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ABSTRACT

As nonequilibrium materials, glasses continually relax toward the supercooled liquid state. However, the atomic-scale origin and mechanism
of glass relaxation remain unclear. Here, based on molecular dynamics simulations of sodium silicate glasses quenched with varying cooling
rates, we show that structural relaxation occurs through the transformation of small silicate rings into larger ones. We demonstrate that this
mechanism is driven by the fact that small rings (<6-membered) are topologically overconstrained and experience some internal stress. At
the atomic level, such stress manifests itself by a competition between radial and angular constraints, wherein the weaker bond-bending con-
straints yield to the stronger bond-stretching ones. These results strongly echo von Neumann’s N � 6 rule in grain growth theory and suggest
that the stability of both atomic rings and two-dimensional crystal grains is fully topological in nature.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5095529

If cooled fast enough, the crystalization of a liquid can be
avoided.1 As temperature becomes lower than the melting tempera-
ture, the system accesses the metastable supercooled liquid state.2 The
relaxation time s of the system then dramatically increases with
decreasing temperature. At some point, s exceeds the observation time
and the system becomes an out-of-equilibrium glass, which slowly
relaxes toward the metastable supercooled liquid state.3,4 Despite its
fundamental and technical relevance,5–7 the atomic nature and origin
of glass relaxation remain poorly understood.8–12 Various structural
signatures of glass relaxation and aging have been observed, including
changes in interatomic angles,13–16 local connectivity,17,18 chain size
distribution,19 etc. To this end, atomistic simulations have been key to
reveal some atomic details that are largely invisible to conventional
experiments.20,21 However, although many studies have been devoted
to “model glasses”—e.g., Lennard-Jones (LJ) glasses22–27—the atomic
mechanism of relaxation in more industry-relevant silicate glasses
remains far less understood.28

Here, to examine the atomic manifestation and driving force
for glass relaxation, we investigate by molecular dynamics (MD) simu-
lations the structure of a series of sodium silicate glasses
(Na2O)30(SiO2)70 (mol. %)—an archetypical model for modified silicate
glasses—prepared with varying cooling rates. Configurations made of
3000 atoms are initially created by randomly placing the atoms in a
cubic box while ensuring the absence of any unrealistic overlap. The sys-
tems are then equilibrated at 5000K in the isothermal-isobaric (NPT)
ensemble for 1ns at zero pressure to ensure the loss of the memory of
the initial configuration. The glasses are finally formed by linearly cool-
ing the liquids from 5000 to 0K in the NPT ensemble at zero pressure
and with a cooling rate ranging from 102 to 10�3 K/ps. Note that the
slowest cooling rate used herein corresponds to a total simulation time
of about 5 ls, which is the slowest cooling rate ever used in direct MD
simulations of silicate glasses.15,29 All MD simulations are performed
with the LAMMPS package,30 using the well-established Teter poten-
tial31 with an integration timestep of 1 fs. The short-range interaction
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cutoff is chosen as 8.0 Å, and Coulomb interactions are evaluated by the
Ewald summation method with a cutoff of 12 Å.31

Figure 1 shows the evolution of the enthalpy and molar volume
of the glass (at 0K) as a function of the cooling rate. As expected, we
observe that the glass enthalpy decreases with the decreasing cooling
rate, which indicates that, as the simulation time increases, the glass
can relax toward a more stable configuration. We also note that the
molar volume of glass also decreases with the decreasing cooling rate,
which shows that relaxation results in a more compact glass. As shown
in Fig. 1, the dependence on the cooling rate c of both the enthalpy H
and molar volume Vm can be well described by a power law, as pre-
dicted by mode-coupling theory23

HðcÞ ¼ Hðc ¼ 0Þ þ ðAcÞ1=d; (1)

where A and d are some fitting parameters and H(c ¼ 0) is the value
of the property (here, enthalpy) that would be achieved for a (ficti-
tious) zero cooling rate. We find here d ¼ 3.7 and 2.2 for the enthalpy
and molar volume, respectively, which suggests that the relaxation
mechanisms governing these quantities have some degree of decorrela-
tion from each other.14,20,21

