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Abstract

The purpose of this work has been development and implementation of methods
for design optimization with respect to buckling of laminated composite shell
structures having complicated geometrically nonlinear behaviour. For universality
and due to the complicated structural response, this work takes offset in the finite
element method. The platform of implementation used in this work is the finite
element based analysis and design tool MUST (MUltidisciplinary Synthesis Tool).

A necessary tool for buckling analysis and optimization is reliable and robust
measures for buckling and consequently, a number of buckling criteria are
developed and implemented in MUST. Buckling problems with loss of stability
due to bifurcating and limiting behaviour and buckling without stability point
are considered. Traditionally, buckling is associated with the linear buckling load,
but for structures exhibiting nonlinear response the traditional approach may give
unreliable buckling predictions and thus unreliable design results.

In case of buckling due to loss of stability reliable buckling predictions are obtained
by including nonlinear prebuckling effects by utilizing geometrically nonlinear
analysis which is solved by an arclength method. The nonlinear analysis is stopped
when a stability point is detected and the buckling load is approximated at a
precritical load step by eigenvalue analysis on the deformed configuration. For
buckling without stability point a local criterion is developed and formulated on
the element level such that it captures local nonlinear effects in the structural
behaviour during loading. Buckling is in many cases associated with nonlinear
effects thus the local criterion may be used to define the onset of buckling.

Buckling optimization is formulated as mathematical programming problems
solved using gradient based techniques. Semi-analytical design sensitivity analysis
is implemented with respect to fiber angle design variables where design variables
are supported on element or element group level. The direct differentiation method
is applied to derive the sensitivities of the different buckling criteria.

The buckling load of buckling critical structures may be largely influenced by
imperfections associated with geometrical errors and material defects stemming
from the manufacturing process. The effect of inevitable imperfections is handled
by the concept of the definitely “worst” imperfection, and the most unfavourable
imperfection shape is determined through a process of anti-optimization using
gradient based shape optimization. The “worst” imperfection optimization gives a
conservative lower bound on the buckling load which is essential in structural
engineering, and combined with laminate composite design optimization, the
obtained laminate design will not only be optimal, but also optimal with the
presence of the “worst” shape imperfections.

Four scientific journal papers document the implemented methods and illustrate
how the methods may be utilized for the solution of various buckling problems.
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Abstrakt

Formålet med nærværende arbejde har været at udvikle såvel som implementere
metoder til at udføre designoptimering med hensyn til buling af laminerede
kompositte strukturer med kompliceret geometrisk ikke-lineær opførsel. For
almengyldighed og grundet det komplicerede strukturelle respons tager arbejdet
udgangspunkt i elementmetoden. Implementeringsplatformen, som er benyttet
i dette arbejde, er det elementbaserede analyse- og optimeringsværktøj MUST
(MUltidisciplinary Synthesis Tool).

Pålidelige og robuste mål for buling er et nødvendigt værktøj i bulingsanalyse
og optimering, og MUST er derfor blevet udvidet med en række udviklede
bulingskriterier. Bulingsproblemer med tab af stabilitet grundet bifurkation eller
begrænsende opførsel samt buling uden tab af stabilitet er behandlet. Buling
er traditionelt relateret til den lineære bulingslast, men for strukturer, der
udviser ikke-lineær opførsel, kan den traditionelle metode resultere i upålidelige
forudsigelser af buling og dermed føre til upålidelige designs.

I tilfælde af buling grundet tab af stabilitet er pålidelige forudsigelser af buling op-
nået ved at inkludere ikke-lineære præ-bulingseffekter ved anvendelse af geometrisk
ikke-lineær analyse, som er løst ved en buelængdemetode. Når et stabilitetspunkt
er detekteret, stoppes den ikke-lineære analyse, og bulingslasten approksimeres ved
et præ-kritisk laststep med en egenværdianalyse på den deformerede konfiguration.
Ved buling uden stabilitetspunkt er der udviklet et lokalkriterie, som er formuleret
på elementniveau, således det under lastpåvirkning kan opfange ikke-lineære lokale
effekter. Da buling ofte er forbundet med ikke-lineære effekter, kan lokalkriteriet
anvendes til at definere bulingsinitiering.

Bulingsoptimering er formuleret som matematiske programmeringsproblemer, som
løses med gradientbaserede teknikker. Semi-analytisk designfølsomhedsanalyse er
implementeret med hensyn til fibervinkeldesignvariable, hvor designvariable under-
støttes på element- eller elementgruppeniveau. Den direkte differentiationsmetode
benyttes til at udlede følsomheder af de forskellige bulingskriterier.

For bulingskritiske strukturer kan imperfektioner forårsaget af geometriske fejl og
materialedefekter fra fremstillingsprocessen have stor indvirkning på bulingslasten.
Konceptet om den definitive “værste” imperfektion er anvendt til at behandle
effekten af uundgåelige imperfektioner, og den mest ufordelagtige imperfektions-
form er bestemt gennem en anti-optimeringsprocess ved brug af gradientbaseret
formoptimering. “Værst” imperfektionsoptimering giver en konservativ nedre
grænse for bulingslasten, hvilket er essentielt i strukturelt ingeniørarbejde, og kom-
bineret med designoptimering af laminerede fiberkompositter vil det laminerede
fiberkompositdesign ikke kun være optimal, men også optimal når den “værste”
imperfektionsform er tilstede.

Fire videnskabelige artikler dokumenterer de implementerede metoder og illustr-
erer, hvordan metoderne kan anvendes til løsning af varierende bulingsproblemer.
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Introduction

T
he present thesis deals with buckling load design optimization of lam-
inated composite shell structures. This means applying optimization tech-

niques to numerical models of the laminated composite structure in order to
optimize (improve) certain aspects of the structural behaviour by finding optimal
configurations (the best) in the composite laminate layup. The structural
behaviour of interest in this work is buckling, which for many structures and
especially for many thin-walled laminated composite structures, is a structural
event that describes the maximum compressive load capacity of the structure.
Special attention has been devoted to structures undergoing large displacements
upon loading, having geometrically nonlinear behaviour, and where the classical
methods do not give reliable predictions of the buckling load and thus reliable
designs through a process of design optimization.

1.1 Background of work

In the following some background is given with particular emphasis on topics
directly related to the present work.

1.1.1 Laminated composite structures

The use of composite materials has over the last decades increased due to their
superior mechanical properties. A composite material is widely defined as a
material that is composed of two or more distinct phases, usually a reinforcing
material supported in a compatible matrix, and assembled in prescribed amounts
to achieve specific physical and chemical properties. In particular, fiber reinforced
polymers, such as Glass Fiber Reinforced Plastic (GFRP) and Carbon Fiber
Reinforced Plastic (CFRP) are composite materials that have gained an ever-
increasing popularity due their superior stiffness-to-weight or strength-to-weight
ratios. In structural applications fiber reinforced polymers are usually stacked in
a number of plies, each bonded together by a matrix, to form a laminate. The
fibers in each layer may be uniformly oriented in typically one or two directions
or they may be oriented in no particular ordered fashion.
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Figure 1.1: Structures made from laminated composite materials. Top left: The Airbus
A380 aeroplane. Bottom left: The Visby class corvettes. Right: Static flapwise bending
test of a wind turbine blade (courtesy of LM Wind Power (2010)).

The development and application of high performance laminated composite
materials and structures were originally concerned in the areas of aerospace and
aeronautics. Today, the structural application of laminated composite structures
is found in many products ranging from naval engineering, automotive industry,
wind turbine industry to sporting equipment, see Fig. 1.1.

Designing structures made of composite material represents a challenging task,
since both thicknesses, number of plies in the laminate and their relative
orientation must be selected. The best use of the capabilities of the material
can only be gained through a careful selection of the layup where the directional
properties of the individual plies are exploited and the material properties of the
laminate are tailored to meet particular structural requirements with little waste
of material capability.

However, for real applications, e.g. a wind turbine blade see Fig. 1.2, such tailoring
is by engineering judgement very difficult if not impossible since the laminate, Level
1 in Fig. 1.2, may consist of hundreds to thousands of individual layers. Perfect
tailoring of the laminate, Level 1, yields only the stiffness and strength required in
each direction so the wind turbine blade on the structural level, Level 3, performs
as desired, i.e. satisfy constraints upon stiffness, strength, buckling, weight, etc.

In order to fully exploit the potential of laminated composites, numerical design
tools, which can assist the design engineer to obtain a tailoring of the laminate,
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Figure 1.2: The characteristic length scales of a turbine blade problem. Level 1 refers
to ply-level, level 2 to section level, and level 3 corresponds to structural level of a wind
turbine blade (courtesy of LM Wind Power (2010)).

are needed.

1.1.2 Buckling of laminated composite structures

Buckling of structures is an old and well-known engineering discipline that goes
all the way back to the time of Leonard Euler who in 1744 solved the buckling
problem of a simply supported column, Oldfather et al. (1933). Under an axial
compressive load, a column that is sufficiently slender will fail due to deflection
to the side rather than crushing of the material. The situation is illustrated in
Fig. 1.3. This phenomenon, called buckling, is the simplest prototype of structural
stability problems, and it is also the stability problem that was historically the first
to be solved, Timoshenko (1953).

In short, buckling is a phenomenon most often observed for slender and thin
structures loaded in compression. At buckling, or more precisely, at the buckling
load, it is often associated with a sudden loss of stiffness of the structure, and
consequently by large displacements at the slightest increase in load. Considering
the Euler buckling problem of an initially perfect straight column in Fig. 1.3 the
column will initially shorten and remain straight. At some point the straight
equilibrium configuration becomes unstable, indicated in Fig. 1.3 by a dashed
line, and the column seeks another stable equilibrium configuration, namely a bent
column. The process of suddenly changing equilibrium shape at the same load is
called bifurcation because a fork exists between two separate equilibrium paths
on the load-deformation curve. In such cases the buckling load is often referred
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Figure 1.3: Load-deformation diagram for an axially loaded column.

to as the bifurcation load. Due to the sudden large axial shortening caused by
lateral deflection at buckling, the Euler buckling load, RE , of a column is typically
the end of practical usefulness if used in a structural application and therefore
regarded as the largest practical load the column can take.

Buckling of structures covers many types of structural elements such as columns,
beams, plates, and shells, which may behave very differently than the classical
Euler column buckling problem. Some structural elements, such as plates, buckles
in a less critical manner than the Euler column and are able to carry more loading
after the buckling load is reached. Shells on the other hand may completely loose
their stiffness at buckling and fail catastrophically without any warning.

With the development and use of laminated composites, designers have been
enabled to make stiff and strong structures with the use of less material making
the structures thinner and thereby prone to buckling. Thus buckling is a very
important issue for laminated composite structures when loaded in compression
and should be carefully dealt with in order to ensure the structural integrity of
the structure.

For some structures, like plates, buckling in itself may not lead to catastrophic
failure but merely a slight loss of stiffness together with the development of a
local buckling pattern. For laminated composite structures such local pattern
development may be crucial and govern the ultimate strength of the structure.
Overgaard et al. (2010) describes failure in a flapwise bending loaded wind turbine
blade, i.e. a large laminated composite structure, as a sequence of failure events
where the first is delamination in the composite laminate triggered by local
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buckling and subsequently compressive fibre failure.

Buckling is typically considered for the perfect structure, e.g. a perfectly straight
column. In reality, a perfect structure does not exist and small deviations,
called imperfections, from the perfect structure are always present for the real
structure, e.g. from manufacturing. The effect of inevitable imperfections,
such as initial curvature, load eccentricity, small disturbing loads, or material
defects may be major to the buckling performance of a structure. Even when
imperfections are extremely small, they may still cause failure since they produce
very large destructive deflections when the buckling load is approached. Thus, if
imperfections are not dealt with, the real failure load of a structure may be much
less than the expected buckling load derived from the perfect structure.

1.1.3 Laminate composite design optimization

Design optimization defines the process of systematically improving an initial
design by selecting better and better values of the design parameters until the
optimal design is determined. Optimal denotes the best design available given
the performance criterion and restrictions defined by the engineer. This concept
is far from new and the core of any given engineering design process where the
engineer in an iterative way tries to improve the current design by modifying design
parameters on a heuristic “trial and error” basis. Success in such a traditional
design process is heavily dependent on the skills, intuition and experience of the
engineer. For problems having more than a few design parameters and several
design constraints the traditional design process becomes slow and cumbersome.
Modern methods for doing design optimization substitute the heuristic decisions
of the engineer on how to iterate towards a good design by a mathematical scheme
or strategy that may be solved by numerical calculations.

Design problems of laminated composite structures are as already discussed very
complicated due to the large design freedom. Modern optimization techniques may
be able to help engineers to fully exploit the potential of laminated composites
by tailoring the material properties of the laminate to the requirements of the
laminated composite structure. For this reason, optimal design of these structures
has gained particularly large interest in recent years.

The first work to appear on the topic considered optimal laminated composite plate
design with respect to strength, stiffness, and buckling by using ply thicknesses
as design variables in a predefined laminate layup, see Schmit and Farshi (1973,
1977). Later, the laminate parametrization by using ply thicknesses as design
variables was applied to other criteria and structures, see e.g. Rao and Singh
(1979); Bushnell (1983); Haftka and Starnes (1985); Gürdal and Haftka (1985).

Others considered optimal orientation layout for orthotropic materials, such as
fiber reinforced polymers, see Pedersen (1989, 1991, 2004) and Thomsen and Olhoff
(1990) who used optimality criteria combined with mathematical programming to
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solve for fiber orientation and density in discs and plates. In relation to composite
laminates the works by Hirano (1983); Sun and Hansen (1988); Sun (1989) used ply
angles in a predefined laminate for design optimization of the laminate composite.

Mateus et al. (1991); Soeiro et al. (1994); António et al. (1995); Soares et al.
(1995); Mateus et al. (1997); Kam et al. (1999); Moita et al. (2000) all employed
a two-level approach where a fibre angle optimization problem was solved in the
first optimization level and the corresponding optimal layer thicknesses identified
in the second optimization level. The criteria considered were strain energy, free
vibrations, buckling, material volume, displacement, stresses and failure index
level. See also the work of Bruyneel and Fleury (2002) who considered laminate
design optimization using ply orientations and ply thicknesses simultaneously
as design variables and solved the optimization problem by using mathematical
programming techniques.

Due to the non-convexity of the design problem and the inherent difficulties with lo-
cal minima when ply orientations within the laminate are considered as design vari-
ables, methods based on lamination parameters, introduced by Tsai and Pagano
(1968), have been proposed, see e.g. Miki (1982); Grenestedt (1989, 1991);
Miki and Sugiyama (1993); Fukunaga et al. (1994, 1995); Hammer et al. (1997);
Foldager et al. (1998). The major advantage by applying lamination parameters
to describe the laminate composite is that the fiber orientation stiffness design
problem becomes convex in terms of the lamination parameters when considering
only one type of material. However, returning to a reasonable physical laminated
composite in terms of the optimized lamination parameters is troublesome or may
even not be possible. This problem has mainly been dealt with by formulating
closed-form analytical descriptions of the feasible domain of the lamination
parameters and yet only been achieved for simple structures or by setting up
identification problems that allow a physical laminated composite layup to be
identified based on the optimal set of lamination parameters.

Another way to circumvent the problems of non-convexity is to apply heuristic
optimization approaches such as genetic algorithms, see e.g. Le Riche and Haftka
(1993); Kogiso et al. (1994); Adali et al. (1995). The disadvantage of genetic
algorithms compared to gradient based optimization methods is the high number
of function evaluations required to achieve convergence. For larger problems
or problems where each function evaluation is costly the computational effort
to solve the problem by a genetic algorithm becomes significantly larger than
gradient based optimization methods. Also integer programming methods have
been applied to optimize the stacking sequence of composite laminates, see
e.g. Hajela and Shih (1989); Haftka and Walsh (1992); Nagendra et al. (1992).
However, due to the high numerical cost of integer programming techniques these
methods have only been applied to solve relatively simple design problems.

Co-workers here at The Department of Mechanical and Manufacturing Engineering
have done much research on the optimal material selection problem. Stegmann
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(2004); Lund and Stegmann (2005); Stegmann and Lund (2005) considered the
design problem of a laminated composite as a multi-material topology opti-
mization problem and generalized the ideas of Sigmund and Torquato (1997);
Gibiansky and Sigmund (2000) from multiphase topology optimization. This
design parametrization method is denoted Discrete Material Optimization (DMO)
and can be used for efficient design of general laminated composite shell structures
using gradient based optimization techniques.

In recent years, so-called Free Material Optimization (FMO) has been considered
as a way to achieve optimal laminated composites, see Bodnár et al. (2008);
Bogomolny et al. (2009). FMO was introduced in Bendsøe et al. (1994) and later
developed in Zowe et al. (1997); Ben-Tal et al. (1999). The design variable in FMO
is the full elastic stiffness tensor that in principle can vary from point to point,
thereby having ultimate design freedom to obtain the best attainable material.
Although the method can give valuable information about e.g. load paths through
the design domain of the structure, the method has several drawbacks and can at
the moment not be considered as a practical design tool for laminated composites.
Some technological constraints, such as stress constraints are difficult to impose
without knowing the behaviour of the yet unknown material. Furthermore, FMO
lacks of the same problem as the lamination parameter approach in recovering a
physical laminated composite. However, FMO is a relatively new method that
currently is under formation and it can easily be expected to progress in the near
future, thereby overcoming some of its drawbacks.

Common for all parametrizations of the laminate composite optimization problem
is the need for robust and reliable criteria functions. As long as the criteria
functions are formulated in a sufficiently general way, they may be applied with
several or even any type of parametrization. This work will pursue the goal of
formulating robust, reliable, and general applicable criteria functions and thereby
not focus on the parametrization of the optimization problem.

1.2 Objectives of the work

The objective of this work is to develop finite element based optimization
techniques for doing gradient based buckling optimization of general laminated
composite shell structures. These methods should be applicable to practical
problems of engineering interest in the Danish industry. The key aspects chosen
for investigation in this work are:

• Reliable buckling measures for structures with large displacements

• Nonlinear buckling optimization of laminated composite structures

• Efficient handling of imperfections in buckling analysis and optimization
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The problems considered spring from our collaboration with the Danish wind
turbine industry who want to develop still longer and lighter wind turbine blades,
which in service are subjected to very large displacements.

The last point originates from the fact that imperfections, even when extremely
small, may have dramatic influence upon the buckling load and are inevitable in
any process of manufacturing. A reliable treatment of buckling without considering
imperfections would not be righteous.

1.2.1 The MUltidisciplinary Synthesis Tool – MUST

MUST (MUltidisciplinary Synthesis Tool) is the in-house finite element based
analysis and optimization code developed by the Computer Aided Engineering
Design Group at the Department of Mechanical and Manufacturing Engineering,
Aalborg University, MUST (2010). MUST was initiated during the research
program “Interdisciplinary Analysis and Design Optimization of Systems with
Fluid-Structure Interaction” in 1998 and developed in Fortran 90/95 by Professor
Erik Lund and co-workers. During the past 5-8 years the main research effort
related to MUST has been focused on optimization and failure modeling of
laminated composite structures. MUST is capable of doing optimization of
laminated composite structures by using continuous laminate design variables,
such as layer orientation and layer thickness in the laminate layup, or by multi-
material topology optimization by the DMO (Discrete Material Optimization)
approach. The optimization may be performed with respect to local as well as
global criteria such as stresses, failure criteria, compliance, mass, eigenfrequency,
linear buckling, etc. The present work should be considered as a natural
extension of the MUST system where it enables the possibility to also consider
buckling optimization of laminated composite structures with complicated and
geometrically nonlinear response.

The major reason for choosing MUST as platform of implementation is that
the need for developing a finite element framework is circumvented and direct
access to the source code of a finite element program is granted whereby
efficient optimization techniques may be implemented together with commercially
unavailable solution technologies. The use of MUST also allows the implemented
methods to be used by colleagues and students – an opportunity that has already
been exploited in several graduate studies. This supports the philosophy behind
MUST which is to support both research and education at the Department of
Mechanical and Manufacturing Engineering at Aalborg University.

MUST is a stand alone application for the solution of finite element models that
are meshed and preprocessed by external software. MUST reads an input file from
ODESSY1 or the commercial finite element programs ANSYS or COSMOS, which
have been added a few MUST specific commands for specifying various options

1The Optimum DESign SYstem. A predecessor to MUST, today used infrequently by
Professors Erik Lund and John Rasmussen.
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Figure 1.4: Major components of the MUltidisciplinary Synthesis Tool (MUST). The
gray components are used and changed whereas the white components only are used in
the present work.

for the analysis or optimization. MUST generates result files for the in-house
visualization and postprocessing tool FEPlot, which is continuously maintained
and developed by Erik Lund and Henrik Møller. The major features of the MUST
system are depicted in Fig. 1.4 where the parts affected by this work are marked
in gray.

1.2.2 Outline of thesis

The thesis is organized in four main chapters.

Chapter 2 opens with an introductory classification of buckling problems and
the important role of imperfections. The remainder of the chapter concerns
the main topics dealt with in the work by describing the concepts involved in
nonlinear buckling analysis, nonlinear buckling optimization, and efficient handling
of imperfections. This includes brief treatments of governing equations, sensitivity
analysis, and optimization formulations.

Chapter 3 briefly summarizes the results presented in the papers, and the
contributions of the present thesis.

Chapter 4 concludes the thesis and discusses directions for future work.

The appendices contain the four peer reviewed scientific journal papers included.
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Buckling optimization of laminated

composite structures

T
his chapter gives a brief review of the applied and developed scientific
methods that rendered it possible to facilitate nonlinear buckling optimization

of general laminated composite structures and fulfil the remaining objectives of the
work. With this overview the coherence of the specific problems studied in the
four papers in Appendix A-D will be apparent. As an initial setting the types of
buckling problems considered in the present work are classified.

2.1 Buckling classification

In this work only simple/distinct points of stability are considered, i.e. buckling
at a load with multiple stability points1 is not concerned. A stability point is
a point on an equilibrium curve at which the equilibrium state of a structural
element or structure suddenly changes from a stable configuration to an unstable
configuration. Reaching the unstable configuration the structure seeks another
stable equilibrium configuration which may or may not be accompanied with large
response, i.e. deformation or deflection. A classification of simple stability points
is readily available in many textbooks, such as Thompson and Hunt (1973); Jones
(2006), and reproduced in Fig. 2.1.

A limit point may either be a deflection limit point or a load limit point. For load
controlled systems, which are concerned in this work, only load limit points are
of interest since they define the point at which the structure looses its stability
and thus must find another stable equilibrium configuration. This is often called
snapping or snap-through due to the sound related when performing experiments
of such a situation. Without considering it you properly experience snapping every
day – e.g. at the grocery store when you push the cap of i.e. a jam jar to see
whether it is properly sealed. If the cap clicks, i.e. snaps, it is not sealed properly.

1Multiple, compound, coincident and repeated are in literature interchangeably used to
describe such stability points. The works of e.g. Seyranian et al. (1994); Olhoff and Seyranian
(2008) consider optimization of such stability points.
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Buckling
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Limit Point Bifurcation Point

Symmetric Asymmetric

Unstable Stable

Figure 2.1: Buckling classification considering simple/distinct stability points.

In an engineering context, a load limit point may be seen as a maximum or
minimum point in a load-deflection diagram, see Fig. 2.2. The lower load limit
point, i.e. the minima in the load-deflection diagram, is reached if the structure
is unloaded from the second stable part of the equilibrium path. With continued
unloading the structure snaps back to a non-adjacent stable equilibrium state on
the first stable part of the equilibrium path.

The part of the equilibrium path between the two load limit points, i.e. the maxima
and the minima, is unstable and cannot be encountered in a normal loading
sequence, but the equilibrium states do exist and may be observed experimentally
if some element of control is introduced.
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Figure 2.2: Schematic representation of limit point buckling, stable and unstable
bifurcation buckling. The snaps occur during load control.
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In case of bifurcation buckling, the point at which another equilibrium path,
referred to as the secondary path, crosses the initial/fundamental equilibrium
path, is called the bifurcation point. Upon bifurcation, the equilibrium state
along the fundamental path becomes unstable with additional loading, thus a
stable configuration, if any, must be found along the bifurcated secondary path.

Symmetric bifurcation may either be classified as being stable or unstable
depending on the slope of the secondary equilibrium path. With positive slope, the
bifurcation is stable and an adjacent stable configuration is immediately available
along the secondary path with increased loading. Buckling at unstable points
of bifurcation, see Fig. 2.2, is far more dramatic than stable bifurcation since the
slope of the secondary path at bifurcation is negative and thus a stable equilibrium
is not immediately available with increased loading. As for limit point buckling, a
non-adjacent stable equilibrium configuration, now along the secondary bifurcated
path, is found by a snapping event that may be accompanied with large destructive
response.

Drawing conclusions from the very simple schematic figures in Fig. 2.2 should be
done with care and we must remember that a general system under consideration
has n degrees of freedom. The choice of the degree of freedom visualized in a load-
deflection diagram may completely change the way the bifurcation appears. For
some degree of freedom it may be seen as a direct intersection of two equilibrium
paths but for other choices the two curves may just touch each other tangentially.
This is exemplified in the following where symmetric bifurcation of a classical
benchmark buckling problem is considered.

The term symmetric in the classification of symmetric bifurcation describes
the possibility of buckling by one of two possible bifurcation paths that lies
symmetrically around the fundamental path. This is best understood by displaying
the equilibrium paths in a three dimensional representation. In Fig. 2.3 the
equilibrium paths of a point loaded cylindrical shell panel, studied extensively
in Paper 3, are shown. The load is plotted against the central point deflection, wc,
and the central point rotation of the mid span of the shell panel, Rz,c, respectively.

Initially the shell deflects symmetrically with wc increasing nonlinearly with
loading and rotation, Rz,c equal to zero. An unstable symmetric point of
bifurcation is reached at the marked point and the shell will snap through non-
symmetric states typified by Rz,c 6= 0 to a stable configuration on the fundamental
equilibrium path. Bifurcation may either happen through non-symmetric states
with positive or negative rotation, Rz,c, thus having two bifurcation paths being
symmetric around the load-deflection plane.

From projections of the equilibrium paths in the load-rotation plane it may be
observed that the bifurcated paths lie along a concave downward curve extending
to the left and right of the bifurcation point having zero slope and negative
curvature. The slope of the bifurcated path at the point of bifurcation is for
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Figure 2.3: Left: Equilibrium paths of a cylindrical shell panel in a three dimensional
representation. Central rotation, Rz,c of the mid span of the panel is a measure for
asymmetric bifurcation mode shape evolution. Right: Load and boundary conditions
for the point loaded cylindrical shell panel together with symmetric and non-symmetric
deflection mode.

symmetric bifurcation always zero when considering the load against the buckling
mode displacement. Stable symmetric bifurcation is on the opposite characterized
by having bifurcated paths along a concave upward curve extending to the left
and right of the bifurcation point with positive curvature.

Asymmetric bifurcation is stable or unstable depending on the bifurcated path
taken from the point of bifurcation, i.e. the slope with respect to the buckling
mode displacement is not zero as opposed to symmetric bifurcation. If buckling
mode displacements are positive the structure might be able to carry loads
higher than the bifurcation load and otherwise if buckling mode displacements are
negative. According to Thompson and Hunt (1973) the occurrence of asymmetric
bifurcation in practice is less frequent than symmetric points of bifurcation since
bifurcations are often accompanied by some degree of physical symmetry which
often ensures a symmetric point of bifurcation. However, asymmetric point of
bifurcation is frequently encountered for frames, see e.g. the classical L-frame
problem considered by Roorda (1965); Koiter (1967).

2.2 The role of imperfections

Structural systems can never be built precisely as planned and real systems
inevitably contain small imperfections associated with geometrical errors and
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material defects. Imperfections are known to have a crucial role in buckling
problems and may in some cases govern the failure load which may be much lower
than the theoretically calculated buckling load for the perfect structure. Due
to the large discrepancy between theoretical results and experimentally obtained
values for structures, and especially for shell like structures, numerous research
efforts have been devoted to the study of the influence of imperfections in buckling
problems.

