvvxpswlrq wkdw wkh h�hfw ri wkh surshoohu d{ldo lqohw  rz Yd fdq
eh qhjohfwhg1 Wkh| kdyh suryhq vhpl0joredo dv|pswrwlf dqg +orfdo, h{srqhqwldo vwdelolw| iru wkh fdvh zlwk
txdgudwlf gdpslqj1

Qrqolqhdu revhuyhuv iru xqghuzdwhu yhklfohv fdq dovr eh ghvljqhg e| xvlqj frqwudfwlrq dqdo|vlv dv ghvfulehg
e| Orkploohu ^4:`/ ss1 6;�75/ Orkploohu dqg Vorwlqh ^4;`/ ^4<`1 Wklv lv edvhg rq wkh phwkrg ri Ohzlv ^47`
zkhuh lw lv vkrzq wkdw wkh Ulhpdqq phwulf fdq eh xvhg dv d wrro iru frqwudfwlrq dqdo|vlv ri qrq0dxwrqrprxv
qrqolqhdu v|vwhpv1 Ixuwkhupruh/ frpelqdwlrq surshuwlhv ri frqwudfwlqj v|vwhpv fdq eh h{sorlwhg wr ghvljq
joredoo| frqyhujhqw revhuyhu0frqwuroohuv iru vkdiw vshhg rxwsxw ihhgedfn frqwuro zklfk lv dwwudfwlyh gxh wr
ghvljq vlpsolflw| dqg jrrg frqyhujhqfh surshuwlhv1

Wkh irfxv ri wklv sdshu lv O|dsxqry0edvhg rxwsxw ihhgedfn frqwuro dqg joredo h{srqhqwldo vwdelolw|
surshuwlhv zklfk duh lpsruwdqw iurp d urexvw shuirupdqfh srlqw ri ylhz1 Wklv jlyhv d gl�huhqw revhuyhu
vwuxfwxuh wkdq wkh rqh rewdlqhg iurp frqwudfwlrq dqdo|vlv1 Iru d pruh ghwdlohg glvfxvvlrq rq qrqolqhdu
revhuyhu0frqwuroohu ghvljq vhh Qlmphlmhu dqg Irvvhq ^54` dqg uhihuhqfhv wkhuhlq1

714 Revhuyhu Htxdwlrqv

Lq wklv vhfwlrq/ zh zloo ghulyh d qrqolqhdu vwdwh revhuyhu iru wkh xqphdvxuhg vwdwh Yd dqg xvh wklv uhvxow dv
d edvlv iru wkh qrqolqhdu frqwuroohu1 Wkh pdlq prwlydwlrq iru wklv lv wkdw wkh frqwuro odz vkrxog h{sorlw Y

d

lq wkh ghvljq lq rughu wr uhgxfh surshoohu orvvhv1 Wklv lv grqh e| fkrrvlqj wkh iroorzlqj revhuyhu vwuxfwxuh
frs|lqj wkh g|qdplfv +67,�+68,=

K ba{.G3a{.G4+a{>|,a{. mqm Ha{ @ i+q, . n+q,�| +75,

a| @ k
W
a{ +76,

;



zkhuh �| @ | � a| dqg dq lqwhooljhqw jxhvv iru wkh revhuyhu jdlq yhfwru lv=

n+q, @

�
N43

N53

�
. mqm

�
N44

N54

�
+77,

Wkh huuru g|qdplfv fruuhvsrqglqj wr �{ @ {� a{ ehfrphv=

K b�{ @ �
�
G3 . mqm H . n+q,k

W
�
�{� �+{> a{>|, +78,

zkhuh wkh qrqolqhdu hvwlpdwlrq huuru whup �+{> a{>|, lv=

�+{> a{>|,@G4+{>|,{�G4+a{>|,a{ @

%
+�[xmxm, mxmx� +�[xmxm, maxm ax

gi mYd � |m +Yd � |,� gi

���aYd � |

��� + aYd � |,

&
+79,

Gh�qlqj=

I@

�
�[x .N43 3
�g3 .N53 g3

�
> J@

�
N44 +4� w,WmqmYd

N54 WmqmYd

�
+7:,

lpsolhv wkdw +78, fdq eh zulwwhq=

K b�{ @ �I�{� mqm J�{� �+{> a{>|, +7;,

Zh zloo qrz vkrz krz wkh hohphqwv lq wkh revhuyhu jdlq yhfwru n+q, fdq eh fkrvhq vxfk wkdw wkh htxloleulxp
srlqw �{ @ 3 lv JHV1

715 O|dsxqry Dqdo|vlv

Frqvlghu wkh O|dsxqry ixqfwlrq fdqglgdwh=

Yrev+�{>w, @ �{
WK�{ +7<,

bYrev+�{>w, @ ��{W
�
I.IW

�
�{�mqm �{W

�
J.JW

�
�{� 5�{W�+{> a{>|, +83,

zkhuh wkh ghvljq jrdo lv wr fkrrvh N43>N53>N44 dqg N54 vxfk wkdw bYrev ? 3 iru doo �{ 9@ 3=

Iru d qrqghfuhdvlqj ixqfwlrq i+{, lw fdq eh vkrzq wkdw=

+{� a{, +i+{,� i+a{,, � 3 +84,

Iurp +84, lw lv vhhq wkdw wkh qrqolqhdu frxsolqj whup �{
W� lq bYrev vdwlv�hv=

�{
W
�+{> a{>|, @ +x� ax, �4 . +Yd � aYd,�5

@ +x� ax, +�[xmxm, +mxmx� maxm ax,

.
�
+Yd � |,� + aYd � |,

�
gi

�
mYd � |m +Yd � |,�

��� aYd � |

��� + aYd � |,
�

� 3 +85,

vlqfh �[xmxm A 3 dqg gi A 3= Wklv lv gxh wr wkh idfw wkdw glvvlsdwlyh gdpslqj whupv olnh txdgudwlf gudj/
x mxm > dqg dovr kljkhu rughu whupv lq x mxmq +q @ 4> 5> 6===, duh doo qrqghfuhdvlqj1 Wkhuhiruh=

bYrev+�{>w, � ��{W
�
I.IW

�
�{� mqm �{W

�
J.JW

�
�{ +86,

Qh{w zh qrwlfh wkdw wkh odvw whup lq +86, lv }hur li q @ 3= Iru qrq0}hur ydoxhv ri q zh wkhuhiruh uhtxluh
wkdw=