We now focus on investigating the structural signatures of glass
relaxation. Various structural quantities are here found to be affected by
the cooling rate, including the interatomic angles and the medium-range
order (MRO)—a thorough analysis of the effect of the cooling rate on
the structure of the sodium silicate glass simulated herein can be found
in Ref. 14. Overall, we find that, although the short-range order structure
remains weakly affected by the cooling rate, the medium-range order
(MRO) structure exhibits some significant variations. This differs from
what is observed in metallic glasses, wherein relaxation is associated with
some reorganization of the short-range order.32 In silicate glasses, the
MRO mostly depends on the silicate ring size distribution, wherein a
ring is defined as a shortest closed path within the Si–O network—its
size being given by the number of Si atoms belonging to the ring.33

Figure 2 shows the ring size distribution obtained for the two
extreme cooling rates (computed with the RINGS package34). We find
that the ring size exhibits a broad distribution centered between 5- and
6-membered rings, in line with previous studies.35 Overall, we observe
that the fraction of small rings (defined here as strictly smaller than

6-membered) tends to decrease with the decreasing cooling rate (see
the inset of Fig. 2), whereas the fraction of larger rings (6-membered
and larger) tends to increase. This indicates that, at the atomic level,
glass relaxation manifests itself by a transformation of small rings into
larger ones, as previously observed in glassy silica.13 As shown in the
inset of Fig. 2, the cooling rate dependence of the fraction of small
rings follows a power law function [see Eq. (1)]. We obtain here d ¼
3.6, that is, a power law exponent that is very close to the one obtained
for the enthalpy (d ¼ 3.7). This suggests that the transformation of
small into larger rings controls enthalpy relaxation in glasses.

We now investigate the nature of the driving force behind the
transformation of small into larger rings upon glass relaxation. We
propose here that this mechanism is driven by the fact that small rings
experience some internal stress, which gets released upon transforma-
tion into a larger ring. The mechanical stability of rings can be elegantly
described within the framework of topological constraint theory,36,37

wherein the stability of a ring depends on the balance between internal
degrees of freedom and internal constraints. Here, we consider the
SiO4 units to be some rigid structures and only consider their mutual
connectivity. The stability of an N-membered ring can then be deter-
mined as follows. Starting from the initial 3N degrees of freedom
offered by each node, each node of the ring creates 1 bond-stretching
(BS) constraint (which fixes the distance between the node and its two
neighbors—note that BS constraint is shared between 2 nodes) and
1 bond-bending (BB) constraint (which fixes the angle between the
node and its two neighbors). The number of remaining internal
degrees of freedom F (or floppy modes) of an N-membered ring is
then given by

F ¼ 3N � N � N � 6 ¼ N � 6; (2)

where 6 is the number of rigid-body degrees of freedom of the ring.
This simply means that a triangle (i.e., 3-membered ring) with fixed
edges and angles is overconstrained and exhibits 3 redundant

FIG. 1. Enthalpy and molar volume of sodium silicate glasses at 0 K as a function
of the cooling rate. The lines are power-law fits [see Eq. (1)].

FIG. 2. Silicate ring size distributions of sodium silicate glasses for selected cooling
rates. The lines are guides to the eye. The gray area highlights the small overcon-
strained rings (<6-membered). The inset shows the fraction of such small rings as
a function of the cooling rate. The line is a power-law fit [see Eq. (1)].
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constraints (i.e., F¼�3).38 Overall, this enumeration shows that
N-membered rings are stressed-rigid (i.e., overconstrained, F< 0),
flexible (i.e., floppy, F> 0), and isostatic (i.e., optimally constrained,
F¼ 0) when N is smaller, larger, or equal to 6. Specifically, this sug-
gests that small rings (less than 6-membered) are under internal stress
since all the constraints cannot be satisfied at the same time—so that
the weaker constraints (most likely the angular BB constraints) have to
yield to the stronger ones (the radial BS constraints).39

