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Introduction  Classical vs. Advanced Approach to Design
in Geotechnical Engineering






Classical Approach to Design in Geotechnical Engineering

1. Failure or Stability Considerations

Assumed stress-strain behavior:

| o
Constant shear strength with strain
mobilized uniformly along failure surface

—=—— No elastic strains before failure

Examples:

Slope Stability

_,/ ,//
1/"
-
-

-@/ Bearing Capacity

Retaining Walls

In all cases a factor
of safety is produced

which is then evaluated
based on experience




2. Deformation Considerations

Assumed elastic behavior: Z
Immediate deformations
and/or settlements are
calculated as linear elastic /
using closed-form solutions ¢/ B,
for elastic boundary value
problems with an "elastic"
modulus estimated from

m_nmn

a" stress-strain curve

Example:

Width of foundation
F 2

g=gsBs 1—v

Scttlement:J T— bearing pressure

Shape factor for foundation
(based on small scale tests)
"Elastic" Properties

or deformation considerations are based on

a) Consolidation theory with modifications
for stress distribution

b) Empirical correlations
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Which problems can or should be solved by the

finite element method?



Examples in which soil—selfweight plays important role:

Slopes: Cut and filled

Stability considerations
produce accurate
estimate of failure,
because normal
stresses on failure
plane are proportional
to weight of soil

and independent of
soil behavior, but
Deformations are not
elastic




Examples in which soil behavior plays important role (1)

Excavation of Vertical Shaft or Sinking of Caisson

./ _——

\/ Tunnel Excavation

R, Viif

Instability

Anchor pull-out or Tie pull-out




Examples in which soil behavior plays important role (2)

Filling reservoir behind earth dam

\—- soil collapses on wetting

=> crest settles and moves
towards reservoir
(is failure imminent?)

Sheet pile walls: Stress redistribution on excavation

Excavation
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Driven Pile

;
AR

S
2

Soil exhibits volume changes during driving. How
much volume change determines the normal (horizontal)
stress on the pile.

Volume changes and tendency for volume changes dur-
ing future loading also determines normal (horizontal)
stresses on pile and therefore capacity of pile.



Anchor Pull-Out

(Tie-back, reinforced earth, other)

Action on surrounding ground:

1) Volume expansion if free surface is close and nor-
mal stresses are essentially unaltered.

2) Little expansion if burried deep, but high normal
stresses are generated.

/0



TRIAXIAL SPECIMEN

l (c'-c1)

lc;

/.P—- 6-3

SO ELEMENT =

TRIAXIAL APPARATUS

Load piston

for cell l/

Aoy = .4
Rubber ring for _Aa- )a
Porous stone (both ends) i g;.w A
Rubber membrane 10 B r

enclose sampie

Cell fluid

Lateral pressure

I
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AXIAL STRAIN IN %

Deviator stress versus axial strain for Ghiassian's [9] low pressure
drained triaxial compression tests (0.2, 0.5, 1.0, 2.0, and 4.0 MPa),
and for the current work (4.55, 8.27 and 10.0 MPa).
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shearing stages for consolidated-drained triaxial compression tests on
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4.50, and B8.27 MPa. (Some results taken from Ghiassian's work [9]).



Particle crushing characterized by
different factors:

100
Fuller’s Maximum Density /

Gradation Curve 4/ Marsal: | TAf
=) at given
§ sieve
£ sizes
N
15 — ==

0
Log D \‘ D, sBefore
Lee:

Dl sAfteI'
Hardin: Normalized area (shaded)

All particle breakage factors are used to character-
ize the change in location of grain size curve

This, in turn, determines e.g. change in permeabil-
ity:

k=1 (DIO’ D30, D()O’ €, E.v, etC.)

/2



Example: Construction of large earth dam:
Water loss? Pore pressure distribution?

LWhat is permeability after
construction and crushing?

Cannot take large number of samples and determine
grain size curve, etc., but .....

/34



EARTH DAM

WATER IURFACE
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——

Particle Breakage Factor

Marsal

Lee

Hardin

———
Work = X o-de

Unique relations for given soil

Procedure:

(@) Calculate amount of work during construc-
tion using FE program with realistic consti-
tutive model for each soil element

(b) Determine particle breakage factors

(¢c) Determine grain size curves and permeabil-
ities

(d) Calculate water loss and pore pressure dis-

tribution from finite element or finite
difference programs using local values of
permeability.

/%a.



ENERGY W=faijde“.

EFIGURE 4.23 Lee and Farhoomand ([21]) breakage factor versus loading energy for
various consolidated drained and undrained triaxial compression tests on

Cambria sand. Test points are common to Figure 4.20.
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FINITE ELEMENT GRID

work =|a; dey;

WoRK. oN Soll-
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FINITE ELEMENT GRID
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1) ASSIGN LOCAL PERMEABILITY TO
EACH ELEMENT BASED ON THE
ESTIMATED AMOUNT OF CRUSHING

HAZEN'S FORMULA 1
k (cm/sec) = 100 D2

om))

2} USE FINITE ELEMEN =SEEPARGE
PROGRAM TO DETERMINE THE NEW
PHREATIC. SVRFACE.
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Magnitudes of normal stresses are key to soil

behavior

Normal stresses depend on volume changes or ten-
dency for volume changes (expansion or compres-

sion)
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INTRODUCTION

Fig 1. shows a simplified diagram of the procedures generally used in
geotechnical engineering. In the simple procedure simple soil parameters (e.g., ¢, ¢, E, v) are
derived from laboratory and/or in-situ tests and utilized in closed from solutions for the partic-
ular boundary value problems under considerations. These procedures may be verified by
prediction and comparison with model or full scale tests of elements of the prototype structure
(e.g., one pile). Finally, prediction of the behavior of the prototype may be performed. The
simple procedures predict simplified responses such as linear elastic settlements and failure,
but prediction of the entire load-deformation relation for a prototype structure is often inaccu-
rate, especially in the stress range where failure is a distinct possibility.

In the advanced procedure, a constitutive model is used to capture the entire stress-strain
relation obtained from laboratory and/or in-situ tests. Incorporating the constitutive model in
numerical methods the behavior of model or full scale tests may be predicted and serve to
verify the capability of the constitutive model and the numerical method. Finally, the
behavior of the prototype may be calculated with better overall accuracy.

One of the critical elements in the advanced procedure is the constitutive model. It is
paramount to employ realistic constitutive models which can reproduce the important aspects
of the soil stress-strain behavior under various loading conditions. To develop such models
requires advanced experiments to study the soil behavicr under various loading conditions and
employment of mathematical tools based on sound theoretical frameworks such as e.g., elasti-

city and plasticity theories.
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Some of the advanced experiments available today are the torsion shear, directional
shear, and cubical triaxial tests. These are suitable for studying soil behavior under three-
dimensional stress conditions with and without stress reversals and with and without rotation
of principal stress directions. The development of pore pressures as well as strains under
given stress conditions and their dependence on degradation of the soil structure during stress
rotation and large stress reversals are of importance for development of future, improved con-
stitutive models.

The constitutive models should be such that the required soil parameters can be obtained

from relatively simple tests.

r’7



Simple -(——l——a— Advanced

Laboratory Soil Tests (Iso. Comp, Trix. Comp., Simple Shear, etc.)
In-Situ Tests (CPT, SPT, Pressuremeter, ctc.)

Simple Soil Parameters

(e, §, E, v, tic.) Constitutive Model

Model or
Full Scale Tests
(1-g tests,
centrifuge tests)

Simple Closed
Form Analytical
Solutions
(elastic & limit
analysis, etc.)

FE-or FD Programs

Prediction & Comparison
with Model or Full Scale
Tests:

Prediction & Comparison
with Model or Full Scale
Tests:

(o] Do

Prediction of Prototype

Fig. 1. Simple and Advanced Procedures of Predicting the Behavior of Prototype Structures.
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Calculations serve only as background for the prac-
tical judgement!

(Beregninger er kun et hjaelpemiddel for det prak-
tiske skon!)

Remark by Professor A. Ostenfeld in official

discussion of Dr. Techn. dissertation on "Calcu-

lations of Pile Groups" by Chr. Nokkentved
May 10, 1924

23.



i

Knowledge and Calculations Judgement
| —@ —
.-%.

0% 100%
successful project

Improve background
for judgement

Analysis Methods are generally good to exellent
(based on assumptions)

Characterization of Material Behavior
needs improvement
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Observed Betavior of Colesrornless Sorl

/. Nonlinear Stress-Strain AelaZion
a) £lastic at Low Stress Levels
Lransrtron fo
b) Plastic at Kigh Stress Levels

2. Oy has Effect on Stress-Strarn
and Strengtl Belavior

3. Volume Changes of Sosl :
a) Compresses al Low Stress Levels
b) Ekpands at High Stress Levels
(Shear - Ditatancy £FFfect)

Y Reorientation of Principal Stress Direction
a) £ cormerdes with O |
or } at Low Stress Levels
E comncides with O |

transrérorr o
Ay E comncrdes with O al firgh Stress Levels

8. Sort Dersormation is Stress-Path Dependent

6 o5t - Peak Bebavror :
Strength rray Decrease arter Peak
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Must handle coupling effects correctly

Hooke’s law does not:

r . rG 3
X 1 v Vv X
E "E "E 0 0 O
€ . A SR, c
Y E E E 2 8 % ’
\ A 1
€ e c
3 B E E 0O 0 O z
< > — 9 1 < >
Yoz 0 0 0 e 0 0 T,
1
0 0 0 0 —= O
YZX G TZX
0 0 0 0 0 <
ny - S Tx}’
. / - ? (2) <\ v
Example (1): Increase t => produce ¢,
© ¢ © W T+AT
T —_—
Example (2): Decrease o => produce vy

G*T

c-Ac
e i
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Essential Aspects of Behavior of Frictional
Materials to be Incorporated in Constitutive

Modei

4

T T T T

=W S| %

Nonlinearity of Stress-Strain Behavior
Irreversibility of Portion of Strains
Influence of 03 on Stress-Strain Behavior
Influence of 0, on Stress-Strain Behavior
Influence of O3 on Strength

Influence of O on Strength

Gradual Decrease in Strength Beyond Peak Failure
(Strain Softening)

Shear-Dilatancy Effects over a Range of Confining
Pressures (Variation in Volume Change Behavior)

Pore Pressure Developments over a Range of
Confining Pressures

Effects of Rotation of Stress Axes
Stress-Path Dependency
Effects of Cohesion Due to Cementation

Effects of Small Stress Reversals (including cyclic
loading)

Hysteresis During Large Stress Reversals (including
cyclic loading)

Legend:

Y Included in constitutive model presented here

* Under current investigation

i



Aodvantages of elasto -plastsc
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What level of expertise i1s required for (a) personnel
and (b) equipment, and how much testing is neces-

sai'y to be able to perform the calculations?

3/



Min. and Max. Testing Requirements are the
same:

3 triaxial compression tests to failure (CD- or
CU-)with unloading-reloading cycles

1 isotropic compression tests

Note 1:  Specimens are tested with the assump-
tion that they represent elements of the
ground
-we are interested in the average soil
behavior at each element location (not
interested in lowest (safe) strength)

32



Note 2:  Tests are performed by simulating as
closely as possible the conditions in
the ground.

This includes:

a) Range of stresses

(due to variable, nonlinear behavior)
b) Drainage conditions

(drained or undrained)
c) Density and soil fabric

Note 3:  Measure all loads, pressures, deforma-
tions, etc. for complete characteriza-
tion of stress-strain behavior of soil.

35



What level of expertise is required for calculation of
soil parameters?,

and

What level of knowledge is required with regard to
the capabilities of various constitutive models for

soils?

34



Soil Behavior in Triaxial Compression






COMPRESSIBILITY

Sand, like all soils, are compressible, so the density of
the sand will be higher after compression than the original

placement density.

The stress-strain and strength behavior depends on the density,

so consider the compressibility:

Typical data: Isotropic compression of Sacramento River Sand,

Noa. 50 - 100 US sieves
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Angle of Friction - degress
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Shear Stress

Measured strength = Sliding friction + dilatency
# crushing and re-arranging

Extrapolation of

measured strengths & A -

atlow pressures\ P i
Crushing ard

rearranging

Dilatancy

-

Sliding friction, ;é‘

Normal Stress

Fig.22-SCHEMATIC ILLUSTRATION OF CONTRIBUTION OF SLIDING
FRICTION DILATANCY AND CRUSHING TO THE ME ASURED
MOHR ENVELOPE FOR DRAINED TESTS ON SAND



Fore Waler Pressure Changes
i Uhdraned Tests

J/'m,o/e Models For Drained 7zsds *

c o
< <

—_— —)—;
Loose ang/or Hiuph G Dense WM%”‘ Loy 53)
> &, >0 = &, <0

( Compression ) (D latson)

In Undrained Tésts ¢ £, =0
LEffective Coﬂﬁ}?/ﬂj

)
/ Fresswre : Gy = %-N

Pore Water Volvme Change_
Pressure * Tendency
U=Zal

\ Fore Maler /

Frecsure CJmnje ;
AL

In



5

o
L=

n
w

Deviator Strass (7, -0y) 5/t

125

100

Prassure - U*3/cnt

Pore Watar

FIG. €3

T L
(0, - 0%) max.
[ 29 k4 /emt During Cemselidation
—— .\ (u"/ﬂ'.')m. l
Test Nao,
UR -5\
D i
OOt N
p S W——| | - R & |
F— ]
o UR-135
—c. =, == s UR-40
5) _..u__4—v—'— UR-18
s - %
—g.5 UR-23
3 |
5 10 15 zo g5 30
Axial Strain - E,%
5 4]

E9/cmt During Conselidation

e P . UR - 51 i

15 20 5 30

Test M.

Al Samples

e, > 87 De =58 % Leese
Initial Pore Waler Pressyre = O

"

l.C.U. TESTS ON LOOSE

SACRAMENTO RIWVER SAND,

CONFINING PRESSURE ABOVE CRITICAL.

/



A Vord Fatio

0.9

o.f

0.7

0.¢

Undraped 7zsts i@ AV= AE, =4e =0

e =087
T 3L%
/o5t ve Aore Walter Frescures

O O

Crrtcal Stale Zpe

e

O> &= 0.4/
— 02 O’ [_D,-':‘ /005 §

/Veya Live Fore

Waler Fressurés

0.5 -
(Cavidatior at )= oot/ kyen?)
30 o
o4 L ] | | —
0 /0 2 C’Of?ﬁ.'o/}y Frescore (1 /‘3@2)

T/

) )
T3 0F Oz
Fore Waler Precsore Beérharior 107 Cndrasred

SFrarxial fa/»/fexx/a” Jests on Sacramento Aiver Sand



TPV BT00F YO SAIP)  HorrrILdWn) ) MINGLL)

oA OLPU)] — PPRYPPOr&o) Lol SYR¥y — IFoL25 24, \%QN\.*N

LPO = ORVY prof V02T

PUVS™ APANY, ORUPUCAIVN

/3



7

AQAVY DT ARV SO PUoR VW\

7

AV i PW7 323157900049 T
Y "
| -
odby 9143 3077 o

242 P20,
Ty

A

= Q\..M\?‘\W‘ H\\vw_\wh\

WAy DT B9 A 241298 44F

Cyviguzpgy A0 worbay

&

7,

b

/%



Stress Path (Anisotropic Consolidation)

The stress path or type of consolidation does not appear to

have any significant influence on the subsequent soil behavior,
as long as the subsequent stress path is directed outside the
current yield surface. This is illustrated on the following

diagrams.

Tsotropie Consolydason

- /Pﬂ/:raffa/wé Consolidation

/5
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DIFFERENCES BETWEEN SAND AND CLAY:

5.

Permeability:

Clays are much less permeable than sands.
Therefore, undrained conditions are often

prevailing in the field problems.

Compressibility: In the range of stresses in conventional

Cohesion:

No Cavitation:

Plasticity:

geotechnical problems, the compressibilities

of clays are higher than those for sands.

Cohesive soils form hard lumps on drying.
Effective cohesion greater than zero only

exists due to cementation between grains.

Pore water in fine capillaries does not
cavitate. Suction of several hundred
atmospheres can be sustained in capillary

water. This enables sampling of clay.

The property of a soil that enables it to

deform without cracking or crumbling.
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Fig. 2. The change in pore pressure during the application of the deviator stress;
typical results for normally and over-consolidated clay samples

(a) deviator stress,

(b) pore pressure change, and

() value of parameter A4, plotted against axial strain;

(d) 4y, the value of A at failure, plotted against over-consolidation ratio.

(After Bishop and Henksl, 1862)
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Stress Invariants and Principal Stress Space






Stress Invariants

Stresses in 3 Dimensions

Tyz
sz (0] y
TX
Z —E—— : 1
/ )
5. ¥

Sign rule: Normal stresses are positive when compressive

Tyt  Shear stress on plane whose normal is x and direction is y

3 normal stresses and 6 shear stresses, but only 3 shear stresses are independent since

Try = Tyxs ELC.



Resolve stresses to get state of stress on any plane ABC:

Normal to plane ABC

Px» Py, and p, are stress components on plane ABC in directions of axes x, y, and z.



To determine the state of stress (p,,py p,) on any plane, use force equilibrium.

=> Need areas of triangle on which stresses act to calculate forces (e.g., Fy = 0, * Apggce)

Normal to plane ABC
Direction given by
unit vector (/, m, n)

= (cos @, cos 3, cos V)

Area of ABC = w

Unit vector has property:

I2+m?+n?=cos?o+cos?B+cos?y=1

=> Area of OBC = - /, and similarly
OAC=w0'm
OAB=w'n



Equilibrium of forces in X-direction:
Px W=/ -0+ 0 M- T+®-n* Ty
and similarly for the y- and z-directions:
Py 0=0-/ T, +Q0 ' m- 0, +® nTy
p,r0=0"/"1,+0-m-T,+®-n"0,

and this can be written on matrix form as follows:

Px

Q
™
(2]

yx T || |
Br (TP & %y 1™
n

Pz Txz Tyz Oy

Stress tensor = Oy



By rotating the normal to the plane as well as the plane ABC around 0, three locations will be
encountered at which no shear stresses act on plane ABC. Such a plane is called a

principal plane and the normal stress acting on this plane is a principal stress.

To determine the principal stresses, assume there is only one principal plane on which the
shear stresses are zero and only a normal stress (principal stress) = G; exists.

Then

Px O; ' cOs O o PR

Py f =10i-cosP r =4{0;'m

P: f’i rCcosy Gi ‘n
p

o; = principal stress

Principal plane: = No shear stresses act
Only normal (principal)
X Stress ©; occurs.



Therefore

(0x—0) Tyx Tox [ 0
Ty (O,0) Ty my=<0
Ty Ty, (0,0C) R 0

i.e., three linear, simultaneous equations for determination of ©;.

To obtain a nontrivial solution, the determinant of the matrix should be zero:

(0x—03) tyx Tx
Ty (Oy—0C) Ty =)

Txz Tyz (02—0'1)

=> 67 - (0, + 0, + 0, - 6

+ (05 Oy + 0y O+ 0, Ox =Ty " Tyy = Tyz " Tyy — Ty * Tpp) * G

—(Ox " Oy " Oy + Ty " Ty " Tix + Tyx " Ty * Tnz

~ Oy Ty Ty = Oy " Ty " Taz =0 " Ty " Tyy) =0

or (the characteristic equation):
Gi3'-11 ‘0i2+12'6i"13=0
in which

=0, +0y+0,

0+ Gy + O3



=Ty Ty T T Ty

* = . . . = .
I,=0,°0y+ 0y 0, + 0, Oy —Tyy " Tyx — Ty " Toy

=0; 03+ 0z * 03+ 03 Oy

=0,"0y 0+ Ty Ty " Ty + Tyx " Tpy " Tyg

— By i e =0 iy g = B " ey * iy

=002 03

The cubical equation has three real roots for a proper 3-D stress state.

For these roots (= principal stresses) to be constant and independent of the coordinate

system in which the stress state is expressed, the coefficients I}, I, and I3 must themselves be

constant or invariant with regard to coordinate system.

The three quantities I;, I,, and I, are called the first, the second, and the third invari-

ants of the stress tensor.

* The sign used in the cubical equation for the coefficient to G and the consequent sign of I, is the users

choice, but it must be used consistently thereafter.



Stress Deviator Invariants

Decomposition of Stress Tensor

The symmetric stress tensor Gj; can be decomposed into two symmetric tensors, the

hydrostatic stress (or spherical stress) tensor and the deviatoric stress tensor:

or

l1fori=j

Kronecker symbol, 8; = 15 ¢ i

Oy Tyx Tmx o, 0 0 (0x~Om) Tyx Tz
Ty Oy Toy 0 ¢, D | + Ty (Oy=Cnm) Ty
Te Ty O 0 0 o, Txz Tyz (0,0

The hydrostatic stress or the mean normal stress O, is defined as
1 1
crm=-§ -(cr,‘+cr),+cr,)=?-11

and the deviatoric stress s;; is therefore

i~ Om - &;;

8ij ij

in which the individual components are given in the deviatoric matrix above.

As for the stress tensor, invariant quantities can be determined for the deviatoric stress tensor.

