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𝒢𝐼𝑐 = 𝒢𝐼𝐼𝑐  =2 N/mm 

Fig. 2. C-ELS test 

specimen with 

reinforcement at 

the middle-width 

zone 

The assessment of energy available for crack growth can be made by 

means of the J-integral approach.  The computation of the J value along 

a 3D crack front using cohesive elements requires the identification of 

the crack growth direction, usually understood as the direction normal to 

the crack front. However, in a finite element framework, the crack front 

shape is not an information available at the element level.  

In this work, a formulation for the evaluation of the J-integral in 

combination with a pointwise description of the crack front shape using 

information available at element level is presented and exemplified with 

a reinforced C-ELS specimen that exhibits changing crack front shape. 

Fig.4. Direction normal to the crack front, 𝜃 (deg) 

Fig. 1. Pure mode I 2D example using a bilinear equivalent one-dimensional 

cohesive law 

The direction normal to the crack front gives the minimum ratio between 

the total specific work, 𝜔𝑡𝑜𝑡, and the critical energy release rate, 𝒢𝑐. 

                                                         

                                                             

Fig.5. Pointwise computation of the 

J value  

Fig.6. Integration paths 

Fig.7. Mode decomposed J value within the cohesive zone 
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The integration paths bend to match the 

normal direction to the crack front along 

the cohesive zone. 

A criterion for a pointwise description of the crack front shape has been 

used to compute the mode-decomposed J-integral in a partially 

reinforced C-ELS specimen. The obtained value is equal to the fracture 

toughness in all the points within the cohesive zone. Moreover the mode-

decomposition of the J value has also been addressed.  

An application of the presented method is exemplified in the poster 

communication Methodology for the simulation of fatigue-driven 

delamination in 3D composite structures - PO 09(COMPTEST2017). 

Application to 3D structures wtih curved crack front: 

This work has been partially funded by the Spanish Government 

(Ministerio de Economia y Competitividad) under contract TRA2015-

71491-R and the European Union by the financial support of ERANet 

AirTN 01/2013 under the project entitled ‘‘Methodology to design 

composite structures resistant to intra- and interlaminar damage (static & 

fatigue)- MERINDA”. 

λ: equivalent 

one-dimensional 

opening 

displacement. 

 

μ: equivalent 

one-dimensional 

interface 

traction. 

 

Fig. 3. Energy-based damage, 𝐷𝑒, at 𝑅𝑒𝑎𝑐𝑡𝑖𝑜𝑛 𝐹𝑜𝑟𝑐𝑒 =
947 N and 𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 =  28,3 mm 

The criterion is evaluated using the reinforced C-ELS specimen  

represented in Fig. 2 leading to the same normal direction as the one 

obtained from the geometrical description of the crack front. 
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The derivation of the mode-

decomposed  3D J–integral from  

Eshelby’s momentum tensor [1] has 

been addressed by Rigby and  

Aliabadi [2]. When the integration 

path is reduced  to the cohesive 

interface (Fig. 5), as Rice [3] 

already did for its evaluation in 2D 

cohesive zone models, the J-

integral components for each mode 

I, II, and III  are reduced to: 
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