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Dynamic Impact of Zero-Sequence Circulating
Current on Modular Multilevel Converters:

Complex-Valued AC Impedance
Modeling and Analysis

Heng Wu , Student Member, IEEE, and Xiongfei Wang , Senior Member, IEEE

Abstract— The stability impacts of the internal control dynam-
ics of the modular multilevel converters (MMCs) have been
discussed recently. Yet, the impact of zero-sequence circulating-
current (ZSCC) dynamics on the ac-side dynamics of the MMCs
is hitherto unaddressed. This article develops the ac impedance
model for the grid-connected MMCs by means of complex
vectors and harmonic transfer-function matrices, which allows
separately characterizing the dynamics of the ZSCC. Then, based
on the complex-valued model, a single-input–single-output closed-
loop equivalent impedance is derived for grid-connected MMCs,
considering both the frequency-coupling dynamics of the MMCs
and the interactions with the grid impedance, which enables a
design-oriented analysis on the stability impact of the ZSCC.
It is revealed that the resonant peaks in the ac impedance of
the MMC are yielded due to the absence of the ZSCC control,
which tends to destabilize the system in weak grids. A systematic
parameter-tuning method of the ZSCC control loop is developed
to guarantee the system stability. Case studies in time-domain
simulations corroborate the theoretical analysis.

Index Terms— Circulating-current-suppression control
(CCSC), complex vectors, impedance modeling, modular
multilevel converters (MMCs), stability.

I. INTRODUCTION

MODULAR multilevel converters (MMCs) are increas-
ingly employed for high-voltage direct-current (HVDC)

transmission systems, thanks to the advantages of modularity,
scalability, and power controllability. Nevertheless, the mod-
eling, stability analysis, and control of the MMCs are more
complex than the conventional two-level voltage-source con-
verters, due to their internal dynamics, i.e., the capacitor
voltage variations of submodules [1].

The uncontrolled internal dynamics of the MMC bring in
two major problems that deteriorate its efficient and reliable
operation. One issue is the steady-state second-order-harmonic
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circulating current of the MMC [2], which increases the root-
mean-square (rms) value of the arm currents and the total
power loss. The other problem is multiple resonant peaks
introduced in both the ac- and dc-side closed-loop output
impedance of the MMC [3], [4], which may destabilize the
MMC system. Hence, the circulating-current-suppression con-
trol (CCSC) is generally employed to address these challenges
introduced by the internal dynamics of the MMCs [2]–[4].

There are two basic implementations of the CCSC for
attenuating the second-order-harmonic circulating current. The
first scheme is using the proportional integral (PI) regulator
in the dq frame, which rotates at the double-line frequency
[2], and the second method is using the proportional-resonant
(PR) regulator with the fixed double-line resonant frequency
in the αβ frame [5]. However, in both cases, the zero-
sequence circulating currents (ZSCCs), which are the three-
phase ac components of the circulating currents with the same
magnitudes and phase angles [5], are omitted during the abc to
dq0 or abc to αβ0 transformation and left uncontrolled. This
is due to the fact that the steady-state second-order-harmonic
circulating current merely emerges as the negative sequence
component during the normal operation of MMCs in three-
phase balanced power systems [2].

The dynamic impact of the CCSC on the small-signal
stability of the MMCs has recently been discussed. It is shown
in [3] and [6]–[8] that the proportional gain of the CCSC is
equivalent to the virtual arm resistor, which provides additional
damping to the dynamics of the MMCs. However, even if the
basic CCSC is adopted, a poorly damped dc-side dynamics of
the MMC is still yielded when the ZSCC control is unused [4],
[9], [10]. While the steady-state ZSCC is absent in three-phase
balanced MMC systems, the poorly damped dc-side dynamics
can interact with the parasitic capacitance of dc power trans-
mission cables, leading to the oscillating ZSCC within MMCs.
It is worth noting that such an oscillating ZSCC implies the
unstable operation of the system, and is thus different from the
steady-state second-order ZSCC introduced by the three-phase
unbalanced grid voltages [5], [11], [12]. Therefore, to mitigate
the dc-side oscillations, the ZSCC control is recommended
even under three-phase balanced power systems [4], [9], [10].
Nevertheless, the studies in [4], [9], and [10] assume a stiff ac
balanced grid for the MMC. The impact of the ZSCC control
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on the ac-side dynamics of MMCs and its interaction with
the ac grid impedance are overlooked. Due to the coupling
between the internal and external dynamics of the MMCs, not
only the dc-side dynamics but also the ac-side dynamics of
the MMC can induce the oscillating ZSCC even under the
three-phase balanced grid.

This article attempts to close this gap by developing a
complex-valued impedance model for the MMC with three-
phase balanced grid voltages. The complex-valued impedance
model is based on complex vectors and harmonic transfer-
function (HTF) matrices, which differs from the conventional
small-signal models reported in [13]–[18]. The conventional
impedance models are represented by real vectors, e.g., abc
three-phase variables, where the sequence components are
hidden in each phase quantity and, consequently, the dynamic
impact of the ZSCC is hardly revealed. In contrast, with
the help of complex vectors, the dynamics of the sequence
components can be explicitly captured, and thus, the ZSCC
dynamics can be separately investigated.

Furthermore, since the obtained impedance model is
multiple-input multiple-output (MIMO), which hardly pro-
vides a design-oriented analysis [19], [20], a single-input–
single-output (SISO) equivalent ac impedance model of
the grid-connected MMC, considering its frequency-coupling
dynamics and interaction with the grid impedance, is fur-
ther derived with the complex-vector representation. Thus,
the SISO Nyquist stability criterion can be readily applied to
the stability analysis. Based on the SISO equivalent impedance
model, a comparison between the ac-side impedance of the
MMC with and without the ZSCC control is presented. It is
revealed that resonant peaks in the ac equivalent impedance
of the MMC are yielded due to the absence of the ZSCC
control, which can lead to ac-side oscillations when the MMC
is connected with weak ac grids. In contrast, these resonant
peaks can be effectively damped by the ZSCC control and
a stable operation of the MMC can be guaranteed. These
findings complement the dc-side dynamic analysis in [4], [9],
and [10], implying that the ZSCC control plays a critical role
in stabilizing both the dc- and ac-side dynamics of the MMC,
and is thus recommended to be implemented in the CCSC
even in the three-phase balanced power systems. A systematic
parameter-tuning guideline for the ZSCC control loop is finally
proposed. The correctness of the theoretical analysis is vali-
dated by case studies in electromagnetic transient simulations.

