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Cyclic Fatigue Model
Lars Bo Ibsen
Soil Mechanics Laboratory, Aalborg University, Denmark

1 Introduction

The cyclic fatigue model described in this paper has been developed in the light of the
“Cyclic fatigue theory for sand” as described in /Ibsen, L.B., 1993/. The model determines
the stress development during cyclic loading. Compared to other cyclic models, which
normally describe development of stress/strain using Stress Ratio defined as

. g '
= , (1)

see for instance /Hydro, M. et al. 1991/, this model describes the stress/strain development
in a normalized stress space defined by the Mobilization Indez, see section 1.1. Applying
the mobilization index causes the stress state to be normalized regarding the strength of the
soil and the model is independent of the stress level and the strength of the sand, contrary
to models where Stress Ratio is applied. The model in /Jacobsen, M. and Ibsen, L.B. 1991/
can be regarded as a first order theory describing the stress/strain development applying
the theory of elasticity. The model, described in this paper, has been further developed
in order to be able to model the stress developments moving towards failure. Thus, the
non-linearities have been introduced in the model.

1.1 Mobilization index

The test results are transformed from the stress space, defined by p’, ¢, to the normalized
stress space by introducing the Mobilization indez M

M=—_3_ . _069<M<1 (2)
|97 ()]

where ¢’ and ¢} are determined at the same mean stress p/, see Figure 1. When the stress
state moves towards failure in triaxial tension, line failure will develop even in tests with
equal height and diameter of the specimen. Since the failure condition in tension hereby is
“unknown”, it has been decided to normalize the entire stress space by the failure condition



in compression. This causes Cyclic Liquefaction to occur for M = 1 and Necking to occur
for M = —0.69.

In /Ibsen, L.B., 1993/ it has been shown that the position of the drained anisotropic
stress state (p!, ¢') — compared to the stable cyclic line — governs the stress development
in cyclic tests. The stable cyclic line, SCL, is characterized by a constant value M, in the
normalized stress space, see Figure 1. The drained anisotropic stress state - just before
cyclic loading - is defined by the Start Mobilization Index My, as

qf
Mg, = % 3
Qf(ps) ( )

In the normalized stress space, the stress development during the cyclic loading is charac-

terized by the development of the mobilization index as a function of the number of cycles.
Figure 1b shows that the stress development can be described by the development of the
Mazimum Mobilization Index M., and the Mean Mobilization Index M,, as a function of
the number of cyclic loadings. M, is determined as the maximum value of the mobilization
index of each individual cycle while M,, is determined as

qf
M, = _—m 4
45 () @)

The suffix m indicates mean valve of the cycle.

a) b)
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Figure 1. Transformation of the test results from the stress space p', ¢’ to the normalized
stress space M. a) Normalization of ¢'. b) The normalized stress space M.

Since the entire stress space is normalized by the failure condition in compression, M(+¢'(p"))
= |M(—¢'(p"))|- This causes the mobilization index to be developed symmetrically around
M, for cycles where ¢’ ;. < 0. It would not be the case if the tensile stresses were normalized
by the failure condition in tension. This symmetry is a great advantage for the numerical
modelling. During dimensioning the only interesting part is to be able to describe the devel-
opment of stress until failure, i.e. in cyclic triaxial tests when Butterflies start to develop.
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if the minimum stress level ¢ ;. exceeds the characteristic line in extension CL~ after a
number of cycles, see Figure 2. The pore pressure generation §u will go from du > 0 to
du < 0 twice during each cycle and the equilibrium of the stable state cannot be created.
After the minimum stress level ¢/ ; has exceeded the characteristic line in extension CL~,
the drained failure envelope will be reached during the subsequent cycle. Cyclic Liquefaction
as defined by Casagrande (1971) will be observed if the maximum stress level ¢’ ,_ reaches
the drained failure envelope in compression during the subsequent cycle. Necking, which
is a similar phenomenon to Cyclic Liquefaction and defined by Casagrande (1971), will be
observed if ¢,;, reaches the drained failure envelope in extension. Thus, the characteristic
line in extension C' L~ can be defined as a failure indicator. The failure indicator is intro-
duced in the model as the fatigue boundary, which means that the cyclic failure condition
will develop if

Mm:'n = Mc!“' (5)

M.in is the smallest value of the mobilization index of the individual cycle. M- is the
failure indicator, which for ¢/ ;. < 0 in Figure 2, can be determined as

i

M- =—22_ (6)
q;(pl1-)
where
’

! qQni
= mn 7
pc! tancp,_.,- ( )

For Lund Sand No 0, see /Ibsen, L.B., 1993/, taney, - is determined as
tanp - = —0.846 (8)

According to /Ibsen, L.B., 1993/ the friction capacity in compression is determined under
homogeneous conditions. Since the friction capacity in tension was observed to be identical
with the condition in compression, it is postulated that

o If M, > M-, homogeneous conditions will prevail in the test for ¢, ; < 0.

