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Abstract

This paper investigates the many complications arising when controlling a digital displacement hydraulic
machine with non-smooth dynamical behavior. The digital hydraulic machine has a modular construction
with numerous independently controlled pressure chambers. For proper control of dynamical systems, a
model representation of the systems fundamental dynamics is required for transient analysis and controller
design. Since the input is binary (active or inactive) and it may only be updated discretely, the machine
comprises both continuous and discrete dynamics and therefore belongs to the class of hybrid dynamical
systems. The study shows that the dynamical system behavior and control complexity are greatly de-
pendent on the configuration of the machine, the operation strategy, and in which application it is used.
Although the system has non-smooth dynamics, the findings show that simple continuous and discrete
approximations may be applicable for control development in certain situations, whereas more advanced
hybrid control theory is necessary to cover a broader range of situations.

Keywords: Digital Displacement Units, Fluid Power, Control, Non-smooth System, Hybrid Systems

1 Introduction

Throughout the past decade, there has been an increas-
ing interest in research and development of energy effi-
cient fluid power systems for both conventional cylin-
der drives Schmidt et al. (2015); Jarf et al. (2016) and
power take-off systems Hansen and Pedersen (2016);
Hansen et al. (2014); Payne et al. (2007, 2005); Peder-
sen et al. (2016a); Rampen (2006); Salter et al. (2002).
A promising technology is the so called digital displace-
ment machine (DDM), which besides providing great
energy efficiency also yields superb scalability. For suc-
cessful deployment of the technology, proper control of
the machine is considered a key challenge to be solved.
However, this is a complicated task due to the non-
smooth dynamical behavior.

For most computer controlled systems, either contin-
uous or discrete approximation models are fairly accu-
rate in describing the system macro dynamics. Either

linear or non-linear control theory is then applied on
these models to ensure stability and obtain the desired
performance. However, control of DDM’s is different
in various ways, since the triggering of a control up-
date is angle dependent and not time dependent. Ad-
ditionally, the dynamics are highly influenced by the
configuration of the machine and how it is operated,
as well as in which application it is used. Since control
of the digital displacement technology is a relatively
unexplored field, an important first step is to iden-
tify the control challenges related to the non-smooth
machine behavior. This paper provides an overview
with respect to development of model based dynami-
cal analysis and feedback control design methods for
these machines. The investigation is based on a sin-
gle module of a DDM with 5 cylinders as illustrated in
Fig. 1. It is seen that the machine comprises numerous
cylinder pressure chambers being radially distributed
around an eccentric shaft. The flow to and from the
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Figure 1: Illustration of the radial piston type digital
displacement machine with 5 cylinders.

pressure chambers is controlled by electro-magnetically
actuated on/off valves connecting each pressure cham-
ber to the high and low pressure manifold. A more
detailed description of the digital displacement technol-
ogy may be found in several publications Ehsan et al.
(1997); Payne et al. (2005); Rampen (2010); Roemer
(2014); Noergaard (2017); Johansen (2014); Johansen
et al. (2015b).

Published state of the art control strategies for dig-
ital displacement units is mostly limited to neglect-
ing the transient behavior of the machine and utiliz-
ing pulse density modulation or pulse width modula-
tion techniques to determine the actuation sequence
for the pressure chambers Johansen et al. (2015a);
Sniegucki et al. (2013). Another method where the
dynamics has been neglected is through determination
of the actuation sequence of the individual chambers
as function of the displacement reference and shaft an-
gle through offline optimization Armstrong and Yuan
(2006); Sniegucki et al. (2013); Song (2008); Heikkila
and Linjama (2013). However, none of these meth-
ods includes the machine dynamics which may intro-
duce transient problems with respect to stability and
performance. Dynamical models applicable for system
analysis and controller design has been developed and
governs both continuous, discrete and hybrid represen-
tations Johansen et al. (2017); Pedersen et al. (2016b,
2017a,b,c, 2018c); Sniegucki et al. (2013). However, the
discrete and continuous models are often only valid in
limited situations, while the hybrid models are often
quite complex with respect to development of stabiliz-
ing feedback control laws. This paper provides a clar-
ification of the related control challenges in a broad
range of machine operations, machine designs and pos-
sible target applications. A discussion of the applicable

control models and methods, as well as their limitations
is made. The findings of the paper should hence serve
as a tool for determining suitable control strategies and
dynamical control oriented models when utilizing dig-
ital displacement machines.

2 Simplified model analysis

Instead of deriving a complex model for investigation
of the control challenges, a relatively simple model with
idealized behavior is used. The model maintains all the
system wide control challenges and includes the funda-
mental dynamics of the machine. Although only sys-
tem wide control is considered in this paper, valve con-
trol related problems are important for proper machine
operation. The non-linear features during the switch-
ing event has been studied in Bender et al. (2018b);
Roemer et al. (2015a, 2014, 2013, 2015b) and the repet-
itive nature of the machine has lead to several valve
timing control strategies Bender et al. (2018a); Brendi
et al. (2017); Breidi (2016); Merrill (2012). The deriva-
tion of the mathematical model of the macro dynamics
is based on the illustration of a single pressure chamber
shown in Fig. 2.