II. SMALL-SIGNAL MODELING OF THE POWER STAGE OF

THE MMC

Fig. 1(a) shows a single-phase circuit diagram of the three-
phase three-wire MMC, and its arm-averaged model is given
in Fig. 1(b) (see [13]–[18]). In the MMC, each arm has N
submodules connected in series. C represents the capacitor of
each submodule. vui (i = a, b, c), vli , iui , ili , vcui , vcli , vcui� ,
vcli� , mui , and mli are the arm voltages, the arm currents,
the submodule capacitor voltages, the sum of the submodule
capacitor voltages, and the control signals for the upper and
lower arms of the MMC, respectively. vaci and iaci are the
ac output voltage and current, respectively. N1 represents the

Fig. 1. Single-phase diagram of the three-phase–three-wire MMC.
(a) Detailed circuit model. (b) Arm averaged model.

neutral point of the ac terminal, while O represents the middle
point of the dc terminal.

Since the focus of this article is the impact of the ZSCC
control on the ac-side dynamics of the MMC, rather than
the dc-side dynamics that has been reported in [4], [9], and
[10], the dc-side voltage Vdc is assumed constant in this
article. As will be demonstrated in the following, even if
the destabilization due to the dc-side dynamic interaction
described in [4], [9], and [10] is manually avoided, the risk
of the instability persists when the MMC is connected to the
weak ac grid, provided its ZSCC is not properly controlled.

Applying Kirchhoff’s law to the upper and lower arms of
the MMC yields

Vdc

2
− muivcui� − vaci − vN1 O = Larm

diui

dt
+ Rarmiui

(1)

vN1 O + vaci −
�

− Vdc

2
+ mlivcli�

�
= Larm

dili

dt
+ Rarmili

(2)
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where vN1 O is the voltage difference between the point N1
and the point O.

The internal dynamics of the MMC can be expressed as [6]

C

N

dvcui
�

dt
= mui iui ,

C

N

dvcli
�

dt
= mli ili . (3)

Define the ac output current and the circulating current as
iaci = iui − ili , iciri = (iui + ili )/2, the ac- and dc-side control
signals of the MMC as maci = (mli −mui )/2, mdci = mui+mli ,
and the sum and difference of the capacitor voltages of the
upper and lower arms as vci� = vcui�+ vcli� and vci� =
vcui� − vcli� . Then, (1)–(3) can be rewritten as

macivci
�

2
− mdcivci�

4
− vaci − vN1 O

= Larm

2

diaci

dt
+ Rarm

2
iaci (4)

vdc −
�mdci

2
vci

� − macivci�

�
= 2Larm

diciri

dt
+ 2Rarmiciri (5)

C
dvci

�
dt

= N (mdci iciri − maci iaci ) (6)

C
dvci�

dt
= N

�
mdci iaci

2
− 2maci iciri

�
. (7)

Defining that

vacMMCi = macivci
�

2
− mdcivci�

4
(8)

then, vN1 O can be expressed as [14]

vN1 O = vacMMCa + vacMMCb + vacMMCc

3
. (9)

Equations (4)–(9) represent the dynamics of the power stage
of the MMC [6]. It is noted that all state variables in (4)–(9)
are periodic signals in the steady state, and hence, the MMC
is essentially a nonlinear time-periodic (NTP) system.

The small-signal linear time-periodic (LTP) equations of the
MMC can be then obtained by linearizing (4)–(9) around its
operation trajectories, which are expressed as [13]

dîaci

dt

= − 2

Larm
v̂aci − Rarm

Larm
îaci + Maci (t)v̂ci

� + Vci
�(t)m̂aci

Larm

− Mdci (t)v̂ci� + Vci�(t)m̂dci

2Larm
− v̂N1 O (10)

dîciri

dt

= 1

2Larm
v̂dc − Rarm

Larm
îciri − Mdci (t)v̂ci

� + Vci
�(t)m̂dci

4Larm

+ Maci (t)v̂ci� + Vci�(t)m̂aci

2Larm
(11)

d v̂ci
�

dt

= N

C
[Mdci (t)îciri + Iciri (t)m̂dci ]

− N

C
[Maci (t)îaci + Iaci (t)m̂aci ] (12)

d v̂ci�

dt

= N

2C
[Mdci (t)îaci + Iaci (t)m̂dci ]

− 2N

C
[Maci (t)îciri + Iciri (t)m̂aci ] (13)

v̂N1 O

= Maca(t)v̂ca
� + Vca

�(t)m̂aca

6

− Mdca(t)v̂ca� + Vca�(t)m̂dca

12

+ Macb(t)v̂cb
� + Vcb

�(t)m̂acb

6

− Mdcb(t)v̂cb� + Vcb�(t)m̂dcb

12

+ Macc(t)v̂cc
� + Vcc

�(t)m̂acc

6

− Mdcc(t)v̂cc� + Vcc�(t)m̂dcc

12
. (14)

Rewriting (10)–(14) in the matrix form, which yields

˙̂xabc (t) = Aabc (t) x̂abc (t) +Babc(t)ûabc (t) (15)

where

x̂abc (t) =
�
îacabc (t) , îcirabc (t) , v̂c

�
abc (t) , v̂c�abc (t)

�T

ûabc (t) = 	
m̂acabc (t) , m̂dcabc (t) , v̂acabc (t) , v̂dcabc (t)


T

(16)

and Aabc(t) and Babc(t) are given in Appendix A.
It is clear that the model given by (15) is based on real

vectors (abc three-phase variables). With the basic sequence
transformation [21], the real-vector-based model can be trans-
formed into its complex equivalent form represented by com-
plex vectors, which are given by⎡
⎣ xαβ+

xαβ−
xαβ0

⎤
⎦ = T1

⎡
⎣ xα

xβ

x0

⎤
⎦ = T1T2

⎡
⎣ xa

xb

xc

⎤
⎦ (17)

T1 =
⎛
⎝ 1 j

1 − j
1

⎞
⎠ T2 =

⎛
⎜⎜⎜⎜⎝

2

3
−1

3
−1

3

0

√
3

3
−

√
3

3
1

3

1

3

1

3

⎞
⎟⎟⎟⎟⎠ (18)

where xαβ+, xαβ−, and xαβ0 are the complex vectors of the
three-phase variables (xa , xb, and xc), respectively. In gen-
eral, the frequency of xαβ+, xαβ−, and xαβ0 ranges from
−∞ to +∞ in the dynamic analysis. xαβ+(xαβ−) represents
the positive- (negative-) sequence component in the positive
frequency range and the negative- (positive-) sequence com-
ponent in the negative frequency range. Yet, xαβ0 always
represents the zero-sequence component [21].

