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Abstract  

In the field of energy management, thermoelectrics are niche candidates for electrical generator devices. For 

decades, scientists have been focused on thermoelectric (TE) material development. Thus TE module design 

techniques are still in relatively virgin state when comparing to the TE material development. This thesis is 

focused on development and optimization of thermoelectric generator (TEG) design techniques for high 

temperature (> 700 °C) applications. Some of the main targets of this optimization process are to achieve higher 

volumetric power density (VPD), and reduce the cost-per-Watt. Oxide based TE materials were used as the core 

of the TEG due to the focus on high temperature applications and the requirement that the TE materials should 

be stable at those temperatures. However, p- and n-type oxide TE materials do not perform (𝑧𝑇 values) at the 

same level and it is one of the major challenges identified in this project. Thus, the proposed TEG optimizations 

should address this challenge in an appropriate manner. The work has established a new TEG optimization 

strategy based on the existing well-known TEG design technique Reduced Current Approach (RCA). This 

extended version of RCA is able to produce TEGs with higher VPD, compared to RCA, when the p- and n-leg of 

the TEG has difference performance levels (𝑧𝑇 value) and thus the cost-per-Watt of the TEG can be reduced. 

Furthermore, the PhD project introduces the Unileg-TEG (U-TEG) concept for the oxide TEGs to address the 

issues of the thermoelectrically mismatched materials. U-TEG removed the weaker TE material and replaced it 

with a conductor. It is shown that U-TEG is a valuable concept to increase the VPD of a TE device that has 

mismatched TE materials. Moreover, U-TEG design is generalized using an idealized metal. Furthermore, well-

known Ioffe’s method and RCA are compared using the temperature independent TE properties. This 

comparison opens up a new strategy to reduce the cost-per-Watt of the TEG, by increasing the dominancy of the 

cheaper TE material in a TEG design. In addition, the work has introduced an engineering approach for complex 

TEG designing technique RCA, to define the TEG architecture in a simple and time saving manner. 
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Abstrakt på Dansk 

Termoelektriske generatorer er enheder der omsætter en temperaturforskel til elektrisk strøm igennem den 

såkaldte Seebeck effekt. Disse generatorer, der er kendetegnet ved forholdsvist lave virkningsgrader men høj 

robusthed, viser sig at være velegnede til niche områder indenfor konvertering af varme til el. I årtier har 

forskerne primært været fokuseret på udvikling af termoelektriske (TE) materialer. Således er design af selve TE 

modulet stadig et relativt jomfrueligt forskningsområde, når man sammenligner med TE materiale udvikling. 

Denne afhandling omhandler udvikling, modellering og optimering af termoelektriske generatorer (TEG) til høj 

temperatur (>/700/°C) applikationer hvori disse indpasses. Oxidbaserede TE materialer har været brugt som 

kernen i TEG på grund af fokus på højtemperatur applikationer, og disse materialers høje stabilitet under 

sådanne forhold. Arbejdet har inkluderet udvikling af nye optimeringsstrategier baseret på eksisterende TEG 

design teknikker. Numeriske modelleringsmetoder er blevet anvendt til at opstille beregningsmetoder, der er 

blevet udviklet i løbet af dette arbejde. Unileg TEG konceptet blev introduceret til oxide thermoelectrics for at 

håndtere misforholdet mellem p og n benets termoelektriske ydeevne, og fordelene ved dette koncept er blevet 

undersøgt igennem brug af de udviklede desingmetoder. En sammenligning af Reduced Current Approach og 

Ioffe’s metode til at beregne det optimale arealforhold har resulteret i udvikling af en ingeniørmæssig tilgang til 

arbejdet med at designe komplekse TEG, hvilket resulterer i en mere direkte og resultatorienteret 

beregningsgang. 
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1. Introduction 

One of the most important considerations in the modern world is energy. The availability of low-cost, low-

maintenance solid-state generators capable of converting temperature gradients directly into electricity are 

attractive in many applications. Thermoelectric generators (TEGs), based on semiconductor materials are such 

devices. However, TEGs are typically hampered by relatively low conversion efficiencies, which limits their 

competitiveness, compared to other technologies, to certain niche applications (e.g., sensors that require low-

power, remote or autonomous systems; low-grade heat recovery; and high-temperature applications). Their 

advantages are that they are maintenance free, they have a long lifetime, and they produce a stable DC power 

output. Furthermore, when the TEG operates with a highly fluctuating input source, the thermal latency of the 

TEG will act as a filter to minimize the fluctuations in the DC power; unlike PV cells, which respond almost 

instantly to changes in input.      

TEGs are semiconductor devices consists of two p- and n-type semiconductors that are connected thermally in 

parallel and electrically in series, as shown in Figure 1.1 [1]. The semiconductors, that are thermally and 

electrically connected to each other by using metal interconnectors, are sandwiched between two ceramic layers. 

These semiconductor materials are known as thermoelectric (TE) materials and are the core of the TEG.  

When the device is subjected to a temperature difference TE effects converts part of the heat crossing the TEG 

into electricity. The performances of a TE material is measured by the TE Figure-of-Merit  (𝑧𝑇), which is 

defined as the   𝑧𝑇 =
𝛼2

𝜌𝜅
𝑇, where 𝛼 is the Seebeck coefficient, 𝜌 is the electrical resistivity, 𝜅 is the thermal 

conductivity, and 𝑇 is the absolute temperature [2].  

Though TE materials are the core of the TEG, the design of the TEG device must also be carefully considered 

for a particular TEG device. Therefore, the TEG design is important as well as the choice of TE materials, in the 

field of thermoelectricity.   
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1.1 Thermoelectric Generator Applications 

TEGs can be applied over a wide temperature range, from room temperature up to above 1000/°C. At room/low 

temperatures, TEGs often operate in battery-like applications, such as in pacemakers, wrist watches, or wearable 

thermoelectrics powered by a TEG using body heat [3,4]. Solar powered TEGs are used to meet household 

energy requirements, using a combined system consisting of a solar thermal collector and a TEG [5–25]. Wood 

or gas fired heaters could also be combined with TEGs, serving as a good source of power for domestic use. 

These uses are beneficial for areas isolated from the grid, which can provide lights and power electrical 

appliances, such as TVs, water pumps, vacuum cleaners, and small kitchen alliances [26–30].Similarly TEGs as 

a portable power source to power small electronic devices are popular TEG applications. Explorers, people 

living in remote areas, and soldiers benefit from these devices, and their heat sources are generally 

microcombustors [31–39].  

Energy recovery from vehicle exhaust gas using a TEG can increase the energy efficiency of a vehicle. This 

technology is currently applied to cars and light vehicles, heavy machinery powered by diesel engines, and 

military vehicles [3,40–43]. Some other applications include energy recovery from industrial furnaces [44] and 

subsea level applications in oil wells [45]. TEs also play key roles in deep space applications. Beyond the planet 

Mars, the radiation from the sun is not sufficient to power a space craft using solar panels, and, radioisotope 

TEGs (RTEGs) are used [46]. Here, heat generated from the radioactive decay of a radioactive material is 

Figure 1.1: Conventional TEG design [1].  
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directed to a TEG to generate electricity. RTEGs are not limited to space crafts but are also used to power the 

rovers used for exploration on Mars.              

1.2 Project Scope and Hypothesis 

This project is concerned with TEG energy recovery from high-temperature (> 700 °C) heat sources. Energy 

recovery from the cement kilns at cement manufacturing plants, electricity generation from domestic wood 

burning stoves, and self-powered air heating systems for tents are some of the applications which are part of the 

field of interest in this project. The main focus of this PhD project is to develop an integrated design technique 

for high-temperature TEGs and supply its numerical models. Thus the core part of this thesis is about the current 

TEG design techniques and optimization of those techniques using engineering approaches. 

 

 

 

 

 

 

 

 

 

 

 

 

 

This PhD project is a subproject of the “OTE-Power” project. The abbreviation “OTE-Power” stands for “Oxide 

Thermoelectric Power”, and the main class of TE materials used in this project is oxide TE materials. The entire 

OTE-Power project is concerned with every aspect of a TEG, from TE material development to prototype 

building. The OTE-Power project is funded by the Danish Council for Strategic Research. Three universities in 

Denmark are involved with the project: Aalborg University, Technical University of Denmark, and Aarhus 

University. Moreover, 5 PhD projects and 2 Postdoc projects were funded by the OTE-Power project, as shown 

in Figure 1.2. This PhD project concerns the development of an integrated TEG design technique and 

construction of a module, which is PhD_5 in Figure 1.2. Thus, one of the main responsibilities of this PhD 

p n

Load 

PhD_1 (P-leg materials)

Th

PhD_2 (N-leg materials)

PhD_3 (Functionally 

graded p and n legs)

PhD_4 (TEG electrical circuit)

PhD_5 (Development of 

integrated TEG design technique 

and construction of a module)

Postdoc_1 (Composite 

nanostructured p and n 

leg materials)

Postdoc_2 (Contact resistance 

of oxide/metal interface) Tc

Figure 1.2: The distributed responsibilities of each PhD or Postdoc in the “OTE-Power” project  
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project is to combine the outcomes of PhD_1, PhD_2, PhD_3, Postdoc_1, and Postdoc_2 to provide a final TEG 

design for this high-temperature oxide TE module. The one of the preliminary targets, of the project is to build a 

TEG that can produce an output greater than 1 W and 4.5 V when the hot side of the TEG is at a temperature of 

900 – 1200 K. Therefore, this PhD project is focused on altering the existing TEG design techniques using 

engineering approaches to make those techniques compatible with the operational, environmental and economic 

requirements of the OTE power project. This project further focuses on new TEG device technologies and 

prototype building.   

The stability of oxide TE materials at high temperatures provides the freedom to work with high temperature 

heat sources; though these materials offer low 𝑧𝑇 values compared to the conventional intermetallic alloy TE 

compounds. However, oxide TE materials are cost effective compared to some of the intermetallic alloy TE 

materials  [47,48]. Thus, the main TE materials studied in this PhD project, for the oxide TEGs, are p-type 

Ca3Co4O9 and n-type Al doped ZnO [49,50].           

As this PhD project focuses on the engineering aspects of the TEG, one of the main concerns is to minimize the 

cost-per-Watt ($/W) of the TEG, and thus the focus is to increase the volumetric power density (VPD) of the 

TEG. One of the major challenges to achieve this target is the TE property mismatch of the p- and n-leg TE 

materials chosen. In the OTE-Power project, the fact that Ca3Co4O9 possess considerably higher 𝑧𝑇 values, in 

comparison to the Al-doped ZnO, gives rise to a potentially inefficient module. Therefore, this 𝑧𝑇 mismatch 

should be addressed by the TEG design method to produce higher power output at high temperatures. These 

challenges are addressed in this PhD project by modifying existing TEG design techniques, and by finding 

alternative economical material combinations for p- and n-legs. Considering the cost-per-Watt of the TEG, 

another focus is to identify and use the appropriate TEG design techniques for specific operating conditions to 

increase the cost effectiveness of a TEG.  

To minimize the cost-per-Watt of the TEG, the first focus is to optimize the cross-sectional area ratio of the p- 

and n-leg of the TEG to obtain high VPD. The efficiency   (𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 =  
𝑃𝑜𝑤𝑒𝑟 𝑜𝑢𝑡𝑝𝑢𝑡

𝐻𝑒𝑎𝑡 𝑖𝑛𝑝𝑢𝑡 𝑡𝑜 𝑡ℎ𝑒 ℎ𝑜𝑡 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑇𝐸𝐺
) is 

one of the main focuses when designing a TEG, and thus the most efficient area ratio of p- and n-legs is essential 

[51–53]. However, for the applications at high-temperatures or with essentially free heat sources, the power 

output should be the main focus to minimize the cost-per-Watt of a TEG [54,55]. Moreover, reducing the length 

of the thermoelements will increase the power output, but will decrease the efficiency of a TEG [54,55]. The 

OTE-Power project is concerned with high-temperature applications. Thus, by considering the above facts, the 

maximum power output should be the main focus and not the efficiency when designing the TEG in this project. 

Therefore the concept of most efficient area ratio for the temperature dependent TE properties in the reduced 

current approach (RCA) proposed by Snyder et al. [51,52] is combined with the concept of reducing the 

thermoelement length to obtain higher power output by Min et al. [54,55], to develop the TEG for the OTE-

Power project. This combining process results in a new TEG design technique based on RCA, called extended 

reduced current approach (ERCA). One of the important questions that this new method should address is how to 

combine thermoelectrically mismatched p- and n-leg TE materials in a TEG in an appropriate manner, because 

the p-type oxide TE materials have more superior TE properties than the n-type oxide materials. It has been 

proven that ERCA is a valuable method for the OTE-Power project and ERCA is able to produce a TEG with 

considerably higher VPD compared to the RCA at the same operating conditions, using the TE materials in the 

OTE-Power project. This new method and its limitations are introduced in Chapter 3 of this thesis, and the 
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journal article “Expanding the reduced current approach for thermoelectric generators to achieve higher 

volumetric power density” is attached to this thesis as Paper A.      

To reduce the cost-per-Watt of a TEG, another focus of this PhD project is to find economical material 

combinations for p- and n-legs, either using only TE materials or using TE materials and metals. As mentioned 

earlier, the core TE materials used for the OTE-Power project are oxide TE materials. Thus, Ca3Co4O9 was used 

as the p-type TE material, and Al-doped ZnO was used as the n-type TE material. Oxide TE materials have low 

𝑧𝑇 values, and p-type oxide materials have more superior TE properties than n-type oxide materials, which can 

be a critical issue when making the TE devices, for many reasons. One reason is that a weaker TE material may 

not produce an output comparable to the superior material, and thus, the weaker material could act as a resistor, 

hindering the output of the superior material. Additionally, the weaker material could add a high cost-per-Watt to 

the TEG. Thus, it could be beneficial to replace the weaker TE material with a more common and inexpensive 

conductor (e.g. Copper, Nickel, Constantan, etc.). Of course, this could introduce thermal shortening (thermal 

short-circuiting) problems to the thermal circuit of the TEG, but those are questions that can be resolved by 

changing the design parameters. This concept is called unileg TEG (U-TEG) in this thesis. The U-TEG concept 

was already used in some other works such as Nemoto et al. They built a Mg2Si based unileg TEG for the 

temperature range of 300 – 900 K [56]. Madan et al. presented a thick-film single element TEG based on Se-

doped Bi2Te3 (with 2% Se and 1% Se) for the temperature range of 20 – 100 °C [57,58]. However, these studies 

did not systematically study the U-TEG concept or perform a comparison of U-TEG with a conventional 

unicouple TEG device. In this project, we performed a systematic study of the U-TEG concept, first combining 

Constantan with an oxide TE material and then combining three types of imaginary idealized metals with oxide 

TE materials. In addition, we performed a proper comparison of U-TEG with a conventional TEG. Based on all 

of these studies, we proved that U-TEG is a valuable concept for the OTE-Power project and can produce less 

expensive TEGs with a high power density. U-TEG will reduce the cost-per-Watt of oxide TEG devices. This U-

TEG concept is introduced in Chapter 4 in this thesis and the attached the journal article “Unileg thermoelectric 

generator design for oxide thermoelectrics and generalization of the unileg design using an idealized metal” as 

Paper B. 

Another focus of this PhD project is to identify and use the appropriate TEG design techniques for specific 

operating conditions to minimize the cost-per-Watt of the TEG. Two of the most established TEG design 

techniques have been considered in here are the method proposed by Ioffe in 1957 (Ioffe’s method) [53] and the 

RCA in 2003 [51,52]. These two methods use different strategies to claim the most efficient area ratios for the p- 

and n-legs of a TEG. Therefore, this difference could lead to obtain different optimal area ratios that might open 

for some designs giving cost reductions when the unicouple have very different 𝑧𝑇 for the p- and n-legs. This 

project identifies an interesting relationship between Ioffe’s method and RCA for the temperature independent 

TE material properties: when the TE properties of the p- and n-legs are the same, at the same operating 

conditions, the most efficient area ratios given by Ioffe’s method and RCA are the same. Moreover, for the same 

total thermoelement area and thermoelement length, both methods predict the same power output and efficiency. 

However, when the TE properties of the p- and n-legs are different, at the same operating conditions, Ioffe’s 

method and RCA do not predict the same p- and n-leg area ratio as the most efficient p- and n-leg area ratio (this 

can give rise to a significant area ratio difference, as explained in Chapter 5). Although for the same total 

thermoelement area and thermoelement length, both methods predict the same power output and efficiency. This 
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effect forms the basis of a comparison of the fundamentals of these two approaches, as well as a cost-reduction 

study based on the optimal material amounts for each leg predicted by the two methods in Chapter 5.               

As described earlier, Ioffe’s method is one of the established and earliest TEG design techniques that can be 

used for TEGs with temperature independent TE properties [53]. As stated in the previous paragraph and 

Chapter 5, the RCA is plays an important role even for TEGs with temperature independent TE properties, by 

defining different optimal TEG architecture (length and cross-section area of thermoelements) than the Ioffe’s 

method that could increase the cost effectiveness of the TEG [51,52]. However, RCA is a more complex 

technique, compared to the Ioffe’s method, and a high level of knowledge about the technique is needed to work 

with it. Thus a simple form of this complex and reliable technique would be very beneficial for researchers who 

do not have extensive knowledge of TEG design techniques. It would also be highly beneficial for TEG 

designers to make their initial predictions of the TEG architecture without requiring long and time consuming 

calculations. Therefore, simplified TEG design technique based on RCA is introduced in this work for 

temperature independent TE material properties. This method can predict the most efficient TEG architecture 

with a degree of agreement greater than 97% to the TEG architecture given by RCA for the majority of the 

possible temperature and 𝑧𝑇 ranges of current TEGs. This technique is introduced in Chapter 6 of this thesis and 

the attached journal article “Simple engineering design for complex thermoelectric generators: based on reduced 

current approach” as Paper C. 

Originally, designing an OTE-Power prototype was a part of this PhD project. However, due to timing and 

coordination effects, this was not possible within the time frame. Therefore, data from the OTE-Power TEG 

module constructed early in the project was used to make the initial comparison between the ideal model and the 

real device. However, a prototype of an U-TEG have been developed, which is based on Zn4Sb3 and constantan, 

as these materials were gracefully provided by project partners Aarhus University and TEGnology. The 

laboratory facilities at Aarhus University were used to build the U-TEG device. Unfortunately, it has not been 

possible to produce module characterization data in time for this thesis.  

As a consequence, the focus of this project has been shifted to on engineering aspects of the TEG, some of the 

main concerns of this PhD project are increasing the volumetric power density and decreasing the cost-per-Watt 

of a TEG. Therefore, a focus of this PhD project is to address the challenges of combination of two 

thermoelectrically mismatched materials in order to produce a TEG with higher volumetric power density by 

using two different approaches. The first approach defines a new TEG design technique that can produce high 

volumetric power density using thermoelectrically mismatched materials. The second approach replaces the 

weaker TE material with a well-known inexpensive conductor. Finally, the cost-per-Watt of a TEG is decreased 

by reducing the amount of expensive TE material in the TEG system by using different TEG design techniques, 

while keeping the volumetric power density constant. Additionally, this PhD project provides a simplification of 

the RCA.   
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2. Fundamentals and state-of-the-art of thermoelectrics and TEG modelling  

2.1 Theory of Thermoelectric Materials 

Since TE devices are based on TE materials, it is essential to understand the fundamental characteristics of TE 

materials. This understanding will help to identify the differences between good and poor TE materials, and the 

reasons behind these differences. Basically, TE properties depend on the temperature. Thus a TE material could 

be a poor TE material for a specific temperature range, but it may suitable for another temperature range. At the 

TE device stage, the usefulness of a TE material depends on many factors, such as, best performing temperature 

range, physical properties, ability of the TE material to combine with other TE or Non-TE materials, preferred 

working environment, etc. When considering these facts, both good and poor TE materials are important in the 

field of thermoelectrics. Therefore, how to utilize also the poor TE materials by themselves or together with 

good TE materials in TE devices is an important concern. Thus to identify and address these issues, an 

understanding about TE material fundamentals is important, before focusing on TE devices. This understanding 

includes basic TE material properties and physics behind them, common and potential TE materials, working 

temperature and other important physical properties of TE materials, etc. 

In simple terms, a material which could generate electricity, when it subjected to a temperature gradient can be 

termed as a TE material. There are three main TE effects in a TE material: the Seebeck effect, Peltier effect, and 

Thomson effect. To outline these effects, two dissimilar conductors (𝑎 and 𝑏) that are connected thermally in 

parallel and electrically in series can be considered, as shown in Figure 2.1, which is a basic thermocouple.  

 

 

 

 

 

 

 

 

 

If 𝑇1 and 𝑇2 are the temperatures of junctions A and B, respectively (𝑇1 > 𝑇2), the open circuit electromotive 

force between C and D can be expressed as in Equation (2.1), which is the differential Seebeck coefficient (𝛼𝑎𝑏) 

between materials 𝑎 and 𝑏. Thus, the Seebeck coefficient (𝛼) is the voltage (𝑉) that the material can generate per 

unit temperature difference (∆𝑇) [2]. The units of the Seebeck coefficient is V/K, more commonly given as μV/K.    

Figure 2.1: Basic thermocouple made of materials 𝑎 and 𝑏.  
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𝑉 = 𝛼 (𝑇1 − 𝑇2)   ⇒   𝛼 =
𝑉

∆𝑇
         (2.1)  

When a potential difference is applied externally to C and D in Figure 2.1, an electric current (𝐼) is produced. 

The rate of generation of heat (𝑞) occurs at junction A or B, and the rate of cooling (−𝑞) occurs at the other 

junction. In this system, the Peltier coefficient (𝜋) is defined as the ratio between 𝑞 and  𝐼, as shown in Equation 

(2.2). The unit of the Peltier coefficient is W/A or volts [2].   

𝜋 =
𝑞

𝐼
             (2.2) 

The Thomson effect describes the rate of generation of reversible heat (𝑞) within a conductor when it is 

subjected to a temperature gradient (∆𝑇) while passing an electrical current (𝐼) through it. The Thomson 

coefficient (𝛽) can be expressed as in Equation (2.3), and the unit of the Thomson coefficient is V/K [2]. 

 𝑞 = 𝛽 𝐼∆𝑇           (2.3) 

 

The Kelvin relations combine the above three thermoelectric effects as follows in Equations (2.4) and (2.5) for 

two dissimilar connected materials “a” and “b” [2].  

𝛼𝑎𝑏 = 
𝜋𝑎𝑏 

𝑇
            (2.4) 

𝑑𝛼𝑎𝑏

𝑑𝑇
=

 𝛽𝑎−𝛽𝑏

𝑇
           (2.5) 

 

The thermoelectric material efficiency can be stated as in Equation (2.6) using the dimensionless TE “figure-of-

merit (𝑧𝑇)”. The 𝑧𝑇 of a material depends on the Seebeck coefficient, electrical resistivity (𝜌) or electrical 

conductivity (𝜎), thermal conductivity (𝜅), and the absolute temperature. Moreover, 𝛼2𝜎 is defined as the power 

factor.   

𝑧𝑇 =
𝛼2

𝜌𝜅
𝑇 =

𝛼2𝜎

𝜅
𝑇          (2.6) 

 

The behaviour of different TE properties with the carrier concentration is illustrated in Figure 2.2 [2]. Insulators 

have low carrier concentrations and the metals have high carrier concentrations. When the carrier concentration 

in a material increases, the Seebeck coefficient decreases, and the electrical conductivity increases. Thus, the 

power factor of a material will peak at the carrier concentrations of a semiconductor. Moreover, the electronic 

thermal conductivity increases with the carrier concentration, although the lattice thermal conductivity does not 

depend on the carrier concentration.     

As stated earlier, the charge carrier concentration of a material also affects the TE properties of the material. The 

two types of carriers present in a material are electrons and holes. Negative carriers promote n-type conduction, 
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and positive carriers promote p-type conduction. When a material is subjected to a temperature gradient, carriers 

on the hot side tend to move to the cold side. This movement of carriers will generate a Seebeck voltage across 

the material. However, if a material contains equal numbers of n- and p-type carriers, the charge carriers will 

cancel each other out, and the generated Seebeck voltage will be zero. Insulators and semiconductors have high 

Seebeck coefficients, as shown in Figure 2.2. This behaviour is explained in Equation (2.7) [1], where 𝑛 is the 

charge carrier concentration and 𝑚∗ is the effective mass. Thus, when insulators and semiconductors have low 

charge carrier concentrations, they will have high Seebeck coefficients. Furthermore, the high effective mass 

will also increase the Seebeck coefficient based on Equation (2.7). Therefore, low 𝑛 and high 𝑚∗ will help to 

increase the Seebeck coefficient and increase the 𝑧𝑇 value of the material based on Equation (2.6). However, 

based on Equation (2.8), the electrical conductivity will decrease when the number of charge carriers is reduced 

[1]. Moreover, the carrier mobility (𝜇) will decrease when the charge carriers have a high effective mass. 

Therefore, low 𝑛 and high 𝑚∗ will decrease the electrical conductivity and have a negative effect on the 𝑧𝑇 value 

based on Equation (2.6). 

𝛼 =
8𝜋2𝑘𝐵

2

3𝑒ℎ2
𝑚∗𝑇 (

𝜋

3𝑛
)
2
3⁄
           (2.7) 

1
𝜌⁄ = 𝜎 = 𝑛𝑒𝜇           (2.8) 

 

The thermal conductivity of a material is a combination of two different thermal conductivities, the electronic 

thermal conductivity (𝜅𝑒) and the lattice thermal conductivity (𝜅𝑙). The electronic thermal conductivity is the 

electron/hole contribution to the heat transfer, and the lattice thermal conductivity is the phonon contribution to 

the heat transfer. Thus, the thermal conductivity of a material can be stated as in Equation (2.9). The 

Wiedemann-Franz law describes the electronic thermal conductivity of a material and can be expressed as in 

Equation (2.10) [1].  

 𝜅 =  𝜅𝑒 + 𝜅𝑙           (2.9) 

𝜅𝑒 = 𝜎𝐿𝑇 =
𝐿𝑇

𝜌
            (2.10) 

where 𝐿 is the Lorenz factor, which is equal to 2.8 × 10−8  𝐽2 𝐾2𝐶2⁄  for free electrons. 