The first to give a sharp confirmation of the influence of imperfections and a
rational explanation of the large discrepancy between test and theory was given
by Koiter in 1945. His general theory of the initial post buckling behaviour in
bifurcation-type problems was formulated in Koiter (1945). In his theory the
initial post buckling behaviour plays a central role. When the initial portion of
the secondary path emanating from the bifurcation point has a positive slope,
considerable post buckling strength can be developed only with loss of stiffness,
and loss of stability does not result in structural collapse. On the other hand,
when the initial portion of the secondary path has a negative slope, the buckling
is sudden, and the magnitude of the critical collapse load is influenced by initial
imperfections.

The role of imperfections for the types of buckling already discussed is depicted in
Fig. 2.4, where the equilibrium paths of the imperfect systems are marked in red
and equilibrium paths of perfect systems are in black. Considering limit point
buckling the response of an imperfect system is not dissimilar to the perfect
system. The exact value of the limit point load may increase or decrease with
the introduction of imperfections.

The role of imperfections is more characteristic for systems with bifurcation
buckling. Since bifurcation buckling always represents some type of symmetry
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Stable path Unstable path Load limit point Bifurcation point

Figure 2.4: The effect of imperfections schematically shown for limit point buckling,
stable and unstable bifurcation buckling. The equilibrium paths of the imperfect systems
are shown in red and the perfect systems in black.
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breakdown, bifurcations can be avoided if the symmetry is deliberately destroyed
by introducing imperfections, Bažant and Cedolin (1991). In case of stable bifur-
cation buckling the introduction of imperfections completely removes the stability
point yielding a single continuously stable and rising equilibrium path as shown in
Fig. 2.4. Thus such imperfect systems have no collapse load and “buckling” being
simply characterized by a more rapid growth of the displacements as the stability
load of the perfect system is approached. Finally, for unstable bifurcation buckling,
imperfections play a significant role in modifying the behaviour of the system.
Bifurcation buckling of the perfect system is via imperfections converted into limit
point buckling at a significantly reduced buckling load, thus being imperfection
sensitive.

Another way to study the effect of imperfections, other than Koiters’ asymptotic
imperfection sensitivity theory, is to analyze the response of the imperfect structure
itself by nonlinear analysis, referred to as the direct approach. This enables
analysis of complex real-life structures having nonlinear prebuckling path, large
displacements, and large imperfections. Focus in this work is devoted to buckling
optimization of general laminated composite structures with nonlinear behaviour
having large displacements, thus the direct approach is chosen.

Most structural imperfections are not known in advance. To include the
imperfections in a structural analysis, they have to be assumed. A convenient
way to include all relevant imperfections (i.e. geometrical, structural, material,
and load related imperfections) is to represent them by equivalent geometrical
imperfections. In this way the geometrical imperfections are augmented by the
influence of other relevant imperfections to produce the same effect on the load
carrying behaviour of a structure.

The idea to find the “worst” possible geometric imperfection for a given structure
is as old as the discovery of the important role of imperfections itself. In practice,
it is common and often recommended in technical standards to consider the
“worst” imperfection as that imperfection shape which is affine to the lowest
bifurcation mode. Though, recent research, see e.g. Wunderlich and Albertin
(2000), shows that a combination of a number of bifurcation modes or even a
simple dimple imperfection in some cases proves to be a better prediction of
the “worst” imperfection. In reality large uncertainties are related in the direct
determination of the real imperfection shape and amplitude since it relies on data of
measured imperfections. In engineering, the concept of the “worst” imperfections is
important since it is defined as the imperfections that yield the lowest performance
of the structure and thereby a lower bound for the performance measure.

In recent years, the concept of the definitely “worst” imperfection has been
introduced. Within the concept, the shape of the imperfections that would
lead to the lowest critical load of the structure is searched. The shape of the
imperfections is additionally bounded by the given imperfection amplitude, see
e.g. the works by Deml and Wunderlich (1997); Wunderlich and Albertin (2000);
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Damatty and Nassef (2001); Kristanic and Korelc (2008). In this work the effect
and influence of imperfections are studied by the concepts of the definitely “worst”
imperfection.

We may now detail our schematic buckling classification with the influence of
imperfections, as shown in Fig. 2.5. To summarize, a structure that in its
original perfect configuration is characterized by bifurcation buckling is with
added imperfections either converted into a limit point instability or stable post
buckling without having any stability point. In the buckling classification a new
buckling subclass is added. Structural behaviour belonging to buckling without a
stability point does in this study include imperfect structures with originally stable
bifurcation a.k.a. stable post buckling, structures developing visual local buckling
or wrinkles upon loading without bifurcation or limiting behaviour, and structures
with geometrically nonlinear (GNL) behaviour with considerable geometry changes
upon loading that act in the same way as imperfections. The latter case is
well-known and discussed e.g. by Brush and Almroth (1975); Bushnell (1985)
in relation to buckling of compressed cylinders with cutouts.

In many works, e.g. Jones (2006), buckling is defined only to take place when
the stability along the fundamental equilibrium path changes, thus the above
mentioned types of structural behaviour belonging to buckling without stability
point do certainly not fall within the category of buckling. Such structural
behaviour may be classified as pure structural nonlinear displacement mode
evolutions upon loading. Nevertheless, the term buckling is often used in the
characterization of these types of structural behaviour. This incoherency also
exists in buckling experiments of plates where difficulties arise in determining a

Buckling

With Stability 
Points

Without Stability 
Points

Limit Point Bifurcation Point

Symmetric Asymmetric

Unstable Stable Imperfection

Imperfection

Imperfection

Figure 2.5: Buckling classification and the role of imperfections.
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definite buckling load since the plates are inherently imperfect and therefore do
not exhibit a stability point. In literature, several measures have been proposed
in order to define a buckling load of a structure that according to the above
definition do not buckle. A collection of such measures to define a buckling load,
in accordance to Jones (2006) a non-buckling event, for use in experimental studies
are described in Singer et al. (1998); Jones (2006).

To demonstrate that the above discussed structural behaviour not strictly may be
classified as buckling according to definitions found in literature the subcategory
is connected loosely to buckling by a dashed line in Fig. 2.5. However the term
buckling without stability point will be used in this work.

Buckling without stability point may in some cases not be critical for the
overall structural integrity since the load can be redistributed and the structure
can continue to carry loading. For other structures, especially for laminated
composite structures, local buckling and visual wrinkling may be crucial since
it may govern the ultimate strength of the structure. Overgaard et al. (2010)
describes ultimate failure in a flapwise bending loaded wind turbine blade, i.e.
a large laminated composite structure, as a sequence of failure events where
the first is delamination in the composite laminate triggered by local buckling
and subsequently compressive fibre failure. It could also be postulated that a
structure undergoing severe load redistribution due to the development of a local
buckling pattern is unhealthy and operates in a manner, i.e. is carrying loading,
that is not intended by the design engineer. Thus, it is important to be able to
analyze structures having buckling without stability point but also to design such
structures for improved buckling resistance.

In the present work the types of buckling shown in Fig. 2.5 are dealt with in
the four papers included in this dissertation, i.e. formulation of reliable buckling
measures for analysis and design optimization of laminated composite structures,
and development of a method for efficient handling of imperfections in analysis
and design.

2.3 Buckling analysis

The finite element method is used for determining the buckling load of the
laminated composite structure, thus the governing equations are given in a finite
element context.

A laminated composite is typically composed of multiple materials and multiple
layers, and the shell structures can in general be curved or doubly-curved. The
materials used in this work are fiber reinforced polymers, e.g. Glass or Carbon
Fiber Reinforced Polymers (GFRP/CFRP), oriented at a given angle θk for the
kth layer or softer isotropic core material. All materials are assumed to behave
linearly elastic and the structural behaviour of the laminate is described using an
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Equivalent Single Layer (ESL) theory where the layers are assumed to be perfectly
bonded together such that displacements and strains will be continuous across the
thickness.

Several classes of finite elements have been developed for the analysis and design
of laminated composite structures and the choice depends on the level of detail
required by the analyst. Due to the increased industrial applications of laminated
composite shell structures the development of finite elements for these purposes
have received much attention over the last decades, see Noor et al. (1996); MacNeal
(1998); Yang et al. (2000); Mackerle (2002); Krätzig and Jun (2003).

The simpler elements combine the equivalent single layer laminate description with
a kinematic description of the element based on First order Shear Deformation
Theory (FSDT), reducing the number of degrees of freedom, and neglecting
transverse normal effects.

In this work a sophisticated solid shell finite element for the analysis of laminated
composite shell structures that accounts for through-the-thickness effects, thus
applicable in cases where such effects are important for the structural response, is
utilized. The element has been made available in the MUST system by former
Ph.D. student Leon Johansen, see Johansen (2009). The solid shell element
is derived using a continuum mechanics approach so the laminate is modelled
with a geometric thickness in three dimensions, see Johansen et al. (2009). The
element used is an eight node isoparametric element where shear locking and
trapezoidal locking are avoided by using the concepts of Assumed Natural Strains
(ANS) for, respectively, out-of-plane shear interpolation, see Dvorkin and Bathe
(1984), and through-the-thickness interpolation, see Harnau and Schweizerhof
(2002). Membrane and thickness locking is avoided by using the concepts of
Enhanced Assumed Strains (EAS) for the interpolation of the membrane and
thickness strains, respectively, see Klinkel et al. (1999); Harnau and Schweizerhof
(2002).

2.3.1 The static problem

In this work both geometrically linear and nonlinear static analysis problems are
considered, and as the formulation of the latter encompasses the former, the
emphasis will be on the nonlinear expressions. For the system to be in static
equilibrium the internal and external forces must balance each other, i.e.

Q(D) = F − R = 0 (2.1)

where F is the global internal force vector and R the applied load vector.
Eq. (2.1) represents the governing system of equations for linear and nonlinear
static problems. A solution to the nonlinear physical problem requires an
iterative incremental formulation since the internal force vector is dependent on
displacements. Through linearization of (2.1) we define the tangent stiffness
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matrix, KT, as

Q(D + δD) ≈ Q(D) +
∂Q(D)

∂D
δD = 0 (2.2)

where KT ≡
∂Q(D)

∂D
(2.3)

and δD is the incremental global displacement vector.

If we assume that equilibrium to load step n is known and it is desired at load step
n + 1 and that the current load is independent of deformation we may write the
incremental equilibrium equations by the Total Lagrangian formulation2 as (see
e.g. Brendel and Ramm (1980); Hinton (1992))

KT(Dn, γn) δD = Rn+1 − Fn (2.4)

where KT(Dn, γn) = K0 + KL(Dn, γn) + Kσ(Dn, γn) (2.5)

i.e. Kn
T

= K0 + Kn
L

+ Kn
σ

(2.6)

The global tangent stiffness Kn
T

consists of the global initial stiffness K0, the global
stress stiffness Kn

σ
, and the global displacement stiffness Kn

L
. The applied load

vector Rn is controlled by the stage control parameter (load factor) γn according
to an applied reference load vector R

Rn = γn R (2.7)

The incremental equilibrium equation (2.4) may be solved by traditional Newton
like methods but those methods will probably fail in the vicinity of a limit point
whereby the post-critical path cannot be traced. More sophisticated techniques,
as the arc-length methods suggested by Riks (1979) and subsequently modified
by Ramm (1981) and Crisfield (1981) are among some of the techniques available
today for path tracing analysis in the post buckling regime and therefore applied
in this work to solve (2.4).

If the problem is geometrically linear the need for a incremental solution can be
circumvented and the static problem simplified. For geometrically linear static
problems the tangent stiffness matrix reduces to the initial stiffness matrix, K0,
thus static equilibrium for the linear problem becomes

K0D = R (2.8)

This is an algebraic linear system of equations that can be solved directly for D

using any linear solver. In MUST we employ the PARDISO3 solver implemented
in the numerical libraries from the Intel Math Kernel library (Intel Coorporation

2In the Total Lagrangian formulation displacements refer to the initial configuration in the
description of geometrical nonlinearity.

3PARallel DIrect Sparse sOlver (PARDISO) is freely available for non-commercial applica-
tions, and may be obtained at Schenk et al. (2010)
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(2007)) to solve (2.8). On the cluster Fyrkat4 (2.8) may optionally be solved by
the MUMPS5 solver.

2.3.2 Tangent stiffness and stability of static equilibrium

In the assessment of the stability of a conservative system the tangent stiffness
is very informative. The stability of a conservative system can be assessed by
considering the set of eigenvalues to the tangent stiffness matrix KT, see Felippa
(2001). Let λj denote the jth eigenvalue of the Nλ eigenvalues of KT. The set of
eigenvalues is the solution to the generalized eigenvalue problem

KTφj = λjφj , j = 1, 2, . . . , Nλ (2.9)

KT is real symmetric6 thus all of its eigenvalues are real. The following test can
be carried out considering the set of eigenvalues to KT.

(I) if all λj > 0 the equilibrium position is strongly stable
(II) if all λj ≥ 0 the equilibrium position is neutrally stable
(III) if some λj < 0 the equilibrium position is unstable

In engineering applications we are interested in the behaviour of a structure as the
stage control parameter γ, i.e. the load factor, is varied, KT = KT(γ). Given this
dependence, a key finding is the transition from stability to instability at the value
of γ closest to zero load. This is referred to as the fundamental critical value of
the load factor, i.e. a bifurcation point or a load limit point, and denoted by γc

1.

Since the entries of KT depend on γ, so do the eigenvalues of the tangent stiffness.
It thereby follows that transition from strong stability - case (I) - to instability -
case (III) - has to go through case (II), i.e. a zero eigenvalue of λj . A necessary
condition is that KT is singular, that is

KT(Dc, γc)φj = 0 or equivalently det (KT(γc)) = 0 (2.10)

The stability conditions in (2.10) may be exploited in order to formulate buckling
problems for generalized laminated composite structures and this is exactly what
is done in the next sections. Note that the stability condition only applies for
buckling with stability point in Fig. 2.5.

For a deeper look into the characteristics of the tangent stiffness with respect to
stability the reader is encouraged to take a look at the brilliant course notes made
available by Felippa (2001).

4Fyrkat is a 672 core hybrid cluster featuring a 64-bit Linux Ubuntu operating system.
5MUltifrontal Massively Parallel Solver (MUMPS) is freely available at Amestoy et al. (2010).
6For a conservative system KT is derived from a potential, i.e. the total potential energy Π,

KT = ∂2
Π/∂D∂D being the Hessian of the total potential energy.
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2.3.3 Linear buckling analysis

The linear buckling problem is based upon the solution to the linear static
problem (2.8). Based on the displacement field from the static solution, the
tangent stiffness at the critical load is approximated, i.e. stress stiffening effects
due to mechanical loading are evaluated by computing the initial stress stiffness
Kσ from the computed element layer stresses. It is assumed that stresses are
proportional to the loads, i.e. stress stiffness depends linearly on the load, the
load to be independent of displacements, the structure is perfect with no geometric
imperfections, and that the displacements at the critical load are small such that
the contribution from the displacement stiffness, KL, can be neglected. Thus, the
load Rc and the tangent stiffness Kc

T
at the critical point may be approximated

as

Rc ≈ λR (2.11)

Kc
T
≈ K0 + λKσ (2.12)

Inserting (2.12) into the stability condition, (2.10), i.e. the condition for change
in stability, yields the linear buckling problem.

(K0 + λj Kσ) φj = 0, j = 1, 2, . . . , Nλ (2.13)

The eigenvalues are ordered by magnitude, such that λ1 is the lowest eigenvalue,
i.e. buckling load factor, and φ1 is the corresponding eigenvector i.e. buckling
mode.

In general, for engineering shell structures, the eigenvalue problem in (2.13) can
be difficult to solve, due to the size of the matrices involved and large gaps
between the distinct eigenvalues. For efficient and robust solutions, (2.13) is
solved by a subspace method with automatic shifting strategy, Gram-Schmidt
orthogonalization, and the sub-problem is solved by the Jacobi iterations method,
see Wilson and Itoh (1983).

Most often in engineering, the solution to the classical linear buckling problem in
(2.13) is used as a generalized stability predictor for shell structures as described in
Almroth and Brogan (1972). In some cases, despite whether the critical point is a
bifurcation or limit point, the classical theory yields a satisfactory prediction of the
collapse load while it in other cases gives results of little or no value. Despite that it
beforehand is unknown whether the classical theory gives satisfactory predictions
of the collapse load of a general shell structure, it is often applied in practice.

Since the structures analyzed with linear buckling analysis are assumed perfect
with no imperfections of any kind together with the other assumptions involved in
the derivation, the prediction will typically be an upper limit for the real collapse
load, and the method is therefore in literature often stated as non-conservative in
an engineering context, see e.g. Cook et al. (2002). This is also the main reason for
the large safety factors related to the linear buckling load solutions and extensive
use of knock-down factors in the design of buckling critical structures.
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2.3.4 Nonlinear buckling analysis

We now seek measures for more precise predictions of structural buckling than
that available by linear buckling analysis. This is achieved by incorporating
geometrically nonlinear analysis in the buckling solution, thus being able to handle
nonlinear prebuckling paths and possible influence from imperfections. At first
buckling with stability point is concerned and a solution which can be considered
as an extension to linear buckling analysis is presented. Next buckling without
stability point is considered and a local criterion, developed during this work, is
introduced.

For buckling with stability points, please refer to Fig. 2.5, a more accurate
prediction of the buckling load may be obtained by performing geometrically
nonlinear analysis and approximating the buckling load by an eigenvalue analysis
on the deformed configuration. Various eigenvalue problems have been suggested
for the stability analysis of nonlinear structures. Brendel and Ramm (1980)
and Borri and Hufendiek (1985) formulated linear eigenvalue problems with
information at one load step on the nonlinear prebuckling path. This formulation
is referred as the “one-point” approach, where stiffness information is extrapolated
until a singular tangent stiffness is obtained. Bathe and Dvorkin (1983) formulated
a linear eigenvalue problem utilizing tangent information at two successive load
steps on the nonlinear prebuckling path, and are referred as the “two-point”
approach. In this work the critical load for nonlinear structures is approximated
by the “one-point” approach, thus only this method is presented in the following.

Consider the incremental equilibrium equation in (2.4). During path tracing
analysis we may at some converged load step estimate an upcoming critical point,
i.e. bifurcation or limit point, by utilizing tangent information. At a critical point
the stability condition (2.10) holds, i.e. the tangent stiffness is singular. To avoid
a direct singularity check of the tangent stiffness at every converged load step,
it is easier and more numerically efficient to utilize tangent information at some
converged load step n and extrapolate it to the critical point. The “one-point”
approach only utilizes information at the current step and extrapolates by only
one point. The stress stiffness part of the tangent stiffness at the critical point
is approximated by extrapolating the nonlinear stress stiffness matrix from the
current equilibrium configuration as a linear function of the load factor γ.

Kσ(Dc, γc) ≈ λKσ(Dn, γn) = λKn
σ

(2.14)

It is assumed that the part of the tangent stiffness consisting of Kn
L

and K0 does
not change with additional loading, which holds if the additional displacements
are small. The tangent stiffness at the critical point is approximated as

KT(Dc, γc) ≈ K0 + Kn
L

+ λKn
σ

(2.15)

and by inserting into (2.10) we obtain a generalized eigenvalue problem

(K0 + Kn
L

+ λj Kn
σ
) φj = 0, j = 1, 2, . . . , Nλ (2.16)
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where the eigenvalues are assumed ordered by magnitude such that λ1 is the lowest
eigenvalue and φ1 the corresponding eigenvector. The solution to (2.16) yields the
estimate for the critical load factor at load step n as

γc
j = λj γn, j = 1, 2, . . . , Nλ (2.17)

If λ1 < 1 the first critical point has been passed and in contrary if λ1 > 1 the critical
point is upcoming. The “one-point” procedure works well for both bifurcation and
limit points. The closer the current load step gets to the critical point, the better
the approximation becomes, and it converges to the exact result in the limit of the
critical load.

In case of buckling without stability point, see Fig. 2.5, other criteria are needed
during the GNL analysis to define the onset of buckling. Buckling may be defined
to occur at some prescribed load, displacement or strain level. But such measures
do not necessarily relate to the event that initiates buckling and may therefore not
be effective when optimizing for improved buckling resistance. In this work a local
criterion, called the nonlinearity factor criterion, εGNL, is developed and applied
both to detect the onset of buckling and as objective function during buckling
optimization. The criterion is formulated such that it detects local nonlinear effects
in the structural behaviour during loading. Buckling of structures is in many cases
associated with nonlinear effects and extensive load redistribution which has been
the motivation for the developed criterion. The local criterion, (2.18), is based on
the fraction between the principal element strain and the load factor. The relative
change in the fraction from the initial load step 1 to the current load step n defines
the element nonlinearity factor.

εGNL = 1 +

∣

∣

∣

∣

εn
1/γn − ε1

1/γ1

ε1
1/γ1

∣

∣

∣

∣

(2.18)

For linear behaviour the nonlinearity factor is εGNL = 1.0 and larger than one
when nonlinear behaviour occurs. The nonlinearity factor may be activated for
all elements in the numerical model or only elements belonging to certain parts of
the structure which are of specific interest.

2.4 Gradient based buckling optimization

Optimization with buckling constraints has been studied extensively in the past.
Khot et al. (1976) and Khot (1983) described an optimality criterion method for
determining the minimum weight design of linear space truss structures subjected
to stability constraints. They solved linear stability analysis problems to obtain
the critical load and obtained sensitivities by differentiating the discretized matrix
eigenvalue problem with respect to design variables. Later methods for obtaining
optimum designs of truss structures with stability constraints while considering
geometric nonlinearities were presented by Khot and Kamat (1985) by using a
relation based on equal strain energy density in all members.
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Wu and Arora (1988) presented design sensitivities of the buckling load for
nonlinear structures by taking derivatives of discretized matrix equations with
respect to design variables. The method only works for limit points and the
critical point needs to be precisely determined for evaluation of sensitivities.
Noguchi and Hisada (1993) presented a variation of the formula that would not
only work for limit points but also for bifurcation points.

Park and Choi (1990) presented a formulation of continuum design sensitivity
analysis of the critical load based on the “one-point” and “two-point” linearized
eigenvalue problem. Their expressions would work at any prebuckling point on
the nonlinear equilibrium path. They noted that the design sensitivities did not
converge to those of the exact critical load when approximated in the near vicinity
of the critical point due to divergence in the derivatives of the displacements.

Kwon et al. (1999) approximated the design sensitivities derived by Wu and Arora
(1988) by applying the concept from nonlinear stability analysis, either by the
“one-point” or “two-point” approach. It was noted that the approximated design
sensitivities converged to those by Wu and Arora (1988) when the approximation
point approaches the exact critical point. Kegl et al. (2008) adopted the method by
Kwon et al. (1999) and included imperfections for avoidance of bifurcation points.

Research on the subject of structural optimization of composite structures
considering buckling has been reported by many investigators. The first work
to appear concerned simple composite laminated plates and circular cylindrical
shells where stability was determined by solution of buckling differential equations,
see Sun and Hansen (1988); Muc (1988); Sun (1989); Adali and Duffy (1990);
Duffy and Adali (1990); Grenestedt (1991); Fukunaga et al. (1995); Walker et al.
(1997); Diaconu and Sekine (2004); Honda et al. (2007). Later, buckling op-
timization of composite structures was considered in a finite element frame-
work where the buckling load was determined by the solution to the lin-
earized discretized matrix eigenvalue problem at an initial prebuckling point.
Optimization of laminated composite plates has been studied by Lin and Yu
(1991); Hyer and Lee (1991); Biggers and Srinivasan (1994); Walker et al. (1996);
Walker (2001); Topal and Uzman (2008), while others considered more complex
composite structures as curved shell panels and circular cylindrical shells, see
Hu and Wang (1992); Mateus et al. (1997); Perry et al. (1997); Foldager et al.
(2001); Kang and Kim (2005); Hu and Yang (2007); Lund (2009); Topal (2009).
However, applications of optimization methods to buckling analysis and design of
a general type of complex laminated composite shell structures have been very
limited.

To the best knowledge of the author only the paper by Moita et al. (2000) and
the very recent paper by Bruyneel et al. (2010) report on nonlinear gradient
based buckling optimization of laminated composite structures. Moita et al.
(2000) considers limit load optimization of composite laminated plates and shells
based upon the design sensitivity expressions presented by Wu and Arora (1988).
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Bruyneel et al. (2010) considers limit load optimization of a stiffened composite
fuselage section by having thicknesses in a predefined layup as design variables.

2.4.1 Mathematical programming

A general optimization problem is stated in (2.19) and consists of an objective
function7 F that we seek to minimize. The objective function is a function of the
design variables, ai, i = 1, . . . , I, collected in design vector a, i.e. F = F (a). The
specific choice of design variables a depends on the design problem at hand and
the chosen parametrization. Restrictions may be imposed on the design variables.
Restrictions, called side constraints, make sure that the design variables a stay
between the limits defined by ai and ai, i = 1, . . . , I.

Objective : min
a

F (a)

Subject to : g(a) ≤ G

ai ≤ ai ≤ ai, i = 1, . . . , I

Physical laws































(2.19)

Furthermore, we may at the same time also want the design to obey some physical
constraints, g, which must remain below the constraint bounds defined in G.
Finally, the design must satisfy the physical laws governing the problem8.

The problem in (2.19) is solved iteratively by gradually changing the design
variables, a, according to the gradients computed in the sensitivity analysis until
some convergence measure is fulfilled. The convergence measure is typically
expressed by the relative changes in objective or design.

In MUST the constrained minimization problem in (2.19) is solved by subproblem
methods. Subproblem methods work with approximations of the original functions
involved in the problem, i.e. F and g. A sequence of subproblems are
generated and solved iteratively. Sequential Linear Programming (SLP) is a
truncated first-order Taylor expansion at the current design point, only using
first-order gradient information, which may be solved by the Simplex method.
Convex programming approaches such as Sequential Quadratic Programming
(SQP), CONvex LINearization (CONLIN) by Fleury and Braibant (1986) and
the Method of Moving Asymptotes (MMA) by Svanberg (1987) are preferred
methods in structural optimization as they typically give faster convergence
and are conservative. SQP utilizes second-order gradient information whereas

7The function to be minimized is in literature given many names such as the cost function,
performance function, or objective function

8In MUST the Nested ANalysis and Design (NAND) formulation, where the analysis problem
is solved separately from the optimization problem in a two step procedure, is employed. Thus,
the equilibrium equations are assumed satisfied prior to solving the optimization problem.
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CONLIN and MMA only need first-order gradient information. Move limits are
typically introduced as a trust region around the design variables a to bound
the problem and limit oscillations during optimization. Both SLP and MMA
are available in MUST and combined with an adaptive move limit strategy that
tightens the size of the trust region if the design starts to oscillate and relaxes
it otherwise. In the present work design optimization is carried out by using the
MMA optimizer.

2.4.2 Design optimization formulations

The laminate composite design optimization problems considered in this work
apply fiber angles in the laminate layup of a laminated composite structure as
design variables9. The design variables may be associated to each finite element
or to patches covering larger areas of the structure. Within a patch containing a
set of finite elements only one fiber angle design variable controls the orientation of
the given fiber layer in the finite element set. With patches the number of design
variables may be reduced significantly and the outcome will be more practically
applicable since laminates are typically made using fiber mats covering larger areas.

Considering the lowest linear or nonlinear buckling load factor, (2.13) or (2.16), as
objective function, the optimization problem becomes a max-min problem where
the lowest of the buckling load factors is maximized. If the linear and nonlinear
buckling load factors are represented by a general multi objective function Fj

containing NF function values, the optimization problem may be stated as

Objective : max min
a

Fj(a), j = 1, . . . , NF

Subject to : g(a) ≤ G

ai ≤ ai ≤ ai, i = 1, . . . , I



















(2.20)

The “physical laws” in (2.19) have been solved prior to solving the optimization
problem and given by static equilibrium, i.e. Q(D,a) = 0.

The direct formulation of the optimization problem in (2.20) can give problems
related to differentiability and fluctuations during the optimization process since,
e.g. the buckling load factors stemming from an eigenvalue problem may change
position, i.e. the second lowest eigenvalue may become the lowest. An elegant
solution to this problem is to make use of the so-called bound formulation, see
Bendsøe et al. (1983); Taylor and Bendsøe (1984); Olhoff (1989). A new artificial
variable β is introduced and used as an artificial objective function. An equivalent
problem is formulated, where the previous non-differentiable objective function is
transformed into a set of constraints, see (2.21).