The characteristic equation is formed as follows:
Ss—Jl Y 52‘12' S'-J3=O

in which the invariants of the deviatoric stress tensor have the following values:



andwithcm=—;-(cx+oy+c,):

.[1 = 0
1
Ty= 8y 8y
1
= '6' [(Gx_oy)z 3 (Gy_cz)z i (O'Z—Gx)zl F Ty " Tyx F Uz " Tay + Tox " Ty

= % [(6,-6,)% + (0,-G3)? + (03-01)%]

13—l'si"5'k'ski
3 ] J
= (Ox—Om) (Oy—0pr) (0, 0p) + Tyy " Tyz " Tax + Tyx * Ty " Txz
= (0x=Opn) - Ty Ty — (Cy_cm) " Txz " Tx — (07~ Om) Tey " Tyx
J3 = (61-0,,) (62,-G,) (63—Cp)

1
= —2'-'; (201—02—03) (202—03"‘0'1) (2 3 0'3—01_02)

The solution to the characteristic equation yields the principal stress deviators sy, Sj, S3.

The coefficients J;, J,, and J; are independent of the coordinate system, and they are called

the first, the second, and the third stress deviator invariants, respectively.



The stress deviator invariants may be related to the stress invariants as follows:

J1=0
1 1o
Jy== - 12-1
2 3 1 2
2 1
J3=—27'Il3——3-'11'12+13

The principal stress deviators sy, S,, s3 coincide in directions with the principal stresses, and
the solutions to the two characteristic equations are really equivalent, except the stress devia-

tors are smaller than the principal stresses by the amount of o ,.

/0



PRINCIPAL STRESS SPACE

In order to represent a general three-dimensional state of
stress it may be useful to employ the principal stress space.
This space consists of a cartesian coordinate system whose
axes represent the three principal stress o,, 0g,, and g,.
These =stresses are positive and compressive in the octant
shown in figure 2.17(a). The stress condition in a soil
element may be represented in the principal stress space by a
point whose coordinates are given by (o,, 0,, 0,,) as

illustrated in Figure 2.17(a).

The hydrostatic axis or the space diagonal is the line in
the coordinate system which forms equal angles with the axes,
as shown in Figure 2.17(b). Points on this line represents
hydrostatic states of stress corresponding to equal values of
the principal stresses (0, = 0, = 0J3). The angles between

the hydrostatic axis and the three coordinate axes are 54.74°.

It is difficult to work with a three-dimensional stress
space on a routine basis. Two planes in the principal stress
space are often used for plotting test results. A triaxial

plane 1is a plane which contains the hydrostatic axis and one

of the principal stress axes. There are three triaxial planes
in the principal stress space, Figure 2.18 shows the triaxial
plane which contains the o, -axis. An octahedral plane is a

11
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Hydrostatic

Octahedral
Plane

Figure 2.18 Principal Stress Space with Triaxial Plane and
Octahedral Plane
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plane whose normal is the hydrostatic axis. There 1is an
infinite number of octahedral planes. Figure 2.18 shows an

octahedral plane.

Octahedral Stresses

The normal and shear stresses on any octahedral plane are
denoted the octahedral normal stress and the octahedral shear

stress and they are given here in terms of principal stresses:

qQ
|

1
oct = 3'(0,+0,+0,) £2.17)

T e = 30/(6,70,) 77 (0,050 7+ (6,-0,) (2.18)

oct
=§.&2_3,§'=@%:

The octahedral stress components corresponding to the

stress point P(,, 0,, 0,) can be found as illustrated 1in
Figure 2.19, The total stress vector-6$ can be decomposed
into the components-aa on the hydrostatic axis and.ag in the
octahedral plane through P. The length 166| can be obtained
as the projection of 6; on the hydrostatic axis. The scalar

product of OP and the unit vector m on the hydrostatic axis

gives

o)
| o]
]
|
r
Q
+
!
Q
+
|
Qq
1]

3
‘3'.(01+02+03) (2.193)

loQ| = V30 (2.19b)

¥
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The deviatoric component |QP| of the total stress vector can

be obtained as
Q| = |oP - 0Q] (2.20)
where

oP = (01' O, 03) (2.21)

and

00 = [00[*n = 3+(0,+0,+0,) (1,1,1,) (2.22)
Performing the calculation indicated in equation (2.20)
results in

(QB| = 3+ /76,70,1 7+ (a,-0;) 7+ (0 =007 (2.233)

|QP| = @'Toct (2.23b)

Figure 2.19 shows that the octahedral stress components, 0 .,

and Toct » corresponding to the stress point P(©,, 0,, 03) are

L e

represented in the principal stress space as /§'10Q| and
1 —

/§° QP‘, respectively. The distance from the origin to the

oq|

octahedral plane which contains Toct 1S therefore 1.

/3

1/
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Note that all points located on a circle in the octahedral
plane have the same values of T5o¢t and Tget, as shown in

Figure 2.20,.

Triaxial Plane

The triaxial plane which contains the 9Y91-axis is shown in

Figure 2.21. In this plane the hydrostatic axis forms an

angle of 8 = arctan( ) = 35.26° with the horizontal axis.
Any state of stress which can be produced in a triaxial test
in which the state of stress is axisymmetric can be shown in a
triaxial plane. States of stress in triaxial compression plot
above the hydrostatic axis, and states of stress in triaxial
extension plot below the hydrostatic axis. The total and
effective stress-paths for a CU-test are shown in Figure 2.21.

These are the same stress-paths previously shown on the p-q

diagrams in Figure 2.15.

The stress-paths shown 1in the triaxial plane and the
Cambridge p-q diagram are very similar. In fact these two
diagrams are the same within a linear transformation. Figure
2.22 shows the two diagrams superimposed with the coordinates

for a stress point indicated with reference to the triaxial

plane. A similar direct comparison cannot be done between the
triaxial plane and the modified Mohr diagram, because the
abscissa of the latter «cannot be changed by a linear

transformation to match the distance along the hydrostatic

axis.

/7
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Octahedral Plane

The other two-dimensional diagram in the principal stress

space which is useful for presentation of test results is the

octahedral plane. The results of tests with three unequal

stresses are often shown in this diagram.

In the octahedral plane the centre point represents the
hydrostatic axis as shown on figure 2.23, The three axes are
120° apart and they represent the projections of the principal
stress axes on the octahedral plane. These axes are lines of

symmetry such that o, = g,, g, = 06,, and 0, =@

& represent

1
the traces 1in the octahedral plane of the three triaxial

planes.

1f ¢y, 0o,, and 0; are taken as the major, intermediate,
and minor principal stresses, only one sixth of the octant is
necessary for representing any state of stress. However, any
one of the three axes could be the major principal stress
axis. Thus, by interchanging the subscripts (1, 2, 3) one
state of stress is represented in each of the six parts of the
octahedral plane. The state of stress represented by the

point P is shown in each of the six parts of the plane in

Figure 2.23.

Figure 2.24(a) shows the Mohr-Coulomb failure criterion in
the principal stress space for a material without effective
cohesion, The failure surfaces form a cone with the apex at
the origin. The cross-section in an octahedral plane has the

shape of an irregular hexagon with acute and obtuse angles at



7.3

S—
9

Figure 2.23 Octahedral Plane with State of Stress Represented
in Each of the Six Parts

19
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(a)

(b)

Figure 2.24 (a) Three-Dimensional Representation of Mohr-
Coulomb Failure Criterion in Principal
Stress Space, and
(b) Variation of Cross-Sectional Shape with
Friction Angle in Octahedral Plane e
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the points corresponding to the states of stress in triaxial
compression and extension, respectively. The cross-section

changes shape as the magnitude of the friction angle changes,

as indicated in Figure 2.24(b). The shape approaches an
equilateral triangle for friction angles approaching 90°, and

it resembles a regular hexagon at very small friction angle.

Procedure for Plotting Stress Points on an Octahedral Plane

It is often useful to study the shape of failure surfaces
in the principal stress space. The cross-sectional shapes of
failure surfaces are best shown on an octahedral ©plane.
However, tests conducted with three unequal principal stresses
most often do not_fail at the same value of the octahedral
normal stress, and the results can therefore not be plotted
directly on the same octahedral plane. For soils with no
cohesion and with straight failure surfaces, the principal
stresses at failure can be modified according to the following

expression such that all stress points fall in one octahedral

plane:
* ® * g
- oct
(O Tar 8y) = {05 Was Ty} = (2.24)
3 (0,+0,+04)
where O3, O, , and U3 are the principal stresses measured at

*

j ik * * .
failure, and 0, (=3 (0, + 0, + 0,)) is the octahedral normal

stress corresponding to the octahedral plane on which the test

nu
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results are to be plotted. The value of Uoct is of no
importance to the cross-sectional shape of the failure surface
for soils with no cohesion and with straight failure surfaces.
Note that only the magnitudes of the principal stresses are
modified, whereas the ratios between the principal stresses

remain constant. Thus, the friction angle is not changed due

to the modification of stresses given by equation (2.24).

The point P corresponding to the modified principal

* * *
stresses 9;, O, , and 93 can be placed on the octahedral plane
according to the following procedure. The principal stress

space with the octahedral plane which contains the stress
point P is shown in the upper part of Figure 2.25. The
procedure for finding the distances between the projection of

P on the principal stress axes in the octahedral plane and the

hydrostatic axis will be demonstrated. The calculations all
pertain to a triaxial plane, which is a plane containing one
of the principal stress axes and the hydrostatic axis. the

triaxial plane containing the O;-axis is shown in the lower
part of Figure 2,25. The point in which the hydrostatic axis
crosses the octahedral plane is designated 0'. The distance

between the origin and the projection of 0' on the 0;-axis is

* * *
equal to S % *{(0, + g, + 0,) as may be seen from the
lower part of Figure 2.25. The projection of P on the
triaxial plane is designated p'. The distance 0'P' = a then

becomes (see Figure 2.25):

* 1

A= lEy = %%ct) ~ Cos® (2,237

2
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where cosf8 = cos(35.26°) = Jg such that

a= @ (0] = 0 qp) (2.26)

Similar expressions can be obtained for the corresponding

values of b and c:

3 *
b= |3 007 - 0gey) (2.27)
‘/_3- . ) 2.28)
c= V7 "0 = Oget (2
With known values of the distances a, b and ¢ the point P

can be plotted on the octahedral plane as shown in the upper
part of Figure 2,26, The lengths a, b, and c are marked out
on the axes in the octahedral plane and lines perpendicular to
the axes are drawn to intersection to give the position of the
stress point P, It may be seen from the upper part of Figure
2.26 that it is only necessary to use two of the three values

a, b, and c.

For the purpose of simplifying the positioning of the
point P on the octahedral plane, the following trigonometric

considerations are made so that the coordinates of P are

27
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Figure 2.26 Location of Stress Point P on Octahedral Plane
from a, b and ¢, or x and y
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determined in the X-Y diagram shown in the lower part of
Figure 2.26. The y-coordinate is equal to a:
*
¥ - g o) = Tuep! (2.29)
The

x-coordinate

is determined as follows (see lower part
Figure 2.26):

of
X= =-¢c * cos 30° - (a+c + sin 30°) * tan 30°
/3.1.73 /3
x® = a-=~U'=s+3¥ 3) -a-'3
(2.30)
x = /% (-a - 2c)
Substituting the values of a and ¢ from equations (2.26) and
(2.28) respectively, 1into equation (2.30) and reducing, the
x-coordinate becomes:
* *
X = ig (g = 0,) (2.31)

Using equations (2.29) and (2.31),
easily be

the point P(0,;

located on the octahedral plane as

s 92
lower part of Figure 2.26.

, 03) can

shown in the

2A



Procedure for Determination of the Direction of the Projection of a Strain

Increment Vector on an Octahedral Plane

A set of principal strain increments (él, € é3) can be considered as

29
a vector, which can be shown in the same space as the principal stresses.

Whereas the direction of the projection of the strain increment vector on the
octahedral plane is of interest, the length of this vector is usually immaterial.
In order to fi;d its direction the vector is considered to have its starting
point in the origin of the principal stress and strain increment space, and its
end point therefore has the coordinates (él, éZ' &3). The origin O of the

three-dimensional space projects in the center O' of the octahedral plane and

the projection of the end point of the vector on this plane can be found

according to the procedure for plotting a stress point on the octahedral plane.
The direction of the strain increment vector is only dependent on the relative
magnitudes of the strain increments. It is therefore not necessary to modify
the magnitudes of the principal strain increments such that all sets of strain
increments have a common mean value.

Substituting strain increments for stresses in Equations (C.6) and (C.8),
the direction of the projection of the strain increment vector on the octa-
hedral plane can be determined as a slope in the X-Y diagram in this plane

(see the lower part of Figure C.2) according to:

s
53. . . ‘.l
&y - W JE (El-e) ,/j.il__.el (C.9)
dx  x %Z ) (é o , éz = é3
2 2™ %

where Em is the mean value of the strain increments:

W

. (sl + e, +¢€ (C.10)

e ™ 2 ¥ €3

m

The projections of the strain increment vectors are shown originating
at their respective stress points in the octahedral plane with slopes

determined from Equation (C.9).

2.4 A
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STRESS INVARIANTS

A.1 STRESS INVARIANTS

Usually, plasticity theories assume isotropic materials. It is
therefore convenient to use stress invariants, because this ensures
symmetry of the behavior of materials in stress space. Several sets
of invariants are used in the literature. However, only three
independent invariants are possible in each of the set.

The most common set is that emerging from the eigenvalue problem

of stresses.

1 =

I, = 1 (G0 - 0,,.0,,) (A.1)
2 72 '945%1 T %K%

I, =det |uv,.| = A

3 i3 31 ©:5%x%emn®i12%9m%kn

In terms of the principal stresses,

(A.2)

H
w
i
a
[
Q
%]
Q
w
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The shapes of the surfaces described by these three invariants in
principal stress space are shown in Fig. A.1 through A.3.
The deviatoric stress invariants are often used in addition to

given in Eq. A.1.

Iy =3 $13%51 = I+ I, -
3y = 3 81559%5ki = 27 11+ 5 4T, ¢ I

where the deviatoric stress is
Si3 %55 © T %13% (A.4)

The second invariant Ji is related to several physical quantities,
namely, deviatoric strain energy, octahedral shear stress, and mean
square sum of principal shear stresses.

For comput'ation.al convenience, the third invariant is often used in

an alternative form (Nayak and Zienkiewicz, 1972):

wy = %- arcos { é-é@ — 7 ] } (A.3)

whe
. 0 5wy <
The angle “5 is the angle of the stress vector from the c:rl axis in

I

the octahedral plane. It is known as the Lode angle. Using 1,

L]
J2 , and Y5, the principal stresses can be expressed as

29



(A.6)

oy cos w 11/3
0ot = 7_-23— /J—E cos (w_+47m/3) + {I,/3
Oq cos (w0+21r/3) 11/3

This set of invariants was used in calculation of the shape of various

criteria reviewed in Chapter II.

In this study, all stress functions are expressed in terms of the

first set of invariants. It is useful to examine the non-dimensional
analogs:
Ii
Rz = = 'g -3
(A.7)
Ii
R = —— 27
3 I3

Combined with Il/p these two modified invariants may serve as a

5 2
complete set of dimensioniess invariants. The modified invariants R,
and R, form cones whose vertices are at the stress origin and whose
centeriines coincide with the hydrostatic axis. Figs. A.4 and A.5
show that the shapes of R2 and R3 in the triaxial and the octahedral
is a

planes. The cross-section of R, is a circle while that of R

2 3

rounded triangle.
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Shape of stress invariant 11: (a) on triaxial plane, and
(b) in stress space.
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.

Shape of stress invariant [: (a) on triaxial plane, (b) on
octahedral plane, and (c) in stress space.
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Fig. A.3

Shape of stress invariant 13: (a) on triaxial plane, (b) on
octahedral plane, and (c) in stress space.
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Fig. A.4

Shape of non-dimensional stress invariant Ro: (a) on
triaxial plane, and (b) on octahedral plane.
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Fig. A.5

Shape of non-dimensional stress invariant R3: (a) on
triaxial plane, and (b) on octahedral plane.
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CusicAL TRIAXIAL TESTS ON COHESIONLESS SOIL

By Poul V. Lade,' A.M. ASCE and James M. Duncan,? M. ASCE

INTRODUCTION

Conventional triaxial compression tests only provide information regarding
the soil behavior under stress conditions for which o, > o, = o,. A new
type of triaxial apparatus in which three different principal stresses can be
applied to a cubical soil specimen is described. This apparatus has some definite
advantages over those used previously. The features of the new apparatus are
described, and the results of a series of tests performed on a uniform sand
at two different void ratios are examined.

The influence of the intermediate principal stress on the stress-strain and
strength characteristics of cohesionless soils may be investigated to a limited
extent by means of ordinary triaxial tests in which two of the principal stresses
have the same value. Several investigators have carried out triaxial compression
and triaxial extension tests in order to compare the behavior of soils in the
two types of tests (7,8,15,28,30). Tests with three unequal principal stresses
have been employed in addition to the triaxial tests. Studies incorporating results
from plane strain tests, torsion tests, and thick cylinder tests have shed additional
light on the behavior of cohesionless soils (4,5,10,14,17,22). An excellent review
of the stress-deformation and strength characteristics of soils was presented
by Scott and Ko (31).

Note.—Discussion open until March 1, 1974. To extend the closing date one month,
a written request must be filed with the Editor of Technical Publications, ASCE. This
paper is part of the copyrighted Journal of the Technical Publications, ASCE. This paper
is part of the copyrighted Journal of the Soil Mechanics and Foundations Division,
Proceedings of the American Society of Civil Engineers, Vol. 99, No. SM10, October,
1973. Manuscript was submitted for review for possible publication on March 6, 1973.

' Asst. Prof., Mech. and Structures Dept., School of Engrg. and Applied Sci., Univ.
of California, Los Angeles, Calif.

Prof. of Civ. Engrg., Univ. of California, Berkeley, Calif.
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Tecumaues FoR AppLYING THree Dirrerent PrincipaL STRessES

Previous studies performed to investigate the effects of o, have also involved
equipment in which three different principal stresses could be applied indepen-
dently to a cubical specimen. The fundamental design and working principles
of some of these apparatuses and the main results obtained for cohesionless
soils are described in the following.

Ko and Scott (18) designed a soil test box in which a cubical specimen was
contained between six membranes. Each pair of opposite membranes was
interconnected and could be pressurized individually, thus providing for three
different principal stresses. In order to avoid a tendency of the membranes
to interfere with each other at the edges, a rigid frame separated the membranes.
Tests performed on Ottawa Sand showed (20) that the friction angle increased
with increasing intermediate principal stress from the condition of triaxial
compression (in which ¢, = o,) to a maximum before a slight decreas¢ at
the condition of triaxial extension (in which o, = o). This apparatus offers
the advantage of easy application of normal stresses and ensures that no shear
stresses are induced on the faces of the specimen. However, as the magnitudes
of the strains increase, they can become nonuniform. Green (11), Arthur and
Menzies (1), and Bell (3) pointed out that the rigid frame separating the membranes
may cause edge restraints which result in too steep stress-strain curves and
too high strengths.

An apparatus described by Bishop (6) and Green (12) employs a rectangular
prismatic specimen. One horizontal stress is applied by the chamber pressure
and an additional stress supplied by two vertical, stiff plates provided with
a horizontal loading ram. The two vertical plates cover most of two opposite
vertical faces, but are shorter than the height of the specimen, leaving space
for compression of the specimen in the vertical direction, and thus avoiding
interference between the vertical, stiff plates and the cap and base. Green and
Bishop (13) and Green (12) performed tests on Ham River sand with o, values
very closely spaced in the range from o, to o,. The friction angle was reported
to increase from triaxial compression to plane strain and to remain constant
from plane strain to triaxial extension. It appears from the design of this apparatus
that part of the specimen can be squeezed out above and below the vertical
plates, thus filling the spaces between the vertical plates and the cap and base,
This may result in nonuniform straining of the specimen and may, in part,
prevent the compression of the specimen, thereby resulting in too steep stress-
strain curves and too high strengths. This discrepancy would be expected to
be most pronounced at high values of the intermediate principal stress.

Sutherland and Mesdary (32) designed a piece of equipment similar to the
apparatus described by Bishop (6). One of the horizontal stresses is applied
by the chamber pressure, and the other is applied by two rubber bags filled
with water. Tests performed on Lock Aline sand showed that the friction angle
increased from triaxial compression to a maximum in the region of the plane
strain condition and then decreased at triaxial extension to a value approximately
equal to that obtained in triaxial compression. The principal disadvantages are
the difficulties in evaluating the intermediate stress precisely, and the possibility
of interference between the rubber bags and the cap and base.

Another cubical triaxial machine was designed by Roscoe and his co-workers

SM10 COHESIONLESS SOIL 795

and was described by Pearce (26,27). The specimen is enclosed in a membrane
and surrounded by six interconnected rigid plates, one on each face. The six
rigid plates are arranged around the specimen so that they can slide over each
other to produce strains along all three perpendicular axes. The apparatus can
apply strains of + 30% along any or all of the three perpendicular axes. Load
cells are incorporated in some of the plates in order to measure stresses on
the specimen. A large loading frame with three mutually perpendicular pairs
of rams provides the compressive forces. Whereas the working principle is
simple and attractive, the actual design and construction of this piece of equipment
is very complicated and the expense and time for construction are considerable.
Pearce noted that this true triaxial apparatus may not be useful for testing
cohesionless soils due to development of excessive shear stresses along the
faces of the specimen.

The four apparatuses described in the preceding represent the design principles
that have been used in recent years for equipment with independent control
of the three principal stresses. In addition to these, several other investigations
of the behavior of cohesionless soil have been performed using equipment
incorporating designs similar to those just presented (2,23,24,29,32).