To establish this picture, we now rely on the concept of “stress
per atom” to assess the mechanical stability of each ring in the net-
work. Although stress can only be meaningfully defined at the macro-
scopic scale, we adopt here the formalism proposed by Egami.40 To
this end, we compute the contribution of each atom to the virial of the
system and divide this term by the Voronoi volume of the atom.40

This defines an atomic stress tensor comprising 6 independent compo-
nents (3 normal stresses raa and 3 shear stress sab), where the indexes
a and b denote the direction x, y, or z. We then calculate for each
atom the hydrostatic stress r as the trace of the stress tensor

r ¼ 1
3

rxx þ ryy þ rzzð Þ (3)

and the von Mises shear stress s as

s ¼ 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2xy þ s2xz þ s2yz

q
: (4)

Note that, although the network as a whole is at zero pressure, some
bonds are under compression while others are under tension—so that
they mutually compensate each other. Based on this approach, we find
that Si atoms are systematically under local tension (i.e., positive
hydrostatic stress), whereas O atoms are under compression (i.e., neg-
ative hydrostatic stress).

To isolate the contribution of the ring geometry to the stress of
each Si atom, the stress per atom calculation is repeated in Qn clusters
(n¼ 0–4) that are fully isolated, that is, with no rings (here, a Qn unit
denotes a SiO4 tetrahedron that is connected to n other SiO4 tetrahe-
dra, i.e., with 4�n terminating O atoms). The isolated clusters are pre-
pared by placing the atoms as perfect SiO4 tetrahedra, charge-
balancing the terminating O atoms by Na cations, and performing an
energy minimization—prior to the stress calculation. Finally, for each
Si atom, we define the hydrostatic and shear “internal stresses” as the
difference between the hydrostatic and von Mises shear stresses exhib-
ited in the network and those experienced in isolated clusters (ensur-
ing a consistent Qn state in network and isolated clusters).

Figure 3 shows the average values of the internal hydrostatic
stress and von Mises shear stress per Si atom as a function of the cool-
ing rate. We observe that both the average hydrostatic and shear
stresses decrease upon relaxation. Notably, the internal shear stress
nearly vanishes at a low cooling rate. This suggests that glass relaxation
is largely governed by the release of some atomic-level hydrostatic and
shear stress initially present in the network.

We now investigate the relationship between atomic stress and
ring size distribution. Figure 4 shows the average internal hydrostatic
stress per Si atom as a function of the size of the smallest ring it belongs
to. We first note that large rings (i.e., 6-membered and larger) do not
experience any noticeable internal hydrostatic stress. In contrast, small
rings (i.e., smaller than 6-membered) exhibit some significant internal
hydrostatic stress, which is found to increase linearly with the number

of redundant constraints. Note that the results presented herein corre-
spond to a sodium silicate glass cooled at 100K/ps, as such a high cool-
ing rate yields a large number of small rings and, thereby, improves the
statistics of the data (see Fig. 2). However, we note that the stress vs
ring size curve does not significantly depend on the cooling rate—but
the decrease in the fraction of small rings upon a slower cooling rate
(see Fig. 2) results in a decrease in the overall stress experienced by the
Si atoms present within the glass network (see Fig. 3). Overall, these

FIG. 3. Average internal hydrostatic and von Mises shear stresses per Si as a func-
tion of the cooling rate. The lines are power-law fits [see Eq. (1)].