 

However, the Lorenz factor depends on the carrier concentration. In general practice, the lattice thermal 

conductivity is calculated using the difference between the total thermal conductivity and the electronic thermal 

conductivity of the material. The electronic thermal conductivity is calculated using Equation (2.10), using the 

experimentally determined electrical conductivity. Thus, the exact value of the Lorenz factor is essential. For 

materials with low carrier concentrations, the Lorenz factor could be reduced by up to 20% of its free electron 

value [1,59]. 

The bipolar effect is another concern that affects the thermal conductivity of a material [1,60]. The bipolar effect 

arises because of the two types of charge carriers, i.e., electrons and holes. The contribution of the three types of 
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thermal conductivity to the total thermal conductivity is shown in Figure 2.3 for a Si80Ge20 n-type semiconductor 

[60]. The bipolar effect increases with temperature due to the excitation of electrons from the valence band to the 

conduction band as the temperature increases, creating an equal number of holes. These electrons and holes will 

then move to the cold side and transport heat from the hot side to the cold side. However, the net electrical 

current is zero in this movement due to the equal numbers of opposite charges. Moreover, the presence of both 

electrons and holes will have a negative effect on the Seebeck coefficient. Thus, removing the bipolar effect 

helps improve 𝑧𝑇 in two different ways.          

 

 

       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.2: Variations of TE properties, Seebeck coefficient (𝛼), electrical conductivity (𝜎), power 

factor (𝛼2𝜎), and thermal conductivity (𝜆), with the carrier concentration [2].  
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2.2 State-of-the-art thermoelectric materials and properties 

According to Equation (2.6), good TE materials should have a high electrical conductivity, high Seebeck 

coefficient, and low thermal conductivity. As shown in Figure 2.2, metals have a high electrical conductivity, but 

they have low Seebeck coefficients and high thermal conductivities, whilst insulators have high Seebeck 

coefficients and low thermal conductivities, but they have low electrical conductivities. Thus, neither metals nor 

insulators are suitable for use as TE materials. Due to their peak power factors and considerably low thermal 

conductivities, heavily doped semiconductors are the most suitable candidates as TE materials. Some state-of-

the-art commercial TE materials are shown in Figure 2.4 [1]. 

 

 

 

 

 

 

 

 

 

Figure 2.3: Contribution of lattice, electronic, and bipolar thermal conductivities 

to the total thermal conductivity for a Si80Ge20 n-type semiconductor [60]. 

Figure 2.4: Some of the state-of-the-are commercial TE materials with their TE Figure-of-Merit (𝑧𝑇): (a) n-type TE materials, (b) p-type 

TE materials, and (c) effects of the dopant concentrations on PbTe in terms of 𝑧𝑇 and the temperature at which the highest 𝑧𝑇 occurs [1]. 
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Some of the most famous and widely used TE materials are alloys of Bi2Te3 and Sb2Te3, for applications below 

250/°C [6,10,13,15,17,27,29–31,45,61–64]. Different material development techniques were applied to produce 

these materials, and the majority of these techniques produced materials with 𝑧𝑇 values of approximately 1.0 

[1,2,59,65–70]. Poudel et al. produced bulk nanostructured bismuth antimony telluride with a 𝑧𝑇 of 1.4 using the 

ball-milling technique [71]. Venkatasubramanian et al. produced p-type Bi2Te3/Sb2Te3 superlattice structures 

with a 𝑧𝑇 of 2.4 [72]. Another promising TE material is lead telluride (PbTe), which can produce a 𝑧𝑇 of 

approximately 1.0 at operating temperatures from 300/–/600/°C [1,2,70,73–76].  

Clathrates are another class of TE materials that have low thermal conductivities with an open framework 

structure. Clathrates succeed in producing 𝑧𝑇 values of approximately 0.7, and the operating temperatures are in 

the range of 100/–/600/°C [1,2,59,75,77]. Skutterudites are another interesting class of materials for 

thermoelectrics. Some skutterudites could produce a 𝑧𝑇 of 1.0 at 600/°C, and these could operate at 300-800/°C 

[1,2,59,75,77–82]. Half-Heusler (HH) compounds are another interesting class of candidates for use as 

thermoelectric materials [1,75,77,83]. These intermetallic alloys are good candidates for high-temperature 

applications due to their high stability at elevated temperatures, with melting points of 1100 – 1300/°C and zero 

sublimation at 1000/°C. The HH alloy Hf0.75Zr0.25NiSn0.975Sb0.025 could produce a 𝑧𝑇 of 0.8 at 750/°C [75].   

β-Zn4Sb3 is another thermoelectric material that has a low thermal conductivity [75,84]. Some researchers 

reported a 𝑧𝑇 value for β-Zn4Sb3 of 1.3 at 400/°C. The melting point of β-Zn4Sb3 is approximately 560/°C. 

However, one of the main drawbacks of β-Zn4Sb3 is that it decomposes to ZnSb and Zn at temperatures lower 

than its melting temperature. Undoped Mg2Si is an n-type TE material that has low 𝑧𝑇 values below 400/°C 

[56,85–87]. The doping of Mg2Si could increase the TE properties of the materials and would be able to increase 

the 𝑧𝑇 up to 0.5 [88]. Some other types of silicides available as TE materials are boron silicide [74], manganese 

silicide [89,90], chromium silicide, and cobalt silicide [90]. Silicon germanium (SiGe) is a material that can be 

used as either a p- or n-type thermoelectric material [1,2,74,82,91–93]. Reported 𝑧𝑇 values of n-type SiGe are 

approximately 0.9, and for the p-type, it is approximately 0.5 at operating temperatures of 600 – 1000/°C [1]. 

Further improvements to the material have also been reported that can increase the 𝑧𝑇 up to 1.3 for n-type and 

0.95 for p-type materials [91]. Another interesting TE material is tin selenide (SnSe). Recent reports show that 

some crystal axes of SnSe could produce high 𝑧𝑇 values of up to 2.6 at 650/°C [94,95]. Organic thermoelectrics 

are another class of interesting TE materials that can produce flexible TE devices [96–102], suggesting 

applications as wearable thermoelectrics. Organic TEs have relatively low 𝑧𝑇 values, but some reports show a 

value of 0.4 for this class of materials [98].    

As shown in Figure 2.5, Oxide-TE materials are another class of TE material and are popular for high-

temperature waste heat recovery applications [50,75,81,103–110]. NaCo2O4 and Ca3Co4O9 are promising p-type 

oxide TE materials that can produce 𝑧𝑇 values of approximately 1.0 [75,108]. These materials produce high 

thermopower at elevated temperatures, which helps to generate high 𝑧𝑇 values [75,103,108–110]. SrTiO3, ZnO, 

and CaMnO3 are n-type oxide TE materials [50,75,104,106,107] that have lower 𝑧𝑇 values than p-type oxide 

materials of approximately 0.3 [75]. In a TEG, oxide TE materials could cause problems in the oxide/metal 

electrode contact zones due to high contact resistances. Additionally, a high thermal expansion coefficient 

mismatch between the metal and oxide could cause cracking in the contact zones of the TEG during operation. 

Semiconductors and intermetallic alloy TE materials are composed of toxic or heavy elements, and at high 

temperatures, they undergo melting, sublimation or oxidation [75]. However, oxides are highly stable at elevated 
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temperatures. Moreover, they are prepared from low-cost, non-toxic raw materials, and the synthesis processes 

are relatively simple [81,109]. The OTE-Power project is concerned with high-temperature waste heat recovery 

applications. Thus, oxide TE materials are used as the core TE materials in the design of high-temperature TEGs 

in this project. As shown in the Figure 2.5, oxide TE materials have a poor performance at low temperatures. 

When oxide TE materials are used in large temperature gradients, the total efficiency of the TEG system 

decreases due to the poor performances of the oxides at low temperatures. Thus the OTE-Power project also 

focused on the segmented TE materials to tackle the poor performance at low temperatures [48]. In the OTE-

Power project, segmentation is done by combining oxides with intermetallic alloy TE materials [48].          

     

 

 

 

 

 

 

 

 

 

 

 

 

 

2.3 Thermoelectric Devices 

The power output of a TE material is essentially determined by the TE device. Thus, it is important to have a 

complete understanding of TE device technology [83,90,111–116]. As discussed in Section 2.1, Seebeck and 

Peltier discovered two basic phenomena of thermoelectrics, and thermoelectric devices are based on both 

phenomena. TE devices are mainly classified into one of two basic categories, TEGs which generates electricity 

when it subjected to a temperature difference, and thermoelectric coolers (Peltier coolers) which generates a 

temperature difference when supply an electric current. Both have the same basic schematic with unicouple 

architecture, as shown in Figure 2.6. It consists of p- and n-type semiconductor TE materials that are connected 

by an electrically and thermally conducting material. The connections are developed in such a way that they are 

Figure 2.5: Variation of the  zT of some of the oxides with temperature, (a) NaxCoO2 (crystal), (b) NaxCoO2 (ceramic), (c) 

Ca3Co4O9 (crystal), and (d) Bi2Sr2Co2Oy (crystal) compared to the conventional TE materials, (e) PbTe and (f) Si1_xGex [75] 
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electrically in series and thermally in parallel. A more detailed discussion of this setup is provided in a later part 

of this section.      

 

 

 

 

 

 

 

 

 

 

 

 

 

The applications of  TEGs range from a wristwatch powered by a TEG using body heat [3] to a spacecraft 

powered by a radioisotope TEG [46]. TEGs are used in a vast range of temperatures, from room temperature to 

more than 1000/°C. Regardless of the temperature range or the complexity of the system in which it is applied, 

the basic physics behind TEGs are the same. A basic schematic of a TEG is shown in Figure 2.7, with unicouple 

TEG architecture. As shown in Figure 2.7, the p- and n-semiconductor legs of the unicouple TEG are connected 

to the heat source and a heat sink in such a way to keep the thermal circuit in parallel and the electrical circuit in 

series with the load resistor. Here, it will generate a temperature difference across the semiconductors, when the 

heat source injects heat into the semiconductor and the heat sink removes heat. This temperature difference will 

result high energy charge carriers on the hot side (side of the heat source) of the semiconductors and low energy 

charge carriers on the cold side (side of the heat sink). Thus, high energy charge carriers will move from the hot 

side to the cold and this movement generates an electric current through the semiconductors. The majority 

charge carriers of p- and n-type semiconductors are holes and electrons, respectively. Therefore, as shown in 

Figure 2.7, this movement of charge carriers will generate an electric current in the opposite directions of the p- 

and n-legs, which will help maintain the series connection of the electrical circuit of the TEG [111]. 

 

 

Figure 2.6: (a) Basic thermoelectric unicouple, (b) Thermoelectric module, 

where p is the p-leg, and n is the n-leg 
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TEGs can be developed as bulk TEGs and thin-film TEGs and the main difference between these two types is 

the thickness of the thermoelements. Bulk TEGs are based on bulk TE materials with higher TE material 

thicknesses comparing to the thin-film TEGs. Generally, the thickness of the TE martials in the bulk TEGs are in 

the millimetre to centimetre range and these have been the most common type of TEGs for decades. Thicknesses 

of the TE materials in the thin-film TEGs are in the nanometre to micrometre range [117–121]. Theoretical 

predictions show that the thin-film version of a TE material could possess higher 𝑧𝑇 values compared to the bulk 

version of it [122] and this is one of the advantages in thin-film TE materials. However, there are a number of 

challenges to address when working with thin-film TEGs. Preparing and characterising of thin-film TE materials 

need special material development and characterization techniques compared to bulk TE materials. Chemical 

vapour deposition [123,124], physical vapour position [125], and electro chemical deposition [67,126] are some 

of the thin-film TE material development techniques. Maintaining a large temperature gradient between hot and 

cold side of a thin-film TEG is another important challenge [121]. One of the main challenges associated with 

both bulk and thin-film TEGs is the contact resistance as it negatively affects the power output of a TEG [127–

129]. Thus it is important to address these challenges to increase the efficiency of TEGs. TE modelling has the 

ability to generate these challenges in a virtual manner in a TEG system. Thus TE modelling can be a useful tool 

to understand and address these challenges associated with both bulk and thin-film TE devices.   

Another recent concept in the field of TEGs is the Unileg-TEG (U-TEG) concept. As the name suggests it only 

uses one p- or n-leg TE material [56–58,130]. This concept replaces the weaker thermoelement from p- and n-

Figure 2.7: Basic schematic of thermoelectric generator, where p is the p-leg, n is the n-

leg, and I is the electrical current 
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legs of the TEG with a cheaper and more readily available metal. U-TEG could reduce the cost-per-Watt of the 

TEG and increase the volumetric power density of the TEG under the same operating conditions. The U-TEG 

has a lower number of metal/semiconductor contacts in the system compared to the TEG, and thus it could 

exhibit a low contact resistance compared to the TEG. One of the challenges associated with the U-TEG concept 

is the thermal shortening effects generating by the metal that have replaced the weaker TE material of the TEG. 

TE modelling could simulate these challenges virtually in a TEG system and thus TE modelling can be used as a 

tool to address these challenges.                

2.4 Modelling Thermoelectric Generators 

2.4.1 Importance of Thermoelectric Generator Modelling 

TE materials have achieved significant developments with the advance of nanotechnology. Moreover, TE 

exhibits unique advantages as an energy converter, and, these environmentally benign devices have a huge 

potential as a green energy source. Though TEs have a number of advantages, they still have low conversion 

efficiencies compared to other available energy technologies. Vining has placed the TE in relation of other 

available energy technologies [131] as shown in Figure 2.8. Obviously, it is impossible to match the efficiency 

of a Rankine cycle using a TE, and therefore, it is unlikely that TE will be competitive in the field of large-scale 

electricity production. What is more likely is that niches, where a combination of the positive properties of TEs 

outweighs its negative features, will be identified, and TEGs will be designed to meet these demands. However, 

a key aspect in these uses is the minimization of the loss of material efficiency through the design of the actual 

module, and in the larger perspective, through the power management system. 

A TEG module is a device that consists of a combined thermal circuit and an electrical circuit, and in its simplest 

form, consists of a single unicouple. Three types of materials are generally used to build the device: 

semiconductors, conductors and ceramics. Figure 2.9 shows a model of a unicouple TEG design under load 

conditions, giving (a) the total displacement due to thermal expansion and (b) the von Mises stress. Matching 

those thermal and electrical circuits using these three types of materials involves a number of physical and 

engineering phenomena, such as TE fundamentals, Joule heating, thermal conductivity matching, thermal and 

electrical contact resistances, thermal expansion differences, thermomechanical stress, mechanical bonding, non-

uniformity effects, and possibly radiation effects. This confirms that developing an efficient and durable TEG is 

a complex process, so that modelling may be an appropriate tool, facilitating both the design and the 

development of a deeper understanding of the complex interactions between the transfer processes involved.  
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Figure 2.8: Estimates of TE efficiency in the context of other available energy sources [131].  

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.9: Unicouple TEG consists of semiconductors, conductors and ceramics (a) total displacement, (b) von Mises stress. Top and 

bottom surfaces of the TEG kept as fixed surfaces. Top surface at 1100 K and the bottom surface at 400 K.  
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The approach used to develop a TEG can be illustrated as in Figure 2.10. Starting with a case defining the 

physical boundary of the TEG (typically the temperatures), a model of the TEG is developed to provide the 

architecture and expected performance. Then the process could be connected to a virtual prototyping loop before 

it continues with a prototype. This could ultimately reduce the need for experiments for each prototype.  

However, in order for this to be trustworthy, the model and submodels need to be stringently formulated as well 

as very well validated. Additionally, they need to address the “departure from ideal conditions” that real devices 

experience. In here, the focus should be on 3-D modelling techniques as well as the 1-D modelling techniques, 

due the ability of the 3-D models to include these non-ideal effects. Thus 3-D models could closely predict the 

performances of a TEG closely to the real conditions. In this type of modelling, not only the predicted 

performance is important, but the understanding of the transfer processes and non-ideal effects in the context of 

the particular design are also important, guiding the design towards an optimal solution. Initial differences in the 

V-I curves of the real device and the ideal device are shown in Figure 2.11(a) [132]. The presence of these non-

ideal effects is clearly illustrated in Figure 2.11(b). A major proportion of this PhD work considers the virtual 

prototyping loop in Figure 2.10, and numerical and finite element modelling techniques are used for this and it 

helps to include real effects from real applications as well as investigate departures from non-ideal conditions.  

 

 

 

 

  

 

 

 

 

 

 

 

 

 

  

 
Figure 2.10: Development of a TEG  
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2.4.2 Thermoelectric Generator Modelling Considerations 

Pioneering work on the thermodynamics of thermoelectric phenomena was conducted by Onsager [133]. He 

considered the reciprocal relationships of irreversible processes and showed the equalities of some ratios 

between flows and forces in thermodynamic systems that are not in equilibrium but in which a local equilibrium 

exists. Some literature provide further explanations and discuss the applicability of Onsager’s work, for example 

[134,135].    

After Onsager, further optimizations and numerical models were introduced based on the fundamental theorems 

of thermoelectricity. The optimal cross-sectional areas of the p- and n-legs, and the length to cross-sectional area 

ratios were introduced by Ioffe [53]. Other work also considered the impact of the shape of the thermoelements 

on the final power output [136–138]. A method to define the most efficient area ratio for the p- and n-leg 

thermoelements and length of the thermoelectric device was introduced by Snyder et al. [51,52]. This is an 

advanced method that could be used for TE materials with either temperature-dependent or temperature-

independent TE properties. Though segmented and cascade TEG designs already exist [139,140], the concept of 

the compatibility factor has enabled the more efficient segmented and cascade TEG designs [141].  

A TEG consists of a number of metal-semiconductor contacts, and these will work as a hindrance to the flows of 

heat and electricity. Thus, the electrical and thermal contact resistance and interfacial heat transfer of a TEG are 

important concerns in the TEG design process, [55,82,142–144]. In a TEG, the surfaces of the thermoelements 

are open to the environment, and thus, heat could transfer from the thermoelements to the environment by 

convection and also by radiation, especially in high-temperature applications. Therefore, it is important to 

consider the effects of the surface heat losses of a TEG [145,146]. The Thomson effect is a fundamental TE 

effect that is neglected in most TEG modelling developments. However, some works have considered the effects 

of the Thomson terms on the final TEG outcome [147–149]. Joule heating or resistive heating is a basic physical 

Figure 2.11: (a) Initial V-I curves from the ideal device and the real device [132], (b) presence of non-

ideal effects in between ideal and real devices  
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concept describing the heat generation when passing a current through a conductor. Thus, it is an important TEG 

design consideration [150–156]. Segmented and cascade TEG designs are important designs that could be used 

to increase the efficiency and the temperature difference between hot and cold sides of a TEG, compared to the 

unicouple TEG design [48,51]. However, this will increase the number of contact layers in a TEG device and the 

contact resistance could negatively affect the outputs of these designs. Therefore, the electrical and thermal 

contact resistance and interfacial heat transfer are important issues in segmented and cascade devices [48]. This 

is a major concerns of the OTE-Power project too [48]. Some of the other interesting design parameters are the 

transient behaviour of the TE system [157,158] and the density variation or spatial distribution [159].   

2.4.3 Thermodynamics of Thermoelectric Phenomena 

Simple thermodynamic expressions of TE phenomena are available in many books. The following 

thermodynamic explanation used is for one TE unicouple. Figure 2.12 shows a TE unicouple consisting of p- 

and n-type thermoelements, a metal bridge to connect thermoelements, electrical insulators, and an external load 

[53,160].  

In Figure 2.12, 𝐻𝑡𝑜𝑡𝑎𝑙,ℎ is the heat input to the TEG, 𝐻𝑡𝑜𝑡𝑎𝑙,𝑐 is the heat output from the TEG, and 𝑇ℎ and 𝑇𝑐 are 

the hot and cold side temperatures of the TEG, respectively. The load resistance, 𝑅𝐿, is connected to the cold 

side of the TEG, and the current passing through the circuit is 𝐼. The potential difference between the p- and n-

leg thermoelements on the cold side of the TEG is  𝑉.  

In the following discussion, 𝑅 is the electrical resistance, 𝐾 is the thermal conductance, 𝐴 is the cross-sectional 

area of thermoelement, 𝑙 is the thermoelement length, 𝜌 is the electrical resistivity, 𝜅 is the thermal conductivity, 

and 𝛼 is the Seebeck coefficient. Moreover, the subscripts “𝑝”, “𝑛”, “ℎ”, and “𝑐” represent the p-leg, n-leg, hot 

side, and cold side of the TEG, respectively. The TE properties of the materials are considered to be temperature 

independent in this discussion.     

 

 

 

 

 

 

 

 

 

 

Figure 2.12: TEG  
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The electrical resistance of the thermoelements connected in series is 

𝑅 = 𝑅𝑝 + 𝑅𝑛 = 𝜌𝑝
𝑙𝑝

𝐴𝑝
+ 𝜌𝑛

𝑙𝑛

𝐴𝑛
         (2.11) 

Because both the p- and n-thermoelements have the same length, 

 𝑅 =  𝑅𝑝 + 𝑅𝑛 = 𝜌𝑝
𝑙𝑝

𝐴𝑝
+ 𝜌𝑛

𝑙𝑛

𝐴𝑛
= (

𝜌𝑝

𝐴𝑝
+

𝜌𝑛

𝐴𝑛
)  𝑙       (2.12) 

The TEG is thermally parallel, and thus, the total thermal conductance of the TEG is 

𝐾 = 𝐾𝑝 + 𝐾𝑛 = 𝜅𝑝
𝐴𝑝

𝑙𝑝
+ 𝜅𝑛

𝐴𝑛

𝑙𝑛
= (𝜅𝑝 𝐴𝑝 + 𝜅𝑛 𝐴𝑛) 

1

𝑙
       (2.13) 

The Seebeck coefficient of the TEG (�̅�) can be defined as follows: 

�̅� =  𝛼𝑝 − 𝛼𝑛            (2.14) 

Four components are involved in the energy conservation at each of the hot and cold sides of the TEG and can 

be expressed as follows. A graphical explanation is shown in Figure 2.13.  

The four main components involved at the hot side of the TEG for energy conservation are the heat input 

(𝐻𝑡𝑜𝑡𝑎𝑙,ℎ) from the heat source, the energy removal by the Peltier effect (𝑃𝑃𝐸), the conduction hear transfer 

(𝐻𝑐𝑜𝑛𝑑.) away from the hot side, and the Joule heating (𝐻𝐽𝑜𝑢𝑙𝑒) input from the thermoelement [53,160]. 

The four main components involved at the cold side of the TEG for the energy conservation are the heat output 

(𝐻𝑡𝑜𝑡𝑎𝑙,𝑐) from the TEG, the energy input by the Peltier effect (𝑃𝑃𝐸), the conduction hear transfer (𝐻𝑐𝑜𝑛𝑑.) to the 

cold side, and the Joule heating (𝐻𝐽𝑜𝑢𝑙𝑒) input by the thermoelement [53,160].      

The energy associated with the Peltier effect at the hot and cold sides of the TEG can be defined as 

𝑃𝑃𝐸_ℎ = �̅� ∙ 𝑇ℎ ∙ 𝐼           (2.15(a)) 

𝑃𝑃𝐸_𝑐 = �̅� ∙ 𝑇𝑐 ∙ 𝐼           (2.15(b)) 

The heat transferred by conduction at both thermoelements is 

𝐻𝑐𝑜𝑛𝑑. = 𝐾 ∙ ∆𝑇           (2.16) 

The Joule heat generated inside the thermoelements is 

𝐻𝐽𝑜𝑢𝑙𝑒 = 𝐼2𝑅            (2.17) 
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Nearly linear temperature profiles were obtained in both materials. One of the central assumption of the TE 

theorem is that an equal amount of Joule heating is generated on both the hot and cold sides, and half of the 

Joule heat generated by the materials is at the hot side and the other half is at the cold side of the thermoelements 

[160]. Thus, the heat input at the hot side (𝑄ℎ) and the heat output at the cold side (𝑄𝑐) can be defined as 

follows.  

 𝐻𝑡𝑜𝑡𝑎𝑙,ℎ = �̅� ∙ 𝑇ℎ ∙ 𝐼 + 𝐾 ∙ ∆𝑇 − 
1

2
𝐼2𝑅         (2.18) 

 𝐻𝑡𝑜𝑡𝑎𝑙,𝑐 = �̅� ∙ 𝑇𝑐 ∙ 𝐼 + 𝐾 ∙ ∆𝑇 + 
1

2
𝐼2𝑅         (2.19) 

The electrical current (𝐼) through the system is 

𝐼 =  
�̅� ∙ ∆𝑇

𝑅 + 𝑅𝐿
=

�̅� ∙ ∆𝑇

𝑅 (1+𝜆) 
 ;  𝜆 =

𝑅𝐿

𝑅
          (2.20) 

When the power output by the TEG is 𝑃 = 𝐼2𝑅𝐿, the efficiency (𝜂) of the TEG can be define as the ratio of the 

total power output by the TEG to the amount of energy consumed from the heat source:  

𝜂 =  
𝑃

𝐻𝑡𝑜𝑡𝑎𝑙,ℎ
 =  

𝐼2𝑅𝐿

�̅�∙𝑇ℎ∙𝐼+𝐾∙∆𝑇− 
1

2
𝐼2𝑅

         (2.21) 

Figure 2.13: Energy balance of a TEG [160].  
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𝜂 =  
∆𝑇

𝑇ℎ
 ∙  

𝜆

𝜆+1

1+ 
𝐾∙𝑅

�̅� 2
 ∙ 
𝜆+1

𝑇ℎ
− 

1

2
 
(𝑇ℎ−𝑇𝑐)

𝑇ℎ (𝜆+1)

          (2.22) 

Thus, the efficiency of a TEG depends on three main factors [53]:  

 Hot and cold side temperatures  

 
𝐾∙𝑅

�̅� 2  , which represents the TE properties of the materials and can be defined as  
1

𝑍
  

 The ratio 𝜆 =
𝑅𝐿

𝑅
  

This 𝑍 is defined as the figure-of-merit of the TEG materials: 

𝑍 =  
�̅� 2

𝐾∙𝑅
            (2.23) 

It is important to find the optimal 𝐴𝑝 and 𝐴𝑛 to find the maximum efficiency for the given 𝛼, 𝜌, 𝜅, and 𝜆 [53]. 