J.JW @

�
5N44 +4� w,WmqmYd .N54

+4� w,WmqmYd .N54 5WmqmYd

�
A 3 +87,

<



zklfk lv hdv| wr vdwlvi| vlqfh N44 dqg N54 fdq eh fkrvhq vxfk wkdw=

N44 A 3 +88,

7N44WmqmYd A
�
+4� w,WmqmYd .N54

�5
+89,

Khqfh/

bYrev+�{>w, � ��{
W
�
I.IW

�
�{ +8:,

Zh zloo qrz vkrz wkdw wkh uhpdlqlqj wzr jdlqv N43 dqg N53 fdq eh fkrvhq vxfk wkdw=

bYrev+�{>w, � ��{W
�
I.IW

�
�{

� �t4�x
5 � t5 �Y

5

d

? 3>;�x 9@ 3> Yd 9@ 3 +8;,

zkhuh t4 A 3 dqg t5 A 3= Lq rughu wr suryh wklv zh zloo pdnh xvh ri wkh iroorzlqj ohppd=

Ohppd 4 +Qhjdwlyh Txdgudwlf Irup, Wkh txdgudwlf irup=

bY @ �{WS{ +8<,

zlwk S @ islmj lv erxqghg e|

bY � �t4{54 � t5{
5

5
+93,

zkhuh

t4 @ s44 � � A 3 +94,

t5 @ s55 � +s45 . s54,
5

7�
A 3> � A 3 +95,

li=

s44 A � A 3 +96,

s55 A
+s45 . s54,

5

7�
A 3 +97,

Surri1 H{sdqglqj bY > |lhogv=

bY @ �s44{54 � +s45 . s54,{4{5 � s55{
5

5

@ �+s44 � �,{54 �
�s

�{4 .
+s45 . s54,

5
s
�

{5

�5

�
�
s55 � +s45 . s54,

5

7�

�
{5
5

� � +s44 � �,� ~} �
t4

{5
4
�
�
s55 � +s45 . s54,

5

7�

�
� ~} �

t5

{5
5

+98,

Iurp wklv lw lv vhhq wkdw +96,�+97, lpsolhv wkdw t4 A 3 dqg t5 A 3 dqg wkhuhiruh wkdw bY ? 3 iru doo {4 9@ 3

dqg {5 9@ 3=

Wkhruhp 4 +JHV Qrqolqhdu Revhuyhu Huuru G|qdplfv, Wkh htxloleulxp srlqw �{ @ 3 ri wkh revhuyhu
huuru g|qdplfv +7;, lv JHV li N44 dqg N54 duh fkrvhq vxfk wkdw J.JW A 3> wkdw lv=

N44 A 3 +99,

7N44WmqmYd A
�
+4� w,WmqmYd .N54

�5
+9:,

zkloh N43 dqg N53 pxvw vdwlvi|=

5g3� A +�g3 .N53,
5 +9;,

N43 �[x A
4

5
� +9<,

zkhuh � A 3=

43



Surri1 Ohw

S @I.IW @

�
5+�[x .N43, �g3 .N53

�g3 .N53 5g3

�
+:3,

lq Ohppd 41 Khqfh/

s44 @ 5+�[x .N43, A � A 3 +:4,

s55 @ 5g3 A
+5+�g3 .N53,,

5

7�
A 3 +:5,

gluhfwo| lpsolhv +9;,�+9<,1 Lw wkhq iroorzv wkdw bY � �t4{
5
4
� t5{

5
5
zlwk t4 A 3 dqg t5 A 3= Khqfh/ lw iroorzv

iurp O|dsxqry vwdelolw| wkhru| wkdw wkh htxloleulxp srlqw �{ @ 3 lv JHV li � A 31

Lw vkrxog eh qrwhg wkdw zh kdyh qrw frqvlghuhg eldv vwdwh hvwlpdwlrq zkhq ghvljqlqj wkh revhuyhu1 Lq d
sudfwlfdo lpsohphqwdwlrq lw pljkw eh qhfhvvdu| wr dxjphqw d frqvwdqw eldv whup wr wkh g|qdplf prgho lq
rughu wr lpsuryh urexvwqhvv wr xqprghoohg g|qdplfv dqg sdudphwulf xqfhuwdlqwlhv1 Eldv vwdwh hvwlpdwlrq
iru vklsv kdyh ehhq glvfxvvhg e| Irvvhq dqg Vwudqg ^<` dqg/ ]krx dqg Eodqnh ^5<`1

8 Gh�qlwlrq ri wkh Frqwuro Sureohp

Wkh frqwuro remhfwlyh lv wr ghvljq d surshoohu vkdiw vshhg frqwuroohu wudfnlqj wkh ghvluhg surshoohu uhyroxwlrq
qg +lqqhu orrs frqwuroohu, e| frpshqvdwlqj wkh d{ldo  rz g|qdplfv Yd= Wkh ghvluhg surshoohu udwh ri uhyroxwlrq
lv jhqhudwhg e| wkh XXY vshhg frqwuroohu zkhuh xg ghqrwhv wkh ghvluhg yhvvho vshhg +rxwhu orrs frqwuroohu,1

Wkh g|qdplfv ri wkh wzr frqwuro orrsv fdq eh vxppdul}hg dffruglqj wr=

XXY Vshhg Frqwuro Orrs

Wkh vxujh g|qdplfv ri wkh XXY lv=

b{ @ x +:6,

+p�[
bx, bx�[xx�[xmxmx mxm @ +4� w,W +:7,

zkhuh W lv wkh frqwuro lqsxw +irufh, jhqhudwhg e| d vshhg frqwuroohu

W @ W + bxg> xg> x, +:8,

ghvljqhg vxfk wkdw x$ xg=

Surshoohu Vkdiw Vshhg Frqwuro Orrs

Wkh ghvluhg vkdiw vshhg lv irxqg iurp +4<, dv=

q3
g

@

WmqmYd . vljq+Wg,

u�
�
�W 5

mqmYd
Y 5
d . 7WmqmqWg

�
�
�

5Wmqmq

@ $+Wg> Yd, +:9,

�qg . 5$i bqg . $5iqg @ $5

iq
3
g> $i A 3 +::,

zkhuh Wg lv wkh ghvluhg wkuxvw dqg +::, lv d 5qg0rughu orz0sdvv �owhu zlwk qdwxudo iuhtxhqf| $i xvhg wr
jhqhudwh wzr vprrwk uhihuhqfh vljqdo qg dqg bqg= Wkhvh vljqdov duh djdlq xvhg dv uhihuhqfh iru wkh surshoohu
frqwuroohu=