It is noted that the transformation given in (17) is for one
group of three-phase variables, it is known from (16) that there
are four different groups of three-phase variables in x̂abc and
ûabc, and thus, the transformation matrix used here is

P = diag[T1T2, T1T2, T1T2, T1T2]. (19)
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Then, (15) can be transformed with the complex-vector
representation, which is expressed as

P−1 ˙̂xαβ+−0(t) = Aabc(t)[P−1x̂αβ+−0(t)]
+Babc(t)[P−1ûαβ+−0(t)]

⇔ ˙̂xαβ+−0(t) = [PAabc(t)P−1]x̂αβ+−0(t)

+ [PBabc(t)P−1]ûαβ+−0(t) (20)

which characterizes the LTP dynamics of the power stage of
the MMC in the time domain, and its corresponding linear
time-invariant (LTI) representation in the frequency domain
can be derived based on the harmonic state-space (HSS)
method [22]. The detailed modeling procedure is elaborated
in Appendix B, and only the results are given below

sx̂αβ+−0 = Ahssαβ+−0x̂αβ+−0+Bhssαβ+−0ûαβ+−0 (21)

x̂αβ+−0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

X̂−h
...

X̂−1

X̂0

X̂1
...

X̂h

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, X̂h =

⎡
⎢⎢⎣

îacαβ+−0 (s + jhω0)

îcirαβ+−0 (s + jhω0)
v̂c

�
αβ+−0 (s + jhω0)

v̂c�αβ+−0 (s + jhω0)

⎤
⎥⎥⎦

(22)

ûαβ+−0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Û−h
...

Û−1

Û0

Û1
...

Ûh

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Ûh =

⎡
⎢⎢⎣

m̂acαβ+−0 (s + jhω0)
m̂dcαβ+−0 (s + jhω0)
v̂acαβ+−0 (s + jhω0)
v̂dcαβ+−0 (s + jhω0)

⎤
⎥⎥⎦

(23)

Ahssαβ+−0 = �
	
PAabc(t)P−1
− N (24)

Bhssαβ+−0 = �
	
PBabc(t)P−1
 (25)

where ω0 is the fundamental frequency and h represents the
harmonic order. N and � are the diagonal and Toeplitz matri-
ces defined in (B.6) and (B.7) in Appendix B, respectively.

It is noted that (21) provides the universal power-stage
model of the MMC, which considers the dynamics of all state
variables. However, the constant dc voltage is assumed in this
article, and thus, v̂dc = 0 is adopted in the following analysis.

III. SMALL-SIGNAL MODELING OF THE

CLOSED-LOOP-CONTROLLED MMC

For the MMC with the closed-loop control, the con-
trol signals m̂acαβ+−0(s + jhω0) and m̂dcαβ+−0(s + jhω0) in
ûαβ+−0 are determined by the control loops of the MMC.
In order to facilitate the integration of the control-loop model
into the power-stage model of the MMC, (21) is rewritten as

ŝxαβ+−0 = Ahssαβ+−0x̂αβ+−0+Bmhssαβ+−0m̂αβ+−0

+ Bvhssαβ+−0v̂αβ+−0 (26)

Fig. 2. Single-phase diagram of the MMC operated in the grid-connected
mode with the closed-loop control.

where

m̂αβ+−0 = [ M̂−h · · · M̂−1 M̂0 M̂1 · · · M̂h ]T

M̂h = [ m̂acαβ+−0(s + jhω0) m̂dcαβ+−0(s + jhω0) ]T

(27)

v̂αβ+−0 = [ V̂−h · · · V̂−1 V̂0 V̂1 · · · V̂h ]T

V̂h = [ v̂acαβ+−0(s + jhω0) v̂dcαβ+−0(s + jhω0) ]T

(28)

and Bmhssαβ±0 and Bvhssαβ±0 are the submatrices of Bhssαβ±0
in (25).

The dynamics of the control loops can be generally
expressed as

m̂αβ+−0 = Gxx̂αβ+−0+Gvv̂αβ+−0 (29)

where Gx and Gv are changed with different control schemes.
Substituting (29) into (26), the small-signal model of the

closed-loop-controlled MMC can be obtained, which is given
by

ŝxαβ+−0 = (Ahssαβ+−0 + Bmhssαβ+−0Gx)x̂αβ+−0

+ (Bmhssαβ+−0Gv + Bvhssαβ+−0)v̂αβ+−0. (30)

Fig. 2 shows the single-phase diagram of a three-phase
grid-connected MMC with the closed-loop control system.
Zg is the grid impedance. The ac current loop is used to
control the ac output current of the MMC, where the current
references are generated by the active and reactive power
control loops. The voltage at the point of the common coupling
(PCC) is measured for synchronizing the MMC with the
power grid by means of the phase-locked loop (PLL). The
CCSC is adopted to suppress the second-order harmonic in
the circulating current.

A. Circulating-Current Control

Fig. 3 shows the block diagram of the commonly used
CCSC implemented in the αβ frame [5]. Gdelay(s) represents
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Fig. 3. Block diagram of the classical CCSC without controlling the ZSCC.

the control delay of the MMC. It is clear that the ZSCC is
omitted through the abc–αβ0 transformation, and is thus left
uncontrolled [5]. The PR controller with its resonant frequency
tuned at 2ω0 is used as the circulating-current regulator, which
is expressed as

Gic (s) = KPic + 2KRicωi s

s2 + 2ωi s + (2ω0)
2 (31)

where KPic and KRic are the proportional and resonant gains of
the circulating-current regulator, respectively. The relationship
between m̂dcαβ0 and îcirαβ0 can thus be expressed as⎡
⎣ m̂dcα (s)

m̂dcβ (s)
m̂dc0 (s)

⎤
⎦

=
⎡
⎣Gic (s) Gdelay (s)

Gic (s) Gdelay (s)
0

⎤
⎦
⎡
⎣ îcirα (s)

îcirβ (s)
îcir0 (s)

⎤
⎦

� Gtfcir

⎡
⎣ îcirα (s)

îcirβ (s)
îcir0 (s)

⎤
⎦ . (32)

Then, the corresponding complex-vector representation of
(32) can be expressed as⎡

⎣ m̂dcαβ+ (s)
m̂dcαβ− (s)
m̂dcαβ0 (s)

⎤
⎦ = T1GtfcirT −1

1

⎡
⎣ îcirαβ+ (s)

îcirαβ− (s)
îcir0 (s)

⎤
⎦ . (33)

Fig. 4 shows the block diagram for the CCSC with the
ZSCC control loop. Since the dc-side current of the MMC
is the sum of three-phase circulating currents, the positive-
and negative-sequence components of the circulating current
cancel out with each other when adding up, and only the dc
and zero-sequence components remain. Hence, the ZSCC has a
significant impact on the dynamics of the dc-side current. Two
methods of controlling the ZSCC are reported in [4], [9], and
[10]. The first method is to control the dc and zero-sequence
components of the circulating current to track its reference
value, which is dictated by controlling the total energy stored
in the MMC capacitors [9], as shown in Fig. 4(a), where
Ecref and Ecfb represent the reference and feedback values of
the total energy stored in the MMC capacitors, respectively.
It is clear that an additional effort for tuning the outer energy
controller is required in this method. The second approach is
more straightforward, which directly uses the ZSCC for active

Fig. 4. Block diagram of the CCSC with the ZSCC control. (a) Energy-based
ZSCC control [9]. (b) ZSCC-based active damping [4], [10].

damping [4], [10], as shown in Fig. 4(b). GAD(s) is the transfer
function of the damping controller, which is expressed as

GAD (s) = RAD
s

s + ωAD
(34)

where RAD is the active damping resistor and ωAD is the
crossover frequency of the high-pass filter. The high-pass filter
is used to filter out the dc component of the circulating current.
It should be emphasized again that the ZSCC control in [4],
[9], and [10] is adopted for damping the dc-side oscillation
of the MMC, and its impact on the ac-side dynamics of the
MMC has not been addressed.