Thus, it is necessary to find the minimum 𝐾 ∙ 𝑅 value (𝐾 ∙ 𝑅𝑚𝑖𝑛). Therefore, by Equations (2.2) and (2.3), 

 𝐾 ∙ 𝑅 =  (𝜅𝑝 𝐴𝑝 + 𝜅𝑛 𝐴𝑛) ∙ (
𝜌𝑝

𝐴𝑝
+

𝜌𝑛

𝐴𝑛
) =  𝜅𝑝 𝜌𝑝 + 𝜅𝑛 𝜌𝑛 + 𝜅𝑝 𝜌𝑛

𝐴𝑝

𝐴𝑛
+ 𝜅𝑛 𝜌𝑝

𝐴𝑛

𝐴𝑝
  

By differentiating w.r.t.  𝑑 (
 𝐴𝑝

𝐴𝑛
) and equating the derivative to zero, 

𝜌𝑝 𝜅𝑛

𝜅𝑝 𝜌𝑛
= (

 𝐴𝑝

𝐴𝑛
)
2
            (2.24) 

At this 
 𝐴𝑝

𝐴𝑛
 value, 𝐾 ∙ 𝑅𝑚𝑖𝑛 is 

𝐾 ∙ 𝑅𝑚𝑖𝑛 = (√𝜅𝑝 𝜌𝑝 +√𝜅𝑛 𝜌𝑛)
2
         (2.25) 

Thus, the maximum figure of merit (𝑍𝑚𝑎𝑥) is given at this 
 𝐴𝑝

𝐴𝑛
 value 

𝑍𝑚𝑎𝑥 = 
�̅� 2

(√𝜅𝑝 𝜌𝑝+√𝜅𝑛 𝜌𝑛)
2          (2.26) 

Now, the 𝜆 =
𝑅𝐿

𝑅
 ratio that provides the maximum efficiency can be obtained as follows. We can set 

𝜕𝜂

𝜕𝜆
= 0 to 

obtain the condition for maximum efficiency.  

(
𝑅𝐿

𝑅
)
max  𝜂

= Λ = √1 +
1

2
𝑍𝑚𝑎𝑥(𝑇ℎ + 𝑇𝑐)        (2.27) 

This provides the efficiency equation as 
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 𝜂 =  
𝑇ℎ−𝑇𝑐

𝑇ℎ
∙
Λ−1

Λ+
𝑇𝑐
𝑇ℎ

           (2.28) 

The Carnot efficiency of a reversible engine is given by the first factor of this equation (2.28), and the second 

factor explains the reduction of the efficiency due to the irreversible losses. Therefore, the efficiency reduction 

will decrease for higher values of Z and ( 𝑇ℎ + 𝑇𝑐). Thus, increasing the hot side temperature ( 𝑇ℎ) will increase 

the efficiency by increasing the Carnot efficiency and 𝐵 [53].   

Now, the open circuit voltage (𝑉𝑂𝐶) and short circuit current (𝐼𝑆𝐶) of the TEG can be defined as follows [160]: 

𝑉𝑂𝐶 = �̅�  ∙  ∆𝑇            (2.29) 

𝐼𝑆𝐶 =
�̅� ∙ ∆𝑇 

𝑅
            (2.30) 

At the matched load conditions (𝑅𝐿 = 𝑅), the maximum power output (𝑃𝑀𝑎𝑥) by the TEG occurs at the point of 

half of the open circuit voltage and half of the short circuit current [160].  

  𝑃𝑀𝑎𝑥 =
(�̅� ∙ ∆𝑇)2 

4∙𝑅
           (2.31) 

 

This is a straightforward method to calculate the TEG architecture and power output. However, this does not 

apply for temperature-dependent TE materials.     

 

2.4.4 Modelling Concepts 

As described in above, a number of phenomena in physics and engineering should be considered when 

developing a model for a TEG, such as TE fundamentals, Joule heating, thermal conductivity matching, thermal 

and electrical contact resistances, thermo-mechanical stress, mechanical bonding, non-uniformity effects, and 

radiation effects. Two of the important branches of TEG modelling are: one dimensional modelling and 

multidimensional modelling. Several one dimensional (1-D) models have been developed to determine the 

different aspects of a TEG, such as the efficiency of a TEG [161], the different geometries of the leg [162], the 

effects of the contact resistance [163], the effects of inhomogeneity and segmentation [164–168]. 

A simple 1-D technique to determine the power output and conversion efficiency of a TEG was proposed by Min 

et al. [54,55,169,170]. This method can be further used to define the TEG architecture. Figure 2.6(b) shows the 

TE module considered by the method. Other than the thermoelements, the method defined a contact layer that is 

a combination of conducting strips and ceramic plates. Thus, it importantly accounted for the influence of the 

contact layers on the final outcome. Furthermore, the method only considered the temperature independent TE 

material properties and the same cross-sectional area for both p- and n-thermoelements. Initially, the potential 

difference across the TEG and the current that passes through the TEG when the TEG is operating at the 

matched load conditions are defined. These results are used to calculate the power output and, subsequently, the 

efficiency of the TEG. Plotting the power output and efficiency with the thermoelement length will provide the 



32 
 

appropriate length for the thermoelements. This work clearly indicates that, when the thermoelement length of a 

TEG is increased, the power output decreases and the efficiency increases.   

Min et al. further introduced a method to calculate the cost per-kilowatt-hour of a TEG [54]. If the heat source is 

expensive, the TEG should be designed to obtain large conversion efficiency. However, if the heat source is 

inexpensive (essentially free), the TEG should be designed to obtain a higher power output. Nevertheless, some 

of the major drawbacks of this method are that it cannot be used for temperature dependent TE material 

properties and that it does not provide the optimal area ratio for the p- and n-legs. 

The drawbacks of the method proposed by Min et al. can be overcome by the Reduced Current Approach (RCA) 

proposed by Snyder et al. [51,52] and this method is used as the main TEG design technique in this project. One 

of the fundamental design parameters of RCA is the reduced current density. The main focus of the RCA is to 

define the most efficient TEG architecture. It can be used for either temperature dependent or temperature 

independent TE properties. Initially, RCA defines the “reduced current density” using the current density, 

thermal conductivity, and temperature gradient. Then, a detailed analysis of the thermal and electrical circuits of 

the TEG is conducted. The RCA further used the concept of a “compatibility factor”, which is essential to 

develop segmented and cascaded TEGs [51,52,171]. The RCA passes the same current through the p- and n-

thermoelements of the unicouple TE module. However, the current densities of the p-and n-thermoelements are 

altered to reach the optimal values by changing the area of the thermoelements. RCA succeeded in determined 

the most efficient area ratio of the p- to the n-leg of the TEG. Furthermore, it can be used to define the most 

efficient length, potential difference, current, and power output of the TEG.  

However, 1-D modelling is not fully able to overcome the multidimensional effects of a TEG, such as the effects 

of the boundary conditions, non-ideal effects, integration of the TEG thermal system with other systems, and 

TEGs with different shapes than the conventional design [80,172–177]. Therefore, multidimensional models are 

needed to find the optimal engineering designs that consider the multidimensional effects of a TEG. Thus, the 

COMSOL 4.3a Multiphysics Solver is used in this PhD project as a three-dimensional (3-D) modelling 

technique. From here onwards the COMSOL Multiphysics is referred to COMSOL in this thesis. The following 

subsections, in this section first briefly introduce the RCA and then give a description of the COMSOL model 

developed. Then this is extended to a description of modelling the non- uniformity effects using COMSOL.    

 

2.4.4.1 Reduced Current Approach as a 1-D Model  

The following is a brief explanation of the RCA [51,52], and it is introduced under following conditions:  

 Fully temperature dependent TE material properties  

 One dimensional calculation (𝛻 = 𝑑/𝑑𝑥)  

 No electrical or thermal contact resistance  

 No heat losses  
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Figure 2.14 illustrate a flow diagram of different steps of RCA.  

 

Nomenclature for Figure 2.14   

   

T temperature  Greek symbols 

zT Figure-of-Merit α Seebeck coefficient  

Max maximum  ρ resistivity 

S compatibility factor σ electrical conductivity 

u reduced current density κ thermal conductivity 

dT temperature difference η efficiency 

A cross-sectional area Φ thermoelectric potential 

H Heat input  ΔΦ thermoelectric potential difference 

    

    

Subscripts   

h hot side   

c cold side   

r reduced value   

m m
th 

value    

m-1 m-1
th 

value   

p p-leg   

n n-leg   

total total value    
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 Figure 2.14: Flow diagram of the steps of the TEG design techniques of the Reduced Current Approach (RCA). Solid lined 

rectangles represent the steps of the method; dashed lined rhombuses represent the inputs to the method; and circular edged 

boxes represent the output results. The red and blue boxes represent the different sub-sections of the calculations. 
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2.4.4.1.1 Finding the reduced current density value that leads to the most efficient TEG architecture 

The main focus of this section is to determine the 𝑢 value of a thermoelement when the thermoelement is 

functioning at its highest efficiency for specific operating conditions. This section is represented by the red box 

in Figure 2.14. A single thermoelement as shown in Figure 2.15 is considered in this section. 

 

 

 

 

 

 

 

 

 

 

When the TE material properties are given, the Figure-of-Merit (𝑧𝑇) of the material can be defined as in 

Equation (2.6). The electric field (𝐸) can be defined using the reversible Seebeck effect and the irreversible 

Ohm’s law. 

𝐸 = 𝛼∇𝑇 − 𝜌𝐽            (2.32)  

The heat flux (𝑄) can be defined using reversible heat transfer by the Peltier effect and irreversible heat transfer 

by Fourier’s law. 

 𝑄 = 𝛼𝑇𝐽 + 𝜅∇𝑇           (2.33) 

The steady state heat equation for the irreversible heat flow is  

∇(𝜅∇𝑇) =  −𝑇
𝑑𝛼

𝑑𝑇
𝐽∇𝑇 − 𝜌𝐽2          (2.34) 

The current density ( 𝐽 ) and reduced current density ( 𝑢 ) can be defined as follows.  

𝐽 =
𝐼

𝐴
             (2.35) 

𝑢 =
𝐽

𝑘 ∇𝑇
            (2.36) 

 

Figure 2.15: Single thermoelement under temperature gradient, where 𝑇ℎ is the hot side temperature, 𝑇𝑐 is the cold side temperature, 𝑉 is the 

potential, 𝐽 is the electric current density, 𝑄 is the heat current density (heat flux), 𝐸 is the electric field, ∇𝑇 is the temperature gradient, and 𝐴 

is the cross-sectional area [51].   
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where 

𝐼 = current 

𝐴 = cross-sectional area of the thermoelement   

𝜅 = thermal conductivity 

𝑇 = absolute temperature 

∇=
𝑑

𝑑𝑥
 (1-D) 

Thus, for the one-dimensional case for the constant cross-sectional area; 

∇ (
1

𝑢
) =  −𝑇

𝑑𝛼

𝑑𝑇
∇𝑇 − 𝜌𝐽          (2.37) 

For the 1-D case,  ∇ (
1

𝑢
) =

−1

𝑢2
𝑑𝑢

𝑑𝑥
 ,    

𝑑𝑢

𝑑𝑥
=

𝑑𝑢

𝑑𝑇
∇𝑇,   𝐽 = 𝑢𝜅∇. Thus; 

𝑑𝑢

𝑑𝑇
= 𝑢2𝑇

𝑑𝛼

𝑑𝑇
+ 𝑢3𝜌𝜅           (2.38) 

A zero Thomson effect approximation together with a zero resistance gives:  

1

𝑢𝑚
=

1

𝑢𝑚−1
√1 − 2𝑢𝑚−1

2 𝜌𝜅̅̅̅̅ Δ𝑇 − �̅�Δ𝛼          (2.39) 

Where Δ𝛼 = 𝛼(𝑇𝑚) − 𝛼(𝑇𝑚−1), 𝜌𝜅̅̅̅̅  is the average value of 𝜌𝜅 between 𝑇𝑚 and 𝑇𝑚−1. 

Because there is a temperature gradient inside a thermoelement, the temperature along the length of the material 

varies. However, the TE material is temperature dependent. Thus, based on Equation (2.36), there will be 

different 𝑢 values along the length of the material.  

If consider an arbitrary segment in a leg, and if the 𝑢 value at the hot side is known (𝑢𝑚), the following 𝑢 value 

(𝑢𝑚−1) can be calculated using Equation (2.40). 

1

𝑢𝑚
=

1

𝑢𝑚−1
√1− 2𝑢𝑚−1

2 (
𝜌𝑚𝑘𝑚+𝜌𝑚−1𝑘𝑚−1

2
) (𝑇𝑚 − 𝑇𝑚−1) − (

𝑇𝑚+𝑇𝑚−1

2
) (𝛼𝑚 − 𝛼𝑚−1)    (2.40) 

The maximum reduced efficiency (𝜂𝑟) of a material can be stated as follows. 

max𝜂𝑟 =
√1+𝑧𝑇−1

√1+𝑧𝑇+1
           (2.41) 

The compatibility factor (𝑠) of a material can be indicated as follows. 

𝑠 =
√1+𝑧𝑇−1

𝛼𝑇
            (2.42) 

The reduced efficiency can be further defined using the 𝑢 value as follows. 

𝜂𝑟 =
𝑢(𝛼−𝑢𝜌𝑘)

𝑢𝛼+
1

𝑇

            (2.43) 
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If we consider a segment of the thermoelement between temperatures 𝑇𝑚 and 𝑇𝑚−1, the length of that segment 

can be defined as 
(𝑢𝑘𝑑𝑇)𝑚

𝐽
. Moreover, the value of (𝑢𝑘𝑑𝑇)𝑚 can be expanded as follows. 

(𝑢𝑘𝑑𝑇)𝑚 =
𝑢𝑚𝑘𝑚+𝑢𝑚−1𝑘𝑚−1

2
(𝑇𝑚−1 − 𝑇𝑚)        (2.44) 

The length of the thermoelement (𝑙) can be obtained by summing up all the (𝑢𝑘𝑑𝑇) values along the 

thermoelement length,  

𝑙(𝑇) =
1

𝐽
∫ 𝑢𝑘𝑑𝑇
𝑇ℎ
𝑇𝑐

           (2.45)  

The TE potential (𝛷) at a point in the thermoelement can be defined as follows.  

𝛷 = 𝛼𝑇 +
1

𝑢
            (2.46) 

Furthermore, the efficiency of the thermoelement (𝜂) can be identified by using the TE potentials at the hot and 

cold sides of the thermoelement as follows. 

𝜂 = 1 −
𝛼𝑐𝑇𝑐+

1

𝑢𝑐

𝛼ℎ𝑇ℎ+
1

𝑢ℎ

           (2.47) 

Therefore, the above Equations (2.32) to (2.47) can be used for the initial calculations of the unicouple TEG 

design by RCA. The first step of RCA is to identify the 𝑢 value of a thermoelement when it operating at its 

highest efficiency under specific operating conditions. Thus, the hot (𝑇ℎ) and cold (𝑇𝑐) sides temperatures are 

defined as the initial operating conditions of the thermoelements. When considering the p-leg, any positive real 

number (ℝ+) value is applied as the initial 𝑢 value at the hot end (when it is the n-leg, any negative real number  

(ℝ-) value is applied), and the corresponding efficiency is calculated. Thus, the 𝑢 value at the highest efficiency 

point for each p- and n-thermoelement can be calculated. As discussed in Paper A in this thesis, for this project, 

Ca3Co4O9 and Al-doped ZnO were used as the TE materials for the p- and n-legs, respectively [49,50]. Figure 

2.16 shows the TE properties of the Ca3Co4O9 and Al-doped ZnO. Using these TE properties, the variation of the 

efficiency of the thermoelements of Ca3Co4O9 and Al-doped ZnO for different 𝑢 values is illustrated, as is shown 

in Figure 2.17. Here, operating conditions of 1073 K and 373 K are used for the hot and cold sides of the 

thermoelements, respectively. Thus, Tables 2.1 and 2.2 summarize the initial calculations of the RCA at the most 

efficient 𝑢 value for the p- and n-leg thermoelements, respectively.   
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Table 2.1: Initial calculation of RCA for the p-type Ca3Co4O9 at the most efficient configurations  

Temperature 

(𝑇) 

Figure-

of-Merit 

(𝑧𝑇) 

Max 

reduced 

efficiency 

(𝑀𝑎𝑥 𝜂𝑟) 

Compatibility 

factor 

(𝑆) 

𝑢 Value Reduced 

efficiency 
𝑢𝑘 𝑑𝑇 𝐽𝑙 [running 

sum of 

𝑢𝑘𝑑𝑇] 

TE 

potential 

(𝛷) 

Efficiency 

(𝜂) 

K  % 1/V 1/V % A/m A/m V % 

1073 0.245 5.465 0.621 0.416 4.914 0.000 0.000 2.590  

973 0.198 4.513 0.568 0.415 4.204 75.242 75.242 2.579 0.444 

873 0.157 3.648 0.525 0.413 3.490 79.049 154.290 2.568 0.858 

773 0.126 2.968 0.486 0.411 2.901 81.158 235.449 2.558 1.241 

673 0.093 2.212 0.428 0.409 2.207 83.312 318.761 2.549 1.588 

573 0.065 1.567 0.355 0.408 1.534 86.694 405.455 2.541 1.881 

473 0.040 0.991 0.276 0.406 0.780 96.193 501.648 2.536 2.093 

373 0.027 0.664 0.243 0.404 0.378 108.528 610.175 2.533 2.223 

 

Figure 2.17: Variation of the efficiency of (a) p-type Ca3Co4O9, (b) n-type Al-doped ZnO with 𝑢 values  

Figure 2.16: Temperature dependent TE properties of the Ca3Co4O9 (p-leg) and Al-doped ZnO (n leg); (a) Thermal 

conductivity, (b) Electrical resistivity, (c) Seebeck coefficient [49,50].   
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Table 2.2: Initial calculation of RCA for the n-type Al-doped ZnO at the most efficient configurations 

Temperature 

(𝑇) 

Figure-

of-Merit 

(𝑧𝑇) 

Max 

reduced 

efficiency 

(𝑀𝑎𝑥 𝜂𝑟) 

Compatibility 

factor 

(𝑆) 

𝑢 Value Reduced 

efficiency 
𝑢𝑘 𝑑𝑇 𝐽𝑙 [running 

sum of 

𝑢𝑘𝑑𝑇] 

TE 

potential 

(𝛷) 

Efficiency 

(𝜂) 

K  % 1/V 1/V % A/m A/m V % 

1070 0.107 2.547 -0.497 -0.292 2.126 0.000 0.000 -3.530  

971 0.080 1.920 -0.442 -0.291 1.701 -229.319 -229.319 -3.523 0.185 

872 0.059 1.432 -0.388 -0.290 1.344 -264.672 -493.991 -3.518 0.348 

774 0.042 1.017 -0.333 -0.290 1.001 -305.299 -799.290 -3.513 0.486 

675 0.028 0.702 -0.282 -0.289 0.701 -364.359 -1163.649 -3.509 0.601 

575 0.019 0.471 -0.236 -0.289 0.448 -444.263 -1607.912 -3.505 0.691 

474 0.012 0.290 -0.189 -0.288 0.212 -555.462 -2163.373 -3.503 0.753 

374 0.006 0.150 -0.139 -0.287 -0.022 -710.354 -2873.727 -3.503 0.772 

 

2.4.4.1.2 Combining the most efficient configurations of p- and n-type thermoelements to produce the most 

efficient TEG setup 

The main focus of this section is to combine the p- and n-leg thermoelements and define the TEG architecture, 

maintaining the most efficient reduced current densities (𝑢 values) through each thermoelement. This section is 

represented by the blue box in Figure 2.14. Tables 2.1 and 2.2 provide the following important outcomes for 

future calculations of the TEG. The most efficient 𝑢 values are 0.416 and -0.292; the ∫ 𝑢𝑘𝑑𝑇
𝑇ℎ
𝑇𝑐

 values are 

610.175 and -2873.727; the TE potentials at the hot side (𝛷ℎ) are 2.590 and -3.530; and the potential 

differences (Δ𝛷 = 𝛷ℎ −𝛷𝑐) are 0.058 and -0.027 for the p- and n-legs, respectively.  

The output voltage (𝑉) of the TEG can be calculated directly by using the above results, which is the difference 

between the potential differences of each thermoelement.  

𝑉 = ∆𝛷𝑝 − ∆𝛷𝑛           (2.48) 

As in Figure 1.8(a), a unicouple TEG architecture has same length (𝑙). Therefore, by Equation (2.45) and 

Equation (2.35); 

𝑙 =
1

𝐽𝑝
∫ 𝑢𝑝𝑘𝑝𝑑𝑇
𝑇ℎ
𝑇𝑐

= 
1

𝐽𝑛
∫ 𝑢𝑛𝑘𝑛𝑑𝑇
𝑇ℎ
𝑇𝑐

         (2.49) 

𝐼 = 𝐽𝑝𝐴𝑝 = −𝐽𝑛𝐴𝑛           (2.50) 

Here, in Equation (2.50), the negative value of the current density at the n-leg is due to the directional changes of 

the electric current when it is at the p-leg and n-leg (Figure 1.11(a)). Thus, the area ratio in between the p- and n-

legs can be calculated by Equations (2.49) and (2.50);  

𝐴𝑝

𝐴𝑛
=

−𝐽𝑛

𝐽𝑝
=

−∫ 𝑢𝑛𝑘𝑛 𝑑𝑇
𝑇ℎ
𝑇𝑐

∫ 𝑢𝑝𝑘𝑝 𝑑𝑇
𝑇ℎ
𝑇𝑐

          (2.51) 

when the total cross-sectional area of the thermoelements (𝐴𝑡𝑜𝑡𝑎𝑙 = 𝐴𝑝 + 𝐴𝑛) is known,  
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𝐴𝑝 =
𝐴𝑡𝑜𝑡𝑎𝑙

1+
𝐴𝑛
𝐴𝑝

            (2.52) 

𝐴𝑛 =
𝐴𝑡𝑜𝑡𝑎𝑙

1+
𝐴𝑝

𝐴𝑛

            (2.53) 

When the total heat input (𝐻𝑡𝑜𝑡𝑎𝑙,ℎ) to the hot side of the TEG is known, the total heat flux through the TEG can 

be expressed as follows. 

𝐻𝑡𝑜𝑡𝑎𝑙,ℎ = 𝑄𝑡𝑜𝑡𝑎𝑙𝐴𝑡𝑜𝑡𝑎𝑙           (2.54) 

Additionally, 𝐻𝑡𝑜𝑡𝑎𝑙 can be defined using the electrical current as follows: 

𝐻𝑡𝑜𝑡𝑎𝑙 = 𝐼(𝛷ℎ_𝑝 −𝛷ℎ_𝑛)          (2.55) 

Thus, the current density at the p-leg (𝐽𝑝) can be calculated using Equations (2.50), (2.52), and (2.55):  

𝐽𝑝 =
𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

𝐴𝑡𝑜𝑡𝑎𝑙
×

1+
𝐴𝑛
𝐴𝑝

𝛷𝑝,ℎ−𝛷𝑛,ℎ
           (2.56) 

Therefore, the length of the thermoelements can be calculated using Equations (2.49), and (2.56). Moreover, the 

electric current through the TEG can be calculated using Equations (2.50), (2.52), and (2.56). Therefore, the 

most efficient architecture is finalized.  

2.4.4.2 Designing the 3-D model using COMSOL  

Finite element modelling is a powerful tool when designing TEG. It can easily combine different physical 

phenomena of the TEG. Some of the previous work that focuses on this can be summarized as follows.  

Ebling et al. has studied TEG performance using multiphysics simulations and compares it with real TEG [178]. 

They further investigated the effects of contact resistance on the final module, depending on different soldering 

materials. They also identified the effects of convection and radiation on the real TEG. Jang et al. discussed the 

micro-TEG consisting of thin film TE materials, using the finite element method [179]. They also studied the 

effects of the geometric factors of the thermoelements to the final TEG output and the effects of the thickness of 

the substrate on the final device output. Yang et al. has studied solar TEG using the finite element method [180]. 

They identified that the contact resistance and heat loss by natural convection highly reduces the effectiveness of 

the solar TEG. Kim et al. has presented a mathematical model to obtain the voltage and power of a TE module 

and extended this model to track the maximum power point of the module [181]. Ziolkowski et al. presented a 3-

D finite element model for TEGs that was developed on ANSYS, and  they have compared their 3-D model with 

1-D model developed in-house [182]. Then they evaluated the efficiency reduction from radiation, convection 

and a contact resistance compared to the ideal conditions. Wang et al. conducted a finite element analysis of a 

TEG [183]. A hydrogen based catalytic combustion is used as the thermal source for this study.  

In this project COMSOL 4.3a has been applied as the finite element modelling tool. COMSOL is an advanced 

computational modelling tool that can simulate many physical phenomena. COMSOL also has the ability to 
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combine many physical phenomena in an efficient and accurate manner. This is a suitable tool to investigate the 

non-uniformity and multidimensional effects of the TEG [184,185]. However, COMSOL 4.3a does not have a 

standard thermoelectric model for simulating TEGs, which can be directly applied for TEGs. Thus, a simulation 

model was developed for TEG modelling in COMSOL 4.3a using the existing standard formulation framework 

for physical models in COMSOL. Using symmetrical and adiabatic boundary conditions to ensure 1-D 

condition, this 3-D COMSOL model was validated against 1-D RCA. After that, this 3-D model was used to 

develop and analyse TEG systems throughout the project. Figure 2.18 shows a flow diagram of the different 

steps of the COMSOL TE model.  
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Figure 2.18: Flow diagram of the steps of the TE module of the COMSOL . The blue boxes represent the process given by the 

COMSOL, the green boxes represent the TE contributions to the TE module, and the red boxes represent the results.  
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2.4.4.2.1 TE energy conversion fundamentals for modelling  

This section briefly discusses the fundamentals of TE phenomena and the integration of those phenomena with 

the standard models that exist in COMSOL. Basically, TE is a combination of heat transfer and electrics. Thus, 

“Heat Transfer in Solids” and “Electric Currents” are used as the main standard COMSOL models. However, the 

above two models are not able to give a full description of the TE phenomena. Thus, the additional contributions 

of the TE effects are combined with those standard models [186]. Following briefly discuss this implementation.  