Each of the apparatuses has its own advantages, but no single piece of equipment
appears to incorporate accurate control of stresses and uniform strains of large
magnitude with simple design features. Therefore a new cubical triaxial apparatus
employing new design principles was developed for the present investigation.

CusicaL TriaxiaL APPARATUS

Stress Application.—The new cubical triaxial apparatus is shown in Fig. 1.
The specimen, which is contained between a cap and base and surrounded
by a membrane, has dimensions 7.6 cm x 7.6 cm x 7.6 cm. The apparatus
is contained in a pressure chamber.

The three principal stresses are applied to the specimen in the following way:
The minor principal stress, o, which acts in one horizontal direction, is provided
by the chamber pressure. A vertical load is transmitted by a rod through the
top of the chamber and applied to the specimen through the cap and base.
The resulting deviator stress, together with the chamber pressure, provides for
a vertical principal stress different from ¢,. The second horizontal deviator
stress is applied by a specially designed loading system.

Horizontal Loading System.—Fig. 2 shows this loading system, which consists
of two interconnected vertical plates which sit on opposite sides of the cubical
specimen. One of the plates is provided with a pressure cylinder, which supplies
the horizontal load. This loading system rolls freely on two rails alongside the
base, as seen in Fig. 2. )

The two horizontal loading plates, which are compressible in the vertical
direction, consist of horizontal laminae of alternate layers of stainless steel
and balsa wood. The balsa wood has a fairly low modulus and strength in
the directions perpendicular to the fibers, whereas the modulus and strength
parallel to the fiber direction are relatively high. Poisson’s ratio in all three
directions is essentially zero. The strength in the directions perpendicular to
the fibers can be further decreased by compressing the wood and allowing
it to soak water, whereupon it will rebound to its original dimensions. The
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balsa wood lfu'ninae were cut so that the fiber direction faces the specimeﬁ.
The stee‘l laminae are provided with rims which prevent the balsa wood laminae
from being pushed back by the specimen. The thickness of the steel and balsa

FRAME FOR COMPRESSING
HORIZONTAL LOADING PLATES

LOAD CELL

P,

\!V&.':*)-.v —

s\, A =
Yy K
I ,II :

HORIZONTAL LOADING SYSTEM

FIG. 1.—Cubical Triaxial Apparatus

FIG. 2—Horizontal Loading System

wooq laminae are proportioned so that the plates can be compressed about
20% in the vertical direction without excessive force.

The bs_xck sides of the steel laminae are provided with rollers that can roll
on a solid steel plate as seen in Fig. 2. The upper and lower steel laminae
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are constructed with tongues which slip into the slots between the other steel
laminae and their rollers. The tongues keep the laminae in line and prevent
the plates from buckling. '

The force required to compress the plates in the vertical direction is supplied
from the rod which also provides the vertical load for the specimen. A frame
with four legs is fastened to the rod, as seen in Fig. 1. The four legs extend
around the cap and rest on the four ball bearings fastened to the upper steel
laminae. The two horizontal loading plates are positioned so that there is a
gap of about 1 mm between the plates and the cap and base. As the specimen
is loaded vertically, the horizontal loading plates are compressed at the same
rate as the specimen by the frame attached to the axial force rod, thereby
avoiding any contact between the plates and the cap and base.

The vertical load applied to the specimen is measured by a load cell embedded
in the cap (see Fig. 1). The force required for vertical compression of the
horizontal loading plates is therefore not a part of the measured vertical load
applied to the specimen.

Both the horizontal loading plates and the cap and base were provided with
lubricated surfaces in order to avoid development of significant shear stresses
between the loading plates and the specimen.

Specimen Saturation.—After a specimen had been built of air-dry sand and
subjected to a confining pressure in the pressure chamber, it was saturated
using the following procedure: Gaseous carbon dioxide (CO,) was introduced
through the bottom drainage line, thereby pushing the lighter air within the
specimen up through the top drainage line. De-aired water was then introduced
through the bottom drainage line and also allowed to seep slowly up through
the specimen, thereby pushing most of the carbon dioxide out through the top
drainage line. Since a volume of gaseous carbon dioxide can be dissolved in
approximately an equal volume of de-aired water, any carbon dioxide left in
the specimen below the cap would dissolve in the intruding water, which in
turn would fill the voids in the specimen.

The degree of saturation was checked by measuring the pore pressure parameter,
B, at the start of each test. The value of B was found to be from 0.97 to
1.00 in most cases, indicating that the specimens were practically completely
saturated with water.

Measurements.—The oil pressure in the horizontal pressure cylinder was
controlled and could be measured by a pressure transducer outside the triaxial
cell and related to the horizontal deviator stress. The chamber pressure was
also measured by a pressure transducer and the vertical load by the load cell
embedded in the cap.

The linear deformations of the specimen were all measured with clip gages.
These consisted of thin bands of beryllium copper on which strain gages were
glued. The bands were shaped to fit around the specimen, between the horizontal
loading plates, and between the cap and base. All strain gages and wires were
waterproofed. In addition to the linear deformations, the volume change of
the saturated specimen was measured.

The measurements of the electrical signals from the clip gages, the load cell,
and the pressure transducers were recorded in digital form by a 10-channel
Vidar Digital Data Acquisition System. A maximum of seven channels was
used for the testing in the cubical triaxial apparatus. The response from the
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seven electrical devices was measured and printed in about 10 sec.

Corrections to the measured loads and pressures were found to be negligible,
but the linear and the volumetric deformations were corrected for effects of
membrane penetration.

A detailed description of the design and performance of the cubical triaxial
apparatus can be found elsewhere (21).

Sano Testen

All tests were performed on Monterey No. 0 Sand, which is composed of
subangular to subrounded grains consisting mainly of quartz and feldspar. The
characteristics of this sand are summarized as follows: Mean diameter, 0.43
mm; coefficient of uniformity, 1.53; specific gravity of grains, 2.645; maximum
void ratio, 0.860; and minimum void ratio, 0.565.

Tests were performed on dense and loose specimens. The loosest deposits
that could be conveniently prepared on a routine basis had a void ratio of
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FIG. 3.—Stress-Strain and Volume Change Characteristics Obtained in Cublcal Triaxial

Tests on Dense Monterey No. 0 Sand (e = 0.57)—All Tests Performed with oy =
58.8 kN/m?
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0.78 and a corresponding relative density of D, = 27%. The dense specimens
were prepared with a void ratio of 0.57 and a relative density of D, = 98%.

Tesning Procram

Drained tests were performed in the cubical triaxial apparatus at constant
chamber pressures of 0.60 kg/cm? (58.8 kN /m?). A series of tests was conducted
in which the horizontal and the vertical deviator stresses were increased
proportionally until the specimen failed. The ratio between the deviator stresses
may be denoted by the parameter, b, introduced by Habib (14) and later used
by Broms and Casbarian (9) and by Bishop (5):

o, -0,
The value of b indicates the relative magnitude of the intermediate principal
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stress: b is zero for triaxial compression in which o, = o, and it is unity
for triaxial extension in which o, = o ; for intermediate values of o, the value
of b is between zero and unity. Each test was conducted with constant value
of b throughout. The values of b used in the tests were chosen so that the
failure surfaces and the stress-strain relations for both the dense and the loose
sand could be determined over the full range of the intermediate principal stress.
Two plane strain tests were also performed in the cubical triaxial apparatus,
one on dense and one on loose sand.

Test ResuLts

Stress-Strain Characteristics.—The stress-strain curves obtained from the cubi-
cal triaxial tests on dense and loose sand are shown in Figs. 3 and 4. It may
be seen that the strength increases with increasing value of the intermediate
principal stress, until the value of b reaches 0.75 to 0.90, and then decreases
slightly at b = 1.00. The data in Figs. 3 and 4 show that for a constant value
of o, the initial slope of the stress-strain curve increases continually with increasing
value of the intermediate principal stress for both dense and loose sand. This
behavior indicates that for small stress levels the influence of o, on the stress-strain
curves may be accounted for, at least qualitatively, by Hooke's Law. The
strain-to-failure is greatest and the strength is lowest for triaxial compression
(b = 0.00). For loose sand the strain-to-failure decreases initially with increasing
value of b and remains approximately constant for b values greater than 0.6.
It may also be seen from Figs. 3 and 4 that the major deviator stress (o,
— o,) drops off more rapidly after the peak when the value of b is large.

Influence of Lubrication.—The lubricated surfaces on the cap and base and
the horizontal loading plates consisted of rubber sheets coated with silicone
grease. These lubricating sheets were in addition to the membrane which confined
the specimen along its vertical faces. Whereas most tests were performed with
just one lubricating sheet on each of the four loading plates, some were performed
on loose sand with one sheet on the base and two on each of the three other
interfaces. The stress-strain curves for these latter tests are shown with the
other curves in Fig. 4 for comparison. The expected effects of added lubrication
were reduction in end restraint and more uniform deformation of the specimen.
Because the specimens deformed quite uniformly both with and without the
added lubrication, the main effect was a reduction in end restraint, and a
consequent reduction in the strengths of the specimens. However, the reduction
was small, and it seems logical that further lubrication would have only a minor
effect. Similarly, the results of triaxial compression tests on dense sand were
affected very little by additional lubrication.

Volume Change Characteristics.—The volumetric strains measured in the cubical
triaxial tests are also shown in Figs. 3 and 4. The initial rate of compression
increased with increasing b value for both dense and loose sand. This characteristic
is indicative of elastic behavior at low stress levels. As the stress level increased,
plastic dilation began to dominate. The rate of dilation (expressed as — Ae/ Ae))
increased with increasing stress level from a negligible value at small stress
levels, to such a magnitude at high stress levels as to completely dominate
the elastic compression. Whereas this behavior was observed for both the dense
and the loose sand, the rate of dilation at failure was much higher for the
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dense than for the loose sand. The rate of dilation may be seen to increase
with increasing value of b.

Relation Between Principal Strains.—The intermediate and minor principal
strains, €, and e,, are plotted versus €, in Fig. 5 for both dense and loose
sand. The upper diagrams of this figure show that the intermediate principal
strains, €,, are expansive for b values smaller than those corresponding to the
plane strain condition and compressive for higher b values. The minor principal
strains, €,, are expansive in all cases and decrease with increasing b values
as shown in the lower diagrams of Fig. 5. A given increment in b has a greater
effect on the relation between the principal strains at small b values than at
high b values. '
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FIG. 5.—Relations Between Principal Strains Obtained in Cubical Triaxial Tests on
Dense and Loose Monterey No. 0 Sand

Lines are drawn through the points corresponding to failure. The major principal
strain-to-failure decreases with increasing b value for dense sand. For loose
sand the major principal strain-to-failure first decreases with increasing value
of b, and then remains approximately constant for b values greater than about
0.60.

Isotropy of Specimens.—For isotropic materials in triaxial compression (o,
= o,) the intermediate and the minor principal strains are equal (¢, = €,).
Sand specimens deposited in the vertical direction deform axisymmetrically in
triaxial compression and show no preference for expansion in any particular
horizontal direction, because the specimens are loaded along an axis of symmetry. **
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In the extension tests performed in the cubical triaxial apparatus, the major
srincipal stress, o, (= o,), was applied in the vertical direction and the intermediate
srincipal stress, o, (= «,), was applied in one of the horizontal directions.
T'he specimen was consequently loaded symmetrically around a horizontal axis,
but since the specimen was deposited in the vertical direction, the principal
strains, €, and €,, would not be expected to be equal unless the sand was
isotropic.

The upper diagrams of Fig. 5 show that the values of €, for practical purposes
are equal to the values of €, for extension tests on both dense and loose sand.
It was also observed that in some of the triaxial extension tests failure occurred
in the horizontal direction, in others failure occurred in the vertical direction,
and in others failure occurred in both directions simultaneously. The strengths
measured in these tests were approximately the same. Both of these observations
indicate that the sand specimens were essentially isotropic.

Strength Characteristics.—The variation of the measured friction angles with
b are shown in Fig. 6 for dense and loose sand. The friction angles were calculated
from

T Rk AN @

o, to,

and they are smallest in triaxial compression for both the dense and loose
sand, and the use of values of ¢ measured in triaxial compression may be
seen to be quite conservative. As the magnitude of b increases, the friction
angle increases to a maximum before decreasing slightly close to the extension
condition. However, the shapes of the variations of ¢ with b are quite different
for dense and loose sand. The strength of dense sand, expressed by the friction
angle, increases very rapidly at small b values and remains fairly constant for
intermediate values of b. For loose sand the increase in strength is more gradual.
The slight decrease in ¢ close to b = 1.00 was observed for both dense and
loose sand.

The data in Fig. 6 show that the amount of lubrication has little influence
on the strength as long as the specimens deform uniformly and the predominant
part of the end restraint has been removed.

Fig. 7 shows the test results plotted on an octahedral plane. It has been
assumed in plotting this figure that the confining pressure (= &) has no influence
on the friction angle, so that the failure surfaces in the principal stress space
are cones for which the shapes of the cross sections are as shown in Fig.
7. This is only approximately true, but it is believed that the assumption involves
only little error.

The cross sections of the Mohr-Coulomb failure surfaces corresponding to
the strengths obtained in triaxial compression for dense and loose specimens
are also shown in Fig. 7. These cross sections have shapes of irregular hexagons,
with acute and obtuse angles at the points corresponding to the states of stress
in triaxial compression and extension, respectively. In contrast, the traces of
the experimental failure surfaces in the octahedral plane are smooth throughout
their lengths.

It was pointed out that the specimens were essentially isotropic, and it was
also noticed that the strengths of the extension test specimens were the same
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whether they failed horizontally or vertically. Interchanging the principal stress
directions will therefore not have any effect on the strength of the sand. The
traces of the failure surfaces in the octahedral plane are consequently symmetric
around the projections of the three principal axes and intersect these at right
angles.

Direcmions oF Strain Increment VEcTors

It is of interest to investigate whether the normality condition of classical
plasticity theory is satisfied by these test results. According to the normality
condition the plastic strain increment vector for a perfectly plastic material
should be normal to the yield surface when the principal strain increments
are plotted in the same space as the principal stresses [see, e.g., Hill (16)
or Mendelson (25)]. If the normality condition is fulfilled, the pertinent strain

B {
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STRAIN INCREMENT
VECTOR
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~e=0.78 (EXTENSION) f
Q. ir
1X 1 1 i 1

o 2 4 6 8 [[¢]
ﬁ-v, (kg 7em?) , -/E-E,

FIG. 8.—Directions of Strain Increment Vectors in Triaxial Plane for Dense and Loose
Monterey No. 0 Sand (1 kg/cm? = 98.1 kN/m?)

increment vectors are perpendicular to the trace of the failure surface in a
triaxial plane, and the projections of the strain increment vectors on an octahedral
plane are perpendicular to the trace of the failure surface in the octahedral
plane.

The magnitudes of the strain increment vectors are immaterial to the question
of normality. The relative magnitudes of the principal strain increments can
be obtained from the slopes of the €, — €, and €, — €, diagrams in Fig. 5,
and the directions of the strain increment vectors can be plotted using these
values. Only the directions of the strain increments at failure will be considered,
because normality concerns only plastic strains, and by definition all strains
are plastic at failure.

The triaxial plane containing the o,-axis is shown in Fig. 8. The traces of
the experimental failure surfaces in this plane are shown for dense and loose
sand, together with the directions of the strain increment vectors. Since e,
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= €, in compression and €, = €, in extension, the corresponding strain increment
vectors are contained in the triaxial plane. Fig. 8 shows that the directions
of the strain increments form acute angles with the failure surface for sense
and loose sand in both compression and extension. The normality condition
is therefore not satisfied for these test results. Ko and Scott (19) also found
that the normality condition was not fulfilled for their tests on Ottawa Sand,
and it would appear that cohesionless soils in general do not satisfy the normality
condition.

The projections of the strain increment vectors on the octahedral plane are
shown in Fig. 9. Because of the symmetry about the principal stress axes,
only one sixth of the plane is shown. The projections of the strain increments
are very nearly perpendicular to the failure surfaces in the octahedral plane
for both dense and loose sand. Only a few of the vectors at intermediate values
of o, deviate slightly from perpendicularity. The magnitudes of these deviations
are so small that they could even be due to experimental inaccuracies.

It is clear from these results that the condition of normality is satisfied or
very nearly satisfied in the octahedral plane, but not in the triaxial plane, and
itis therefore not fulfilled in general for sand. The general pattern of the directions
of the strain increment vectors relative to the failure surfaces is of importance
in considerations regarding the applicability of plasticity theory to cohesionless
soils.

Bounpary Conpmons For Curve Skowing Varanion of ¢ Wimv b

The friction angles obtained from the cubical triaxial tests were previously
shown to increase with b at b = 0 and to decrease slightly at b = 1. Using
plasticity theory it is possible to prove that for isotropic cohesionless soils
the end slopes of the curve showing the variation of o with b should be as
they are shown in Fig. 6. These slopes can be expressed in terms of the friction
angles from triaxial compression (¢ _) and extension (¢ ) tests, respectively.

According to plasticity theory the normal strains can be expressed by equations
of the following form:

A A x: (i=1])) 3

€p=ah—=} U=]) csviwismenuebsamesisbiagmmsims
do,

in which A\ is a proportionality factor and f represents an expression for the

failure surface. Using Eq. 3 it can be shown that for isotropic materials the

initial and final slopes of the failure surface in a ¢ — b diagram can be expressed

by the following equations

(dcb) 1 ) 180 X
— =—(l+sin¢ )tand_ ——; (indegrees) . ........... (4)
db/,, 2 ™

)
db/,_,

The derivations of Egs. 4 and 5, which are shown in Appendix I, are based
on the condition that the failure surface is smooth, as are the failure surfaces
shown in Fig. 7. No specific mathematical formulation of the failure surface

i

1 180
—— (1 -sin¢,)tand,—; (indegrees) . .......... (%)
m
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was chosen for the derivations, and the expressions in Eqs. 4 and 5 are therefore
generally applicable for cohesionless soils. Egs. 4 and 5 simply express geometrical
conditions, which have been observed in the principal stress space and transferred
to the ¢ — b diagram. Note that the derivations of Eqs. 4 and 5 have not
involved assumptions of normality of the strain increment vector to the failure
surface in the principal stress space. It has only been assumed that the projection
of the strain increment vector on an octahedral plane is perpendicular to the
trace of the failure surface in the octahedral plane for the conditions of triaxial
compression and triaxial extension, which is true for all isotropic materials.

The calculated variations of the slopes with ¢ are shown in Fig. 10. The
left part of this figure shows the variation of the numerical values of d¢/db
for b = 0 and b = | with the friction angles from compression and extension
tests. The initial and final slopes are shown in a ¢ — b diagram in the right
part of Fig. 10 for friction angles up to 60°. While the initial slope increases
with increasing value of the friction angle in compression, the final slope is
small and varies only slightly within the range of friction angles measured in
extension. -

The pertinent initial and final slopes are shown in Fig. 6 for comparison
with the experimental failure surfaces for dense and loose sand. It appears
that the boundary conditions derived from the observations in the principal
stress space fit the experimental results very well. The small reductions in
the friction angles close to b = 1, which were observed for both dense and
loose sand, are supported by the boundary condition expressed in Eq. 5. The
magnitudes of the increases in friction angles with increasing b value at b =
0 are also correctly accounted for by Eq. 4.

ConcLusions

A new type of cubical triaxial apparatus was designed and constructed and
a series of tests was performed to investigate the influence of the intermediate
principal stress on the stress-strain and strength characteristics of Monterey
No. 0 Sand. The testing program included both plane strain tests and tests
conducted with constant values of b = (o, — 0,)/(o; — a;).

It was found for both dense and loose specimens that the slope of the
stress-strain curve increased, the strain-to-failure decreased, and the rate of
dilation increased with increasing b value. The strength of the soil as represented
by the friction angle increased from triaxial compression (for which b is equal
to zero) to a maximum at values of b slightly smaller than unity, and decreased
slightly to triaxial extension (for which b is equal to unity). It was observed
that a given increment in b had a greater effect on both the stress-strain and
the strength characteristics at small b values than at high b values.

The test results showed that the directions of the strain increments at failure
form acute angles with the failure surfaces for both the dense and loose sand.
The results are thus not in agreement with the normality criterion from classic
plasticity theory. However, it was found that the projections of the plastic
strain increment vectors on the octahedral plane are perpendicular to the trace
of the failure surface in that plane. Expressions were derived for the initial
and final slopes of the failure surfaces in a diagram showing the variation of
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¢ with b, and the test results were shown to fit these boundary conditions
well.

Arpenpix L.—Bounoary Conpmons For FAILURE Surrace N — b Diagram

From the conditions, €, = ¢,, in triaxial compression (¢, = o,) and €, =
€, in triaxial extension (o, = o,) for isotropic materials, it can be shown for
cohesionless soils that the initial and the final slopes of the failure surface
in a diagram showing the variation of ¢ with b can be expressed in terms
of the friction angles from compression and extension tests, ¢, and ¢ .