In this article, the control method shown in Fig. 4(b) is used
as a benchmark to study the impact of the ZSCC control on
the ac-side dynamics of the MMC.

Based on Fig. 4(b), the relationship between m̂dcαβ0 and
îcirαβ0 can be expressed as

⎡
⎣ m̂dcα (s)

m̂dcβ (s)
m̂dc0 (s)

⎤
⎦

=
⎡
⎣Gic (s) Gdelay (s)

Gic (s) Gdelay (s)
GAD (s) Gdelay (s)

⎤
⎦

×
⎡
⎣ îcirα (s)

îcirβ (s)
îcir0 (s)

⎤
⎦

� Gtfcirz

⎡
⎣ îcirα (s)

îcirβ (s)
îcir0 (s)

⎤
⎦ . (35)
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Fig. 5. Representation of the synchronization dynamics of the PLL.
(a) Controller dq frame and system dq frame. (b) Block diagram of the PLL.

The corresponding complex-vector representation of (35) is
given by⎡

⎣ m̂dcαβ+ (s)
m̂dcαβ− (s)
m̂dcαβ0 (s)

⎤
⎦ = T1GtfcirzT −1

1

⎡
⎣ îcirαβ+ (s)

îcirαβ− (s)
îcir0 (s)

⎤
⎦ . (36)

B. Active/Reactive Power Loop, AC Current Loop, and the
PLL

It is known from Fig. 2 that the active/reactive power control
and the ac current control are implemented in the rotating
frame determined by the output phase of the PLL, which
is defined as the controller-dq frame hereafter [23]. Another
rotating frame with the phase angle of the grid voltage is
defined as the system-dq frame [23]. Both frames are shown
in Fig. 5(a). The deviation between the controller-dq frame
and the system-dq frame is determined by the PLL dynamics.

In order to capture the dynamic effect of the PLL, the system
model is finally derived in the system-dq frame [23]. The rela-
tionships between the state variables in the controller-dq frame
(x̂ c

dq+ and x̂ c
dq−) and the system-dq frame (x̂ s

dq+ and x̂ s
dq−)

are given by [23]�
x̂ c

dq+
x̂ c

dq−

�
=
�

x̂ s
dq+

x̂ s
dq−

�

− GPLL

2

⎡
⎣ Xs

d + j Xs
q −

�
Xs

d + j Xs
q

�
−
�

Xs
d − j Xs

q

�
Xs

d − j Xs
q

⎤
⎦

×
�

v̂s
acdq+

v̂s
acdq−

�
(37)

GPLL = K pPLLs + KiPLL

s2 + Vacd
�
K pPLLs + KiPLL

� (38)

where Xs
d and Xs

q represent the steady-state operating points,
and K pPLL and KiPLL are the proportional and integral gains
of the PI regulator of the PLL, respectively. Vacd represents the
steady-state d-axis component of the PCC voltage. Hereafter,

Fig. 6. Block diagram of the active and reactive power loops.

Fig. 7. Block diagram of the ac current control loop.

the superscript s represents the variables in the system-dq
frame, while the superscript c denotes the variables in the
controller-dq frame.

Fig. 6 shows the block diagram of the active/reactive power
loop, where GLPF p(s), GLPFq(s) are the first-order low-pass
filters (LPFs) used with the active/reactive power calculation
and G p(s), Gq(s) are the active/reactive power controllers.
They are expressed as

GLPF p (s) = ωp

s + ωp
, GLPFq (s) = ωq

s + ωq
(39)

G p (s) = K pp + K pi

s
, Gq (s) = Kqp + Kqi

s
(40)

where ωp and ωq are the crossover frequencies of GLPF p(s)
and GLPFq(s), respectively. K pp , Kqp , K pi , Kqi are the pro-
portional and integral gains for G p(s) and Gq(s), respectively.

It should be noted that the ac current of the MMC does not
have any zero-sequence components due to the three-phase–
three-wire configuration [14], and thus the zero-sequence
components do not need to be considered in the instantaneous
active and reactive power calculation, which are given by [23]

Pe = 3

2

�
vc

acd i c
acd + vc

acqi c
acq

�
Qe = 3

2

�
vc

acd i c
acq − vc

acqi c
acd

�
. (41)

The small-signal linearization of (41) can be expressed as

p̂e = 3

2

�
Vacd î c

acd + Iacd v̂c
acd + Vacq î c

acq + Iacq v̂c
acq

�
q̂e = 3

2

�
Vacd î c

acq + Iacq v̂c
acd − Vacq î c

acd − Iacd v̂c
acq

�

⇔
�

p̂e

q̂e

�
= 3

2

��
Vacd Vacq

−Vacq Vacd

��
î c
acd

î c
acq

�

+
�

Iacd Iacq

Iacq −Iacd

� �
v̂c

acd
v̂c

acq

��
. (42)
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The dynamics of the active power loop and the reactive
power loop can be expressed as�

îdref

îqref

�

= −
�

G p (s) GLPF p (s)
Gq (s) GLPFq (s)

� �
p̂e

q̂e

�

−
�

G p1 (s)
Gq1 (s)

� �
p̂e

q̂e

�
. (43)

Fig. 7 shows the block diagram of the ac current control
loop. The PI controller is used as the ac current regulator,
i.e., Gid(s) = K pid+ Kiid /s, where K pid and Kiid are the
proportional and integral gains of the ac current regulator,
respectively.

The dynamics of the ac current loop can be expressed as�
m̂c

acd
m̂c

acq

�
=
�

Gid(s)Gdelay(s)
Gid(s)Gdelay(s)

�

×
�

îrefd − î c
acd

îrefq − î c
acq

�

�
�

Gid1(s)
Gid1(s)

��
îrefd − î c

acd
îrefq − î c

acq

�
. (44)

Substituting (42) and (43) into (44) yields�
m̂c

acd
m̂c

acq

�
= −3

2

�
Iacd Gid1G p1 Iacq Gid1G p1
Iacq Gid1Gq1 −Iacd Gid1Gq1

� �
v̂c

acd
v̂c

acq

�

−
�

3

2

�
Vacd Gid1G p1 Vacq Gid1G p1
−Vacq Gid1Gq1 Vacd Gid1Gq1

�

+
�

Gid1
Gid1

� �
î c
acd

î c
acq

�
. (45)

Consider Vacd = Vm , Vacq = 0 in the steady state, where Vm

is the PCC voltage magnitude. Equation (45) can be simplified
as�

m̂c
acd

m̂c
acq

�
= −3

2

�
Iacd Gid1G p1 Iacq Gid1G p1
Iacq Gid1Gq1 −Iacd Gid1Gq1

� �
v̂c

acd
v̂c

acq

�

−
�

3

2

�
Vm Gid1G p1

Vm Gid1Gq1

�

+
�

Gid1
Gid1

� �
î c
acd

î c
acq

�
. (46)

The corresponding complex-vector representation of (46)
can be derived based on (18), which is given as (47) shown
at the bottom of this page.