FIG. 4. Average internal hydrostatic stress per Si in a sodium silicate glass cooled
at 100 K/ps as a function of the size of the smallest ring it belongs to. The number
of floppy modes per ring is also indicated [see Eq. (2)]. The line is a guide to the
eye. The gray area highlights the small overconstrained rings (<6-membered).
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results strongly support the fact that small rings are mechanically
unstable and that their existence is the driving force for the structural
relaxation of silicate glasses. This picture is consistent with the fact that
the equilibrium zero-pressure crystalline forms of SiO2 (b-cristobalite,
a-quartz, and b-tridymate) only exhibit 6- (and 8-) membered rings.
Hence, this suggests that the existence of small rings is an intrinsic sig-
nature of out-of-equilibrium silicate phases. In contrast, no correlation
between the internal shear stress and the ring size is observed, which
suggests that the atomic shear stress has a distinct origin.

Interestingly, these results reveal an unexpected analogy between
rings in atomic networks and grain sides in polycrystalline systems.
Specifically, the mechanical instability of small rings that is demonstrated
herein strongly echo von Neumann’s N � 6 rule, which states that two-
dimensional grains comprising fewer than 6 sides are unstable and tend
to disappear upon annealing, whereas larger grains tend to grow.41

Based on von Neumann’s analysis, small grains undergo a free energy
penalty that is proportional to 6 � N, which is analogous to Eq. (2) in
the case of atomic rings. This shows that the time-evolution of both
atomic rings and two-dimensional crystal grains is fully topological in
nature.

Finally, we further investigate the structural manifestation of the
internal stress exhibited by small rings. As mentioned above, such inter-
nal stress arises from the fact that small rings are overconstrained, that
is, they exhibit more constraints than degrees of freedom. As such, all
the radial and angular constraints cannot be satisfied simultaneously.
To reveal the atomic-scale manifestation of the competition between
radial and angular constraints, we compute the average Si–O bond
length and the average Si–O–Si and O–Si–O angles as a function of the
smallest ring size these units belong to. We first observe that the average
Si–O bond length remains largely unaffected by the ring size (less than
1% variation, not shown here). In contrast, both the average Si–O–Si
and O–Si–O angles strongly depend on the ring size (see Fig. 5). In

detail, we observe that both of these angles are nearly constant in large
rings (around 107� and 146� for the O–Si–O and Si–O–Si angles,
respectively). However, we find that the average values of these angles
significantly decrease in smaller rings. This confirms that small rings are
strained and that, due to the overconstrained nature of these structures,
the weaker angular BB constraints yield to the stronger radial BS con-
straints. This behavior also exhibits a striking similarity with two-
dimensional polycrystalline solids, wherein the average angle at grain
junctions drastically decreases in grains comprising fewer than 6 sides.42

This further suggests that the mechanical stability of atomic rings and
crystal grains shares a common topological origin.

Finally, we discuss the generality of the present results in describ-
ing relaxation across different families of glasses. The concept of stress
per atom was also used to investigate relaxation in metallic glasses.43 In
this class of materials, structural relaxation was described in terms of
the mutual annihilation of compressive and tensile structural defects.40

This mechanism was also found to explain the low-temperature relaxa-
tion of alkali cations in glasses.21 In these cases, the atomic stress results
from a “radial misfit” between the size of the atom and that of its envi-
ronment.21,40 Such size misfit results in some local volumetric strain
energy that drives relaxation. Here, we show that some atomic stress
can also form as a consequence of an “angular misfit” in small, over-
constrained topological rings, which also acts as a driving force for
relaxation. This suggests that the mechanism of relaxation strongly
depends on the nature of the interatomic bonds, namely, relaxation is
driven by some radial misfit in highly packed metallic phases (which
exhibit nondirectional bonds and high coordination numbers),
whereas it arises from some angular misfit in more open (iono)cova-
lent phases (which comprise directional bonds and low coordination
numbers). This also highlights the fact that the large body of conclu-
sions based on LJ glasses (which do not exhibit directional bonds) may
not apply to industrially relevant silicate glasses. Nevertheless, these
studies establish the existence of atomic stress as a potentially universal
origin of relaxation in out-of-equilibrium glassy phases.

This work was supported by the National Science Foundation
under Grants Nos. 1562066, 1762292, 1826420, and 1826050 and
by Corning Incorporated through the Glass Age Scholarship.
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