� @ �+ bqg> qg> q> Yd, +:;,
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fruuhvsrqglqj wr wkh wzr0vwdwh dfwxdwru g|qdplfv=

bq @ !
4
+q>T+q> Yd,> �, +:<,

bYd @ !
5
+q> Yd> x, +;3,

W @ W +q> Yd, +;4,

Wklv prgho lv vlplodu wr wkh prgho ri Khdoh| hw do1 ^43` h{fhsw iru wkdw zh kdyh lqfoxghg wkh h�hfw ri wkh
iruzdug vshhg x lq wkh h{suhvvlrq iru wkh Yd0g|qdplfv= Wkh wzr frqwuro orrsv duh vkrzq lq Iljxuh 6 lqglfdwlqj
krz d qrqolqhdu vkdiw vshhg surshoohu frqwuroohu wrjhwkhu zlwk d frqyhqwlrqdo XXY vshhg frqwuroohu vkrxog
h{sorlw wkh hvwlpdwh ri wkh surshoohu d{ldo  rz aYd= Lw lv dovr vhhq wkdw wklv lv d qrqolqhdu rxwsxw ihhgedfn
frqwuro sureohp1 Rqh vroxwlrq wr wklv frqwuro sureohp lv wr dsso| revhuyhu edfnvwhsslqj +Nuvwlf hw do1 ^45`,1
Wklv lv wkh wrslf iru wkh qh{w vhfwlrq1

H{shulphqwv zlwk gl�huhqw USP frqwuro vwudwhjlhv dqg srvlwlrq frqwuro ri xqghuzdwhu yhklfohv duh uh0
sruwhg lq Wvxndprwr hw do1 ^57` dqg Zklwfrpe dqg \rhujhu ^5:`1

q

M
p

2
1

( , )q Y
d

( , )q Y
d

4 quadran t 
p rope lle r to rque
and th rus t m app ings

Vesse l
dynam ics

xN onlinear
p ropel
con tro lle r

τ
( , )W Y

g d
ω

N onlinear
observe r

Y
d

S peed
con tro lle r

Y
dY

d

P ropelle r advance  speed  estim a to r

Inner loop  sha ft speed con tro lle r

Iljxuh 6= Eorfn gldjudp vkrzlqj wkh wzr frqwuro orrsv1

9 Qrqolqhdu Rxwsxw Ihhgedfn Frqwuro Ghvljq

Lq wklv vhfwlrq zh zloo ghvljq d qrqolqhdu rxwsxw ihhgedfn surshoohu frqwuroohu xvlqj rqo| vxujh vshhg phd0
vxuhphqwv x dqg surshoohu uhyroxwlrq phdvxuhphqwv q1 Wkh dgydqfh vshhg ri wkh zdwhu Yd zloo eh hvwlpdwhg
e| wkh vwdwh hvwlpdwru +75,�+76, zklfk zdv suryhq wr eh JHV +Wkhruhp 4,1 Wkh ghvljq jrdo lv wr uhqghu wkh
forvhg0orrs huuru g|qdplfv ri wkh revhuyhu0frqwuroohu JHV1

914 Qrqolqhdu Prgho iru Surshoohu Vkdiw Vshhg Frqwuro

Frqvlghu wkh xql�hg GF0prwru prgho +Dsshqgl{ D,=

5�Mp bq.Nqq @ � �T+q> Yd, +;5,
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zklfk fdq eh xvhg wr ghvfuleh prwru yrowdjh/ fxuuhqw dqg wrutxh frqwuroohg surshoohuv1 Vxevwlwxwlqj wkh
h{suhvvlrq iru T jlyhq e| +53, lqwr +;5,/ |lhogv wkh 6ug0rughu prgho=

5�Mp bq @ �+Nq .Tqmqm mqm,q.TmqmYd mqmYd . � +;6,

K b{.G3{.G4+{>|,{. mqm H{ @ i+q, +;7,

| @ k
W
{ +;8,

915 O|dsxqry Dqdo|vlv

Wkh revhuyhu +75, lv xvhg wr jhqhudwh dq hvwlpdwh aYd ri Yd= Frqvlghu wkh frqwuro O|dsxqry ixqfwlrq fdqglgdwh=

Y @ Yrev . �Mp�q5 +;9,
bY � �t4�x

5 � t5 �Y
5

d . 5�Mp�q b�q +;:,

zkhuh �q @ q� qg lv wkh wudfnlqj huuru1 Vxevwlwxwlqj +;6, lqwr +;:,/ |lhogv=

bY � �t4�x
5 � t5 �Y

5

d . �q+� � 5�Mp bqg � +Nq .Tqmqm mqm,q.TmqmYd mqmYd, +;;,

Wkh h{suhvvlrq iru bY vxjjhvwv wkdw wkh frqwuro odz � vkrxog eh fkrvhq wr lqfoxgh wkuhh sduwv= +4, d qrqolqhdu
S0frqwuroohu/ �+Ns3.Ns4q

5,�q> +5, d qrqolqhdu ihhgiruzdug whup edvhg rq wkh phdvxuhg surshoohu uhyroxwlrq

q dqg wkh ghvluhg surshoohu uhyroxwlrq qg> dqg +6, d qrqolqhdu furvv0whup/ �TmqmYd mqm
aYd> frpshqvdwlqj iru

wkh d{ldo  rz lqwr wkh surshoohu1 Wklv lv wkh pdlq uhvxow ri wkh sdshu1

Wkhruhp 5 +JHV Qrqolqhdu Revhuyhu0Frqwuroohu Huuru G|qdplfv, Frqvlghu wkh qrqolqhdu vkdiw vshhg

frqwuroohu=

� @ �+Ns3 .Ns4q
5,�q

� ~} �

S0frqwuro

. 5�Mp bqg . +Nq .Tqmqm mqm,qg
� ~} �

Uhihuhqfh Ihhg Iruzdug

� TmqmYd mqm
aYd

� ~} �

D{ldo Iorz Frpshqvdwru

+;<,

zlwk

Ns3 A 3> Ns4 A
4

7
+TmqmYd,

5 A 3 +<3,

Ohw wkh hvwlpdwh aYd eh jhqhudwhg e| xvlqj wkh qrqolqhdu revhuyhu +75,�+76, zlwk t5 A 4 lq Wkhruhp 4
lpso|lqj wkdw N53 pxvw vdwlvi| wkh vwurqjhu uhtxluhphqw 5g3� A 4 . +�g3 .N53,

5= Khqfh/ wkh htxloleulxp
srlqw +�x> �Yd> �q, @ +3> 3> 3, ri wkh revhuyhu0frqwuroohu huuru g|qdplfv=