HPV 

LPV
 

Pressure

Chamber

x

p
H

p

p
LPiston

Figure 2: Illustration of the individual pressure cham-
ber and the configuration of the correspond-
ing valves.

It is seen that a normally closed high pressure valve
(HPV) and a normally open low pressure valve (LVP) is
used, such that each pressure chamber is normally in an
idling mode at low pressure. The piston displacement,
x, is kinematically described as function of the shaft
angle given by

xi (θi) = re (1− cos(θi)) (1)

where re is the eccentric radius, such that the piston
stroke length is x̄ = 2 re. The local cylinder angle is
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given by

θi = θ +
2 π

Nc
i i ∈ {0, . . . , Nc − 1} (2)

where Nc is the number of cylinders. The cylinder
chamber volume, V , is then given as

Vi (θi) =
Vd

2
(1− cos(θi)) + V0

V̇i (θ) =
Vd

2
sin(θi) θ̇

(3)

where V0 is the minimum chamber volume and Vd =
2 re Ap is the displacement volume, with Ap being the
piston area. The pressure dynamics in one displace-
ment chamber is governed by the continuity equation
and is given to be

ṗi =
βe

Vi

(
QH,i −QL,i − V̇i

)
(4)

Where QH and QL are the flows through the high and
low pressure valve respectively and βe is the effective
bulk modulus. The oil-flows through the valves may
be described by the orifice equation given by

QL,i =
x̄L

kf

√
|pi − pL| sign (pi − pL)

QH,i =
x̄H

kf

√
|pH − pi| sign (pH − pi)

(5)

where kf is the valve flow coefficient and x̄L and x̄H are
normalized valve plunger positions. The torque from
each pressure chamber is described by

τi =
d Vi (θi)

dθ
pi =

Vd

2
sin(θi) pi (6)

The dynamical behavior of a single pressure cham-
ber is investigated by considering the pressure trajec-
tories as function of the shaft angle in a polar phase
plot shown in Fig. 3. In the simulation, the pres-
sure is initially equal to the high pressure, p = pH,
during the down-stroke, θ = [0;π] and the initially
open HPV is closed x̄H : 1 → 0. This results in a de-
pressurization and when p < pL the LPV is passively
opened x̄L : 0 → 1. During the upstroke, θ = [π; 2π],
the pressure is initially equal to the low pressure p = pL

and the initially open LPV is closed x̄L : 1 → 0. This
results in a pressurization and when p > pH the HPV
is passively opened x̄H : 0 → 1. φmL is the latest an-
gle that the LPV should be closed in order to obtain
passive opening of the HPV at top dead center (TDC).
φmH is the latest angle that the HPV should be closed
during motoring for the LPV to be passively opened at
bottom dead center (BDC). Similarly, φpL is the ear-
liest angle that the pumping stroke may be initiated

60°120°

180°

240° 300°

0°

p

pL

pH

BDC TDC

mH

pL pH

mL

Figure 3: Phase portrait of the pressure dynamics as
function of the angle. Red trajectory illus-
trates a full motoring stroke and blue trajec-
tory illustrates a full pumping stroke.

and φpH is the angle where the HPV is closed to end
the pumping stroke.

It is seen that the pressurization and de-
pressurization are very fast as function of the angle
except at BDC and TDC. Since the pressure is ap-
proximately constant when the HPV is open, the flow
throughput may be simplified to be QH ≈ V̇c, seen
from (4), when considering the macro dynamics of the
system. From the above analysis, the flow and torque
as functions of the displacement volume are given by

D(θ) =
Vd

2
sin (θ) x̄H QH = D θ̇ τ = D p (7)

where x̄H = {0, 1} depending on whether the chamber
is active or inactive. The displacement throughput is
used in the following analysis to examine the operation
principle and control challenges related to the digital
displacement machine. The control challenges for full-
and partial-stroke operation are vastly different, since
the system behavior is changed based on the chosen
operation strategy. Therefore, the control challenges
for the two operation strategies are investigated sepa-
rately.

3 Control Challenges - Full stroke

Considering a full stroke operated DDM, the inputs
may be considered to be u = {1, 0,−1} corresponding
to motoring, idling and pumping respectively. For ev-
ery chamber the decision to either motor or idle is done
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once every revolution at φmL, while the decision to ei-
ther pump or idle is done once every revolution at φpL.
This angle dependent sampling yields an asynchronous
sampling scheme for varying shaft speeds due to the
relation

dθ = ω(t)dt↔ dt =
1

ω(θ)
dθ (8)

An illustration of the sampling scheme in the posi-
tion domain and time domain for an arbitrary variable
speed DDM is illustrated in Fig. 4.
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Figure 4: Displacement output response and control
decision scheme of a full stroke operated
DDM using both pumping and motoring
strokes. Black samples are for motoring and
blue samples are for pumping.