According to Equation (2.4), the Peltier effect (𝜋) can be indicated as 𝜋 = 𝛼𝑇, where 𝛼 is the Seebeck 

coefficient, and 𝑇 is the absolute temperature. The heat flux (𝑄) can be expressed as a combination of the 

irreversible heat transfer by the Fourier’s law (𝜅∇𝑇) and the reversible heat transfer by the Peltier effect (𝛼𝑇𝐽).  

𝑄 = −𝜅∇𝑇 + 𝛼𝑇𝐽           (2.57) 

where 𝐽 is the flux of the electrical current, 𝜅 is thermal conductivity, and ∇𝑇 is the temperature gradient.  

Furthermore, the flux of the electrical current (𝐽) can be expressed as the sum of the contributions from the pure 

resistive element by Ohm’s law and the contribution from the Seebeck effect.  

𝐽 =  −𝜎∇𝑉 −  𝜎𝛼∇𝑇           (2.58) 

where 𝜎 is the electrical conductivity, and 𝑉 is the electrical potential. 

Furthermore, the electric field (𝐸) and Joule heating (𝐻𝐽𝑜𝑢𝑙𝑒) can be expressed as follows:   

𝐸 =  −∇𝑉            (2.59) 

𝐻𝐽𝑜𝑢𝑙𝑒 = 𝐽 ∙ 𝐸            (2.60) 

Moreover, the heat energy conversion and current conversion can be written as in Equations (2.61) and (2.62), 

respectively: 

𝑑𝐶
𝜕𝑇

𝜕𝑡
+ ∇ ∙ 𝑄 = 𝐻𝐽𝑜𝑢𝑙𝑒          (2.61) 

∇ ∙ 𝐽 =  
𝜕𝑑𝑐

𝜕𝑡
            (2.62) 

where 𝑑 is the density, 𝐶 is heat capacity, 𝑡 is time, and 𝑑𝑐 is space charge density. When it is in the steady state, 

∇𝑄 = 𝐻𝐽𝑜𝑢𝑙𝑒            (2.63) 

∇ ∙ 𝐽 = 0            (2.64) 

Therefore, by Equations (2.57), (2.58), (2.59), (2.60), (2.63), and (2.64), 

∇ ∙ (−𝜅∇𝑇 + 𝜋(−𝜎∇𝑉 −  𝜎𝛼∇𝑇)) = (−𝜎∇𝑉 −  𝜎𝛼∇𝑇) ∙ (−∇𝑉)      (2.65) 

∇ ∙ (−𝜎∇𝑉 −  𝜎𝛼∇𝑇) = 0          (2.66) 
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Considering the left side of Equation (2.65), in COMSOL, “heat transfer in solid” domain consists of heat 

transfer by conduction. Thus, the additional part by the TE effect is added to the model as a “Weak contribution” 

domain. The Equation (2.67) states the “weak equation” that is added to the domain which written in COMSOL 

language is:  

Thus, the TE contribution to the heat flux is ∇ ∙ (𝜋(−𝜎∇𝑉 −  𝜎𝛼∇𝑇)) 

𝛻 ∙  (𝜋 (− 𝜎𝛻𝑉 −  𝜎𝑆𝛻𝑇))  

=  𝜋 ∗ (𝑒𝑐. 𝐽𝑥 ∗ 𝑡𝑒𝑠𝑡(𝑇𝑥) + 𝑒𝑐. 𝐽𝑦 ∗ 𝑡𝑒𝑠𝑡(𝑇𝑦) + 𝑒𝑐. 𝐽𝑧 ∗ 𝑡𝑒𝑠𝑡(𝑇𝑧) − 𝛼 ∗ ((𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑥 ∗ 𝑇𝑥 

+ 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑦 ∗ 𝑇𝑦 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑧 ∗ 𝑇𝑧)  ∗ 𝑡𝑒𝑠𝑡(𝑇𝑥)  + (𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑥 ∗ 𝑇𝑥 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑦

∗ 𝑇𝑦 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑧 ∗ 𝑇𝑧) ∗ 𝑡𝑒𝑠𝑡(𝑇𝑦) + (𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑥 ∗ 𝑇𝑥 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑦 ∗ 𝑇𝑦

+ 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑧 ∗ 𝑇𝑧) ∗ 𝑡𝑒𝑠𝑡(𝑇𝑧))) 

(2.67) 

where 𝑒𝑐. 𝐽𝑥 (𝑒𝑐. 𝐽𝑦, and 𝑒𝑐. 𝐽𝑧) is the current density x (y, and z) component, 𝑇𝑥 (𝑇𝑦, and 𝑇𝑧) is the temperature 

gradient x (y, and z) component, 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑥 (𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑥, 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑦, 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑧, 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑥, 

𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑦, 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑧, 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑥, 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑦, and 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑧) is the electrical conductivity xx (xy, 

xz, yx, yy, yz, zx, zy, and zz) component.  

Now let us consider the right side of Equation (2.65). The TE contribution to the Joule heating is [(− 𝜎𝛼𝛻𝑇) ∙

 (−𝛻𝑉)]. Then, this contribution is added to the model as a “Heat source” domain. The Equation (2.68) states the 

weak equation that has been added to this domain which written in COMSOL language is:  

TE contribution for the Joule heating is (− 𝜎𝛼𝛻𝑇) ∙  (−𝛻𝑉) 

(− 𝜎𝛼𝛻𝑇) ∙  (−𝛻𝑉)  =  −𝛼 ∗ (𝑒𝑐. 𝐽𝑥 ∗ 𝑇𝑥 + 𝑒𝑐. 𝐽𝑦 ∗ 𝑇𝑦 + 𝑒𝑐. 𝐽𝑧 ∗ 𝑇𝑧)     (2.68) 

Furthermore, Equation (2.66) explains the current density equation. When assigning a “Current conservation” 

domain to a thermoelement, the current density by the pure resistive part of the thermoelement is introduced into 

the domain. Therefore, the additional part by the TE effect is added to the model as an “External current density” 

domain. The Equation (2.69) states the “weak equations” that are added to the domain which written in 

COMSOL language is:  

x component ≡ −𝛼 ∗ (𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑥 ∗ 𝑇𝑥 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑦 ∗ 𝑇𝑦 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑥𝑧 ∗ 𝑇𝑧) 

y component ≡ −𝛼 ∗ (𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑥 ∗ 𝑇𝑥 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑦 ∗ 𝑇𝑦 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑦𝑧 ∗ 𝑇𝑧)  (2.69) 

z component ≡ −𝛼 ∗ (𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑥 ∗ 𝑇𝑥 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑦 ∗ 𝑇𝑦 + 𝑒𝑐. 𝑠𝑖𝑔𝑚𝑎𝑧𝑧 ∗ 𝑇𝑧) 

In the computation a number of different linear equations solvers are available in COMSOL. For this project, the 

“conjugate gradient” iterative solver was used. The linear equation preconditioner used in here is a multigrid 

solver with both a geometric and an algebraic multigrid solver [186]. 

Figure 2.19 illustrates the temperature profile of the TEG and the temperature profile of each thermoelement, 

based on the model developed.   
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The closed circuit electrical potential throughout the TEG and external resistor is illustrated in the Figure 

2.20(a), and the electrical current density is shown in Figure 2.20(b). The direction of the current is illustrated by 

the arrows in Figure 2.20(b), and the relative magnitude of the current density at a point is illustrated by the 

relative size of the arrow at that point.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.20: In a unicouple TEG, (a) distribution of electrical potential (units V) and (b) distribution of electrical current 

density (units A/m2) 

Figure 2.19: Temperature profile of unicouple TEG in COMSOL (units K): (a) surface profile and (b) profile inside each leg. 
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Figure 2.21: V-I Curves of 1-D model by RCA and 3-D model by COMSOL 

2.4.4.3 Validating the 3-D COMSOL model using the 1-D reduced current approach  

The validation process of the 3-D model is performed using V-I curves for both 1-D and 3-D models, changing 

the current through the TEG and recording the potential differences of both the 1-D and 3-D models. For the 

same operating conditions, the current through the TEG can be changed by changing the external load resister of 

the TEG. Thus, the V-I curve for the 3-D model can be generated by changing the resistance of the external load 

resister in the COMSOL model, which is shown in the Figure 2.21.  

For the 1-D reduced current approach, changing the current should be carried out in a systematic manner, 

because changing the current can result in changes to the architecture of the TEG. According to the RCA, the 

current through a thermoelement can be changed by changing the 𝑢 value at the hot side. Based on Equations 

(2.35) and (2.36), 

𝑢

𝐼
=

1

𝐴 𝑘 ∇𝑇
          (2.70) 

From the calculations for the RCA, the most efficient 𝑢 values for each leg and the output current of the TEG are 

already known. Considering these as 𝑢1 and 𝐼1; if the TEG architecture and the temperature profile are fixed, 

then the right side of Equation (2.70) will become a constant. Therefore, when considering another situation with 

the same TEG architecture and a different current (𝐼2) compared to the most efficient configuration, the new 𝑢 

value (𝑢2) can be calculated using Equation (2.71). Then, the potential different for the new current can be 

calculated using RCA. Figure 2.21 indicates that the developed 3-D COMSOL model matches the 1-D RCA 

model, and the 3-D model is validated using this approach.   

 
𝑢1

𝐼1
=

𝑢2

𝐼2
          (2.71) 
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2.4.4.4 Modelling non-uniformity effects using COMSOL 

As discussed in “Section 2.4.1” and Figure 2.11: in the real TEG, “departure from the ideal conditions” will most 

likely arise due to the non-uniformity effects, such as uneven thermal loading, poor contact, material density 

variation, non-uniform segmenting etc. Those effects cannot be treated sufficiently by 1-D modelling, which 

introduces the need to use 3-D modelling. Well defined 3-D models can help identify the differences, and the 

causes of these, between the ideal and the real situations.  

As an example of the insight provided by 3-D modelling, the influence of non-uniform coupling effects to the 

TEG unicouple was studied in a simple setup. Figure 2.22 illustrates the imposed non-uniformity in terms of 

reduced contact surface as well as spatial distribution of this. These are all applied to the p-leg, whereas the 

contact surface of the n-leg is kept ideal. The bottom part of Figure 2.22 shows the percentage power output 

obtained by each of the non-uniformity cases  compared to the power output of the fully contacted TEG 

unicouple which is “TEG Unicouple No: 1”.   

The power output of the TEG unicouples are obtained at the matched load conditions.  Thermoelements p and n 

of the TEG unicouple are built with Ca3Co4O9 and Al-doped ZnO respectively, and those are connected using 

Nickel electrodes. In addition contact layers are introduced in between Nickel electrodes and oxide 

thermoelements. All the calculations were carried out using the thermoelectric model implemented in COMSOL.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.22 clearly illustrates the influence of the contact layer on the power output of the TEG. It shows that 

when decreasing the size of the contact layer, the power output of the TEG decreases. Furthermore it shows that 

Figure 2.22: Variation of power output of a TEG unicouple with different thermoelement/electrode contact area in different places at the hot 

side of a TEG. Here consider about 7 different TEG unicouples. The top part of the figure illustrated the interface layer of the 

thermoelement/electrode contact area and the value of percent contact area of the P leg comparing to the total area of the P leg. Bottom part 

of the figure illustrates the percent power output of a TEG unicouple comparing to the TEG unicouple No:1, which has perfect contacts.         
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even at the same reduction of contact area (case 2, 3, 4 and 5; case 6 and 7, respectively), the spatial distribution 

of contact surface can play a significant role in determining the power output. Including this type of effect into 

the complete modelling framework is an important contribution to understanding real TEG module performance.  

Figure 2.23 illustrates the temperature profile/isothermal contours of the TEG Unicouple No: 4, when 1/3 of the 

cold side of the P-leg is contacted to the electrode. It can be seen that temperature profile of the TEG is highly 

influenced by the size and place of the contact areas.  

 

      

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 2.23: Temperature profile/isothermal contours of the TEG Unicouple No: 4. Direction of the 

arrow is indicating the direction of the heat flux and the size of the arrow is proportional to the relative 

magnitude of the heat flux at specific point.  
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3. Extended reduced current approach to increase the volumetric power 

density 

This chapter focuses on minimizing the cost-per-Watt of a TEG by increasing the volumetric power density. 

Thus the concepts of known TEG design techniques, proposed by Snyder et al. [51,52] and by Min et al [54,55] 

are studied. Then these techniques are developed to introduce an alternative approach to design TEGs. This 

modified TEG design technique is well suited for the combinations of TE materials with mismatched  𝑧𝑇 values. 

For the OTE-Power project, this modified TEG design technique is able to produce TEGs with a higher 

volumetric power density compared to the TEG design technique proposed by Snyder et al. for high temperature 

applications. 

One of the main arguments in TEG design is what should the main focus be when designing a TEG; should it be 

efficiency or power output? Some publications imply that TEG design for higher power and higher efficiency 

will not be the same [54,55,187,188]. However, others indicate that the TEG design for the highest efficiency 

will provide the highest power output [189,190]. Moreover, with regard to the system level integrations of TEG 

(combination of TEG, heat exchangers, thermal contact surfaces, etc.), some references stress that the TEG 

design for higher efficiency is more beneficial than the higher power output [189]. However, Yee et al. showed 

that this heavily relies on which cost category of the TEG system is the most dominant: volumetric module cost, 

cost per area of module, or heat exchanger cost [191]. Thus, these discussions about the TEG architecture for 

maximum power and maximum efficiency represent two extremes in terms of what constitutes the optimum 

design. 

However, the results obtained in this work imply a new optimal design that does not belong to either extreme but 

is a combination of both arguments. Briefly, if the TE material properties (or 𝑧𝑇) of the p- and n-legs of the TEG 

are comparable (the same or close values), the TEG architecture for the maximum efficiency will provide the 

maximum power density. However, if the TE material properties (or 𝑧𝑇) of the p- and n-legs of the TEG are not 

comparable (not the same nor close values), TEG architecture for the maximum efficiency will not provide the 

maximum power density, and TEG architecture for the maximum efficiency and maximum power density should 

be different. Moreover, this work modified the Reduced Current Approach (RCA) TEG designing technique 

proposed by Snyder et al. [51,52] to design a TEG that can produce higher power densities. For simplicity, this 

version is named the Extended Reduced Current Approach (ERCA).  

This work benefits the OTE-Power project for several reasons. The OTE-Power project is concerned with oxide 

TE materials, and p-type oxide materials typically have significantly higher TE properties than n-type oxide 

materials. In other words, TE material properties (or 𝑧𝑇) of the p- and n-leg materials chosen to build the TEG 

are incomparable (not the same nor close values). Thus, the new concept (ERCA) confirms that the OTE-Project 

should focus on TEG designs with higher power densities.  

According to Min et al. the TEG design should focus on higher power outputs when it operates at higher 

temperatures [54,55] due to the cost effectiveness of the TEG. This can be seen by Equation (3.1) [54]. 

𝑐 =
𝑐𝑚

𝑃∆𝑡
+

𝑐𝑓

𝜂
            (3.1) 
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Where 𝑐 is the cost per-kilowatt-hour, 𝑐𝑚 is the fabrication cost, 𝑃 is the power output of the TE module, ∆𝑡  is 

the period of operation, 𝑐𝑓 is the input thermal energy cost and 𝜂 is the conversion efficiency of the TE module. 

Therefore, by Equation (3.1), when the input thermal energy cost is essentially zero, such as the high-

temperature waste heat recovery applications targeted by the OTE-Power project, the TEG design should focus 

on power output to reduce the cost per-kilowatt-hour. As stated earlier, ERCA will increase the power density of 

the TEG fabricated in the OTE-Power project, thus increasing the cost effectiveness of the OTE-Power TEG.    

3.1 RCA and ERCA 

RCA is a technique that focuses on developing the most efficient TEG architecture, from the standpoint of 

optimizing the p- and n-legs individually, and then merging to find the optimal unicouple. The focus of ERCA is 

to develop a TEG with a higher volumetric power density than that predicted by the RCA. When a unicouple 

TEG device (shown in Figure 2.6(a)) is developed using the RCA; initially it treats p- and n-legs individually 

and finds the most efficient configuration/reduced current density value for each thermoelement. Then RCA 

combines these most efficient configurations of p- and n-legs to develop the most efficient unicouple TEG. 

When using the ERCA to develop a unicouple TEG device, it focuses upon the initial part of the RCA and a 

different optimum is identified by altering some of the calculation steps of RCA. Then ERCA combines these 

new optimal configurations of each p- and n-legs as in RCA to develop a unicouple TEG with a higher 

volumetric power density.       

Following explanations about RCA and ERCA are based on the following conditions:  

 Fully temperature dependent TE material properties  

 One dimensional calculation (𝛻 = 𝑑/𝑑𝑥)  

 No electrical or thermal contact resistance  

 No heat losses      

Considering the concept of ERCA, some of the key equations of RCA that have used to develop the concept of 

ERCA can be stated as follows (a detailed discussion of RCA is included in Chapter 2):  

Current density (𝐽)  

𝐽 =
𝐼

𝐴
             (2.35) 

Reduced current density (𝑢)    

𝑢 =
𝐽

𝑘 ∇𝑇
            (2.36) 

TE potential  

𝛷 = 𝛼𝑇 +
1

𝑢
            (2.46) 

Length of the thermoelement 
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𝑙 =
1

𝐽𝑝
∫ 𝑢𝑝𝑘𝑝𝑑𝑇
𝑇ℎ
𝑇𝑐

= 
1

𝐽𝑛
∫ 𝑢𝑛𝑘𝑛𝑑𝑇
𝑇ℎ
𝑇𝑐

         (2.49) 

The relationship between the area ratio of the p- and n-legs  

𝐴𝑝

𝐴𝑛
=

−𝐽𝑛

𝐽𝑝
=

−∫ 𝑢𝑛𝑘𝑛 𝑑𝑇
𝑇ℎ
𝑇𝑐

∫ 𝑢𝑝𝑘𝑝 𝑑𝑇
𝑇ℎ
𝑇𝑐

          (2.51) 

Current density of a leg  

𝐽𝑝 =
𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

𝐴𝑡𝑜𝑡𝑎𝑙
×

1+
𝐴𝑛
𝐴𝑝

𝛷𝑝,ℎ−𝛷𝑛,ℎ
   ;     𝐽𝑛 =

𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

𝐴𝑡𝑜𝑡𝑎𝑙
×

1+
𝐴𝑝

𝐴𝑛

𝛷𝑝,ℎ−𝛷𝑛,ℎ
       (2.56) 

Where 

𝐼        = current 

𝐴       = cross-section area of the thermoelement   

𝜅       = thermal conductivity 

𝑇      = absolute temperature 

∇      = d/dx 
 𝑢𝑝   = reduced current density of p-leg 

𝑢𝑛   = reduced current density of n-leg 

𝜅𝑝   = thermal conductivity of p-leg  

𝜅𝑛   = thermal conductivity of n-leg 

𝑇ℎ   = hot side temperature 

𝑇𝑐   = cold side temperature  

𝛼    = Seebeck coefficient  

𝛷  = thermoelectric potential 

𝐽𝑝   = current density of p-leg 

𝐽𝑛   = current density of n-leg 

𝛷𝑝,ℎ   = TE potential at hot end (h) of p-leg 

𝛷𝑛,ℎ  = TE potential at hot end (h) of n-leg 
𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

𝐴𝑡𝑜𝑡𝑎𝑙
    = total constant external heat flux supplied to hot side of TEG 

𝑙   = length of the thermoelement 

 

For the same operating conditions, the efficiency of a TEG increases when increasing the thermoelement length, 

whilst the power density decreases [54,55]. Therefore reducing the thermoelement length, from the optimum 

predicted by RCA, will increase the power density of the TEG.  

Based on Equation (2.49), the length is highly dependent on the 𝑢 value. Thus, changing the length could change 

the 𝑢 value. The influence of changes of 𝑢 value to the TEG design parameters can be summarized as follows. 

According to Equations (2.46) and (2.51); the TE potential, area ratio, and current density are highly affected by 

the changes in the 𝑢 values. The 𝛼𝑇 in Equation (2.46) is always of the order of 10
-3

 to 10
-2

 (V) in realistic real-

world situations. Power generation applications (TEG) prefer small 𝑢 values in the range of 0 ≤ 𝑢 ≤ (𝑧/𝛼) [51]. 

Therefore the 𝑢 values are in the range of 10
0
 (1/V) or less, and thus 1/𝑢 values are in the range of 10

-1
 (V) 

or higher. Hence, for a TEG application, 𝑢 values could influence the TE potential more than the 𝛼𝑇 in 

Equation (2.46). According to Equation (2.56), the current density of each thermoelement is influenced by the 

area ratio and TE potential.  
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By considering the above factors, changing the most efficient area ratio given by RCA is the main approach of 

ERCA, in order to change the 𝑢 value of each thermoelement and to reduce the length of the thermoelements. 

Now, a TE material combination for p- and n-leg TE materials of a TEG is needed. The TE material combination 

used for the OTE-Power project is used here. Hence the TE materials used for these calculations are Ca3Co4O9 

and Al doped ZnO as p- and n-leg materials respectively [49,50]. TE properties of these materials are given in 

Figure 2.16. Thus the chosen p-leg thermoelement has higher TE properties or 𝑧𝑇 than the n-leg TE material. 

Therefore it could be beneficial to dominate the TEG design with the material that has higher TE properties 

(superior TE material) to achieve a higher conversion of thermal energy to electrical energy. Then in this case;   

𝐴𝑝 > 𝐴𝑛  

And thus  

 
𝐴𝑝

𝐴𝑛
 >

𝐴𝑛

𝐴𝑝
 , and  𝑢𝑛𝑘𝑛𝑑𝑇 > 𝑢𝑝𝑘𝑝𝑑𝑇,  

Due to the same current passing through both thermoelements, and by Equation (2.35), 

𝐽𝑛 > 𝐽𝑝  

The cross sectional areas of the p- and n-legs given by RCA are 𝐴𝑝1 and 𝐴𝑛1 , respectively, and the cross 

sectional areas of the p- and n-legs given by ERCA are 𝐴𝑝2 and 𝐴𝑛2 , respectively. The subscripts “1” and “2” 

represent the RCA and ERCA, respectively.  

The total area of the thermoelements and external heat flux supplied to the hot side of the TEG in both RCA and 

ERCA is constant. Thus, the new condition to increase the performance of the superior TE materials in the TEG 

design is: 

 𝐴𝑝2 > 𝐴𝑝1  

According to the Equation (2.51), this result is achievable by decreasing the 𝑢𝑝 whilst increasing the |𝑢𝑛| values, 

which means 

𝐽𝑛1 < 𝐽𝑛2  and  𝐽𝑝1 > 𝐽𝑝2  

These changes to the 𝑢 value will affect equations (2.46) and (2.56). Thus, new 𝑢𝑝2 and 𝑢𝑛2 values should 

satisfy the following conditions to achieve a shorter thermoelement length by ERCA. 

|(
𝐽𝑛2−𝐽𝑛1

𝐽𝑛1
)| > |(

∫𝑢𝑛2×𝜅𝑛2×𝑑𝑇−∫𝑢𝑛1×𝜅𝑛1×𝑑𝑇

∫𝑢𝑛1×𝜅𝑛1×𝑑𝑇
)|  

and 

|(
𝐽𝑝2−𝐽𝑝1

𝐽𝑝1
)| < |(

∫𝑢𝑝2×𝜅𝑝2×𝑑𝑇−∫𝑢𝑝1×𝜅𝑝1×𝑑𝑇

∫𝑢𝑝1×𝜅𝑝1×𝑑𝑇
)|  
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These results indicate that the TE potential in Equation (2.46) is a significant factor in the design of a TEG. Thus 

ERCA considers the product of “efficiency (𝜂)” and “TE potential difference (∆𝛷)” to find the optimum 𝑢 value.  

Now the focus is to plot the “efficiency (𝜂)” against the 𝑢 value, as in RCA, and plot the “TE potential 

difference × Efficiency (𝛥𝛷 × 𝜂)” against the 𝑢 value, as in ERCA. For both RCA and ERCA, hot (𝑇ℎ) and cold 

(𝑇𝑐) side temperatures are set as 1073 K and 373 K, respectively as the initial operating conditions. 

The first focus is on the RCA calculations. Different 𝑢 values are applied as the initial 𝑢 value at the hot side of 

the TE material and the corresponding efficiency (𝜂) is calculated. Then this efficiency is plotted against the 𝑢 

value, as in Figure 3.1, for both p- and n-legs. This will give the 𝑢 value at the highest efficiency for both p- and 

n-legs. Then considering the ERCA calculations, different 𝑢 values are applied as the initial 𝑢 value at the hot 

side of the TE material and the corresponding efficiency (𝜂) is calculated. Then the “product of TE potential 

difference and efficiency (𝛥𝛷 × 𝜂)” is plotted against the 𝑢 value as in Figure 3.1 for both p- and n-legs. 

According to the Figure 3.1, the ERCA provides a maximum and minimum point to find the optimal 𝑢 value for 

the TEG design for both the p- and n-legs. 