Equation (47) characterizes the dynamics of the
active/reactive power loop and the ac current loop in
the controller-dq frame. In order to include the dynamics of
the PLL, (47) is further transformed into the system-dq frame
based on (37), that is�

m̂c
acdq+

m̂c
acdq−

�

=
�

m̂s
acdq+

m̂s
acdq−

�

− GPLL

2

�
Macd + j Macq − �

Macd + j Macq
�

− �
Macd − j Macq

�
Macd − j Macq

�

×
�

v̂s
acdq+

v̂s
acdq−

�
(48)

�
v̂c

acdq+
v̂c

acdq−

�

=
�

v̂s
acdq+

v̂s
acdq−

�
− GPLL

2

�
Vm −Vm

−Vm Vm

� �
v̂s

acdq+
v̂s

acdq−

�
(49)�

î c
acdq+

î c
acdq−

�

=
�

î s
acdq+

î s
acdq−

�

− GPLL

2

�
Iacd + j Iacq − �

Iacd + j Iacq
�

− �
Iacd − j Iacq

�
Iacd − j Iacq

� �
v̂s

acdq+
v̂s

acdq−

�
.

(50)

Substituting (48)–(50) into (47) yields�
m̂s

acdq+
m̂s

acdq−

�
= Hx

�
î s
acdq+

î s
acdq−

�
+ Hv

�
v̂s

acdq+
v̂s

acdq−

�
(51)

where Hx and Hv are given in Appendix C.
Equation (51) is further transformed to the system αβ frame

based on the dq–αβ transformation [24], which yields�
m̂s

acαβ+ (s)
m̂s

acαβ− (s − 2 jω0)

�

= Hx
�
s − jω0

� � î s
acαβ+ (s)

î s
acαβ− (s − 2 jω0)

�

+ Hv
�
s − jω0

� � v̂s
acαβ+ (s)

v̂s
acαβ− (s − 2 jω0)

�
. (52)

Substituting (33), (36), and (52) into (30), the closed-loop
model of the MMC with/without the ZSCC control can be
obtained.

⎡
⎣ m̂c

acdq+
m̂c

acdq−

⎤
⎦ = −3

2

⎡
⎢⎣

Iacd Gid1(G p1 − Gq1)

2
+ j

Iacq Gid1(Gq1 − G p1)

2

Iacd Gid1(G p1 + Gq1)

2
+ j

Iacq Gid1(Gq1 + G p1)

2
Iacd Gid1(G p1 + Gq1)

2
− j

Iacq Gid1(Gq1 + G p1)

2

Iacd Gid1(G p1 − Gq1)

2
− j

Iacq Gid1(Gq1 − G p1)

2

⎤
⎥⎦

×
⎡
⎣ v̂c

acdq+
v̂c

acdq−

⎤
⎦−

⎧⎪⎨
⎪⎩

3

2

⎡
⎢⎣

Vm Gid1(G p1 + Gq1)

2

Vm Gid1(G p1 − Gq1)

2
Vm Gid1(G p1 − Gq1)

2

Vm Gid1(G p1 + Gq1)

2

⎤
⎥⎦+

⎡
⎣Gid1

Gid1

⎤
⎦
⎫⎪⎬
⎪⎭
⎡
⎣ î c

acdq+
î c
acdq−

⎤
⎦ (47)
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TABLE I

MAIN CIRCUIT PARAMETERS OF THE MMC

IV. COMPLEX-VALUED IMPEDANCE MODELING AND

ANALYSIS OF THE MMC WITH ZSCC CONTROL

In this section, a closed-loop SISO equivalent impedance
model is derived for the grid-connected MMC, based on which
the stability impact of the ZSCC control is analyzed. The main
parameters of the MMC are given in Table I.

Rewriting (30) as

x̂αβ+−0

= [sI−(Ahssαβ+−0+Bmhssαβ+−0Gx)]−1

×(Bmhssαβ+−0Gv+Bvhssαβ+−0)v̂αβ+−0 = Htfhssv̂αβ+−0

(53)

Eq. (53) characterizes the relationships between the state
variables x̂αβ+−0 and the disturbance input variables v̂αβ+−0.
Due to the absence of the zero-sequence current path, the
zero-sequence ac-side admittance of the three-phase–three-
wire MMC system is zero. Yet, the admittance matrix from
v̂acαβ+−(s + jhω0) to îacαβ+−(s + jhω0) is derived as the
submatrix of the HTF matrix Htfhss in (53), which is given as
(54) at the bottom of the next page, where the diagonal entries
characterize the relationship between îacαβ+−(s + jhω0) and
v̂acαβ+−(s + jhω0) at the same frequency, and the off-
diagonal entries represent the frequency-coupling dynamics of
the MMC.

The impedance matrix is the inverse of the admittance
matrix, which is given as (55) at the bottom of the next page.

The recent studies in [13] and [25] have proven that the
impedance model that includes the dc, fundamental frequency,
and second-order-harmonic components of the steady-state
operating trajectories is adequate for the stability analysis.
Hence, (54) and (55) can be truncated as 10 × 10 matrices
(YMMC10×10 and ZMMC10×10).

Since the grid-connected MMC features frequency-coupling
dynamics caused by its power stage, the active/reactive power
control loop and the PLL, the off-diagonal elements in (54) and
(55) are nonzero and their impacts on the system stability have
to be accounted. In order to facilitate the stability analysis,

Fig. 8. Closed-loop representation of the MMC system. (a) Small-signal
equivalent circuit. (b) Block diagram with cross-couplings.

instead of using the multivariable Nyquist criterion, a closed-
loop SISO model of the MMC is developed, considering the
frequency-coupling terms and the effect of the grid impedance.

Fig. 8(a) shows the small-signal equivalent circuit of the
MMC system under the perturbation v̂gαβ+(s). Zg is the
grid impedance matrix, which is diagonal for the three-phase
balanced systems [24], and is given by

Zg =diag[Zgαβ+(s−2 jω0) . . . Zgαβ+(s) . . . Zgαβ−(s+2 jω0)].
(56)

Fig. 8(b) shows the cross-couplings between different com-
plex vectors of the impedance matrices in Fig. 8(a). The
transfer function from v̂gαβ+(s) to îacαβ+(s), which represents
the closed-loop SISO admittance of the system [19], [20], can
be expressed as

îacαβ+ (s)

v̂gαβ+ (s)
= Ytotal (s) = Yclose (5, 5) (57)

where

Yclose = �
I + YMMCZg

�−1 YMMC. (58)
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Fig. 9. SISO equivalent block diagram of the MMC system.