9This is often referred to as Continuous Fiber Angle Optimization (CFAO).
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Objective : max
a, β

β

Subject to : Fj(a) ≥ β, j = 1, . . . , NF

g(a) ≤ G

ai ≤ ai ≤ ai, i = 1, . . . , I































(2.21)

In case of buckling without stability point, the nonlinearity factor, εGNL, defined in
(2.18), may be applied as objective function in buckling optimization. As already
discussed, buckling is often associated with local nonlinear effects and extensive
load redistribution, thus minimizing these effects may improve the buckling
resistance of the laminated composite structure. The optimization problem based
on the nonlinearity factor may be formulated like other local criterion functions,
i.e. stresses and strains, typically given as min-max problems solved by the bound
formulation. Consider now the general objective function Fj , containing NF

function values, to represent the element nonlinearity factor, the optimization
problem may be stated as

Objective : min
a, β

β

Subject to : Fj(a) ≤ β, j = 1, . . . , NF

g(a) ≤ G

ai ≤ ai ≤ ai, i = 1, . . . , I































(2.22)

When the nonlinearity factor is chosen as objective it gives many local criterion
functions which via the bound formulation are represented by constraints. In order
to reduce the number of local criterion functions, thus speeding up the optimization
process, an active set strategy is applied that only includes the local criterion
functions having a value larger than some threshold value. The threshold value is
defined as a percentage of the maximum value of all local criterion functions.

2.4.3 Design sensitivity analysis

In order to facilitate gradient based optimization, the gradients of the objective
and constraint functions must be calculated, and this is referred to as Design
Sensitivity Analysis (DSA). The Overall Finite Difference method (OFD) is the
simplest method for DSA and approximates the derivative by a finite difference
scheme such as forward, backward or central difference approximation. OFD is
very easy to implement, but lacks of computational efficiency and may give rise
to the so-called “step-size dilemma”, see e.g. Haftka and Adelmann (1989), and
therefore it is almost only used as reference for other methods. Other methods
for DSA concern differentiation of the continuum equations describing the system,
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differentiation of the discretized equations of the system, i.e. the discretized finite
element equations, and finally automatic differentiation of the computer code using
tools like ADIFOR (ADIFOR (2010)), vivlabs ADF (vivlabs LLC (2010)), etc. In
this work the discrete approach to DSA is applied which means that differentiation
is carried out upon the discretized system of finite element equations. The discrete
approach to DSA can be applied using either the Adjoint Method (AM), see e.g.
Tortorelli and Michaleris (1994), or the Direct Differentiation Method (DDM), see
e.g. Sobieszczanski-Sobieski (1990). The most efficient method of DDM vs. AM
depends on the specific problem considered, i.e. depending on the number of
design variables compared to the number of constraints, see Ryu et al. (1985);
Møller (2002). In this work formulas for DSA are derived by using DDM and only
presented here in short form.

The direct approach to obtain the linear buckling load sensitivity is to dif-
ferentiate the eigenvalue problem (2.13) with respect to a design variable ai,
i = 1, . . . , I, premultiply by φT

j , assume that the eigenvectors are orthonormalized,

i.e. φT
j (−Kσ) φj = 1, make use of (2.13), and noting that the system

matrices are symmetric, see, e.g., Courant and Hilbert (1953); Wittrick (1962);
Fox and Kapoor (1968), to obtain

dλj

dai

= φT
j

(

dK0

dai

+ λj

dKσ

dai

)

φj (2.23)

The global initial stiffness derivative dK0

dai

only involves the finite elements that
depend on the design variable ai considered. The global stress stiffness matrix is
an implicit function of the displacement field, i.e. Kσ = Kσ (D(a),a), thus the
stress stiffness matrix derivative dKσ

dai

involves information from all elements. Both
the global initial and global stress stiffness matrix derivatives are determined semi-
analytically at the element level by finite difference approximations and assembled
to global matrix derivatives, see (2.24), (2.25), and (2.26).

dk0

dai

≈
k0(ai + ∆ai) − k0(ai − ∆ai)

2∆ai

(2.24)

dkσ

dai

≈
kσ(ai + ∆ai,D + ∆D) − kσ(ai − ∆ai,D − ∆D)

2∆ai

(2.25)

dK0

dai

=

Nas

e
∑

n=1

dk0

dai

,
dKσ

dai

=

Ne
∑

n=1

dkσ

dai

, i = 1, . . . , I (2.26)

k0 and kσ are element stiffness matrices, ∆ai is the design perturbation, ∆D is the
displacement increment associated with the design perturbation, and Nas

e is the
number of elements in the finite element model associated to the design variable
ai.

In order to determine the design perturbation for the stress stiffness matrix,
the displacement sensitivity, dD

dai

, must be computed, which is done by direct
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differentiation of the linear static equilibrium equation, (2.8), w.r.t. a design
variable ai, i = 1, . . . , I.

K0

dD

dai

= −
dK0

dai

D +
dR

dai

, i = 1, . . . , I (2.27)

The displacement sensitivity dD
dai

can be evaluated by backsubstitution of the
factored global initial stiffness matrix in (2.27), and the displacement increment
may then be estimated as ∆D ≈ dD

dai

∆ai. The initial stiffness matrix has already
been factored when solving the static problem in (2.8) and can here be reused,
whereby only the new terms on the right hand side of (2.27), called the pseudo
load vector, need to be calculated. Note that the force vector derivatives, dR

dai

, are
zero for design independent loads as in the case for CFAO.

The nonlinear buckling load sensitivity is obtained in similar fashion to the linear
buckling load sensitivity. Now the eigenvalue problem in (2.16), formulated on
the deformed configuration for the nth converged load step, is differentiated with
respect to a design variable ai, i = 1, . . . , I, obtaining the eigenvalue sensitivity as

dλj

dai

= φT
j

(

dK0

dai

+
dKn

L

dai

+ λj

dKn
σ

dai

)

φj (2.28)

Both the stress stiffness matrix and the displacement stiffness matrix are implicit
functions of the displacements, i.e. Kn

σ
= Kσ (Dn(a),a) and Kn

L
= KL (Dn(a),a),

which must be considered. In order to evaluate design sensitivities of
dKn

L

dai

and
dKn

σ

dai

semi-analytically by finite difference approximations on the element level the
displacement sensitivities must be computed. At the converged load step n, the
total derivative of the equilibrium equation on residual form, (2.1), with respect
to any of the design variables ai, i = 1, . . . , I, yields

dQn

dai

=
∂Qn

∂ai

+
∂Qn

∂Dn

dDn

dai

= 0 (2.29)

where
∂Qn

∂Dn
=

∂Fn

∂Dn
−

∂Rn

∂Dn
(2.30)

and
∂Qn

∂ai

=
∂Fn

∂ai

−
∂Rn

∂ai

(2.31)

We note that (2.30) reduces to the previously defined tangent stiffness matrix. By
inserting the tangent stiffness and (2.31) into (2.29), we obtain the displacement
sensitivities dDn

dai

as

Kn
T

dDn

dai

=
∂Rn

∂ai

−
∂Fn

∂ai

(2.32)

For design independent loads, the term ∂R
n

∂ai

= 0.
Thus, all terms have been derived for the evaluation of the eigenvalue sensitivities
in (2.28) and the estimate for the nonlinear buckling load factor sensitivity at load
step n is

dγc
j

dai

=
dλj

dai

γn (2.33)
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In the DSA for the nonlinear buckling load it is additionally implicitly assumed
that the end load level is fixed and independent of design variations. For
buckling load optimization this assumption may not entirely be satisfied since the
chosen load level for the approximation of the nonlinear buckling load and design
sensitivities preferably should be updated in order to obtain a precise estimate.
However, as the optimization proceeds the changes between the end load level
diminish, thereby reducing this inconsistency and hence as the end load level
converges the assumption becomes valid.

The design sensitivities of the element nonlinearity factor, εGNL, are now consid-
ered. The element nonlinearity factor is an implicit function of the displacement
field, i.e. εGNL = εGNL(D(a)). The design sensitivities of the element nonlinearity
factor are determined semi-analytically by forward differences at the element level.

dεGNL

dai

≈
εGNL(D1 + ∆D1,Dn + ∆Dn) − εGNL(D1,Dn)

∆ai

(2.34)

It is assumed that the initial load level and the final load level are fixed whereby
the perturbed element nonlinearity factor is determined by

εGNL(D1+∆D1,Dn + ∆Dn) = (2.35)

1 +

∣

∣

∣

∣

εn
1 (Dn + ∆Dn)/γn − ε1

1(D
1 + ∆D1)/γ1

ε1
1(D

1 + ∆D1)/γ1

∣

∣

∣

∣

Since the element nonlinearity factor is determined by information at two
equilibrium points, i.e. the initial load step and the final step n, the displacement
sensitivities have to be calculated at both load steps by (2.32). The perturbation
of the displacement fields at both equilibrium points may then be evaluated by

∆Dn ≈ dDn

dai

∆ai and ∆D1 ≈ dD1

dai

∆ai, respectively.

2.5 “Worst” shape imperfections

In this work we apply the concept of the definitely “worst” imperfection to study
the effect of imperfections. The idea behind the concept is to use gradient
based optimization to search for the most unfavourable imperfection shape for
the structure. The “worst” shape imperfection is defined as that shape of the
imperfections for a given structure which leads to the lowest critical load (buckling
load) of that structure. Only structures having unstable behaviour upon buckling,
i.e. unstable bifurcation buckling and limit point buckling, see Fig. 2.5, are studied
since imperfections for such structures may have a rather dramatic influence on
the buckling load.

2.5.1 Imperfection representation

The imperfections are represented by base shapes with the base constructed from
a sufficient number of buckling modes (eigenvectors). The imperfection shape is
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constructed as a linear combination of the base shapes, see Fig. 2.6, in the most
unfavourable way, so that the objective function of the imperfect structure is the
smallest possible.

“Worst” Shape = +++ + . . .

Xp α1Ψ1 α2Ψ2 α3Ψ3X

Figure 2.6: The “worst” shape imperfections are given as a linear combination of a
number of buckling mode shapes.

The geometry of the imperfect structure is described by the finite element nodal
point coordinates X. Xp is the initial perfect geometry10, αl are the unknown
shape parameters, and Ψl are the base shapes. In mathematical terms this may
be formulated as

X = Xp +
N

∑

l=1

αlΨl (2.36)

X =

N
∑

l=1

αlΨl (2.37)

where X is the total imperfection vector. The unknown shape parameters αl are
obtained as a solution to an optimization problem.

The “worst” imperfection shape is sought within the method, defined by the shape
bases Ψ and the shape parameters α, at which the objective function in terms of
the limit load11 will attain a minimum. During the optimization the imperfection
amplitude is constrained and formulated as a simple set of linear constraints. The
set of linear constraints for the maximum amplitude of the total imperfection
vector can be stated as

∣

∣

∣
X

m
∣

∣

∣
≤ em

0 ...m ∈ [n1, n2, ..., ncp] (2.38)

where ni is the index of the ith constrained component of the total imperfection
vector X, ncp is the total number of constrained components, and em

0 is the
amplitude value of the mth constraint. Different constraint values can be applied
for different parts of the structure and e.g. set according to manufacturing
tolerances for the structure.

The optimization starts either with the first base shape Ψ1, normalized by the
allowable amplitude e0, as the initial guess for the geometry of the imperfect
structure or as an even averaging of all base shapes, Ψ, such that at least one
amplitude constraint is active.

10The perfect structure is considered as the CAD model
11Only limit points appear for the types of structural behaviour considered, e.g. an unstable

point of bifurcation is with imperfections transformed into a limit point.
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Figure 2.7: The recurrence optimization procedure.

2.5.2 “Worst” imperfection optimization formulation

The “worst” imperfection shape is determined through a process of anti-optimization
where the lowest critical load is minimized. The mathematical programming is
formulated as a min-min problem and given as

Objective : min min
α

γc
j , j = 1, 2, . . .

Subject to :
∣

∣

∣
X

m
∣

∣

∣
≤ em

0 ...m ∈ [n1, n2, ..., ncp]

αl ≤ αl ≤ αl, l = 1, . . . , Nα



















(2.39)

where αl, l = 1, . . . , Nα are the shape design variables and the lowest of the critical
load factors, γc

j , j = 1, 2, . . ., is minimized. The side constraints upon the shape
design variables, αl ≤ αl ≤ αl, l = 1, . . . , Nα, are not strictly needed but used in
the optimizer to calculate a maximum move limit.

2.5.3 Recurrence optimization

Buckling optimal designs are often claimed to be dangerous due to higher
sensitivity to imperfections, see e.g. Thompson (1972). A method for testing
this conception is introduced. The method is able to quantify the effects of
imperfections for optimal and non-optimal structures as well as the interaction
between laminate design and “worst” shape imperfections. In addition the method
may be applied for robust design optimization, i.e. determining optimal laminate
composite designs that are least sensitive to imperfections. The method is
referred to as “recurrence optimization” since “worst” imperfection optimization is
combined with nonlinear buckling optimization in a recurrent way. The procedure
is illustrated in Fig. 2.7 and consists of alternating nonlinear buckling optimization
and “worst” imperfection optimization.
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When switching between the sub-optimizations, i.e. nonlinear buckling opti-
mization and “worst” imperfection optimization, the optimal laminate design
obtained from the nonlinear buckling optimization is used as laminate design when
continuing with “worst” imperfection optimization. At the following switching, the
“worst” shape imperfections obtained from the imperfection optimization is applied
as imperfections during the nonlinear buckling optimization, and so on.

Switching between the sub-optimizations is only done when full convergence is
reached for the current sub-optimization. Alternatively, the switching may be
carried out after only a few iterations in each sub-optimization, though making
the intermediate results difficult to interpret.

Now, the basic aspects of buckling and the role of imperfections have been
discussed, the basic concepts involved in different buckling analysis methods and
buckling optimization procedures have been presented, and the concepts for a
procedure that efficiently handles imperfections have been introduced. In the
following, the results obtained in the included four peer reviewed scientific journal
papers by applying the procedures and methods presented will be summarized.
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Summary of results

T
he four papers that are part of the thesis are briefly presented below.
The extent and complexity of the buckling problems considered are increased

through the papers, from limit point buckling optimization of laminated composite
structures using fiber angle design variables in paper 1, a method that accounts for
geometric imperfections in paper 2, a stability point optimization formulation in
paper 3 that simultaneously deals with bifurcation and limit points, and finally in
paper 4, a comprehensive benchmark study of buckling optimization formulations
applied on laminated composite structures having different types of buckling
behaviour.

Limit point buckling optimization, Paper 1 (App. A)

Paper 1 presents an approach and formulation to nonlinear buckling fiber
angle optimization of laminated composite shell structures. Structures with
geometrically nonlinear behaviour and buckling due to limit point instability are
concerned in the paper. The geometrically nonlinear behaviour is dealt with by
utilizing response analysis up until the limit point. Sensitivity formulas for the
limit point are derived and estimated at a precritical state. The optimization
problem is formulated as a mathematical programming problem and solved using
standard gradient based techniques. The presented approach is applied on two
numerical examples, including a large laminated composite wind turbine blade
main spar. The results are discussed and compared to those obtained by the
traditional linear buckling formulation.

Handling of imperfections, Paper 2 (App. B)

In this paper the effects of geometric imperfections on the buckling load, i.e. the
imperfection sensitivity, is investigated by the concept of “worst” imperfections. An
optimization method that determines the “worst” shape imperfections is presented
where the objective is to minimize the buckling load subject to imperfection
amplitude constraints using buckling mode shapes as shape design variables.
Structures with limit point buckling and unstable bifurcation buckling are studied.
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The “worst” imperfection optimization is combined with nonlinear buckling fiber
angle optimization in a recurrent way in order to investigate the interaction
between laminate design and the “worst” imperfection but also to seek a way to
obtain robust optimal laminate designs, i.e. optimal laminate designs that are least
sensitive to geometric imperfections. Several numerical studies are conducted on a
series of numerical examples of laminated composite structures and contradictive
results to the general belief within the research field are obtained and discussed.

Stability point buckling optimization, Paper 3 (App. C)

In paper 3 the application of the nonlinear buckling optimization approach is
extended to simultaneously be able to handle buckling due to bifurcation and
limiting behaviour. Simple procedures for detecting bifurcation and limit points
during geometrically nonlinear analysis are applied in the buckling optimization
approach. The detecting procedures may with advantage also be applied for pure
analysis purposes. The extended nonlinear buckling optimization formulation is
benchmarked against the traditional linear buckling formulation through several
numerical optimization cases of a composite cylindrical shell panel and proves to
yield better and more reliable design results.
Buckling of a well-known cylindrical shell benchmark problem is also treated in the
paper and the solutions found in literature are proved to be incorrect. The example
demonstrates that buckling analysis of apparently simple structures still represent
a challenging task and that buckling analysis without careful consideration by the
analyst may lead to completely false results.

Benchmark of buckling formulations, Paper 4 (App. D)

This paper focuses on criterion functions for gradient based optimization of the
buckling load of laminated composite structures considering different types of
buckling behaviour. A local criterion is developed, and is, together with a range
of local and global criterion functions from literature, including the nonlinear
buckling formulation presented in paper 1, benchmarked on a number of numerical
examples of laminated composite structures for the maximization of the buckling
load considering fiber angle design variables. Different types of buckling are
classified and include buckling due to stability point, i.e. bifurcation or limit
point, and buckling without stability point. The latter covers imperfect structures
with originally stable bifurcation, structures developing local buckling patterns or
wrinkles upon loading without bifurcation or limiting behaviour, and structures
with geometrically nonlinear behaviour with considerable geometry changes that
act in the same manner as imperfections. In such cases the nonlinear buckling
optimization formulation applied in paper 1-3 does not work due to the non-
existence of a stability point. From the benchmark study it is found that different
criterion functions should be applied depending on the type of buckling in order
to obtain the best buckling load improvement and thereby the best performing
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structural design.

3.1 Contributions and impact

The work presented in the thesis focuses on developing and applying optimization
techniques to buckling problems of laminated composite structures with highly
complicated and geometrically nonlinear behaviour, and it should be seen as steps
towards the increased use of mathematical optimization techniques for designing
better, more reliable, and cost effective laminated composite structures.

The methods presented and used in papers 1-4, although applied to fiber angle
optimization of laminated composites, are generic and applicable with other design
parametrizations, such as the DMO approach for laminated composites, but might
as well be applied for other kinds of structures.

To the author’s knowledge, no research papers deal with gradient based fiber
angle optimization of the nonlinear buckling load of such complicated laminated
composite structures concerned in this work using the sensitivity formulas derived
in paper 1.

In paper 3, a nonlinear buckling optimization formulation with simultaneous
handling of bifurcation and limit points, by means of stability point detecting
features and solution control for the response analysis, is studied. These
features may readily be incorporated in commercial finite element codes for more
accurate buckling analysis of structures with complicated geometrically nonlinear
behaviour.

A well-known benchmark buckling problem, reproduced in many research papers
through several decades, is studied in paper 3. The buckling problem has been
used as a benchmark solution for analysis programs and used to compare the
accuracy of different techniques to trace highly nonlinear load-deformation paths.
In the paper, new features of the buckling problem are revealed and the solutions
found in literature are proved to be incorrect. The previous benchmark efforts
reported in many scientific papers have been misdirected thus demonstrated the
lack of fundamental understanding of the problem and missing analysis capabilities
in capturing the correct buckling behaviour.

Analyzing and optimizing the robustness of laminate composite designs with
respect to geometric imperfections by using the concept of the “worst” imperfection
are treated in paper 2. To the authors knowledge this is the first work
that combines the concept of “worst” shape imperfection with buckling load
maximization to achieve least imperfection sensitive designs. Furthermore, it is
discovered that buckling maximization does not necessarily increase imperfection
sensitivity which to a great extent is the general belief within the community of
structural stability.
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A local criterion is developed for maximization of the load for initiation of visual
buckling in paper 4 and together with a range of different criterion functions it
is benchmarked on a series of numerical buckling examples. The local criterion
yields much better results than a standard max strain failure criterion and is able
to raise the load at which local buckling patterns initiate, thereby avoiding failure
in the laminate due to delamination. Today, it is rather standard to apply failure
criteria in the optimization of laminated composites in order to achieve fail-safe
designs. However, since the developed local criterion operates on the underlying
cause for failure it may give better performing designs than by using failure criteria
in optimization.

The nonlinear buckling analysis procedure and optimization formulation presented
in papers 1-4, and considerations of imperfections in paper 2, may allow us to
obtain much more reliable buckling predictions and reliable design results than
available with methods today. Thus, the very high safety factors and knock-
down factors related to buckling can be reduced and the designs pushed to the
limit without failure to buckling, resulting in even lighter and higher performing
laminated composite structures.



4

Concluding remarks

T
he objective of this work has been to develop methods for optimization
of laminated composite structures with respect to buckling with emphasis

on structures having geometrically nonlinear behaviour. The platform of imple-
mentation has been the computer aided analysis and design tool MUST where
the existing possibilities for doing laminate composite design optimization have
been extended with new buckling criteria. In addition, several other features have
been added and updated in MUST, such as new implementation of eigenvalue
solver, control features for nonlinear solution algorithms, tools for investigation of
nonlinear effects, and techniques for studying the effects of imperfections.

A framework to achieve deeper and physical insight into structural instability of
nonlinear structures and limitations of the governing methods presently applied
today has been established.

Consequently, the overall objective of reliably being able to predict and optimize
the buckling load of real life laminated composite structures with complex nonlin-
ear behaviour based on gradient based optimization methods in a geometrically
nonlinear finite element analysis framework has been fulfilled.

4.1 Future work

The buckling criteria presented here have performed well on the problems at hand
using a laminate composite parametrization based on fiber angle design variables.
However it would be interesting to apply them to more sophisticated methods
of parametrization, such as Discrete Material Optimization (DMO), in order to
study their convergence and convexity properties and enable nonlinear buckling
multi-material topology optimization. Likewise, it would also be quite useful to
make support for thickness optimization by using standard shell elements so the
laminates can be optimized with respect to buckling and weight by using both
fiber angles and laminate layer thicknesses as design variables.

The direction of DMO also brings forward new challenges to the nonlinear
buckling optimization formulation. Since DMO yields many design variables the



40 4.1. Future work

Direct Differentiation Method applied for design sensitivities becomes numerically
expensive, thus adjoint design sensitivities must be derived in order to cope with
nonlinear buckling multi-material topology optimization of real size structures.

In connection to imperfections many questions remain unsolved. In this work
imperfections were dealt with by determining the “worst” shape imperfections
which can be considered as a “worst” case scenario giving a conservative lower
bound on the buckling load. For design engineers such an approach can
be very useful since it assures design of safe structures without the use of
empirically determined safety or knock-down factors. However, the “worst” shape
imperfections may lead to too conservative estimates and thus oversized structures.
A combined experimental and numerical research study could bring useful insight
into this issue by collecting data of measured imperfections and experimentally
determine the stability load of a given structure. Subsequently, numerical studies
can be performed to see how well or close the “worst” imperfection optimization
gets to the measured stability load depending on the level of information, i.e.
imperfection amplitudes, imperfection shapes, and locations of imperfections.

The formulations derived for nonlinear buckling analysis and design sensitivity
analysis in this work are different from those applied in Wu and Arora (1988);
Noguchi and Hisada (1993); Kwon et al. (1999); Bruyneel et al. (2010), thus it
could be very interesting to conduct a study that compares the nonlinear buckling
optimization procedure applied in this work to the other approaches. Especially
the procedure by Kwon et al. (1999) which includes approximations of the design
sensitivities of Wu and Arora (1988) by either the “one-point” or “two-point”
approach seems promising, since tedious procedures for proper determination of
the exact buckling load are circumvented just as with the method derived in the
present work.

Preliminary results using the developed local criterion, i.e the element nonlinearity
factor, for improving the load level at local buckling pattern initiation, were
convincing, and worked better than the classical failure criterion using the
maximum strain. One of the major concerns with local buckling patterns is
delamination which subsequently leads to failure in the laminated composite. In
this sense a study that combines optimization with the developed local criterion
and analysis with the use of advanced delamination initiation criteria is essential.
Furthermore, a comparison between the developed local criterion and more
advanced delamination initiation criteria for buckling optimization can be very
interesting.
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The paper presents an approach to nonlinear buckling fiber angle optimization of laminated composite shell
structures. The approach accounts for the geometrically nonlinear behaviour of the structure by utilizing
response analysis up until the critical point. Sensitivity information is obtained efficiently by an estimated
critical load factor at a precritical state. In the optimization formulation, which is formulated as a
mathematical programming problem and solved using gradient-based techniques, a number of the lowest
buckling factors are included such that the risk of “mode switching” during optimization is avoided. The
presented optimization formulation is compared to the traditional linear buckling formulation and two
numerical examples, including a large laminated composite wind turbine main spar, to clearly illustrate the
pitfalls of the traditional formulation and the advantage and potential of the presented approach.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The use of fiber-reinforced polymers has gained an ever-increasing
popularity due to their superior mechanical properties. Designing
structures made out of composite material represents a challenging
task, since both thicknesses, number of plies in the laminate and their
relative orientationmust be selected. The best use of the capabilities of
thematerial can only be gained through a careful selectionof the layup.
This work focuses on optimal design of laminated composite shell
structures i.e. the optimal fiber orientationswithin the laminatewhich
is a complicated problem. One of the most significant advances of
optimal design of laminate composites is the ability of tailoring the
material tomeet particular structural requirementswith littlewaste of
material capability. Perfect tailoring of a composite material yields
only the stiffness and strength required in each direction. A survey of
optimal design of laminated plates and shells can be found in [1].

Stability is one of the most important objectives/constraints in
structural optimization and this also holds for many laminated
composite structures, e.g. a wind turbine blade. Traditionally in
optimization, stability is regarded as the linear buckling load, but for
structures exhibiting a nonlinear responsewhen loaded the traditional
approach can lead to unreliable design results, see e.g. [2]. In stability
analysis the buckling load is often approximated by linearized
eigenvalue analysis at an initial prebuckling point (linear buckling
analysis) and the buckling load is generally overestimated. In the case
where nonlinear effects cannot be ignored nonlinear path tracing
analysis is necessary. For limit point instability, several standard finite
element procedures allow the nonlinear equilibrium path to be traced

until a point just before the limit point. The traditional Newton like
methods will probably fail in the vicinity of the limit point and the
post-critical path cannot be traced. More sophisticated techniques, as
the arc-length methods suggested by [3] and subsequently modified
by [4] and [5]are among some of the techniques available today for
path tracing analysis in the post-buckling regime.

Amore accurate estimate of the buckling load, than that obtainable
with linear buckling, can be obtained by performing a geometrically
nonlinear response analysis and approximate the buckling load by an
eigenvalue analysis on the deformed configuration. Various eigenval-
ue problems have been suggested for the stability analysis of nonlinear
structures. [6] and [7] formulated linear eigenvalue problems with
information at one load step on the nonlinear prebuckling path. This
formulation is referred as the “one-point” approach, where stiffness
information is extrapolated until a singular tangent stiffness is
obtained. [8] formulated a linear eigenvalue problem utilizing tangent
information at two successive load steps on the nonlinear prebuckling
path, and are referred as the “two-point” approach.

Optimization with stability constraints has been studied exten-
sively in the past. [9] and [10] described an optimality criterion
method for determining the minimum weight design of linear space
truss structures subjected to stability constraints. They solved linear
stability analysis problems to obtain the critical load and obtained
sensitivities by differentiating the discretized matrix eigenvalue
problemwith respect to design variables. Later methods for obtaining
optimum designs of truss structures with stability constraints while
considering geometric nonlinearities were presented by [11] by using
a relation based on equal strain energy density in all members.

[12] presented design sensitivities of the buckling load for nonlinear
structures by taking derivatives of discretized matrix equations with
respect to design variables. The method only works for limit points and
the critical point needs to be precisely determined for evaluation of
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sensitivities. [13] presented a variation of the formula that would not
only work for limit points but also for bifurcation points.