Applying M- as failure indicator, the stress/strain development until failure is observed
to be determined from homogeneous conditions in the sand. However, it is of no interest
modelling the stress/strain development after failure has developed in the soil. Thus, M,,,.
in the model is assessed as

Muw=1 ot Mg = M-
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Figure 2. Determination of M-.

Subsequently the cyclic fatigue theory can be formulated.

o If M2 < M, and M,,,, < 1, the phenomenon Mobilization will develop, see Figure 3a.

o If Mpin < M during the pore pressure buildup, cyclic failure will occur. In Figure
3b M,... takes the value 1 and failure occurs as Cyclic Liquefaction.

o If M° > M, negative pore pressure will be generated and Stabilization will develop,
see Figure 3c.

If M, during the initial cycle goes from being larger than M, to being smaller than M, In-
stant Stabilization will develop. In the model Instant Stabilization is treated as Mobilization
since M? is defined from the value of p],, ¢/, in the initial cycle.

a) b) c)
A M A M A M

M | — e M?nlax ",f""- M e ===
Mm .-_-" Mm L~
log N log N log I

Figure 3. The development of the mobilization index by the phenomena a) Mobilization, b)
Cyclic Liquefaction, ¢) Stabilization. The tests have been described by the development of
the mazimum mobilization degree Mmax and the mean mobilization degree Mp,.
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Applying the mobility index instead of the stress ratio in the cyclic fatigue model has the
following advantages:

e The mobilization index makes it possible to compare tests performed with different
densities and different types of sand, since ¢’ is normalized with respect to the strength
of the soil.

o The mobilization index may be used whether the limitation of the stress space is
described as a pure friction material, a Coulomb material, or a curved failure envelope
is applied.

o The mobilization index can be applied in a mathematical formulation which describes
the hysterese behaviour of the material even at large strains and in complicated stress
variations, see Figure 4. '

VA qea) R B
a0 + 1

1

Figure 4. Normalizing the stress space using the mobilization indez, the hysteresis behaviour
can be modelled, even with complicated stress- and strain variations.

Modelling the development of M,,, My, and M,,.. as functions of the number of cyclic
loadings, the stress development can be described in the cyclic test.

1.2 Description of M,

The development of the mean mobilization index M,, as function of the number of cyclic
loadings can be described in a simple way as

My = My, + (M2 — M7) f(N) (9)

M2 is the mobilization index which M,, moves towards for N — co. In agreement with
the fatigue theory, M2 assesses the value of M, or M***. Figure 3 shows that Mobilization

)



and Stabilization move towards the stable cyclic line M, while M,, moves towards M %% in
Cyclic Liquefaction corresponding to the fact that the compression part of the cycle follows
the failure envelope, see Figure 5. In (9) f(IN) governs the curvature and the speed in which
M,, — M®. f(N) must comply with the following boundary conditions

H) =0 for N=0
f(N)—1 for N — o0

A function which complies with these condition is

0= (1) uw

In order to apply this equation system in (9) and (10) it is necessary to be able to determine
the constants M2, Ny and £ from the initial conditions of the cyclic loadings, i.e. the
drained, anisotropic stress state (p}, ¢’), just before cyclic loading and the cyclic amplitude

/
QCyk'

Determination of M

o', ¢ plottings in Figure 9 /Ibsen, L.B., 1993/ show that the inclination of the cycle changes
throughout the test. The inclination of the cycles varies from a = 0 to a = ¢,, see Figure
5. If o takes the value 0 the material can be considered to be elastic, which is only the case
when M,.../M,, =~ 1. Figure 5 shows that a — ¢, for My, — 1, which means that the
material can be considered to be plastic, since the compression part of the cycle follows the
drained failure condition. It is also observed that M,, — M™* for My, — 1. M™ can

be determined as
ql'
Mpse = I (1)
™ gf(pmin )

'min

p,™" is a function of ¢, . given by

'min __ q:n 12
taney,
since
! !
tanp, = q‘f’ = q'”:i (13)
Ps p‘xﬁ’s
and
'min p’ s
P = (14)

From equation (15) and (13) tang, can be found

i e 6 sif.upa 14 Cq * cotip, m | (15)
773 — sing, m-p



m
q, m—1
_ maz
tanCPs = ( 65iny, );1’- . Cacotya
3—sinya m
since the right order term

1 ~ 0
' (tangp,)'l-ﬂ'

(16)

(17)

has been omitted. Equation (15) describes the curved failure lines. The suffix @ indicates
asymptotic parameters. m describes the curvature of the failure lines.