Expressing the strains by Eq. 3 and equalizing according to the foregoing
conditions results in

ettt S B i ouoi v v e e S R e R T SO S N E W U BN & (6)
do, do,
d, d|
and —f-= d I o e e (1))
do, o,

The strength of the cohesionless soil can for any value of b = (o, — 0,)/(o,
— o0,) be expressed as

o g o ST

=a,+a b+a,b*+...+a b" ... ... ..... 8
o, +o,

in which the right-hand expression represents the Taylor's series expansion
of a mathematical formulation of the failure surface in a sing — b diagram.
Eq. 8 can be written as a failure criterion as follows
o, -0
f=——>-a,-a,b-a,b*—...—a,b"=0 .. ... .......... ®
o, +0,
The slope of the failure surface in a sing — b diagram for any value of
bis
dfl n—1
—E;=a,+202b+...+nanb ..................... (10)
The derivatives of f appearing in Eqs. 6 and 7 can be derived from Eq.
9 and reduced by Eq. 10 as follows

d . - db
__f=(a|+u3)| (o~ o)1 - (a,+2a,b+ ...+ na, b"')—
do, (o, +ay)? €5 (1
ﬂ_ﬁ 20, +ﬂ (03 =0 ,) s
de, (o,+0,)* db (o,-0,)?

df db

¢ :—(a|+2a2b+...+na"b"");—- 2

9, o 3 (12)

df  df, 1 S
do, db (o,-0,)
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ﬂ__ (o, +a)) (-1)=(o,~0,) |

da, (o, +a,)?
db

o e S T B e ) B . TS (13)
0y

_f!__ -20, +f’_{£_ (o, —0,)

do;, (o0,+0,)? db (o,-0,)?

Triaxial Compression.—Substituting Eqs. 12 and 13 into Eq. 6 and reducing
gives

d g, (o0, -0,) o -0 o
O L —sing, —1— ... ... (14)
db (o, +0,)? o, +0, 0, +0, o, + o,
The o, term can be expressed as
1 + sin
a,=—-_—-j—-°-o', .............................. (15)
1 —sind,_

Substituting Eq. 15 into Eq. 14 and reducing gives
A
db

Eq. 16 expresses the initial slope of the failure surface in a sin¢ — b diagram.
In a ¢ — b diagram the slope can be found by expressing

1
=-5-(l F AU VB 5 5 5 050k womow 8 e e e s s s s B e e (16)

df, dsiné dé
—_— = e L R A s Y I I 1
B W an
which in connection with Eq. 16 gives
do 1 180
(—) =— (1 +sin¢ ) tangp ——; (indegrees) . .......... (18)
db/, , 2 L

Eq. 18 expresses the initial slope, in degrees, of the failure surface in a ¢
— b diagram. It can be seen that it is only dependent on the friction angle
obtained in triaxial compression (¢ O

Triaxial Extension.—Substituting Egs. 11 and 12 into Eq. 7 and reducing gives

dfy, -o,(a,-0a,) -0y  (0,— 0y —0, x
=t = = SiAg, ..o o (19
db (o, +0,)? (o,+0,) (0,+0;) (o,+0,)
The o, term can be expressed as
1+ sing,
O T el e W R R 0 W G RS e (20)
I —sind,
Substituting Eq. 20 into Eq. 19 and reducing gives
G oLt -sing)sing @1
o S IR, o o v w e MmO S S E e B
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Eq. 21 expresses the final slope of the failure surface in a sing — b diagram.
Ina ¢ — bdiagram the slope can be found from Egs. 17 and 21:

do 1 180 .
(‘-) =——(1-sind,) tand, —; (indegrees) .. ........ (22)
db/,_ 2 "

Eq. 22 expresses the final slope, in degrees, of the failure surface ina ¢ —
b diagram. It can be seen that it is only dependent on the friction angle obtained
in triaxial extension (¢ ,).
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Arrenpix lll.—Notanon
The following symbols are used in this paper:

4y, 4, 4y ..y @ constants;

pore pressure parameter;
ratio of horizontal to vertical deviator

n

]

b=(o,—ay)/(o, - oy

stress;
D, = relative density;
e = void ratio;
f = expression for failure surface;
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o, (i = 1,2,3)

¢ = arcsin [(o, - 0,)/(e, + 0,)]
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SM10

expression for strength of cohesionless
soil;

exponent;

proportionality constant;

principal strains;

principal strain increments;

strain tensor;

volumetric strain;

principal stresses;

stress tensor;

friction angle;

friction angle obtained from triaxial
compression test; and

friction angle obtained from triaxial ex-
tension test.
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THREE-DIMENSIONAL BEHAVIOR
oF REmoLDED CLAY

By Poul V. Lade,' A. M. ASCE and Horacio M. Musante?

InTRODUCTION

The stress-strain, pore pressure, and strength behavior obtained from undrained
triaxial compression tests only pertain to stress conditions for which o, > o,
= a,. Use of the Mohr-Coulomb failure criterion in connection with the strength
obtained in triaxial compression implies that the intermediate principal stress
does not influence the strength. However, previous experimental studies have
indicated some influence of the intermediate principal stress on the behavior
of soils. Only a limited number of investigations of the behavior of normally
consolidated clays under three-dimensional stress conditions have been per-
formed, and some of the available data are not consistent.

Presented herein is an experimental study of the influence of the intermediate
principal stress on the stress-strain, pore pressure, and strength characteristics
of normally consolidated, remolded clay under undrained conditions. Consolidat-
ed-undrained triaxial compression tests and triaxial tests with independent control
of all three principal stresses on cubical specimens were performed. A complete
series of tests was conducted for each of three different consolidation pressures.

Review oF PRevIOus INVESTIGATIONS

The influence of the intermediate principal stress on behavior of soils may
be investigated to a limited extent by means of ordinary triaxial tests in which
two of the principal stresses have the same value. Results of triaxial tests on
normally consolidated clays performed by Henkel (8,9) showed that the principal

Note.—Discussion open until July 1, 1978, To extend the closing date one month,
a written request must be filed with the Editor of Technical Publications, ASCE. This
paper is part of the copyrighted Journal of the Geotechnical Engineering Division,
Proceedings of the American Society of Civil Engineers, Vol. 104, No. GT2, February,
1978. Manuscript was submitted for review for possible publication on March 14, 1977.

'Asst. Prof., Mech. and Structures Dept., School of Engrg. and Applied Sci., Univ.
of California, Los Angeles, Calif.

!Grad. Student, Mech. and Structures Dept., School of Engrg. and Applied Sci., Univ.
of California, Los Angeles, Calif.
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effective stress ratios at failure were approximately the same in compression
(where 0, > o, = 0,) and extension (where o, = o, > o,) for both drained
and undrained test conditions. However, the undrained strengths, (¢, — o,),,
obtained in extension tests were about 14% lower than those obtained in
compression tests. The lower strengths in extension were attributed to the higher
pore pressures that developed in these tests.

A study performed by Wu, Loh, and Malvern (22) employed consolidated-un-
drained tests on hollow cylindrical specimens which permitted variation of the
intermediate principal stress. Tests in conventional triaxial compression and
extension were also conducted. It was found that the strength of the remolded
clay agreed well with the Mohr-Coulomb failure criterion expressed in terms
of Hvorslev's effective strength parameters, thus indicating that the strength
was independent of the intermediate principal stress. The stress-path had
reportedly no influence on the effective strength of the clay.

Pearce (16,17) and Yong and McKyes (24) presented results of undrained
tests in which three independently controlled principal stresses could be applied
to cubical or rectangular prismatic specimens. Both investigations, performed
on saturated kaolinite, indicated that the soil behavior prior to failure was
dependent on the relative magnitude of the intermediate principal stress, but
the effective stress failure surface could be described adequately by the Mohr-
Coulomb failure criterion.

In contrast with these findings are the results of three-dimensional undrained
tests on normally consolidated clay performed by Shibata and Karube (18) and
Yong and McKyes (23). Both studies showed that the relative value of the
intermediate principal stress affected the deformations, the pore presures, and
the strengths expressed in terms of effective stresses. The strain-to-failure, in
the major principal stress direction decreased and the pore pressure at failure
increased with increasing relative value of the intermediate principal stress.
The Mohr-Coulomb failure criterion was shown to represent a lower limit of
the effective strength envelope. The actual failure surfaces shown on octahedral
planes in the principal stress space were curved and circumscribed the Mohr-
Coulomb failure surface such that the strengths from triaxial extension coincided
with the Mohr-Coulomb failure surface.

Vaid and Campanella (20) conducted a series of consolidated-undrained triaxial
compression and triaxial extension tests and plane strain tests with compression
and extension type stress-paths on undisturbed Haney Clay. All test specimens
were initially consolidated under a K ,-condition before they were sheared. The
effective friction angles calculated from the maximum effective stress ratios
in plane strain and triaxial extension were greater than those obtained from
triaxial compression. The resulting failure surface is curved in the octahedral
plane and is located outside the Mohr-Coulomb failure surface corresponding
to the friction angle from triaxial compression.

It may be concluded that the results of these investigations are not in agreement
with regard to the three-dimensional failure conditions for normally consolidated
clay. Only few of these studies have been concerned with the influence of
the intermediate principal stress on the stress-strain and pore pressure behavior
under undrained conditions.

Because some ambiguity existed regarding the effective stress failure criterion
and because only limited knowledge about the three-dimensional behavior of
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normally consolidated clay was available, the study of Grundite Clay presented
herein was undertaken.

Cuay Testeo

All tests in this investigation were performed on Grundite Clay. Grim and
Bradley (7) describe this clay as an illitic clay, mined in the Goose Lake area
of Grundy County, Illinois. The particle size distribution indicated that the clay
consisted of about equal amounts of silt and clay size particles. Atterberg limit
tests gave LL = 54.8 and PL = 24.7, and the activity was 0.58. Sensitivities
for Grundite Clay samples prepared in a similar manner as described herein
were obtained by Houston (11) in the range from 1.04 to 2.6 with an average
value of 1.75. The samples used in the present study were remolded to eliminate
inherent anisotropy due to initial K ,-consolidation.

e

t bt
PREPARATION OF TEST SPECIMENS

Tests were performed on tall cylindrical specimens (with heights equal to
2.3 times the diameter) without lubricated ends and on short cylindrical specimens
and cubical specimens (both with heights equal to the diameters) with lubricated
ends. The same procedure was used to produce and test all specimens in order
that variations in test results arising from inconsistent techniques be avoided.

A batch of clay was prepared for each specimen by mixing air-dry clay powder
with water to produce a clay slurry with a water content of 90%. The lean
uniform slurry was consolidated in a double draining consolidometer at a vertical
pressure that was 0.1 kg/cm? smaller than the final isotropic consolidation
pressure to be used in the tests. After thoroughly remolding the clay, specimens
with the respective shapes were trimmed, installed in the testing apparatus,
and consolidated isotropically at 1. 00 kg/cm?, 1.50 kg/cm?, and 2.00 kg/cm?
corresponding to water contents of 34.4%, 31.9%, and 30.1%, respectively.

Fig. 1 shows a schematic drawing of a cubical specimen with lubricated ends,
and Fig. 2 shows a photograph of a specimen of this type after it has been
tested. As indicated on these figures, slotted filter papers were used on the
vertical sides of the specimens to accelerate the consolidation and to help equalize
the pore pressures during the shearing stage. Parts of the filter papers covered
the filter stones located on the sides of the cap and base, thus providing drainage
paths from the specimens to the volume change device. A pressure transducer
was connected to the drainage lines immediately outside the triaxial chamber.
This transducer was installed such that it could be used to measure both chamber
pressure and pore-water pressure.

A nominal back pressure of 1.00 kg/cm? was applied in all tests to ensure
full saturation of the specimens. The B-values measured after the consolidation
stage indicated that the specimens were fully saturated.

A series of consolidated-undrained tests was performed with and without
filter paper to determine the load taken by the vertically slotted Whatman No.
54 filter paper. All results presented herein have been corrected for the loads
carried by the filter paper and the membrane.
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Preuminary Tests

Consolidated-undrained triaxial compression tests were conducted to investi-
gate effects of lubricated end plates, strain rate, and specimen shape on the
measured behavior of Grundite Clay.

Effects of Lubricated End Plates and Strain Rate.—Lubricated end plates may
be employed in triaxial tests to avoid development of significant shear stresses
between the loading plates and the specimen, and to reduce nonuniformities
in strains and pore pressure distributions in undrained tests. In addition, increased
strain rates may be used in undrained tests with lubricated ends. Calculations
to ascertain the strain rate required for pore pressure equalization are inapplicable
since the stress and strain distributions are assumed to be uniform. Barden
and McDermott (1) recommended a procedure for selecting strain rates for
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FIG. 1.—Setup of Cubical Specimen with
Lubricated Ends

FIG. 2.—Cubical Specimen Tested under
Three Unequal Principal Stresses

tests with lubricated ends, and following their criteria a strain rate of 0.04% /min
was selected.

Tests were performed to check if the effects of lubricated ends and strain
rate were similar to those previously observed (1,5,6). Cylindrical specimens
with diameters of 2.8 in. (71 mm) and height-to-diameter ratios of 1.0 and 2.3
were isotropically consolidated at 1.00 kg/cm? and 1.50 kg/cm? and sheared
at strain rates of 0.04% /min and 0.0025% /min. Lubricated end plates were
used for the short specimens and regular ends were used for the tall specimens.
The effects of lubricated ends and strain rate on the stress-strain, pore pressure,
and strength characteristics observed in the tests on Grundite Clay were similar
to those observed in much more elaborate investigations on other clays (1,5,6).
Of prime interest in this respect is the previous observation (1) that the test
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results are not significantly affected by the strain rate when lubricated ends
are used. The remainder of the testing program was therefore conducted using
specimens with lubricated ends and a height-to-diameter ratio of 1.0, and
employing a strain rate of 0.04% /min.

Effects of Specimen Shape.—The results of the tests on short cylindrical
specimens were compared with results of tests on cubical specimens with side
lengths of 76 mm. These tests were conducted under identical conditions, thus
only the shapes of the specimens were different. The influence of shape on
the behavior of Grundite Clay was found to be negligible in all respects.

CusicaL TriaxiaL Tests

Three series of consolidated-undrained tests were performed in a cubical triaxial
apparatus similar to that described by Lade and Duncan (12). This apparatus
was designed to permit application of three unequal principal stresses to a cubical
specimen with side lengths of 76 mm. The specimen, shown in Figs. 1 and
2, was contained between a cap and base and a surrounding membrane. The
minor principal stress, o,, which acted in one horizontal direction, was provided
by the chamber pressure. The vertical deviator stress, together with the chamber
pressure, provided for a vertical principal stress different from o,. The second
horizontal stress was applied by the chamber pressure and a horizontal loading
system, which has been described previously (12). Both the horizontal loading
plates and the cap and base were provided with lubricated surfaces. The maximum
linear strain that can be achieved with this apparatus is approx +30% in any
of the three principal directions. During a cubical triaxial test the vertical load,
the horizontal load, the chamber pressure, and the pore-water pressure were
measured in addition to the three principal deformations.

Each test in the three series was conducted with constant confining pressure
o, and the horizontal and vertical deviator stresses were increased proportionally
until the specimen failed. Thus, the ratio between the deviator stresses, b =
(¢, — 0,)/ (0, — o,), was maintained constant in each test. The value of
b indicates the relative magnitude of the intermediate principal stress; b is zero
for triaxial compression in which o, = o, and it is unity for triaxial extension
in which o, = o,; for intermediate values of o, the value of b is between
zero and unity. For each consolidation pressure the values of b used in the
tests were chosen so that the failure surface, the stress-strain relations, and
the pore pressure response could be determined over the full range of the
intermediate principal stress.

Stress-Strain anp Pore Pressure Bexavior

Fig. 3 shows the stress-strain and pore pressure relations for the specimens
consolidated at 1.50 kg /cm2. The relationships obtained from triaxial compression
tests with consolidation pressures of 1.00 kg/cm? and 2.00 kg/cm? are also
shownin Fig. 3(a). The normalized stress differences, (o, — o,) /o, the effeclive
stress ratios, o /o, and the normalized pore pressure changes, Au /o, are
plotted versus the major principal strain, €,, in these figures, and the relative
magnitudes of the intermediate principal stresses are indicated by the values
of b.
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Considering that the stress-strain relations in Fig. 3(a) are normalized, it may
be seen that the initial undrained modulus increases, the initial slope from the
effective stress ratio diagram increases, and the effective stress ratio decreases
with increasing consolidation pressure. The pore pressures shown in Fig. 3(a)
increase to values at failure that are almost proportional to the initial consolidation
pressure. Thus, the ratio of pore pressure change to consolidation pressure
decreases slightly with increasing consolidation pressure. This pattern corresponds
to the pattern of decreasing effective stress ratio with increasing consolidation
pressure.

The results of the cubical triaxial tests shown in Fig. 3 indicate that for
a constant consolidation pressure the initial slope of the stress difference—and
the effective stress ratio-strain relations increase continually with increasing
value of the intermediate principal stress. The strain-to-failure is greatest, the
pore pressure developed at failure is lowest, the effective strength is lowest,
and the undrained strength is highest for triaxial compression (b = 0). The
strain-to-failure decreases and the pore pressure change increases initially with
increasing value of b and both remain approximately constant for b-values greater
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FIG. 4.—Relations Between Principal Strains Obtained in Cubical Triaxial Tests on
Grundite Clay with Consolidation Pressure of 1.50 kg/cm?

than about 0.6. Note that the tests performed with initial consolidation pressures
of 1.00 kg/cm? and 2,00 kg/cm? showed similar patterns of behavior as those
in Fig. 3.

Recation Between PrincipaL STRaINS

The intermediate and minor principal strains, €, and €, are plotted versus
€, in Fig. 4 for specimens consolidated at 1.50 kg/cm?. Fig. 4(a) shows that
the intermediate principal strains, €,, are expansive for b-values smaller than
about 0.4 and compressive for higher values of b. The minor principal strains,
€,, are expansive in all cases and decrease with increasing b-values as shown
in Fig. 4(b). Since the tests were performed under undrained conditions, the
sum of the three principal strains is always equal to zero. Fig. 4 indicates
that a given increment in b has a greater effect on the relation between the
principal strains at small b-values than at high b-values.

The points corresponding to failure according to the maximum effective stress

—
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ratio are indicated on each curve in Fig. 4. The major principal strain-to-failure
decreases initially with increasing b-value and remains approximately constant
for b-values greater than about 0.6.

Isotropy of Specimens.—The Grundite Clay was thoroughly remolded before
the final trimming and isotropic consolidation in order to avoid any anisotropy
that might be caused by the initial anisotropic consolidation. The relations between
the principal strains shown in Fig. 4 may be used to check the isotropic behavior
of the specimens. Since the test setup is symmetric around a vertical axis,
it is expected that any anisotropic behavior would be especially pronounced
in triaxial extension (b = 1) in which the specimen is loaded symmetrically
around a horizontal axis. The principal strains, €, and ¢,, would not be expected
to be equal in triaxial extension unless the remolded clay was isotropic. Although
attempts were made to perform tests with b = 1.00, final calculation of the
test results showed some deviation from this condition. Howevef, extrapolation
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FIG. 5.—Trace of Failure Surface in Triaxial Plane for Grundite Clay

of the pattern of strains shown in Fig. 4 over the test with b = 095 to b
= 1.00 shows that e, = €, thus indicating isotropic behavior.

In addition, two tests were performed with b = 0.95, and the major deviator
stress and failure occurred in the vertical direction (= direction of €,) in one
test and in the horizontal direction (= direction of €,) in the other test, as
shown in Figs. 3(e) and 3(f). The stress-strain curves, the pore pressure changes,
and the strengths from these two tests are approximately the same, and this
indicates that the specimens used for the present study were essentially isotropic.

STRENGTH CHARACTERISTICS
Several aspects of the strength of Grundite Clay are studied herein.

Strength in Terms of Effective Stresses.—Because it may be possible to model
the observed stress-strain and strength behavior by plasticity theory, the strength
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characteristics are examined in planes of the principal stress space.

Triaxial Plane.—The triaxial plane containing the o -axis is shown in Fig.
5. The trace of the experimental failure surface corresponding to maximum
effective stress ratios, (o /0}),.,.., obtained from triaxial compression tests on
Grundite clay are shown in this plane. No tests were performed in triaxial
extension, i.e., with b = 1.00. However, the strength in extension may be
determined by extrapolation over the tests performed with b-values close to
unity. The dashed line in Fig. 5 represents the trace of the failure surface
in extension. It may be seen that both traces of the failure surface are curved
in this diagram. Curved failure envelopes have often been observed for sand
as well as for clay soils (2,3,10,15). The Mohr-Coulomb failure criterion does
not account for the curvature of the failure envelope.

The results of the cubical triaxial tests performed with & > 0.0 may be plotted
in planes contalning the hydrostatic axis and corresponding to constant values
of b. The traces of these planes in octahedral planes are indicated in Fig. 6(a).
The test results show that the traces of the three-dimensional failure surface
in constant b-value planes are also curved.

Effect of Stress-Path on Failure.—Another important aspect of failure in soils

MOHR COULOMS
FAILURE SURFACE

1y = 243 apem? Iy =2 00 upem? 1y = 498 kfern?

FIG. 6.—Traces of Failure Surface for Grundite Clay in Octahedral Planes

relate to the effect of stress-path on failure. It has often been observed from
triaxial compression and extension tests that the failure surface corresponding
to the maximum effective stress ratios for each of these tests on normally
consolidated clays are, for practical purposes, independent of the stress-paths
leading to failure (8,9,10,14,19,21). Thus, the failure surface can be determined
uniquely from various types of shear tests performed on normally consolidated
clay as long as the results are interpreted in terms of effective stresses.

Bjerrum and Simons (4) observed that the maximum deviator stress, (o, —
0y) mane OCcurred almost simultaneously with the maximum effective stress ratio,
(o;/@3),.. in isotropically consolidated, insensitive, remolded clays. This was
also observed from most of the tests on remolded Grundite Clay.