[14] presented a formulation of continuum design sensitivity
analysis of the critical load based on the “one-point” and “two-point”
linearized eigenvalue problem. Their expressions would work at any
prebuckling point on the nonlinear equilibrium path. They noted that
the design sensitivities did not converge to those of the exact critical
load when approximated in the near vicinity of the critical point due
to divergence in the derivatives of the displacements.

[15] approximated the exact design sensitivities derived by [12] by
applying the concept from nonlinear stability analysis, either by “one-
point” or “two-point” approach. It was noted that the approximated
design sensitivities converged to those by [12] when the approxima-
tion point approaches the exact critical point. [16] adopted themethod
by [15] and included imperfections for avoidance of bifurcation points.

Research on the subject of structural optimization of composite
structures considering stability has been reported by many investi-
gators. The first work to appear concerned simple composite
laminated plates and circular cylindrical shells where stability was
determined by solution of buckling differential equations, see [17–26].
Later, buckling optimization of composite structures was considered
in a finite element framework where the buckling load was
determined by the solution to the linearized discretized matrix
eigenvalue problem at an initial prebuckling point. Optimization of
laminated composite plates has been studied by [27–32], while others
consideredmore complex composite structures as curved shell panels
and circular cylindrical shells, see [33–40]. However, applications of
optimizationmethods to stability analysis and design of a general type
of complex laminated composite shell structures have been very
limited. To the best knowledge of the authors only one paper reports
on nonlinear gradient-based buckling optimization of composite
laminated plates and shells, namely the paper by [41], where limit
load optimization is considered.

Another important topic in structural stability is the study of the
influence of initial imperfections. Imperfections are deviations from
the perfect structure, i.e. the analysis model, and can in general be
geometrical, structural, material or load related. Despite that initial
imperfections may be important in terms of the stability load of a
structure it is not considered in the present paper.

This paper presents an integrated and reliable method for doing
optimization of composite structures w.r.t. stability by including the
nonlinear response by a path tracing analysis, here by the arc-length
method, in the optimization formulation using the Total Lagrangian
formulation. The nonlinear path tracing analysis is stopped when a
limit point is encountered and the critical load is approximated at a
precritical load step according to the “one-point” approach. Design
sensitivities of the critical load factor are obtained semi-analytically
by the direct differentiation approach on the approximate eigenvalue
problem described by discretized finite element matrix equations. A
number of the lowest buckling load factors are considered in the
optimization formulation in order to avoid problems related to “mode
switching” well-knowing that issues may be encountered due to
divergence of the displacement sensitivities. The proposed method is
benchmarked against a formulation based on linear buckling analysis
on two engineering examples of laminated composite structures. This
will help clarify the importance of the nonlinearity in structural
design optimization w.r.t. stability.

In this work only Continuous Fiber Angle Optimization (CFAO) is
considered thus fiber orientations in laminate layers with preselected
thickness and material are chosen as design variables in the laminate
optimization.

The “traditional” linear formulation for buckling analysis, sensi-
tivity analysis and optimization formulation is outlined in Sections 2
and 3. In Section 4 the proposed procedure regarding nonlinear
buckling analysis is stated. Derivations of design sensitivities, using
the direct differentiation approach, of the nonlinear buckling load are

presented along with the nonlinear buckling optimization formula-
tion in Section 5. Both methods are benchmarked upon engineering
examples of laminated composite structures. In Section 6 a laminated
composite U-profile is studied while a much more complicated
structure of a generic main spar of a wind turbine blade is studied in
Section 7. Conclusions are outlined in Section 8.

2. Linear buckling analysis of laminated composite shell structures

The finite element method is used for determining the linear
buckling load factor of the laminated composite structure, thus the
derivations are given in a finite element context.

A laminated composite is typically composed of multiple materials
andmultiple layers, and the shell structures can in general be curvedor
doubly-curved. The materials used in this work are fiber-reinforced
polymers, e.g. Glass or Carbon Fiber-Reinforced Polymers (GFRP/
CFRP), oriented at a given angle θk for the kth layer or softer isotropic
core material. All materials are assumed to behave linearly elastic and
the structural behaviour of the laminate is described using an
equivalent single layer theory where the layers are assumed to be
perfectly bonded together such that displacements and strains will be
continuous across the thickness.

The solid shell elements used for all the examples in this paper are
derived using a continuum mechanics approach so the laminate is
modelledwith a geometric thickness in three dimensions, see [42]. The
element used is an eight node isoparametric element where shear
locking and trapezoidal locking are avoided by using the concepts of
assumed natural strains (ANS) for, respectively, out-of-plane shear
interpolation, see [43], and through-the-thickness interpolation, see
[44].Membrane and thickness locking is avoided by using the concepts
of enhanced assumed strains (EAS) for the interpolation of the
membrane and thickness strains, respectively, see [44] and [45]. The
EAS interpolation is used to enhance the compatible strain tensor with
an independent incompatible strain tensor, and the solid shell element
used has seven internal degrees of freedom for the representation of
the enhanced strains. This is the lowest number of internal degrees of
freedom to introduce for the enhanced strains if the element should
pass the in-planemembrane and out-of-plane bending patch tests, see
[46] for details.

The static equilibrium equation for the structure may be written as

K0D = R ð1Þ

Here D is the global displacement vector, K0 is the global initial
stiffness matrix, and R the global load vector.

Based on the displacement field, obtained by the solution to
Eq. (1), the element layer stresses can be computed, whereby the
stress stiffening effects due to mechanical loading can be evaluated by
computing the initial stress stiffness matrix Kσ. By assuming the
structure to be perfect with no geometric imperfections, stresses are
proportional to the loads, i.e. stress stiffness depends linearly on the
load, displacements at the critical/buckling configuration are small,
and the load is independent of the displacements, the linear buckling
problem can be established as

K0 + λjKσ

� �
Φj = 0; j = 1;2;…; J ð2Þ

where the eigenvalues are ordered by magnitude, such that λ1 is the
lowest eigenvalue, i.e. buckling load factor, andΦ1 is the corresponding
eigenvector i.e. buckling mode. In general, for engineering shell
structures, the eigenvalue problem in Eq. (2) can be difficult to solve,
due to the size of the matrices involved and large gaps between the
distinct eigenvalues. For efficient and robust solutions, Eq. (2) is solved
by a subspacemethodwith automatic shifting strategy, Gram–Schmidt
orthogonalization, and the sub-problem is solved by the Jacobi
iterations method, see [47].
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Most often in engineering classical linear buckling analysis is used
as a generalized stability predictor for shell structures as described in
[48]. For some cases, despite whether the critical point is a bifurcation
or limit point, the classical theory yields a satisfactory prediction of
the collapse load while it in other cases gives results of little or no
value. Despite that it beforehand is unknown whether the classical
theory gives satisfactory predictions of the collapse load of a general
shell structure it is often used. Since the structures analyzed with
linear buckling analysis are perfect with no imperfections of any kind
together with the assumptions involved in the theory, the prediction
will typically be an upper limit for the real collapse load, and the
method is therefore in literature often stated as non-conservative in
an engineering context, see e.g. [49].

3. Design sensitivity analysis and optimization of the linear
buckling problem

The objective of the work is, by use of gradient-based techniques,
to maximize the lowest buckling load factors, and thus the buckling
load factor sensitivities should be computed in an efficient way. Only
derivations upon structural finite element discretized simple eigen-
values are presented in this paper. In case of non-unique eigenvalues,
i.e. multiple eigenvalues, the sensitivity analysis is more complicated
due to the non-differentiability of the eigenvalues. In such situations
the sensitivity analysis described in [50] may be used.

3.1. Design sensitivity analysis of simple eigenvalues

The eigenvalue problem considered in Eq. (2) is a generalized
eigenvalue problem of the form

KΦj = λjMΦj; j = 1;2;…; J ð3Þ

It is assumed that the eigenvectors are M-orthonormalized, i.e.
Φj

TMΦj=1. This means that Φj
T(−Kσ)Φj=1. In order to obtain the

eigenvalue sensitivities, Eq. (2) is differentiated with respect to any
design variable, ai, i=1, …, I, assuming that λj is simple.

dλj

dai
−Kσð ÞΦj =

dK0

dai
−λj

d −Kσð Þ
dai

� �
Φj + K0−λj −Kσð Þ

� �dΦj

dai
ð4Þ

By premultiplying byΦj
T, make use of theM-orthonormality of the

eigenvectors, Eq. (2), and noting that the system matrices are
symmetric, the following expression is obtained for the eigenvalue
sensitivity.

dλj

dai
= ΦT

j
dK0

dai
+ λj

dKσ

dai

� �
Φj ð5Þ

In order to determine the linear buckling sensitivity dλj

dai
for any of

the design variables ai, i=1, …, I, the derivative of the element initial
stiffness matrix and the derivative of the element stress stiffness
matrix have to be derived. These derivatives are determined semi-
analytically at the element level by finite difference approximations
and assembled to global matrix derivatives.

dk0

dai
≈ k0 ai + Δaið Þ−k0 ai−Δaið Þ

2Δai
ð6Þ

dK0

dai
= ∑

Nas
e

n=1

dk0

dai
; i = 1;…; I ð7Þ

k0 is the element initial stiffness matrix, Δai is the design
perturbation, and Ne

as is the number of elements in the finite element
model associated to the design variable ai.

The stress stiffness matrix is an implicit function of the displace-
ment field, i.e. Kσ=Kσ(D(a),a), which must be considered

dKσ

dai
=

∂Kσ

∂ai
+

∂Kσ

∂D
dD
dai

ð8Þ

The displacement sensitivities dD
dai

must be computed, which is
done by direct differentiation of the static equilibrium equation, see
Eq. (1), w.r.t. a design variable ai, i=1, …, I.

K0
dD
dai

= − dK0

dai
D +

dR
dai

; i = 1;…; I ð9Þ

The displacement sensitivity dD
dai

can be evaluated by back
substitution of the factored global initial stiffness matrix in Eq. (9).
The initial stiffness matrix has already been factored when solving the
static problem in Eq. (1) and can here be reused,whereby only the new
terms on the right hand side of Eq. (9), called the pseudo load vector,
need to be calculated. Note that the force vector derivatives, dR

dai
, are

zero for design independent loads as in the case for CFAO. The global

initial stiffness matrix derivative dK0

dai
were determined in Eq. (7).

The stress stiffness sensitivity dKσ

dai
is not evaluated by Eq. (8) since it

requires partial derivatives of the stress stiffnessmatrixwith respect to
displacements, ∂Kσ

∂D , which is not trivial. Instead it is computed by
central difference approximations at the element level for all elements
for each design variable ai, i=1, …, I.

dkσ

dai
≈ kσ ai + Δai;D + ΔDð Þ−kσ ai−Δai;D−ΔDð Þ

2Δai
ð10Þ

The displacement increment is estimated as ΔD≈ dD
dai

Δai, where

the displacement sensitivity, dD
dai

, is obtained by solving Eq. (9).

3.2. The mathematical programming problem

The optimization problem is in essence amax–min problemwhere
the objective is to maximize the lowest buckling load factor. A direct
formulation of the optimization problem can give problems related to
differentiability and fluctuations during the optimization process due
to “mode switching” (crossing eigenvalues). These problems are
circumvented by the use of the so called bound formulation, see [51]
and [52].

Objective : max
a;β

β

Subject to : λj ≥ β; j = 1;…;Nλ

K0 + λjKσ

� �
Φj = 0

P
ai ≤ ai ≤

Pai; i = 1;…; I

where ai denotes the design variables in terms of fiber angles. The
bound β is introduced, both as a new artificial variable and objective
function. The previous non-differentiable objective function, for the
max–min problem, is, via the bound formulation, transformed into a
set of Nλ constraints.

The mathematical programming problem is solved by the Method
of Moving Asymptotes (MMA) by [53]. The closed loop of analysis,
design sensitivity analysis and optimization is repeated until
convergence in the design variables or until the maximum number
of allowable iterations has been reached.
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4. Nonlinear buckling analysis of laminated composite
shell structures

In order to perform structural stability optimization it is crucial to
have a robust and precise objective function at its disposal. Thus, it is
desired to determine a more precise objective in terms of instability
from which design sensitivities for employment in design optimiza-
tion can be derived. Structural stability/buckling is now estimated in
terms of geometrically nonlinear analyses and restricted to limit point
instability, despite that the presented formulas also work well for
bifurcation points. In addition, bifurcation instability is in many cases
transformed into limit point instability with the introduction of small
disturbances/imperfections to the system. The proposed procedure
for nonlinear buckling analysis, considering limit points, is schemat-
ically shown in Fig. 1 and consists of the steps stated in Algorithm 1.

Algorithm 1. Pseudo code for nonlinear buckling analysis

1: Geometrically nonlinear (GNL) analysis by arc-length method
2: Monitor and detect limit point during GNL analysis
3: Re-set all state variables to configuration at load step just before

limit point
4: Perform eigen buckling analysis on deformed configuration at load

step before limit point

The limit load in step 2 is simply defined by monitoring the load
factor in the GNL analysis. When the load factor from two successive
load steps decreases the previous converged load factor is defined as
the limit load, see Fig. 1.

Let us consider geometrically nonlinear behaviour of structures
made of linear elastic materials. We adopt the Total Lagrangian
approach, i.e. displacements refer to the initial configuration, for the
description of geometric nonlinearity. An incremental formulation is
more suitable for nonlinear problems and it is assumed that the
equilibrium at load step n is known and it is desired at load step n+1.
Furthermore, it is assumed that the current load is independent on
deformation. The incremental equilibrium equation in the Total
Lagrangian formulation is written as (see e.g. [6,54])

KT Dn
;γn� �

δD = Rn + 1−Fn ð11Þ

where KT Dn
;γn� �

= K0 + KL Dn
;γn� �

+ Kσ Dn
;γn� � ð12Þ

i.e. Kn
T = K0 + Kn

L + Kn
σ ð13Þ

Here δD is the incremental global displacement vector, Fn the
global internal force vector, and Rn+1 the global applied load vector.
The global tangent stiffnessKT

n consists of the global initial stiffnessK0,
the global stress stiffness Kσ

n, and the global displacement stiffness KL
n.

The applied load vectorRn is controlled by the stage control parameter
(load factor) γn according to an applied reference load vector R

Rn = γnR ð14Þ

The incremental equilibrium Eq. (11) is solved by the arc-length
method after [5]. During the nonlinear path tracing analysis we can at
some converged load step estimate an upcoming critical point, i.e.
bifurcation or limit point, by utilizing tangent information. At a critical
point the tangent operator is singular

KT Dc
;γc� �

Φj = 0 ð15Þ

where the superscript c denotes the critical point and Φj the buckling
mode. To avoid a direct singularity check of the tangent stiffness
matrix, it is easier to utilize tangent information at some converged

load step n and extrapolate it to the critical point. The one-point
approach only utilizes information at the current step and extra-
polates by only one point. The stress stiffness part of the tangent
stiffness at the critical point is approximated by extrapolating the
nonlinear stress stiffness from the current configuration as a linear
function of the load factor γ.

Kσ Dc
;γc� �

≈ λKσ Dn
;γn� �

= λKn
σ ð16Þ

It is assumed that the part of the tangent stiffness consisting of KL
n

and K0 does not change with additional loading, which holds if the
additional displacements are small. The tangent stiffness at the critical
point is approximated as

KT Dc
;γc� �

≈ K0 + Kn
L + λKn

σ ð17Þ

and by inserting into Eq. (15) we obtain a generalized eigenvalue
problem

K0 + Kn
L

� �
Φj = −λjK

n
σ Φj ð18Þ

where the eigenvalues are assumed ordered by magnitude such that
λ1 is the lowest eigenvalue andΦ1 the corresponding eigenvector. The
solution to Eq. (18) yields the estimate for the critical load factor at
load step n as

γc
j = λjγ

n ð19Þ

If λ1b1 the first critical point has been passed and in contrary
λ1N1 the critical point is upcoming. The one-point procedure works
well for both bifurcation and limit points. The closer the current load
step gets to the critical point, the better the approximation becomes,
and it converges to the exact result in the limit of the critical load.

5. Design sensitivity analysis and optimization of the nonlinear
buckling problem

To accomplish gradient-based optimization of the nonlinear
buckling load factors, the nonlinear buckling load factor sensitivities
must be derived. Only simple eigenvalues of conservative load
systems are considered.
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Fig. 1. Detection of limit load in step 2.
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5.1. Design sensitivity analysis of simple eigenvalues

The eigenvalue problem in Eq. (18) is a generalized eigenvalue
problem of the form shown in Eq. (3) where it is assumed that the
eigenvectors areM-orthonormalized, i.e.Φj

TMΦj = 1. This means that
Φj

T(−Kσ
n)Φj=1. By direct differentiation, with respect to any design

variable, ai, i=1,…, I, pre-multiplication ofΦj
T, making use of Eq. (18)

and theM-orthonormality of the eigenvectors, noting that the system
matrices are symmetric, and assuming that λj is simple we obtain the
eigenvalue sensitivities as

dλj

dai
= ΦT

j
dK0

dai
+

dKn
L

dai
+ λj

dKn
σ

dai

� �
Φj ð20Þ

In order to determine the eigenvalue sensitivity dλj

dai
for any of the

design variables ai, i=1, …, I, the derivatives of the element initial
stiffness matrix, element displacement stiffness matrix, and the
element stress stiffness matrix have to be derived, respectively.
These derivatives are determined semi-analytically at the element
level by finite difference approximations and assembled to global
matrix derivatives. The element initial stiffness matrix derivative is
determined as in Eqs. (6) and (7).

Both the stress stiffness matrix and the displacement stiffness
matrix are implicit functions of the displacements, i.e. Kσ

n=Kσ(Dn(a),
a) and KL

n=KL(Dn(a), a), which must be considered. In order to
evaluate design sensitivities of dK

n
L

dai
and dKn

σ

dai
semi-analytically by finite

difference approximations on the element level, see Eq. (10), the
displacement sensitivities must be computed. At the converged load
step n, we can write the equilibrium equation as

Q n Dn að Þ; a� �
= Fn−Rn = 0 ð21Þ

where Qn(Dn(a), a) is the so called residual or force unbalance. Taking
the total derivative of this equilibrium equation with respect to any of
the design variables ai, i=1, …, I, we obtain

dQ n

dai
=

∂Q n

∂ai
+

∂Qn

∂Dn
dDn

dai
= 0 ð22Þ

where ∂Q n

∂Dn =
∂Fn

∂Dn −
∂Rn

∂Dn ð23Þ

and ∂Qn

∂ai
=

∂Fn

∂ai
−∂Rn

∂ai
ð24Þ

We note that Eq. (23) reduces to the tangent stiffness matrix. Since
it was assumed that the current load is independent on deformation,
∂Rn

∂Dn = 0, we obtain

∂Fn

∂Dn = Kn
T ð25Þ

By inserting the tangent stiffness and Eq. (24) into Eq. (22), we
obtain the displacement sensitivities dDn

dai
as

Kn
T
dDn

dai
=

∂Rn

∂ai
−∂Fn

∂ai
ð26Þ

For design independent loads, the term ∂Rn

∂ai
= 0.

Thus, all terms have been derived for the evaluation of the
eigenvalue sensitivities in Eq. (20) and the estimate for the nonlinear
buckling load factor sensitivity at load step n is

dγc
j

dai
=

dλj

dai
γn ð27Þ

5.2. The mathematical programming problem

The optimization problem of maximizing the lowest of the
nonlinear buckling load factors, γj

c, is as for the linear case formulated
using a bound formulation, see [51], as

Objective : max
a;β

β

Subject to : γc
j ≥ β; j = 1;…;Nλ

K0 + Kn
L + λjK

n
σ

� �
Φj = 0

γc
j = λjγ

n

P
ai ≤ ai ≤ Pai ; i = 1;…; I

Again, the mathematical programming problem is solved using
theMethod of Moving Asymptotes by [53]. By utilizing the procedure
described in Section 4, the estimation point for the nonlinear
buckling analysis and design sensitivity analysis is updated at each
optimization iteration, whereby a good approximation of the non-
linear buckling load and sensitivities are obtained since the es-
timation point always is in the neighbourhood of the real buckling
load. As for the linear case, the closed loop of analysis, design sen-
sitivity analysis, and optimization is repeated until convergence in
the design variables or until the maximum number of allowable
iterations is reached.

6. Numerical example: laminated composite U-profile

In order to illustrate the importance and the potential of the
nonlinear buckling formulation, described in Sections 4 and 5, and the

(Courtesy of Fiberline Composites A/S)

Fig. 2. Examples of laminated composite profiles manufactured by pultrusion process
by the company Fiberline Composites A/S.
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pitfalls of the traditional linear buckling formulation, see Sections 2
and 3, a laminated composite U-profile is considered. The laminated
composite U-profile is an example of a real structural engineering
element, e.g. the company Fiberline Composites A/S produces such
structural elements by a process called pultrusion, see Fig. 2.

Geometry, loading, and boundary conditions are identical to a
model analyzed by [45]. The U-profile is clamped at one end and point
loaded in an upper corner node at the other end with a force
R=250 kN. A total of 432 equivalent single layer solid shell finite
elements and 962 nodes are used in the numerical model. This model
thus has 2808 compatible degrees of freedom and 3024 incompatible
degrees of freedom. This mesh size has been determined through
mesh convergence studies and found sufficient for predicting the
buckling mode and buckling load. For details about the mesh
convergence study see [55]. The laminate layup consists of 4 uni-
directional E-glass/epoxy fiber layers each of equal thickness, see
properties of the processed material in Table 1.

The fiber orientation is related to the element coordinate system,
(xe, ye, ze), in each finite element. The fiber orientation is measured
counterclockwise from the x-axis in the xy-plane of the element
coordinate system. The element coordinate system for the finite
elements, in respectively the web and each flange, is depicted in Fig. 3.
The fiber orientation at each layer in the web and each flange is
considered constant and the layer stacking is done from inside out.
Three layup definitions are defined for the U-profile and will be the
starting points for the laminate optimization, see Table 2.

The representation of the lamina layers for the U-profile is not
entirely realistic since the layers preferably should be continuous
across the top flange, web, and bottom flange for manufacturing
purposes. Alternatively, a continuous lamina layer could be added as
the outermost outer layers and act as a binder between the different
sections. This issue is not further addressed since the purpose of the
numerical example is to demonstrate the different methodologies and
not design of a structure ready for manufacturing.

6.1. Structural behaviour of U-profile

Initial analysis is carried out on the U-profile before advanced
optimization is proceeded in order to determine the structural
behaviour. Only layup 1 in Table 2 is considered. Instability is
predicted with linear buckling analysis and geometrically nonlinear
path tracing analysis, respectively. Considering geometrically nonlin-
ear analysis as the “exact” prediction, the buckling load predicted by
linear buckling analysis is overestimated by 27%, see Fig. 4.

The geometrically nonlinear analysis predicts buckling due to a
limit point instability where the structure buckles in the top flange
near the fixed support, see Fig. 5. In contrary, linear buckling analysis
predicts bifurcation buckling due to collapse in the web section at the
free end. Not only does linear buckling overestimate the buckling
load, it also fails to predict the buckling shape at the critical point.

6.2. Linear buckling optimization

The laminated composite U-profile is optimized with respect to
linear buckling. The fiber angles in the laminate layup definition, see
Table 2, are chosen as design variables giving a total of 12 design
variables. Since fiber angle optimization is associated with a non-
convex design space with many local minima, three different layups/
starting points in the design space have been selected for the
optimization, see Table 2.

The linear buckling optimization histories are shown in Fig. 6 for
the three starting points and are named LinBuckOpt. LinBuckOpt1 and

Table 1
Processed material properties for U-profile.

E-glass/epoxy

Ex 30.6 GPa Ey 8.7 GPa
Ez 8.7 GPa νxy 0.29
νxz 0.3 νyz 0.3
Gxy 3.24 GPa Gxz 3.24 GPa
Gyz 2.9 GPa ρ 1686 kg/m3

R

R

w v

L

b

h

t

Geometry:
L = 36
t = 0:05
b = 2:025
h = 6:05

xe
xe

xe

ye

ye

ye

ze ze

ze

Fig. 3. Geometry, loads, boundary conditions, and element coordinate systems for
numerical model of the U-profile.

Table 2
Layup definitions for the U-profile, which are the starting point for the laminate
optimization. Each layer in the laminate layups has a thickness of 12.5 mm.

Layup 1
Top flange (−90°, −45°, 0°, 45°)
Web (0°, 45°, 90°, 135°)
Bottom flange (−45°, 0°, 45°, 90°)

Layup 2
Top flange (45°, 0°, −45°, −90°)
Web (135°, 90°, 45°, 0°)
Bottom flange (90°, 45°, 0°, −45°)

Layup 3
Top flange (0°, 45°, −90°, −45°)
Web (90°, 135°, 0°, 45°)
Bottom flange (45°, 90°, −45°, 0°)

x 105

Displacement - w

Lo
ad

, R
 [N

]

Load - Displacement curve for U-Profile

LinBuck - Initial Design
GNL - Initial Design

0 0.223 1 2 3
 

1

1.65

2.095

Fig. 4. Linear buckling load and load displacement curve from geometrically nonlinear
analysis of U-profile with layup 1.
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LinBuckOpt2 converge to the same buckling load while the LinBuck-
Opt3 converges to a slightly lower linear buckling load.

The optimum fiber angle results from optimization run LinBuck-
Opt2 is schematically illustrated in Fig. 7. The fiber angles in the
flanges are mainly oriented in the length of the U-profile whereas
the fiber angles for the web are oriented in the transverse direction
in order to suppress the lowest linear buckling mode. Similar
fiber angle results in the web are obtained in LinBuckOpt1 and
LinBuckOpt3.

In order to validate the results from the linear buckling optimiza-
tion and to check the effect on the “real” critical load, geometrically
nonlinear analyses are carried out for the laminate designs obtained at
every 10th iteration during the linear buckling optimization process.
The critical load detected at these designs are plotted in Fig. 6. As
expected the linear buckling analysis overestimates the critical load
which also was observed in the initial analysis in Section 6.1. But
important to notice is that no correlation can be observed between the
tendency of the linear buckling load and the real critical load during
the optimization. Despite high improvement in the linear buckling
load during the optimization only minor gain is achieved in the real
critical load. The linear buckling optimization fails to improve the
critical load and only the overestimate by linear buckling analysis is
maximized.

6.3. Nonlinear buckling optimization

Applying the nonlinear optimization formulation, described in
Sections 4 and 5, the nonlinear buckling load of the composite U-
profile is optimized. The same parametrization and starting points as
in the linear buckling optimization in Section 6.2 are used. The
nonlinear buckling optimization histories are plotted in Fig. 8 and
named GNLBuckOpt. Note that the buckling load plotted is the
detected limit point during the geometrically nonlinear analysis in the
nonlinear buckling optimization procedure, and can therefore be
considered as the real critical load.

The nonlinear buckling optimizations, GNLBuckOpt1 and GNLBuck-
Opt2, attain almost the same buckling load at the final designs.
GNLBuckOpt3 gets to a better design with a higher buckling load
which demonstrates the risk of ending up in a local minimawhen using
continuous fiber angles as design variables.

The linear buckling optimization did only yield a limited
improvement with respect to the buckling resistance, whereas the
nonlinear buckling optimal designs have a considerable improvement
in the buckling resistance.

The optimal fiber orientation for GNLBuckOpt3 is schematically
shown in Fig. 9. Recall that the U-profile buckles near the fixed end in
the top flange. At all layers in the top flange the fibers are transversely
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Fig. 5. 1st linear buckling mode shape and displacement field at different load steps
during the geometrically nonlinear analysis. Note that the displacement fields
correspond to the marked load steps on the load displacement curve in Fig. 4.
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Fig. 6. Optimization histories for linear buckling optimization (LinBuckOpt), and
detected GNL limit point from re-runned analyses (LinBuckOpt–GNL Limit Point).
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oriented and closely oriented towards 45°/−45° in order to give
resistance against the local buckling mode development. The
orientation of the fibers is a tradeoff between global bending stiffness,
local suppression of the buckling mode in the top flange, flange width,
and a varying moment along the length and width of the top flange
which results in large shear near the clamped support. This pinpoints
that the use of rational design methods is very beneficial for design of
such complicated structures with highly nonlinear behaviour. At the
web and the bottom flange the fibers are inmost layers oriented in the
longitudinal direction for maximum global bending stiffness.