 

 

 

 

 

 

 

 

 

 

 

 

Interestingly, the 𝑢 values of these maximum and minimum points given by ERCA lie on either side of the 𝑢 

value of the maximum efficiency point given by the RCA. This can be explained using Figure 3.1. Focusing on 

Figure 3.1(a) for the p-leg, the x-axis region from zero 𝑢 value up to the 𝑢 value for the maximum efficiency, the 

efficiency is increasing whilst the TE potential difference is decreasing when the 𝑢 value is increased. Thus, 

when calculating the product of TE potential difference and efficiency, the maximum is obtained at a 𝑢 value in 

between the zero 𝑢 value and the 𝑢 value for the maximum efficiency. Considering the x-axis region with higher 

𝑢 values than the 𝑢 value for the maximum efficiency, both the efficiency and TE potential difference is 

Figure 3.1: The variation of the “efficiency (𝜂)”, “TE potential difference (∆𝛷)”, and “TE potential difference × Efficiency (𝛥𝛷 × 𝜂)” 

versus 𝑢 values for the p- and n-legs. 
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decreasing when the 𝑢 value is increased. Moreover, both efficiency and TE potential difference are decreasing 

to zero at the same 𝑢 value when the 𝑢 value is increased. At this 𝑢 value, the product of TE potential difference 

and efficiency reaches its minimum. After this 𝑢 value both the efficiency and TE potential difference are 

decreasing with negative values, when the 𝑢 value is increased. Thus the product of TE potential difference and 

efficiency is again increasing with positive values, when the 𝑢 value is increased. The same behaviour illustrated 

by the n-leg according to the Figure 3.1(b) and the “TE potential difference × efficiency” curve with negative 

values is obtained due to the initial negative TE potential differences given by the n-leg. By this figure of “TE 

potential difference × Efficiency (𝛥𝛷 × 𝜂)” against the 𝑢 value, ERCA finds the new optimal 

configuration/reduced current density value for each p- and n-leg. 

Now the focus is on the attainment of a new optimal configuration for ERCA using the figure of “TE potential 

difference × Efficiency (𝛥𝛷 × 𝜂)” against the 𝑢 value. The target is to obtain larger thermoelement area for the 

superior TE material than in RCA ( 𝐴𝑝2 > 𝐴𝑝1). Decreasing the 𝑢𝑝 while increasing the |𝑢𝑛| values is required 

to achieve  𝐴𝑝2 > 𝐴𝑝1 according to the equation (2.51). Therefore, a higher |𝑢𝑛| value and lower 𝑢𝑝 value than 

the most efficient |𝑢𝑛| value and 𝑢𝑝 value, are chosen from the maximum and minimum points of the “TE 

potential difference × Efficiency (𝛥𝛷 × 𝜂)” plot, which will increase the area of the p-leg of the ERCA over that 

of the RCA. After obtaining these new optimal configurations for p- and n-legs, the remainder of the procedure 

is carried out as in the original RCA, where these new configurations are matched to define the TEG 

architecture.     

A summary of calculations, of the RCA for both p- and n-legs is given in Table 3.1 and 3.2 respectively. Table 

3.3 and 3.4 represent the summery of the calculations of the ERCA for both p- and n-legs respectively. Thus 

according to the Table 3.1 and 3.2, the most efficient 𝑢𝑝 and 𝑢𝑛 values for these oxide TE materials are 0.416V
-1

 

and -0.292 V
-1

, respectively at these operating conditions. To fulfil the requirements, ERCA needs a higher  |𝑢𝑛| 

value and lower  𝑢𝑝 values, compared to the most efficient |𝑢𝑛| and 𝑢𝑝 values obtained from the RCA. 

Therefore, according to the Figure 3.1 and, Table 3.3 and 3.4; 𝑢𝑝 and 𝑢𝑛 values for the ERCA should be 

0.274/V
-1

 and -0.6 V
-1

 respectively at these operating conditions. 

 

Table 3.1: Summary of the calculations to find the efficiency of p type TE material for a specific u value [51]. TE material properties for 

the p-leg from the reference [49]. 

Temperature    

(𝑇) 

Thermal 

Conductivity 

(𝜅) 

Resistivity 

(𝜌) 

Seebeck  

Coefficient 

(𝛼) 

Figure of 

Merit        

(𝑧𝑇) 

Reduced 

Current 

Density (𝑢) 

𝑢𝑘𝑑𝑇 𝐽𝑙 or ∫ 𝑢𝜅𝑑𝑇 

 

TE 

potential  

(𝛷) 

Efficiency    

(𝜂) 

K W/(m K) mΩ cm µV/K  1/V A/m A/m V % 

1073 1.744 7.583 173.638 0.245 0.416 0 0 2.590  

973 1.880 7.637 170.936 0.198 0.415 75.242 75.242 2.579 0.444 

873 1.943 7.798 165.160 0.157 0.413 79.049 154.290 2.568 0.858 

773 1.998 8.145 162.918 0.126 0.411 81.158 235.449 2.558 1.241 

673 2.064 8.680 156.929 0.093 0.409 83.312 318.761 2.549 1.588 

573 2.180 9.953 156.517 0.065 0.408 86.694 405.455 2.541 1.881 

473 2.549 10.761 153.146 0.040 0.406 96.193 501.648 2.536 2.093 

373 2.814 10.757 147.832 0.027 0.404 108.528 610.175 2.533 2.223 
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Table 3.2: Summary of the calculations to find the efficiency of n type TE material for a specific u value [51].  TE material properties for 

the n-leg are from the reference [50].  

Temperature    

(𝑇) 

Thermal 

Conductivity 

(𝜅) 

Resistivity 

(𝜌) 

Seebeck  

Coefficient 

(𝛼) 

Figure of 

Merit        

(𝑧𝑇) 

Reduced 

Current 

Density (𝑢) 

𝑢𝑘𝑑𝑇 𝐽𝑙 or ∫ 𝑢𝜅𝑑𝑇 

 

TE 

potential  

(𝛷) 

Efficiency    

(𝜂) 

K W/(m K) mΩ cm µV/K  1/V A/m A/m V % 

1070 7.397 1.302 -98.239 0.107 -0.292 0 0 -3.530  

971 8.493 1.189 -91.134 0.080 -0.291 -229.319 -229.319 -3.523 0.185 

872 9.894 1.105 -85.971 0.059 -0.290 -264.672 -493.991 -3.518 0.348 

774 11.582 1.026 -79.859 0.042 -0.290 -305.299 -799.290 -3.513 0.486 

675 13.849 0.946 -74.342 0.028 -0.289 -364.359 -1163.649 -3.509 0.601 

575 16.913 0.874 -69.945 0.019 -0.289 -444.263 -1607.912 -3.505 0.691 

474 21.246 0.804 -64.867 0.012 -0.288 -555.462 -2163.373 -3.503 0.753 

374 28.156 0.741 -57.905 0.006 -0.287 -710.354 -2873.727 -3.503 0.772 

 

Table 3.3: Summery of the calculations of ERCA for the p-leg. TE material properties for the p-leg from the reference [49]. 

Temperature    

(𝑇) 

Thermal 

Conductivity 

(𝜅) 

Resistivity 

(𝜌) 

Seebeck  

Coefficient 

(𝛼) 

Figure of 

Merit        

(𝑧𝑇) 

Reduced 

Current 

Density (𝑢) 

𝑢𝑘𝑑𝑇 𝐽𝑙 or ∫ 𝑢𝜅𝑑𝑇 

 

TE 

potential  

(𝛷) 

Efficiency    

(𝜂) 

K W/(m K) mΩ cm µV/K  1/V A/m A/m V % 

1073 1.744 7.583 173.638 0.245 0.274 0 0 3.836  

973 1.880 7.637 170.936 0.198 0.274 49.603 49.603 3.822 0.351 

873 1.943 7.798 165.160 0.157 0.273 52.214 101.816 3.810 0.684 

773 1.998 8.145 162.918 0.126 0.272 53.712 155.528 3.798 1.000 

673 2.064 8.680 156.929 0.093 0.272 55.247 210.775 3.786 1.296 

573 2.180 9.953 156.517 0.065 0.271 57.608 268.383 3.776 1.564 

473 2.549 10.761 153.146 0.040 0.271 64.065 332.448 3.767 1.794 

373 2.814 10.757 147.832 0.027 0.270 72.474 404.922 3.760 1.983 

 

Table 3.4: Summery of the calculations of ERCA for the n-leg. TE material properties for the n-leg are from the reference [50]. 

Temperature    

(𝑇) 

Thermal 

Conductivity 

(𝜅) 

Resistivity 

(𝜌) 

Seebeck  

Coefficient 

(𝛼) 

Figure of 

Merit        

(𝑧𝑇) 

Reduced 

Current 

Density (𝑢) 

𝑢𝑘𝑑𝑇 𝐽𝑙 or ∫ 𝑢𝜅𝑑𝑇 

 

TE 

potential  

(𝛷) 

Efficiency    

(𝜂) 

K W/(m K) mΩ cm µV/K  1/V A/m A/m V % 

1070 7.397 1.302 -98.239 0.107 -0.600 0 0 -1.772  

971 8.493 1.189 -91.134 0.080 -0.595 -469.982 -469.982 -1.768 0.200 

872 9.894 1.105 -85.971 0.059 -0.591 -539.978 -1009.960 -1.766 0.347 

774 11.582 1.026 -79.859 0.042 -0.587 -620.164 -1630.124 -1.764 0.434 

675 13.849 0.946 -74.342 0.028 -0.584 -736.861 -2366.985 -1.764 0.457 

575 16.913 0.874 -69.945 0.019 -0.580 -894.516 -3261.501 -1.765 0.406 

474 21.246 0.804 -64.867 0.012 -0.576 -1113.241 -4374.741 -1.767 0.266 

374 28.156 0.741 -57.905 0.006 -0.571 -1416.188 -5790.929 -1.772 -0.001 
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Therefore 
𝐴𝑝1

𝐴𝑛1
<

𝐴𝑝2

𝐴𝑛2
 is achieved and one requirement to achieve 𝐽𝑛1 < 𝐽𝑛2 is fulfilled according to the Equation 

(2.56). However, 𝐽𝑛1 < 𝐽𝑛2 depends on the TE potential difference (𝛷𝑝,ℎ −𝛷𝑛,ℎ). The new TE potentials show 

the following relationship with the old TE potentials based on equation (2.46) and according to the Table 3.1 – 

3.4.   

|𝛷𝑛,ℎ 1| >| 𝛷𝑛,ℎ 2|,  and  𝛷𝑝,ℎ 1 < 𝛷𝑝,ℎ 2   

The changes in the TE potential difference highly depend on the amount that the 𝑢 value has changed. Moreover, 

these variations of 𝑢 values depend on the TE material properties of the p- and n-leg materials. Therefore the TE 

properties (or  𝑧𝑇) of the p- and n-leg TE materials will define the effectiveness and the limitations of the ERCA 

over RCA.   

The discussion of the TEG architectures according to the RCA and ERCA is concluded. The heat flux through 

the hot side of the unicouple TEG and the total area of the thermoelements (𝐴𝑡𝑜𝑡𝑎𝑙 = 𝐴𝑝 + 𝐴𝑛) are kept constant 

at 20 W/cm
2
 and 1 cm

2
, respectively for both RCA and ERCA. TEG architecture and outputs are presented in 

Table 3.5 by both RCA and ERCA. Table 3.5 also shows the percentage difference between the results of ERCA 

and RCA compared to RCA.    

Table 3.5: Comparison of the architecture and the output results by RCA and ERCA 

 RCA ERCA 
[
𝐸𝑅𝐶𝐴 − 𝑅𝐶𝐴 

𝑅𝐶𝐴
]% 

Area of n-leg, An (cm2) 0.175 0.065 -62.685 

Area of p-leg, Ap (cm2) 0.825 0.935 13.310 

Length of TE (cm) 1.540 1.061 -31.099 

Output potential (V) 0.085 0.076 -10.348 

Output current (A) 3.268 3.567 9.134 

Power output (W) 0.277 0.271 -2.160 

VPD (W/cm^3) 0.180 0.256 42.002 

 

According to the Table 3.5, ERCA has increased the area of p-leg by 13% and reduced the area of the n-leg by 

63% comparing to RCA. Thus, ERCA gave a higher priority to the superior TE material in the TEG unicouple. 

Furthermore, ERCA has reduced the length of the thermoelements by 31% compared to RCA, which helps to 

increase the power density. Moreover, ERCA reduces the power output by 2% compared to the RCA. Thus 

ERCA has improved the volumetric power density (𝑉𝑃𝐷 =  
𝑃𝑜𝑤𝑒𝑟 𝑜𝑢𝑡𝑝𝑢𝑡

𝑡𝑜𝑡𝑎𝑙 𝑇𝐸 𝑣𝑜𝑙𝑢𝑚𝑒
) by 42% compared to RCA.  

As shown in Table 3.5, ERCA significantly changes the TEG architecture proposed by RCA. Therefore these 

changes affect the rate of conduction heat transfer (𝑄𝑐𝑜𝑛𝑑.), heat conduction resistance (thermal 

resistance) (𝑅𝑐𝑜𝑛𝑑.), efficiency, and power given by each p- and n-leg of the TEG. These results are shown in 

Table 3.6. Conduction heat transfer and heat conduction resistance are stated as in Equations (3.2) and (3.3) 

respectively [192]. The efficiency of each thermoelement for both RCA and ERCA can be determined using 

Table 3.1 – 3.4. Power output (𝑃) can be calculated using Equation (2.21) [53,189].    

𝑄𝑐𝑜𝑛𝑑. = 𝜅𝐴
𝑇ℎ−𝑇𝑐

𝑙
           (3.2) 
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𝑅𝑐𝑜𝑛𝑑. =
𝑙

𝜅𝐴
            (3.3) 

𝑃 =  𝜂 𝐻𝑡𝑜𝑡𝑎𝑙,ℎ            (2.21) 

where, 𝐻𝑡𝑜𝑡𝑎𝑙,ℎ is the amount of heat transfer to the hot side.  

To simplify the calculations, two assumptions have been made. Firstly, the average thermal conductivity of 

thermoelement is taken as the thermal conductivity of thermoelement. Secondly, the heat transfer by Peltier 

effect is negligible and therefore 𝐻𝑡𝑜𝑡𝑎𝑙,ℎ  ≅  𝑄𝑐𝑜𝑛𝑑.. As an example: considering the p-leg by RCA, the heat 

transfer by conduction is 8.047 W, but heat transfer by Peltier effect is 0.38 W.   

Table 3.6: Rate of heat conduction, heat conduction resistance (thermal resistance), efficiency (by Table 3.1 – 3.4) and power produced by 

the TEG according to both RCA and ERCA for p- and n-legs using the average thermal conductivity of thermoelements 

  RCA ERCA  

Rate of conduction heat transfer, 

𝑄𝑐𝑜𝑛𝑑. (W) 

p-leg 8.047 13.234  

n-leg 11.695 6.334  
     

Heat conduction resistance 

(thermal resistance),  𝑅𝑐𝑜𝑛𝑑. (K/W) 

p-leg 86.984 52.893  

n-leg 59.855 110.521  
     

Efficiency, 𝜂 p-leg 0.022 0.020  

n-leg 0.008 0.000  
     

Power produced by the TEG, 𝑃 

(W) 

p-leg 0.179 0.262  

n-leg 0.090 0.000  

 Total 0.269 0.262  

 

As shown in Table 3.5, ERCA has increased the area of p-leg (superior TE material) by 13% and reduced the 

area of the n-leg (weaker TE material) by 63% compared to RCA. Therefore this will help to change the thermal 

resistance of each p- and n-leg, as shown in Table 3.6; the thermal resistance of the p-leg by RCA is 

86.984_K/W, and ERCA reduces the thermal resistance of the p-leg down to 52.893 K/W. On the other hand, 

ERCA increases the thermal resistance of n-leg up to 110.521 K/W (it was 59.855 K/W in RCA). Therefore, this 

will allow the p-leg of ERCA to conduct more heat than the p-leg of RCA. From Table 3.6, the rate of 

conduction heat transfer of the p-leg by ERCA is 13.234 W and by RCA is 8.047 W. On the other hand, the rate 

of conduction heat transfer of the n-leg by ERCA is 6.334 W and by RCA it is 11.695 W. Therefore ERCA lets 

more heat passes through the superior TE material and reduces the amount of heat transfer by the weaker TE 

material compared to RCA.      

The total power output given by RCA and ERCA in Table 3.5 and 3.6 are almost the same. The small difference 

could occur due to the two assumptions that have been made in the calculation of Table 3.6. For this example, 

Table 3.6 shows that no considerable power was generated by the n-leg when using the ERCA. However, for this 

example, both methods produce almost the same power. According to the Table 3.5, ERCA produce TEG with 

shorter thermoelement length than RCA. Thus, ERCA generates a higher VPD than RCA. 
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Therefore ERCA is able to increase the volumetric power density of oxide TE materials used by the OTE-Power 

project (Ca3Co4O9 and Al doped ZnO) by 42%, compared to the RCA at high temperature operating conditions. 

This will help to reduce the cost-per-Watt of the OTE-Power TEG.              

3.2 Limitations of ERCA 

As explained earlier, the applicability of ERCA depends on the 𝑧𝑇 of the TE materials used to develop the TEG. 

Therefore, to identify the limitations of ERCA, TE materials with different 𝑧𝑇 values are combined to generate a 

series of TEGs that have different 𝑧𝑇 ratios  (
𝑧𝑇 𝑜𝑓 𝑛 𝑙𝑒𝑔

𝑧𝑇 𝑜𝑓 𝑝 𝑙𝑒𝑔
). Then the TEG architecture and the power output are 

calculated according to the RCA and the ERCA.   

The development of pseudo-TEG unicouples are shown in Figure 3.2. The n-type Al-doped ZnO and the p-type 

Ca3Co4O9 used in Section 3.1 are used as the starting TE materials for the pseudo-TEG unicouples. The average 

𝑧𝑇 ratio (
𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑧𝑇 𝑜𝑓 𝑛 𝑙𝑒𝑔

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑧𝑇 𝑜𝑓 𝑝 𝑙𝑒𝑔
) of these TE materials is 0.37 for the specific operating conditions stated in Section 

3.1. Temperature dependent TE properties are used for all the calculations of this section. However, the average 

𝑧𝑇 ratios of the pseudo-TEG unicouples are used to plot the data to obtain a clear illustration in Figure 3.3 and 

3.4. When developing the pseudo-TEG unicouples, as shown in Figure 3.2, the 𝑧𝑇 of the n-type material is 

changed by only changing the thermal conductivity whilst keeping the TE properties of the p-type material 

constant. The thermal conductivity variation of those n-leg TE materials with temperature for the different 

pseudo-TEG unicouples are shown in Figure 3.3.   

Now applying the RCA and ERCA for each pseudo-TEG unicouple. As the initial operating conditions, the hot 

and cold side temperatures are set to 1073 K and 373 K respectively, for all the pseudo-TEG unicouples. The 

heat flux throughout the hot side of the unicouple and the total area of the thermoelements are kept constant at 

20_W/cm
2
 and 1 cm

2
, respectively for all the pseudo-TEG unicouples. Figure 3.4 shows the VPD given by RCA 

and ERCA. Moreover Figure 3.4 illustrates the percent change of the VPD given by ERCA compared to the 

RCA; {
[(𝑉𝑃𝐷 𝑏𝑦 𝐸𝑅𝐶𝐴)−(𝑉𝑃𝐷 𝑏𝑦 𝑅𝐶𝐴)]

(𝑉𝑃𝐷 𝑏𝑦 𝑅𝐶𝐴)
%}. According to the Figure 3.4, ERCA can produce TEGs with significantly 

higher VPD, when the 𝑧𝑇 of p- and n-leg of a TEG are not close to the same values. Thus the limitation of 

ERCA depends on the 𝑧𝑇 of p- and n-leg materials of a TEG.  

The initial question of this chapter: “does the TEG design concept focus on efficiency or power output”; can 

answered by Figure 3.4. According to Figure 3.4 at particular operating conditions, if the TE material properties 

(or 𝑧𝑇) of the p- and n-legs of the TEG are comparable (the same or close values), the TEG architecture for the 

maximum efficiency will provide the maximum power density. However, at particular operating conditions, if 

the TE material properties (or 𝑧𝑇) of the p- and n-legs of the TEG are not comparable (not the same nor close 

values), the TEG architectures for the maximum efficiency and maximum power density should be different.                
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Figure 3.2: Process of developing predicted TEG unicouples with different 𝑧𝑇 ratios. TC = Thermal Conductivity; T(h) = Hot side 

temperature; T(c)  = Cold side temperature [204]. 

Figure 3.3: Thermal conductivity variation of 

predicted n leg TE material with temperature for the 

different pseudo-TEG unicouples [204]. 

Figure 3.4: Variation of volumetric power density (VPD) and 

Percent VPD change by ERCA versus 𝑧𝑇 ratio. [204]. 
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4. Removing the Weaker Material as a means to performance enhancement 

This chapter focuses on the minimization of the cost-per-Watt of a TEG by removing the weaker TE material 

from the TEG system. Here the concept of Unileg-TEG (U-TEG) for the oxide TE materials is introduced. The 

U-TEG is able to increase the volumetric power density and decrease the cost-per-Watt of the OTE-Power TEG. 

In the latter part of the chapter the U-TEG system is generalized by using an idealized metal.    

As shown in Figure 4.1(a) [130], the conventional unicouple TEG designs consists of two p- and n-type 

thermoelements, and the electrical connections are in series. However, as shown in Figure 4.1(b) [130], the U-

TEG design consists of p- or n-type TE material serially connected with a conductor [56–58]. Moreover, the U-

TEG design can be further improved, as shown in the Figure 4.1(c) [130].    

The choice of p- and n-leg TE materials for a TEG depends on many factors. Due to the physical properties, such 

as melting point, different TE materials are stable in different temperature ranges. For instance, due to the low 

melting point of intermetallic alloy TE materials, they are stable at low temperature ranges. In contrast, oxide TE 

materials have higher melting points and thus they are stable at even elevated temperatures. Therefore, when 

choosing TE materials for a TEG device, not only the TE properties, but also the physical properties of the TE 

materials play an important role. Therefore, in real applications, the p- and n-type materials chosen for a TEG 

may not have the same 𝑧𝑇 values. Hence if one material has considerably weaker TE properties, it could hinder 

the performances of the stronger material. In the worst case, the weaker material could act like another resistor 

and have a negative impact on the TEG. Therefore, the weaker TE material could reduce the power generated by 

the stronger TE material. Since the weaker TE material also claimed a considerable volume out of the total 

thermoelement volume in TEG, it will affect the volumetric power density (VPD) of the TEG. 

 

 

 

 

 

 

 

 

 

At the U-TEG design shown in Figure 4.1(b), the stronger TE material is kept in the system and the weaker TE 

material is replaced by a conductor. Moreover, it will increase the volumetric fraction of the stronger TE 

materials in the system and thus potentially increase the VPD.  

Figure 4.1: Design of the (a) unicouple TEG, (b) U-TEG, and (c) improved U-TEG [130] 
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When comparing Figures 4.1(a) and 4.1(b), the number of metal/semiconductor contacts in the U-TEG design is 

equal to the half of the number of metal/semiconductor contacts in the conventional unicouple TEG design. This 

will result in great advantages by reducing the contact resistance of the U-TEG. Furthermore, the total number of 

contacts in the improved U-TEG design shown in Figure 4.1(c) is equal to the half of the total number of 

contacts in the conventional unicouple TEG design. Thus, the improved U-TEG design could further reduce the 

contact resistance of a TEG. Contact resistance is one of the challenges when developing a real TEG device, as 

this can considerably reduce the power output of a TEG [55,82]. Thus U-TEG design solves this problem by 

reducing the number of metal/semiconductor contacts in a TEG system. Obviously, reducing the contact 

resistance will increase the power output of the system, further improving the VPD of the device. Another 

advantage of the U-TEG is that it can vastly reduce the cost of the TEG by replacing one thermoelement by a 

well-known, less expensive metal, thereby removing the production cost associated with the weaker TE material. 

Therefore the U-TEG will reduce the cost-per-Watt of a TEG system.  

Even though U-TEG improves the performances of the electrical circuit in a TEG, it will cause some problems 

in the thermal circuits of the device, because, in general, highly electrical conducting metals are high thermal 

conductors. Thus, this behaviour could cause a thermal shortening between the hot and cold side of a TEG. 

However, this problem can be answered by optimising the area ratio of the metal and semiconductor of the U-

TEG. The RCA can be used to find this optimal area ratio of the TEG and control the heat passing through metal 

by reducing the area of the metal.  

The discussion above is similar to the situation in the TEG of OTE-Power project, which has a strong p-type 

Ca3Co4O9 and weaker n-type Al-doped ZnO [49,50]. Thus, it is important to find an appropriate solution to this 

issue, and one promising solution is to introduce the U-TEG concept for the oxide TE materials. Therefore it 

could be possible to remove the Al-doped ZnO from the TEG and replace it with a conductor which is 

inexpensive and readily available. Then the thermal conductivity of the conductor will be considerably higher 

than the thermal conductivity of the Al-doped ZnO. Thus, when obtaining the optimal area ratio by RCA; the 

cross-sectional area of the conductor in the U-TEG will be considerably smaller compared to the cross-sectional 

area of the Al-doped ZnO in the unicouple TEG.  Thus the amount/volume of Ca3Co4O9 in the U-TEG will be 

higher than the unicouple TEG and it could possibly increase the VPD of the U-TEG compared to the unicouple 

TEG. Since U-TEG removes the production cost of Al-doped ZnO and replaces Al-doped ZnO with a cheaper 

option, U-TEG could help to reduce the cost-per-Watt of the device. Therefore the U-TEG is a promising 

concept for the OTE-Power project for increasing the VPD and decrease the cost-per-Watt of the TEG.     

4.1 TEG and U-TEG 

In the following, a TEG and a U-TEG are developed based on oxide TE materials. The device architecture and 

the power outputs of TEG and U-TEG are compared when operating under the same conditions.  

The TEG is developed based on the TE materials from the OTE-Power project; p-type Ca3Co4O9 and n-type Al-

doped ZnO. Then the U-TEG device is developed by using p-type Ca3Co4O9 and Constantan instead of the n-

type material. Constantan is an alloy made by Nickel and Copper (45Ni55Cu) [193]. It has low electrical 

resistivity which is constant over a wide temperature range. Constantan has a high melting point of over 1500 K 

[194], and is thus suitable for high temperature applications. However, Constantan undergoes oxidation at above 
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600 K, but this can be controlled by coating a NiCr layer on Constantan [195]. Moreover, Constantan has a 

negative Seebeck value and thus it can act as an n-type semiconductor, and thus it helps by generating additional 

power when it is subjected to a temperature gradient.  