A<

9y (P )

Figure 5. Determination of MD2x.

It is postulated that a yield indicator M, exists which is defined

M, = kM,

T !
m

#
3 ] ] _q,max
| ;
[
i Y '
M max i M q m
[>2m | m
|
|
¢l p’
L I >

(18)

(19)

k, is the amplitude ratio defined from the deviator stresses ¢/, and ..~ The amplitude
ratio is determined from the initial parameters of the cyclic loading and remains constant
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throughout the entire test, even though a — ¢,, see Figure 5. For elastic material, i.e.
a =0, M, will be equal to My,, and k; can be found
_ Q:n.a.z - q:n + qzyk

Mma.:l: = = 20
g5 7 (20)

from (4) it is observed that
Im
4= M, (21)

Mmar — q_m% Mm = qum (22)

According to the failure hypothesis in /Ibsen, L.B., 1993/ it is possible to determine that

M,>1 = develops failure

M, <1 = develops a stable cyclic state

The value of M, which is applied in the simulation, can now be determined from the initial
parameters of the cyclic loading as

e M, >1is M? =M
o M, <1is M =M,

M™% is determined from (11) and M, is determined in the following parameter determina-
tion.

Parameter determination

In cyclic triaxial tests M2, M™% are normally known whereas M,, No and £ are variables.
However, the main part of the 87xx tests are performed by applying q.,; increasingly, so that
the chosen value is reached around cycle 2 - 3. This test procedure was applied at a time
when the mechanisms governing the development of pore pressure had not yet been clarified.
The test procedure was introduced in order to avoid the phenomenon Instant Stabilization,
which at the time was interpreted as being a result of applying ¢.,, too momentarily, since
Aw in some cases was observed to be negative and not positive as expected during the initial
cycle. The effect of the initial 2 - 3 cycles has been determined from the curvature of the
remaining cycles, i.e. M2 is determined by curve fitting. In the curve fitling procedure
4 unknown quantities per test must be determined. The 4 parameters converge with very
different speed, which makes parameter fitting virtually impossible in one procedure. The
fast converging parameters will dominate the effect of the slow converging parameters. The
domineering parameters are found by the difference (MY — M?) determining the stress
development, see Figure 6. During the curve fitting of Mobilization-, Stabilization- and
Instant Stabilization tests it is evident that M, converges fastest, since at least 200 cycles
assume this value. M2 determines the slow part of the curvature and converges reasonably.
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Ny is the “speeder” with which the velocity of the stress development can be adjusted, see
Figure 7, and £, which determines the shape of the curve, see Figure 8. These parameters are
difficult to determine since they are mutually dependent according to (10). The 4 unknown
parameters are determined by the method of least squares, applying the following step by
step procedure in each test:

1. M is fitted. £ =1 and M2, M, and N, is varied.

2. £ is fitted, applying M2 and M, as determined according to 1. £ and N, are varied.
3. M? is fitted, applying M, according to 1 and £ according to 2. M2 and Ny are varied.
4. Ny is fitted, applying M,, £ and M2 determined in 1 - 3. N is varied.

In the following section the result of this step by step fitting will be commented on. The
results are shown in Tables 1 and 2.