P b�� .G+�,�� . g+�> ��>|,@ 3 +<4,

zkhuh y @ ^x> Yd> q`
W dqg=

P @

5
7
p�[

bx 3 3
3 pi 3
3 3 5�Mp

6
8 +<5,

G+�, @

5
7
�N43 �N44 mqm �[x +4� w,WmqmYd mqm 3
�N53 �N54 mqm � g3 g3 . WmqmYd mqm 3

3 �TmqmYd mqm Ns3 .Ns4q
5 .Nq .Tqmqm mqm

6
8 +<6,

g+�> ��>|, @

5
97

+�[xmxm,x mxm � +�[xmxm, mx� �xm +x� �x,

gi +Yd � |, mYd � |m � gi +Yd � �Yd � |,
���Yd � �Yd � |

���
3

6
:8 +<7,

lv JHV1
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Surri1 Vxevwlwxwlqj +;<, lqwr +;;,/ |lhogv=

bY � �t4�x
5 � t5 �Y

5

d
.TmqmYd mqm

�Yd�q� +Ns3 .Ns4q
5 .Nq .Tqmqm mqm,�q

5 +<8,

Xvlqj wkh idfw wkdw

�

�
4

5
TmqmYd mqm �q�

�Yd

�5

@ �
4

7
T5

mqmYd
q5�q5 .TmqmYd mqm �q

�Yd � �Y 5

d +<9,

Khqfh/ wkh furvv whup lq +<8, fdq eh uhsodfhg e|=

TmqmYd mqm �q
�Yd @ �

�
4

5
TmqmYd mqm �q�

�Yd

�5

.
4

7
T5

mqmYd
q5�q5 . �Y 5

d +<:,

lpso|lqj wkdw=

bY � �t4�x
5 � +t5 � 4, �Y 5

d �

�
Ns4 �

4

7
+TmqmYd,

5

�
q5�q5

�

�
4

5
TmqmYd mqm �q�

�Yd

�5

�
�
Nsr .Nq .Tqmqm mqm

�5
�q5

? 3>;�x 9@ 3> �Yd 9@ 3> �q 9@ 3 +<;,

Khqfh/ dffruglqj wr O|dsxqry vwdelolw| wkhru| wkh htxloleulxp srlqw +�x> �Yd> �q, @ +3> 3> 3, ri wkh revhuyhu0
frqwuroohu huuru g|qdplfv +<4, lv JHV li t4 A 3> t5 A 4>Ns3 A 3 dqg Ns4 A +4@7,+TmqmYd,

51

: H{whqvlrqv wr Lqwhjudo Frqwuro

Zkhq lpsohphqwlqj wkh vkdiw vshhg surshoohu frqwuroohu/ lw lv lpsruwdqw wr lqfoxgh lqwhjudo dfwlrq lq rughu
wr frpshqvdwh iru qrq0}hur vorzo|0ydu|lqj glvwxuedqfhv dqg xqprghoohg g|qdplfv1 Wklv fdq eh grqh e|
dxjphqwlqj d frqvwdqw eldv whup e wr +;5, dffruglqj wr=

5�Mp bq @ �Nqq. � �T+q> Yd, . e +<<,
be @ 3 +433,

Fkrrvlqj wkh qrqolqhdu frqwuro odz ri SL0w|sh zlwk uhihuhqfh ihhgiruzdug dqg d{ldo  rz frpshqvdwlrq/ wkdw
lv=

� @ �+Ns3 .Ns4q
5,�q� ae� ~} �

SL0frqwuro

. 5�Mp bqg . +Nq .Tqmqm mqm,qg� ~} �
Uhihuhqfh Ihhg Iruzdug

� TmqmYd mqm
aYd� ~} �

D{ldo Iorz Frpshqvdwru

+434,

bae @ Nl�q> Nl A 3 +435,

lpsolhv wkdw +<4, wdnhv wkh irup=

b{4 @ k+{
4
> w, . j{5 . g +436,

b{5 @ �Nlj
W{4 +437,

zlwk {4 @ �y 5 ?6> {5 @ ae� e 5 ? dqg

k+{
4
> w, @ �P�4G+{

4
. �g+w,,{4 +438,

j @ P�4

5
7 3

3
�4

6
8 @

5
7

3
3

� 4

5�Mp

6
8 +439,

g @ �P�4g +43:,
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zkhuh zh kdyh xvhg wkdw � @ {4 . �g= Wkh huuru g|qdplfv +436,�+437, lv d qrqolqhdu qrq0dxwrqrprxv

v|vwhp frpsolfdwlqj wkh O|dsxqry vwdelolw| dqdo|vlv vlqfh bY � 3 lv rqo| qhjdwlyh vhpl0gh�qlwh1 Khqfh/
OdVdooh0Nudvryvnll*v wkhruhp iru lqyduldqw pdqlirogv fdqqrw eh xvhg +Nkdolo ^44`, wr suryh xqlirupo| joredoo|
dv|pswrwlf vwdelolw| +XJDV,1 Krzhyhu/ XJDV dqg xqlirupo| orfdoo| h{srqhqwldoo| vwdelolw| +XOHV, ri wkh
htxloleulxp srlqw +{W

4
> {5, @ +3> 3> 3> 3, ri wkh huuru g|qdplfv +436,�+437, fdq eh suryhq e| dsso|lqj wkh

pdlq uhvxow ri Oruld/ Irvvhq dqg Whho ^48` zklfk lv d wkhruhp iru �edfnvwhsslqj zlwk lqwhjudo dfwlrq�1 Wkh
lqwhuhvwhg uhdghu lv uhfrpphqghg wr frqvxow ^48` iru wkh whfkqlfdolwlhv uhjduglqj wkh surri1

; Fdvh Vwxg|

Lq wkh vlpxodwlrq vwxg| wkh iroorzlqj wzr frqwuroohuv zhuh frpsduhg=

� Qrqolqhdu rxwsxw ihhgedfn lqwhjudo frqwuro zkhuh wkh qrqolqhdu revhuyhu +Wkhruhp 4, zdv vlpxodwhg e|
xvlqj wkh iroorzlqj jdlqv=

� @ �43[x

N43 @ 4=3 � +p�[ bx,> N53 @ 3=4 �pi

N44 @ 3=338 � +p�[ bx,> N54 @ �63

zkloh wkh frqwuro jdlqv lq +Wkhruhp 5, zhuh fkrvhq dv=

Ns3 @ 4=3> Ns4 @
4

7
+TmqmYd,

5> Nl @ 4=3

Zkhq vlpxodwlqj wkh revhuyhu0frqwuroohu lw lv qrwlfhg wkdw shuirupdqfh lpsuryhphqwv fdq eh rewdlqhg
e| uhgxflqj wkh frqwuroohu jdlqv lq sduwlfxodu li wkh phdvxuhphqwv duh qrlv|1 Lw lv zhoo nqrzq wkdw wkh
jdlq uhtxluhphqwv lpsrvhg e| wkh O|dsxqry dqdo|vlv duh udwkhu frqvhuydwlyh1 Pruhryhu/ wkh forvhg0
orrs v|vwhp fdq eh h{srqhqwldo vwdeoh iru pxfk vpdoohu jdlqv wkdq wkrvh jlyhq e| Wkhruhp 51 Lq idfw/
zh qrwlfhg wkdw wkh shuirupdqfh zdv vljql�fdqwo| lpsuryhg zkhq Ns4 zdv uhgxfhg e| d idfwru ri 43
dqg wklv glg qrw d�hfw wkh vwdelolw| ri wkh forvhg0orrs v|vwhp1