It is seen how a varying speed machine results in
an asynchronous sampling scheme in the time domain,
while the sampling scheme is synchronous in the angle
domain if the machine is to only operate as a pump
or motor. However, if the machine is to both motor
and pump the sampling scheme is only periodic syn-
chronous in the angle domain. Additionally, the inputs
can only be chosen from um = {1, 0} for motoring sam-
ples and up = {0,−1} for pumping samples, similar to
a pulse density modulation technique used in electrical
circuit control. Furthermore, the impulse response is
seen to be different, since the last part of the motoring
stroke is not used, while the first part of a pumping
stroke is not used. Since a full stroke lasts for approxi-
mately half of a revolution, it takes half of a revolution
to activate all the pressure chambers. Hence, the re-
sponse angle from zero to maximum displacement is
also half of a revolution. As a result, both the control
input frequency and response time is proportional to
the speed of the machine, while the displacement dis-
cretization resolution is proportional to the number of
cylinders.

3.1 Four quadrant operation

An additional complication is introduced if the ma-
chine is to operate in both directions of motion, which

may be illustrated by a steep change in the rotation
speed between positive and negative rotation as shown
in Fig. 5.

ω

0
θ

QH

0
θ2 π 5π

2
2 π 3π

2
π π

2
π 3π

2
2π

θφ+
mL φ−

mL φ−
pL φ+

pL φ+
mL

Figure 5: Illustration of response and sampling scheme
with motion in both directions.

It is seen that a motoring decision is taken at φ+
mL

ahead of TDC, but as the direction of motion is
changed, the stroke becomes a pumping stroke. As a
result, the subsequent decision is also for motoring, but
since the direction of motion is reverse, the sampling
angle ahead of TDC is now at φ−mL = 2 π − φ+

mL. The
same is illustrated for a change of direction during a
pumping stroke, which similarly results in two pump-
ing samples subsequently. It is seen that the sampling
scheme for a DDM operating in both directions is
asynchronous in both the time and position domain
and the position domain is further not monotonically
increasing.

4 Control Challenges - Partial
stroke

The challenges with respect to control of a partial-
stroke operated machine is very different than those
identified for full-stroke operation. A partial motoring
stroke is simply made by closing the HPV earlier and
a partial pumping stroke by closing the LPV later as
illustrated in Fig. 6.

It is seen that the impulse response of a partial stroke
operated DD unit behaves different than that of a con-
ventional dynamical system, since the input scales the
width of the response rather than the amplitude. The
input is the angle φmH for motoring and φpL for pump-
ing, which controls the ratio where the given pressure
chamber is active. The state changing input angle may
be linearly normalized by an input variable change,
such that the input is a displacement fraction η = [0; 1].
The input transformation is done by considering the
committed displacement fraction for a motoring stroke
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Figure 6: Phase portrait of the pressure dynamics as
function of the angle. Red trajectory illus-
trates a 70% partial motoring stroke and blue
trajectory illustrates a 70 % partial pumping
stroke.

by use of (3) and yields

ηm =
V (φmH)

V (π)
=

Vd

2 (1− cos(φmH))
Vd

2 (1− cos(π))
=

(1− cos(φmH))

2

(9)

The resulting input transformation for motoring and
pumping is then given by

φmH(ηm) = acos(1− 2 ηm) η ∈ [0, η̂m] (10)

φpL(ηp) = 2 π − acos(1− 2 ηp) η ∈ [0, η̂p] (11)

where η̂m and η̂p are the maximum possible displace-
ment fractions (corresponding to a full stroke) for mo-
toring and pumping respectively. How the impulse re-
sponse of the DD unit depends on the input is illus-
trated in Fig. 7 for a motoring stroke, where ηm = 0.7
corresponding to a displacement of 70 % of the maxi-
mum displacement. It is seen that the state change of
a chamber from active to inactive may only be given
once for each revolution (considering motoring mode
only) with conventional partial stroke. Therefore, the
decision frequency is still proportional to the speed
of the machine, but the response may be smoothened
compared to full stroke operation. The state chang-
ing angle may however be updated continuously un-
til the state change is carried out at the given angle.
Considering, the input to be limited to only update
at φmL, when the stroke is initiated, the system be-
comes a sample-and-hold system similar to that for

D 10 0.05 0.2 0.4 0.6 0.8 0.95
ηm

φmH(ηm)

Vd

2

0 π θ

Figure 7: Impulse response as function of the input,
ηm = 0.7 in conventional partial stroke
operation.

full-stroke. However, the impulse response is now time-
varying, where the number of subsequent samples be-
ing made during the length of the impulse response
varies as function of the input. This is illustrated in
Fig. 8, where it is shown that 50% displacement during
one revolution may be obtained with vastly different
activation patterns.