2
Test eo | by | M2 | M | No | My b2 | 25 | Classification
No.of cye.
8713**) 0623 [ 215 [ 0225 [ 0.435 | 23 0.21 1.6E-05 | Mobilization
8714**) | 0619 | 2 | 026 | 0.5 | 24 0.24 1.7E-05 | Mobilization
8719*%) | 0617 | 1.65 | 0.48 | 054 | 12 0.06 8E-06 Mobilization
8720"%) | 0.618 | 1.78 | 0.42 | 0.525 | 15 0.105 7TE-06 Mobilization
8726**) 0.62 | 1.9 | 0.395 | 0.475 | 12 0.08 1E-05 Mobilization
8728**) 0.61 | 2 |0.305| 0445 | 18 0.14 3.3E-05 | Mobilization
8720**) | 0.614 | 2.25 | 0.275 | 0.475 | 19 0.2 5E-06 Mobilization
8730**) | 0.606 | 1.52 | 0.485 | 0.505 [ 8 0.02 1.1E-05 | Mobilization
8732"*) 0.625 | 2.22 | 0.26 | 0.445 | 17 0.185 2.1E-05 | Mobilization
8740 0.605 | 1.82 | 0.33 | 0.51 | 20 0.18 5.2E-05 | Mobilization
8800 0625|133 034 | 04 | 13 0.06 1E-05 Mobilization
8802 0626 | 1.22 | 0485 | 0.5 | 11 0.015 2E-06 Mobilization
8807**) | 0.608 | 1.62 | 0.42 | 0.475 | 12 0.055 1.4E -04 | Mobilization
8811**) | 0.606 | 2.23 | 0.33 | 0.445 | 14 0.115 2.3E-05 | Mobilization
8815**) | 0.607 | 1.83 | 0.37 | 0.465 | 17 0.095 5.8E-05 | Mobilization
8709 0.611 | 1.62 | 0535 | 0.51 | 10 | —0.025 1.2E-05 | Stabilization
8809**) | 0.611 | 1.62 | 0.57 | 051 | 8 —0.06 57E-05 | Stabilization
8731 0.62 | 1.43 | 0.675 | 0.605 | 5 —0.07 5E-05 Stabilization
8806*) 0599 | 1.29 | 0775 | 072 | 3 —0.055 5E-06 Stabilization
8816*)**) | 0.61 | 1.81 | 0.56 | 0.455 | 5 —0.105 1.6E-05 | Stabilization
8810 0.602 | 1.42 | 0.515 | 0.53 | 8 0.015 1E-05 Instant Stabilization
8812 061 | 2190505 | 04 | O —0.105 1.5E-05 | Instant Stabilization
8813 0603|168 | 066 | 0.6 | 3 —0.08 1.2E-05 | Instant Stabilization
8814 0.611 | 1.87 | 0.335 | 0.375 | 11 0.04 9E-06 Instant Stabilization
8818**) 06 | 1.88| 045 | 0.495 | 11 0.045 1.3E-05 | Instant Stabilization

Table 1. Results of parameter fittings in tests where My < 1.
The tests have been fitted with £ = 1.25.

*) Tests where £ = 0,1. The main part of M,,’s change occurs during the initial cycle.

**) Tests applied for determination of k.

Error? : ‘
Test e kq M | MZeE | N, | M, — Mg, Noofcye. Classification
8727**) | 0.616 | 2.25 | 0.335 | 0.655 | 27 0.32 5.3E-05 | Cyclic Liquefaction
8733 0.639 | 2.25 | 0.23 082 | 17 0.59 7.1E-05 | Cyclic Liquefaction
9280**) | 0.611 | 2.39 | 0.322 | 0.525 | 15 0.203 TE-06 Cyclic Liquefaction

Table 2. Results of parameter fittings in tests where Cyclic Liquefaction occurs.

**) Tests applied for determination of k.
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1.0 + Mmo=0.25

ssscesssas Mmo = 0.75

Figure 6. M determines the stress development from the cyclic strain while the difference
(Mmax — M? ) describes the mazimum fatigue which can be developed. The curves in the
figure have been determined by (9) and (10), where M, = 0.5, N, = 30, £ = 1.25.

A

' 1.0 4+ No =30
0.9 4
0.8 +
0.7 ¢+
0.8 =
0.5
0.4 —
0.3 1
0.2 4 _
0.1 -~ log N

0 | Lt reetl | P N PO I |
T 1 i I IR LR

'”-“,._‘“o_puuw—

2 sees
..-...no‘l—'___,..—
.

Figure 7. N, is the “speeder” controlling the speed with which the stress development takes
place. The curves in the figure have been determined by (9) and (10), where M, = 0.5, My, =
0.25, £ =1.25.

11



Figure 8. £ describes the curvature. The curves in the figure have been determined by (9)
and (10), where M, = 0.5, M, = 0.25, N, = 30. '

Determination of M,
In Figure 9 the distribution of the values for M, from Table 1 are plotted. Assuming the
distribution to be normal it can be determined that

e The mean value of the M, sample: 0.494.
o Standard deviation of the M, sample: 0.072.

The hypothesis that M, is a normal distribution has been tested in a x? test. The hypothesis
cannot be rejected on a 21% significant level.

Even though M, has been fitted in tests where the stable cyclic state has not been fully
developed, the mean value of M, is identical with the SCL line determined in /Ibsen, L.B.,
1993/. Consequently, it is concluded that

o M, = 0.5.

On the basis of the available statistical material it cannot be rejected that the mean value
of M, = 0.5. Repetition of 25 tests showed the mean value to be placed in the confidence
interval 0.46 < M, < 0.52 in 95% of the samples.

12



A Number of observations

0 01 02 03 04 05 06 07 08 09 1.0
Figure 9. The distribution of the fitted M,-values.