� Frqyhqwlrqdo vkdiw vshhg frqwuro ri SL0w|sh=

� @ �Ns+q� qg,�Nl

] w

3

+q� qg,g� +43;,

zlwk

Ns @ 43=3> Nl @ 4=3

Iru erwk frqwuroohuv wkh wrutxh frqwuroohg uhsuhvhqwdwlrq ri wkh GF0prwru +458, zdv xvhg1

;14 Prgho Sdudphwhuv

Wkh prgho sdudphwhuv duh jlyhq lq Wdeoh 41 Wkh surshoohu fkdudfwhulvwlfv zhuh wdnhq iurp dq h{shulphqw
zlwk d ixoo0vfdoh surshoohu/ vhh Iljxuh 71

Ohdvw0vtxduhv fxuyh �wwlqj ri NW dqg NT jdyh wkh iroorzlqj uhvxowv +vwudljkw olqhv lq Iljxuh 7,=

NW @ �3=<768 M3 . 3=7576 +43<,

NT @ �3=4545 M3 . 3=3959 +443,

Hyhq wkrxjk wklv ryhu0doo olqhdu dssur{lpdwlrq lv fuxgh/ lq sduwlfxodu iru uhyhuvh frqglwlrqv +M3 ? 3,/ wkh
revhuyhu revhuyhu lv deoh wr frsh zlwk wkh prgho lqdffxudflhv dqg jlyh d xvhixo hvwlpdwh ri Yd=
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p @ 4333 +nj, G @ 3=63 +p,

�[ bx @ 3=38p +nj, � @ 4358 +nj2p6,

�[x @ p�[ bx

8=3 +nj2v, z @ 3=5

�[xmxm @ 4
5�FgDvxujh +nj+p, w @ 3=4

gi @
�[

xmxm

+4�w,z5 +nj2v, Mp @ 4=3 +njp5,

g3 @ �[x

+4�w,z +nj2p, Fg @ 4=3

pi @ �Do� +nj, Dvxujh @ 4=3 +p5,

o @ 3=63 +p, � @ 4=3

Dwkuxvwhu @ �
�
G
5

�5
+p5,

Wdeoh 4= Prgho sdudphwhuv1
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Iljxuh 7= H{shulphqwdo uhvxowv iru NW dqg 43NT yhuvxv M3 +flufohv, dqg ohdvw0vtxduhv �wv wr d vwudljkw olqh
+vrolg olqhv,1

;15 Glvfxvvlrq ri Vlpxodwlrq Uhvxowv

Wkh frqwuro odzv zhuh vlpxodwhg e| frppdqglqj d uhihuhqfh wkuxvw ri Wg @ 433 +Q, zklfk zdv vkliwhg wr
Wg @ �433 +Q, dw w @ 63 +vhf,/ vhh Iljxuh 91 Wkh uhvxowv irup wkh vlpxodwlrq vwxg| fdq eh vxppdul}hg
dffruglqj wr=

Hvwlpdwlrq ri Dgydqfh Vshhg Iljxuh 8 vkrzv wkh shuirupdqfh ri wkh qrqolqhdu revhuyhu lv vkrzq1 Erwk
hvwlpdwlrq huuruv �Y

d
@ Y

d�
aY
d
dqg �x @ x� ax +xsshu sorwv, duh }hur phdq zklwh qrlvh surfhvvhv1 Hyhq

wkrxjk wkh vxujh phdvxuhphqw x dqg vkdiw vshhg phdvxuhphqw q duh fruuxswhg zlwk zklwh qrlvh zlwk
dpsolwxghv 3=4 +p2v, dqg 3=4 +usv,/ dqg vwdqgdug ghyldwlrqv ri � @ 3=3668 lq wkh vlpxodwlrq vwxg|/
h{fhoohqw frqyhujhqfh ri aY

d $ Yd lv rewdlqhg +orzhu ohiw sorw,1 Wkh hvwlpdwh aY
d
lv/ krzhyhu/ pruh qrlv|

wkdq lwv wuxh ydoxh Yd1 Wklv fdq eh ixuwkhu lpsuryhg e| wxqlqj ri wkh revhuyhu jdlqv1 Lq dgglwlrq/ zh
vhh wkdw zh rewdlq jrrg �owhulqj ri wkh qrlv| vljqdo x +orzhu uljkw sorw,1

Wkuxvw Wudfnlqj Fdsdelolwlhv Iurp Iljxuh 9 lw lv vhhq wkdw wkh rxwsxw ihhgedfn lqwhjudo frqwuroohu kdv
h{fhoohqw wkuxvw wudfnlqj fdsdelolwlhv +orzhu sorwv, zkloh dq r�vhw lq wkuxvw lv revhuyhg iru wkh SL0

frqwuroohu +xsshu sorwv,1 Wkh ghvluhg wkuxvw Wg @ 	433 +Q, lv wudqviruphg wr vkdiw vshhg uhihuhqfh
vljqdov bqg dqg qg e| xvlqj +:9,�+::,1 Wkh r�vhw lq wkuxvw iru wkh SL0frqwuroohu lv gxh wr yduldwlrqv lq
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vkdiw vshhg Yd= Wklv lv vhhq e| sorwwlqj wkh frpsrqhqwv=

W3 @ Wqmqmq mqm > T3 @ Tqmqmq mqm +444,

W4 @ �WmqmYd mqmYd> T4 @ �TmqmYd mqmYd +445,

wrjhwkhu zlwk wkh wrwdo wkuxvw W @ W3 . W4 dqg wrutxh T @ T3 . T4= Wkh SL0frqwuroohu wudfnv
W @ W3 @ Wg +wkh whup W4 lv qrw dydlodeoh vlqfh Yd lv xqnqrzq zkhq xvlqj d SL0frqwuroohu, zkloh
wkh qrqolqhdu rxwsxw ihhgedfn lqwhjudo frqwuroohu xvhv wkh hvwlpdwh aYd wr wudfn wkh wrwdo wkuxvw W @

W3 . W4 @ Wg= Dqrwkhu ehqh�w ri xvlqj wkh qrqolqhdu revhuyhu lq frqmxqfwlrq zlwk dq rxwsxw ihhgedfn
lqwhjudo frqwuroohu lv wkdw wkh hvwlpdwh aYd fdq eh xvhg wr frpsxwh d pruh dffxudwh vkdiw vshhg uhihuhqfh
qg iurp Wg1 Wklv lv vhhq iurp +:9, zkhuh Yd lv qhhghg1