0 2 π
5

4 π
5

6 π
5

8 π
5

2 π

C1 C2 C3 C4 C5 C1

θ

D

θ

0 2 π
5

4 π
5

6 π
5

6 π
5

2 π

C1 C2C3 C4 C5 C1
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D
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Figure 8: Flow/torque output response and control de-
cision scheme of a partial stroke operated
DDM, using only motoring strokes.

The top shown activation pattern corresponds to the
output of a pulse width modulation strategy, while the
bottom shown pattern is one arbitrary pattern of in-
finitely many, yielding an average of 50% displacement
during a full revolution. Since the flow is highest at
the mid-point between TDC and BDC, the most se-
vere flow spikes are also expected to occur if the valves
are switched here. The flow level also has an impact
on the energy cost when switching, which however is
minor since the pressure across the valve is low when
switching.
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4.1 Sequential partial stroke

If the valves are designed to be able to open against
high pressure difference, the sequential partial stroke
method may be used to allow for multiple state changes
during a revolution as illustrated in Fig. 9.

D
Vd

2

0 π θ

Figure 9: Impulse response as function of the input,
ηm = 0.7, with sequential partial stroke.

It is seen that a 70 % stroke has been split into two
sections, but in theory the displacement may be split
into many more parts. With sequential partial stroke
it is also possible to utilize the last part of the motor-
ing stroke and first part of a pumping stroke, since
the valves may be actively opened and closed inde-
pendent of the angle. With this strategy, the state
changing input may be updated continuously and is
only constrained by the time it takes to open and close
the valves. Therefore, the response may become even
more smooth with this strategy. However, opening the
HPV against high pressure difference (against the so-
lution trajectories shown in Fig. 6) requires a substan-
tially amount of energy and larger valves with higher
actuation power is necessary Noergaard (2017). Even
though the input may be updated continuously it is
still binary, such that the output is in discrete levels
based on the shaft angle as shown in Fig. 10. Only

0 2 π
5

4 π
5

6 π
5

8 π
5

2 π

C1 C2 C3 C4 C5 C1C5

θ

D

D

θ

Figure 10: Illustration of the displacement combina-
tions as function of the shaft angle with 5
cylinders.

motoring combinations are illustrated, but the num-
ber of combinations may be increased by including the
possibility to pump. This does however mean that sev-
eral cylinders will work against each other to lower the
combined throughput. Contrary to conventional dis-
crete input systems, it is seen that the discrete levels
are changing as function of the angle.

4.2 Discussion of operation methods

The investigation clearly identifies that the dynamical
behavior and control complications of the digital dis-
placement machine is greatly influenced by the chosen
operation strategy. A summarization of the dynami-
cal behavior and control challenges is provided in Tab.
1. To give an overview of when to use which opera-
tion strategy, based on the mentioned advantages and
disadvantages the following may be summarized:

• Full stroke: Is considered the favorable choice
for high-speed machine operation, where energy
efficiency is important. Also it is considered the
most simple strategy, since state changes are done
at fixed angles.

• Partial stroke: Is considered the favorable choice
for low-speed machine operation, where both
tracking performance and energy efficiency is im-
portant.

• Sequential partial stroke: Is considered the fa-
vorable choice for very low-speed machine opera-
tion, where control tracking performance is impor-
tant and energy efficiency is of less importance.

Even though the advantages and disadvantages of each
method are speed dependent, it may also be beneficial
to use a full stroke strategy at low speed if tracking
performance is not very important, but simplicity and
energy efficiency is. Similar, it may be beneficial to use
a partial stroke strategy at high speed, if tracking per-
formance is very important, but simplicity and energy
efficiency is not.

Based on the above analysis it may be favorable to
utilize a combination of full-stroke and partial-stroke
operation if the machine is to operate in a wide range
of speeds. However, a combination of full and partial
stroke operation is simply a partial stroke operation,
since a full stroke is also a possible choice when utiliz-
ing a partial stroke strategy. Using the sequential par-
tial stroke strategy, where several state changes may be
made during each stroke also covers the conventional
partial stroke strategy, since a possible choice is to only
do one state change or none at all (full stroke). This
does however not mean that it is advantageous to use
the sequential partial stroke independent of the opera-
tion speed and application, since the strategy requires
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Machine features
Pressure and
mechanical
dynamics

Non linear continuous differential equations
ẋ = f(x

(

Control input
type

Binary (active or inactive)

0

1

Operation strategy features

Full stroke Partial Stroke
Sequential Partial

stroke

Valve type
and

requirements

Only capable of
opening against low
pressure difference

Only capable of
opening against low
pressure difference

Capable of opening
against high pressure

difference

u

Control
update rate

Proportional to the
shaft speed and once
every revolution at a
fixed angle for both

pumping and
motoring

Proportional to the
shaft speed and once
every revolution at a

variable angle for
both pumping and

motoring

Continuous, but
constrained by the

actuation time

θ

Pump Motor

t

Displacement
resolution

Proportional to the
number of cylinders
over one revolution
and non-existent
instantaneously

Continuous over one
revolution and
non-existent

instantaneously

Continuous over one
revolution, but

proportional to the
number of cylinders
instantaneously with
discrete levels being
dependent on the

angle

2

D

N

Revolution

θ

θ1

Instantaneously

Chamber
impulse

response time

Proportional to the
shaft speed (half of a

revolution)

Scaled by the input,
up to half of a

revolution. The
impulse response

time is hence scaled
by the input and

shaft speed.