The TE material properties of above materials used to develop the TEG and U-TEG are shown in Figure 4.2. Hot 

and cold side temperatures of the TEG and U-TEG are kept at 1070 K and 370 K, respectively. The heat flux at 

the hot side of the device and total thermoelement area are kept constant at 20W/cm
2
 and 1 cm

2
, respectively for 

both TEG and U-TEG. The RCA is used to develop both TEG and U-TEG. The most efficient device 

architecture and the outputs obtained for both TEG and U-TEG by RCA are shown in Table 4.1. The V-I curves 

for both TEG and U-TEG are then obtained by using COMSOL and those are shown in Figure 4.3. The heat flux 

through the TEG and U-TEG are obtained by using COMSOL and the results are shown in Figure 4.4.     

 

 

 

 

 

 

 

 

 

 

 

 

According to Table 4.1, U-TEG increases the area of p-type Ca3Co4O9 and increases the area dominancy of the 

superior TE material.  The area ratio (𝐴𝑝 / 𝐴𝑛) of U-TEG is 14 times higher than the TEG design and 

Constantan claims only 1% of the total thermoelement area of the U-TEG and this will maintain the thermal 

circuit of the U-TEG and control the thermal shortening effects between hot and cold side of the U-TEG. The 

rate of conduction heat transfer (𝑄𝑐𝑜𝑛𝑑.) through a material can be stated as Equation (3.2). According to the 

Figure 4.2, Constantan has a high thermal conductivity (𝜅). When the temperature difference between hot and 

cold side (𝑇ℎ − 𝑇𝑐), thermal conductivity, and the length (𝑙) of the material are fixed, the amount of heat transfer 

from hot side to cold side of the material is controlled by the cross-sectional area (𝐴) of the material. Therefore 

in a TEG, the material with the higher thermal conductivity the area ratio should be less dominant, compared to 

the material with the lower thermal conductivity.  

Figure 4.2: (a) Thermal conductivity, (b) Electrical resistivity, and (c) Seebeck coefficient of Ca3Co4O9, Al-doped ZnO and 

Constantan [49,50,193] 
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𝑄𝑐𝑜𝑛𝑑. = 𝜅𝐴
𝑇ℎ−𝑇𝑐

𝑙
           (3.2) 

 

Table 4.1: Most efficient reduced current density, device architecture and the outputs obtained for both TEG and U-TEG by RCA 

 
Thermoelements 

length 

(cm) 

p-leg area 

Ap 

(cm2) 

n-leg area 

An 

(cm2) 

Area ratio 

Ap / An  

 

Voltage  

 

(V) 

Current  

 

(A) 

Power 

Output  

(W) 

VPD  

 

(W/cm3) 

TEG 1.54 0.825 0.175 4.710 0.0848 3.2680 0.2772 0.18 

U-TEG 1.04 0.986 0.014 68.652 0.0796 5.7594 0.4585 0.44 

         

 

 

 

 

 

 

 

 

 

 

 

 

 

According to Table 4.1, the U-TEG can generate 65% higher power output than the TEG design studied in OTE-

Power project. Furthermore, the VPD given by U-TEG is 145% higher than the TEG design studied in OTE-

Power project. Therefore for the OTE-Power project, the U-TEG design with Ca3Co4O9 and Constantan is highly 

beneficial in terms of power output and VPD compared to the TEG with Ca3Co4O9 and Al-doped ZnO.  

According to the Table 4.1, the voltage given by both TEG and U-TEG are almost the same. This is mainly due 

to the Al-doped ZnO and Constantan which possess similar Seebeck coefficients, as shown in Figure 4.2. From 

the V-I curve of the Figure 4.3, the U-TEG has a low total electrical resistance compared to the TEG. This is due 

Figure 4.3: V–I and power output curves obtained using the COMSOL software for both the TEG and U-TEG 

architectures. The heat flux through both the unicouple TEG and U-TEG was 20 W/cm2 [130] 
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to two main reasons: one is the low electrical resistivity of Constantan compared to Al-doped ZnO, the other 

reason is that the higher cross sectional area and lower length of the Ca3Co4O9 leg gives lower electrical 

resistance in the U-TEG compared to the TEG. According to Table 4.1, electrical current given by the U-TEG is 

higher than the TEG.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The length of the thermoelement (𝑙) is stated in Equation (2.49) according to the RCA. Since the same p-leg is 

used under the same operating conditions for both TEG and U-TEG designs, the value of the most 

efficient  ∫ 𝑢𝑃𝜅𝑃𝑑𝑇
𝑇ℎ
𝑇𝑐

  is the same for both designs. The area of p-leg in the U-TEG is 19% higher than the TEG 

and the electrical current (𝐼) in the U-TEG is 76% higher than the TEG. Therefore, the current density of the p-

Figure 4.4 (a) and (b) Temperature profile and heat flux of TEG respectively. (c) and (d) Temperature profile and heat 

flux of U-TEG respectively. 
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leg (𝐽𝑃 = 𝐼 𝐴𝑝
⁄ ) in U-TEG is higher than the TEG. Thus, according to Equation (2.49), U-TEG has a shorter 

thermoelement length than TEG.     

𝑙 =
1

𝐽𝑃
∫ 𝑢𝑃𝜅𝑃𝑑𝑇
𝑇ℎ
𝑇𝑐

           (2.49) 

Therefore, the low electrical resistivity of Constantan makes it a better material than the Al-doped ZnO when 

developing a TEG with Ca3Co4O9. However, the high thermal conductivity of Constantan could make negative 

impacts to the thermal circuit of the TEG and create thermal shortening effects. This problem is addressed in 

RCA by considerably reducing the cross-sectional area of Constantan. Figure 4.4 shows the temperature profiles 

and the heat flux magnitudes for both TEG and U-TEG designs. Both designs possess similar temperature 

profiles, as shown in Figure 4.4(a) and (c), and similar heat flux profiles, as shown in Figure 4.4(b) and (d). 

Therefore no thermal shortening effects acting in the U-TEG design.   

By considering the above facts it can be claimed that the U-TEG is a promising concept for the OTE-Power 

project to increase the VPD and decrease the cost-per-Watt of the TEG.              

4.2 Generalization of U-TEG using an idealized metal 

This section discusses the device architecture and the VPD of a U-TEG when using an idealized metal as the 

conductor of the U-TEG. Thus the p-type Ca3Co4O9 and an idealized metal are used as the semiconductor and 

the conductor of the U-TEG design respectively.  

Constantan is used as the conductor of the U-TEG in Section 4.1. Due to the non-zero Seebeck coefficient, 

Constantan generates power in the U-TEG system though it used as a conductor. Thus the power output of the 

U-TEG not solely dependent on the semiconductor. However, when generalizing the U-TEG design, the 

conductor should not contribute to the power output of the system. Thus an idealized metal is used as the 

conductor in this section and the Seebeck coefficient of the idealized metal is taken as zero. Therefore the 

conducting leg does not contribute to power production for the U-TEG device and it only helps to maintain the 

thermal and electrical circuits of the U-TEG system. Hence the TE material is responsible for all the power that 

is generated by the U-TEG. However, the electrical resistivity and the thermal conductivity of the idealized 

metal are taken to be temperature dependent. 

Generating the electrical resistivity data for an idealized metal is the first step. A common assumption is that the 

electrical resistivity of a metal is linearly dependent on the temperature, as shown in Equation (4.1) [196]. 

Additionally, two other assumptions have been made for the temperature dependencies of the electrical 

resistivity: one is a quadratic relationship (upper extreme) and one is a constant relationship (lower extreme). 

The quadratic dependency of electrical resistivity on temperature (quadratic relationship) is shown in Equation 

(4.2) and the non-temperature dependency of electrical resistivity (constant relationship) is shown in Equation 

(4.3).    

𝜌 = 𝜌0 (
𝑇

𝑇0
)           (4.1)  
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𝜌 = 𝜌0 (
𝑇

𝑇0
)
2
            (4.2) 

𝜌 = 𝜌0             (4.3) 

where, 𝜌 is electrical resistivity, 𝜌0 is electrical resistivity at room temperature (initial resistivity), 𝑇 is 

temperature and 𝑇0 is the ambient temperature. 

Due to the resultant electrical resistivity dependency on the initial resistivity, three different initial resistivities 

are studied for each temperature dependency of electrical resistivity. Thus nine different idealized metals are 

generated, based on three different temperature dependencies and three different initial electrical resistivities.  

Silver is one of the commonly used highly electrical conducting materials And thus the electrical resistivity of 

silver (0.0015 mΩ cm [197]) has been used as a one initial electrical resistivity. Another initial electrical 

resistivity considered here is a hypothetical electrical resistivity 0.001 mΩ cm, which is lower than the electrical 

resistivity of silver. Finally, the average electrical resistivity of Constantan (0.05 mΩ cm [193]) is used as 

another electrical resistivity. Thus these three resistivities provide a better spectrum to demonstrate the effect of 

the initial resistivity for the final VPD. Figure 4.5 shows the temperature dependent electrical resistivities of six 

different idealized metals (according to the Equation (4.3) the electrical resistivities not depend on the 

temperature and thus the electrical resistivities of those three idealized metal are not plotted in Figure 4.5).    

As shown in Figure 2.2, insulators and metals have low and high carrier concentrations respectively. Moreover, 

the electronic contribution for the thermal conductivity increases exponentially, when the carrier concentration is 

increased [1,2]. Idealized metals have high carrier concentrations. Therefore, it is assumed that, the thermal 

conductivity of the idealized metals only depends on the electronic thermal conductivity and that the lattice 

thermal conductivity is negligible. Equation (2.10) shows the electronic contribution of the thermal conductivity, 

according to the Wiedemann–Franz law [1]. Therefore the thermal conductivity of the idealized metal only 

depends on the electrical resistivity and the temperature. Figure 4.5 shows the temperature dependent thermal 

conductivity of nine different idealized metals.  

 𝜅𝑒 =
𝐿𝑇

𝜌
            (2.10) 

Nine different idealized metals, shown in Figure 4.5, are numerically combined with p-type Ca3Co4O9 used in 

Section 4.1, to develop nine different pseudo U-TEG devices. The operating temperature, heat input at the hot 

side, and the total thermoelement area are kept the same as that in Section 4.1 for all the pseudo U-TEG 

devices:1070-370 K, 20W/cm
2
 and 1 cm

2
, respectively. The architecture and the output for these nine different 

pseudo U-TEG devices are shown in Table 4.2.  

Due to the zero Seebeck coefficients, the idealized metal will not contribute to the power output of the U-TEG 

device. Thus, according to the Table 4.2, all the U-TEG devices possesss the same TE potential, current and 

power output; though they have different starting electrical resistivity and different temperature dependency for 

the resistivity.      
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Figure 4.5 (a) Thermal conductivity, and (b) Electrical resistivity variation with temperature of an idealized metal for linear 

temperature dependent electrical resistivity for different initial resistivities at room temperature; (c) Thermal conductivity, and (d) 

Electrical resistivity variation with temperature of idealized metal when the electrical resistivities quadratically depend on the 

temperature for different initial resistivities at room temperature; (e) Thermal conductivity variation with temperature of idealized 

metal when the electrical resistivities are independent of the temperature for different initial resistivities at room temperature. 
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According to Table 4.2, the TE length has increased and the area of the idealized metal has decreased, when 

decreasing the initial resistivity at room temperature. All three temperature dependencies show this same 

behavior. This behavior will control the thermal shortening effects in U-TEG. According to the Equation (2.10), 

the thermal conductivity will increase when the electrical resistivity is decreased. Therefore, to reduce the 

thermal shortening effects, the TE length should increase and the area of idealized metal should decrease, 

according to Equation (3.2). 

TEG and U-TEGs in Section 4.1 and 4.2 operate under the same operating temperature, heat input at the hot 

side, and the total thermoelement area. Therefore, the outputs of those TEG and U-TEGs can be compared. Thus 

according to the Table 4.1 and 4.2, U-TEGs with Ca3Co4O9 and idealized metal could produce higher VPD 

compared to the TEG from OTE-Power project with Ca3Co4O9 and Al-doped ZnO.      

This confirms that the U-TEG design is a promising concept for the OTE-Power project. Because it increases 

and the VPD and decreases the cost-per-Watt of the TEG.              

 

Table 4.2: Architectures and outputs of U-TEGs with Ca3Co4O9 and idealized metal for different starting electrical resistivities for 

different temperature dependencies of the resistivity 

Temperature 

dependency of 

resistivity   

𝜌0 

 

(mΩ cm) 

TE  

length  

(cm) 

Idealized metal 

area 

(cm2) 

 Ca3Co4O9 

area 

(cm2) 

TE  

potential  

(V) 

Current  

 

(A) 

Power 

Output   

(W) 

Volumetric 

power density 

W/cm3 

Linear 

0.001 1.09 0.0012 0.9988 0.045 5.610 0.253 0.232 

0.0015 1.09 0.0018 0.9982 0.045 5.610 0.253 0.232 

0.05 1.03 0.0555 0.9445 0.045 5.610 0.253 0.246 

Quadratic 

0.001 1.09 0.0026 0.9974 0.045 5.571 0.253 0.232 

0.0015 1.08 0.0039 0.9961 0.045 5.610 0.253 0.234 

0.05 0.96 0.1145 0.8855 0.045 5.610 0.253 0.263 

Non 

0.001 1.09 0.0005 0.9995 0.045 5.610 0.253 0.232 

0.0015 1.09 0.0007 0.9993 0.045 5.610 0.253 0.232 

0.05 1.06 0.0238 0.9762 0.045 5.610 0.253 0.239 
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5. Increase the cost effectiveness of a TEG using an appropriate TEG design 

technique  

This chapter focuses on the minimization of the cost-per-Watt of a TEG by choosing the appropriate TEG design 

technique. TEG design techniques proposed by Ioffe [53] and Snyder et al. [51,52] are compared using the same 

boundary conditions and power requirements. Then the cost-per-Watt of the TEGs produced by the two different 

methods is calculated using real TE material costs and the results are compared.  

5.1 Ioffe’s Method vs RCA 

This section discusses the relationship between two of the most established TEG design techniques for 

temperature independent TE properties. Ioffe proposed in 1957 one of the first TEG design techniques that can 

be used for temperature independent TE properties [53]. This pioneering work still serves as a design tool and a 

number of modern day TEG designs follow the concepts of the above work. In the early 2000s’ Snyder et al. has 

introduce a comprehensive TEG design technique RCA, which can be used for temperature dependent and 

independent  TE properties [51,198].  

A detail explanation about the method proposed by Ioffe (Ioffe’s method) is included in Chapter 2 in this thesis. 

Moreover, a detail explanation about the method proposed by Snyder et al. (RCA) is also included in Chapter 2.    

Both methods can be used to design a unicouple TEG device. Unicouple TEG devices consist of p- and n-leg 

thermoelements, which are connected thermally in parallel and electrically in series, as shown in Figure 2.6(a).   

One important similarity between Ioffe’s method and RCA is that, both methods focus on the most efficient TEG 

architecture and more importantly both methods predict the most efficient area ratio for p- and n-legs of the 

TEG. However, they use different strategies to obtain the most efficient area ratio.  

Ioffe’s method considers the p- and n-legs of the unicouple TEG as a single unit. Then it matches the thermal 

conductivity (𝜅) and the electrical resistivity (𝜌) of both legs to obtain the most efficient area ratio for p- and n-

legs. Therefore the area ratio between the p- and n-legs can be stated as Equation (2.24) [53]. 

 
𝜌𝑝 𝜅𝑛

𝜅𝑝 𝜌𝑛
= (

 𝐴𝑝

𝐴𝑛
)
2
            (2.24) 

Where 𝐴𝑝 and 𝐴𝑛 are the cross-sectional area of the p- and n-legs respectively; 𝜌𝑝 and 𝜌𝑛 are the electrical 

resistivity of the p- and n-legs respectively; 𝜅𝑝 and 𝜅𝑛 are the thermal conductivity of the p- and n-legs 

respectively. 

According to Equation (2.24), it is clear that the material, with a comparatively low thermal conductivity and 

high electrical resistivity, will result in a higher cross-sectional area for p- and n-legs. This is a correct definition 

when considering the electrical circuit and the thermal circuit of a TEG, and can be explained as follows.  

When considering the electrical circuit of a TEG, the attainment of a high power output is a primary target. 

According to the Ohm’s law (𝑉 = 𝐼𝑅) and 𝑃 = 𝑉𝐼, for a constant potential difference (𝑉), a lower resistance lets 
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more electrical current (𝐼) to pass and increases the power output (𝑃). The relationship between the electrical 

resistivity (𝜌) and the electrical resistance (𝑅) can be stated as in Equation (5.1), where 𝑙 is the length of the 

material and the 𝐴 is the cross-sectional area. Thus according to the Equation (5.1), to reduce the electrical 

resistance at a constant length, the cross-sectional area should be increased. Therefore, in terms of the electrical 

circuit of the TEG, Equation (2.24) provides the correct definition for the p- and n-leg area ratio by increasing 

the cross-sectional area of the material with higher electrical resistivity. 

𝑅 = 𝜌
𝑙

𝐴
            (5.1) 

When considering the thermal circuit of the TEG, the prevention of thermal shortening between the hot and cold 

side of the TEG is important. According to the Equation (3.2) the rate of heat transferred by conduction (𝑄𝑐𝑜𝑛𝑑.) 

will increase with the thermal conductivity and cross-sectional area of the material, at a constant length and 

temperature difference (𝑇ℎ − 𝑇𝑐)  [192]. Hence to remove the thermal shortening effects, the material with the 

higher thermal conductivity should result in a lower cross-sectional area in TEG. Therefore, in terms of the 

thermal circuit of the TEG, Equation (2.24) provides the correct definition for the p- and n-leg area ratio by 

decreasing the cross-sectional area of the material with the higher thermal conductivity.             

𝑄𝑐𝑜𝑛𝑑. = 𝜅𝐴
𝑇ℎ−𝑇𝑐

𝑙
            (3.2) 

In contrast to the Ioffe’s method, the RCA considers individual p- and n-legs of the unicouple TEG initially, and 

find the most efficient configuration/reduced current density values for each p- and n-leg. Then RCA match 

these most efficient individual configurations to obtain the most efficient p- and n-leg area ratio of the TEG. 

Therefore the area ratio between the p- and n-legs can be stated as Equation (2.51) [51]. 

𝐴𝑝

𝐴𝑛
=

−𝐽𝑛

𝐽𝑝
=

−∫ 𝑢𝑛𝑘𝑛 𝑑𝑇
𝑇ℎ
𝑇𝑐

∫ 𝑢𝑝𝑘𝑝 𝑑𝑇
𝑇ℎ
𝑇𝑐

          (2.51) 

where, 𝐽 is the current density, 𝑇 is the temperature, 𝑢 is the reduced current density, and subscripts ℎ, 𝑐, 𝑝, and 

𝑛 represent the hot side, cold side, p-type and n-type respectively.  

Here, the definition of the current density is  𝐽 =
𝐼

𝐴
. The same current passes through the p- and n-legs of the 

unicouple TEG, but the current density depends on the cross sectional area of the leg. Thus a comparatively 

higher current density is obtained from the material with the smaller cross-sectional area from p- and n-legs. 

Moreover according to the Equation (2.51), the material with the comparatively low thermal conductivity and 

low reduced current density will result in a higher cross-sectional area. According to the Equation (3.2), the 

material with the higher thermal conductivity should result in a lower cross-sectional area in the TEG to remove 

the thermal shortening effects. Thus, in terms of the thermal circuit of the TEG, Equation (2.51) provides the 

correct definition for p- and n-leg area ratio by decreasing the cross-sectional area of the material with higher 

thermal conductivity. The definition of the reduced current density is  𝑢 =
𝐽

𝑘 ∇𝑇
=

𝐼

𝐴 𝑘 ∇𝑇
, and thus the variation of 

𝑢 value highly depends on all three TE properties of the material and on the operating conditions. However, it 

can shown that the RCA has given higher cross-sectional area for the material with higher electrical resistivity 

for p- and n-leg as in Ioffe’s method, and a later part of this section this behavior is also shown.   
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As discussed above, Ioffe’s method and RCA using different approaches to obtain the most efficient area ratio 

for p- and n-legs. Therefore the question arises: are these methods predicting the same most efficient area ratios 

and power outputs at the same operating conditions? To answer this question, a number of different hypothetical 

TE materials are formulated and used with the calculations using both Ioffe’s method and RCA, under the same 

operating conditions.      

The calculation process is divided into two sections. The first section creates hypothetical p- and n-leg TE 

materials by varying the TE properties of the materials and combines those materials to generate TEG 

unicouples. Then the most efficient area ratios are calculated for each TEG unicouple using both Ioffe’s method 

and RCA under the same operating conditions. Later in this section the variations of the most efficient area ratio 

with the p- and n-leg 𝑧𝑇 ratios (
𝑧𝑇𝑝

𝑧𝑇𝑛
) are obtained. 

The second section of the calculations develops TEG unicouples in COMSOL, using the most efficient area 

ratios given by both Ioffe’s method and RCA, in the first section of the calculations. These TEG unicouples have 

the same thermoelement length, the same total thermoelement area, and operate under the same operating 

conditions. Then the power output and the efficiency for these different TEG unicouples are obtained using 

COMSOL.  

5.1.1 Calculation Section 1 

Here, 18 different n-type TE materials are created that have different TE properties under three different sets as 

shown in Figure 5.1. In each set, only one TE material property has changed whilst keeping the other two TE 

material properties constant. The only TE material parameter that has changed in Set 1, Set 2, and Set 3 is the 

thermal conductivity, the electrical resistivity, and the Seebeck coefficient respectively. Under each set, six 

different n-type TE materials are generated. Temperature independent TE material properties are considered in 

here for all the calculations.    

Then these 18 different n-type TE martials are combined with the same p-type TE material and the generated 18 

different TEG unicouples as shown in Figure 5.1. Thus these TEG unicouples possess different p- and n-leg 𝑧𝑇 

ratios (
𝑧𝑇𝑝

𝑧𝑇𝑛
). Then the most efficient area ratios are calculated for each TEG unicouple using both Ioffe’s method 

and RCA under the same operating conditions and the results are shown in Table 5.1, 5.2, and 5.3 for Set 1, Set 

2, and Set 3 respectively. As the initial operating conditions, the hot (𝑇ℎ) and cold (𝑇𝑐) side temperatures of 

600_K and 300 K are used for all TEG unicouples.   

Considering the p- and n-leg TE properties of TEG unicouples TC_4, ER_0.4, and SC_-200, it’s clear that these 

are the same TEG unicouples under three different sets with different names. Thus this similarity gives the 

opportunity to compare the results of the different sets.   

According to Table 5.1, 5.2 and 5.3, the most efficient area ratios given by Ioffe’s method and RCA are the same 

when the both p- and n-leg material have the same TE properties. However, when the p- and n-leg material have 

different TE properties, the most efficient area ratio given by Ioffe’s method and RCA are different. Moreover 

this difference increases when the difference of the 𝑧𝑇 value between the p- and n-leg materials increase.  
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As described above and according to Table 5.1, both Ioffe’s method and RCA give a lower cross-sectional area 

for the material with a higher thermal conductivity for p- and n-legs in a TEG unicouple. As an example, the n-

leg of the TE_14 has a higher thermal conductivity than the p-leg. Taking the total cross sectional area of the 

thermoelements as 1 cm
2
 for both Ioffe’s method and RCA, then the cross sectional areas given by Ioffe’s 

method for the p- and n-legs are 0.65 cm
2
 and 0.35 cm

2
 respectively, and the cross sectional areas given by RCA 

for the p- and n-legs are 0.53 cm
2
 and 0.47 cm

2
 respectively. Moreover, it can be seen that the material with the 

higher thermal conductivity (here the n-leg) gives a comparatively high cross-sectional area by the RCA than the 

Ioffe’s method.   

As described above and according to Table 5.2, both Ioffe’s method and RCA give higher cross-sectional areas 

for the material with higher electrical resistivity for the p- and n-legs in a TEG unicouple. As an example, the n-

leg of the ER_1.4 has higher electrical resistivity than the p-leg. Taking the total cross sectional area of the 

thermoelements as 1 cm
2
 for both Ioffe’s method and RCA, then the cross sectional areas given by Ioffe’s 

method for the p- and n-legs are 0.35 cm
2
 and 0.65 cm

2
 respectively, and the cross sectional areas given by RCA 

for the p- and n-legs are 0.25 cm
2
 and 0.75 cm

2
 respectively. Moreover, it can be seen that the material with the 

higher electrical resistivity (here the n-leg) gives a comparatively high cross-sectional area by the RCA than the 

Ioffe’s method.   

According to the Table 5.3, when the thermal conductivity and the electrical resistivity of p- and n-leg TE 

materials are the same, Ioffe’s method gives the same cross-sectional area for both p- and n-legs and does not 

depend on the Seebeck coefficient of the materials. However, the most efficient area ratio given by RCA is 

dependent on the Seebeck coefficient, though the thermal conductivity and the electrical resistivity of p- and n-

leg TE materials are the same.         

According to Table 5.1, 5.2 and 5.3, when comparing the cross-sectional areas of the weaker TE material given 

by both Ioffe’s method and RCA, the RCA gives a comparatively higher cross-sectional area for the weaker TE 

material than the Ioffe’s method. Thus in a TEG architecture, the weaker TE material gets comparatively higher 

priority in RCA than in Ioffe’s method.  

Here the work done in the Chapter 3 for temperature dependent TE properties is put in to the context of above 

behaviour of both the RCA and Ioffe’s method. One of the main focuses of ERCA in Chapter 3 is to reduce the 

priority given by RCA to the weaker TE material in TEG architecture. This is done by reducing the cross- 

section area of the weaker TE material given by RCA. As described above, the Ioffe’s method provides a smaller 

cross-section area for the weaker TE material than the RCA for temperature independent TE properties. 