USP Wudfnlqj Fdsdelolwlhv dqg Prwru Wrutxh Frppdqgv Iljxuh : vkrzv wkh vkdiw vshhg wudfnlqj
shuirupdqfh iru wkh wzr frqwuroohuv dqg wkh fruuhvsrqglqj prwru wrutxh frppdqgv +frqwuro lqsxwv,1
Vlqfh wkh SL0frqwuroohu grhv qrw xvh prgho lqirupdwlrq d kljk jdlq lv qhhghg lq rughu wr rewdlq jrrg
USP wudfnlqj fdsdelolwlhv1 Wklv uhvxowv lq pruh qrlv| prwru wrutxh frqwuro vljqdov wkhq iru wkh prgho0
edvhg qrqolqhdu rxwsxw ihhgedfn lqwhjudo frqwuroohu1 Lw lv dovr vhhq wkdw wkh wudfnlqj shuirupdqfh iru
wkh qrqolqhdu frqwuroohu lv ehwwhu wkdq wkh SL0frqwuroohu pdlqo| gxh wr frpshqvdwlrq ri dgydqfh vshhg
h�hfwv1

< Frqfoxvlrqv

D kljk shuirupdqfh qrqolqhdu rxwsxw ihhgedfn lqwhjudo frqwuroohu iru surshoohu vkdiw vshhg zdv suhvhqwhg lq
wklv sdshu1 Wkh frqwuro odz zdv ghvljqhg e| �uvw ghvljqlqj d qrqolqhdu revhuyhu iru wkh surshoohu d{ldo  rz
+dgydqfh vshhg, dqg qh{w xvlqj revhuyhu edfnvwhsslqj wr surgxfh d joredoo| h{srqhqwldoo| vwdeoh frqwuroohu1
Wkh frqwuro odz zdv dovr prgl�hg wr lqfoxgh lqwhjudo dfwlrq uhvxowlqj lq d xqlirupo| joredoo| dv|pswrwlfdoo|
dqg xqlirupo| orfdoo| h{srqhqwldoo| vwdeoh lqwhjudo frqwuroohu1 Wkh sursrvhg rxwsxw ihhgedfn frqwuroohu zdv
vkrzq wr eh urexvw iru glvwxuedqfhv lq surshoohu uhyroxwlrq dqg wrutxh1

Wkh fdvh vwxg| zdv dq xqpdqqhg xqghuzdwhu yhklfoh sursxovhg zlwk d vlqjoh pdlq surshoohu1 Wkh
surshoohu zdv dvvxphg gulyhq e| d GF prwru dqg d vlpxodwlrq vwxg| zdv xvhg wr ghprqvwudwh wkh wudfnlqj
fdsdelolwlhv ri wkh revhuyhu dqg frqwuroohu1 Wkh revhuyhu zdv fdsdeoh ri surgxflqj dffxudwh hvwlpdwhv ri
wkh dgydqfh vshhg1 Khqfh/ wklv hvwlpdwh frxog eh xvhg wr frpshqvdwh wkh h�hfw ri dgydqfh vshhg rq wkh
surshoohu wkuxvw dqg wrutxh1 Wkh hvwlpdwh ri wkh dgydqfh vshhg frxog dovr eh xvhg wr frpsxwh pruh dffxudwh
vhw0srlqwv iru wkh yhklfoh vshhg frqwuroohu vlqfh wkh wkuxvw frppdqgv frxog eh pruh dffxudwho| pdsshg wr
surshoohu uhyroxwlrq frppdqgv1

Dfnqrzohgjphqwv

Wkh dxwkruv duh judwhixo wr Surihvvruv Nqxw Plqvddv dqg Dvjhlu M1 Vûuhqvhq dw wkh Ghsduwphqw ri Pdulqh
K|gurg|qdplfv/ wkh Qruzhjldq Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj| +QWQX, iru xvhixo glvfxvvlrqv rq
vwhdg| dqg xqvwhdg|  rz h�hfwv iru surshoohuv1

Sduwv ri wklv zrun zhuh shuiruphg zkloh wkh �uvw dxwkru ylvlwhg wkh Ghsduwphqw ri Dxwrpdwlf Frqwuro/
Ddoeruj Xqlyhuvlw|/ Ghqpdun lq wkh shulrg Mdqxdu|0Pdufk 4<<<1 Wkh vdph dxwkru lv judwhixo wr wkh Ghsduw0
phqw ri Dxwrpdwlf Frqwuro/ Ddoeruj Xqlyhuvlw| dqg wkh Qruzhjldq Uhvhdufk Frxqflo iru �qdqfldo vxssruw
lq wklv shulrg1

Dsshqgl{ D= GF0Prwru G|qdplfv

Frqvlghu d GF0prwru +Irvvhq ^;`,=

Od
g

gw
lp @ �Udlp �Np$p . Yp +446,

Mp b$p @ Nplp �T +447,

4:



zkhuh Yp lv wkh dupdwxuh yrowdjh/ lp lv wkh dupdwxuh fxuuhqw/ $p lv wkh surshoohu uhyroxwlrq dqg T lv wkh
ordg iurp wkh surshoohu1 Lq dgglwlrq/ Od lv wkh dupdwxuh lqgxfwdqfh/ Ud lv wkh dupdwxuh uhvlvwdqfh/ Np lv
wkh prwru wrutxh frqvwdqw dqg Mp lv wkh urwru prphqw ri lqhuwld1 Ohw q ghqrwh wkh surshoohu vkdiw vshhg lq
uhyroxwlrqv shu vhfrqg1 Khqfh=

$p @ 5�q +448,

Vlqfh wkh hohfwulfdo wlph frqvwdqw Wd @ Od@Ud lv vpdoo frpsduhg wr wkh phfkdqlfdo wlph frqvwdqw/ wlph vfdoh
vhsdudwlrq vxjjhvwv=

Od
Ud

g

gw
lp � 3 +449,

Khqfh/ wkh vkdiw vshhg g|qdplfv lv jlyhq e|=

3 @ �U
d
lp � 5�Npq. Yp +44:,

5�Mp bq @ Nplp �T +44;,

Prwru Fxuuhqw Frqwuro

Wkh prwru fxuuhqw fdq eh frqwuroohg e| xvlqj d S0frqwuroohu=

Yp @ Ns+lg � lp,> Ns A 3 +44<,

zkhuh lg lv wkh ghvluhg prwru fxuuhqw1 Iurp +44:, zh jhw=

+Ud .Ns,lp @ �5�Npq.Nslg +453,

Wkh prwru g|qdplfv +44;, iru wkh fxuuhqw frqwuroohg prwru wkhuhiruh wdnhv wkh irup=