The time between
each actuation

decision

D

0
π

θ
Response angle

Machine
response time

(0 to max
displacement)

Proportional to the
shaft speed (half of a

revolution)

Proportional to the
shaft speed (up to

half of a revolution)

Instantaneously
(limited by the
actuation time)

D

0 2

Pumping vs
motoring

Impulse response is
different (first part of
pumping is not used

and last part of
motoring is not used)

Impulse response is
different (first part of
pumping is not used

and last part of
motoring is not used)

Similarly 0

D

θ
Motor

Pump

π

Change of
rotation
direction

Pumping becomes
motoring and vice

versa. Angle of
control decision

changes.

Pumping becomes
motoring and vice

versa. Angle of
control decision

changes.

Pumping becomes
motoring and vice

versa

t

t

D
φ+
mL

φ−
mL

θ

Energy cost
and pressure

spikes

Very low due to no
pressure difference

across the valve and
no flow at switching

Dependent on the
angle where the

chamber is
deactivated. Largest
at mid-point between

BDC and TDC

Dependent on the
angle where the

chamber is
deactivated. Largest
at mid-point between

BDC and TDC.

θ
0 π

D

CheapVery 
cheap

Very 
cheap

CheapMedium Medium

Expensive

Table 1: Summarization of the dynamical behavior and control challenges of digital displacement units.
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large active valves capable of opening against high pres-
sure and the control complexity may be severely in-
creased if the optimal control choice is e.g. only full
strokes.

5 Control model development

For successful deployment of the digital displacement
machine in a wide range of application it is beneficial
to be able to analyze and design feedback controllers
independently of operation. This is considered a com-
plex task, especially since the dynamics is changing
significantly depending on operation. Instead of devel-
oping a very complex control oriented model capable of
handling every situation, it is considered beneficial to
develop control oriented models for specific situations
individually. In certain situations, simple dynamical
approximation models may be sufficient for describing
the systems macro dynamics.

5.1 Continuous approximation

Even though the non-smooth dynamical system is dis-
cretely controlled, a continuous approximation may be
applicable in certain situations and results in a signif-
icantly simpler model for analysis and control design
Pedersen et al. (2018a). The continuous approximation
is illustrated for a full stroke operated pulse-density
modulated (PDM) machine and a partial stroke pulse-
width modulated (PWM) machine, where the input
corresponds to a duty cycle. The step response for
various duty cycles (normalized displacement fraction
references), D̄∗ = {0.1 0.2 0.4 0.6 0.8 1}, is shown in
Fig. 11. Both responses for a machine with 5 cylin-
ders and one with 20 cylinders is shown to illustrate
the applicability of the method. It is seen that for a
high number of pressure chambers, the response resem-
bles a continuous response with ripples in the position
domain. However, for low displacement fractions, the
continuous approximation is seen to be quite poor for a
full stroke PDM strategy, while it remains reasonably
accurate with a partial stroke PWM strategy. The re-
sponse may be fitted to a continuous transfer function
by use of a spatial domain Laplace transformation de-
fined as

F (s̄) = L{f(θ)} =

∞∫
0

e−s̄ θ f(θ)dθ (12)

Fitting the response dynamics to a second order system
results in the transfer function given by

G(s̄) =
D
D∗ = K

ω2
n

s̄2 + 2 ζ ωn s̄+ ω2
n

e−s̄ θd (13)

Figure 11: Step response for various displacements
using delta-sigma modulation and pulse-
density modulation.

where θd is the delay angle due to the decision being
made ahead at φmL ahead of TDC, where the active
motoring stroke starts. Converting the transfer func-
tion to the time domain by (8) yields a time-invariant
system dependent on the machine speed. Therefore,
if linear control is to be applied, a linearization point
for the shaft speed must be chosen. In the time do-
main the bandwidth of the system is proportional to
the shaft speed and to ensure stability in the case of
linear control, the speed should be greater than the lin-
earization speed. For high speed operation the dynam-
ics of the machine is possibly significantly faster than
the dynamics of the high pressure line and mechanical
system it is connected to and may therefore possibly
be neglected during control design. This is coherent
with the non-smooth ripples in the response not being
seen in the mechanical response for high mass inertia
systems. It should however be clear that the method is
very inaccurate for a low number of cylinders and for
full stroke operation also at low displacements, where
this method should not be applied. It is also impor-
tant to consider that it is a discrete sampled system,
so a continuous approximation is only valid up to a
certain frequency where the sampling effect becomes
significant.