Similarly the concept of the ERCA provides a smaller cross-section area for the weaker TE material than the 

RCA for temperature dependent TE properties.  
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Figure 5.1: Creating different TEG unicouples by combining different n-type TE materials with the same p –type TE material. In “Set 1”, 

only the thermal conductivity (TC) of the n-leg materials is varying and the electrical resistivity (ER) and the Seebeck coefficient (SC) of 

the n-leg materials are constant at 0.4 mΩ cm and -200 μV/K respectively. In “Set 2”, only the ER of the n-leg materials is varying and 

the TC and the SC of the n-leg materials are constant at 4 W/m·K and -200 μV/K respectively. In “Set 3”, only the SC of the n-leg 

materials is varying and the TC and the ER of the n-leg materials are constant at 4 W/m·K and 0.4 mΩ cm respectively. TEG unicouples 

are highlighted in yellow colour are used in the section two of the calculations for COMSOL 
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Table 5.1: variation of the most efficient area ratio of the TEG unicouples in Set 1 

Name 

Thermal 

Conductivity     

(W/m*K) 

Electrical 

Resistivity             

(mΩ cm) 

Seebeck 

coefficient        

(µV/K) 

zT                                

(at hot side    

Th=600 K) 

zT 

Ratio  

 
𝑧𝑇𝑝

𝑧𝑇𝑛
 

Most efficient 

area ratio          
𝐴𝑝

𝐴𝑛
 

% most 

efficient  
𝐴𝑝

𝐴𝑛
 

Difference 

 
(𝐼𝑜𝑓𝑓𝑒−𝑅𝐶𝐴)%

𝑅𝐶𝐴
          

Area of the legs (cm2)  

when the total area = 1 cm2 

Ioffe RCA 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 
Ioffe RCA 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

TC_4 4 4 0.4 0.4 200 -200 1.5 1.50 1.0 1.00 1.00 0 0.50 0.50 0.50 0.50 

TC_6 4 6 0.4 0.4 200 -200 1.5 1.00 1.5 1.22 1.06 16 0.55 0.45 0.51 0.49 

TC_8 4 8 0.4 0.4 200 -200 1.5 0.75 2.0 1.41 1.09 30 0.59 0.41 0.52 0.48 

TC_10 4 10 0.4 0.4 200 -200 1.5 0.60 2.5 1.58 1.11 42 0.61 0.39 0.53 0.47 

TC_12 4 12 0.4 0.4 200 -200 1.5 0.50 3.0 1.73 1.13 54 0.63 0.37 0.53 0.47 

TC_14 4 14 0.4 0.4 200 -200 1.5 0.43 3.5 1.87 1.14 64 0.65 0.35 0.53 0.47 

 

Table 5.2: variation of the most efficient area ratio of the TEG unicouples in Set 2 

Name 

Thermal 

Conductivity     

(W/m*K) 

Electrical 

Resistivity             

(mΩ cm) 

Seebeck 

coefficient        

(µV/K) 

zT                                

(at hot side    

Th=600 K) 

zT 

Ratio  

 
𝑧𝑇𝑝

𝑧𝑇𝑛
 

Most efficient 

area ratio          
𝐴𝑝

𝐴𝑛
 

% most 

efficient  
𝐴𝑝

𝐴𝑛
 

Difference 

 
(𝐼𝑜𝑓𝑓𝑒−𝑅𝐶𝐴)%

𝑅𝐶𝐴
          

Area of the legs (cm2)  

when the total area = 1 cm2 

Ioffe RCA 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 
Ioffe RCA 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

ER_0.4 4 4 0.4 0.4 200 -200 1.5 1.50 1.0 1.00 1.00 0 0.50 0.50 0.50 0.50 

ER_0.6 4 4 0.4 0.6 200 -200 1.5 1.00 1.5 0.82 0.70 16 0.45 0.55 0.41 0.59 

ER_0.8 4 4 0.4 0.8 200 -200 1.5 0.75 2.0 0.71 0.54 30 0.41 0.59 0.35 0.65 

ER_1.0 4 4 0.4 1.0 200 -200 1.5 0.60 2.5 0.63 0.44 42 0.39 0.61 0.31 0.69 

ER_1.2 4 4 0.4 1.2 200 -200 1.5 0.50 3.0 0.58 0.38 54 0.37 0.63 0.27 0.73 

ER_1.4 4 4 0.4 1.4 200 -200 1.5 0.43 3.5 0.53 0.33 64 0.35 0.65 0.25 0.75 

 

Table 5.3: variation of the most efficient area ratio of the TEG unicouples in Set 3 

Name 

Thermal 

Conductivity     

(W/m*K) 

Electrical 

Resistivity             

(mΩ cm) 

Seebeck 

coefficient        

(µV/K) 

zT                                

(at hot side    

Th=600 K) 

zT 

Ratio  

 
𝑧𝑇𝑝

𝑧𝑇𝑛
 

Most efficient 

area ratio          
𝐴𝑝

𝐴𝑛
 

% most 

efficient  
𝐴𝑝

𝐴𝑛
 

Difference 

 
(𝐼𝑜𝑓𝑓𝑒−𝑅𝐶𝐴)%

𝑅𝐶𝐴
          

Area of the legs (cm2)  

when the total area = 1 cm2 

Ioffe RCA 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 
Ioffe RCA 

p-  

leg 

n-

leg 

p-  

leg 

n-

leg 

SC_-200 4 4 0.4 0.4 200 -200 1.5 1.50 1.0 1.00 1.00 0 0.50 0.50 0.50 0.50 

SC_-163 4 4 0.4 0.4 200 -163 1.5 1.00 1.5 1.00 0.86 16 0.50 0.50 0.46 0.54 

SC_-141 4 4 0.4 0.4 200 -141 1.5 0.75 2.0 1.00 0.77 30 0.50 0.50 0.43 0.57 

SC_-127 4 4 0.4 0.4 200 -127 1.5 0.60 2.5 1.00 0.71 42 0.50 0.50 0.41 0.59 

SC_-115 4 4 0.4 0.4 200 -115 1.5 0.50 3.0 1.00 0.65 54 0.50 0.50 0.39 0.61 

SC_-107 4 4 0.4 0.4 200 -107 1.5 0.43 3.5 1.00 0.61 64 0.50 0.50 0.38 0.62 
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5.1.2 Calculation Section 2 

The second section of the calculations used 9 different TEG unicouples out of the 18 different TEG unicouples 

that were generated in the first section of the calculations. These selected 9 different TEG unicouples are 

highlighted in yellow in Figure 5.1.  

The criterion for selecting these TEG unicouples is as follows: Three TEG unicouples are selected from each 

Set; the first TEG unicouple selected has identical p- and n-leg TE properties and the other two have highly 

different p- and n-leg TE properties. Those selected TEG unicouples are TC_4, TC_10, TC_14 from Set 1; 

ER_0.4, ER_1.0, ER_1.4 from Set 2; and SC_-200, SC_-127, and SC_-107 from Set 3. However, as stated 

earlier, TC_4, ER_0.4, and SC_-200 are the same TEG unicouple under three different sets with different names. 

Therefore in this section, these 3 TEG unicouples are named as B_1 (B_1 ≡ TC_4 ≡ ER_0.4 ≡ SC_-200). Thus 7 

different TEG unicouples are considered in this section and those are B_1, TC_10, TC_14, ER_1.0, ER_1.4, 

SC_-127, and SC_-107.     

Then depending on the most efficient area ratios given by Ioffe’s method and RCA for these 7 different TEG 

unicouples, 14 different TEG unicouples are created using COMSOL. The thermoelement length, total 

thermoelement area, hot side temperature, and cold side temperature of all these 14 different TEG unicouples are 

kept constant at 2 cm, 1 cm
2
, 600 K, and 300 K respectively. Then the internal resistance, power output, heat 

input at the hot side and the efficiency for these 14 different TEG unicouples are obtained using COMSOL and 

the results are shown in Figure 5.2.   
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According to Figure 5.2, the internal resistance, power output, heat input at the hot side, and efficiency given by 

Ioffe’s method and RCA are almost the same for all the different TEG unicouples, though the heat input at the 

hot side given by Ioffe’s method is a little lower than the RCA for the TEG unicouples TC_10 and TC_14  

Therefore, according to Table 5.1 – 5.3 and Figure 5.2, it can concluded that both Ioffe’s method and RCA 

generate TEG unicouples with almost the same power output and efficiency for any p- and n-leg TE material 

Figure 5.2: The (a) internal resistance, (b) power output, (c) heat input at the hot side, and (d) efficiency of the TEG unicouples B_1, 

TC_10, TC_14, ER_1.0, ER_1.4, SC_-127, and SC_-107.  

(B_1 ≡ TC_4 ≡ ER_0.4 ≡ SC_-200) 
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combination at the same operating conditions; though these two methods do predict different most efficient area 

ratios for the p- and n-leg depending on the TE material properties. This behaviour is summarized in Figure 5.3.     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.1.3 The maximum efficiency of a TEG at different area ratios  

The following discusses about the relation between the maximum efficiency predicted by Ioffe’s method and 

RCA for different area ratios of a TEG unicouple. Figure 5.4 represents the value of the maximum efficiency 

given by Ioffe’s method (blue dots) and RCA (red dots) for different p- and n-leg area ratios (𝐴𝑝/𝐴𝑛) of a TEG 

unicouple. P- and n-leg TE materials of TE_14 are used for this TEG unicouple. Thermoelement length, total 

thermoelement area, hot side temperature and cold side temperature of the TEG unicouple are kept constant at 

2/cm, 1cm
2
, 600 K and 300 K respectively, for all the cases studied.  

According to Figure 5.4, the maximum efficiency predicted by both methods for any p- and n-leg area ratio is 

almost the same. However, when defining the optimum configuration (the most efficient area ratio and the 

corresponding efficiency) for a TEG unicouple, Ioffe’s method and RCA define different most efficient area 

ratios, although reaching almost the same efficiency. These optimum configurations for Ioffe’s method and RCA 

are shown in Figure 5.4 as grey and green circles respectively.         

According to Figure 5.4, the maximum efficiency curve does not show a sharp peak at any specific 𝐴𝑝/𝐴𝑛 value 

for both Ioffe’s method and RCA; and a range of 𝐴𝑝/𝐴𝑛 values are able to generate almost the same maximum 

Figure 5.3: Relation between most efficient area ratio, efficiency and power output given by Ioffe’s method and RCA for the 

same material combination and given operating conditions: (a) when the TE properties of the p- and n-legs are the same, (b) 

when the TE properties of the p- and n-legs are different. 
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efficiency of a TEG. The most efficient 𝐴𝑝/𝐴𝑛 values given by Ioffe’s method and RCA are at either end of this 

range of 𝐴𝑝/𝐴𝑛 values. Thus, for this study, when the p-leg has a higher 𝑧𝑇 value than the n-leg; the RCA and 

the Ioffe’s methods predict the lower and upper limits of this range of  𝐴𝑝/𝐴𝑛 values, that could generate a TEG 

with the maximum efficiency. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Another important consideration is the relation between the maximum efficiency predicted by Ioffe’s method 

and RCA for different area ratios of a TEG, when the 𝑧𝑇 values of two thermoelements are highly different. The 

highest 𝑧𝑇 ratio between two thermoelements of a TEG can be observed in a U-TEG device, when the U-TEG 

develops by combining a TE material and an idealized metal. A detailed discussion about the U-TEG concept is 

Figure 5.4: The value of maximum efficiency given by the Ioffe’s method (blue dots) and RCA (red dots) for different 

p- and n-leg area ratios (𝐴 /𝐴 ) of a TEG unicouple. The TEG unicouple is based on the TE materials that used for the 

TE_14. Thermoelement length, total thermoelement area, hot side temperature and cold side temperature are kept 

constant for all the cases at 2 cm, 1cm2, 600 K and 300 K respectively. 

The most efficient area ratio and the corresponding efficiency predicted by Ioffe’s method (grey circle) and RCA (green 

circle) for the above TE materials and operating conditions are shown. 
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included in Chapter 4 of the thesis. Following obtained the relation between the highest efficiency predicted by 

Ioffe’s method and RCA for different area ratios of a U-TEG device with an idealized metal. 

Figure 5.5 represents the value of the maximum efficiency given by Ioffe’s method (blue dots) and RCA (red 

dots) for different p-leg and idealized metal area ratios (𝐴𝑝/𝐴𝑖𝑑𝑧) of a U-TEG. TE properties of the p-leg and 

idealized metal of the U-TEG are shown in Table 5.4. For the idealized metal, the resistivity is taken as 

0.002/mΩ cm (this resistivity value is closer to the resistivity of the silver). Due to the high electrical 

conductivity of the idealized metal, it can be considered that the thermal conductivity of the idealized metal is 

only depending on the electronic contribution of the thermal conductivity and the lattice contribution of the 

thermal conductivity is negligible. Thus using the Equation (2.10) [1], the thermal conductivity of the idealized 

metal is calculated. The Seebeck coefficient of the idealized metal is taken as zero. Thus zero power is generated 

by the idealized metal. Thermoelement length, total thermoelement area, hot side temperature and cold side 

temperature of the U-TEG are kept constant at 2 cm, 1cm
2
, 600 K and 300 K respectively, for all the cases 

studied. Under the above operating conditions, the most efficient area ratios given by Ioffe’s method and RCA 

are shown in Table 5.4.    

According to Figure 5.5, the maximum efficiency predicted by both methods for any p-leg and idealized metal 

area ratio is the same. However, when defining the optimum configuration for the U-TEG, Ioffe’s method and 

RCA are defining different most efficient area ratios, although reaching almost the same efficiency. These 

optimum configurations for Ioffe’s method and RCA are shown in Figure 5.5 as grey and green circles 

respectively.         

According to Figure 5.5, the maximum efficiency curve does not show a sharp peak at any specific 𝐴𝑝/𝐴𝑖𝑑𝑧 

value for both Ioffe’s method and RCA; and a range of 𝐴𝑝/𝐴𝑖𝑑𝑧 values are able to generate almost the same 

maximum efficiency of a U-TEG. The most efficient 𝐴𝑝/𝐴𝑖𝑑𝑧 values given by Ioffe’s method and RCA are at 

either end of this range of 𝐴𝑝/𝐴𝑖𝑑𝑧 values. Thus, for this study, the RCA and the Ioffe’s methods predict the 

lower and upper limits of this range of  𝐴𝑝/𝐴𝑖𝑑𝑧 values, that could generate a U-TEG with maximum efficiency. 

 

Table 5.4: TE properties of the p-leg and idealized metal used to develop the U-TEG in Figure 5.5 and the most efficient area ratios 

predicted by Ioffe’s method and RCA 

Name 

Thermal Conductivity     

(W/m*K) 

Electrical Resistivity             

(mΩ cm) 

Seebeck coefficient        

(µV/K) 

zT                                

(at hot side Th=600 K) 

Most efficient area 

ratio          
𝐴𝑝

𝐴𝑖𝑑𝑧
 

p 

leg 

Idealized 

metal 

p 

leg 

Idealized 

metal 

p 

leg 

Idealized 

metal 

p 

leg 

Idealized 

metal 
Ioffe RCA 

U-TEG_1 4 732 0.4 0.002 200 0 1.5 0 191 103 
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5.2 Cost of a TEG by different TEG design techniques 

As explained in the previous section and Figure 5.3, both Ioffe’s method and RCA generate TEG unicouples 

with almost the same power output and efficiency for any TE material combination, for the p- and n-legs at the 

same operating conditions. However, the most efficient area ratio given by these two methods could be different 

and it depends on the TE properties of both the p- and n-legs.  

Therefore when the length of the p- and n-legs of a TEG unicouple is constant, the amount of a particular TE 

material used by Ioffe’s method is different than the amount of the same TE material used by RCA. Moreover 

this could be significantly different, as shown in Table 5.1 – 5.3. Thus the above behaviour of these two methods 

Figure 5.5: The value of maximum efficiency given by the Ioffe’s method (blue dots) and RCA (red dots) for different 

p-leg and idealized metal area ratios (𝐴 /𝐴𝑖𝑑𝑧) of a U-TEG. The TE properties of the U-TEG materials are shown in 

Table 5.4. Thermoelement length, total thermoelement area, hot side temperature and cold side temperature are kept 

constant for all the cases at 2 cm, 1cm2, 600 K and 300 K respectively. 

The most efficient area ratio and the corresponding efficiency predicted by Ioffe’s method (grey circle) and RCA (green 

circle) for the above TE materials and operating conditions are shown. 
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opens up a great opportunity to reduce the cost-per-Watt of a TEG, by just choosing the appropriate TEG design 

technique. Generally, the production cost of a p-leg chosen is different to the cost of the n-leg [47]. Therefore the 

cost-per-Watt of a TEG can be reduced if we could reduce the use of expensive TE material by choosing the 

appropriate TEG design technique.  

Table 5.5 shows the cost-per-Watt for three different TEG unicouple developed from real TE materials [47]. The 

TEG_1 in Table 5.5 is based on p-type NaCo2O4 and n-type Ba8Ga16Ge30[199,200]. The TEG_2 in Table 5.5 is 

based on p-type PbTe with Tl and n-type Ca0.18Ni0.03Co3.97Sb12.4 [76,201–203]. The TEG_3 in Table 5.5 is based 

on p-type Ca3Co4O9 and n-type Al-doped ZnO from the OTE-Power project [49,50].  The thermoelement length, 

total thermoelement area, hot side temperature, and cold side temperature are kept constant for all the TEG 

unicouples at 0.5 cm, 1 cm
2
, 900 K, and 600 K respectively.  

Table 5.5: Cost-per-Watt for three different real TEG unicouple by Ioffe’s method and RCA  

Name 

zT                                  

(at hot side    

Th=900 K) 

Most efficient 

area ratio          
𝐴𝑝

𝐴𝑛
 

Area of the legs (cm2)  

when the total area = 1 cm2 
Total  cost 

per unicouple 

($) 

Power output 

(W) 
Efficiency 

Cost-per-Watt 

($/W) 

Ioffe RCA 

p-

leg 

n-

leg 
Ioffe RCA 

p-

leg 

n-

leg 

p-

leg 

n-

leg 
Ioffe RCA Ioffe RCA Ioffe RCA Ioffe RCA 

TEG_1 0.44 1.35 1.13 1.75 0.53 0.47 0.64 0.36 8.36 6.64 0.54 0.53 0.05 0.05 15.42 12.47 

TEG_2 1.54 1.13 5.48 4.92 0.85 0.15 0.83 0.17 1.12 1.11 0.96 0.99 0.07 0.07 1.16 1.12 

TEG_3 0.13 0.04 7.47 4.31 0.88 0.12 0.81 0.19 0.76 0.71 0.14 0.16 0.01 0.01 5.44 4.44 

 

According to Table 5.5, using RCA is cheaper for the TEG_1 and RCA saves $ 1.72 per unicouple compared to 

Ioffe’s method. Moreover cost-per-Watt given by RCA is $ 3 cheaper than Ioffe’s method. For the TEG_2, the 

cost per unicouple and the cost-per-Watt given by both RCA and Ioffe’s method are almost the same, though 

RCA is little cheaper. Finally for the TEG_3 which is the TEG developed in the OTE-Power project, cost-per-

Watt given by RCA is $ 1 cheaper than Ioffe’s method. Therefore it can be concluded that the use of appropriate 

TEG design technique could reduce the cost-per-Watt of a TEG.   
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6. A Simple TEG Design Procedure based on RCA 

As explained in the previous chapter, RCA [51,52] is an important TEG design technique even for the 

temperature independent TE properties as well as Ioffe’s method [53]. However, RCA is a complex process 

compared to the Ioffe’s method. Due to these difficulties, a broad knowledge about RCA is needed to work with 

it. Thus a simple engineering design technique is introduced in this chapter for a comprehensive TEG design 

technique RCA. The proposed method uses an appropriate and straightforward prediction process for the 

important design parameters and reduces the number of complex and time consuming calculation steps.  

A number of design techniques are available to design an optimal TEG [51–55,160]. These techniques could be 

used to design TEGs with either temperature-dependent TE properties, temperature-independent TE properties 

or both. In general, comprehensive TEG design techniques provide reliable design parameters, depending on the 

operational conditions. However, these techniques are complex and time consuming. Therefore, the TEG 

designer should have a high level of knowledge to work with the technique. Simpler and more reliable versions 

of these complex techniques would be beneficial to engineers, allowing them to perform their initial predictions 

about the TEG architecture without performing long and time consuming calculations. Because the majority of 

TEG applications are focused on implementing TEGs using existing systems, the volume constraint is always a 

design consideration. To match the TE material properties with the heat input, many detailed, time consuming, 

and complex calculations are needed. Therefore, a simple version of these complicated designing techniques is 

needed.  

The focus of a TE material scientist is the development of a material with a higher 𝑧𝑇, which is a deciding factor 

in the efficiency of a TEG. However, when that material is at the device stage, some other material properties, 

such as thermal conductivity matching, thermal expansion, mechanical stress, contact resistance, etc., receive 

high priority. If material scientists have a fundamental knowledge of TEG design, they may be able to overcome 

these TEG design considerations in the material stage, which will significantly benefit the final device. 

Therefore, a simple technique is mutually beneficial to both TEG designers and material scientists.  

The RCA is a technique that can be used to define the most efficient TEG architecture for a TEG with either 

temperature dependent or independent TE material properties [51,52]. However, the calculation process of the 

RCA consists of a number of time consuming steps, as discussed in Chapter 2. Moreover, the complexity and the 

extent do not provide a general idea of the TEG architecture in a simple manner. This work has developed a 

simplified version of the Reduced Current Approach (RCA) proposed by Snyder et al. for the temperature 

independent TE material properties. There are simple TEG design techniques that focus on temperature 

independent TE material properties [53,160]. However, when designing a real TEG system, there are a number 

of engineering constraints that should be considered. Thus, a complete TEG design technique which can 

accommodate those engineering constraints is needed in the field of TEG design. Moreover, this complete TEG 

design technique should be a simple technique which is accessible to, not only TEG designers, but also people 

who do not have a wide knowledge of TEG design. TE material scientists could use this knowledge about TEG 

system when they design TE materials. Thus they can focus on TEG system requirements, as well as the 𝑧𝑇 of 

the material and this will ease the job of the TEG designer.   
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Thus a simplified version of the RCA to addresses this need is introduced. Moreover it gives direct methods to 

calculate following important parameters of a TEG system. 

 Heat input to the TEG from hot side reservoir and heat output from the TEG to the cold side reservoir  

 Cross-sectional areas of each thermoelements   

 Length of the thermoelements 

 Amount of heat passing through each thermoelement   

 Current and voltage generated by the TEG 

 When the length of the TEG given as a design constraint, the total heat flux which is needed to operate 

the TEG at its highest efficiency.   

 

6.1 Approximating the most efficient reduced current density using compatibility factor 

This section focuses on obtaining a relationship between the compatibility factor and the most efficient reduced 

current density of a TE material at particular operating conditions using RCA. A detailed description of RCA is 

included in Chapter 2. Temperature independent TE material properties are considered in here for all the 

calculations.   

The current density (𝐽) and the reduced current density (𝑢) of a thermoelement can be stated as in Equation 

(2.35) and (2.36) respectively, when the current passing across a thermoelement is 𝐼, and the area of the 

thermoelement is 𝐴. 

𝐽 =
𝐼

𝐴
     (2.35) 

𝑢 =
𝐽

𝜅∇𝑇
= 

𝐼

𝐴 𝜅∇𝑇
    (2.36)  

Where ∇=
𝑑

𝑑𝑥
 

The efficiency (𝜂) of a device is shown in Equation (2.21), when the power produced by the system (power 

output) is  𝑃 and the amount of heat transfer to the hot side is 𝐻𝑡𝑜𝑡𝑎𝑙,ℎ.  

𝜂 =  
𝑃

𝐻𝑡𝑜𝑡𝑎𝑙,ℎ
            (2.21) 

Furthermore, the efficiency of a TEG can be explained as a combination of Carnot efficiency (𝜂𝑐𝑎𝑟𝑛𝑜𝑡) and the 

reduced efficiency  (𝜂𝑟),   

𝜂 =  𝜂𝑐𝑎𝑟𝑛𝑜𝑡   𝜂𝑟           (6.1) 

𝜂 =
𝑑𝑇

𝑇
 
𝑢(𝛼−𝑢𝜌𝜅)

𝑢𝛼+
1

𝑇

     (6.2) 
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where  𝜂𝑐𝑎𝑟𝑛𝑜𝑡 =
𝑑𝑇

𝑇
 , and       𝜂𝑟 =

𝑢(𝛼−𝑢𝜌𝜅)

𝑢𝛼+
1

𝑇

.  

The changes of the 𝜂𝑟 with the 𝑢 value is analogous to the variation of the power output of a TEG with the 

current. Thus the reduced efficiency will increase with the 𝑢 value and reach a maximum and then it will 

decrease. Therefore the maximum reduced efficiency (𝑀𝑎𝑥 𝜂𝑟) can be stated, as in Equation (2.41). Moreover 

the 𝑢 value that gives the 𝑀𝑎𝑥 𝜂𝑟 is define as the compatibility factor (𝑆) and it can be stated as in Equation 

(2.42) [51].     

𝑀𝑎𝑥 𝜂𝑟 = 
√1+𝑧𝑇−1

√1+𝑧𝑇+1
           (2.41) 

𝑠 =
√1+𝑧𝑇−1

𝛼𝑇
            (2.42) 

According to Equation (2.36) and (2.42), both 𝑢 and 𝑆 values depend on the temperature. Thus the 𝑢 values at 

the hot (𝑢ℎ) and cold (𝑢𝑐) sides of a thermoelement are different.  Moreover the 𝑆 values at the hot (𝑆ℎ) and 

cold (𝑆𝑐) sides of a thermoelement are also different. Therefore, the focus here is to find a relationship between 

the most efficient 𝑢 value and the compatibility factor of a thermoelement, and this gives rise to the following 

five different studies; Study A, B, C, D, and E. 

A. “Study A”  the hot side temperature of a TEG is increased step by step up to 1000 K whilst keeping the 

cold side at room temperature (300 K) in order to change the temperature difference between the hot and 

cold sides. TE properties of the p- and n-legs of the TEG are shown in Table 6.1. Then for each 

individual step the 𝑆 versus 𝑢 relationships is obtained.    

 

B. “Study B”  the cold side temperature of a TEG is increased step by step from 300 K to 900 K whilst 

keeping the hot side at 1000 K in order to change temperature difference between the hot and cold sides. 