5�Mp bq.
5�N5

p

Ud .Ns

q @
NpNs

Ud .Ns

lg �T +454,

Li d kljk jdlq frqwuroohu Ns  Ud A 3 lv xvhg/ wklv h{suhvvlrq vlpsol�hv wr=

5�Mp bq @ Nplg �T +455,

Prwru Wrutxh Frqwuro

Iru d GF prwru wkh prwru wrutxh zloo eh sursruwlrqdo zlwk wkh prwru fxuuhqw1 Khqfh/ wkh ghvluhg prwru
wrutxh Tg fdq eh zulwwhq dv=

Tg @ Nplg +456,

Iurp +454, zh vhh wkdw wklv |lhogv wkh iroorzlqj g|qdplfv iru d wrutxh frqwuroohg prwru=

5�Mp bq.
5�N5

p

Ud .Ns

q @
Ns

Ud .Ns

Tg �T +457,

zklfk uhgxfhv wr

5�Mp bq @ Tg �T +458,

iru Ns  Ud A 3=

4;



Prwru Yrowdjh Frqwuro

Prwru yrowdjh frqwuro lv rewdlqhg e| frpelqlqj +44:,�+44;, wr |lhog=

5�Mp bq.
5�N5

p

Ud
q @

Np

Ud
Yp �T +459,

Xql�hg GF0Prwru Frqwuro Prgho

Edvhg rq wkh wkuhh prghov suhvhqwhg deryh/ d xql�hg frqwuro prgho iru wkh GF0prwru vkdiw vshhg g|qdplfv
fdq eh zulwwhq=

5�Mp bq.Nqq @ � �T +45:,

zkhuh prwru yrowdjh/ fxuuhqw dqg wrutxh frqwuro duh rewdlqhg e| fkrrvlqj wkh frqwuro lqsxw � dqg olqhdu
gdpslqj frh!flhqw Nq dffruglqj wr Wdeoh 5=

frqwuro lqsxw � Olqhdu gdpslqj Nq

Yrowdjh Np
Ud

Yp
5�N5

p

Ud

Fxuuhqw
NpNs
Ud.Ns

lg
5�N5

p

Ud.Ns

Wrutxh
Ns

Ud.Ns
Tg

5�N5

p

Ud.Ns

Wdeoh 5= GF0prwru frqwuro prgho1

Uhihuhqfhv

^4` P1 Eodqnh1 Vkls Sursxovlrq Orvvhv Uhodwhg wr Dxwrpdwhg Vwhhulqj dqg Sulph Pryhu Frqwuro/ Wkh

Whfkqlfdo Xqlyhuvlw| ri Ghqpdun/ O|qje|/ Sk1 G1 glvvhuwdwlrq/ 4<;4

^5` P1 Eodqnh/ U1 L}dgl0]dpdqdedgl dqg W1 I1 Orrwvpd1 Idxow Prqlwrulqj dqg Uhfrq�jxudeoh Frqwuro
iru d Vkls Sursxovlrq Sodqw1 Mrxuqdo ri Dgdswlyh Frqwuro dqg Vljqdo Surfhvvlqj/ Yro1 45/ ss1 9:4�9;;/
Ghfhpehu 4<<;1

^6` M1 S1 Euhvolq dqg S1 Dqghuvhq1 K|gurg|qdplfv ri Vkls Surshoohuv1 Fdpeulgjh Xqlyhuvlw| Suhvv/ XN/
4<<71

^7` M1 V1 Fduowrq1 Pdulqh Surshoohuv dqg Sursxovlrq1 R{irug= Exwwhuzruwk0Khlqhpdqq/ 4<<71

^8` V1 H1 Frg|1 Dq H{shulphqwdo Vwxg| ri wkh Uhvsrqvh ri Vpdoo Wkuxvwhuv wr Vwhs dqg Wuldqjxodu Zdyh
Lqsxwv/ PVPH wkhvlv/ Qdydo Srvwjudgxdwh Vfkrro/ Prqwhuh|/ FD/ 4<<51

^9` R1 P1 Idowlqvhq1 Vhd Ordgv dqg R�vkruh Vwuxfwxuhv1 Fdpeulgjh Xqlyhuvlw| Suhvv/ XN/ 4<<31

^:` R1 P1 Idowlqvhq dqg E1 Vruwodqg1 Vorz Guliw Hgg| Pdnlqj Gdpslqj ri d Vkls1 Dssolhg Rfhdq Uhvhdufk/
DRU0<+4,=6:�791

^;` W1 L1 Irvvhq1 Jxlgdqfh dqg Frqwuro ri Rfhdq Yhklfohv/ Mrkq Zloh| ) Vrqv Owg1/ 4<<71

^<` W1 L1 Irvvhq dqg M1 S1 Vwudqg1 Sdvvlyh Qrqolqhdu Revhuyhu Ghvljq iru Vklsv Xvlqj O|dsxqry Phwkrgv=
Ixoo0Vfdoh H{shulphqwv Zlwk d Vxsso| Yhvvho1 Dxwrpdwlfd1 DXW068+4,6�49/ 4<<<1
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^43` D1 M1 Khdoh|/ V1 P Urfn/ V1 Frg|/ G1 Plohv dqg M1 S1 Eurzq1 Wrzdug dq Lpsuryhg Xqghuvwdqglqj ri
Wkuxvwhu G|qdplfv iru Xqghuzdwhu Yhklfohv/ LHHH Mrxuqdo ri Rfhdqlf Hqjlqhhulqj/ MRH05<+7,=687�
694/ 4<<81

^44` K1 Nkdolo1 Qrqolqhdu V|vwhpv1 PfPloodq Sxeolvklqj Fr1/ 5qg1 Hglwlrq/ Qhz \run/ 4<<91

^45` P1 Nuvwlf/ L1 Ndqhoodnrsrxorv dqg S1 Nrnrwrylf1 Qrqolqhdu dqg Dgdswlyh Frqwuro Ghvljq1 Mrkq Zloh|
) Vrqv Owg1

^46` H1 Y1 Ohzlv +Hg1,1 Sulqflsohv ri Qdydo Dufklwhfwxuh/ VQDPH/ 4<;;1

^47` S1 F1 Ohzlv1 Gl�huhqwldo Htxdwlrqv Uhihuuhg wr d Yduldeoh Phwulf1 Dphulfdq Mrxuqdo ri Pdwkhpdwlfv/
DMP0:6=7;08;/ 4<841

^48` D1 Oruld/ W1 L1 Irvvhq dqg D1 Whho1 XJDV dqg XOHV ri Qrq0Dxwrqrprxv V|vwhpv= Dssolfdwlrqv wr
Lqwhjudo Frqwuro ri Vklsv dqg Urerw Pdqlsxodwruv/ Surf1 ri wkh Hxurshdq Frqwuro Frqihuhqfh +HFF*<<,/
Nduovuxkh/ Jhupdq|/ Dxjxvw 4<<<1