6.4. Comparison

In order to investigate the poor performance of the linear buckling
optimized structures w.r.t. the real critical load, see Fig. 8, the linear
and nonlinear buckling mode shapes are compared to the post-
buckling deformation field from a geometrically nonlinear analysis in
Fig. 10. The linear buckling analysis predicts instability in the free end
of the web while the U-profile as observed through geometrically
nonlinear analysis looses its stiffness due to buckling in the top flange
near the fixed support. The nonlinear buckling analysis performed at
the deformed configuration near the instability point captures this
behaviour. The buckling mode shape is very important in the
calculation of accurate design sensitivities since it appears directly
in the equations, see Eq. (5) and Eq. (20). Furthermore, the matrices
involved in the buckling problem for both analysis and design
sensitivity analysis are more accurate at the updated configuration
and the nonlinear buckling optimization formulation proves to be
reliable in buckling problems involving large displacements and near
limit points.

The linear buckling formulation should be used with caution and
not as a general tool to design buckling resistant structures. As
depicted in Fig. 8, the real buckling load from the linear buckling
optimization runs does not increase monotonously in the first 40

optimization iterations despite the optimization algorithm applied
is gradient-based. This indicates a lack of connection between the
linear buckling load and the real buckling load. Linear buckling
optimization may therefore in some cases not improve the buckling
load and maybe even reduce it. Despite misleading high improve-
ment in the linear buckling load during optimization the real
buckling load may remain unchanged which for engineering design
purposes can be fatal. In case of bifurcation buckling where
nonlinear effects cannot be disregarded the nonlinear buckling
formulation can still be applied by either introducing imperfections
into the structure in order to convert the bifurcation point into a
limit point, or by stopping the GNL analysis prior reaching the first
bifurcation point. In the latter, the nonlinear buckling analysis and
DSA has to be performed at the deformed configuration near the
first bifurcation point.

7. Numerical example: generic wind turbine main spar

In order to demonstrate the proposed approach on a more
complex structure a generic model of a main spar of a wind turbine
blade is studied. The main spar is one of the main carrying
components in some designs of wind turbine blades as illustrated in
Fig. 11. These designs of wind turbine blades basically consist of two
structural components, the main spar and the aerodynamic shell. The
main spar is the main carrying structural component for flap wise
bending loads whereas the aerodynamic shell carries most of the edge
wise bending loads.

Layer 1

Layer 2

Layer 3
Layer 4

RR

RR

Fig. 9. Fiber angle results in all four layers of the U-profile from the nonlinear buckling
optimization run GNLBuckOpt3.
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Fig. 10. Comparison of buckling mode shapes and displacement field. A: 1st linear
buckling mode shape. B: 1st nonlinear buckling mode shape. C: Post-buckling
displacement field from geometrically nonlinear analysis.

Pressure
side shell

Main spar

Suction side shell

Assembly
Leading edge

Edgewise
bending Flapwise

bending

Trailing edge

Fig. 11. The two main structural components in a typical wind turbine blade design,
[56].
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Fig. 12. Definition of the generic wind turbine main spar with geometric measures in
[m]. It is a generic model without twist of the spar and with a total length of 14 m. The
root section has a length of 3 m and the mid section which is the design area in the
laminate optimization has a length of 9 m. A linear interpolation between the three
cross sections shown is used while the tip section, which is used for load introduction,
has a constant cross section. All elements have their element coordinate system, (xe, ye,
ze), located such that the xe-axis is pointing in the longitudinal direction of the main
spar and the ze-axis is pointing outwards.
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In this study the main spar is subjected to the most critical static
load case, which is the flapwise bending load that arises when the
turbine has been brought to a standstill due to the high wind and the
blade is hit by the 50 year extreme wind. With such extreme bending
loads the main spar will typically collapse due to local buckling on the
compressive side of the blade. According to [57], the ultimate strength
of a wind turbine in flapwise bending is characterized by a sequence
of failure events where the first is delamination triggered by local
buckling and subsequently compressive fiber failure in the main spar.

For the design study of the generic main spar only 14 m of a 25 m
blade is modelled, see Fig. 12. The finite element model consists of
1856 equivalent single layer solid shell finite elements and 3776
nodes. This model thus has 11,136 compatible degrees of freedom and
12,992 incompatible degrees of freedom. This mesh size has through
mesh convergence studies been found sufficient for analyzing
buckling. The resulting flapwise bending load of R=164.7 kN is
distributed as a surface load in the tip section (not follower force). The
tip section is used for load introduction and the generic main spar
model is clamped at the root section. The initial laminate layup of the
generic main spar is shown in Fig. 13 and the processed material
properties are stated in Table 3.

The root section is a stiff monolithic laminate layup with
orientations −10°/10°/10°/−10° and the webs which mainly are
loaded in shear are made as a sandwich structure with a light foam
core material and uni-directional E-glass/epoxy face sheets oriented
45°/−45°. The flanges mainly consist of 0° packs, which involve many
0° layers stacked together for maximum bending stiffness and some
45°/−45° layers for local buckling resistance.

For real applications the transition between the root layup and the
mid section layup, see Fig. 13, will preferable be smooth and not
abrupt in order to obtain a smooth stiffness transition and thereby
lower the interlaminar effects which may lead to delamination and
eventually failure of the blade. Only buckling is considered in this
study and the transition did not influence the buckling performance
and characteristics whereby the presented layup is considered
sufficient in the design study.

7.1. Preliminary analysis of generic main spar

Structural analysis is performed before optimization is proceeded
in order to characterize the structural behaviour of the main spar.
Both linear buckling analysis and geometrically nonlinear analysis are
utilized to predict the collapse load of the structure. The GNL analysis
predicts collapse at a load of 107.2 kN in terms of a limit point while
linear buckling analysis predicts collapse at a load of 134.7 kN.
Considering the prediction fromGNL analysis as the correct prediction
linear buckling analysis overestimates the collapse load by 25.6%. Both
analyses predict collapse due to local buckling on the compressive
side of the main spar, see Fig. 14.

Both analyses with respect to the collapse characteristic of
the main spar are in good agreement, i.e. the location of the local

Fig. 13. Initial layup definitions for respectively, flanges and webs in the generic main
spar model. The layer stacking is done from inside out, i.e. the inner surface of the main
spar is at zero thickness.

Table 3
Processed material properties for the generic main spar.

Material
property

E-glass/epoxy Foam
(UD) Rohacell (PMI)

Ex 39.8 GPa 150 MPa
Ey 6.98 GPa –

Ez 6.98 GPa –

νxy 0.298 0.298
νyz 0.3 –

νxz 0.298 –

Gxy 2.6 GPa –

Gxz 2.6 GPa –

Gyz 2.59 GPa –

ρ 1900 kg/m3 110 kg/m3

Surface
load

Local buckling

1st linear buckling mode shape

Surface
load

Local buckling

GNL post-buckling deformation shape

Fig. 14. Top: 1st buckling mode shape from linear buckling analysis at a linear buckling
load factor of λ1=0.8177. Bottom: Post-buckled deformation shape from GNL analysis.
Critical load factor at the limit point from GNL analysis is γc=0.6510.
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buckling is similar, despite the difference in the prediction of the
collapse load.

7.2. CFAO of generic main spar

Continuous fiber angle optimization of the generic main spar
model is considered where the objective is to maximize the collapse
load. Only the biax fiber layers, i.e. the 45° and −45° layers, are
chosen as design variables since these layers are included in the layup
of the main spar for improved buckling resistance. The 0° pack layers
are excluded in the design optimizationwhereby the bending stiffness
is unaffected by the design changes and a compliance constraint is

unnecessary. Only the mid section biax layers for both flanges and
webs are considered in the optimization. Patches, covering larger
areas of the structure, are introduced. Within a patch containing a set
of finite elements only one fiber angle design variable controls the
orientation of the given fiber layer in the finite element set. This is a
valid approach for practical design problems since laminates are
typically made using fiber mats covering larger areas. In the mid
section, 1 patch per meter is utilized for both flanges and webs giving
a total of 180 fiber angle design variables.

Linear buckling optimization and nonlinear buckling optimization
are performed and the optimization histories are collected in Fig. 15.
The optimization problems of the generic main spar have been solved

Design layer 1

Design layer 2

Design layer 4

Design layer 3

Design layer 5

Design layer 6

Fig. 16. Fiber angle results from nonlinear buckling optimization for half of the generic main spar. Numbering the layer stacking from inside out, design layer 1 contains the first layer
for respectively flanges and webs that are chosen as design variables.
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on a hybrid Linux cluster “Fyrkat” at Aalborg, Denmark. The
programming code which is written in Fortran 95 has been
implemented in parallel such that element routines have been
parallelized through the use of OpenMP directives, factorization of
the global system, Eq. (1) and Eq. (11), are done in parallel through
the Pardiso solver in the Intel Math Kernel Library (MKL), and a
Message Passing Interface (MPI) has been incorporated for doing the
design sensitivity analysis in parallel.

The optimization history of the linear buckling load shows
considerable improvementwhile the improvement in the real collapse
load in terms of the GNL limit point is limited. The collapse load of the
linear buckling optimized design is only 2.8% larger than the collapse
load of the initial design. This behaviour was also observed for the U-
profile example in Section 6. The nonlinear buckling optimization
successfully improves the collapse load of the generic main spar by
13.4%, which in this context is a large improvement considering that
only a few biax layers are changed and that the initial layup from an
engineering viewpoint is reasonable. The fiber angle results from the
nonlinear buckling optimization is depicted in Fig. 16. The fiber angle
results from the nonlinear buckling optimization are depicted in
Fig. 16. The fiber angles in the area of instability are changed from
being 45°/−45° to be more transversely oriented and closely to 90° in
order to suppress the local buckling mode and thereby raise the
collapse load. Only a few biax layers are selected as design layers and
the fixed fiber layers are oriented in the length direction. This choice of
parametrization, together with the small effective width compared to
the length of the spar, explains the orientation of the design layers in
the area of instability. Despite many patch divisions in the parame-
trization of the problem the fiber angle results are quite continuous
across patches which makes manufacturing easier.

Within the optimization of the generic main spar the number of
arc-length steps in the vicinity of the limit point has been increased
for a better resolution and thereby better limit point detection and
easier convergence. This is accomplished by the introduction of a re-
initialization feature of the arc-length solver such that the arc-length
step is reduced when the load factor is larger than 90% of the detected
limit load from the previous optimization iteration. Some small
fluctuations are present in the nonlinear buckling optimization
history in Fig. 15 which is due to the nonlinearity and non-convexity
of the optimization problem. These fluctuations may be avoided by
reducing the maximum move limit though increasing the risk of
convergence to a local minima.

Many optimization iterations are needed for convergence, see
Fig. 15. A convergence criteria based on the relative change of the
objective would have resulted in only 20–40 optimization iterations,
but for completeness a very strict convergence criteria based on the
relative design change has been applied.

Despite that the linear buckling mode shape and the GNL post-
buckling displacement field are quite similar, see Fig. 14, the linear
bucklingoptimization formulation yields verypoor results. This is due to
the nonlinearity of the problemwhereby the design sensitivities for the
linear formulation becomes inaccurate since the stress stiffness is not
linear together with the missing contribution from the displacement
stiffness. The linear formulation is unreliable despite that in the analysis
it is able to predict themode of instability and the collapse loadwithin a
margin of 25.6% which makes it dangerous for engineering design
purposes. Especially in cases where only linear buckling analysis is
performed and not even the final result is verified by GNL analysis, the
danger of the linear buckling formulation is substantial since the linear
buckling optimization shows misleading high improvement of the
collapse load while the real collapse load almost remains unchanged.

8. Conclusion

Buckling behaviour of arbitrary composite structures can reliably
be improved by the proposed optimization method. The method

includes accurate nonlinear path tracing analysis and the buckling
load is estimated at a precritical point on the deformed configuration
whereby a more precise estimate is obtained than that obtainable by
classical linear buckling analysis. General sensitivity formulas for the
nonlinear buckling load, described by discretized finite element
matrix equations, have been derived and the design sensitivities are
approximated at the precritical point, thus no exact and troublesome
determination of the critical point is necessary.

The current approach is at present limited to a limit point type of
instability. It is possible to expand the method to include bifurcation
type of instability by modifying the limit point detection in the
optimization procedure to a critical point detection that includes both
limit points and bifurcation points. During geometrically nonlinear
analysis, eigen buckling analysis could be preformed at some load
steps in order to estimate an upcoming critical point, and thereby
determine the precritical estimation point for design and design
sensitivity analysis of the buckling load.

The method has been applied successfully in the buckling
optimization of two composite structures using fiber angle parame-
trization. The examples demonstrated the importance of the nonlinear
buckling formulation and that application of the classical linear
buckling formulation may not improve the critical load during the
optimization process and as a consequence lead to unreliable design
results. Linear buckling analysis is often used to predict instability and
to optimize structures for maximum buckling performance without
considering nonlinear effects or type of instability. Precautions should
be taken before applying the classical linear formulation, especially in
cases with nonlinear prebuckling path and in cases with limit point
instability. In such cases the nonlinear buckling formulation proves to
yieldmuchbetter results and especiallywhen the approximationpoint
is close to the critical point. During the benchmarks of the nonlinear
formulation good convergence properties was observed and no
problems related to divergence of the displacement derivatives
could be traced since the estimation point for design sensitivities is
located at a precritical state.

Imperfection sensitivity is not considered in the paper but may
prove to be important in order to obtain practical estimates of the
buckling load. As long as buckling load is used as the objective
function, the authors do not expect the effect of imperfection
sensitivity to change the optimumdesigns. This statement is currently
being investigated by the authors. On the other hand, if buckling
requirements are considered in the form of constraints a detailed
analysis of imperfection sensitivity or the use of “engineering” knock-
down factors should be used.

Using the developed approach structures can reliably be optimized
with respect to a general type stability, i.e. either bifurcation or limit
point stability, and especially in cases where geometrically nonlinear
effects cannot be ignored. This allows the material utilization of
buckling critical laminated structures to be pushed to the limit in an
efficient way yet allowing lighter and stronger structures.

Acknowledgements

The authors gratefully acknowledge the support from the Danish
Center for Scientific Computing (DCSC) for the hybrid Linux Cluster
“Fyrkat” at Aalborg University, Denmark.

References

[1] S. Abrate, Optimal design of laminated plates and shells, Compos. Struct. 29
(1994) 269–286.

[2] A. Suleman, R. Sedaghati, Benchmark case studies in optimization of geometrically
nonlinear structures, Struct. Multidiscip. Optim. 30 (2005) 273–296.

[3] E. Riks, An incremental approach to the solution of snapping and buckling, Int. J.
Solids Struct. 15 (1979) 529–551.

[4] E. Ramm, Strategies for tracing nonlinear responses near limit points, in: E.S.W.
Wunderlich, K.J. Bathe (Eds.), Nonlinear Finite Element Analysis in Structural
Mechanics, Springer Verlag, Berlin, 1981, pp. 63–89.

2329E. Lindgaard, E. Lund / Computer Methods in Applied Mechanics and Engineering 199 (2010) 2319–2330



[5] M.A. Crisfield, A fast incremental/iterative solution procedure that handles “snap-
through”, Compt. Struct. 13 (1981) 55–62.

[6] B. Brendel, E. Ramm, Linear and nonlinear stability analysis of cylindrical shells,
Compt. Struct. 12 (1980) 549–558.

[7] C. Borri, H.W. Hufendiek, Geometrically nonlinear behaviour of space beam
structures, J. Struct. Mech. 13 (1985) 1–26.

[8] K.-J. Bathe, E.N. Dvorkin, On the automatic solution of nonlinear finite element
equations, Compt. Struct. 17 (5–6) (1983) 871–879.

[9] N.S. Khot, V.B. Venkayya, L. Berke, Optimum structural design with stability
constraints, Int. J. Numer. Methods Engrg. 10 (1976) 1097–1114.

[10] N.S. Khot, Nonlinear analysis of optimized structure with constraints of system
stability, AIAA J. 21 (1983) 1181–1186.

[11] N.S. Khot, M.P. Kamat, Minimumweight design of truss structures with geometric
nonlinear behaviour, AIAA J. 23 (1985) 139–144.

[12] C.C.Wu, J.S. Arora, Design sensitivity analysis of non-linear buckling load, Comput.
Mech. 3 (1988) 129–140.

[13] H. Noguchi, T. Hisada, Sensitivity analysis in post-buckling problems of shell
structures, Compt. Struct. 47 (4/5) (1993) 699–710.

[14] J.S. Park, K.K. Choi, Design sensitivity analysis of critical load factor for nonlinear
structural systems, Compt. Struct. 36 (5) (1990) 823–838.

[15] T.S. Kwon, B.C. Lee, W.J. Lee, An approximation technique for design sensitivity
analysis of the critical load in non-linear structures, Int. J. Numer. Methods Engrg.
45 (1999) 1727–1736.

[16] M. Kegl, B. Brank, B. Harl, M.M. Oblak, Efficient handling of stability problems in
shell optimization by asymmetric “worst-case” shape imperfection, Int. J. Numer.
Methods Engrg. 73 (2008) 1197–1216.

[17] G. Sun, J.S. Hansen, Optimal design of laminated-composite circular–cylindrical
shells subjected to combined loads, J. Appl. Mech. 55 (1) (1988) 136–142.

[18] A. Muc, Optimal fibre orientation for simply-supported angle-ply plates under
biaxial compression, Compos. Struct. 9 (1988) 161–172.

[19] G. Sun, A practical approach to optimal design of laminated cylindrical shells for
buckling, Compos. Sci. Technol. 36 (1989) 243–253.

[20] S. Adali, K.J. Duffy, Design of antisymmetric hybrid laminates for maximum
buckling load: I. Optimal fibre orientation, Compos. Struct. 14 (1990) 49–60.

[21] K.J. Duffy, S. Adali, Design of antisymmetric hybrid laminates for maximum
buckling load: II. Optimal layer thickness, Compos. Struct. 14 (1990) 113–124.

[22] J.L. Grenestedt, Layup optimization against buckling of shear panels, Struct. Optim.
3 (1991) 115–120.

[23] H. Fukunaga, H. Sekine, M. Sato, A. Iino, Buckling design of symmetrically
laminated plates using lamination parameters, Compt. Struct. 57 (1995) 643–649.

[24] M. Walker, T. Reiss, S. Adali, Multiobjective design of laminated cylindrical shells
for maximum torsional and axial buckling loads, Compt. Struct. 62 (2) (1997)
237–242.

[25] C.G. Diaconu, H. Sekine, Layup optimization for buckling of laminated composite
shells with restricted layer angles, AIAA J. 42 (10) (2004) 2153–2163.

[26] S. Honda, Y. Narita, K. Sasaki, Optimization for the buckling loads of laminated
composite plates — comparison of various methods, Key Engrg. Mater. 334–335
(2007) 89–92.

[27] C.C. Lin, A.J. Yu, Optimum weight design of composite laminated plates, Compt.
Struct. 38 (5/6) (1991) 581–587.

[28] M.W. Hyer, H.H. Lee, The use of curvilinear fiber format to improve buckling
resistance of composite plates with central circular holes, Compos. Struct. 18 (5/6)
(1991) 239–261.

[29] S.B. Biggers, S. Srinivasan, Postbuckling response of piece-wise uniform tailored
composite plates in compression, J. Reinf. Plast. Compos. 13 (9) (1994) 803–821.

[30] M. Walker, S. Adali, V. Verijenko, Optimization of symmetric laminates for
maximum buckling load including the effects of bending–twisting coupling,
Compt. Struct. 58 (2) (1996) 313–319.

[31] M.Walker, Multiobjective design of laminated plates for maximum stability using
the finite element method, Compos. Struct. 54 (2001) 389–393.

[32] U. Topal, Ü. Uzman, Maximization of buckling load of laminated composite plates
with central circular holes using mfd method, Struct. Multidiscip. Optim. 35 (2008)

131–139 http://dx.doi.org/10.1007/s00158-007-0119-1 doi:10.1007/s00158-007-
0119-1.

[33] H.T. Hu, S.S. Wang, Optimization for buckling resistance of fiber–composite
laminate shells with and without cutouts, Compos. Struct. 22 (2) (1992) 3–13.

[34] H.C. Mateus, C.M.M. Soares, C.A.M. Soares, Buckling sensitivity analysis and optimal
design of thin laminated structures, Compt. Struct. 64 (1–4) (1997) 461–472.

[35] C.A. Perry, Z. Gürdal, J.H. Starnes,Minimum-weight design of compressively loaded
stiffened panels for postbuckling response, Engrg. Optim. 28 (1997) 175–197.

[36] J.P. Foldager, J.S. Hansen, N. Olhoff, Optimization of the buckling load for
composite structure taking thermal effects into account, Struct. Multidiscip.
Optim. 21 (2001) 14–31.

[37] J.-H. Kang, C.-G. Kim, Minimum-weight design of compressively loaded composite
plates and stiffened panels for postbuckling strength by genetic algorithm,
Compos. Struct. 69 (2005) 239–246.

[38] H.T. Hu, J.S. Yang, Buckling optimization of laminated cylindrical panels subjected
to axial compressive load, Compos. Struct. 81 (2007) 374–385.

[39] E. Lund, Buckling topology optimization of laminated multi-material composite
shell structures, Compos. Struct. 91 (2009) 158–167.

[40] U. Topal, Multiobjective optimization of laminated composite cylindrical shells for
maximum frequency and buckling load, Mater. Des. 30 (2009) 2584–2594.

[41] J.S. Moita, J.I. Barbosa, C.M.M. Soares, C.A.M. Soares, Sensitivity analysis and
optimal design of geometrically non-linear laminated plates and shells, Compt.
Struct. 76 (2000) 407–420.

[42] L. Johansen, E. Lund, J. Kleist, Failure optimization of geometrically linear/
nonlinear laminated composite structures using a two-step hierarchical model
adaptivity, Compt. Methods Appl. Mech. Engrg. 198 (30–32) (2009) 2421–2438
http://dx.doi.org/10.1016/j.cma.2009.02.033 doi:10.1016/j.cma.2009.02.033.

[43] E.N. Dvorkin, K.J. Bathe, A continuum mechanics based four-node shell element
for general non-linear analysis, Engrg. Comput. 1 (1984) 77–88.

[44] M. Harnau, K. Schweizerhof, About linear and quadratic “solid-shell” elements at
large deformations, Compt. Struct. 80 (9–10) (2002) 805–817.

[45] S. Klinkel, F. Gruttmann, W. Wagner, A continuum based three-dimensional shell
element for laminated structures, Compt. Struct. 71 (1) (1999) 43–62.

[46] L. Vu-Quoc, X.G. Tan, Optimal solid shells for non-linear analyses of multilayer
composites. I. Statics, Compt. Methods Appl. Mech. Engrg. 192 (9–10) (2003)
975–1016.

[47] E.L. Wilson, T. Itoh, An eigensolution strategy for large systems, Compt. Struct. 16
(1983) 259–265.

[48] B.O. Almroth, F.A. Brogan, Bifurcation buckling as an approximation of the collapse
load for general shells, AIAA J. 10 (4) (1972) 463–467.

[49] R.D. Cook, D.S. Malkus, M.E. Plesha, R.J. Witt, Concepts and Applications of Finite
Element Analysis, 4th EditionJohnWiley & Sons, Inc, 111 River Street, Hoboken, NJ
070300-471-35605-0, 2002.

[50] A.P. Seyranian, E. Lund, N. Olhoff, Multiple eigenvalues in structural optimization
problems, Struct. Optim. 8 (1994) 207–227.

[51] M.P. Bendsøe, N. Olhoff, J. Taylor, A variational formulation for multicriteria
structural optimization, J. Struct. Mech. 11 (1983) 523–544.

[52] N. Olhoff, Multicriterion structural optimization via bound formulation and
mathematical programming, Struct. Optim. 1 (1989) 11–17.

[53] K. Svanberg, Method of moving asymptotes — a new method for structural
optimization, Int. J. Numer. Methods Engrg. 24 (1987) 359–373.

[54] E. Hinton, NAFEMS Introduction to Nonlinear Finite Element Analysis, Bell and
Bain Ltd, Glasgow, ISBN: 1-874376-00-X, 1992.

[55] L. S. Johansen, Analysis and optimization of composite structures using adaptive
analysis methods, Ph.D. thesis, Department of Mechanical Engineering, Aalborg
University, Denmark, special report no. 64 (2009).

[56] L. Kühlmeier, Buckling of wind turbine rotor blades — analysis, design and
experimental validation, Ph.D. thesis, Department of Mechanical Engineering,
Aalborg University, Denmark, special report no. 58 (2006).

[57] L.C.T. Overgaard, E. Lund, O.T. Thomsen, Structural collapse of a wind turbine
blade. Part A: Static test and equivalent single layered models, Composites Part A
41 (2) (2010) 257–270, doi:10.1016/j.compositesa.2009.10.011.

2330 E. Lindgaard, E. Lund / Computer Methods in Applied Mechanics and Engineering 199 (2010) 2319–2330



B

Paper 2

Lindgaard, E.; Lund, E.; Rasmussen, K. (2010): “Nonlinear
Buckling Optimization of Composite Structures considering
"Worst" Shape Imperfections”, International Journal of
Solids and Structures, 47, pp. 3186–3202,
doi:10.1016/j.ijsolstr.2010.07.020.



Nonlinear buckling optimization of composite structures considering ‘‘worst”
shape imperfections

Esben Lindgaard a,*, Erik Lund a, Kim Rasmussen b

aDepartment of Mechanical Engineering, Aalborg University, Pontoppidanstraede 101, DK-9220 Aalborg East, Denmark
b School of Civil Engineering, The University of Sydney, Sydney, NSW 2006, Australia

a r t i c l e i n f o

Article history:
Received 16 December 2009
Received in revised form 29 July 2010
Available online 5 August 2010

Keywords:
Composite laminate optimization
Buckling
Design sensitivity analysis
Geometric imperfections
Composite structures

a b s t r a c t

Nonlinear buckling optimization is introduced as a method for doing laminate optimization on general-
ized composite shell structures exhibiting nonlinear behaviour where the objective is to maximize the
buckling load. The method is based on geometrically nonlinear analyses and uses gradient information
of the nonlinear buckling load in combination with mathematical programming to solve the problem.
Thin-walled optimal laminated structures may have risk of a relatively high sensitivity to geometric
imperfections. This is investigated by the concepts of ‘‘worst” imperfections and an optimization method
to determine the ‘‘worst” shape imperfections is presented where the objective is to minimize the buck-
ling load subject to imperfection amplitude constraints. The ability of the nonlinear buckling optimiza-
tion formulation to solve the laminate problem and determine the ‘‘worst” shape imperfections is
illustrated by several numerical examples of composite laminated structures and the application of both
formulations gives useful insight into the interaction between laminate design and geometric
imperfections.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The use of fiber-reinforced polymers has gained an ever-
increasing popularity due to their superior mechanical properties
and lowweight. Designing structures made out of composite mate-
rial represents a challenging task, since both thicknesses, number
of plies in the laminate and their relative orientation must be se-
lected. The best use of the capabilities of the material can only
be gained through a careful selection of the layup. This work fo-
cuses on optimal design of laminated composite shell structures,
i.e. the optimal fiber orientations within the laminate which is a
complicated problem, while considering the effect of geometric
imperfections. One of the most significant advances of optimal de-
sign of laminate composites is the ability of tailoring the material
to meet particular structural requirements with little waste of
material capability. Perfect tailoring of a composite material yields
only the stiffness and strength required in each direction. A natural
consequence of optimal material utilization is that the structures
are becoming thin-walled and local buckling becomes an issue in
compressively loaded regions. Furthermore, thin-walled buckling

critical structures may have risk of a relative high sensitivity to
imperfections. Thompson (1972) even warn that buckling optimal
designs may be dangerous since they exhibit severe sensitivity to
geometric imperfections. A geometric imperfection is a deviation
from the perfect structure and is present in all real-life structures.
Neglecting imperfections in the design phase may lead to unsafe
structures that fail at a load level much lower than the estimated
buckling load. It is therefore essential to consider imperfections
both in the analysis and design of thin-walled compressive loaded
structures.