The TE properties of the p- and n-legs of the TEG are shown in Table 6.1. Then for each individual step 

the 𝑆 versus 𝑢 relationships is obtained.    

 

C. “Study C” considers the high temperature range and the hot side temperature of a TEG is increased step 

by step up to 1700 K whilst keeping the cold side at 1000 K in order to change the temperature 

difference between the hot and cold sides. The TE properties of the p- and n-legs of the TEG are shown 

in Table 6.1. Then for each individual step the 𝑆 versus 𝑢 relationship is obtained.    

 

D. “Study D”  the hot side temperature of a TEG is increased step by step from 1000 K to 1700 K whilst 

keeping a 700 K constant temperature difference between the hot and cold sides. The TE properties of 

the p- and n-legs of the TEG are shown in Table 6.1. Then for each individual step the 𝑆 versus 𝑢 

relationships is obtained.    

 

E. “Study E” focuses on the 𝑧𝑇 variation of a TEG and the TE properties of the materials are changed to 

obtain a gradual variation of the material 𝑧𝑇. The TE properties of the p- and n-legs of the TEG and the 

corresponding 𝑧𝑇 at the hot side of the thermoelements are shown in Table 6.2. The hot and cold sides 

temperatures of the TEG are kept constant at1000 K and 300 K, respectively.   
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Study A, B and C considers the low, medium, and high temperature applications respectively. The focus of 

Study D is on the TEGs with high temperature gradients. Study E focuses on the most accessible of 𝑧𝑇 values of 

the present-day TEG applications. Thus the above studies represent the most of the possible temperature and 𝑧𝑇 

ranges of present-day TEG applications.    

Figure 6.1 shows details of the Study A. Figure 6.1(a) and (b) plot the most efficient reduced current densities at 

hot (𝑢𝜂_ℎ) and cold (𝑢𝜂_𝑐) sides; and the compatibility factor at the hot (𝑆ℎ) and cold (𝑆𝑐) sides for both the p- 

and n-legs. Moreover, Figure 6.1(c) and (d) plot the relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ, and the relative 

difference between 𝑆ℎ and 𝑢𝜂_𝑐 for the both p- and n-legs. Thus, according to Figure 6.1, 𝑆𝑐 is close to 𝑢𝜂_ℎ for 

both p- and n-legs. Moreover, the maximum relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ is about 1.5% and 0.5% for 

p- and n-legs respectively and it occurs at 700 K; that is the maximum temperature difference considered 

between hot and cold sides. Thus it can concluded that, for the Study A, 𝑢𝜂_ℎ ≈ 𝑆𝑐. 

Furthermore, according to Figure 6.1, 𝑆ℎ is close to 𝑢𝜂_𝑐 for both p- and n-legs. Moreover the maximum relative 

difference between 𝑆ℎ and 𝑢𝜂_𝑐 is about 2.5% and 1.5% for p- and n-legs respectively and it occurs at 700 K; that 

is the maximum temperature difference considered between the hot and cold sides. Thus it can concluded that, 

for the Study A, 𝑢𝜂_𝑐 ≈ 𝑆ℎ.  

 

 

Table 1: Material properties for the Study A, B, C, and D for both p- and n-legs 

 Seebeck coefficient  (α) Electrical resistivity 

(ρ) 

Thermal conductivity 

(κ) 

µV/K mΩ.cm W/m.K 

p-leg 295.83 0.4 9.92 

n-leg -191.25 1.09 2.74 
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Table 2: TE material properties used for each step, and the corresponding 𝑧𝑇 at the hot side of the thermoelement for the Study E 

Step 
Seebeck coefficient  (α) 

µV/K 

Electrical resistivity    (ρ) 

mΩ cm 

Thermal conductivity (κ) 

W/m K 

𝑧𝑇 at the hot side 

(Th = 1000 K) 

 

 
p-leg n-leg p-leg n-leg p-leg n-leg p-leg n-leg 

1 160 -160 6.2 4.0 1.1 2.0 0.38 0.32 

2 180 -180 6.6 4.4 1.0 1.9 0.49 0.39 

3 200 -200 7.0 4.8 0.9 1.8 0.63 0.46 

4 220 -220 7.4 5.2 0.8 1.7 0.82 0.55 

5 240 -240 7.8 5.6 0.7 1.6 1.05 0.64 

6 260 -260 8.2 6.0 0.6 1.5 1.37 0.75 

7 280 -280 8.6 6.4 0.5 1.4 1.82 0.88 

8 300 -300 9.0 6.8 0.4 1.3 2.50 1.02 

 

Figure 6.2 shows the relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ, and the relative difference between 𝑆ℎ and 𝑢𝜂_𝑐 for 

the studies B, C, D, and E for both p- and n-legs. According to Figure 6.2(a) and for the Study B, the maximum 

relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ is about 1.5% and 0.5% for the p- and n-legs respectively and the 

difference decreases when the cold side temperature is increased.  Furthermore, the maximum relative difference 

between 𝑆ℎ and 𝑢𝜂_𝑐 is about 2.5% and 1.5% for the p- and n-legs respectively and the difference decreases 

when the cold side temperature is increased.  

According to the Figure 6.2(b) and for the Study C, the maximum relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ is 

about 2% and 1% for the p- and n-legs respectively and the difference increases with the temperature difference.  

Furthermore, the maximum relative difference between 𝑆ℎ and 𝑢𝜂_𝑐 is about 2.5% and 1.5% for the p- and n-legs 

respectively and the difference increases with the temperature difference. 

According to the Figure 6.2(c) and for the Study D, the maximum relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ is 

about 2% and 1% for the p- and n-legs respectively and it is constant for all the cold side temperatures. 

Furthermore, the maximum relative difference between 𝑆ℎ and 𝑢𝜂_𝑐 is about 2.5% and 1.5% for the p- and n-legs 

respectively and it is constant for all the cold side temperatures. 

According to the Figure 6.2(d) and for the Study E, the maximum relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ is 

about 1.5% and 0.4% for the p- and n-legs respectively and it occurs at the highest 𝑧𝑇 value considered. 

Furthermore, the maximum relative difference between 𝑆ℎ and 𝑢𝜂_𝑐 is about 3% and 1% for the p- and n-legs 

respectively and it occurs at the highest 𝑧𝑇 value considered. 

Thus, from Figures 6.1 and 6.2 and the studies A, B, C, D, and E, it can concluded that 𝑢𝜂_ℎ ≈ 𝑆𝑐 and  𝑢𝜂_𝑐 ≈ 𝑆ℎ 

for most of the possible temperature and 𝑧𝑇 ranges of present day TEG applications. 
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Figurer 6.1: Study A, variation of the temperature different for constant 𝑇𝑐 =  00  : variation of the 𝑆ℎ, 𝑆𝑐 , 𝑢𝜂_ℎ, and 𝑢𝜂_𝑐  with 

temperature different for (a) p-leg, and (b) n-leg. Variation of relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ, and relative difference 

between 𝑆ℎ and 𝑢𝜂_𝑐 with temperature different for (c) p-leg, and (d) n-leg. 
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Figurer 6.2: For p- and n-legs; variation of relative difference between 𝑆𝑐 and 𝑢𝜂_ℎ, and relative difference between 𝑆ℎ 

and 𝑢𝜂_𝑐  (a) with cold side temperature for Study B, (b) with temperature different for Study C, (c) with cold side 

temperature for Study D, (d) with hot side 𝑧𝑇 for Study E 



89 
 

6.2 Proposed simple TEG design procedure 

The proposed TEG design procedure is divided into two subsections. The first subsection of the TEG design 

procedure is to find the TEG architecture and the outputs, when the 𝛼𝑝, 𝛼𝑛, 𝜌𝑝, 𝜌𝑛, 𝜅𝑝, 𝜅𝑛, 𝑇ℎ, 𝑇𝑐, 𝐻𝑡𝑜𝑡𝑎𝑙, and 

𝐴𝑡𝑜𝑡𝑎𝑙 given as the initial conditions. When the length of the TEG is provided as a design constraint and the 𝛼𝑝, 

𝛼𝑛, 𝜌𝑝, 𝜌𝑛, 𝜅𝑝, 𝜅𝑛, 𝑇ℎ, 𝑇𝑐, and 𝐴𝑡𝑜𝑡𝑎𝑙 are given, the second subsection of the method finds the p- and n-leg area 

ratio and the required heat flux to maintain the TEG at its highest efficiency.   

When considering a practical TEG application, 𝑇ℎ, 𝑇𝑐, and  𝐻𝑡𝑜𝑡𝑎𝑙 are not necessarily provided as the input 

parameters. Most common available parameters are the temperatures of the hot (𝑇𝐻) and cold (𝑇𝐶) side reservoirs 

and the thermal resistance of the hot (Θ𝐻) and cold (Θ𝐶) side heat exchangers. Thus 𝑇ℎ, 𝑇𝑐, and  𝐻𝑡𝑜𝑡𝑎𝑙 can be 

defined as follows.  

Here the concept of the thermal resistance matching to the TEG system can be used. Therefore, to obtain the 

maximum power output, the thermal resistance of the TEG (Θ𝑇𝐸𝐺) should be equal to  the total thermal 

resistance of the heat exchanges (Θ𝐸𝑋) as stated in Equation (6.3) [189,190]. Thus the temperature difference 

across the TEG (∆𝑇𝑇𝐸𝐺) should be equal to half of the temperature difference across the heat reservoirs.  

 Θ𝑇𝐸𝐺 = Θ𝐸𝑋            (6.3) 

∆𝑇𝑇𝐸𝐺 =  𝑇ℎ −  𝑇𝑐 = 
(𝑇𝐻−𝑇𝐶)

2
          (6.4) 

When the heat rate at the hot and cold side of the TEG are 𝐻𝐻 and 𝐻𝐶 respectively; 

𝑇𝐻 −  𝑇ℎ = 𝐻𝐻 Θ𝐻          (6.5) 

𝑇𝑐 −  𝑇𝐶 = 𝐻𝐶  Θ𝐶          (6.6) 

Thus depending on the 𝐻𝐻 and 𝐻𝐶, the TEG designer has the freedom to choose the 𝑇ℎ, and  𝑇𝑐. 

The first subsection of the TEG design procedure is considered in here. As stated earlier, 𝛼𝑝, 𝛼𝑛, 𝜌𝑝, 𝜌𝑛, 𝜅𝑝, 𝜅𝑛, 

𝑇ℎ, 𝑇𝑐, 𝐻𝑡𝑜𝑡𝑎𝑙, and 𝐴𝑡𝑜𝑡𝑎𝑙 are given as the initial conditions.  

As described in the previous section the most efficient reduced current density at the hot and cold side of a 

thermoelement are as stated as Equations (6.7) and (6.8). 

𝑢𝜂_ℎ ≈ 𝑆𝑐 =
√1+𝑧𝑇𝑐−1

𝛼𝑇𝑐
           (6.7) 

𝑢𝜂_𝑐 ≈ 𝑆ℎ =
√1+𝑧𝑇ℎ−1

𝛼𝑇ℎ
           (6.8) 

According to the Equation (2.35) and the same current through the p- and n-legs of the TEG it as stated by 

Equation (2.50) 

𝐼 = 𝐽𝑝𝐴𝑝 = − 𝐽𝑛𝐴𝑛,            (2.50)  
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By Equation (2.36) (6.7), and (2.50) for both p- and n-legs: 

𝐼 = 𝐴𝑝 𝑢𝜂_ℎ_𝑝 𝜅𝑝
𝑑𝑇

𝑑𝑥
= −𝐴𝑛 𝑢𝜂_ℎ_𝑛 𝜅𝑛

𝑑𝑇

𝑑𝑥
 .       (6.9) 

Thus: 

𝐴𝑝

𝐴𝑛
= 

− 𝑢𝜂_ℎ_𝑛 𝜅𝑛
𝑑𝑇

𝑑𝑥
 

𝑢𝜂_ℎ_𝑝 𝜅𝑝
𝑑𝑇

𝑑𝑥

 . 

Since both legs are under the same temperature gradient and both the p- and n-legs have same length; 

𝐴𝑝

𝐴𝑛
= 

− 𝑢𝜂_ℎ_𝑛 𝜅𝑛 

𝑢𝜂_ℎ_𝑝 𝜅𝑝
 .          (6.10) 

where the total area of the unicouple is 𝐴𝑡𝑜𝑡𝑎𝑙 = 𝐴𝑝 + 𝐴𝑛 and 

𝐴𝑝 =
𝐴𝑡𝑜𝑡𝑎𝑙

1+
𝐴𝑛
𝐴𝑝

,            (2.52) 

𝐴𝑛 =
𝐴𝑡𝑜𝑡𝑎𝑙

1+
𝐴𝑝

𝐴𝑛

.            (2.53) 

The thermoelectric potential is defined as [51]:  

𝛷 = 𝛼𝑇 +
1

𝑢
 .           (2.46) 

By combining Equation (2.36) and (2.46) we have: 

𝛷 = 𝛼𝑇 +
𝜅∇𝑇

𝐽
 .           (6.11) 

The heat flux, 𝑄, through the thermoelement can be defined as the combination of the heat fluxes by conduction 

and Peltier effect as follows [51]:   

𝑄 = 𝛼𝑇𝐽 + 𝜅∇𝑇.           (2.33) 

By combining Equation (6.11) and (2.33) we have: 

𝑄 = 𝐽 (𝛼𝑇 +
𝜅∇𝑇

𝐽
) =  𝐽 𝛷.          (6.12) 

Thus, heat flux at the hot side of the p- and n-legs of the TEG can be stated as follows: 

𝑄𝑝 = 𝐽𝑝 𝛷𝜂_ℎ_𝑝,           (6.13) 

𝑄𝑛 = 𝐽𝑛 𝛷𝜂_ℎ_𝑛.           (6.14) 

By Equation (6.13) and (6.14) we have: 
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𝑄𝑝

𝑄𝑛
=

𝐽𝑝 𝛷𝜂_ℎ_𝑝

𝐽𝑛 𝛷𝜂_ℎ_𝑛
.            (6.15) 

If the amount of heat which enters the hot side of the TEG is  𝐻𝑡𝑜𝑡𝑎𝑙,ℎ, 

𝑄 =
𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

𝐴𝑡𝑜𝑡𝑎𝑙
.            (6.16) 

Thus, by Equation (2.50), (6.15) and (6.16), 

𝐻𝑝

𝐻𝑛
=

− 𝛷𝜂_ℎ_𝑝

𝛷𝜂_ℎ_𝑛
.            (6.17) 

When  𝐻𝑡𝑜𝑡𝑎𝑙,ℎ = 𝐻𝑝 +𝐻𝑛 

𝐻𝑝 =
𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

1+
𝐻𝑛
𝐻𝑝

,            (6.18)  

𝐻𝑛 =
𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

1+
𝐻𝑝

𝐻𝑛

.            (6.19) 

Therefore, by Equation (2.52), (2.53), (6.11), (6.18) and (6.19) we have: 

𝐽𝑝 =
𝐻𝑝

𝐴𝑝 𝛷𝜂_ℎ_𝑝
            (6.20) 

𝐽𝑛 =
𝐻𝑛

𝐴𝑛 𝛷𝜂_ℎ_𝑛
            (6.21) 

For a uniform cross-sectional area, the thermoelement length can be calculated as [51]: 

𝑙 =
1

𝐽𝑝
∫ 𝑢𝑝𝑘𝑝𝑑𝑇
𝑇ℎ
𝑇𝑐

= 
1

𝐽𝑛
∫ 𝑢𝑛𝑘𝑛𝑑𝑇
𝑇ℎ
𝑇𝑐

         (2.49) 

Thus, since the both p- and n-legs have the same length, the length of the thermoelements can be stated as [51]:  

𝑙 =
(𝑢𝜂_ℎ_𝑝+𝑢𝜂_𝑐_𝑝)

2
 
𝜅𝑝 𝑑𝑇

𝐽𝑝
.          (6.22) 

The current through the TEG can be calculated using Equation (2.50), (2.52) and (6.20). 

The TE potential difference is given by: 

Δ𝛷 = [(𝛼𝑇)ℎ +
1

𝑢𝜂_ℎ
] − [(𝛼𝑇)𝑐 +

1

𝑢𝜂_𝑐
].        (6.23) 

Thus the output voltage is; 

Δ𝑉 =  Δ𝛷𝑝 −  Δ𝛷𝑛.            (6.24) 
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The second subsection of the TEG design procedure is as follows. As stated earlier, 𝑙, 𝛼𝑝, 𝛼𝑛, 𝜌𝑝, 𝜌𝑛, 𝜅𝑝, 𝜅𝑛, 𝑇ℎ, 

𝑇𝑐, and 𝐴𝑡𝑜𝑡𝑎𝑙are given as the initial conditions.  

According to Equation (6.10), (2.52), and (2.53), the most efficient p- and n-leg area ratios can be calculated.  

Thus, by using Equation (6.22), the current densities of p- and n-legs can be calculated as follows. 

𝐽𝑝 =
(𝑢𝜂_ℎ_𝑝+𝑢𝜂_𝑐_𝑝)

2
 
𝜅𝑝 𝑑𝑇

𝑙
,          (6.25) 

𝐽𝑛 =
(𝑢𝜂_ℎ_𝑛+𝑢𝜂_𝑐_𝑛)

2
 
𝜅𝑛 𝑑𝑇

𝑙
.            (6.26) 

Thus  𝐻𝑡𝑜𝑡𝑎𝑙,ℎ can be calculated using Equation (6.20), (6.21), (6.25), (6.26) and 𝐻𝑡𝑜𝑡𝑎𝑙 = 𝐻𝑝 + 𝐻𝑛. 

Therefore the total heat flux that is needed to operate the TEG at its highest efficiency is: 

  𝑄𝑡𝑜𝑡𝑎𝑙 =
  𝐻𝑡𝑜𝑡𝑎𝑙,ℎ

  𝐴𝑡𝑜𝑡𝑎𝑙
.          (6.27) 

6.3 Predictability of the proposed TEG design procedure 

This section discusses the accuracy of the predictions of the proposed method compared to RCA. In here, the 

word “predictability” is used to illustrate the degree of agreement of the proposed method with the RCA. Figure 

6.3 illustrates the predictability of the TEG architecture given by the proposed method compared to the RCA for 

the studies A, B, C, D, and E. Thus the proposed method could predict the thermoelement length of the TEG 

with more than 98% predictability and the area of the thermoelements with more than 97% predictability.  

When considering the studies A, B, and C in the Figure 6.3(a), 6.3(b), and 6.3(c), the predictability of the TEG 

architecture is reduced, when the temperature difference between hot and cold side is increased. This can be 

explained as follows. When it was assumed that the value of the compatibility factor is approximately equal to 

the value of most efficient reduced current density in Section 6.1, the contributions of the Carnot term to the total 

efficiency was simply omitted. As in Equation (6.2), at large temperature gradients, the Carnot term has a greater 

contribution to the total efficiency. Thus the predictability of the above assumption decreases at large 

temperature differences. Therefore, as in Figure 6.3(a), 6.3(b), and 6.3(c), the predictability of the TEG 

architecture is decreased, when the temperature difference between hot and cold sides is increased.  

For the Study D, as shown in the Figure 6.3(d), the predictability of the TEG architecture increases when 

increasing the cold side temperature at a constant temperature difference. As explained above, this is also due to 

the Carnot efficiency. According to Equation (6.2) the contribution of the Carnot efficiency to the total 

efficiency decreases, when increasing the cold side temperature at a constant temperature difference. According 

to the Figure 6.3(e), the predictability of the TEG architecture given by the proposed method decreases with the 

average 𝑧𝑇 of the TEG. However, it is more than 97% predictable for the present day TEG applications.   

Therefore for all the possible temperature and 𝑧𝑇 ranges pertaining in present day thermoelectrics, the proposed 

method can predict the TEG architecture with a high predictability.    
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Figure 6.4 shows the predictability of the current, TE potential difference, and power output for the studies A, B, 

C, D, and E given by the proposed method compared to RCA. For all the studies the current can be predicted 

with more than 99% predictability. However, the maximum predictability given by the TE potential difference is 

96% and the predictability of the TE potential difference is in the range of 88–96%. This is due to the difference 

between the approximate most efficient 𝑢 value (𝑆) and the real most efficient 𝑢 value (𝑢𝜂). When calculating 

the final TE potential difference using Equation (6.23) and (6.24), the difference between 𝑢𝜂 and 𝑆 values at 

both hot and cold side of the p- and n-legs are summed. Thus the predictability of the TE potential given by the 

proposed method it reduced.  

Power output also shows the same behavior as the TE potential difference, due to the power output is obtained 

by multiplying the TE potential difference by the current, and the current is almost 100% predictable compared 

to RCA. Thus this behavior of the power output is solely attributable to the TE potential difference. 
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Figurer 6.3: Predictability of the TEG architecture by the new method comparing to the RCA for (a) Study A, (b) 

Study B, (c) Study C, (d) Study D, and (e) Study E 
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Figurer 6.4: Predictability of the TEG outputs by the new method comparing to the RCA for (a) Study A, (b) Study 

B, (c) Study C, (d) Study D, and (e) Study E 
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7. Conclusions  

This PhD project focused on the development of a TEG design technique for high-temperature applications 

(about > 700 °C) using oxide TE materials. Furthermore the project focused on increasing the Volumetric Power 

Density (VPD) and reducing the cost-per-Watt of a TEG device. Since the project focuses on Oxide TE 

materials, one major challenge identified is that the p- and n-type oxide TE materials do not perform (𝑧𝑇 values) 

at the same level. Thus, the TEG design technique proposed in this project should address this question in an 

appropriate manner. The project used an engineering approach to work with existing TEG design techniques and 

optimize those techniques to address the above question.  

The project successfully managed to produce a TEG design technique whilst altering the well-known Reduced 

Current Approach (RCA) TEG design technique. This new method is appropriate for TE material combinations 

that have different performance levels (or 𝑧𝑇 values) to produce TEGs with higher volumetric power densities. 

This technique was called the Extended Reduced Current Approach (ERCA). For the TE materials used in the 

OTE-Power project (p-type Ca3Co4O9 and n-type Al-doped ZnO), the ERCA managed to increase the VPD of 

the TEG by 42% when compared to the VPD given by the RCA. Thus this will reduce the cost-per-Watt of the 

TEG device produced under the OTE-Power project.  

One of the main arguments in the TEG designing process is determining what should be the main focus when 

designing a TEG: is it efficiency or power output? So far, the answer has been at either extreme; some 

researchers vote for efficiency and others for power output. However, this project provides another viewpoint 

based on the RCA and ERCA. That is, at particular operating conditions, if the TE performances (or 𝑧𝑇 values) 

of two p- and n-type thermoelements in a TEG are compatible; the TEG design should focus on efficiency. 

However, at particular operating conditions, if the TE performances (or 𝑧𝑇 values) of two p- and n-type 

thermoelements in a TEG are not comparable; the TEG design should focus on power output.  

This PhD project also focused on further solutions for the above question about thermoelectrically mismatched 

materials by replacing the weaker TE material with a conductor. This concept is called the Unileg-TEG (U-TEG) 

concept. One of the biggest issues when doing this replacement is the control of the heat flux through the 

conductor and the control over the potential thermal shortening effects, between the hot and cold side of the U-

TEG. This control can be achieved by using an appropriate area ratio for the two legs. Thus, for the OTE-Power 

project, the n-type Al-doped ZnO in the conventional unicouple TEG design is replaced by Constantan. This U-

TEG consisting of Ca3Co4O9 and Constantan produces 65% more power and a 144% higher VPD than the 

conventional unicouple TEG design using Ca3Co4O9 and Al-doped ZnO. This project further generalized this 

method using an idealized metal as the conductor in the U-TEG design. The U-TEG design with Ca3Co4O9 and 

an idealized metal still managed to produce a higher volumetric power density than the conventional unicouple 

TEG design consisting of Ca3Co4O9 and Al-doped ZnO. This U-TEG concept provides a valuable addition to the 

TEG design by reducing, by a half, the number of metal/semiconductor contacts in a conventional unicouple 

TEG. This result is a significant contribution to the reduction of the thermal and electrical contact resistance a 

TEG.      

Furthermore, the PhD project focused on different TEG design techniques and their cost effectiveness. When 

considering Ioffe’s method and RCA for the temperature independent TE properties, this PhD project showed 
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that both methods produce TEGs with same efficiency and power output at particular operating conditions, 

though the two methods do predict different most efficient area ratios for the p- and n-legs of the TEG. Therefore 

by just choosing the appropriate TEG design technique which gives the higher dominancy for the cheaper TE 

material, the cost-per-Watt of the TEG device could be reduced.      

A simple TEG design technique based on RCA is proposed by this PhD project for TEGs with temperature-

independent TE material properties. This new technique is a simplified version of the complex, time-consuming, 

and comprehensive RCA TEG design technique. This new technique is a straightforward technique to predict the 

architecture of a TEG with greater than 97% predictability when compared to the TEG architecture given by the 

RCA.   
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8. Future Work 

Balancing the thermal and electrical circuits of a TEG is one of the main focuses of most of the present TEG 

design techniques. Although it is important to obtain a TEG with a higher power output and higher efficiency, a 

durable TEG design is also important. Because a TEG is a combination of semiconductors, conductors, and 

ceramics and works under considerable temperature gradients, the thermomechanical behaviour of the materials 

has a considerable influence on the mechanical stability of the TEG. Thus, it is important to have precise 

knowledge about the thermomechanical properties of the materials and their influences on the final TEG design. 

Therefore, future work could focus on the thermomechanical behaviour of the TEG design. Obtaining higher 

mechanical strengths in the contact areas of these different materials could enhance the electrical contact 

resistance at those joints. Therefore, when considering high mechanical stability, care should be taken with 

respect to the electrical contact resistance.   

When focusing on high-temperature TEG applications, interleg radiation heat transfer could have an influence 

on the final temperature profile of a TEG. This influence should be considered as the subject of another future 

study. The interleg distance of a TEG is influenced by the thermal expansion of the TE materials. If the materials 

experience large thermal expansions, then at high temperatures, the thermoelements on the hot side of the TEG 

will have a smaller distance in between them than the cold side. At this point, the effects of radiative heat 

transfer could have an influence on the temperature profile of a thermoelement.     
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