5.2 Discrete approximation

To capture the discrete control effect of a full stroke
operated digital displacement machine, a discrete ap-
proximation of the machine dynamics may be applied
in several situations Johansen et al. (2017); Pedersen
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et al. (2017a,b, 2018d). The displacement throughput
between samples is given by the change in chamber
volume divided by the constant sampling angle given
as

∆D[k] =
∆V [k]

θs
=

(V [k + 1]− V [k]) N

2 π
(14)

where θs is the sampling angle and N is the number of
cylinders. The discrete approximation of the displace-
ment response is shown in Fig. 12 for a DDM with 15
cylinders.

k k
+
1

k
+
2

k
+
3

k
+
4

k
+
5

k
+
6

k
+
7

k
+
8

k
+
9

D

Sample

d0

d1

d2
d3

d4

d5

d6

d7

Chamber

response
Discrete

approximation

Figure 12: Discretization of displacement response for
a motoring stroke.

The discrete response is seen to be fairly accurate for
a high number of cylinders. The initial delay is again
due to the decision being taking at φmL ahead of TDC.
The discrete transfer function becomes that given by

G(z) =
D
u

=
d7 z

7 + d6 z
6 + · · ·+ d1 z + d0

z7
(15)

where u = {0, 1} depending on whether an active or
inactive stroke is taken. Utilizing a pulse density mod-
ulator introduces a high non-linearity to the control
system due to the quantizer given by

u[k] =

{
1 if D̄∗[k] ≥ 0.5

0 if D̄∗[k] < 0.5
(16)

where D̄∗[k] is the displacement fraction reference.
Since the flow and torque are functions of the speed and
pressure respectively given by (7), the output trans-
fer function is non-linear. Additionally, for a variable
speed machine the sampling scheme is asynchronous,
why a transformation to the position domain by (17)
is necessary to obtain a synchronous sampled system.

dx

dθ
=

1

ω(θ)

dx

dt
(17)

However, this transformation is seen to yield another
non-linearity due to the speed being varying. Since
non-linear discrete control is often quite complex, sim-
pler linear approximations are often applied, which
however limit the range of applicability. By lineariz-
ing around a steady-state speed, the operation speed
should be greater than the linearization speed to ensure
stability. The common method of describing a quan-
tizer linearly is to simply consider the quantizer as an
additive noise input, u[k] = D̄∗[k] + n[k]. This corre-
sponds to a duty-cycle ratio approximation, where n[k]
is the noise input with intensity I ∈ [0; 0.5]. By omit-
ting the noise term, the resulting response is shown in
Fig. 13 for an input of D̄∗[k] = 1/3. The discretization
is not shown for simplicity of illustration.
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Figure 13: Discretization of displacement response.

It is seen that the linear approximation results in
an angle average approximation, which is significantly
more smooth than the non-linear physical response.
Since the linear discrete approximation is poor at low
displacement, it is not very accurate if the machine
should both pump and motor. Furthermore, the pump-
ing and motoring impulse responses are different, and
if the method should both allow for pumping and mo-
toring, synchronous sampling is required, which in-
troduces additional delay to the system. The linear
method hence includes the sampling effect and to some
extent the ripples in the response, but the method
range of validity is limited to machines with a high
number of cylinders and high displacements, similar to
the continuous approximation. Additionally, the direc-
tion of motion must not change since a monotonically
increase in the sampling domain (angle or time) is re-
quired when applying discrete control methods.

5.2.1 Partial stroke strategy

It has been identified that partial stroke and sequential
partial stroke methods are great for low speed opera-
tion, where tracking performance is quite poor for a
full stroke strategy. However, for a partial stroke op-
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eration, the energy cost of switching and the result-
ing pressure spikes are greatly influenced by the an-
gle where the active stroke is stopped. With respect
to control, the optimal solution may include trajec-
tory tracking, energy efficiency, pressure spikes and
frequency content, which is hardly achieved with a
static control law. Therefore, model predictive con-
trol (MPC) is considered to have a high potential for
control of a partial stroke operated DDM. MPC does
however require a discrete model representation of the
system dynamics Sniegucki et al. (2013); Pedersen et al.
(2018c). For partial stroke operation, only a part of the
full stroke is used, which introduces additional compli-
cations seen from a partial stroke discrete approxima-
tion shown in Fig. 14.
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Figure 14: Discretization of displacement response,
where η = 0.5 corresponding to half of a
stroke. A full stroke η = 1, with u =
0.5 yields the angle average committed dis-
placement as if η = 0.5 and u = 1.