The relationship between v̂acαβ+(s) and îacαβ+(s) can also be
derived based on Fig. 8(b), which is given by

v̂acαβ+ (s) = v̂gαβ+ (s) − îacαβ+ (s) Zgαβ+ (s) . (59)

Defining the SISO equivalent ac impedance of the MMC as
ZMMCeq(s) = v̂acαβ+(s)/îacαβ+(s) and dividing îacαβ+(s) on
both sides of (59) yields

ZMMCeq (s) = 1/Ytotal (s) − Zgαβ+ (s) . (60)

Based on (59) and (60), the SISO equivalent block dia-
gram of Fig. 8(b) can be derived, as shown in Fig. 9. The
system stability can then be assessed based on the loop gain
Zgαβ+(s)/ZMMCeq(s). It is worth noting that ZMMCeq(s) is
calculated based on (57), (58), and (60), which includes the
impact of frequency-coupling terms of the MMC and the grid
impedance interaction, and is thus different from the centered-
diagonal element [Z0pp(s)] in (55).

Fig. 10 shows the Bode diagrams of Z0pp(s) and ZMMCeq(s)
with and without the ZSCC control loop. The controller
parameters are given in Table II, and the grid impedance
is considered as 0.3-p.u. inductance. The impedance mea-
surement results from the time-domain simulations are also

TABLE II

CONTROLLER PARAMETERS OF THE MMC

given. It is clear that analytical results agree well with the
simulation measurement, which confirms the correctness of
the system modeling procedure given in Sections II and III.
It is also observed that Z0pp(s) and ZMMCeq(s) have different
frequency responses both in magnitude and phase angles,

îac = YMMCv̂ac

YMMC =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .
...

... . .
.

Y0pp(s − jω0) Y0cpn(s − jω0) Y−1pp(s) Y−1cpn(s) Y−2pp(s + jω0) Y−2cpn(s + jω0)
Y0cnp(s − jω0) Y0nn(s − jω0) Y−1cnp(s) Y−1nn(s) Y−2cnp(s + jω0) Y−2nn(s + jω0)

· · · Y1pp(s − jω0) Y1cpn(s − jω0) Y0pp(s) Y0cpn(s) Y−1pp(s + jω0) Y−1cpn(s + jω0) · · ·
· · · Y1cnp(s − jω0) Y1nn(s − jω0) Y0cnp(s) Y0nn(s) Y−1cnp(s + jω0) Y−1nn(s + jω0) · · ·

Y2pp(s − jω0) Y2cpn(s − jω0) Y1pp(s) Y1cpn(s) Y0pp(s + jω0) Y0cpn(s + jω0)
Y2cnp(s − jω0) Y2nn(s − jω0) Y1cnp(s) Y1nn(s) Y0cnp(s + jω0) Y0nn(s + jω0)

. .
. ...

...
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(54)

îac = [ . . . îacαβ+(s − jω0) îacαβ−(s − jω0) îacαβ+(s) îacαβ−(s) îacαβ+(s + jω0) îacαβ−(s + jω0) . . . ]T

v̂ac = [ . . . v̂acαβ+(s− jω0) v̂acαβ−(s− jω0) v̂acαβ+(s) v̂acαβ−(s) v̂acαβ+(s+ jω0) v̂acαβ−(s + jω0) . . . ]T

ZMMC = Y−1
MMC

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .
...

... . .
.

Z0pp(s − jω0) Z0cpn(s − jω0) Z−1pp(s) Z−1cpn(s) Z−2pp(s + jω0) Z−2cpn(s + jω0)
Z0cnp(s − jω0) Z0nn(s − jω0) Z−1cnp(s) Z−1nn(s) Z−2cnp(s + jω0) Z−2nn(s + jω0)

· · · Z1pp(s − jω0) Z1cpn(s − jω0) Z0pp(s) Z0cpn(s) Z−1pp(s + jω0) Z−1cpn(s + jω0) · · ·
· · · Z1cnp(s − jω0) Z1nn(s − jω0) Z0cnp(s) Z0nn(s) Z−1cnp(s + jω0) Z−1nn(s + jω0) · · ·

Z2pp(s − jω0) Z2cpn(s − jω0) Z1pp(s) Z1cpn(s) Z0pp(s + jω0) Z0cpn(s + jω0)
Z2cnp(s − jω0) Z2nn(s − jω0) Z1cnp(s) Z1nn(s) Z0cnp(s + jω0) Z0nn(s + jω0)

. .
. ...

...
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(55)
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Fig. 10. Bode diagrams of Z0pp(s) and ZMMCeq(s). (a) Without the ZSCC
control. (b) With the ZSCC control (RAD = 2 × 10−2 p.u.).

especially in the low-frequency range (see the zoomed-in view
of the figures), which implies that simply using Z0pp(s) for
the stability analysis may lead to inaccurate predictions.

Fig. 11 shows the Bode diagrams of ZMMCeq(s)
with/without the ZSCC control and Zg(s). In this case, the grid

impedance is considered as 0.5-p.u. inductance to represent a
weak grid. It can be seen that the MMC without the ZSCC con-
trol introduces an additional resonant peak in ZMMCeq(s). This
resonant peak makes the phase difference at the magnitude
intersection point of ZMMCeq(s) and Zg(s) to be 189◦ > 180◦,
as shown by the zoomed-in view in Fig. 11(a), which indicates
the unstable operation of the system. In contrast, the resonant
peak can be effectively damped by controlling the ZSCC, and
the phase difference at the magnitude intersection point of
ZMMCeq(s) and Zg(s) is 168◦ < 180◦, as shown in Fig. 11(b),
which indicates a stable operation of the system.

V. PARAMETER-TUNING GUIDELINE FOR THE

ZSCC CONTROL

A. Converter-Level Stability

Prior to analyzing the MMC-grid interactions, the stability
of the MMC itself (i.e., with zero grid impedance) should be
guaranteed first, which is defined as the converter-level stabil-
ity hereafter. In order to solely investigate the stability impact
of the ZSCC control loop, all other controller parameters are
tuned based on the guideline provided in [26], which ensures
that the MMC can operate stably without the ZSCC control,
i.e., RAD = 0. As will be shown below, too large RAD reduces
the phase margin (PM) of the ZSCC control loop and may
jeopardize the converter-level stability of the MMC, and thus,
the critical value of RAD, which leads to PM = 0, will be
derived as follows.