Octahedral Planes.—The effective strengths from the triaxial compression
tests and the tests with three unequal principal stresses on Grundite Clay are
shown on the octahedral planes in Fig. 6. The location of the octahedral planes
are indicated by the values of the first stress invariant, I, and by their traces
in the triaxial plane shown in Fig. 5. The failure points shown in Fig. 6 have
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been projected on the octahedral planes along the curved failure surfaces observed
in planes that contain the hydrostatic axis and have constant b-values.

The specimens of remolded Grundite Clay were shown to be essentially
isotropic, and it was also noticed that the strengths of the test specimens with
b-values close to unity were approximately the same whether they failed
horizontally or vertically. Interchanging the principal stress directions will
therefore not have any effect on the strength of this isotropically consolidated
clay. The traces of the failure surface in the octahedral planes are consequently
symmetric around the projections of the three principal axes and intersect these
at right angles.

Fig. 6 shows a comparison of the experimentally obtained effective strengths
with the Mohr-Coulomb failure surfaces and with the surfaces corresponding
to a failure criterion recently suggested for cohesionless soil (13). This criterion
is expressed in terms of the first and the third stress invariants, J, and 1,:

n
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and k, is a constant that may be determined from results of triaxial compression
tests only. The value of the ratio I3//, is 27 for isotropic stress conditions
(o, = o, = 0,), and it increases up to failure where x, expresses the strength
of the soil. The value of k, increases with increasing friction angle in triaxial
compression. In principal stress space the shape of the failure surface defined
by Eq. 1 is conical, with the apex of the cone at the origin, and with cross
sections of the type shown by solid lines in Fig. 6. The cross sections are
symmetrical around the principal axes in the octahedral planes, and the shape
is essentially circular for values of k, close to 27 and it becomes increasingly
triangular with increasing values of k.

The irregular hexagons shown by dashed lines in Fig. 6 are described by
the Mohr-Coulomb criterion corresponding to the friction angles in triaxial
compression. The experimental failure points are all located outside the respective
hexagons, thus indicating that the friction angles from tests with o, > o, are
higher than those obtained in triaxial compression tests. Thus, the Mohr-Coulomb
failure criterion underestimates the strength of remolded Grundite Clay for all
but triaxial compression conditions.

The failure surfaces corresponding to Eq. 1 with values of «, determined
from the triaxial compression tests appear to model the failure conditions for
remolded clay fairly well. Since the failure surfaces are curved as shown in
Fig. 5, different values of x, correspond to the cross sections in the three
octahedral planes. The differences between the measured strengths and those
suggested by Eq. 1 are most pronounced for the tests performed with low
to intermediate values of b and with a consolidation pressure of 1.00 kg/cm?.
This consolidation pressure produced specimens with rather soft consistency,
resulting in difficulty in handling the specimens, which probably lead to less
reliable results. The results of the tests with the higher consolidation pressures
are considered to be more reliable, because the specimens were stiffer and
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therefore easier to handle. On the basis of these considerations it is suggested
that the failure criterion in Eq. | with the respective values of x, models the
three-dimensional strength of Grundite Clay with reasonable accuracy. ‘
Strength in Terms of Total Stresses.—Fig. 7 shows the variation of s, /o,

i.e., the undrained shear strength normalized on the basis of the consolidation
pressure. The results of the triaxial compression tests show that this ratio is’
not constant but decreases slightly with increasing consolidation pressure. This
decrease may be related to the curved failure envelope shown in Fig. §, i.e.,
it may be related to the decrease in effective friction angle with increasing
consolidation pressure. Houston (11) found similar results for Grundite Clay.
The 5, /o! ratio also decreases slightly (approx 7%) from triaxial compression
(b = 0) to triaxial extension (b = 1). Considering the variation in effective
strength shown in Fig. 6, the slight decrease in the s, /o ratio with increasing
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b-value is caused by the higher pore pressures which &evelop at higher b-values.
This variation in the 5, /0! ratio is similar to that presented by Henkel (8,9).

Directions of STRaIN INCREMENT VECTORS

It is of interest to study the directions of the plastic strain increment vectors
relative to the yield or failure surface in the principal stress space, because
it may be possible to model the stress-strain behavior by plasticity theory. For
this purpose the principal strain increment axes are superimposed on the stress
axes in the principal stress space. Only the directions of the strain increment
vectors at failure will be considered. All strain increments are plastic at failure,
because the changes in stress at failure are negligible, thus resulting in negligible
elastic strain increments,

Triaxial Plane.—The direction of the strain increment vectors in the triaxial
plane are shown initiating from the respective stress points in Fig. 8. No tests
were performed in triaxial extension (b = 1), but the trace of the failure surface
in extension is indicated with a dashed line, and the direction of strain increment
vectors in triaxial extension is also indicated. Because €, = ¢, in compression
and €, = €, in extension for an isotropic material, the corresponding strain
increment vectors are contained in the triaxial plane. Because the volumetric
strain is zero in undrained tests, their direction is perpendicular to the hydrostatic
axis.

GT2 REMOLDED CLAY 205

O~ o = 1.00 kyfem? o
O =~ 9 = 160 kpfem?
[~ o} = 2.00 kyfem?

FAILURE SURFACE (COMPRESSION)

STRAIN INCREMENT VECTOR

HYDROSTATIC AXIS

oy e, iy

FAILURE SURFACE

[EXTENSION)
-
! ‘ ,‘ER
’K
o —1 : I 1 1
0 1 P 3 . 5

VI oy leptem?), ST iy

FIG. 8.—Directions of Strain Increment Vectors in Triaxial Plane for Grundite Clay

; A ~ 0, = 1.00 kg/em?
b | O ~¢£-|,snw=n3
D -~ o, = 200 ug/em?

STRAIN INCREMENT VECTOR

FAILURE SURFACE
—o3.—43
Iy = 4,95 kgfem?

1y = 380 kg/em?

1y = 2.43 kg/em?

FIG. 9.—Directions of Strain Increment Vectors in Octahedral Planes for Grundite
Clay



206 FEBRUARY 1978 GT2

Fig. 8 shows that the directions of the strain increment vectors form acute
angles with the failure surface. The normality condition of classical plasticity
theory is therefore not satisfied for normally consolidated clay when its behavior
is interpreted in terms of effective stresses.

Octahedral Planes.—Only one-sixth of the octahedral planes are shown in
Fig. 9, because the failure surface is symmetric around the three principal axes
in these planes. The directions of the strain increment vectors at failure are
shown initiating from the respective stress points. These directions have been
calculated from the slopes of the relations between the principal strains, shown
in Fig. 4, for the tests performed with consolidation pressures of 1.50 kg/cm?.
Since the volumetric strain is zero in undrained tests, the strain increment vectors
are perpendicular to the hydrostatic axis and therefore contained in the octahedral
planes.

It may be seen from Fig. 9 that the strain increment vectors are nearly
perpendicular to the traces of the failure surfaces in the octahedral planes.
Only a few vectors at intermediate values of b deviate slightly from perpen-
dicularity. The magnitudes of these deviations are so small that they could
even be due to experimental inaccuracies.

It is clear from these results that the condition of normality is satisfied or
very nearly satisfied in the octahedral plane, but not in the triaxial plane, and
it is therefore not satisfied in general for normally consolidated clay when its
behavior is interpreted in terms of effective stresses. The general pattern of
the directions of the plastic strain increment vectors relative to the failure surface
is of importance in considerations regarding the applicability of plasticity theory
to normally consolidated clays.

Comparison with Benavior oF Sano

The three-dimensional stress-strain and strength characteristics of Grundite
Clay previously mentioned are very similar to those observed for sand. This
may be verified by comparison with the behavior of Monterey No. 0 Sand
and other sands as presented by Lade and Duncan (12,13). Only with respect
to one aspect of this behavior do normally consolidated clays differ from sands.
A sand can be deposited with different dry densities and these densities change
little with confining pressure. However, the stress-strain and strength charac-
teristics of sands vary considerably with dry density and confining pressure.
In contrast, a normally consolidated clay can only exist in equilibrium at a
dry density that depends on the consolidation pressure. Thus, only one failure
surface is possible for a normally consolidated clay, and the stress-strain relations
are correspondingly limited to one characteristic type of behavior (for a given
clay) that does not vary much with consolidation pressure.

ConcLusions

The influence of the intermediate principal stress on the stress-strain, pore
pressure, and strength characteristics of remolded, isotropically and normally
consolidated Grundite Clay has been studied using conventional triaxial compres-
sion tests and cubical triaxial tests with independent control of the three principal
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stresses. The cubical triaxial tests were performed with constant values of b
= (o, - 0,/(o, — o).

It was found that for constant consolidation pressure the initial undrained
modulus and the slope of the effective stress ratio-strain curve increased with
increasing b-value. The strain-to-failure decreased and the pore pressure change
increased initially with increasing value of b and both remained approximately
constant for b-values greater than 0.6. The effective strength of the soil can
be modeled fairly well by the failure criterion I3/I, = k,, in. which I, and
I, are the first and the third stress invariants and , is a constant that may
be determined from triaxial compression tests. The undrained strength decreased
slightly with increasing b-value, and this was caused by the higher pore pressures
that developed at higher b-values. It was observed that a given increment in
b had a greater effect on the stress-strain, pore pressure, and strength charac-
teristics at small b-values than at high b-values.

The test results showed that the directions of the strain increments at failure
form acute angles with the failure surface in the principal stress space when
the data are interpreted in terms of effective stresses. The results are therefore
not in agreement with the normality condition from classical plasticity theory.
However, it was found that the plastic strain increment vectors in the octahedral
plane are perpendicular to the trace of the failure surface in that plane.

Some aspects of the behavior of normally consolidated, remolded Grundite
Clay are similar to those of sand at a given density.
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Appenoix Il.—Notation
The following symbols are used in this paper:
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ELASTO-PLASTIC BEHAVIOR OF K,-CONSOLIDATED
CLAY IN TORSION SHEAR TESTS

Won Pyo Howng! and Pour V. Lape'?

ABSTRACT

A series of torsion shear tests was performed along various stress-paths on hollow cylinder
specimens of K,-consolidated clay to investigate the influence of rotation of principal stresses
on the stress-strain and strength characteristics. The effects of stress-paths and reorientation
of principal stresses were mainly observed in the prefailure stress-strain behavior. The
experimentally obtained failure surface from torsion shear tests could practically be modeled
by an isotropic failure criterion. Coupling effects between stresses and strains were observed
when torsion shear and vertical normal stresses were applied. The work-space for torsion
shear tests was illustrated, and the relation between stresses and strain increments was also
studied in the work-space.

Key words : clay, consolidated undrained shear, failure, plasticity, shear strength, torsion,
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INTRODUCTION

The stress-strain behavior of natural clay
deposits depends on the cross-anisotropy pro-
duced by K,-consolidation in th® field. Tri-
axial tests with independent control of the
three principal stresses on cubical specimens
have been performed to investigate the in-
fluence of principal stresses, especially the
intermediate principal stress, on the behavior
of clay (e.g., Lade and Musante, 1978).

Construction on or in clay deposits causes
rotation of principal stress directions as well

as changes in the magnitudes of stresses.
The reorientation and change in magnitude
of principal stresses during loading may
greatly affect the stress-strain behavior of such
deposits. To enhance the knowledge and
understanding of soil behavior, the effects of
reorientation and change in magnitude of
principal stresses should be investigated.
However, in triaxial tests, including cubical
triaxial tests, the directions of principal
stresses cannot be rotated during loading.
The purpose of the present study is to
investigate the influence of rotation of prin-
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cipal stresses on the stress-strain, pore
pressure and strength characteristics of Ay~
consolidated clay. A series of undrained and
drained torsion shear tests were performed
along various stresspaths on hollow cylinder
specimens., The stress-paths were designed
to cover the full range of vertical deviator
stresses from compression to extension. The
relation between stresses and strain incre-
ments was also studied in the work-space.

PREVIOUS STUDIES

The effects of rotation of principal stress
directions have been investigated by use of
the simple shear device and the torsion shear
apparatus. The behavior of soil specimens
in the simple shear device has been studied
extensively by Roscoe (1953), Roscoe et al.
(1967), and Bjerrum and Landva (1966).
However, Wright et al. (1978) showed that
the uniformity of the shear stresses on the
central plane of the simple shear specimen
is questionable. Generally, the simple shear
device has the following disadvantages : Com-
plementary shear stresses cannot be sustained
on the vertical boundaries, the stress and
strain states within the specimen lack uni-
formity, and the evolution of the horizontal,
normal stress during shear is generally un-
known (Saada and Townsend. 1981).

Broms and Casbarian (1963) performed
three series of consolidated-undrained torsion
shear tests on hollow cylinder specimens of
a remolded kaolinite clay to studv the in-
fluence of stress rotation and the intermediate
principal stress on the strength characteris-
tics. Torsion shear tests have since been
performed to a limited extent (Lade. 1973,
1976, 1981 : Saada and co-workers, 1967, 1973,
1975, 1984 ; Geiger and Lade, 1979 ; Hight
et al., 1983 : Symes et al., 1984 ; Tatsuoka et
al., 1986 : Hicher and Lade, 1987).

The main advantage of the torsion shear
test is that it allows inclination of the major
principal stress in any desired direcrinn while
complementary shear stresses are ideally ap-
plied in the specimen. The angle between
the major principal stress and vertical, ¥,

is tied to the parameter b (=(g,—0,)/(a,—
—ay)), which indicates the relative magni-
tude of the intermediate principal stress a,.
The relation between & and ¥ is given by
b=sin*¥ (Geiger and Lade, 1979). There-
fore, the influence of ¢, on the strength
characteristics can be also investigated in
the torsion shear apparatus.

In a torsion shear test, the hollow cylinder
specimen is exposed to a plane stress state
when the inside and outside pressures are
equal. In order to achieve this state of
plane stress, the stresses and strains should
be distributed uniformly in the specimen
(Saada and Townsend, 1981). The uniform-
ity can be maximized by employment of
appropriate dimensions for the specimen.
Experimental and theoretical studies (Lade,
1981 ; Wright et al.,, 1978 ; Hight et al., 1983)
have been performed to produce appropriate
specimen geometries in which the non-uni-
formity in stresses and strains within the
specimen have been minimized.

Geiger and Lade (1979) studied the be-
havior of cohesionless soil during large stress
reversals and reorientation of principal
stresses in torsion shear tests. On the basis
of a limited number of torsion shear tests per-
formed on medium-loose sand. Symes et al.
(1984) showed that the initial anisotropy
could be changed significantly by the loading
path. An excellent review and study of the
behavior of sand in torsion shear tests was
presented by Tatsuoka et al. (1986).

Saada and his co-workers have performed
several investigations (1967, 1973, 1975,
1984) to study the influence of anisotropy on
the stress-strain behavior of clay in torsion
shear tests. The influence of cyclic loading
on the behavior of clay in torsion shear tests
has also been studied in the past (Hicher and
Lade, 1987).

TORSION SHEAR APPARATUS

Fig. 1 shows a three-dimensional drawing
of a torsion shear apparatus designed and
constructed to permit individual control of
confining pressure, vertical deviator stress
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Torsion shear apparatus

and shear stress to a hollow cylinder speci-
men. The design and operational principles
of this apparatus are given by Lade (1981).

The hollow cylinder specimen employed
for testing of clay has a height of 25¢e¢m, an
average diameter of 20 cm, and a wall thick-
ness of 2cm. Based on previous studies
(Lade, 1981) these dimensions were found
to be sufficient to neglect nonuniformities in
stresses and strains in the specimen. The
specimen is confined between cap and base
rings and between inside and outside rubber
membranes with thickness of 0.03 to 0.04
em. The inside membrane was formed di-
rectly on the specimen while the outside
prefabricated membrane was placed using a
membrane stretcher. In order to form the
inside membrane, the specimen was first

sprayed with diluted rubber cement to seal
it off. The inside surface was then sprayed
or painted with several layers of fluid latex
rubber. The fluid rubber was allowed to dry
before another layer was applied. I[n order
to transfer shear stresses from the cap and
base rings to the specimen and to avoid slip-
page at their interfaces, full friction surfaces
were provided on the rings. These consisted
of a layer of sand grains glued to the rings
by epoxy.

The entire setup is contained in a pressure
cell, and the integrated hydraulic loading
system is located below the table on which
the apparatus sits. The same confining pres-
sure is applied to the inside and outside
surfaces of the specimen through the cell
water that surrounds the specimen.

For the purpose of performing torsion
shear tests on clay specimens, some modi-
fications were made to the vertical loading
cylinder and the torsion shear loading cylin-
ders. An upward loading capability was
added to the vertical loading cylinder. And
the strokes of the torsion shear loading cylin-
ders were increased so that larger torsional
displacements can be imposed on the speci-
men. The maximum strains that can be
achieved in this apparatus for a 25cm tall
specimen are g, ==25% for vertical strains
and y,,==+40% for torsion shear strains,
respectively.

The vertical load and the torque can be
applied independently to the specimen
through the center shaft and the cap plate,
which is attached to the cap ring, as shown
in Fig.l. DBoth the vertical lvad and the
torque can be either stress- or strain- con-
trolled. The resulting deviator stress, to-
gether with the cell pressure, provides for
a vertical, normal stress either larger or
smaller than the confining pressure. Two
sets of two interconnected pressure cylinders
supply the horizontal load in ecither clock-
wise or counterclock-wise direction to the
torsion arm couuecied to the center shaft.

During the torsion shear tests, the vertical
load. the torque, the cell pressure. the verti-
cal deformation, the change in thickness of
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the wall, the outside and inside diameter
changes, and the shear deformation were
measured in addition to the pore pressure in
undrained tests or the volumetric strain in
drained tests.

CLAY TESTED

All tests were performed on Edgar Plastic
Kaolinite (EPK) clay whose specific gravity
was 2.62. The particle size distribution in-
dicated that the clay consisted of 40% silt
and 60% clay size particles. Atterberg limit
tests produced LL =60 and PL=30. The ac-
tivity was 0. 5.

SPECIMEN PREPARATION

Remolded normally consolidated specimens
at the K,-stress condition were prepared from
a slurry of EPK clay mixed at a water
content of twice the liquid limit. The clay
slurry was poured into a special consolidome-
ter and consolidated at a vertical pressure
of 2.00kgffem? (196kN/m?). The special
consolidometer was built to make hollow
cvlindrical specimens for torsion shear tests.
The consolidometer has a height of approxi-
mately 60cm. an outer diameter of 26cm, and
an inner diameter of 16. 5cm. Two drainage
plates consisting of porous plastic were placed
on top and bottom of the clay slurry. In
addition. long drainage strips made of porous
plastic were attached along the outside wall
to form a spiral from top to bottom, so it
could be compressed easily as the clay slurry
consolidated. After consolidation, the over-
sized hollow ecvlindrical clay sample was re-
moved from the consolidometer and trimmed
to its final dimensions in a specially designed
trimming device with a rotating table and
common trimming tools.

The specimen was then installed in the
torsion shear apparatus and again consolidated
under K,-stress conditions by maintaining
the volumetric strain equal to the vertical
strain.  Slotted filer paper drains were in-
stalled on the outside face of the specimen.
The maximum drainage path was therefore

equal to the thickness of the specimen wall
(2em). During K,-consolidation. a cell
pressure of 4.00kgffem?® (392 kN/m?) and a
back pressure of 2.00kgffcm? (196 kN/m?)
were applied. The average value of K, for
all tests was 0.55. The B-values (=du/
da.e,) measured after consolidation indicated
that the specimens were fully staturated.

TESTING PROGRAM

Torsion Shear Tests

Fifteen undrained and two drained tests
were performed on hollow cvlinder specimens
consolidated under K,-stress conditions.
Each test was conducted with constant con-
fining pressure, g¢,, according to predeter-
mined stress-paths, as shown in Fig.2. The
diagrams in this figure indicate the relations
between the vertical stress difference, (o~
ay), and the torsion shear stress, =,,. In
order to follow these stress-paths to failure
and beyond, either the vertical stress differ-
ence or the torsion shear stress was applied
under strain-control. and the other stress
was stress-controlled. The vertical stress
difference could be either increased or de-
creased. Strain rates of approximately 0.3
%/h for undrained tests and 0.06%/h for
drained tests were emploved for both vertical
strain and shear strain in the strain-con-
trolled directions. Based on a previous study
of EPK clay (Kirkgard, 1981), these strain
rates were found to be sutficiently slow for
equalization of pore pressures in undrained
tests and pore pressure dissipation in drained
test.

The shear stress due to the torque produces
reorientation of the principal stress direc-
tions as well as a stress state with three
unequal principal stresses. If shear stresses
are not applied to the specimen. the con-
fining pressure 7. becomes the minor principal
stress ¢, in a compression test, or the major
principal stress ¢, in an extension test. \With
torsional shear stresses the confining pressure
becomes the intermediate principal stress g

The angle between ¢, and vertical. ¥", can
be calculated from the following expression
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The value of ¥ can be varied between 0’ in
triaxial compression to 90° in triaxial exten-
sion. The value of & (=sin* ¥) can be
chosen between zero and unity. which covers
the full range of the intermediate principal
stress.