Imperfections can in general be geometrical, structural, mate-
rial or load related. Typically, in modelling, a substitute imperfec-
tion is introduced to investigate the influence of imperfections
and often represented by an equivalent geometric imperfection.
The idea to find the ‘‘worst” possible geometric imperfection for
a given structure is as old as the discovery of the important role
of imperfections itself. In practice, it is common to consider the
‘‘worst” imperfection as that imperfection shape which is affine
to the lowest bifurcation mode. Though, recent research shows
that a combination of a number of bifurcation modes or even a
simple dimple imperfection in some cases proves to be a better
prediction of the ‘‘worst” imperfection. In reality large uncertain-
ties are related in the direct determination of the real imperfection
shape and amplitude since it relies on data of measured imperfec-
tions. In engineering, the concept of the ‘‘worst” imperfections is
important since it is defined as the imperfections that yields the
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lowest performance of the structure and thereby a lower bound for
the performance measure.

In recent years, the concept of the definitely ‘‘worst” imperfec-
tion has been introduced. Within the concept, the shape of the
imperfections that would lead to the lowest critical load of the
structure is searched. The shape of the imperfections is addition-
ally bounded by the given imperfection amplitude, see e.g. the
works by Deml and Wunderlich (1997), Wunderlich and Albertin
(2000), Damatty and Nassef (2001), Kristanic and Korelc (2008).

Stability is one of the most important objectives/constraints in
structural optimization and this also hold for many laminated
composite structures, e.g. a wind turbine blade. Traditionally in
optimization, stability is regarded as the linear buckling load, but
for structures exhibiting a nonlinear response when loaded the tra-
ditional approach can lead to unreliable design results, see e.g.
(Suleman and Sedaghati, 2005 and Lindgaard and Lund, 2010). In
stability analysis the buckling load is often approximated by line-
arized eigenvalue analysis at an initial prebuckling point (linear
buckling analysis or bifurcation analysis) and the buckling load is
generally overestimated. In the case where nonlinear effects can-
not be ignored nonlinear path tracing analysis is necessary. For
limit point instability, several standard finite element procedures
allow the nonlinear equilibrium path to be traced until a point just
before the limit point. The traditional Newton like methods will
probably fail in the vicinity of the limit point and the post-critical
path cannot be traced. More sophisticated techniques, as the arc-
length methods suggested by Riks (1979) and subsequently modi-
fied by Ramm (1981) and Crisfield (1981) are among some of the
techniques available today for path tracing analysis in the post
buckling regime.

A more accurate estimate of the buckling load, than that obtain-
able with linear buckling, can be obtained by performing a nonlin-
ear response analysis where the buckling load is approximated by
an eigenvalue analysis on the deformed configuration. Various
eigenvalue problems have been suggested for the stability analysis
of nonlinear structures. Brendel and Ramm (1980) and Borri and
Hufendiek (1985) formulated linear eigenvalue problems with
information at one load step on the nonlinear prebuckling path.
This formulation is referred as the ‘‘one-point” approach, where
stiffness information is extrapolated until a singular tangent stiff-
ness is obtained. Bathe and Dvorkin (1983) formulated a linear
eigenvalue problem utilizing tangent information at two succes-
sive load steps on the nonlinear prebuckling path, and is referred
as the ‘‘two-point” approach.

Optimization with stability constraints have been studied
extensively in the past. Khot et al. (1976) and Khot (1983) de-
scribed an optimality criterion method for determining the mini-
mum weight design of linear space truss structures subjected to
stability constraints. They solved linear stability analysis problems
to obtain the critical load and obtained sensitivities by differentiat-
ing the discretised matrix eigenvalue problem with respect to de-
sign variables. Later methods for obtaining optimum designs of
truss structures with stability constraints while considering geo-
metric nonlinearities were presented by Khot and Kamat (1985)
by using a relation based on equal strain energy density in all
members.

Wu and Arora (1988) presented design sensitivities of the buck-
ling load for nonlinear structures by taking derivatives of discret-
ized matrix equations with respect to design variables. The
method only works for limit points and the critical point needs
to be precisely determined for evaluation of sensitivities. Noguchi
and Hisada (1993) presented a variation of the formula that would
not only work for limit points but also for bifurcation points.

Park and Choi (1990) presented a formulation of continuum de-
sign sensitivity analysis of the critical load based on the ‘‘one-
point” and ‘‘two-point” linearized eigenvalue problems. Their

expressions would work at any prebuckling point on the nonlinear
equilibrium path. They noted that the design sensitivities did not
converge to those of the exact critical load when approximated
in the near vicinity of the critical point due to divergence in the
derivatives of the displacements. Recently Lindgaard and Lund
(2010) derived design sensitivities of the critical load factor for
the ‘‘one-point” linearized eigenvalue problem based on discre-
tised finite element matrix equations. An optimization procedure
was proposed that ensures the prebuckling approximation point,
for analysis and design sensitivity analysis according to the ‘‘one-
point” approach, is updated at each iteration such that it always
is in the neighbourhood of the real buckling load whereby a good
approximation is obtained.

Kwon et al. (1999) approximated the exact design sensitivities
by Wu and Arora (1988) by applying the concept from nonlinear
stability analysis, either by ‘‘one-point” or ‘‘two-point” approach.
It was noted that the approximated design sensitivities converged
to those by Wu and Arora (1988) when the approximation point
approaches the exact critical point. Kegl et al. (2008) adopted the
method by Kwon et al. (1999) and included imperfections for
avoidance of bifurcation points.

This paper utilizes the integral and reliable optimization proce-
dure described in Lindgaard and Lund (2010), i.e. optimization
w.r.t. stability is accomplished by including the nonlinear response
by a path tracing analysis, after the arc-length method, in the opti-
mization formulation, using the Total Lagrangian formulation. The
nonlinear path tracing analysis is stopped when a limit point is
encountered and the critical load is approximated at a precritical
load step according to the ‘‘one-point” approach. Design sensitivi-
ties of the critical load factor are obtained semi-analytically by the
direct differentiation approach on the approximate eigenvalue
problem described by discretized finite element matrix equations.
A number of the lowest buckling load factors are considered in the
optimization problem in order to avoid problems related to ‘‘mode
switching”.

The determination of the ‘‘worst” imperfection for a given struc-
ture is formulated as an optimization problem whereby imperfec-
tions are directly introduced in the analysis model. By including
geometric imperfections, bifurcation points, if present, are in gen-
eral avoided and in case of unstable points of bifurcation converted
into limit points. In case of stable bifurcation the structure does not
exhibit a limit point and for composite structures loading is typi-
cally limited by failure in the composite laminate. This topic is
not addressed further in the current work, i.e. structures exhibiting
stable points of bifurcation are not considered. The ‘‘worst” imper-
fection is in this study defined as the ‘‘worst” case imperfection
shape for a structure, i.e. an imperfection shape which yields the
lowest limit load. The imperfections are represented by a linear
combination of base shapes where the base shapes in this study
are constructed from a number of buckling modes. If the buckling
modes are obtained from a linear buckling analysis, the term bifur-
cation mode is used. The base shapes are via optimization com-
bined in the most unfavourable way while bounded in
imperfection amplitude which is formulated as a set of linear con-
straints. The ‘‘worst” imperfection shape is determined by use of
gradient-based optimization methods and formulas for analysis
and design sensitivity analysis are derived and presented in a finite
element context.

For laminate optimization only Continuous Fiber Angle Optimi-
zation (CFAO) is considered thus fiber orientations in laminate lay-
ers with preselected thickness and material are chosen as design
variables. Despite fiber angle optimization is known to be associ-
ated with a non-convex design space with many local minima it
has been applied since the laminate parametrization not has been
the focus in this work, i.e. the presented method in this paper is
generic and can easily be used with other parametrizations.
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The nonlinear buckling analysis and general design sensitivity
expressions of the nonlinear buckling load, using the direct differ-
entiation approach, are presented in Section 2. The parametriza-
tions used for laminate and ‘‘worst” shape optimization,
respectively, are subsequently described in Section 3. In Section 4,
the mathematical programming problem is defined in case of lam-
inate optimization or ‘‘worst” shape optimization. Furthermore, a
special optimization procedure, referred as ‘‘recurrence optimiza-
tion”, is introduced and used to investigate possible interaction be-
tween laminate design and ‘‘worst” shape imperfections. The
‘‘recurrence optimization” is furthermore used to investigate the
sensitivity of buckling optimal laminated structures to geometric
imperfections. The presented methods and procedures are applied
on a series of numerical examples of composite laminated struc-
tures in Sections 5–7. Conclusions are outlined in Section 8.

2. Nonlinear buckling analysis and design sensitivity analysis

The finite element method is used for determining the nonlin-
ear buckling load factor of the laminated composite structure, thus
the derivations are given in a finite element context.

A laminated composite is typically composed of multiple mate-
rials and multiple layers, and the shell structures can in general be
curved or doubly-curved. The materials used in this work are fiber-
reinforced polymers, e.g. Glass or Carbon Fiber Reinforced Poly-
mers (GFRP/CFRP), oriented at a given angle hk for the kth layer.
All materials are assumed to behave linearly elastic and the struc-
tural behaviour of the laminate is described using an equivalent
single layer theory where the layers are assumed to be perfectly
bonded together such that displacements and strains will be con-
tinuous across the thickness.

The solid shell elements used are derived using a continuum
mechanics approach so the laminate is modelled with a geometric
thickness in three dimensions, see (Johansen et al., 2009). The ele-
ment used is an eight node isoparametric element where shear
locking and trapezoidal locking are avoided by using the concepts
of assumed natural strains for, respectively, out of plane shear
interpolation, see (Dvorkin and Bathe, 1984), and through the
thickness interpolation, see (Harnau and Schweizerhof, 2002).
Membrane and thickness locking are avoided by using the con-
cepts of enhanced assumed strain for the interpolation of the
membrane and thickness strains, respectively, see (Klinkel et al.,
1999).

2.1. Nonlinear buckling analysis

Structural stability/buckling is estimated in terms of geometri-
cally nonlinear analyses and restricted to limit point instability, de-
spite that the presented formulas also work well for bifurcation
points. In addition, bifurcation instability are in many cases trans-
formed into limit point instability with the introduction of small
disturbances/imperfections to the system. The proposed procedure
for nonlinear buckling analysis, considering limit points, is sche-
matically shown in Fig. 1 and consists of the steps stated in Algo-
rithm 1.

Algorithm 1. Pseudo code for the nonlinear buckling analysis

1: Geometrically nonlinear (GNL) analysis by arc-length
method
2: Monitor and detect limit point during GNL analysis
3: Re-set all state variables to configuration at load step
just before limit point
4: Perform eigenbuckling analysis on deformed configura-
tion at load step before limit point

The limit load in step 2 is simply defined by monitoring the load
factor in the GNL analysis. When the load factor from two succes-
sive load steps decreases the previous converged load factor is de-
fined as the limit load, see Fig. 1.

Let us consider geometrically nonlinear behaviour of structures
made of linear elastic materials. We adopt the Total Lagrangian ap-
proach, i.e. displacements refer to the initial configuration, for the
description of geometric nonlinearity. An incremental formulation
is more suitable for nonlinear problems and it is assumed that the
equilibrium at load step n is known and it is desired at load step
n + 1. Furthermore, it is assumed that the current load is indepen-
dent on deformation. The incremental equilibrium equation in the
Total Lagrangian formulation is written as (see e.g. Brendel and
Ramm, 1980; Hinton, 1992)

KTðDn; cnÞdD ¼ Rnþ1 � Fn ð1Þ
where KTðDn; cnÞ ¼ K0 þ KLðDn; cnÞ þ KrðDn; cnÞ ð2Þ
i:e: Kn

T ¼ K0 þ Kn
L þ Kn

r ð3Þ
Here dD is the incremental global displacement vector, Fn global
internal force vector, and Rn+1 global applied load vector. The global
tangent stiffness KT

n consists of the global initial stiffness K0, the
global stress stiffness Kn

r, and the global displacement stiffness
KL

n. The applied load vector Rn is controlled by the stage control
parameter (load factor) cn according to an applied reference load
vector R

Rn ¼ cnR ð4Þ
The incremental equilibrium Eq. (1) is solved by the arc-length
method after (Crisfield, 1981).

During the nonlinear path tracing analysis we can at some con-
verged load step estimate an upcoming critical point, i.e. bifurca-
tion or limit point, by utilizing tangent information. At a critical
point the tangent operator is singular

KTðDc; ccÞ/j ¼ 0 ð5Þ
where the superscript c denotes the critical point and /j the buck-
ling mode. To avoid a direct singularity check of the tangent stiff-
ness, it is easier to utilize tangent information at some converged
load step n and extrapolate it to the critical point. The one-point
approach only utilizes information at the current step and
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Fig. 1. Detection of limit load in step 2 and chosen equilibrium point for the
nonlinear buckling problem.
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extrapolates by only one point. The stress stiffness part of the tan-
gent stiffness at the critical point is approximated by extrapolating
the nonlinear stress stiffness from the current configuration as a lin-
ear function of the load factor c.

KrðDc; ccÞ � kKrðDn; cnÞ ¼ kKn
r ð6Þ

It is assumed that the part of the tangent stiffness consisting of KL
n

and K0 does not change with additional loading, which holds if the
additional displacements are small. The tangent stiffness at the crit-
ical point is approximated as

KTðDc; ccÞ � K0 þ Kn
L þ kKn

r ð7Þ

and by inserting into (5) we obtain a generalized eigenvalue
problem

K0 þ Kn
L

� �
/j ¼ �kjK

n
r/j ð8Þ

where the eigenvalues are assumed ordered by magnitude such
that k1 is the lowest eigenvalue and /1 the corresponding eigenvec-
tor. The solution to (8) yields the estimate for the critical load factor
at load step n as

ccj ¼ kjcn ð9Þ
If k1 < 1 the first critical point has been passed and in contrary k1 > 1
the critical point is upcoming. The one-point procedure works well
for both bifurcation and limit points. The closer the current load
step gets to the critical point, the better the approximation be-
comes, and it converges to the exact result in the limit of the critical
load.

In general, for engineering shell structures, the eigenvalue prob-
lem in (8) can be difficult to solve, due to the size of the matrices
involved and large gaps between the distinct eigenvalues. For effi-
cient and robust solutions, (8) is solved by a subspace method with
automatic shifting strategy, Gram–Schmidt orthogonalization, and
the sub-problem is solved by the Jacobi iterations method, see
(Wilson and Itoh, 1983).

2.2. Design sensitivity analysis of the nonlinear buckling problem

To accomplish gradient-based optimization of the nonlinear
buckling load factors, the nonlinear buckling load factor sensitivi-
ties must be derived. Only simple eigenvalues of conservative load
systems are considered, but sensitivities of multiple eigenvalues
can be computed using the approach described in, e.g., (Seyranian
et al., 1994).

The eigenvalue problem in (8) is a generalized eigenvalue prob-
lem of the form

K/j ¼ kjM/j; j ¼ 1;2; . . . ; J ð10Þ
The eigenvectors are M-orthonormalized, i.e. /T

j M/j ¼ 1, in the
solution algorithm for the generalized eigenvalue problem. This
means that /T

j �Kn
r

� �
/j ¼ 1. In order to obtain the eigenvalue sensi-

tivities, (8) is differentiated with respect to any design variable, ai,
i = 1, . . ., I, assuming that kj is simple.

dkj
dai

�Kn
r

� �
/j ¼

dK0

dai
þ dKn

L

dai
� kj

d �Kn
r

� �
dai

� �
/j

þ K0 þ Kn
L � kj �Kn

r

� �� �d/j

dai
ð11Þ

By pre-multiplication of /T
j , make use of the M-orthonormality of

the eigenvectors, the governing Eq. (8), and noting that the system
matrices are symmetric we obtain the eigenvalue sensitivities as

dkj
dai

¼ /T
j

dK0

dai
þ dKn

L

dai
þ kj

dKn
r

dai

� �
/j ð12Þ

In order to determine the eigenvalue sensitivity dkj
dai

for any of the de-
sign variables ai, i = 1, . . ., I, the derivative of the element initial stiff-
ness matrix, element displacement stiffness matrix, and the
element stress stiffness matrix have to be derived, respectively.
These derivatives are determined semi-analytically at the element
level by central finite difference approximations and assembled to
global matrix derivatives.

dk0

dai
� k0ðai þ DaiÞ � k0ðai � DaiÞ

2Dai
ð13Þ

dK0

dai
¼

XNas
e

n¼1

dk0

dai
; i ¼ 1; . . . ; I ð14Þ

k0 is the element stiffness matrix, Dai is the design perturbation,
and Nas

e is the number of elements in the finite element model asso-
ciated to the design variable ai.

Both the stress stiffness matrix and the displacement stiffness
matrix are implicit functions of the displacements, i.e.
Kn
r ¼ KrðDnðaÞ; aÞ and KL

n = KL(Dn(a),a), which must be considered.
In order to evaluate design sensitivities of dKn

L
dai

and dKn
r

dai
semi-analyt-

ically by central finite difference approximations on the element
level by

dkn
r

dai
� kn

rðai þ Dai;D
n þ DDnÞ � kn

rðai � Dai;D
n � DDnÞ

2Dai
ð15Þ

where the displacement increment is DDn � dDn

dai
Dai, the displace-

ment sensitivity, dD
n

dai
, must be computed. At the converged load step

n, we can write the equilibrium equation as

Q nðDnðaÞ; aÞ ¼ Fn � Rn ¼ 0 ð16Þ
where Qn(Dn(a),a) is the so-called residual or force unbalance. Tak-
ing the total derivative of this equilibrium equation, with respect to
any of the design variables ai, i = 1, . . ., I, we obtain

dQ n

dai
¼ @Q n

@ai
þ @Q n

@Dn
dDn

dai
¼ 0 ð17Þ

where
@Q n

@Dn ¼ @Fn

@Dn �
@Rn

@Dn ð18Þ

and
@Q n

@ai
¼ @Fn

@ai
� @Rn

@ai
ð19Þ

We note that (18) reduces to the tangent stiffness matrix. Since it
was assumed that the current load is independent on deformation,
@Rn

@Dn ¼ 0, we obtain

@Fn

@Dn ¼ Kn
T ð20Þ

By inserting the tangent stiffness and (19) into (17), we obtain the
displacement sensitivities dDn

dai
as

Kn
T
dDn

dai
¼ @Rn

@ai
� @Fn

@ai
ð21Þ

For design independent loads, the term @Rn

@ai
¼ 0.

Thus, all terms have been derived for the evaluation of the
eigenvalue sensitivities in (12) and the estimate for the nonlinear
buckling load factor sensitivity at load step n is

dccj
dai

¼ dkj
dai

cn ð22Þ

3. Parametrization

Two different design parametrizations are applied for laminate
optimization and ‘‘worst” shape imperfection, and these are de-
scribed in the following.
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3.1. Imperfection representation

The imperfections are represented by base shapes with the base
constructed from a sufficient number of buckling modes (eigenvec-
tors). The imperfection shape is constructed as a linear combina-
tion of the base shapes in the most unfavourable way, so that the
objective function of the imperfect structure is the smallest
possible.

The geometry of the imperfect structure is described by the fi-
nite element nodal point coordinates X as

X ¼ Xp þ
XN
l¼1

alWl ð23Þ

X ¼
XN
l¼1

alWl ð24Þ

Xp is the initial perfect geometry, al are the unknown shape param-
eters, Wl are the base shapes, and X the total imperfection vector.
The unknown shape parameters al are obtained as a solution to
the optimization problem.

The ‘‘worst” imperfection shape is sought within the method,
defined by the shape basesW and the shape parameters a, at which
the objective function in terms of the limit load will attain a min-
imum. During the optimization the imperfection amplitude is con-
strained and formulated as a simple set of linear constraints. The
set of linear constraints for the maximum amplitude of the total
imperfection vector can be stated as

jXmj 6 em0 m 2 ½n1;n2; . . . ;ncp� ð25Þ
where ni is the index of the ith constrained component of the total
imperfection vector X, ncp is the total number of constrained com-
ponents, and em0 is the amplitude value of themth constraint. Differ-
ent constraint values can be applied for different parts of the
structure and e.g. set according to manufacturing tolerances for
the structure.

The optimization starts either with the first base shapeW1, nor-
malized by the allowable amplitude e0, as the initial guess for the
geometry of the imperfect structure or as an even averaging of all
base shapes, W, such that at least one amplitude constraint is
active.

3.2. Laminate representation

For the laminate, Continuous Fiber Angle Optimization (CFAO)
is applied, thus fiber orientations in laminate layers with preselect-
ed thickness and material are chosen as design variables. The lam-
inate design variables, xi, i = 1, . . ., I, may be associated with each
layer in each finite element or only with some of the fiber layers
in the model. The number of design variables may be reduced by
introducing patches, covering larger areas of the structure. Within
a patch containing a set of finite elements only one fiber angle de-
sign variable controls the orientation of the given fiber layer in the
finite element set. This is a valid approach for practical design
problems since laminates are typically made using fiber mats cov-
ering larger areas.

4. Optimization formulations

4.1. Continuous fiber angle optimization formulation

The mathematical programming problem for maximizing the
lowest critical load is a max–min problem. The direct formulation
of the optimization problem can give problems related to differen-
tiability and fluctuations during the optimization process since the
eigenvalues can change position, i.e. the second lowest eigenvalue

can become the lowest. An elegant solution to this problem is to
make use of the so-called bound formulation, see (Bendsøe et al.,
1983; Taylor and Bendsøe, 1984, and Olhoff, 1989). A new artificial
variable b is introduced and a new artificial objective function b is
chosen. An equivalent problem is formulated, where the previous
non-differentiable objective function is transformed into a set of
constraints. The optimization formulation in the case of laminate
optimization, for a max–min problem with the use of the bound
approach, is formulated as follows

Objective : max
x;b

b

Subject to : ccj P b; j ¼ 1; . . . ;Nk

K0 þ Kn
L þ knj K

n
r

� �
/n

j ¼ 0

ccj ¼ knj c
n

xi 6 xi 6 xi; i ¼ 1; . . . ; I

where xi denotes the laminate design variables in terms of fiber
angles.

The mathematical programming problem is solved by the Meth-
od of Moving Asymptotes (MMA) by Svanberg (1987). The closed
loop of analysis, design sensitivity analysis and optimization is re-
peated until convergence in the design variables or until the max-
imum number of allowable iterations has been reached.

4.2. ‘‘Worst” imperfection formulation

The mathematical programming problem for minimizing the
lowest critical load and determining the ‘‘worst” imperfection
shape is a min–min problem. The direct formulation of the optimi-
zation problem can as for the max–min give problems related to
differentiability and fluctuations during the optimization process.
However, since the problem is unbounded it is not possible to ap-
ply the bound formulation and only the lowest critical load factor
has been considered in the optimization process in this study. Dur-
ing the numerical studies no mode switching or close eigenvalues
have been observed in the case of ‘‘worst” imperfection optimiza-
tion. In cases where eigenvalues get close during optimization and
mode switching occurs a formulation that simultaneously mini-
mizes a number of the lowest eigenvalues may be applied, i.e.
the problem can be formulated such the objective is a sum of a
number of the lowest eigenvalues. The optimization formulation
in case ‘‘worst” imperfection optimization is formulated as follows:

Objective : min
a

min ccj ; j ¼ 1;2; . . .

Subject to : K0 þ Kn
L þ knj K

n
r

� �
/n

j ¼ 0

ccj ¼ knj c
n

jXmj 6 em0 m 2 ½n1;n2; . . . ;ncp�

X ¼
XN
l¼1

alWl

al 6 al 6 al; l ¼ 1; . . . ;N

where al, l = 1, . . .,N are the shape design variables and the lowest of
the critical load factors, ccj ; j ¼ 1;2; . . ., is minimized. The side con-
straints upon the shape design variables, al 6 al 6 al; l ¼ 1; . . . ;N,
are not strictly needed but used in the optimizer to calculate the
maximum move limit. Again, the mathematical programming prob-
lem is solved by the Method of Moving Asymptotes (MMA).

4.3. Recurrence optimization

To study the interaction between buckling optimal laminate
design and ‘‘worst” shape imperfection a special optimization
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procedure named ‘‘recurrence optimization” is defined. In the
‘‘recurrence optimization”, shape and laminate optimization,
respectively, are occurring repeatedly. The objective and parame-
trization can be summarized as.

� Shape optimization to determine the ‘‘worst” imperfection
shape that yields a minimum limit load when considering scal-
ing of buckling mode shapes as shape design variables.

� Laminate optimization to determine the optimal laminate layup
that yields a maximum limit load when considering fiber angles
as laminate design variables.

A single recurrence optimization iteration either corresponds to
a complete ‘‘worst” shape imperfection optimization or a complete
laminate optimization. We distinguish between two variations of
recurrence optimization that only differ in the sequence of shape
and laminate optimization, i.e.

� Recurrence optimization 1:
First laminate optimization, then shape optimization, then lam-
inate optimization, etc.

� Recurrence optimization 2:
First shape optimization, then laminate optimization, then
shape optimization, etc.

For, e.g. recurrence optimization 1, a complete laminate optimi-
zation is performed on the initial perfect design with no imperfec-
tions in the first recurrence optimization iteration. In the second
recurrence optimization iteration, a complete ‘‘worst” shape
imperfection optimization, considering buckling mode shapes, is
performed on the optimal laminate design from the preceding
recurrence optimization iteration. In the third recurrence optimi-
zation iteration, the laminate optimization is repeated on the de-
sign with ‘‘worst” imperfection shape obtained in the second
recurrence optimization iteration, and the start values for the lam-
inate optimization are the optimal laminate variables from recur-
rence optimization iteration 1. This procedure can now be
repeated for the number of iterations desired. In these studies only
up to four recurrence optimization iterations are considered.

Alternatively, the switching between laminate and shape opti-
mization may be carried out after only a few iterations in each
sub-optimization. Such a procedure has not been applied since it
makes the results difficult to interpret and present during the
recurrence optimization.

By employment of both recurrence optimization variations the
interaction between optimal laminate and ‘‘worst” imperfection
shape can be studied. Furthermore, examination of the obtained
designs and their load responses may reveal whether the optimal
laminated structures studied have severe sensitivity to geometric
imperfections in terms of limit load or post buckling strength.

5. Single layered composite cylinder segment example

The cylinder segment example, Fig. 2, is hinged and free at two
opposite edges, respectively. The overall geometric properties, ex-
cept the thickness, are identical to a model studied by Saigal et al.
(1986) and Moita et al. (2000). The initial laminate layup is given
by a single lamina, of the total thickness of the segment, and all
fiber angles, hf, are rotated 90� according to the element coordinate
system, (xe, ye), illustrated in Fig. 2. Thus, the fiber angle in each
finite element is measured counterclockwise from the x-axis in
the xy-plane of the element coordinate system. The model consists
of 100 equivalent single layer solid shell finite elements.

Initial bifurcation and geometrical nonlinear analyses verify
that the critical load of the structure is characterized by a snap-

through limit point at a load factor of cc = 0.144, see Fig. 3, and that
there is no bifurcation buckling prior to the limit point. The first
bifurcation mode shape is asymmetric, see Fig. 3.

5.1. ‘‘Worst” shape imperfection of the cylinder segment

The ‘‘worst” imperfection shape is optimized considering a
selection of the lowest bifurcation modes, see Fig. 4, whereby the
optimization combines the shapes in the most unfavourable way,
i.e. with the lowest limit load possible.

The maximal imperfection amplitude is constrained to
e0 ¼ 1

8 t ¼ 1 mm in the radial direction in the xy-plane, according
to Fig. 2. The constrained nodes are chosen via an active set strat-
egy, i.e. only nodes with a radial coordinate transformation larger
than 90% of the specified maximal allowable imperfection ampli-
tude are chosen and constrained. The active set is updated in each
optimization iteration.