Determination of ¢

As shown in Figure 8 £ determines the curvature of the stress development. If £ assumes a
low value, for instance 0.2, a cause is described where the change of M,, takes place during
the initial cycles, see Figure 8. If £ assumes a higher value, for instance 4, the change of
M., takes place with a constant increase which is distributed evenly on all the cycles. A
mutual linkage exists between Ny and £, see equation (10). A parameter study has shown
that £ is the least likely of the 4 parameters to contribute to the collected rms. error. In
several of the tests the rms. error is constant for 0.5 < £ < 2. Thus, it has been decided
to let £ assume a constant value and adjust the curvature applying Np. Figure 10 shows
the fitting of £. The fitting, which has been carried out with steps of 0.05, has resulted in
294 results corresponding to an average of 10 results per test with the identical rms. error.
If the samples are considered to be distributed normally, the result of the fitting can be
characterized as follows:

o The mean value of the £ sample: 1.24.

e Standard deviation of the £ sample: 0.576.

In a x? test, on 66% significant level, it cannot be rejected that £ is distributed normally.
In /Jacobsen, M. and Ibsen, L.B./ £ was determined at 1.25. When repeating — in 95% of
the cases — the samples of the mean value for £ will be placed in the confidence interval

1.17 < £ < 1.31. Consequently, it is assumed that

13



o { =1.25.

The curvature, appearing with £ = 1.25, is in accordance with the stress progress developed
in the tests which are described as Cyclic Liquefaction, Mobilization and Instant Stabiliza-
tion. In 3 out of 8 tests concerning Stabilization it has been observed that the main part
of M,.’s change takes place during the initial cycle corresponding to the process described
with £ = 0.2 in Figure 8. The curvature with £ = 1.25 is not able to describe the stress
process in these tests, see Figure 14b. £ has been determined to be 0.1 in the fitting of the
tests marked with *) in Table 1. It has not been possible to conclude if Stabilization ought
to be described with a different curvature that the rest of the phenomena or if the problems
observed are of a technical nature when testing. However, it is most likely a transitory
phenomenon between pure Stabilization and Instant Stabilization.

A Number of observations

25 -

20 —b 74;""

15 / -

. | Th -
0 1.0 2.0 3.0 14

Figure 10. The distribution of the fitting of £

Determination of N,
As described in Figure 7 Ny is the “speeder” governing the speed with which M, — M.
The choice £ = 1.25 means that the curvature is locked and adjustment of the curvature can
only be made with Np. Looking at equations (9) and (10) Ny is expected to be a function of
the maximum fatigue M2° — M7, which the cyclicstress variation is able to generate. Since
M2 is dependent on M, it has been chosen to describe Ny as a function of M, see Figure
11. Thus, the function No(M2) can be applied to M® = M, as well as to MY = M.
The sample of the Ny fitting is observed to represent an ascending curvature with very
little scattering. The tests, which develop Cyclic Liquefaction, Mobilization, Stabilization
and Instant Stabilization, can be described by one curve. The function describing the
curvature is

No(M2) = sﬁfﬁg-@ | (23)

14
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Figure 11. Estimation of N, as a function of M?.

The development of Ny has not been studied in the tests for M2 < 0.2. Consequently, it
cannot be determined if NV, is to be described by equation (23) in this interval or an upper
value for Ny exists as shown in the figure.
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a) AM

Mmax

‘Test 8729
M =0.475
M3=0.275
No=19
Kq=2.25

o
O o
] |
[ 1

}"{ max

Test 8714
Ms=0.500
°2=0.260
No=24
Kq=2.0

Figure 12. In Mobilizing, tests No 8729 and No 8714, the observed development of My, and
Minax has been compared to the development calculated after (9) and (30). In b) a prediction
has been carried out since the test was stopped after 45 cycles.
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Goodness of M,, fit

In figures 12 — 15 the variation of M,, has been determined according to the established
theory compared to the stress development from tests representing the 4 phenomena Mobi-
lization (Figure 12a and b), Instant Stabilization (Figure 13a and b), Stabilization (Figure
14a and b) and Cyclic Liquefaction (Figure 15a and b). The parameters, applied when sim-
ulating the individual tests, are shown in the figures. The applied parameters are identical
to the values in Tables 1 and 2.

A prediction has been carried out in Figure 12b, having interrupted the Mobilization
test after 45 cycles. The stress development has not been determined entirely and M, is
unknown. The stress development in the test has been simulated, applying equations (9) and
(10). M}, has been calculated from p), ¢;. M, = 0.5 and £ = 1.25. N; has been determined
from equation (23). The calculated stress development is observed to be identical with the
measured one.

In the cyclic fatigue theory it is assumed that Instant Stabilization can be treated as
Mobilization, when M}, is determined from the stress state after the initial half cycle. Figure
13a and b show that this procedure is a good approximation.