Stress-Paths

All shear tests were started after K,-con-
solidation in the torsion shear apparatus.
The stress-paths projected on the plane of
o’,=1.00kgffem* (98kN/m*) are shown in
Figs.2. Test No.1l was performed as a tri-
axial compression test by increasing the ver-
tical load under strain-control. Test Nos.
3. 4, 5, 6 and 13 were performed by increasing

va) Stresses in hollow cylinder specimen,
stress-paths in torsion shear tests

the torque under strain-control with only
small changes of the vertical load. Test Nos.
2. 7.9, 10 and 13 were performed by adjust-
ing the vertical stress difference to the pre-
determined values under stress-control and
then increasing the torque under strain-con-
trol. A leak developed in Test No.7., and
it could not be continued, as indicated in
Fig.2 (b). Test Nos. 8 16 and 17 were
performed by increasing the torsion shear
stress under stress-control and then decreas-
ing the vertical load under strain-control.
Test Nos. 1. 12 and 14 were performed by
decreasing the vertical load under strain-con-
trol to produce triaxial extension tests.

All except two tests were performed under
undrained conditions. Test Nos. 14 and 17
were drained tests.
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Triazial Compression Tests

For comparison with the torsion shear
tests, a series of triaxial compression tests
with lubricated end plates were performed
on cylindrical specimens with diameter=7.1
cm and height-to-diameter ratio of 1.0.
The specimens were consolidated under iso-
tropic and K,-stress conditions and sheared
at strain rates of 0.52%/h in undrained tests

and 0.26%/h in drained tests.

In addition, triaxial compression tests were
performed in a companion study on vertical
and horizontal specimens of K,-consolidated
EPK clay.
lations and undrained strengths that indicated
negligible influence of orientation. The lab-
oratory prepared clay was therefore taken
to behave in an isotropic manner, although

These produced stress-strain re-
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it had initially been K,-consolidated. More
detailed studies of the clay behavior might
have indicated some anisotropic features, but
these were not likely to be as pronounced as
found in natural clays.

Natural clays have been produced by deposi-
tion of individual clay particles or clusters
of particles, each allowed to settle and come
to equilibrium with preferred orientation
(most likely horizontal), and consolidated
under K,-conditions over long time periods,
thus allowing the majority of creep to occur
under current in-situ stresses. In compari-
son, the slurry of EPK clay mixed at two
times the liquid limit may not have provided
the individual particles with sutficient space
to allow extensive alignment in a preferred
direction.  Further, sufficient time was
allowed for the slurry to consolidate. but
the amount of time allowed for creep after
the end of primary consolidation was small.
The EPK clay prepared for the present study
therefore exhibited little anisotropy as a re-
sult of the initial K,-consolidation. The ex-
perimental results of the torsion shear tests
are consequently evaluated in view of iso-
tropic plastic behavior,

TEST RESULTS

The results from Test Nos. 10 and 16 are
shown in Fig.3 to demonstrate the type of
behavior obtained in the torsion shear tests.
The vertical stress difference. {(v,-g,), the
torsion shear stress, -,,, the pore pressure,
J,, and the effective principal stress ratio,
a'\Ja’y, are plotted versus the torsion shear
strain, y,, in this figure. The stress-paths
for these two tests are shown in Fig. 2.

The torsion shear stress in Test No. 10 was
gradually increased causing increasing shear
strain until the specimen failed, as shown
in Fig.3 (b). Strain softening developed
after peak failure. In Test No.16 the ver-
tical stress difference was decreased while
the shear strain increased until the specimen
failed, as shown in Fig.3 (a). The points
corresponding to failure according to the
maximum effective stress ratio are indicated

on each curve. Although the specimens
failed at significantly different values of torsion
shear stress and vertical stress difference,
there is only little difference in shear strain
at failure.

Fig.3 (c¢) shows that a negative pore
pressure developed in Test No. 10 due to the
reduction in vertical deviator stress, followed
by a gradual increase caused by the applied
torsion shear stress. The pore pressure in
Test No.16 increased due to the applied
torque during the first part of the stress-
path. The pore pressure then decreased dur-
ing the initial reduction of the vertical
deviator stress causing a negative pore pres-
sure at the time of zero deviator stress.
However, the pore pressure increased again
as the vertical stress difference became nega-
tive.

Fig.3 (d) shows that the effective princi-
pal stress ratio, ¢‘,/¢’s, in Test No.10 first
decreased slightly with decreasing vertical
stress and then increased with increasing
torque until the specimen failed. o')/o'y in
Test No. 16 increased slightly with application
of torque, then decreased with decreasing
vertical load. However, o’,/s’; again began
to increase when the vertical stress difference
became negative.

A set of stress-strain and pore pressure
relations was obtained from each test, as
exemplified by the diagrams in Fig.3. It is
the interpretation of these relations that are
significant in understanding soil behavior.
The experimental results are therefore pre-
sented and interpreted below in terms of
several aspects of soil behavior.

STRENGTH CHARACTERISTICS

In order to study the effective strengths
obtained in the torsion shear tests, the
strength results have been compared inter-
nally and with those from the triaxial com-
pression tests. Since the laboratory prepared
clay exhibited little anisotropy as a result of
the initial K,-consolidation, the strength re-
sults were also compared with those predicted
by an isotropic three-dimensional failure
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criterion for soils. For torsion shear tests
with the same inside and outside pressure,
the effects of & (=sin® ¥) and of the orienta-
tion of ¢, (as measured by ¥) cannot be
separately examined. However, since the
clay was essentially isotropic in behavior,
the effect of b is described by the isotropic,
three-dimensional failure criterion (Lade and
Musante, 1978).

Failure Criterion

A three-dimensional failure criterion ex-
pressed in terms of stress invariants has
previously been developed for soils (Lade,
1977). This isotropic failure criterion is ex-
pressed as :

3L =27) - ([ui'}"u)"‘=7h 22
in which I, and I, are the first and the third
invariants of the stress temsor, which for

triaxial compression and torsion shear tests
can be expressed as :
I=0\+0,+0y=0.+0a.+a, (3)
IJ=0:'02'03=0’:'0’r'09—0r‘T:o‘fn (4)
and p, is atmospheric pressure expressed in
the same units as the stresses. The parame-
ters #, and m are constants.

Fig.4 shows the relation between ([,
=27) and (p4f,) at failure in a log-log
diagram. On this diagram %, is the intercept
with (p,1,)=1 and m is the slope of the
straight line. The data from both torsion
shear and triaxial compression tests on EPK
clay are plotted on Fig.4. The values of

r 1.0

720 (kat/em?

O Undrained Tests
@ Drained Tests

7:=27.1 and m=0.42 are determined from
a regression analysis for the best fitting
straight line on this diagram.

Comparison of Failure Criterion and Test
Data

The strength results from the torsion shear
tests are presented on a diagram of torsion
shear stress, r., versus vertical stress dif-
ference, (¢,—os), as shown in Fig.3. The
solid curve on this diagram represents the
failure surface defined by Eq.(2). The
failure surface is egg-shaped with a slightly
more pointed end near the extension stress
state. Whereas only one half of the surface
is hown in Fig.5, the other half is sym-
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Fig. 5. Stress points at failure and failure surface for torsion
shear tests on Edgar Plastic Kaolinite



CLAY IN TORSION SHEAR 135

metrical with that shown around the horizon-
tal axis. Note that the failure surface is
not an ellipse. An ellipse is obtained for
the Mohr-Coulomb failure criterion.

The stress states at failure in the torsion
shear tests did not correspond to the same
value of the effective radial stress ¢’,. How-
ever, it is desirable to compare the data points
on the same effective radial stress plane such
that a common basis for the comparison
exists. The experimental points shown in
Fig.5 have therefore been projected to a
common ¢',-plane corresponding to ¢',=1.00
kgffem® (98kN/m*. The adjusted stress
states were obtained by projection of each
individual stress point along a curved failure
envelope. This is done mathematically using
a technique involving Eq. (2) for the failure
criterion,

The stresses at failure from all torsion
shear tests are plotted on Fig.5. The test
results with compressive axial loads are
slightly inside the failure envelope, while
the test results close to 6=1.0 were slightly
outside the failure envelope. The largest
difference occurred in the undrained tests
close to #=1.0 in which the values of the
effective minor principal ¢’; were very small.
Two drained tests were therefore performed
to establish the failure envelope near the
extension condition. The results of these
two tests appear to steadv the failure en-
velope near extension. as shown in Fig.
3. It may be seen that the failure envelope
represents the failure points obtained from
the torsion shear tests with reasonable ac-
curacy. Thus, the stress conditions of K-
consolidated clay at failure were not much
affected by stress-paths and rotation of prin-
cipal stress directions. The experimentally
obtained failure surface from torsion shear
tests can therefore be modeled with good
accuracy by the isotropic failure criterion
defined by Eq. (2).

As indicated on Figs.3 and 5, the efferts
of stress-paths and reorientation of principal
stresses were mainly observed in the pre-
failure stress-strain behavior of K,-consoli-

60
o,'= 1.0 kgt/cm?
Ll o Failure Surface for
Mq=27.1 and m = 0.42
corresponding to [}
40 L o' = 1.0 kgt/em? o
= o )
= @
< 30/
H
B O Undrsined Test
&
20 ©® Drained Test
10 § 1 1 1
0 0.2 0.4 0.6 0.8 1.0
Ty =T
- S
Ty =y
Fig. 6. Effective friction angles and fail-

ure surface shown in ¢-4 diagram for
torsion shear tests on Edgar Plastic
Kaolinite

dated clay, whereas sufficient changes in the
clay fabric had occurred at large strains to
produce failure conditions that adhered to an
isotropic failure criterion.

Effective Friction Angle
The variation of the measured effective
friction angle with the value of & is shown

in Fig.6. The friction angle ¢’ was com-
puted from
: 0'\—d's _ 27,5+ (d,—0,) 4
e 1 3 __ & e T z 2) !
51n¢ U‘|+U’: — (0”;+d'.)

(5)
where a'y=0¢"..;,,. The friction angle is af-
fected by the &-value which in turn repre-
sents the intermediate principal stress. The
friction angle was smallest for 6=0.0 and
it increased initially with increasing mag-
nitude of the intermediate principal stress
o', until b reached 0.6, The friction angle
was largest at 6=1.0 in undrained tests.
However, as discussed in connection with
Fig.5, the results of the undrained tests
were less reliable than those from the drained
tests. The friction angles from the drained
tests, corresponding to b-values near 1.0,
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were smaller than those from the undrained
tests. Thus, a small decrease in friction
angle from #=0.6 to 1.0 is indicated. Cubi-
cal triaxial tests performed on clay and sand
have shown the same tendency (Lade and
Duncan, 1973 ; Lade and Musante, 1978;
Ochiai and Lade, 1983 ; Tsai and Lade, 1985).

The solid line on the diagram is the failure
surface described by the criterion in Eq.
(2). This failure criterion appears to ac-
count fairly well for the experimental data.
Therefore, any influence of the orientation
of ¢, (as measured by ¥) appears to be
negligible as expected for an isotropic ma-
terial.

RELATIONS BETWEEN STRAINS

Work-S pace

Fig. 7 illustrates a suitable space in which
to view the results of torsion shear tests.
The vertical axis represents the effective con-
fining pressure, ¢’,, and the horizontal axis
represents the vertical stress difference, (os,—
os), and the torsion shear stress, r,,. In
this diagram the failure surface defined by
Eq.(2) forms a cone with origin at ¢/,=0.
The cross-section of the failure surface on
a plane with ¢',=const. resembles an egg.
The egg-shaped failure surface grows from

= 5
' 28+ Y28
»
7o
&vg » i
/ [(T! '“0'
be=1 s 2
Y= 90° dre o
Normal for Failure Surface
Curved Failure Surface
0
Fig. 7. Three-dimensional stress space

suitable for study of data from
torsion shear tests

the origin of the (o,—0,) and r,,-axes, as
indicated in Figs.2 and 5. Failure does not
oceur for stresses inside this three-dimen-
sional, conical surface.

The increment in work done by the stresses
in torsion shear tests can be expressed as
follows :

dW'—"al'é0+"z'éz+dr'ér+r:r'f‘:r+fﬂ'frl

+Tre Tze (6)
where &, €, and é, are linear strain in-
crements, and 7, ¥re and 7., are engineer-
ing shear strain increments. The bound-
ary conditions in a torsion shear test are
such that :

=t

Tp=0r=0Ccq11

}"nr=fvl=0
Thus,

AW =0, €4+ 0, .70, 6, 7Ty Tro
This expression can be further specialized
for the conditions in the torsion shear test :
dW=("l—ol)'é:+ol'é:+Gi'él+ﬂr'ér+frl‘ru
dW=(61""U!)'5":+0'v'(él+é:+ér)+f.—s'fn
Since the volumetric strain increment §,=¢,
+€,+E,,
dW=(G:"f’c)'éz'i'ﬂ'r'éu'-"fu'f'.o (T)

Therefore, to study the type of behavior
observed in the space shown in Fig.7, the
strain increments, €, &, and ¥, are super-
imposed on the stress axes corresponding to
(g,—as), o, and 7,, respectively. The
strain increments form a vector., & as ex-
emplified by that initiating at the failure
surface on Fig.7.

The results of torsion shear tests on hollow
metal tubes presented by Taylor and Quinney
(1931) were analyzed in view of the following
equation for the increment in work :

dW=g,€,+7. T2 (8)
Since the metal tubes were unconfined, g,=
g,=0. and for solid metals ¢.=0. Eq. (8)
is therefore a special case of the more general
expression in Eq. (7} which allows for vol-
umetric strains in the material.
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Y0 (%) Relations Between Axial and Shear Strains
® ok The axial strains, ¢, are plotted versus
the engineering shear strains, r,, in Fig.8.
The points corresponding to failure are in-
dicated as black points on each curve in this
diagram. The axial strains are compressive
for tests with 4-values smaller than 0.5 and
expansive for larger &-values.

Note that considerable axial strains oc-
curred in the tests in which the axial stress
was held essentially constant. This coupling
effect between shear stress and axial strain
— was observed in most cases when shear

b stresses were applied. Comparison of stress-
paths in Fig.2 (b) with strains in Fig.8
(a) indicates this effect. A\ similar coupling
effect between shear strains and axial stresses
was observed in tests in which shear stress
was applied and held constant and the axial
stress was varied. This may be seen by
comparison of stress-paths in Fig.2 (¢ ) with
strains in Fig.8 (b). These coupling effects
between stresses and strains are typical of
materials that behave plastically. They can-
not be predicted by theory of elasticity.

Directions of Strain Increment Vectors

- [t is of interest to study the directions of
plastic strain increment vectors relative to the
failure surface in the work-space. I[f the
failure surface is taken as the ultimate vield

€ (%)

Fig. 8. Relstions between axial strains
and engineering shear strains ob-

tained in torsion shear tests on Edgar surface. it may be deduced whether associated
Plastic Kaolinite flow is obtained for the clay. The increment
’}:0 Direction Expected for
* g (katicm3) " Associated Flow
r1o Failure Surfaca for

M¢ =271 and m = 0.42
in Plane with o’ = 1.0 kgt/cm?

O Undrained Tests

@ Drained Tests
— 4 1

-1.0 -0.5 0 0.5 1.0 1.5 2.0

o, = og) (kgt/em3d, &,

Fig. 9. Directions of strain increment vectors at failure in
torsion shear tests on Edgar Plastic Kaolinite
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axes of vertical strain, ¢,, and torsion shear
strain, T,, are therefore superimposed on
the vertical stress difference, (o,—as), and
torsion shear stress, z,,, respecively, in the
work space shown in Fig.7. Only the direc-
tions of the strain increment vectors at fail-
ure will be considered. All strain incre-
ments are plastic at failure, because the
changes in stress at failure are negligible,
thus resulting in negligible elastic strain in-
crements. The directions of the strain
increment vectors are obtained from the
slopes of the relations between ¢, and 7,
shown in Fig. 8.

The directions of strain increment vectors
on the plane corresponding to o’.=1.00 kgf/
cm?® (98 kN/m?®) are shown in Fig. 9 together
with the projected failure stress points and
the failure surface defined by Eq. (2). The
projected directions corresponding to associ-
ated flow are also indicated on this figure.
These directions were derived mathematically
as the normals to the failure surface. Note
that these projected directions are not quite
normal to the failure surface in Fig.9. It
may appear that the experimental directions
for practical purposes coincide in direction
with these normals for 4-values smaller than
0.5. but coincidence is not obtained for most
of the tests with larger 4-values.

The experimental strain increment vectors
are entirely contained in the plane in Fig.9.
This is because they correspond to undrained
tests in which £.=0. However, the direc-
tions expected for associated flow are not
contained in this plane but projected onto the
diagram. This is because vield surfaces for
soils near failure most likely are inclined in
a manner similar to the failure surface, but
they cross the failure surface at a very shal-
low angle (Tatsuoka and Ishihara, 1974 :
Lade and Kim, 1989). The normal to the
vield surface at failure is therefore almost
perpendicular to the failure surface. Fig.7
shows a normal to the failure surface. It
is clearly not contained in the (a_—a.)-t,,
plane.  Thus, the experiments indicate that
nonassociated flow most likely is necessary to
model the observed behavior. A similar con-

clusion was reached by Lade and Musante
(1977) on the basis of cubical triaxial tests
performed on normally consolidated Grundite
clay.

CONCLUSIONS

A series of torsion shear tests was per-
formed on remolded K,-consolidated Edgar
Plastic Kaolinite under drained and undrained
conditions to investigate the influence of re-
orientation of principal stress directions on
the behavior of the clay. The influence of
rotation of principal stresses on the stress-
strain, and strength characteristics was ob-
served as follows :

(1) The effects of stress-paths and re-
orientation of principal stresses were mainly
observed in the prefailure stress-strain be-
havior.

(2) The failure surface obtained from
torsion shear tests could practically be mod-
eled by an isotropic failure criterion proposed
by Lade (1977).

(3) The most accurate results of torsion
shear tests close to &=1.0 were obtained
under drained conditions.

(4) Coupling effects between shear stress
and axial strain and between axial stress and
shear strain were observed in most cases
when shear and axial stresses were applied.

(5) The experimental strain increment
vectors in the work-space were not perpen-
dicular to the yield surface at failure.
associated flow may therefore be required
for models developed to capture the behavior
of normally consolidated clay.

Non-
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STRAIN INCREMENT AND STRESS DIRECTIONS
IN ToRrsION SHEAR TESTS

By Won Pyo Hong' and Poul V. Lade,” Members, ASCE

ABstract: The directions of the major principal strain increment, stress, and
stress increment during rotation of the principal stress axes at any stress level are
studied for K,-consolidated clay using a torsion shear apparatus with individual
control of the vertical normal stress, the confining pressure, and the shear stress
on hollow cylinder specimens under undrained and drained conditions. The torsion
shear tests are performed along predetermined stress-paths, which are chosen to
cover the full range of rotation of principal stress axes from 0° to 90° relative to
vertical. The test results indicate that the major principal strain increment directions
coincide with the major principal stress directions at failure. The directions of ma-
jor principal strain increment coincide with the directions of major principal stress
increment at low stress levels and with the directions of major principal stress at
higher stress levels. This indicates that the behavior of clay gradually changes from
elastic to plastic as the stress level is increased. Elasto-plastic theory is therefore
suitable for modeling the behavior of clay during rotation of principal stress axes.

INTRODUCTION

The behavior of soils during reorientation of principal stresses in the field
should be understood for correct modeling of their stress-strain behavior.
Rotation of principal stress axes can only be accomplished in the laboratory
by applying a combination of normal stresses and shear stresses to the sur-
face of a soil specimen. A torsion shear apparatus, in which there is indi-
vidual control of vertical normal stress, confining pressure, and shear stress
applied to a hollow cylinder specimen, was employed in this study. Rotation
of principal stress axes due to construction on or in soils can be reproduced
in the torsion shear apparatus by various combinations of vertical loading
and torque.

One of the most important pieces of information required for modeling
the stress-strain behavior of soils concerns the direction of the principal strain
increment relative to the directions of principal stress and stress increment
during rotation of stress axes at any stress level. For the purpose of inves-
tigating the relations among the directions of strain increment, stress, and
stress increment as shearing progresses, undrained and drained torsion shear
tests were performed on hollow cylinder specimens according to predeter-
mined stress-paths. The stress-paths were chosen to cover the full range of
rotation of principal stress axes from 0° to 90° with vertical. Hollow cylinder
specimens were prepared by consolidating Edgar plastic kaolinite clay under
Ky-conditions before shearing, thus introducing stress states in the clay spec-
imens similar to those found in field deposits.
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PREvious STubpIiES

To rotate the directions of principal stresses in soil specimens during test-
ing, a combination of normal and shear stresses must be applied to the sur-
face of the specimen. A review of the advantages and limitations of equip-
ment employed for this purpose was presented by Saada and Townsend (1981).

Various forms of ring shear apparatus have been developed for measure-
ment of residual strength of soils (Bishop et al. 1971). As the ring shear test
proceeds, however, the directions of principal stresses are uncertain and the
strains are not distributed uniformly in the specimen. This type of apparatus
can therefore not be used for the purpose of investigating effects of reori-
entation of principal stresses.

Reorientation of principal stresses can be achieved in simple shear devices
(Bjerrum and Landva 1966; Roscoe 1953, 1970; Roscoe et al. 1967) and in
torsion shear equipment (Bojanowski 1970; Broms and Casparian 1965; Hight
et al. 1983; Hong and Lade 1988; Ishibashi and Sherif 1974; Lade 1975,
1976, 1981; Lomize et al. 1969; Saada and Baah 1967; Saada and Bianchini
1975; Saada and Ou 1973). The simple shear device offers the advantage of
testing soils under plane strain conditions. Roscoe and his coworkers (Ros-
coe 1970; Roscoe et al. 1967) have investigated the relation between the
directions of strain increment and stress in sand during shear in simple shear
devices. However, these apparatuses also have some disadvantages, which
limit their use for more elaborate investigations (Lade 1975). The initial state
of stress before shearing cannot be arbitrarily imposed. Only K,-stress states
can be imposed on the specimens before shearing. Further, the distributions
of normal and shear stresses within the specimen are nonuniform (Roscoe
et al. 1967; Wright et al. 1967). The evolution of the horizontal normal
stress during shear is generally unknown (Saada and Townsend 1981).