The crossover frequency ( fc) of the current loop of the
MMC is usually tuned around 1/20∼1/10 of its control fre-
quency. A typical control frequency of the MMC is 10 kHz
[27], which leads to fc = 500 ∼ 1000 Hz. It has been found
in [13] and [25] that the dynamic impact of the capacitor
voltage ripple of the MMC is negligible in this frequency
range, and thus, vc� = 2Vdc and vc� = 0 can be assumed
when calculating the PM of the ZSCC control loop at fc.
Consequently, (5) can be simplified as

vdc − mdci Vdc = 2Larm
diciri

dt
+ 2Rarmiciri . (61)

The dynamics of the ZSCC can be characterized by sum-
ming up three phase quantities in (61), which yields

1

3

(
i=a.b.c

(vdc − mdci Vdc)

= 1

3

(
i=a.b.c

�
2Larm

diciri

dt
+ 2Rarmiciri

�

⇔ vdc − mdc0Vdc = 2Larm
dicir0

dt
+ 2Rarmicir0 (62)

where mdc0 is determined by the ZSCC control given in (35).
Substituting (35) into (62) and transforming the result into

s domain yields

vdc (s) − VdcGAD (s) Gdelay (s) icir0 (s)

= 2 (sLarm + Rarm) icir0 (s) (63)

GAD (s) = RAD
s

s + ωAD
, Gdelay (s) = e−sTd (64)

where Td is the control delay of the MMC.
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Fig. 11. Bode diagram of ZMMCeq(s) and Zg(s). (a) Without the ZSCC control. (b) With the ZSCC control (RAD = 2 × 10−2 p.u.).

Fig. 12. Block diagram of the ZSCC control loop.

Based on (63) and (64), the block diagram of the ZSCC
control loop can be plotted, as shown in Fig. 12, and the loop
gain can be derived as

TZSCC (s) = Vdc RADe−sTd

2 (sLarm + Rarm)

s

s + ωAD
. (65)

It is noted that ωAD is usually selected around several hertz
in order to guarantee the effective active damping in a wide
frequency range, and thus, s/(s + ωAD) can be approximated
as the unity gain at fc. Moreover, since the arm resistance is
much smaller than the arm inductance at fc, the magnitude of
the loop gain at fc can be approximated as

|TZSCC ( j2π fc)| ≈ Vdc RAD

2 · 2π fc Larm
= 1 (66)

and the corresponding PM can be calculated as

PM = π

2
− 2π fcTd . (67)

It is known from (66) and (67) that larger RAD leads to the
increased fc, but the decreased PM. The upper limit of the
RAD can be calculated by substituting PM = 0 into (66) and
(67), which yields

RAD max = π Larm

VdcTd
. (68)

Based on the parameters in Tables I and II, it can be
calculated that RADmax = 0.65 p.u. in this article.

B. System-Level Stability

By selecting RAD < RADmax, the converter-level stability
of the MMC can be guaranteed. Then, the stability of the
MMC under the weak grid condition, which is defined as the
system-level stability hereafter, requires that Zg(s)/ZMMCeq(s)
satisfies the Nyquist stability criterion. Fig. 13 shows the
zoomed-in view of the Bode diagram of Zg(s) and ZMMCeq(s)
with different values of RAD, and it is clear that too small
RAD cannot provide sufficient damping on the resonant peak,
leading to a phase difference at the magnitude intersection
point of ZMMCeq(s) and Zg(s) above 180◦, as shown in
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Fig. 13. Zoomed-in view of the Bode diagram of ZMMCeq(s) and Zg(s)
with the ZSCC control. (a) RAD = 2 × 10−4 p.u. (b) RAD = 2 × 10−3 p.u.
(c) RAD = 2 × 10−2 p.u.

Fig. 13(a), which implies an unstable operation of the sys-
tem. The analytical solution for the lower limit of RAD is
challenging due to the complicated expression of ZMMCeq(s).
Therefore, RADmin is calculated numerically based on an
iterative procedure shown in Fig. 14. RAD is initialized with
zero and then increased with a fixed step size during every

Fig. 14. Iterative procedure for calculating RADmin.

iteration until the stability criterion is met. Based on the
parameters given in Tables I and II, it can be calculated that
RADmin = 1.3 × 10−3 p.u. Therefore, RAD should be selected
in the range between RADmin and RADmax to guarantee the
stability of the MMC.

It is worth noting that the calculation of RADmin requires
the prior knowledge of the grid impedance. In practice,
the value of the grid impedance at the PCC maybe time-
varying due to the change in the grid configurations and/or
the load conditions. Therefore, the selection of RADmin should
consider the worst case where the grid impedance reaches its
maximum value (Zgmax), which can be calculated based on the
relationship |Zgmax| (p.u.) = 1/SCRmin [28], where SCRmin is
the minimum short-circuit ratio (SCR) at the PCC, and this
value can be obtained from the power system operator [29].

VI. SIMULATION VERIFICATION

To validate the theoretical analysis, time-domain simulations
are carried out in the MATLAB/Simulink and PLECS blockset.
The parameters given in Tables I and II are adopted in
simulations. Two operating scenarios that consider both the
stiff grid (Zg(s) = 0) and the weak grid (Zg(s) = 0.5 p.u.)
are evaluated in simulations.

Fig. 15 shows the simulation results of the MMC connected
to the stiff grid (Zg(s) = 0). In this case, the MMC can
work stably without the ZSCC control or with the ZSCC
control and RAD < RAdmax, as shown in Fig. 15(a)–(c).
The second-order-harmonic circulating current is around 2.4%
of its dc value in these cases, indicating that this second-
order-harmonic circulating current is effectively suppressed by
the CCSC. However, if RAD > RADmax, the high-frequency
oscillation appears in the ac current and the circulating current,
as shown in Fig. 15(d), which indicates the unstable operation
of the system. The Fourier analysis results show that the
oscillation frequency in the circulating current is 1.24 kHz,
which approximates the theoretical calculated value based
on (67), i.e., 1.25 kHz. The simulation results verify the
theoretical analysis presented in Section V-A.