The failure indicator M - was introduced in section 1 in order to be able to simulate
the stress/strain development until failure. In Figure 15a and b, M,, is marked e by the
cycles where M,;, < M,-. The equation system describes the development of M,, all the
way to failure, and in accordance with the cyclic fatigue theory failure develops as soon as
Mpin < M-

In all 8 tests the simulated stress development is observed to be identical to the measured
one. Consequently, it can be concluded that the chosen procedure in parameter determina-
tion and the theoretical assumptions are valid, since the mean mobilization can be described
for the 4 observed phenomena.

However, it is somewhat surprising that no amplitude dependence has been demonstrated
during the determination of the parameters Ny and £. In practice this means that a ¢, =0
will result in as large a buildup/reduction of pore pressure per cycle as a ¢;,,, which causes
failure in the specimen after a few cycles. It is obvious that this cannot be correct. The
determination of Ny and £ has been carried out on the basis of only one test series performed
at a high amplitude level (k; M,,). The amplitude ratio &, is observed to be placed in
the interval 1.5 < k, < 2.5 (Tables 1 and 2), and the test series covers the stress area
M? > 0.2, see Figure 11. Thus, the performed test series must be supplemented with
test series describing the development at lower amplitude levels. If £ = 1.25 is maintained,
No(My,, k) and the variation of Ny must be described in one of the following two methods:

o No (M) =V (k,) (%) , corresponding to a swarm of curves in Figure 11.
1—k,M;
o Ny (k,M2) =T (___._s__n;)
! kQMm

Future test series must determine which of the two expressions gives the best description. N
described by equation (23) corresponds to a development of M,,, which is close to maximum.
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Figure 18. In Instant Stabilization, tests No 8814 and No 8818, the observed development
of M, and M.y has been compared to the development calculated after (9) and (30).
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Figure 14. In Stabilization, tests No 8709 and No 8816, the observed development of M,

and M.y has been compared to the development calculated after (9) and (30).
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Test 8727
M =0.660
M3=0.33
No=18
Kg=2.15
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Figure 15. In Cyclic Liquefaction, tests No 8727 and No 9280, the observed development of
M, and My, has been compared to the development calculated after (9) and (30).
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1.3 Description of M,,, and M,

First Order Theory
In /Ibsen, L.B., Jacobsen, M. 1991/ it was suggested that

- Mupas = koM, | (24)

It is evident from equations (18) - (22) that « is assumed to be 0, corresponding to an ideal
elastic material. This gives a simple but extremely operational equation system to describe
the stress development under a given cyclic loading. If M,, is determined from equation (4)
it is easy to determine M,,,, from equation (24) and M, can be determined

Mopin = (2 — kg) M, (25)
since

Mupin = My — M,y

My = k,Mn—M,
If the first order theory is applied Figure 2 shows that failure occurs if

KoM > 1+ [Mo-| | (26)

Figures 16 and 17 show the consequence of describing the stress development, applying the
first order theory. Observing the last cycle in the tests in Tables 1 and 2, M., has been
plotted in Figure 16 as a function of (k,- M,,), and M,,;, plotted in Figure 17 is a function of
(2 —k,) My, Miya. and M. have been calculated from the first order theory, see Figures
16 and 17, corresponding to the line of 45°, which has also been plotted. Figure 17 shows
that the first order theory describes the development of M,,;,, since M,,;, observed and
M iy calculated are in agreement. Since ¢/, is placed between the characteristic lines in
extension and compression, respectively, the first order theory is a good assumption, and
M in can be determined from equation (25). However, the first order theory results in an
overestimation of M,,,,. In a given dimension situation it would be safe to estimate M,.-
from the first order theory.

If the stress/strain development is to be described it is, however, necessary to determine
the correct development of M., i.e. it must be taken into consideration that the inclination
of the stress cycles becomes smaller when the stress variation approaches failure. The second
order theory, described in the following section, describes this development and ought to be
applied in the cases where the stress/strain development is to be modelled.

21



A M, ..x. Observed
1.3 +
1.2 ¢+
1.1 + First obdey theory
1.0 +
0.9 + -
0.8 +
0.7 =+ o
8.6 -+ Second order theory
0.5 +
0.4 =+

0.3 T

0.2 4
G = Mmaszq'Mm

] | | | i | | | )
0 t { = l } 1 1 1 T I 1 I 1

i i
0 0.1 0203040506070809101.1121.3

Figure 16. The figure shows My, observed during the last cycle in the tests in Tables 1 and
2. These values are compared with M., calculated after (24) and (30), First and Second
Order, respectively. '
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Figure 17. The figure shows that M., is observed during the last cycle in the tests in
Tables 1 and 2. These values are compared with My, calculated after the First Order
Theory, equation (25).
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Second order theory ;
Generally M,,,. can be described as

Mma;': = Mm - Mcyk (27)

If the correct development of M,,,, is to be determined it is necessary to take the inclination
of the stress cycle into consideration, i.e. «, see Figure 18. M., is a function of a and the
following correlation can be established:

Geg
My = —— 2ot 28
T g + A 28)

where Agy = g, tanatanf
since Aq; = Ap'tanf

Ap = gqutana

A

B
9y (Pr) Aql
I AP’
|
|
&
I
|
M 1
maXx I qmax
q,cyk
3 q'm
Mm
p’

. '
[

Figure 18. Determination of My using the Second Order Theory.