Torsion shear equipment in which a hollow cylinder specimen is confined
horizontally between membranes has also been employed to a limited extent
during the last two decades. This equipment offers the advantage that no
shear stresses are induced on the vertical surfaces of the specimen, comple-
mentary shear stresses are automatically applied to the specimen, and large
and fairly uniform shear strains can be produced. Furthermore, individual
control of the vertical normal stress, the confining pressure, and the shear
stress makes it possible to impose various initial states of stress before the
specimen is sheared (Lade 1981). However, this type of equipment also has
limitations in terms of nonuniformity of stress and strain distributions, es-
pecially in specimens with inappropriate dimensions (Saada and Townsend
1981; Wright et al. 1978). In a torsion shear test, the hollow cylinder spec-
imen should be exposed to a plane stress state (when the inside and outside
pressures are equal). In order to obtain this state, the stresses and strains
should be distributed uniformly in the specimen (Saada and Townsend 1981).
But nonuniformities can be minimized in specimens with appropriate di-
mensions (Lade 1981). Thus: (1) The ratio of wall thickness and specimen
diameter should be small; and (2) the height-to-diameter ratio should be high
enough to avoid severe effects of end restraint, and it should be small enough
to avoid buckling of the hollow cylinder specimen. With careful attention
to the geometry of the specimen, the torsion shear apparatus is considered
to be well suited for investigating the influence of reorientation of principal
stresses. Saada and his coworkers (Saada and Baah 1967; Saada and Bian-
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chini 1975; Saada and Ou 1973; Saada and Townsend 1981; Saada and Za-
mani 1973) have used the torsion shear apparatus to determine the stress-
strain behavior of anisotropic clay. Recently, Hight and his coworkers (Hight
et al. 1983; Symes et al. 1984) built a torsion shear apparatus and studied
the effects of initial anisotropy of sand in a limited number of tests. Tatsuoka
et al. (1986) have also studied failure and deformation of sand.

TORSION SHEAR APPARATUS

Fig. 1 shows a three-dimensional drawing of a torsion shear apparatus
designed and constructed to permit individual control of confining pressure,
vertical deviator stress, and shear stress applied to a hollow cylinder spec-
imen.

The hollow cylinder specimen employed here has height of 25 cm, average
diameter of 20 cm, and wall thickness of 2 cm. Based on previous studies
(Lade 1981) these dimensions were sufficient to neglect nonuniformities in
stresses and strains in the specimens due to boundary effects. The specimen
is confined between cap and base rings and inside and outside rubber mem-
branes with thicknesses of 0.03 to 0.04 cm. The inside membrane was formed
directly on the specimen, while the outside prefabricated membrane was placed
using a membrane stretcher. In order to form the inside membrane, the spec-
imen was first sprayed with diluted rubber cement to seal it off. The inside
surface was then sprayed or painted with several layers of fluid latex rubber.
The rubber was allowed to dry between layers. In order to transfer shear
stresses from the cap and base rings to the specimen and to avoid slippage
at their interfaces, full friction surfaces were provided on the rings. These
consisted of a layer of sand grains glued to the rings by epoxy.

The entire setup is contained in a pressure cell, and the integrated hy-
draulic loading system is located below the table on which the apparatus
sits. The same confining pressure is applied to the inside and outside surfaces
of the specimen through the cell water that surrounds the specimen. The
design and operational principles of this apparatus are given in Lade (1981).

For the purpose of performing torsion shear tests on clay specimens, some
modifications were made to the vertical loading cylinder and the torsion shear
loading cylinders. Upward loading capability was added to the vertical load-
ing cylinder, and the strokes of the torsion shear loading cylinders were
increased so that larger torsional displacements could be imposed on the
specimen. The maximum strains that can be achieved in this apparatus for
a 25-cm tall specimen are *e, = 25% for vertical strains and v, = *40%
for torsion shear strains.

The vertical load and the torque can be applied independently to the spec-
imen through the center shaft and the cap plate, which is attached to the cap
ring, as shown in Fig. 1. Both the vertical load and the torque can be either
stress- or strain-controlled. The resulting deviator stress, with the cell pres-
sure, provides for a vertical normal stress either larger or smaller than the
confining pressure. Two sets of two interconnected pressure cylinders supply
horizontal load in either a clockwise or a counterclockwise direction to the
torsion arm connected to the center shaft.

During the torsion shear tests, the vertical load, the torque, the cell pres-
sure, the vertical deformation, the thickness change of the hollow cylinder
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FIG. 1. Torslon Shear Apparatus

wall,_and the shear deformation were measured in addition to the pore pres-
sure in undrained tests or the volumetric strain in drained tests.

CLay TESTED

All tests were performed on Edgar plastic kaolinite (EPK) clay whose
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specific gravity was 2.62. The particle size distribution indicated that the
clay consisted of 40% silt and 60% clay-size particles. Atterberg limit tests
produced LL = 60 and PL = 30. The activity was 0.5.

SPECIMEN PREPARATION

Remolded specimens consolidated under K-stress conditions were pre-
pared from a slurry of EPK clay mixed at a water content of twice the liquid
limit. The clay slurry was poured into a special consolidometer and con-
solidated at an effective vertical pressure of 2.00 kg/cm® (196 kPa). The
special consolidometer was built to make hollow cylinder specimens for tor-
sion shear tests. The consolidometer has a height of approximately 60 cm,
an outer diameter of 26 cm, and an inner diameter of 16.5 cm. Two drainage
plates consisting of porous plastic were placed on the top and bottom of the
clay slurry. In addition, long drainage strips made of porous plastic were
attached along the outside wall to form a spiral from top to bottom, so it
could be compressed easily as the clay slurry consolidated. After consoli-
dation, the oversized hollow cylindrical clay sample was trimmed to its final
dimensions in a specially designed trimming device with a rotating table and
common trimming tools.

The specimen was then installed in the torsion shear apparatus and again
consolidated under K-stress conditions by maintaining the volumetric strain
equal to the vertical strain. Slotted filter paper drains were installed on the
outside face of the specimen. The maximum drainage path was therefore
equal to the thickness of the specimen wall (2 cm). During K-consolidation,
a cell pressure of 4.00 kg/cm® (392 kPa) and a back pressure of 2.00 kg/
cm’ (196 kPa) were applied. The vertical stress difference was increased
gradually to maintain €, = €, throughout the entire K,-consolidation. The
average value of K, for all tests was 0.55. The pore pressure parameter B
(=Au/Ao.,) measured after the consolidation stage indicated that the spec-
imens were fully saturated.

TesTiING PROGRAM

Fifteen undrained and two drained torsion shear tests were performed on
hollow cylinder specimens consolidated under Ko-stress conditions. Each test
was conducted with constant confining pressure, o,, according to predeter-
mined stress-paths shown in Fig. 2. The diagrams in this figure indicate the
relations between the vertical stress difference, (o, — o), and the torsion
shear stress, 7,4. The stress-paths are shown on two diagrams and different
symbols are used for the sole purpose of clarity. Some stress-paths appear
on both diagrams for purposes of comparison. In order to follow these stress-
paths to failure and beyond, either the vertical stress difference or the torsion
shear stress was applied under strain-control, and the other stress was stress-
controlled. The vertical stress difference could be either increased or de-
creased. Strain rates of approximately 0.005%/min for undrained tests and
0.001%/min for drained tests were employed for both vertical strain and
shear strain in the strain-controlled directions.

All shear tests were started after K;-consolidation in the torsion shear ap-
paratus. The stress-paths projected on the plane of o, = 1.00 kg/cm® are
shown in Fig. 2. Projection of effective stress-paths is performed by mul-
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FIG. 2. (a) Stress in Hollow Cylinder Specimen; (b) and (c) Stress-Paths In Tor-
slon Shear Tests In Plane with o = 1.0 kg/cm? (98 kPa)

tiplying the vertical stress difference and the applied shear stress by the ratio
of o] = 1.00 kg/cm” and the measured value of o; (in the same stress units)
at each stress point. Test 11 was performed as a triaxial compression test
by increasing the vertical load under strain-control. Tests 3, 4, 5, 6, and 13
were performed by increasing the torque under strain-control with only small
changes in the vertical load. Tests 2, 7, 9, 10, and 15 were performed by
adjusting the vertical stress difference under stress-control to the predeter-
mined values and then increasing the torque under strain-control. A leak
developed in test 7 and it could not be continued, as indicated in Fig. 2(b).
Tests 8, 16, and 17 were performed by increasing the torsion shear stress
under stress-control and then decreasing the vertical load under strain-con-
trol. Tests 1, 12, and 14 were performed by decreasing the vertical load
under strain control to produce triaxial extension tests. Tests 14 and 17 were
conducted under drained conditions, whereas all other tests were performed
under undrained conditions.
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RELATIONS BETWEEN STRAINS

The shear strains, €, (=7,/2), are plotted versus the normal strain dif-
ferences, (€, — €)/2, in Fig. 3 for the specimens in tests 2, 3, 10, and 16,
whose stress-paths are shown in Fig. 2. The points corresponding to failure
according to the maximum effective stress ratio are indicated with a black
solid point on each curve, and the values of b = (0, — 03)/(o, — @3) at
failure are indicated for each test in Fig. 3. The relations between the shear
strains and the normal strain differences are almost linear, except at the be-
ginning of the tests. The almost linear relations are more obvious at strains
close to failure, where the behavior of the clay is plastic in nature.

Even though essentially constant vertical loads were supplied in tests 2
and 10, as shown by the stress-paths in Fig. 2, Fig. 3 indicates that normal
strain differences occurred in addition to the shear strains caused by the torque.
This “coupling effect” was more pronounced in test 2 than in test 10. A
similar coupling effect between shear strains and axial stresses was observed
in test 16, in which the axial stress was decreased while the shear stress was
held constant.

Fig. 3 shows that the normal strain differences are expansive for values
of b[=(o, — 03)/(0, — 0,)] larger than approximately 0.34 and compressive
for smaller values of b. A given increment in b has a greater effect on the
relation between the shear strains and the normal strain differences at small
b-values than at high b-values.

STRAIN INCREMENT AND STRESS DIRECTIONS

The general pattern of directions of major principal strain increments at
failure is of importance in considerations regarding the applicability of iso-
tropic plasticity theory and the general framework required for modeling of

{(z-ﬁe'

3 (%)

FIG. 3. Relations between Normal Straln Diiferences and Shear Strains Iin Four
Torsion Shear Tests

1394



clay with initial Ki-stress states. In order to investigate the soil behavior at -

failure, it is necessary to relate the directions of major principal strain in-
crements to the directions of major principal stress in the physical space.

According to plasticity theory, the principal axes of plastic strain incre-
ments coincide in direction with the principal axes of stress during reori-
entation of stresses in isotropic materials, whereas the principal axes of elas-
tic strain increments coincide in direction with the principal axes of stress
increments according to isotropic elasticity theory.

Triaxial compression tests performed in a companion study on vertical and
horizontal specimens of Ky-consolidated EPK clay produced stress-strain re-
lations and undrained strengths that indicated negligible influence of orien-
tation. The laboratory-prepared clay was therefore taken to behave in an
isotropic manner, although it had initially been Ky-consolidated. More de-
tailed studies of the clay behavior might have indicated some anisotropic
features, but these were not likely to be as pronounced as those found in
natural clays.

Natural clays have been produced by deposition of individual clay parti-
cles or clusters of particles, each allowed to settle and come to equilibrium
with preferred orientation (most likely horizontal), and consolidation under
Ky-conditions over long time periods, thus allowing the majority of creep to
occur under current in situ stresses. In comparison, the slurry of EPK clay
mixed at two times the liquid limit may not have provided the individual
particles with sufficient space to allow extensive alignment in a preferred
direction. Further, sufficient time was allowed for the slurry to consolidate,
but the amount of time allowed for creep after the end of primary consoli-
dation was small. The EPK clay prepared for the present study, therefore,
exhibited little anisotropy as a result of the initial Ky-consolidation. The ex-
perimental results of the torsion shear tests are consequently evaluated in
view of isotropic elastic and plastic behavior.

Mohr Circles

The directions of major principal stress, major principal stress increment,
and major principal strain increment during primary loading are shown in
Fig. 4, where ¥ = angle between o, and vertical, X = angle between A,
(=maximum of increments in 7,4, 0,, and o,) and vertical, £ = angle between
A€, (=maximum of increments in €4, €,, and €) and vertical, respectively.
The relationships from Fig. 4 are as follows:

27,
R Y A e U R R e (1)
O, — 0y
2- A‘l’,ﬁ
BT 2 o i R R R R R R e 2
o AU’Z = AO’; ( )
LT )
AE, == Aﬁo

Therefore, isotropic elastic behavior implies that X = £, and isotropic
plastic behavior requires that ¥ = &.

Directions of Major Principal Strain Increments at Failure
Fig. 5 shows a diagram of (o, — a,)/2 versus T,, superimposed on a dia-
gram of (Ae, — Ae,)/2 versus Aey. The inclinations of stress directions should
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FIG. 4. Directions of Major Princlpal: (a) Stress; (b) Stress Increments; and (c)
Strain Increment In Torslon Shear Tests

coincide with the inclination of strain increment directions for isotropic plas-
tic behavior at failure, i.e.

2-1,4 _ 264 4)
Ty D T R s S g e

where 2 7,4/(0, — g) = the inclination of the stress direction; and 2 - Ae,y/
(Ae, — Ag,) = the inclination of the strain increment direction. In Fig. 5 the

- 1.0

\lkgfcmzl

Failure Surface for
Ny = 27.1 and m = 0.42

in Plane with o ' = 1.0 kufcmz

FIG. 5. Directions of Major Principal Stress and Straln Increments at Fallure (Note
that Double Angles are Shown)
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major principal stress direction is represented by a line connecting the stress
point at failure and the origin. The direction of the major principal strain
increment is shown initiating from the stress point at failure. All strain in-
crements are plastic at failure, because the changes in stress at failure are
negligible, thus resulting in negligible elastic strain increments.

It should be noted that the stress states at failure in undrained tests most
often do not correspond to the same value of effective confining stress,
o,. However, in order to indicate that failure was achieved in the tests under
consideration, it may be desirable to plot the data points on the same ef-
fective confining stress plane. By projection of a given stress point along
the curved failure envelope using a technique involving Lade’s failure cri-
terion (Lade 1984), it is possible to obtain the adjusted stress states. The
failure stress points and the failure surface are shown in Fig. 5 on the plane
corresponding to o; = 1.00 kg/cm? (98 kPa). This failure surface is given
by the following failure criterion proposed for isotropic soils (Lade 1984):

n n\"
Mi DR = 2T Y ccvmmesonsvssonmnss ucsesareses onsee s ol e s a0 §<em e w6 € (5)
I3 pa

in which I, and I, = the first and the third stress invariants which for the
conditions in the torsion tests are defined as follows:

=011+ 03+t 03=0,F 0, + 0 ooooiiiiiiiineiaiiiennaaannanns (6)
Dy = 0 g = O 0 0, = 0 0 M o o o T 72 T 5 (@)

and p, = atmospheric pressure expressed in the same units as the stresses.
The material parameters, m, and m, were determined to be 27.1 and 0.42,
respectively, for Edgar plastic kaolinite (Hong and Lade 1989).

Only one half of the failure surface is shown in Fig. 5, because of sym-
metry in material behavior. The failure envelope is not a circle, but it has
a unique shape that is symmetrical about the horizontal axis. It may be seen
that the failure envelope represents the failure points obtained from the tor-
sion shear tests with reasonable accuracy.

Fig. 5 shows that the major principal strain increment directions at failure
for practical purposes coincide with the major principal stress directions.
Only a few directions deviate slightly from each other. Because double an-
gles are shown in Fig. 5, the deviations represent twice the deviations in
physical space. The magnitudes of these deviations are so small that they
could even be due to experimental inaccuracies. It appears that the effect of
the initial Ko-stress state applied to the clay specimens to a large extent has
been eliminated at failure, which occurred at relatively large strains in the
torsion shear tests. Thus, any cross-anisotropy that might have developed in
response to the initial Ky-consolidation did not affect the results at failure.
Plasticity theory for isotropic materials can therefore be applied to modeling
of Ki-consolidated clay at failure in torsion shear tests.

Effects of Rotation of Principal Stress Axes

A more detailed evaluation of the clay behavior in four representative tests
is shown in Fig. 6. The variations of the angles between vertical and the
directions of major principal stress ¥, major principal stress increment X,
and major principal strain increment £ are plotted versus shear strain, 7y,,
for tests 2, 3, 10, and 16. The angles ¥, X, and £ were calculated from
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Torslon Shear Tests

Egs. 1, 2, and 3, respectively. The arrows in the diagrams indicate the ini-
tiating points of primary loading. These points are indicated in Fig. 2, where
the stress-paths cross the initial isotropic yield surface corresponding to Ko-
consolidation. Thus, smaller shear strains than those shown at these points
in Fig. 6 represent stress states of unloding or reloading from the K,-stress
states. The points corresponding to failure are also indicated on each curve.

Fig. 6 shows that the direction of major principal strain increment essen-
tially coincide with the major principal stress increment direction at small
shear strains or in the early stages of the tests. This indicates that the clay
behaves as an isotropic elastic material at the beginning of the tests. As the
stress level increased towards failure, the major principal strain increment
direction approached and essentially coincided with the major principal stress
direction. This is typical of isotropic plastic behavior.

Following K, -consolidation, the stress-path in Fig. 2(b) shows that the
specimen in test 2 was first unloaded vertically into the region of negative
deviator stresses, then reloaded and finally primary-loaded by application of
shear stresses. Fig. 6(a) shows that plastic behavior (i.e., ¥ = &) was ob-
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tained slightly before the isotropic yield surface was crossed.

In test 3 [see stress-path in Fig. 2(c)] the specimen was primary-loaded
directly from the K,-stress state, and in this test there was essentially no
elastic behavior, as indicated in Fig. 6(b).

Fig. 2(b) shows that the specimen in test 10 was first unloaded vertically,
then reloaded and primary-loaded in shear. Fig. 6(c) indicates that a gradual
transition from elastic to plastic behavior at higher stress levels was obtained
in this test.

Finally, the stress-path for test 16 shown in Fig. 2(c) indicates that a shear
stress was applied to the specimen immediately after Ki-consolidation, after
which the vertical load was decreased to failure in the extension re~ion. Most
of this stress-path was located inside the isotropic yield surface, and elastic
behavior is clearly indicated in Fig. 6(d) for the beginning of this test. A
gradual transition occurred around the point where the stresses exceed the
isotropic yield surface, and plastic behavior is obtained in the remaining
portion of the test.

These observations from the torsion shear tests on Edgar plastic kaolinite
indicate that the clay behaved as an elasto-plastic material. Thus, the ap-
plicability of isotropic elastoplastic theory for modeling the behavior of clay
during rotation of the principal stress axes in torsion shear tests has been
demonstrated.

Results from simple shear tests on sand reported by Roscoe and his co-
workers (Roscoe 1970; Roscoe et al. 1967) showed behavior similar to that
obtained in the present study on clay.

CoNcLUSIONS

Undrained and drained torsion shear tests on hollow cylinder specimens
of Edgar plastic kaolinite clay have been performed along various stress-
paths for the purpose of investigating the relations among the directions of
major prinicipal stress, stress increment, and strain increment during rotation
of principal stress axes.

The clay prepared by Kj-consolidation of a slurry was found to exhibit
little anisotropy. The effects of any initial cross-anisotropy caused by Kj-
consolidation in the torsion shear tests were, to a large extent, eliminated at
failure, which occurred at relatively large strains. The major principal strain
increment directions coincided with the major principal stress directions at
failure. Thus, isotropic plasticity theory may be applied for modeling the
behavior of this clay at failure.

The experimental results also indicated that the directions of major prin-
cipal strain increment essentially coincided with the directions of major prin-
cipal stress increment at small stress levels inside the isotropic yield surface.
This is typical of elastic behavior. A gradual transition from elastic to plastic
behavior was observed as the stress level was increased, and the directions
of major principal strain increment approached the directions of major prin-
cipal stress at higher stress levels. These observations from the torsion shear
tests show that the clay behaved as an elasto-plastic material. Isotropic elasto-
plastic theory may therefore be suitable for modeling the behavior of Ky-
consolidated EPK clay during rotation of the principal stress axes.

The study presented here provides the basic behavior of a laboratory-pre-
pared, isotropic clay during rotation of principal stresses. The results may
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therefore serve as a basis for comparison and evaluation of the behavior of
natural clays that exhibit cross-anisotropic characteristics.
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SUMMARY

A review of the literature indicates that the elastic behaviour of granular materials is isotropic and that
Poisson’s ratio is constant, whereas Young’s Modulus, the bulk modulus and the shear modulus vary with
the mean normal stress and the deviatoric stress. A nonlinear. isotropic model for the elastic behaviour is
developed on the basis of theoretical considerations involving the principle of conservation of energy.
Energy is therefore neither generated not dissipated in closed-loop stress paths or in closed-loop strain
paths. The framework for the model consists of Hooke's law, in which Poisson’s ratio is constant and
Young's modulus is expressed as a power function involving the first invariant of the stress tensor and the
second invariant of the deviatoric stress tensor. The characteristics of the model are described, and the
accuracy is evaluated by comparison with experimental results from triaxial tests and three-dimensional
cubical triaxial tests with a variety of stress paths. Parameter determination from unloading-reloading
cycles in conventional triaxial compression tests is demonstrated, typical parameter values are given for
granular materials and extension of the model to soils with effective cohesion is described.