^49` P1 E1 PfOhdq1 G|qdplf Shuirupdqfh ri Vpdoo Gldphwhu Wxqqho Wkuxvwhuv/ PVPH wkhvlv/ Qdydo Srvw0
judgxdwh Vfkrro/ Prqwhuh|/ FD/ 4<<41

^4:` Z1 V1 Orkploohu1 Frqwudfwlrq Dqdo|vlv ri Qrqolqhdu V|vwhpv1 Sk1G1 Glvvhuwdwlrq/ Ghsduwphqw ri Ph0
fkdqlfdo Hqjlqhhulqj/ PLW/ PD/ Iheuxdu| 4<<<1

^4;` Z1 Orkploohu dqg M10M1 Vorwlqh1 Rq Phwulf Frqwuroohuv dqg Revhuyhuv iru Qrqolqhdu V|vwhpv1 Surf1 ri
wkh 68wk Frqi1 rq Ghflvlrq dqg Frqwuro/ Nreh/ Mdsdq/ ss1 47::�47;5/ Ghfhpehu 4<<91

^4<` Z1 Orkploohu dqg M10M1 Vorwlqh1 Rq Frqwudfwlrq Dqdo|vlv iru Qrqolqhdu V|vwhpv/ Dxwrpdwlfd DXW09/
4<<;1

^53` M1 Q1 Qhzpdq Pdulqh K|gurg|qdplfv1 PLW Suhvv/ Fdpeulgjh/ Pdvvdfkxvhwwv/ 4<::1

^54` K1 Qlmphlmhu dqg W1 L1 Irvvhq +Hgv1,1 Qhz Gluhfwlrqv lq Qrqolqhdu Revhuyhu Ghvljq1 Vsulqjhu0Yhuodj
Orqgrq Owg1/ 4<<<1

^55` P1 Z1 F1 Rrvwhuyhog dqg S1 ydq Rrvvdqhq1 Ixuwkhu Frpsxwhu0Dqdo|}hg Gdwd ri wkh Zdjhqlqjhq E0
Vfuhz Vhulhv1 Lqw1 Vklsexloglqj Surjuhvv/ LVS055=5840595/ 4<:81

^56` D1 M1 Vûuhqvhq/ D1 N1 Ègqdqhv/ W1 L1 Irvvhq dqg M1 S1 Vwudqg1 D Qhz Phwkrg ri Wkuxvwhu Frqwuro lq
Srvlwlrqlqj ri Vklsv Edvhg rq Srzhu Frqwuro/ Surf1 ri wkh 7wk LIDF Frqihuhqfh rq Pdqrhxyhulqj dqg
Frqwuro ri Pdulqh Fudiw/ 43045 Vhswhpehu/ 4<<:/ Eulmxql/ Furdwld1

^57` F1 O1 Wvxndprwr/ Z1 Ohh/ M1 \xk/ N1 Fkrl dqg M1 Oruhqw}1 Frpsdulvrq Vwxg| rq Dgydqfhg Wkuxvwhu
Frqwuro ri Xqghuzdwhu Urerwv1 Surf1 ri wkh Lqw1 Frqi1 rq Urerwlfv dqg Dxwrpdwlrq/ Doextxhutxh/ Qhz
Ph{lfr/ ss1 4;7804;83/ Dsulo 4<<:1

^58` O1 O1 Zklwfrpe dqg G1 U1 \rhujhu1 Frpsdudwlyh H{shulphqwv lq wkh G|qdplfv dqg Prgho0Edvhg
Frqwuro ri Pdulqh Wkuxvwhuv1 Surf1 ri wkh LHHH2PWV Rfhdqv*<8/ Yro1 5/ ss1 434<�435;/ 4<<81

^59` O1 O1 Zklwfrpe dqg G1 \rhujhu1 Ghyhorsphqw/ Frpsdulvrq/ dqg Suholplqdu| H{shulphqwdo Ydolgdwlrq
ri Qrqolqhdu G|qdplf Wkuxvwhu Prghov1 LHHH Mrxuqdo ri Rfhdqlf Hqjlqhhulqj/ 4<<</ wr dsshdu1

^5:` O1 O1 Zklwfrpe dqg G1 \rhujhu1 Suholplqdu| H{shulphqwv lq Prgho Edvhg Wkuxvwhu Frqwuro iru Xq0
ghuzdwhu Yhklfoh Srvlwlrq Frqwuro1 LHHH Mrxuqdo ri Rfhdqlf Hqjlqhhulqj/ 4<<</ wr dsshdu1

^5;` G1 U1 \rhujhu/ M1 J1 Frrnh dqg M10 M1 H1 Vorwlqh1 Wkh Lq xhqfh ri Wkuxvwhu G|qdplfv rq Xqghuzd0
whu Yhklfoh Ehkdylru dqg wkhlu Lqfrusrudwlrq lqwr Frqwuro V|vwhp Ghvljq/ LHHH Mrxuqdo ri Rfhdqlf
Hqjlqhhulqj/ MRH048+6,=49:�4:;/ 4<<41

^5<` Z1 Z1 ]krx dqg P1 Eodqnh1 Lghqwl�fdwlrq ri d Fodvv ri Qrqolqhdu Vwdwh0Vsdfh Prghov Xvlqj USH
Whfkqltxhv1 LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ WDF067+6,=645�649/ 4<;<1
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N onlinear observer fo r advance speed

Iljxuh 8= Xsshu sorwv= hvwlpdwlrq huuruv �Yd dqg �x yhuvxv wlph1 Orzhu sorwv= dfwxdo dgydqfh vshhg Yd dqg
phdvxuhg vxujh vshhg x wrjhwkhu zlwk wkhlu hvwlpdwhv aY

d
dqg ax yhuvxv wlph1
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C onventional PD -contro ller

C onventional P I-contro lle r

N on linear ou tpu t feedback in tegra l con tro ller

Iljxuh 9= Wkuxvw W dqg wrutxh T iru sorwv iru d frqyhqwlrqdo SG0frqwuroohu +xsshu sorwv, dqg wkh qrqolqhdu
rxwsxw ihhgedfn frqwuroohu +orzhu sorwv, yhuvxv wlph1 Qrwlfh wkh r�vhw lq wkuxvw iru wkh SG0frqwuroohu +qr
frpshqvdwlrq ri dgydqfh vshhg,1
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C onventional P I-contro ller

N on linear ou tpu t feedback in tegral con tro lle r

Iljxuh := Dfwxdo/ q/ dqg ghvluhg/ qg> surshoohu uhyroxwlrqv/ wudfnlqj huuruv/ q � qg> dqg prwru wrutxh/ Tg>

frppdqgv iru d frqyhqwlrqdo SG0frqwuroohu +xsshu sorwv, dqg wkh qrqolqhdu rxwsxw ihhgedfn frqwuroohu +orzhu
sorwv, yhuvxv wlph1
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