If the amplitude ratio &, is introduced — defined from the normalized stresses as

iy %%ka | - (29)
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and if equation (29) is inserted in (27), M., can be expressed as
Moz = kM, | (30)

like the first order theory.
Contrary to kg, ki, is not a constant but a function of . If « is assumed only to depend
on the maximum stress level and not on the stress variation, which has led to the given

level, k,, must be a function of M,,,,. The following boundary condition for k,, can be
established

Ea=lk, Tor a=] (31)
kym — kﬁin for Mpwe —1

where k™" is a constant.
Normalizing k., as far as k, is concerned the following is obtained

ke

—=1 for a=0

kq
Since the maximum stress level M,,,,, which k,, is a function of, is unknown, the variation
of k,, is described by applying the relative stress level k,M,,. Figure 19 shows the observed
values of k,,/k, as a function of k,M,. k,./k, describes a descending curvature with relative
small scattering. In the figure 7818 cycles have been plotted and they represent the 17 tests
marked **) in Tables 1 and 2. The results verify the assumption

e that « only depends on the maximum stress level

thus, it must be reasonable to assume kr’n""“ = constant for M .. — 1.

k kmin
=, m

K,k

for Mpax — 1 (32)

q

The boundary condition for the stress level can — according to (26) — be described as
kM — (1 + |Mg-|) -for My — 1 (33)

A simple description of k,,/k, as function of the stress level has been found to

];c—’“ =1- (1 = kfin)  f (koMim) (34)

q q

in

The difference (1 - E%q—— describes the variation in k, while the function f(k,M,) de-

scribes the curvature. In order to make (34) fulfill the boundary conditions (32) and (33)
f(kyM,,) must be worked out so that

f(kgMy) — 0 for kM, —0
(35)
fkMy) -1 for  k,My — 1+ |Mg-|
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A function, which complies with these conditions has been found to

ko + kM \°
Thdn) = ((qum)m“ + ko)
where k, and f are constants determining the curvature and (k,M,,)™* =1+ |[My-]. (36)
fulfills the boundary conditions from (35) only if k, << 1 + |M-|.
Since My, is determined from (30) the simple but extremely operative equation system

(36)

from the first order theory has been transferred to the second order theory. The procedure
is almost identical except for an extra loop, since k,, — contrary to k, — must be determined
in each cycle. In order to determine k,,, the parameters k, and 8 must be determined. M,,;,

is determined, like in the first order theory, from

My = (2 = k) - My,

'Akm/kq

1.0

0.9 4

0.8 +

0.7 +—

B8 < The curve is described by

05+ | (kq. M )™*=12

0.4 + e

R =0.73
' fo) =01

0.2 + g =35

0.1 4 I M
I e N e e e it Ut e oo Wit T i B

0 0.102030405060.70809101.1121.3

Figure 19. kn [k, is shown as a function of the relative stress level for each cycle in the tests
which are marked ** in Tables 1 and 2. In the figure 7818 cycles are plotted.

Parameter determination

Parallel to the description of M,, the equation system, describing the variation of &, with
the stress level, is build in such a way that the parameter fitting can be carried out in each
individual test. However, it is a requirement that the test covers a large part of the stress
area corresponding to Cyclic Liquefaction tests with a low initial mobilization degree M.
The test series performed in connection with this project do not contain tests which comply
with this requirement.

The tests marked **) in Tables 1 and 2 have been applied in order to cover the entire
stress area. For each cycle in these tests k,,/k,; has been plotted as a function of the stress
level given by k,M,,, see Figure 19. k, has been determined from the observed values of
Moz [ My, in each cycle, while k, has been determined from (19).
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Figure 19 shows a curve which has been plotted by means of (34) and (36). The curve
has been determined by the method of least squares and describes the development of k,,
as an average of the 7818 cycles representing 17 tests. The boundary values (k,M,,)™**
and k™" are no longer the boundary conditions, which the individual test moves towards,
but describe the boundary condition for the curve. In order to determine the curve the
following 4 unknown parameters (k,M,,)™, k@™ /k,, ko, and B must be determined. Like
the parameter determination in section 2 the 4 parameters converge with different speeds
and cannot be determined by only one curve fitting procedure.