INTRODUCTION

The time-independent stress—strain relations for soils may be characterized by elastic and plastic
behaviour. Both strain components are nonlinear in nature, and the elastic strains are relatively
small in the presence of plastic strains. However, the complete soil response consists of elastic
strains along the initial portion of any general three-dimensional stress path involving unloading
or reloading. The strains along stress paths such as proportional unloading are for practical
purposes entirely elastic. Further, constitutive models must include elastic strain components in
order to invert the stress—strain relations. Therefore, even though the elastic strain components
may be small, they cannot be ignored.

Experimental results indicate that the elastic properties are functions of the state of the soil
element, i.e. they may be expressed in terms of the soil density or void ratio and the state of
stress acting on the soil. For a given void ratio, the elastic properties have been shown to vary
with the mean normal stress as well as the deviatoric stress.

Presented here is an isotropic model for the elastic behaviour of soils. The model is based on
a theoretical development which guarantees lack of energy generation or dissipation for any
closed-loop stress path or any closed-loop strain path. Experimental data from conventional
triaxial and three-dimensional cubical triaxial tests on sand are used to demonstrate the
capabilities and the determination of soil parameters for the model.
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MODELLING ELASTIC BEHAVIOUR 523

OBSERVED BEHAVIOUR AND PREVIOUS MODELS
Basic observed behaviour

The framework for modelling the elastic behaviour of soil consists of Hooke’s law, which for
an isotropic material requires two independent parameters. These may be Young's modulus E
and Poisson’s ratio v or the bulk modulus B and the shear modulus G. The parameters B and
G are related to E and v as follows:

E

B=3(1—-2\r) ()
E

G=2(l+v) @

Experimental results indicate that E, B and G vary with the state of stress, whereas Poisson’s
ratio most often is assumed to be constant. Figure I(a) shows the results of a conventional
drained triaxial compression test on loose Santa Monica Beach Sand with three unloading-
reloading cycles. The strains occurring immediately after each stress reversal are considered to
be elastic. The elastic moduli indicated on the second cycle in Figure 1(a) are seen to vary with
the deviatoric stress, since the effective confining pressure is maintained constant. Although the
mean normal stress also varies in this test, an expression relating the elastic modulus to the
mean normal stress is unable to capture the variation of Young's modulus correctly.’

Figure 1(b) shows the results of an isotropic compression test on loose Sacramento River
Sand. The unloading-reloading branches, which for practical purposes are identical, indicate
nonlinear elastic behaviour of the sand over a very large range of isotropic confining pressures.

Thus, both the mean normal stress and the deviatoric stress may influence the variations of
the elastic moduli E, B and G. The most common models used to capture the variations of these
three elastic moduli are briefly reviewed below.

Common models

Among the most widely studied modulus values is the initial tangent modulus. or initial slope
of the stress—strain curve for triaxial compression. Both theoretical considerations and practical
experiments® ~!! show that the initial tangent modulus may be expressed as a power function
of the initially isotropic, effective confining pressure o7:

E,= K.‘Pn(?)" (3)

a

in which p, is atmospheric pressure expressed in the same units as E; and ¢3, K, is a modulus
number, and n is an exponent determining the rate of variation of E; with ¢3. Both K; and n
are dimensionless numbers. Janbu® presented results of a large number of tests. He found values
of n from 0-35 to 055 for sands and silty sands with porosities of 35-50 per cent. Modulus
numbers for the same sands had values from 50 to 500.

Because the initial slope of the stress—strain curve is often inflluenced by non-recoverable,
plastic deformations. Duncan and Chang'? proposed to use the slope of an unloading-reloading
cycle from a triaxial compression test as the elastic modulus. This slope is determined between
points A and B on the third cycle in Figure l(a). Thus, K; is replaced by K, in equation (3).
Analyses of a large number of experiments'? showed that K, was from | to 3 times higher than
K;, whereas n had the same value for initial loading and unloading-reloading.

The simple formulation in equation (3) has been widely used. because it appears to capture
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the elastic behaviour observed in triaxial and isotropic compression, and the material parameters
can be determined from the results of conventional triaxial tests. However, Zytynski et al.'*
pointed out that this model for the variation of Young's modulus results in violation of the
principle of conservation of energy. Thus, depending on the direction of a closed stress loop, the
model will generate or dissipate energy in violation of the basic premise of elastic behaviour.

The deformation characteristics of a soil may also be expressed through the bulk modulus B,
which is related to the hydrostatic stress component, and the shear modulus G, which is related
to the deviatoric stress component. The advantage of using B and G is that these parameters
may be evaluated independently and may more readily be related to the state of stress. Modelling
of B and G may then take forms similar to that in equation (3).

Hardin and Black'® proposed an empirical expression for the shear modulus G,,,, determined
from wave propagation velocities and from small amplitude cyclic simple shear tests:

Gune = 12300CR* 22 =) 05 )

(1 +e)
in which ¢}, is the effective mean normal stress, and the exponent k applied to the over-consolida-
tion ratio, may be related to the plasticity index of the soil. The values of G,,, and g; are
expressed in psi. This expression also includes the effect of the void ratio e on the shear modulus.
Many expressions with the same general form have been presented in the literature:

Groax = AF(e)ay] (5)

in which A is a constant that may be related to OCR, F(e) is a function describing the influence
of void ratio, and the exponent n is often taken as 0-5. Hardin'® has presented some of the
specific forms of equation (5) together with typical values for the material parameters.

In addition to the formulations given above, other models for the elastic behaviour of soils
have been presented in the literature (see, for example, References 17 and 18). These have gained
less acceptance, in part due to the considerable number of material constants required and in
part due to the requirement of results from more complicated or advanced tests. Further discussion
of models for the elastic behaviour of soils have been given in References 19, 20 and 21.

Isotropy of elastic behaviour

Rowe!” presented results of experiments on Mersey River Sand (4 void ratios), Silver Sand (4
void ratios), Fine Quartz Sand (2 void ratios), Feldspar (2 void ratios) and Glass Ballotini (3
void ratios) which all exhibited isotropic behaviour when unloaded, even when the strains during
loading indicated anisotropic behaviour. Thus, sands with initial anisotropic fabric may exhibit
anisotropic behaviour, but the elastic behaviour observed during unloading is for practical
purposes isotropic. A similar conclusion was reached by Krizek,?? who presented results of
unconfined compression tests on sedimented specimens of kaolin clay with different degrees of
inherent anisotropy. Results for sensitive clay studied by Wong and Mitchell?* also showed
nearly isotropic elastic behaviour, while the plastic stress—strain relations were anisotropic.

Poisson's ratio

The theoretical limits of Poisson's ratio are — 1 <v < 0-5. These limits are obtained on the
basis that the elastic work 4{g}"{e} >0 for any change in stress. Equation (1) for the bulk
modulus shows that this requirement results in v < 0-5, and equation (2) for the shear modulus
provides the lower limit of — 1 < v. In practice, Poisson’s ratio for the elastic behaviour of soils
is limited to the range from 0 to 0-5.
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Experimental evidence indicates that Poisson’s ratio is isotropic and practically constant for
a soil at a given void ratio. The experiments on several granular materials presented by Rowe!’
showed that Poisson’s ratio could be considered to be isotropic during elastic unloading.

Hardin'® noted that accurate measurements of the elastic Poisson’s ratio from wave propagation
experiments was difficult, due to the insensitivity of the soil behaviour to the value of v. However,
analysis of his resonant column tests on Ottawa Sand produced constant values of v in the range
from 0-11 to 0-23. Based on a review of experimental data, Hardin'S concluded that Poisson’s
ratio for soils lies somewhere between 0 and 0-2 and that any value within this range is accurate
enough for most purposes.

Yokota and Konno?* performed cyclic triaxial tests with a frequency of 0-25 Hz on reconstituted
and undisturbed specimens of cohesive soils and alluvial sandy soils. Their investigation showed
that Poisson’s ratio was essentially constant at 0-5 for the cohesive soil, reflecting the undrained
condition in these tests. The sandy soils produced values from individual tests in the range from
0-2 to 0-4. Their test results showed a tendency for slightly increasing Poisson’s ratios with
increasing magnitudes of shear strains, whereas the influence of confining pressure was found to
be negligible.

El Hosri*® conducted low amplitude cyclic triaxial tests on dry Hostun Sand with careful
measurements of the axial and radial strains made directly on the specimens. He varied the
average grain diameter, the uniformity coefficient, the void ratio, the effective confining pressure
and the strain amplitude. Poisson’s ratio was found to be essentially constant in each test and
independent of confining pressure. Values of v were obtained in the range from 0-18 to 0-23 for
different material compositions and void ratios. E1 Hosri?® also observed that Poisson’s ratio
was constant within cyclic strain amplitudes up to + 0-5 per cent.

Whereas Poisson’s ratio for a soil at a given void ratio appears to be constant, experimental
evidence suggests that v increases with increasing void ratio. Reanalysis of K,-unloading branches
from numerous tests performed on Ham River Sand?® shows a consistent variation of v from
0-20 at ¢ =0-57 to 0-31 at e = 0-75. Other experiments, including those presented below for Santa
Monica Beach Sand, indicate similar results.

THEORETICAL DEVELOPMENT

The experimental evidence reviewed above indicates that the elastic behaviour of soils can be
captured by an isotropic elastic model in which Poisson’s ratio is constant and the elastic moduli
E, B and G are functions of the mean normal stress as well as the deviatoric stress. Expressing
the mean normal stress in terms of the first invariant of the stress tensor I, and the deviatoric
stress in terms of the second invariant of the deviatoric stress tensor J5:

B=B(I,,J3) ©)
G=K(l,,J3) &
in which
I,=0,+0,+03=0,+0,+a. (8)
and
=Yt 4 s+ 28k 4 258 4 263 L

where the s symbols denote deviatoric stress:

s;=0,—(I/),=1/3[(o.—0,)+(0.—0.)] (10a)
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sy,=0,—(1/3), =1/3[(6,— 0.} +{a,—0,)] (10b)
s, = 0. — (13, = 13[(6. — 6,) + (0. — 0,)] (10c)
and
Sy = Tyzh Sox = Tod Sy = Ty (10d.e.f)
Note that
Jy=s5.+5+5.=0 (11)
Substitution of equations (10) in equation (9) yieids
Jy=tloc— 0 + (0, —0.F +(0. —0 )1+, + 1. + 12, (12)
The elastic work per unit volume along stress path ACB in Figure 2 is calculated as
WACB=J dW:f {a}T{de} (13)
ACB ACB
or, as shown in Appendix I, this may be written as
Wacs = JACB(%+%) (14)
and similarly for stress path ADB:
WADB=J.ADB(£19—(1;_1+%) (15)

According to the principle of conservation of energy, the work must be independent of the path
and Wjcg = Wypg- Thus, for the cycle ACBDA:

I1.d1, dJ,
Wien + WBDA_J (*Q'i' _> (16)

9B 2G

ACBDA

The integral in equation (16) will be zero if it can be written in the general form

'JE(de+Qdy)=ﬂ (g—g—g)m (1N

If P=0W/dx and Q = éW/dy, ie. if P and Q can be derived from a potential function, then the
line integral vanishes and no net work is done on the closed stress path. Thus, for the work to

L‘/‘E

A

.,

Figure 2. Stress paths from A to B shown in I, — /(J3) diagram
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be path independent, it must be possible to write the quantity dW in the form
Idi, dJ, ow aw :
dW=——+ 9B +2G aI, —dI, + \/(J" dJ(Jz} (18)

in which I, and ./(J4) are the independent variables. Since dJ) =2 \/(J'z) d,/(J%), equation
(18) becomes

\/{J’z) . W N
dW—~§~§dI d\/(.)'z) 6! 6J(J3) dJ(J’ (19)
which for any W[I,,/(J})] requires
ow I,
31, =98 (20)
and
oW _JUJ3)
ENSIE e
Finally, since
PW W
(22)

CEN[VARENIVATIN
the following constraints on the expressions for B and G are obtained:
I, dB JUJ3) G

9B24./(Jy)  G* dI, 23)
Substitution of equations (1) and (2) with v = constant into equation (23) produces
1 JE 1 6E
YR e T T (24)
JW3) o) 1L ély
in which
l+v 9B
R 5§ )

Equation (24) has a general solution E = E(X), where
X =13+ R[J(IH]? (26)

It is helpful to note that, in this case,

1 . ot Ul
dW—‘ﬁ[l,dIl + R/(J)d/(J3)] ﬁmd)( (27)
Thus,
X | X
and
W cWaéx l % 11 (29)

oI, ¢X al, 18B(X) =35
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ow | JJA)
=—2RJ(JY)="—— 0
d(Jy) 8B J3) G (30)

i.e. the same expressions as in equations (20) and (21).
In terms of non-dimensional material constants and stress functions, the following power law

satisfies equation (24):
Y]
E=M —] +R— 31
p‘[(pu pa G

in which p, is the atmospheric pressure expressed in the same units as E, I, and ,/(J3), and the
modulus number M and the exponent 4 are constant, dimensionless numbers. This functional
representation can also be shown to fulfil the energy conservation argument for closed strain
paths. This is demonstrated in Appendix II.

According to equation (31) Young's modulus is constant along rotationally symmetric ellipsoidal
surfaces whose long axis coincides with the hydrostatic axis and whose centre is located at the
origin of the principal stress space. The magnitude of Poisson’s ratio determines the shape of
the ellipsoidal surface. For v =0, the value of R = 6 and the surface becomes spherical, whereas
for v=0-5, the value of R =0 and the surface degenerates into a line coinciding with the
hydrostatic axis.

Figure 3 shows cross-sections of the ellipsoidal surfaces in triaxial and octahedral planes for
different values of Poisson’s ratio. The cross-sections in the octahedral plane are always circular,
whereas the cross-sections in the triaxial plane are shaped as ellipses whose aspect ratio depends
on the value of Poisson’s ratio. The locations of typical failure surfaces for cohesionless soils
with friction angles from 30 to 50 degrees are shown for triaxial compression and extension.
Only the portions of the ellipsoids located inside the conical failure surfaces can be reached by
stress states in cohesionless soils, and only these portions are of interest for such soils.

Whereas Figure 3 shows contours along which Young’s moduli are constant, the actual
magnitude of E is determined by the material parameters M and A. The results of an experimental
study involving triaxial compression and three-dimensional cubical triaxial tests on sand with

(a) %4 (b) .
b, = 50° - TYPICAL RANGE OF %
b i / FAILURE SURFACES FOR
1 GRANULAR MATERIALS

¢, = 30°
N
0.1
7 ;g& HYDROSTATIC AXIS
0.3
0.4‘6 B = 30°
0.5
0.47¥ &, = 50°
A -
2 . r
1L+ R J, = CONSTANT

\ 1+v
R=6"
1-2»

Figure 3. Contours of constant Young's modulus shown in (a) triaxial plane and (b) octahedral plane



MODELLING ELASTIC BEHAVIOUR 529

various stress paths are used to demonstrate the determination of M and A and to study the
capability of equation (31) to capture the variation of Young's modulus.

EXPERIMENTAL STUDY

Testing program

Sand tested. All tests were performed on Santa Monica Beach Sand, which is composed of
subangular to subrounded grains consisting mainly of quartz and feldspar. The characteristics
of this sand are summarized as follows: mean diameter, 0-27 mm; coefficient of uniformity, 1-58;
specific gravity of grains, 2:66; maximum void ratio, 0-87; and minimum void ratio, 0-58.

The tests presented here were performed on dense and loose specimens. The dense specimens
had a void ratio of 0-61, corresponding to a relative density of 90 per cent, and the loose specimens
had a void ratio of 0-81, corresponding to a relative density of 20 per cent. Only triaxial tests
with different stress paths were performed on the dense sand. Triaxial as well as cubical triaxial
tests with different stress paths were performed on the loose specimens in order to obtain relatively
large strains, thus facilitating the interpretation of the results.

Specimens and measurements. The drained triaxial tests were performed on cylindrical specimens
2-8in. (71 mm) in diameter and 7-5in. (190mm) high. Lubricated ends were used to minimize
effects of end restraint. The initially air-dry specimens were saturated using the CO, method
described by Lade and Duncan.?” The vertical load, the confining pressure, the vertical
deformation and the volume changes were measured during the tests. Constant or varying
confining pressures in the range from 0-30kg/cm? (29-4kN/m?) to 6-:00kg/cm? (5886 kN/m?)
were employed in the triaxial tests.

The drained three-dimensional triaxial tests on loose sand were performed on cubical specimens
with side lengths of 3-0in. (76 mm). The cubical triaxial apparatus and the testing procedures
used in the apparatus were described in detail by Lade.?® A constant confining pressure of
1-20kg/cm? (117-7kN/m?) was used in these tests, while the vertical and the horizontal deviator
stresses were varied in the range from zero to 423kg/cm? (4150kN/m?) to achieve various
three-dimensional stress paths.

The deformations measured in the two types of tests were corrected for sand penetration into
the lubricated end plates, and the volumetric deformations were corrected for effects of membrane
penetration occurring in tests with varying confining pressure.

Stress paths. Tests with simple stress paths as well as with complex stress paths were performed.
Figure 4 shows the points of initiation and the directions of the stress paths involving unloading
or reloading, thus resulting in primarily elastic strains. Figure 4(a) shows the stress path directions
employed in the triaxial tests, and Figure 4(b) shows the stress path directions in the plane
corresponding to o3 = 1:220kg/ecm? (117-7 kN/m?) for the cubical triaxial tests. In order to obtain
an appreciation of the magnitude and composition (elastic vs. plastic) of the measured strains
associated with a given stress path, each straight unloading or reloading path inside the primary
yield surfaces was designed to involve relatively large stress changes.

The triaxial tests with simple stress paths were conducted with constant confining pressure.
These tests included conventional triaxial compression tests with several unloading-reloading
cycles at increasingly high values of stress difference, tests with compression—extension-compres-
sion cycles and tests with extension—-compression—extension—compression cycles. Tests with more
complex stress paths involving varying confining pressure and large unloading and reloading
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Figure 4. Points of initiation and stress path directions for tests on Santa Monica Beach Sand shown in (a) triaxial
plane and (b} plane with oy = constant

stress changes were also performed to study the pattern of elastic soil behaviour in reiation to
the current stress path and the previous stress history, if any.

The cubical triaxial tests were all performed with constant confining pressure o4, but the two
stress differences (¢, — o) and (¢, — o4) were varied to create three-dimensional stress paths
from which the effects of ¢, and o, could be evaluated. These stress paths also involved large
unloading and reloading stress changes to obtain reasonable amounts of strain for analysis.

Test results

The results of the tests described above form the basis for experimental verification of the
theoretically developed expression for Young’s modulus in equation (31). Calculation of the
elastic moduli was performed using stress paths lengths of such magnitudes that at least one of
the principal elastic strains was greater than + 0-015 per cent. This was done to obtain a reasonable
degree of accuracy and reliability of the moduli. Nevertheless, some scatter in the modulus values
is to be expected due to the small strains encountered during unloading and reloading and due
to the sensitivity of these small strains to accurate measurements and corrections. Because two
of the principal stresses were changed along most of the stress paths employed in this study, the
calculated elastic moduli would depend on the value of Poisson’s ratio. The moduli were therefore
determined in connection with regression analyses in which the constant Poisson’s ratio could
be varied to obtain the best overall fit. The moduli were associated with the states of stress at
which unloading or reloading was initiated.

DETERMINATION OF MATERIAL PARAMETERS

Because Young’s modulus is expressed in terms of stress invariants, any type of test in which all
stresses and strains are measured may be used for determinaticn of the three material parameters
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M, A and v required to describe the elastic behaviour. In order to determine the material parameters
for a given set of experimental data, a value of Poisson’s ratio is estimated and the values of E
are calculated from Hooke’s law. In this study, a single elastic modulus was calculated for each
stress path using the equation corresponding to the largest measured principal strain. The para-
meters M and 4 in equation (31) can then be determined by plotting (E/p,) vs. [(I,/p.)* + R(J3/p?)]
in a log-log diagram, as shown in Figure 5 for dense Santa Monica Beach Sand. The intercept
of the best-fitting straight line with [(I,/p,)* + R(J%/p?)] = 1 is the value of M, and 4 is the slope of
the line.

In order to obtain the overall best-fitting parameters, regression analyses may be performed
to determine the highest possible value of the coefficient of determination 2. Figure 6 shows the
effect of varying Poisson’s ratio in the range from 0 to 0-5 on the values of r*, M and 4 for dense
Santa Monica Beach Sand. It is interesting to note that these values are relatively insensitive to
the value of Poisson’s ratio in the range from v =01, v=0-2. The diagram shown in Figure 5
corresponds to the best-fit value of Poisson’s ratio of v =0-14.

Poisson’s ratio was also determined directly from stress paths in triaxial tests with constant

confining pressures according to
& 1 g,
v=——==1—-— 32
£y 2( *51) e

in which (£,/¢,) is the slope of the volume change curve immediately after stress reversal. Figure 7
shows values of Poisson’s ratio determined from equation (32) for dense and loose Santa Monica
Beach Sand plotted against [,. The values of v shown in Figure 7 