Fig. 16 shows the simulation results of the MMC connected
to the weak grid [Zg(s) = 0.5 p.u.]. It can be seen that the
MMC becomes unstable without the ZSCC control and with
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Fig. 15. Time-domain simulation results of the MMC connecting to the strong ac grid [Zg(s) = 0]. (a) Without the ZSCC control, stable. (b) With the
ZSCC control and RAD = 2 × 10−4 p.u. < RADmax, stable. (c) With the ZSCC control and RAD = 2 × 10−2 p.u. < RADmax, stable. (d) With the ZSCC
control and RAD = 6.7 × 10−1 p.u. > RADmax, unstable.

the ZSCC control but RAD < RADmin, and the oscillation
appears in the ac output voltage/current of the MMC, as shown
in Fig. 16(a) and (b), which agree with the stability analysis
given in Figs. 11(a) and 13(a). Moreover, due to the coupling

between the ac-side dynamics and internal dynamics of the
MMC, the ac-side voltage/current oscillations further lead to
the ZSCC oscillation, as confirmed by the simulation results
shown in Fig. 16(a) and (b). In contrast, the system can work



1960 IEEE JOURNAL OF EMERGING AND SELECTED TOPICS IN POWER ELECTRONICS, VOL. 8, NO. 2, JUNE 2020

Fig. 16. Time-domain simulation results of the MMC connecting to the weak
ac grid [Zg(s) = 0.5 p.u.]. (a) Without the ZSCC control, unstable (b) With
the ZSCC control and RAD = 2 × 10−4 p.u. < RADmin, unstable (c) With
the ZSCC control and RAD = 2 × 10−2 p.u. > RADmin, stable.

stably if the ZSCC is under control and RAD > RADmin, as
shown in Fig. 16(c), which confirms the theoretical analysis
given in Fig. 13(c).

VII. CONCLUSION

In this article, the ac-side impedance model that is based
on complex vectors and HTFs has been developed for the
grid-connected MMC. Based on the model, an SISO closed-
loop total admittance of the MMC-grid system that includes
the effect of the frequency coupling dynamics of the MMC
and the grid impedance has been formulated, from which an
equivalent SISO ac impedance of the MMC has been further
derived. With this SISO representation, the impacts of the
ZSCC control on the ac-side dynamics of the MMC have
been explicitly revealed. The frequency-domain analysis and
time-domain simulations have shown the resonant peaks in
the equivalent SISO ac impedance of the MMC due to the
absence of the ZSCC control, which tends to destabilize the
system when interacting with the grid impedance. To guarantee
the system stability, a systematic parameter-tuning guideline
for the ZSCC control loop has also been developed, and its
effectiveness has been confirmed by case studies in simu-
lations. The findings of this article complement the dc-side
dynamic analysis in previous works, highlighting the necessity
of utilizing the ZSCC control to stabilize both the dc- and
ac-side dynamics of the MMC even in three-phase balanced
power systems.

APPENDIX A

Aabc(t) and Babc(t) in (15) are given by (A.1) and (A.2), as
shown at the bottom of the next page.

APPENDIX B

A general LTP system can be expressed as

dx̂(t)

dt
= A(t)x̂(t) + B(t)û(t)

ŷ(t) = C(t)x̂(t) + D(t)û(t) (B.1)

where x̂(t), û(t), and ŷ(t) are the state variables, input vari-
ables, and output variables, respectively. A(t), B(t), C(t), and
D(t) are the time-periodic matrices, which can be expressed
as Fourier series, that is

A(t) =
+∞(

h=−∞
Ahe jhω0t

B(t) =
+∞(

h=−∞
Bhe jhω0t

C(t) =
+∞(

h=−∞
Che jhω0t

D(t) =
+∞(

h=−∞
Dhe jhω0t (B.2)

where Ah , Bh , Ch , and Dh are the corresponding hth Fourier
coefficients of A(t), B(t), C(t), and D(t), respectively.
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Substituting (B.2) into (B.1) and transforming (B.1) into the
s-domain, the HSS model of (B.1) can be directly obtained,
which are expressed as [22]

sx̂ = Ahssx̂ + Bhssû

ŷ = Chssx̂ + Dhssû (B.3)

where

x̂ = [ · · · X̂−h · · · X̂−1 X̂0 X̂1 · · · X̂h · · · ]T

û = [ · · · Û−h · · · Û−1 Û0 Û1 · · · Ûh · · · ]T

ŷ = [ · · · Ŷ−h · · · Ŷ−1 Ŷ0 Ŷ1 · · · Ŷh · · · ]T (B.4)

Ahss = �[A] − N

Bhss = �[B]
Chss = �[C]
Dhss = �[D]. (B.5)

N is the diagonal matrix, which is expressed as

N = diag[ − jhω0I · · · − jω0I I jω0I · · · jhω0I ] (B.6)

where I is the identity matrix, � represents the Toeplitz matrix,
and �[A] is expressed as

� [A] =

⎡
⎢⎢⎢⎢⎢⎢⎣

· · · · · · · · · · · · · · · · · ·
· · · A0 A−1 · · · A−h · · ·
· · · A1 A0 · · · A−h+1 · · ·
· · · · · · · · · · · · · · · · · ·
· · · Ah Ah−1 · · · A0 · · ·
· · · · · · · · · · · · · · · · · ·

⎤
⎥⎥⎥⎥⎥⎥⎦

. (B.7)

�[B], �[C], and �[D] have similar expressions, and thus
are not reproduced here. It is noted that the elements of the
matrices Ahss, Bhss, Chss, and Dhss are the Fourier coefficients
of A(t), B(t), C(t), and D(t), which are constant values.
Therefore, the HSS model essentially derives the LTI rep-
resentation of the LTP system, and thus, the linear control
theory can be readily used. Moreover, although the HSS model
can include the infinite number of harmonic components in
theory, only the major harmonic components of the system
are considered in the practical modeling procedure [22].

Aabc (t)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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0 0
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0 0
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0
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0 0

Macc(t)
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− N Maca (t)

C
0 0

N Mdca (t)

C
0 0 0 0 0 0 0 0

0 − N Macb(t)

C
0 0

N Mdcb(t)

C
0 0 0 0 0 0 0

0 0 − N Macc(t)

C
0 0

N Mdcc(t)

C
0 0 0 0 0 0

N Mdca(t)

2C
0 0 − 2N Maca (t)

C
0 0 0 0 0 0 0 0

0
N Mdcb(t)

2C
0 0 − 2N Macb(t)

C
0 0 0 0 0 0 0

0 0
N Mdcc(t)

2C
0 0 − 2N Macc(t)

C
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A.1)

Babc (t)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2Vc
�
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�
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0 0
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C
Iaca(t) 0 0

N

C
Icira (t) 0 0 0 0 0 0 0 0

0 − N

C
Iacb(t) 0 0

N

C
Icirb (t) 0 0 0 0 0 0 0

0 0 − N

C
Iacc(t) 0 0

N

C
Icirc (t) 0 0 0 0 0 0

− 2N

C
Icira (t) 0 0

N

2C
Iaca(t) 0 0 0 0 0 0 0 0

0 − 2N
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N
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0 0 − 2N
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N

2C
Iacc(t) 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A.2)
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Hx = −3

2

⎡
⎢⎣

Vm Gid1(G p1 + Gq1)

2

Vm Gid1(G p1 − Gq1)

2
Vm Gid1(G p1 − Gq1)

2

Vm Gid1(G p1 + Gq1)

2

⎤
⎥⎦

−
�

Gid1
Gid1

�
(C.1)

Hv = GPLL

2

�
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�
+ 3

2

�
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APPENDIX C

Hx and Hv in (51) are given by (C.1) and (C.2), as shown
at the top of this page.
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