The ‘‘worst” shape optimization problem, considering 10 bifur-
cation modes, states

Objective : min
a

min ccj ; j ¼ 1; . . . ;4

Subject to : K0 þ Kn
L þ knj K

n
r

� �
/n

j ¼ 0

ccj ¼ knj c
n

Xm
r

�� �� 6 0:001 m 2 ½n1;n2; . . . ;ncp�

X ¼
X10
l¼1

alWl

� 50 6 al 6 50; l ¼ 1; . . . ;10

where the total number of constraints, i.e. constrained components,
ncp, is updated in each optimization iteration according to the active
set strategy. The optimization is carried out with a relative move
limit on the shape design variables of 0.2%, i.e. the max design
change is Dal ¼ 0:002ðal � alÞ ¼ 0:2. The initial imperfection is cho-
sen as the first bifurcation shape, i.e. the first base W1 normalized
by the allowable amplitude e0. The optimization history, obtained
‘‘worst” imperfection, and shape design variables, i.e. imperfection
shape base weight factors, of the optimum design are depicted in
Fig. 5.

It is observed that bifurcation mode 1 is a good predictor for the
final imperfection shape. The critical load from the initial design
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Fig. 2. Geometry, loads, boundary conditions, and material properties for the
cylinder segment example. The hinged support is related to the mid surface of the
segment, which is realized by multi point constraints between the top and bottom
edge nodes of the solid shell finite elements. The segment is loaded by two point
loads in the negative y-direction, at the top and bottom node in the centre of the
segment. The top node in the centre of the panel is constrained against displace-
ments in the x- and z-direction. All dimensions refer to the mid surface, where the
thickness is denoted by t.
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with perfect geometry is reduced by 28.4% by the introduction of
the ‘‘worst” imperfection shape considering 10 bifurcation modes.
But the critical load obtained from the design with the ‘‘worst”
imperfection shape considering 10 bifurcation modes is only 5.8%
lower than the critical load from the design with pure bifurcation
mode 1 imperfection.

The number of base shapes included in the ‘‘worst” imperfec-
tion optimization is now considered. Results from ‘‘worst” shape
optimizations considering different number of base shapes, here
bifurcation modes, up to a number of 100 modes for the 10 � 10
element discretized model are collected in Fig. 6. Higher order
modes, >100, are not included in the study since these are not rep-
resentative as geometric imperfections. The higher order modes
are, due to the limited number of degrees of freedom in the
hinged-free cylinder segment model, in-plane modes and other

spurious modes that not are smooth, but abrupt in their
representation.

A large difference in the limit load occurs immediately as
imperfections are introduced in the model. The relative change
becomes smaller as the number of base shapes considered is
increased. Considering the load displacement curves for the
10 � 10 element discretized model, see Fig. 6 left, only little differ-
ence occurs after the introduction of imperfections, thus bifurca-
tion mode 1 is a good predictor for the ‘‘worst” shape
imperfection for the cylinder segment example.

For the 10 � 10 element discretized model it is only possible
to include up to 100 bifurcation modes in the ‘‘worst” imperfec-
tion optimization due to the limited number of degrees of free-
dom and therefore it cannot be examined whether or not the
‘‘worst” imperfection shape converges with an increasing number
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Fig. 3. Top: Load displacement curve and deformation shapes during GNL analysis. The structure is characterized by a snap-through limit point at a load factor of cc = 0.144.
Bottom: 1st bifurcation mode shape at a bifurcation load factor of k1 = 0.289.

Fig. 4. First 10 bifurcation modes for the cylinder segment model.
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of base shapes. To study this point further a 20 � 20 element dis-
cretized model has been applied considering up to a number of
300 bifurcation modes as base shapes in the ‘‘worst” imperfection

optimization. From the lower right graph in Fig. 6 it is clear that
the limit point and thus the ‘‘worst” imperfection shape con-
verges with the number of base shapes. The limit load factors
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Mode 1,α1 8.7652 Mode 6,α6 3.3704

Mode 2,α2 −7.4074 Mode 7,α7 0.1296

Mode 3,α3 −0.0696 Mode 8,α8 −0.0939

Mode 4,α4 −2.2322 Mode 9,α9 −0.3933

Mode 5,α5 −0.1802 Mode 10, α10 0.5677

Fig. 5. Top: Optimization history for ‘‘worst” imperfection optimization considering 10 bifurcation mode shapes and the obtained ‘‘worst” imperfection. Bottom: Optimum
values of the shape design variables from the ‘‘worst” imperfection optimization considering 10 bifurcation modes.

Fig. 6. Left: Load displacement curves for different designs including designs with ‘‘worst” shape imperfections obtained by considering different number of bifurcation
modes (10 � 10 element discretization). Right: The limit load factor is plotted as a function of the number of modes considered in the ‘‘worst” imperfection optimization. The
upper right curve is for a 10 � 10 elements discretization whereas the lower right curve is for a 20 � 20 element discretization.
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of the 20 � 20 element model are slightly lower due to the finer
discretization.

5.2. Recurrence optimization of the cylinder segment

The cylinder segment is considered for recurrence optimization.
In the laminate optimization the fiber angle is changed in each ele-
ment giving a total of 100 laminate design variables. The lowest 50
bifurcation mode shapes are used as shape design variables in the
‘‘worst” shape optimization. Laminate and shape optimization are
proceeded until convergence in the design variables where conver-
gence is defined as being obtained when the relative design change
is less than 0.001% which is a very tight convergence tolerance.
This tight convergence tolerance is applied in the optimization of
all numerical examples and ensures full convergence for all sub-
optimizations. A looser convergence tolerance may be applied in
order to speed up the procedure, such that each sub-optimization
is completed with less optimization iterations. Recurrence optimi-

zation 1 and 2 are performed up to a number of four recurrence
optimization iterations. The optimization histories for the recur-
rence optimizations are shown in Fig. 7, where the colors of the
lines illustrate shape or laminate optimization for, respectively,
recurrence optimization 1 and 2. Thus, shape and laminate optimi-
zation are carried out twice in the recurrence optimizations. For
the eight optimizations convergence are reached after 78–173
optimization iterations.

Approximately the same limit load factor is obtained after two
recurrence optimization iterations. This indicates a minor interac-
tion between laminate configuration and geometric imperfections
for this model. The imperfection sensitivity is reduced by the
laminate optimization, i.e. the limit load for the initial design is
reduced 31.6% with the introduction of the ‘‘worst” shape
imperfections whereas the reduction for the optimal laminate
design only is 22.4%.

In Fig. 8, load displacement curves are plotted for the designs
obtained during recurrence optimization 1 and 2. The load dis-
placement curves are almost identical in the last iterations for both
recurrence optimizations. Considering recurrence optimization 1,
it is evident that the first laminate optimization introduces large
buckling resistance to the model, which at the point of instability
gives a rather dramatic snap-through, i.e. during snapping the
monitored node experiences at some point a reduction in load
and displacement simultaneously. For force controlled systems
this snap-through property has little influence on the failure of
the structure since the post buckling displacements after dynamic
snapping are quite similar to the post buckling displacements for
the imperfect designs.

The load displacement curve for the optimal laminate design,
with ‘‘worst” imperfection shape from iteration 2 in recurrence
optimization 1, is lower than the other curves in the post buckled
region, i.e. the post buckling strength is lower.

By examining optimal designs obtained during the recurrence
optimizations, see Fig. 9, it is observed that the obtained laminate
and shape designs are almost identical. Only minor changes are
present after recurrence optimization iteration 2 between the
shape and laminate designs in recurrence optimization 1 and 2.

0.0

0.1

0.2

0.3

0.4

0.5

0 1 2 3 4

Li
m

it
Lo

ad
Fa

ct
or

Fig. 7. Optimization history for recurrence optimization 1 and 2 for the cylinder
segment.
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Fig. 8. Load displacement curves for the obtained optimum designs during the recurrence optimizations.
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Thus, no interaction is traced between the laminate configuration
and the imperfection shape, i.e. the same optimum laminate and
shape designs are obtained in both recurrence optimizations. Intu-
itively, this can be understood as the laminate objective function in
general is reduced by geometric imperfections. Furthermore, this
study surprisingly shows that the optimal laminate design has
lower sensitivity to geometric imperfections than the initial de-
sign. This is in contrast to statements as found in, e.g. (Thompson,
1972). The gain by laminate optimization, when comparing 2nd
iteration in recurrence optimization 1 with 1st iteration in recur-
rence optimization 2, is huge and an improvement of 169% with re-
spect to the stability limit is achieved.

6. 4-Layer composite U-profile example

The laminated composite U-profile is an example of a real struc-
tural engineering element, e.g. the company Fiberline Composites A/
S produces such structural elements by a process called pultrusion,
see Fig. 10.

Geometry, loading, and boundary conditions are identical to a
model analyzed by Klinkel et al. (1999) and Lindgaard and Lund
(2010). The U-profile is clamped at one end and point loaded in
an upper corner node at the other end with a force R = 250 kN. A
total of 432 equivalent single layer solid shell finite elements are
used in the numerical model. The laminate layup consists of 4
uni-directional E-glass/epoxy fiber layers each of equal thickness,
see properties of the processed material in Table 1.

The fiber orientation is related to the element coordinate sys-
tem, (xe, ye, ze), in each finite element. The fiber orientation is mea-
sured counterclockwise from the x-axis in the xy-plane of the
element coordinate system. The element coordinate system for
the finite elements in the web and each flange, respectively, is de-

picted in Fig. 11. The fiber orientation of each layer for the web and
each flange, respectively, is considered constant and the layer
stacking is done from inside out. The initial layup definition for
the U-profile is stated in Table 2.

Initial bifurcation and geometrically nonlinear analyses, with-
out imperfections, show that the critical load of the structure is
characterized by a snap-through limit point at a load factor of
cc = 0.727. The structure buckles at the rear end of the top flange,
whereby instability occurs due to loss of stiffness in that region,
see Fig. 12.

Fig. 9. Optimum designs obtained during the recurrence optimizations. For visualization purposes the obtained imperfection shapes are scaled 20 times. Note that the
segment is oriented such that it is hinged at the left and right edge.

Fig. 10. Examples of laminated composite profiles manufactured by pultrusion
process by the company Fiberline Composites A/S.
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6.1. ‘‘Worst” shape imperfection of the U-profile

The ‘‘worst” imperfection shape is optimized considering a
selection of the lowest buckling modes. The maximal amplitude
of the imperfection is constrained to e0 = t = 0.05 m in the x-, y-,
and z-direction, respectively. The constrained nodes are chosen
via an active set strategy, i.e. only nodes with a coordinate trans-
formation larger than 90% of the specified maximal allowable
imperfection amplitude are chosen and constrained. The active
set is updated in each optimization iteration. The initial imperfec-
tion is chosen as an even selection of all base shapes, and scaled
such that at least one imperfection amplitude constraint is active.

Initially, bifurcation mode shapes are considered as base shapes
in the ‘‘worst” imperfection optimization and up to a number of
100 modes are included. Load displacement curves for the different
optimum designs are depicted in Fig. 13 together with the ‘‘worst”
imperfection shape obtained by considering 50 bifurcation shapes.

A rather large reduction occurs in the limit load factor as the
number of bifurcation shapes considered in the imperfection opti-
mization is increased from 10 to 50. The limit load factor reduction
by increasing the number of bifurcation shapes from 50 to 100 is
limited. Noting that the limit load factor for a design without
imperfections is cc = 0.727, the introduction of the ‘‘worst” imper-
fection from 50 bifurcation shapes yields a reduction of 16.9% with
respect to the limit load factor.

If nonlinear buckling analysis, as described in Section 2, is car-
ried out at a load level close to the critical load in the deformed
configuration, the first nonlinear buckling shape, illustrated in
Fig. 14, is very similar to the post buckled deformation shape in
Fig. 12.

It is by this reason attempted to use nonlinear buckling modes
obtained from (8) of the initial design as base shapes in the imper-
fection optimization in order to investigate whether these shapes
gives a better prediction of the ‘‘worst” imperfection shape, i.e. a
lower limit load for the same number of base shapes. The study

upon the number of base shapes considered in the ‘‘worst” imper-
fection optimization, as done for bifurcation shapes, is carried out
with nonlinear buckling mode shapes. The results from the study
are collected in Fig. 15.

Comparing these load displacement curves with those obtained
by considering bifurcation modes, see Fig. 13, lower limit loads are
generally obtained with the use of the nonlinear buckling modes
for the same number of base shapes. This is especially pronounced
when only 5 or 10 base shapes are considered in the ‘‘worst”
imperfection optimization.

By inspection of the ‘‘worst” imperfection shape from 50 bifur-
cation or nonlinear buckling mode shapes, as shown in Figs. 13 and
15, respectively, it is for both cases observed that the ‘‘worst”
imperfection shape is a combination of all modes and not governed
by a single base shape.

A study upon the imperfection amplitude is considered in order
to determine how dependent the ‘‘worst” imperfection shape is to
the choice of allowable imperfection amplitude. The ‘‘worst”
imperfection shape is determined at three maximum imperfec-
tions amplitudes, e0 = [t/2, t, 2t], by using 10 bifurcation modes
as base shapes. The ‘‘worst” shapes obtained from the three opti-
mizations are collected in Fig. 16 and scaled in accordance to their
maximum imperfection amplitude for a direct comparison.

The three ‘‘worst” imperfection shapes in Fig. 16 are visually al-
most identically despite not all design variable values between the
different designs are scalable, see Table 3. Only the modes, [a1, a2,
a9, a10], have similar design variables.

In order to determine whether these dissimilarities between the
design variables effect the stability load of the structure the ob-
tained designs from e0 = [t/2, t] are scaled to an amplitude of
e0 = 2t and their stability load are calculated, see Table 3. All de-
signs yield almost same limit load factor at an imperfection ampli-
tude of e0 = 2t, i.e. the imperfection amplitude does influence the
‘‘worst” imperfection shape but for this example the ‘‘worst”
imperfection shapes obtained at different imperfection amplitudes

Table 1
Processed material properties for U-profile.

E-glass/epoxy

Ex 30.6 GPa Ey 8.7 GPa
Ez 8.7 GPa mxy 0.29
mxz 0.3 myz 0.3
Gxy 3.24 GPa Gxz 3.24 GPa
Gyz 2.9 GPa q 1686 kg/m3

R

R

w v

L

b

h

t

Geometry:
L = 36m
t = 0.05m
b = 2.025m
h = 6.05m

xe
xe

xe

ye

ye

ye

ze ze

ze

Fig. 11. Geometry, loads, boundary conditions, and element coordinate systems for numerical model of the U-profile.

Table 2
Layup definition for the U-profile. Each layer in the
laminate layup has a thickness of 12.5 mm.

Layup definition

Top flange (0�, 45�,�90�, �45�)
Web (90�, 135�, 0�, 45�)
Bottom flange (45�, 90�, �45�, 0�)
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have almost same limit load when scaled to an equal imperfection
amplitude. It is surprisingly to note that the optimum designs ob-
tained with an imperfection amplitude of e0 = [t/2, t] yield a
slightly better prediction of the ‘‘worst” imperfection shape at an

imperfection amplitude of e0 = 2t than the optimum design
obtained at that imperfection amplitude. The only reasonable
explanation is convergence to a local minima due to the non-con-
vex design space.

1 bifurcation mode
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Fig. 12. Load displacement curve and deformation shapes during initial GNL analysis together with the first bifurcation load factor and mode shape for the initial design
without imperfections. The critical load of the structure is characterized by a snap-through limit point at a load factor of cc = 0.727. The 1st bifurcation load factor is k1 = 1.17,
thus no bifurcation buckling occurs prior reaching the limit point.
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Fig. 13. Left: Load displacement curves for different designs obtained with ‘‘worst” shape imperfection by considering different number of bifurcation shapes. Right: The
‘‘worst” imperfection shape obtained with 50 bifurcation shapes.
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6.2. Recurrence optimization of the U-profile

Recurrence optimization is considered for the U-profile. The
lowest 50 bifurcation modes are used as shape design variables
in the ‘‘worst” imperfection optimization. In the laminate optimi-
zation fiber angles controlling each fiber layer in the laminate lay-

up are used as laminate design variables. Since the U-profile
consists of 4 uni-directional fiber layers at web and each flange this
yields a total of 12 laminate design variables. Again, laminate and
shape optimization are proceeded until convergence in the design
variables and recurrence optimization 1 and 2 are performed up to
a number of four recurrence optimization iterations. The four lam-
inate optimizations converge in 29–99 optimization iterations
whereas convergence in the four ‘‘worst” imperfection optimiza-
tions are reached after 129–160 optimization iterations.

After only two recurrence optimization iterations, see Fig. 17,
almost same the limit load factor is attained. After four iterations
there is a difference of 1.1% between the limit load factors from
both optimizations.

Considering Fig. 18, only small changes appear after the second
iteration in both optimizations. The load displacement curve for
the optimal laminate design with ‘‘worst” imperfection shape, cor-
responding to iteration 2 in recurrence optimization 1, is lower
than the other curves for the subsequent iterations in the post
buckled region, i.e. the post buckling strength is lower.

The imperfection sensitivity of the structure is increasedby30.2%
with thefirst laminateoptimization in recurrenceoptimization1, i.e.

R 1
st nonlinear buckling mode

Fig. 14. 1st nonlinear buckling mode shape obtained by nonlinear buckling analysis
for initial design.
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Fig. 15. Left: Load displacement curves for different designs obtained with ‘‘worst” shape imperfection by considering different number of nonlinear buckling shapes. Right:
The ‘‘worst” imperfection shape obtained with 50 nonlinear buckling shapes.
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Fig. 16. ‘‘Worst” imperfection shapes for different imperfection amplitudes when considering 10 bifurcation modes as base shapes.
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the limit load of the optimum laminate design is reduced by 22.0%
with the introductionof the ‘‘worst” imperfectionwhereas the initial
design is reduced by only 16.9%. Despite the higher sensitivity of the
optimal laminate design the limit load for the optimal laminate
design is 23.5% higher than that of the initial design when ‘‘worst”
shape imperfections are considered.

Inspection of the final laminate and shape designs obtained by
both recurrence optimizations show very similar designs, and the
obtained optimum laminate design from recurrence optimization
1 is stated in Table 4. The interaction between the laminate design
and shape imperfections for this example is minor.

7. Orthotropic thin-walled cylinder example

The orthotropic cylinder, Fig. 19, is loaded in compression. The
laminate layup consists of eight uni-directional glass/polyester fi-
ber layers and the processed material properties are extracted from
ESAComp (2008). The fiber layers are oriented in reference to the
element coordinate systems, (xe, ye, ze). The element coordinate
system for all elements is oriented as illustrated in Fig. 19, i.e.
the ze-axis is pointing outwards in the radial direction, the xe-axis
is pointing in the longitudinal direction, and the ye-axis is tangen-
tial to the cylinder. All fiber layers have equal thickness and for the
initial layup all fiber angles are zero, i.e. all fibers are directed in
the longitudinal direction of the cylinder. The model consists of
1536 equivalent single layer solid shell finite elements. Symmetry

Table 3
Design variable values for the ‘‘worst” imperfection shapes with maximum allowable
imperfection amplitude of e0 = [t/2, t, 2t]. Note that the design variable values of the
designs with e0 = [t/2, t] are scaled to an amplitude of e0 = 2t for a direct comparison
and indicated with *. The limit load factor for all designs at an amplitude of e0 = 2t are
also stated.

Mode shape Factor – e�0 ¼ t=2 Factor – e�0 ¼ t Factor – e0 = 2t

Mode 1, a1 �8.41 �8.47 �8.42
Mode 2, a2 17.22 17.69 17.72
Mode 3, a3 �1.41 1.69 �9.34
Mode 4, a4 2.20 10.79 6.80
Mode 5, a5 2.17 9.26 5.93
Mode 6, a6 9.75 5.00 �5.21
Mode 7, a7 �5.30 1.04 18.98
Mode 8, a8 �16.84 �19.09 �3.77
Mode 9, a9 6.41 4.10 6.72
Mode 10, a10 8.82 8.56 8.00
Limit load factor 0.595* 0.594* 0.602

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

0 1 2 3 4

Li
m

it 
Lo

ad
 F

ac
to

r

Fig. 17. Optimization history for recurrence optimization 1 and 2 for the U-profile.
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Fig. 18. Load displacement curves for the obtained optimum designs during the recurrence optimizations.

Table 4
Optimum layup from recurrence optimization 1 of the U-profile. Each layer in the
laminate layup has a thickness of 12.5 mm.

Layup definition

Top flange (�31.2�, 11.0�, �171.0�, �32.0�)
Web (59.8�, 176.3�, �1.0�, 9.0�)
Bottom flange (�0.1�, 89.5�, �0.2�, �0.7�)
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conditions have deliberately not been applied for the numerical
model since that would exclude asymmetric modes in the bifurca-
tion analysis.

The orthotropic cylinder without imperfections is a typical
example of a structure where the stability is governed by bifurca-
tion buckling. The 1st bifurcation load factor for the initial design is
k1 = 0.095. The bifurcation point can via imperfections be trans-
formed into a limit point whereby structural stability of the struc-
ture can be analyzed by GNL analysis.

An initial GNL analysis of the cylinder, where a bifurcation
mode 1 imperfection has been applied, see Fig. 20, yields a rather
complicated response. At the first limit point, the cylinder buckles
in the same shape as the applied imperfection mode. In the post
buckled region the buckle deformations enhance, and the structure
is able to carry more load. This continues until the second limit
point is reached and the buckle deformations enhance rapidly
and becomes more local. In the following, the first limit point is
considered as the maximum load capacity of the structure, i.e. re-
sponse beyond the first limit point is of no interest.

Among all thin-walled structures it iswell-known that axisymet-
ric structures (e.g. spheres and cylinders) prove to have a high
imperfection sensitivity, see e.g. (Koiter, 1969; Bushnell, 1985;
Jones, 2006). This was also noted during the numerical studies
where it was found that the stability limit of the structure is very
sensitive to the imperfection amplitude, see Fig. 21. An imperfection
amplitude of e0/t = 0.1 gives a critical load that is 10.7% lower than
the bifurcation load while an imperfection amplitude of e0/t = 1
gives a critical load that is 43.8% lower than the bifurcation load.
For this example, the imperfection amplitude may be equally or
evenmore important than the imperfection shape. The imperfection
amplitude must therefore be chosen carefully in order to obtain a
reliable prediction of the limit load of such an imperfect structure.

7.1. Recurrence optimization of the cylinder

In the recurrence optimization of the orthotropic cylinder, 50
bifurcation modes are used as shape design variables in the
‘‘worst” imperfection optimization and the imperfection amplitude
is constrained to e0/t = 1 in the radial direction. In the laminate
optimization the fiber angles are considered constant throughout
each of the eight fiber layers which gives a total of eight laminate
design variables. Since the optimization procedure applied in this
study is based upon GNL analyses, an initial bifurcation mode 1
imperfection is utilized for the initial design whereby the bifurca-
tion point is transformed into a limit point. The optimization histo-
ries for the recurrence optimizations are shown in Fig. 22.

Investigations of the laminate and shape design variables from
the final designs from both optimizations show different designs

y

xz

Ux,Uy

Ux,Uy

Uz

Surface
load

Surface
load

xe

yeze

L = 5m Ex = 38GPa Ey = Ez = 9GPa

t = 10mm Gyz = 4GPa Gxy = Gxz = 4.5GPa
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Layers = 8 Surface load = 1GPa

Fig. 19. Geometry, loads, boundary conditions, and processed material properties
for the orthotropic cylinder. Length, outer diameter, and thickness is denoted by L,
Douter, and t, respectively. The inner nodes at the end cross sections are restrained
from transverse displacements while the inner nodes at the mid section are
restrained against displacements in the longitudinal direction of the cylinder. The
surface load is applied at both ends (not follower load).
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Fig. 20. Load displacement curve and deformation shapes at different states during the GNL analysis of the orthotropic cylinder. An initial imperfection according to
bifurcation mode 1 and amplitude equal to the thickness of the cylinder has been utilized.
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despite correlation between the limit load factors, see Table 5. This
either indicates strong interaction between the laminate and shape
variables or convergence to local minima. An interaction between
the variables would change the design space between each lami-
nate and shape optimization, respectively, and thereby lead to dif-
ferent optimum designs from the recurrence optimizations.

Considering the imperfection sensitivity of the initial design
and the optimal laminate design from iteration 1 in recurrence
optimization 1, it is evident that the imperfection sensitivity of
the optimal laminate design is higher than for the initial design.
The limit load factor for the initial design is reduced by 46.1% while
the limit load factor for the optimal laminate design is reduced by
63.0% with the introduction of the ‘‘worst” shape imperfections.
The imperfection sensitivity of the optimal laminate design is
therefore 36.5% higher than for the initial design.

Despite the higher imperfection sensitivity of the optimal lam-
inate design, the limit load improvement by laminate optimization
compared to the limit load of the initial design is 34.9% when
‘‘worst” shape imperfections are considered.

8. Conclusions

In the present paper, a new formulation for determining
‘‘worst” shape imperfections is introduced as a gradient-based
technique for minimizing the nonlinear buckling load by optimiz-
ing the combination of a set of base shapes constraining the imper-
fection amplitude. The imperfections are represented by a set of
base shapes where the base shapes are constructed from a number
of buckling modes. During optimization, imperfections are directly
introduced in the analysis model and the effect is determined by
geometrically nonlinear analysis, thus no assumptions about linear
equilibrium path and small imperfections are made. The nonlinear
buckling load is estimated at a precritical point on the nonlinear
equilibrium path in the deformed configuration. The estimation
point is always chosen close to the real buckling point for a precise
estimate of the nonlinear buckling load and nonlinear buckling
load design sensitivities.

In the numerical examples presented, the method is able to suc-
cessfully determine the ‘‘worst” shape imperfections reducing the
nonlinear buckling load and thereby determine a lower bound on
the collapse load. The examples demonstrated the importance of
imperfections and that they should be considered both in analysis
and design in order to obtain realistic and reliable predictions of
the buckling performance. For complex structures, where intuitive
determination of the ‘‘worst” shape imperfections is not possible,
the method is essential. An imperfection shape that is affine to
the lowest bifurcation mode is typically used to model the ‘‘worst”
imperfection but the numerical studies presented in this paper
showed that the ‘‘worst” shape imperfections in general are a dis-
tinct combination of many modes.

An optimization procedure that includes laminate optimization
together with ‘‘worst” shape optimization, named ‘‘recurrence
optimization”, is applied in the numerical examples as an optimi-
zation strategy and is furthermore used to study the imperfection
sensitivity of optimal laminates and the interaction between lam-
inate design and shape imperfections. Laminate buckling optimiza-
tion is often claimed to cause an increase in the imperfection
sensitivity, i.e. larger reduction in the buckling load with introduc-
tion of imperfections. This negative side-effect of laminate optimi-
zation was noticed in two out of three of the examples studied
whereas laminate optimization for one example reduced the
imperfection sensitivity. Despite laminate optimization may be a
source of increasing imperfection sensitivity, all numerical exam-
ples studied showed a considerable gain in buckling performance
compared to the initial design even when ‘‘worst” shape imperfec-
tions were considered.

During the numerical studies no or limited interaction between
the laminate design and ‘‘worst” shape imperfections is traced,
thus it may not be necessary to utilize a nested optimization ap-
proach where ‘‘worst” imperfections and laminate design are opti-
mized simultaneously.

For real-life design purposes the method is essential and espe-
cially in cases where the shape and locations of imperfections are
unknown. The method can give useful information about imperfec-
tion critical areas which e.g. requires special attention in the man-
ufacturing process. Though, realistic predictions of the collapse
load with this method can only be gained with knowledge about
the real typical geometric imperfections in terms of size and shape
in order to carefully choose representative base shapes and con-
straints for the imperfection amplitude.
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Fig. 21. Load displacement curves for different imperfection amplitudes with
bifurcation mode 1 imperfection. The 1st bifurcation load factor is also plotted for
the sake of comparison.
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Fig. 22. Optimization history for recurrence optimization 1 and 2.

Table 5
Optimum layup from recurrence optimization 1 and 2 of the orthotropic cylinder.