In this partial stroke example, the displacement is
seen to be committed over less samples, such that the
transfer function order is reduced to

G(z) =
D
u

=
d4 z

4 + d3 z
3 + · · ·+ d1 z + d0

z4
(18)

Partial stroke operation hence results in an input
dependent time-variant system, where the input to
the transfer function is unity. This model is only
obtainable if the stroke ratio is determined at sample
k, where the stroke is initiated. If the stroke ratio may
be updated continuously until the pressure chamber
is deactivated, the impulse response and hence the
discrete model is unknown when the stroke is initiated
by closing the LPV at φmH. It is possible to apply
model predictive control to such system, but it does
not fulfill the requirements of classical MPC, where the
input scales the magnitude of the response and not the
model it self. To enable classical linear MPC control,
an angle average approximation may me made, since

a 50 % stroke, η = 0.5 with unity input, u = 1, has the
same integrated displacement as a full stroke, η = 1,
with input u = 0.5. This angle average approximation
is also shown in Fig. 14 and is seen to smoothen
the response and be decreasingly accurate for lower
displacement fractions. However, the angle average
approximation is quite conservative with respect to
stability, since the slowest response with the largest
phase angle is a full stroke (highest order model),
but the gain is seen to be lowered simultaneously. It
should be evident, that for a fixed sampling angle, the
time between samples is inverse proportional to the
machine speed and to solve the optimization problem
in real time constrains the maximum speed.

Similarly to partial stroke operation, MPC has a
high potential for sequential partial stroke operation,
since energy efficiency and pressure ripples become
increasingly important with an increased number of
switchings. MPC for a sequential partial stroke oper-
ated DDM is very similar to conventional MPC control
of continuous dynamical systems, since the input may
be updated at every sample Pedersen et al. (2018e).
However, the input is limited to be a discrete set of
displacements, which requires optimization algorithms
capable of handling such problem. The methods en-
able both motoring and pumping strokes, since the op-
timal combination of all combinations of active and
inactive pressure chambers is considered. The method
does however not allow for operation in both direc-
tions, since the sampling domain must increase mono-
tonically.

5.3 Hybrid dynamical system

Since the non-smooth dynamics of the digital displace-
ment machine is of hybrid nature, hybrid system the-
ory is able to describe both the continuous and dis-
crete dynamics of the system Pedersen et al. (2017c,
2018b); Sniegucki et al. (2013). Neither continuous
nor discrete approximations are able to describe the
machine dynamics if the machine is to operate in both
directions. Therefore, hybrid dynamical system theory
is necessary to capture the dynamics, especially since
stability is of high concern at low speeds where the con-
trol update rate is low in full and partial stroke oper-
ation. Furthermore, the approximation methods have
shown poor accuracy for a low number of cylinders,
low displacements and low speeds, where hybrid the-
ory might be necessary to ensure stability and obtain
the desired transient behavior. Several hybrid formu-
lations exist, which are able to describe the dynamical
behavior (e.g. hybrid automaton, impulsive system,
switched system), where each has their own advantages
and disadvantages. Although, hybrid dynamical sys-
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tem models are very intuitive, hybrid control theory is
quite complex even for simple systems. Since a discrete
event occurs every time a valve is opened or closed (or
every time the pressure chamber is activated or deacti-
vated) for every cylinder, the hybrid dynamical model
of the digital displacement machine is not considered
a simple system. Control theory for hybrid systems
is an undergoing research topic, but stabilizing feed-
back control theory does exist, e.g. control Lyapunov
function theory Teel et al. (2015); Goebel et al. (2009);
Brogliato (2016).

6 Control challenges related to
application and design

The control challenges when operating a system com-
prising digital displacement machines is highly depen-
dent on the application where it is used. Furthermore,
due to the modular construction of the machine, the
control challenges are also greatly dependent on how
the machine is designed and how it is connected to the
individual target application.

6.1 Fluid Power Transmission

One application with very high potential for use of
DDM’s is a transmission system for converting low
speed high torque power into high speed low torque
power or vice versa. An illustration of a digital fluid
power transmission is shown in Fig. 15. A ring cam
design is used to increase the number of strokes per
revolution of the slow rotating machine.

  

D1

D2

Figure 15: Illustration of a fluid power transmission
system comprising two digital displacement
machines.

Having multiple digital displacement machines
which dynamics are directly influencing each other,
the control challenges are further complicated. The
high speed machine is seen to have 5 cylinders and
the low speed machine to have 10 cylinders and 8
cam ring lobes for a total of 80 strokes per revolution.
This means that for two digital displacement machines,

where one is solely pumping and the other is solely mo-
toring in a full stroke mode, the combined control input
scheme is only periodic synchronous in the position do-
main even for fixed speed as illustrated in Fig. 16.
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Figure 16: Input decision scheme for a digital hydraulic
transmission with a high and a low speed
digital displacement machine.