Determination of (k,M,,)™*

The boundary condition
(kg M )™ =1+ [Ma-|

in (36) governs the limitation of the loaded stress space. From (6) and Figure 2 it is evident
that M- is a function of p!,_, because the characteristic line is straight and the failure
condition is curved. Since the 17 tests from Figure 19 have been carried out with different
values of k,, (k;M,,)™* must be determined from an average in order to describe the stress
area covered in the test series. Figure 16 shows that M,,,., observed during the last cycle in
the tests in Tables 1 and 2, is shown as a function of k,Mp,. If (k,My,)™* = 1.2 is chosen,

the stress space represents the test series.

Determination of &,

In order to fulfill the boundary conditions given by (35), k, must be << 14|M,-|. Forthwith
k, could be omitted and (36) would still fulfill the boundary conditions. However, k, has
been introduced in order to be able to model the curvature for k,M,, — 0. In this test series
the smallest value of k,M,, = 0.45 and consequently k, is insignificant. In this case k, 1s
chosen to be 0.1 and future test series must determine if it can be omitted.

Determination of k%™ /k, and
With these values of (k,M,,)™** and k,, k™" /k; and B have been determined by the method
of least squares

ki, = 0.73
B = 35

With these values M,,.. has been calculated during the last cycle in the tests in Tables
1 and 2. The results are plotted in Figure 16 as the curved line. Compared to the first
order theory it is observed that the second order theory describes the development of Moz
regardless of whether it is the phenomena Cyclic Liquefaction, Mobilization, Stabilization

or Instant Stabilization.
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Goodness of M,,,, fit

Like the variation of M,,, M,,,, has been determined from the second order theory and
compared with the stress development in tests representing the 4 phenomena Mobilization,
Instant Stabilization, Stabilization and Cyclic Liquefaction in Figures 12 - 15.

Figure 16 shows that the second order theory is able to describe the final condition in
the tests in Tables 1 and 2. Figures 12 - 15 show that the second order theory is also able
to simulate the stress development throughout the test. Considering that the parameters
determining k,, are not fitted in each individual test, the development of M,,,, is described
extremely well in all test types.

This must indicate that « is only a function of the stress level and that the approximation

Eam

= 0.73

q
(37)
(kM)™ = 1.2

represents the stress space. Since (37) determines k,, for M., — 1, the largest deviation
between the calculated M,,,, and the observed M,,,. can be expected to take place in tests
developing Cyclic Liquefaction. Regarding the tests in Figure 15 it is observed that (34)
and (36) simulate the development of M,,.., even when M,,.. — 1.

Like the simulation of M,, in Figure 12b, where the stress development is done by
prediction, the estimated variation is seen to describe the observed one. The cyclic stress
variation is observed to be applied with increasing amplitude to reach the chosen valve
only in cycle no. 5. In spite of this, the second order theory is observed to describe the
development of M,,,..

The approximations (37) can be applied in tests where the stress space is limited by p’ <
100 kPa. Whether the approximations can be applied in tests covering a larger stress space
must be determined in test series dealing with the stress development around the failure
condition, i.e. tests with a low initial mobilization degree and where Cyclic Liquefaction is
developed. This way the individual test can be modelled/fitted. Thus, it can be determined
if kg"“ should be described as a function of (knM,,)™*.

1.4 Closing remarks

As seen in Figures 12 - 17 it has been possible to work out a fatigue model, which models the
phenomena observed during cyclic loading. Compared to the model described in /Jacobsen,
M. and Ibsen, L.B. 1991/, the stress variations moving towards failure can now be modelled.
The model has been made general since it is also possible to use it to describe test results
where the stable cyclic condition does not occur, i.e. tests where Cyclic Liquefaction or
Necking is developed. Furthermore, the model can be used to model test results from tests
performed on specimens with double height of the specimen. In equation (9) M will
always be equal to M™%, see (11). The parameters, applied in the model to describe the

development of M,, and k,, will not be identical with the result found in this paper when
testing specimens with double height are used.
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The parameter determinations in this chapter have only been performed with a relative
density of Ip = 0.78 and an amplitude condition k,, which determines the maximum de-
velopment of the stress variation. Thus, some research needs to be carried out in order to
explain

e M,’s dependence on the density
e N,’s variation with k,

o If k™" should be described as a function of (k,, M;,)™*.

If the model is to be used as a basis for geotechnical decisions, the entered parameters
must be determined in each case until more experience is available.

In order to describe how the fatigue model might be applied in a geotechnical deci-
sion process, a possible procedure to be used in a stability investigation of a gravitation
construction is shown in the paper “Application of the cyclic fatigue model”.
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