It is seen that if the number of strokes per revolu-
tion of the two machines are vastly different, a large
amount of information is required to describe the com-
bined sampling scheme in one revolution. Several drive
trains need to operate in four quadrants, where each
machine can both pump and motor and rotate in both
directions (vehicle transmission etc.). Based on the
identified control complications, it is clear that the
control challenges of such system become significantly
more complex and increasingly complicated if it is to
utilize partial stroke operation also.

6.2 Direct cylinder drive

Another application where digital displacement ma-
chines has a large potential is in direct cylinder drives
for large inertia systems, since they may potentially
increase the energy efficiency significantly. A concep-
tional illustration of a multiple direct hydraulic cylin-
der drive is shown in Fig. 17.

3m 3m 3m

Digital Displacement Machine

M

Figure 17: Conceptional drawing of a multiple cylinder
digital displacement direct cylinder drive.

It is seen that one digital displacement machine is
being powered by a motor and is used to control sev-
eral hydraulic cylinders independently. In the illus-
trated concept, each module of the DDM is connected
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to either the rod or piston side of a cylinder for sep-
arate metering control. Development of a dynamic
model allowing for analysis and control of such sys-
tem is complicated, since the dynamics of the whole
system is coupled through the mechanical shaft. Since
the input for each main cylinder chamber may only
be updated every fourth sample, the sampling scheme
is again asynchronous. In theory, the connections be-
tween the chambers of the digital hydraulic machine
and the main cylinder chamber could be reconfigured
in many different combinations (e.g. connecting addi-
tional chambers to a main cylinder with a high load),
which would change the dynamical behavior.

6.3 Alternative machine design concepts

An alternative concept is to utilize multiple indepen-
dent inlets/outlets for each pressure chamber, requiring
additional high pressure valves. The concept is sim-
ilar to the digital hydraulic power management sys-
tem (DHPMS) developed by Heikkila and Linjama
(2013). This concept directly increases the control up-
date rate for each input to the main cylinder cham-
bers and thereby possibly improves the control per-
formance. The multiple inlet/outlet digital hydraulic
cylinder drive concept is illustrated in Fig. 18.

M
3m

Figure 18: Conceptional drawing of a digital hy-
draulic direct cylinder drive with multiple
inlets/outlets.

Even though the control update rate is doubled,
the effective update rate is not, since multiple high
pressure valves should not be opened simultaneously.
This would result in a short circuit where the pressure
is not controllable due to the differential cylinder and
will thus lead to unwanted dynamical problems. With
this concept the control input consists of multiple
decisions, being pump to rod or piston or idle during
up-stroke and motor to either piston or rod side or
idle during down-stroke. Taking multiple decision is
considered to further increase the control complexity,
where classical discrete and continuous methods are
not applicable.

With respect to control tracking performance, a high
number of small cylinder chambers is beneficial, but
it is much more costly than using a few larger cylin-
ders. An alternative design that may be beneficial is
to utilize multiple sized cylinders. Using such design
with a full stroke operation strategy, the displacement
discretization resolution is significantly improved with-
out a huge increase in production cost. An illustration
of a DDM with variable sized displacement chambers
and its corresponding sampling scheme and impulse re-
sponses for motoring strokes is shown in Fig. 19.
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Figure 19: Illustration of a DDM with variable sized
displacement chambers.

It is seen that the control update scheme is only pe-
riodic synchronous in the angle domain, while the im-
pulse response is time varying dependent on the size
of the chamber. As a result, this alternative concept
introduces further complications with respect to model
based dynamical analysis and control. Combining the
different concepts: e.g. a multiple digital hydraulic
direct cylinder drive with multiple sized displacement
chambers and multiple inlets/outlets makes the dy-
namical control challenges tremendous, especially if it
is to operate in all four quadrants and using both par-
tial and full stroke methods.

To summarize the outcome of the investigation, it is
identified that the control challenges and complexity is
highly dependent on the machine configuration, oper-
ation strategy and the application it is used in. For
the more complex systems, hybrid dynamical theory
is considered necessary, but the development of sta-
bilizing feedback control laws is very challenging and
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remains an undergoing research topic.

7 Conclusion

This paper identifies many of the challenges related to
model based feedback control of digital displacement
machines. It is found that the challenges are highly
dependent on the chosen operation strategy of the ma-
chine, as well as how the machine is configured and
in which application it is used. Since the continuous
dynamics of each pressure chamber is activated or de-
activated discretely, the system dynamics belongs to
the class of hybrid systems. Since control of hybrid
dynamical systems is quite complex and remains an ac-
tive research field, simpler continuous and discrete ap-
proximations have been investigated and deemed valid
in certain situations. However, to be able to perform
proper feedback stabilizing control and obtain the de-
sired transient performance in a broad range of situ-
ations, more advanced control theory is required, e.g.
hybrid control. The paper hence provides an overview
of the many unsolved problems related to control of
digital displacement machines, which is considered a
key elements for successful deployment of the technol-
ogy in a broad range of hydraulic applications.
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