Layup definition

RecurOpt1 (88.4�, �81.2�, �19.4�, 40.8�, �1.4�, 106.2�, �86.3�, 88.8�)
RecurOpt2 (69.7�, �65.8�, �7.7�, 17.1�, 3.7�, 1.3�, 93.1�, �91.0�)
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a b s t r a c t

A unified approach to nonlinear buckling fiber angle optimization of laminated composite shell structures
is presented. The method includes loss of stability due to bifurcation and limiting behaviour. The optimi-
zation formulation is formulated as a mathematical programming problem and solved using gradient-
based techniques. Buckling of a well-known cylindrical shell benchmark problem is studied and the solu-
tions found in literature are proved to be incorrect. The nonlinear buckling optimization formulation is
benchmarked against the traditional linear buckling optimization formulation through several numerical
optimization cases of a composite cylindrical shell panel which clearly illustrates the advantage and
potential of the presented approach.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The use of fibre-reinforced polymers has gained an ever-
increasing popularity due to their superior mechanical properties.
Designing structures made out of composite material represents a
challenging task, since both thicknesses, number of plies in the
laminate and their relative orientation must be selected. The best
use of the capabilities of the material can only be gained through
a careful selection of the layup. This work focuses on optimal de-
sign of laminated composite shell structures i.e. the optimal fiber
orientations within the laminate which is a complicated problem.
One of the most significant advances of optimal design of laminate
composites is the ability of tailoring the material to meet particular
structural requirements with little waste of material capability.
Perfect tailoring of a composite material yields only the stiffness
and strength required in each direction. A survey of optimal design
of laminated plates and shells can be found in [1].

Stability is one of the most important objectives/constraints in
structural optimization and this also holds for many laminated
composite structures, e.g., a wind turbine blade. Traditionally,
stability is regarded as the linear buckling load, but for structures
exhibiting a nonlinear response when loaded, and especially for
shell like structures, the traditional approach can lead to unreliable
predictions of the buckling load. In the case where nonlinear
effects cannot be ignored nonlinear path tracing analysis is neces-
sary. For limit point instability, several standard finite element
procedures allow the nonlinear equilibrium path to be traced until

a point just before the limit point. The traditional Newton like
methods will probably fail in the vicinity of the limit point and
the post-critical path cannot be traced. More sophisticated
techniques, as the arc-length methods suggested by [2] and subse-
quently modified by [3] and [4] are among some of the techniques
available today for path tracing analysis in the post-buckling
regime. Despite such sophisticated techniques exist, buckling
analysis of shell like structures is today still a difficult task which
consequently makes it difficult to optimize shell structure w.r.t.
stability.

For many years a common shell buckling problem, first intro-
duced by [5] and later appeared in numerous journal articles, has
been a classical example for describing buckling behaviour of
cylindrical shell panels. The example has been used as a bench-
mark to investigate advances in numerical finite elements methods
for handling load and/or deflection reversals in nonlinear buckling
problems. Furthermore, it is used to demonstrate the capability of
finite element procedures to traverse such complicated load paths.

Lately, [6,7] noticed that the solution by [5] and re-produced by
many other authors through several decades was incorrect. The
incorrect solution only involves symmetric deformation modes
and makes the assumption that limit point buckling occurs. [6,7]
discovered through numerical studies and related experiments
that the former symmetric solution is incorrect and the existence
of bifurcation and asymmetric buckling mode at a lower load level.
Furthermore, [6,7] concludes that the bifurcation point is stable
which means that the structure is able to carry more load after
bifurcation until, according to [6,7], a load limit point instability
is encountered. The results by [6,7] is also included and discussed
in the book by [8]. Their conclusion about stability of the
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bifurcation point turns out to be incorrect, i.e. the bifurcation point
is not stable but unstable, which demonstrates that buckling anal-
ysis of relatively simple structures still represent a challenging
task. The entire solution of the buckling benchmark problem is
shown in Section 4 where new features of the buckling problem
are revealed.

Research on the subject of structural optimization of composite
structures considering stability has been reported by many inves-
tigators. The first work to appear concerned simple composite
laminated plates and circular cylindrical shells where stability
was determined by solution of buckling differential equations,
see [9–18]. Later, buckling optimization of composite structures
was considered in a finite element framework where the buckling
load was determined by the solution to the linearized discretized
matrix eigenvalue problem at an initial prebuckling point. Optimi-
zation of laminated composite plates has been studied by [19–23],
while others considered more complex composite structures as
curved shell panels and circular cylindrical shells, see [24–29].
Applications of optimization methods to stability analysis includ-
ing nonlinear prebuckling effects have been very limited. To the
best knowledge of the authors only the papers by [30–32] report
on nonlinear gradient based buckling optimization of composite
laminated plates and shells where buckling is considered in terms
of the limit load of the structure. Thus there is a lack of optimiza-
tion procedures that handles bifurcation instability including non-
linear prebuckling effects but also optimization procedures that
simultaneously handles bifurcation and limit point instability.
Despite bifurcation points, if unstable, in many cases may be trans-
formed into limit points by introducing imperfections into the sys-
tem, see e.g. [33–35], whereby only limit points may be concerned
in the optimization formulation in order to optimize the buckling
load, a general optimization formulation that handles both types
of instability may prove to be important. In cases of stable bifurca-
tion points the method of introducing imperfections will not work
since the stability point simply vanish, i.e. the bifurcation point is
not converted into a limit point but vanish and the load response
keeps rising stably. Also in cases of unstable bifurcation points
the method of introducing imperfections may not be without diffi-
culties since a proper choice of imperfections can be difficult. The
latter is shown in Section 4. Furthermore, the type of stability
may also change during buckling optimization, i.e. from one opti-
mization iteration to another the stability type may change from
e.g., a bifurcation point to a limit point. An optimization formula-
tion that operates on the initial structure without imperfections
and handles a general type of stability is needed.

This paper presents an integrated and reliable method for doing
optimization of composite structures w.r.t. a general type stability,
i.e. bifurcation instability and limit point instability, depending on
what to appear first on the equilibrium path. Features for detecting
bifurcation points and limit points during nonlinear path tracing
analysis is developed. The nonlinear buckling formulation de-
scribed in [31] is utilized, i.e. optimization w.r.t. stability is accom-
plished by including the nonlinear response by a path tracing
analysis, after the arc-length method, in the optimization formula-
tion, using the Total Lagrangian formulation. The nonlinear path
tracing analysis is stopped when a stability point is encountered
and the critical load is approximated at a precritical load step
according to the ‘‘one-point’’ approach, i.e. the stiffness informa-
tion is extrapolated from one precritical equilibrium point until a
singular tangent stiffness is obtained. Design sensitivities of the
critical load factor are obtained semi-analytically by the direct dif-
ferentiation approach on the approximate eigenvalue problem de-
scribed by discretized finite element matrix equations. A number
of the lowest buckling load factors are considered in the optimiza-
tion formulation in order to avoid problems related to ‘‘mode
switching’’. The proposed method is benchmarked against a formu-

lation based on linear buckling analysis on a shell buckling prob-
lem and helps to clarify the importance of including nonlinear
prebuckling effects in structural design optimization w.r.t.
stability.

In this work only Continuous Fiber Angle Optimization (CFAO)
is considered, thus fiber orientations in laminate layers with pres-
elected thickness and material are chosen as design variables in the
laminate optimization. Despite fiber angle optimization is known
to be associated with a non-convex design space with many
local minima it has been applied since the laminate parametriza-
tion has not been the focus in this work, i.e. the presented
method in this paper is generic and can easily be used with other
parametrizations.

The proposed procedure regarding nonlinear buckling analysis
is described in Section 2 together with detection features applied
for discovering stability points during geometrically nonlinear
analysis. Derivations of design sensitivities, using the direct ap-
proach, of the nonlinear buckling load are presented along with
the general type nonlinear buckling optimization formulation in
Section 3. The benchmark shell buckling problem is treated in
Section 4 where it is shown that the solutions found in literature
still are not correct and new features of the problem are revealed.
Buckling optimization of a composite laminated curved shell panel
is considered in Section 5. Conclusions are outlined in Section 6.

2. Nonlinear buckling analysis of composite structures

The finite element method is used for determining the nonlin-
ear buckling load factor of the laminated composite structure, thus
the derivations are given in a finite element context.

A laminated composite is typically composed of multiple mate-
rials and multiple layers, and the shell structures can in general be
curved or doubly-curved. The materials used in this work are fiber
reinforced polymers, e.g. Glass or Carbon Fiber Reinforced Poly-
mers (GFRP/CFRP), oriented at a given angle hk for the kth layer.
All materials are assumed to behave linearly elastic and the struc-
tural behaviour of the laminate is described using an equivalent
single layer theory where the layers are assumed to be perfectly
bonded together such that displacements and strains will be con-
tinuous across the thickness.

Fundamental equilibrium path
Unstable bifurcation path
Load limit point
Precritical point
Unstable bifurcation point
Precritical point

Displacement

L
oa
d

Fig. 1. Detection of stability point in step 2 and chosen precritical equilibrium point
for the nonlinear buckling problem in case of unstable bifurcation and limit point
instability.
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The solid shell elements used are derived using a continuum
mechanics approach so the laminate is modelled with a geometric
thickness in three-dimensions, see [36]. The element used is an
eight node isoparametric element where shear locking and trape-
zoidal locking is avoided by using the concepts of assumed natural
strains for respectively out of plane shear interpolation, see [37],
and through the thickness interpolation, see [38]. Membrane and
thickness locking is avoided by using the concepts of enhanced as-
sumed strain for the interpolation of the membrane and thickness
strains respectively, see [39].

2.1. Nonlinear buckling analysis

Structural stability/buckling is estimated in terms of geometri-
cally nonlinear analyses and applies for both bifurcation and limit
point instability, depending on what to appear on the equilibrium
path. The proposed procedure for nonlinear buckling analysis is
schematically shown in Fig. 1 and consists of the steps stated in
Algorithm 1. During a geometrically nonlinear analysis the funda-
mental stability point is detected if it exists. Two stability situa-
tions are depicted in Fig. 1, an unstable bifurcation point and a
load limit point. In both cases the stability point is detected by
the procedures described in Section 2.2.

Algorithm 1: Pseudo code for the nonlinear buckling analysis

1: Geometrically nonlinear (GNL) analysis by arc-length
method

2: Monitor and detect stability point during GNL analysis
3: Re-set all state variables to configuration at load step just

before stability point – a precritical point
4: Perform eigenbuckling analysis on deformed configuration

at load step before stability point

Let us consider geometrically nonlinear behaviour of structures
made of linear elastic materials. We adopt the Total Lagrangian
approach, i.e. displacements refer to the initial configuration, for
the description of geometric nonlinearity. An incremental formu-
lation is more suitable for nonlinear problems and it is assumed
that the equilibrium at load step n is known and it is desired at
load step n + 1. Furthermore, it is assumed that the current load
is independent on deformation. The incremental equilibrium
equation in the Total Lagrangian formulation is written as (see
e.g. [40,41])

KTðDn; cnÞ dD ¼ Rnþ1 � Fn; ð1Þ
where KTðDn; cnÞ ¼ K0 þ KLðDn; cnÞ þ KrðDn; cnÞ ð2Þ

i:e: Kn
T ¼ K0 þ Kn

L þ Kn
r: ð3Þ

Here dD is the incremental global displacement vector, Fn global
internal force vector, and Rn+1 global applied load vector. The global
tangent stiffness KT

n consists of the global initial stiffness K0, the
global stress stiffness Kn

r, and the global displacement stiffness
KL

n. The applied load vector Rn is controlled by the stage control
parameter (load factor) cn according to an applied reference load
vector R

Rn ¼ cnR: ð4Þ

The incremental equilibrium Eq. (1) is solved by the spherical arc-
length method after [4,42].

During the nonlinear path tracing analysis we can at some con-
verged load step estimate an upcoming critical point, i.e. bifurca-
tion or limit point, by utilizing tangent information. At a critical
point the tangent operator is singular

KTðDc; ccÞ/j ¼ 0; ð5Þ
where the superscript c denotes the critical point and /j the buck-
ling mode. To avoid a direct singularity check of the tangent stiff-
ness, it is easier to utilize tangent information at some converged
load step n and extrapolate it to the critical point. The one-point ap-
proach only utilizes information at the current step and extrapo-
lates by only one point. The stress stiffness part of the tangent
stiffness at the critical point is approximated by extrapolating the
nonlinear stress stiffness from the current configuration as a linear
function of the load factor c.

KrðDc; ccÞ � kKrðDn; cnÞ ¼ kKn
r: ð6Þ

It is assumed that the part of the tangent stiffness consisting of KL
n

and K0 does not change with additional loading, which holds if the
additional displacements are small. The tangent stiffness at the crit-
ical point is approximated as:

KTðDc; ccÞ � K0 þ Kn
L þ kKn

r ð7Þ

and by inserting into (5) we obtain a generalized eigenvalue
problem

K0 þ Kn
L

� �
/j ¼ �kjK

n
r/j; ð8Þ

where the eigenvalues are assumed ordered by magnitude such
that k1 is the lowest eigenvalue and /1 the corresponding eigenvec-
tor. The solution to (8) yields the estimate for the critical load factor
at load step n as:

ccj ¼ kjcn: ð9Þ
If k1 < 1 the first critical point has been passed and in contrary k1 > 1
the critical point is upcoming. The one-point procedure works well
for both bifurcation and limit points. The closer the current load
step gets to the critical point, the better the approximation
becomes, and it converges to the exact result in the limit of the crit-
ical load.

In general, for engineering shell structures, the eigenvalue
problem in (8) can be difficult to solve, due to the size of the
matrices involved and large gaps between the distinct eigenvalues.
For efficient and robust solutions, (8) is solved by a subspace meth-
od with automatic shifting strategy, Gram–Schmidt orthogonaliza-
tion, and the sub-problem is solved by the Jacobi iterations
method, see [43].

Traditional linear buckling analysis may be considered as a sim-
plified version of the more general nonlinear buckling problem in
(8). In linear buckling analysis the structure is assumed to be per-
fect with no geometric imperfections, stresses are proportional to
the loads, displacements at the stability point are small, and the
load to be independent of the displacements. Based on these
assumptions on linearity the stress stiffening effects due to
mechanical loading can be evaluated in terms of the displacements
determined by a linear static analysis and a simplified version of
the generalized eigenvalue problem in (8) can be established
where the displacement stiffness of the system is neglected.

2.2. Detection of critical points

To obtain a good approximation of the critical load by nonlinear
buckling analysis the precritical point used for the approximation
have to be located in the neighbourhood of the critical load. In or-
der to choose a good precritical point it is therefore necessary to
detect stability points during the geometrically nonlinear analysis.
Limit points are easily detected by monitoring the load factor in
the GNL analysis, as stated in Algorithm 2. When the load factor
from two successive load steps decreases the previous converged
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load factor is defined as the limit load, i.e. cn�1 � cclim, and the pre-
critical point for the nonlinear buckling analysis is then cn�2.

Algorithm 2: Pseudo code for limit point detection during
GNL analysis

1: if cn < cn�1then
2: Define: cn�1 � cclim
3: end if

Bifurcation points are harder to detect than limit points. Here
nonlinear buckling analysis according to (8) is performed at pre-
critical stages during the geometrically nonlinear analysis as a sin-
gularity check on the tangent stiffness. When the critical load
factor determined by the nonlinear buckling analysis is less than
the current load factor, i.e. k1 < 1.0, a critical point has been passed.
If the point is not defined as a limit point by the procedure in
Algorithm 2 and the fundamental eigenvalue from solving the non-
linear buckling problem from two successive load steps is less than
one, the stability point is defined as a bifurcation point. The proce-
dure applied in this study for detecting bifurcation points is stated
in Algorithm 3.

Algorithm 3: Pseudo code for bifurcation point detection
during GNL analysis

1: if n = 1 or cn P 0:9�nAppcc1 or n � nAppP nAppMax then
2: Set: nApp = n
3: Compute: ðK0 þ Kn

LÞ/j ¼ �knj K
n
r/j

4: Compute: nAppcc1 ¼ kn1cn

5: if kn1 < 1:0 and kn�1
1 < 1:0 then

6: Define: cn�2 � ccbif
7: end if
8: end if

A nonlinear buckling analysis is always performed for the first
converged equilibrium point. In order not to perform nonlinear
buckling analysis for every converged equilibrium point during
the GNL analysis some restrictions have been added, see Algorithm
3. A nonlinear buckling analysis is performed if the current load
factor cn is larger or equal to 90% of the value of the critical load
factor nAppcc1 determined at the previous approximation load step,
nApp, according to the one-point approach. Furthermore, a nonlin-
ear buckling analysis is performed if the number of load steps since
the previous nonlinear buckling analysis exceeds nAppMax. If the
fundamental eigenvalue from the nonlinear buckling problem from
two successive load steps is less then one, the previous converged
load factor associated with a fundamental eigenvalue larger than
one is defined as the bifurcation load, i.e. cn�2 � ccbif , and the pre-
critical point for the nonlinear buckling analysis becomes cn�3.

With the implemented detection features there is a possibility
of a special situation. If the arc-length solver during geometrically
nonlinear analysis automatically branches to an unstable bifur-
cated solution, the critical point will be detected as a limit point
and not as a bifurcation point. This will however not influence
upon the nonlinear buckling optimization procedure and thus the
optimization result since the same equations for nonlinear buck-
ling analysis and design sensitivity analysis apply for limit points
and bifurcation points. During the numerical studies such a special
situation did not occur.

2.3. Re-initialization of arc-length solver

For effective solution of the nonlinear buckling problem, i.e.
geometrically nonlinear analysis, detection of stability points,

and nonlinear eigenbuckling analysis, a re-initialization feature
has been incorporated into the arc-length solver such that large
load steps may be applied for the first part of the equilibrium path
and reduced in the area of an upcoming stability point. Thus, a bet-
ter resolution of the equilibrium path is obtained in the area of
interest and a better precritical equilibrium point may be detected.
The procedure is stated in Algorithm 4.

Algorithm 4: Pseudo code for re-initialization of arc-length

1: if cn P 0:9�Oprevcc1 then
2: Reset arc-length with or without adaptivity
3: end if

Oprevcc1 is the fundamental buckling load factor from the previous
optimization iteration. The arc-length in the arc-length solver can
either be set statically having the same value at all load steps or
adaptively modified depending on the number of sub-iterations re-
quired for each load step. This adaptivity may be turned on or off
during the re-initialization of the arc-length in the arc-length solver.

3. Design sensitivity analysis and optimization of the nonlinear
buckling problem

To accomplish gradient-based optimization of the nonlinear
buckling load factors, the nonlinear buckling load factor sensitivi-
ties must be derived. Only simple eigenvalues of conservative load
systems are considered, but sensitivities of multiple eigenvalues
can be computed using the approach described in, e.g., [44].

3.1. Design sensitivity analysis of simple eigenvalues

The eigenvalue problem in (8) is a generalized eigenvalue prob-
lem of the form:

K/j ¼ kjM/j; j ¼ 1;2; . . . ; J: ð10Þ
It is assumed that the eigenvectors are M-orthonormalized, i.e.
/T

j M/j ¼ 1. This means that /T
j ð�Kn

rÞ/j ¼ 1. In order to obtain the
eigenvalue sensitivities, (8) is differentiated with respect to any de-
sign variable, ai, i = 1, . . . , I, assuming that kj is simple.

dkj
dai

�Kn
r

� �
/j ¼

dK0

dai
þ dKn

L

dai
� kj

d �Kn
r

� �
dai

� �
/j

þ K0 þ Kn
L � kj �Kn

r

� �� �d/j

dai
: ð11Þ

By pre-multiplication of /T
j , make use of the M-orthonormality of

the eigenvectors, the governing Eq. (8), and noting that the system
matrices are symmetric we obtain the eigenvalue sensitivities as:

dkj
dai

¼ /T
j

dK0

dai
þ dKn

L

dai
þ kj

dKn
r

dai

� �
/j: ð12Þ

In order to determine the eigenvalue sensitivity dkj
dai

for any of the de-
sign variables ai, i = 1, . . . , I, the derivative of the element initial stiff-
ness matrix, element displacement stiffness matrix, and the element
stress stiffness matrix have to be derived, respectively. These deriv-
atives are calculated semi-analytically utilizing central difference
approximations on element level and assembled to global matrix
derivatives. This approach has been chosen as it is computationally
efficient, easier to implement than analytical sensitivities and in
case of fiber angle design variables there are no accuracy problems.

dk0

dai
� k0ðai þ DaiÞ � k0ðai � DaiÞ

2Dai
; ð13Þ

dK0

dai
¼

XNas
e

n¼1

dk0

dai
; i ¼ 1; . . . ; I; ð14Þ
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k0 is the element stiffness matrix, Dai is the design perturbation,
and Nas

e is the number of elements in the finite element model asso-
ciated to the design variable ai.

Both the stress stiffness matrix and the displacement stiff-
ness matrix are implicit functions of the displacements, i.e.
Kn
r ¼ KrðDnðaÞ; aÞandKn

L ¼ KLðDnðaÞ; aÞ, which must be considered.

The design sensitivities of dKn
L

dai
and dKn

r
dai

are evaluated semi-analyti-
cally by central finite difference approximations on the element
level by:

dkn
r

dai
� kn

rðai þ Dai;D
n þ DDnÞ � kn

rðai � Dai;D
n � DDnÞ

2Dai
; ð15Þ

where the displacement increment is DDn � dDn

dai
Dai. Thus, the dis-

placement sensitivity, dD
n

dai
, must be computed. At the converged load

step n, we can write the equilibrium equation as:

Q nðDnðaÞ;aÞ ¼ Fn � Rn ¼ 0; ð16Þ

where Qn(Dn(a),a) is the so-called residual or force unbalance. Tak-
ing the total derivative of this equilibrium equation, with respect to
any of the design variables ai, i = 1, . . . , I, we obtain

dQ n

dai
¼ @Q n

@ai
þ @Q n

@Dn
dDn

dai
¼ 0; ð17Þ

where
@Q n

@Dn ¼ @Fn

@Dn �
@Rn

@Dn ; ð18Þ

and
@Q n

@ai
¼ @Fn

@ai
� @Rn

@ai
: ð19Þ

(18) reduces to the tangent stiffness matrix. Since it was assumed
that the current load is independent on deformation, @Rn

@Dn ¼ 0, we
obtain:

@Fn

@Dn ¼ Kn
T: ð20Þ

By inserting the tangent stiffness and (19) into (17), we obtain the
displacement sensitivities dDn

dai
as:

Kn
T
dDn

dai
¼ @Rn

@ai
� @Fn

@ai
: ð21Þ

For design independent loads, the term @Rn

@ai
¼ 0.

Thus, all terms have been derived for the evaluation of the
eigenvalue sensitivities in (12) and the estimate for the nonlinear
buckling load factor sensitivity at load step n is:

dccj
dai

¼ dkj
dai

cn: ð22Þ

3.2. The mathematical programming problem

The mathematical programming problem for maximizing the
lowest critical load is a max–min problem. The direct formulation
formulation of the optimization problem can give problems related
to differentiability and fluctuations during the optimization pro-
cess since the eigenvalues can change position, i.e. the second low-
est eigenvalue can become the lowest. An elegant solution to this
problem is to make use of the so-called bound formulation, see
[45,46], and [47]. A new artificial variable b is introduced and a
new artificial objective function b is chosen. An equivalent problem
is formulated, where the previous non-differentiable objective
function is transformed into a set of constraints. The optimization
formulation in the case of laminate optimization, for a max–min
problem with the use of the bound approach, is formulated as
follows:

Objective : max
x;b

b

Subject to : ccj P b; j ¼ 1; . . . ;Nk;

K0 þ Kn
L þ knj K

n
r

� �
/n

j ¼ 0;

ccj ¼ knj cn;
xi 6 xi 6 xi; i ¼ 1; . . . ; I;

where xi denote the laminate design variables in terms of fiber
angles.

The mathematical programming problem is solved by the Meth-
od of Moving Asymptotes (MMA) by [48]. The closed loop of anal-
ysis, design sensitivity analysis and optimization is repeated until
convergence in the design variables or until the maximum number
of allowable iterations has been reached.

4. The cylindrical shell benchmark problem and solutions

The cylindrical shell panel example was first introduced by [5]
and later appeared in numerous journal articles. The example has
been used as a benchmark to investigate advances in numerical fi-
nite elements methods for handling load and/or deflection rever-
sals in nonlinear buckling problems. Furthermore, it is used to
demonstrate the capability of finite element procedures to traverse
such complicated load paths.

Lately, [6,7] noticed that the solution by [5] and re-produced by
many other authors through several decades is incorrect. The
incorrect solution only involves symmetric deformation modes
and makes the assumption that limit point buckling occurs. [6,7]
discovered through numerical studies and related experiments
that the former symmetric solution is incorrect and the existence
of bifurcation and asymmetric buckling mode at a lower load level.
Furthermore, [6,7] concludes that the bifurcation point is stable
which means that the structure is able to carry more load after
bifurcation until, according to [6,7], a load limit point instability
is encountered. The results by [6,7] is also included and discussed
in the book by [8]. Their conclusion about the stability of the bifur-
cation point turns out to be incorrect, i.e. the bifurcation point is
not stable but unstable.

Both the incorrect symmetric and the correct asymmetric solu-
tion to the benchmark example are presented in order to clarify the
complicated behaviour that may be encountered in shell buckling
for even an immediate simple well-known example. The compli-
cated buckling behaviour for the numerical example will therefore
pinpoint some of the challenges in optimizing geometrically non-
linear structures with respect to a general type of stability. Further-
more, the stability of the bifurcation point from the asymmetric
solution is analysed and the results from [6,7] is disproved by
numerical results from simulations based on an in-house FE and
optimization code called the MUltidisciplinary Synthesis Tool
(MUST [49]) and the commercial FE program ANSYS [50].

The benchmark problem is an isotropic thin circular cylindrical
shell panel of square planform, transversely point loaded, undergo-
ing large deformations including buckling and post-buckling.
Material and geometric properties for the benchmark problem
are given in Fig. 2.

The panel is supported by its two straight axial edges having a
pinned fixture that cannot move, i.e. hinged. The panel is free on
the curved circumferential edges. The hinged constraint is repre-
sented in the model by multi point constraints between the top
and bottom edge nodes, i.e. the mid-surface of the axial edges is re-
strained in displacements and rotations in u, v, w, Rx, Ry but free to
rotate about the z-axis (Rz). In the analysis, the shell is transversely
point-loaded at the center of the shell panel, which is applied by
two point loads in the negative y-direction, at the top and bottom
node in the centre of the panel. Symmetry considerations have
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deliberately not been enforced since a full model is required to
fully investigate bifurcation buckling. The model consists of 400
equivalent single layer solid shell finite elements which through
mesh convergence studies have been determined sufficient for
adequately capturing the load–deflection and mode evolutions
for the benchmark problem.

4.1. Symmetric solution

The load versus center deflection response from a geometrically
nonlinear analysis upon the original perfect system is presented in
Fig. 3 together with the original solution by [5] and the symmetric
solution in [6,7]. The solutions are in almost perfect agreement.

Both load and deflection are taken positive in the loading direc-
tion. The stability limit is characterized by a load limit point at a
load limit of RLP � 588N. A path tracing algorithm is needed for this
solution as both load- and deflection reversals occur. Snap-through

would occur at the load limit point in load control, and snap-down
at the deflection limit point in deflection control. The path tracing
algorithm called the arc-length method after [4] is applied in this
work.

Spanwise mode shapes along the shell centerline obtained by
MUST are presented in Fig. 4 for several values of center deflection,
wc. Line markers on this deformation plot are the bottommesh grid
points of the shell.

The spanwise mode shapes are symmetric about the centerline
and loading point. After reaching the deflection limit point at
wc � 16.9 mm a snap-back occurs where both load and center

Fig. 2. Geometry, loads, boundary conditions, and material properties for the cylindrical shell example. The hinged support is related to the mid surface of the shell, which is
realized by multi point constraints between the top and bottom edge nodes of the solid shell finite elements. The shell is loaded by two point loads in the negative y-direction,
at the top and bottom node in the centre of the shell. The top node in the centre of the panel is constrained against displacements in the x- and z-direction. All dimensions
refer to the mid surface, where the thickness is denoted by t. The shell centerline is also marked on the figure and is represented by the bottom mesh grid points.
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Fig. 3. Load–deflection response solutions of the perfect symmetric system.
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obtained by FEA on the perfect symmetric system.
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deflection decrease simultaneously. At larger values of center
deflection, the shell is fully inverted (concave, rather than the con-
vex undeformed shape) and begins to act like a stretched mem-
brane. This is also evident on the load–deflection behaviour in
Fig. 3 where slight nonlinear stiffening is observed for center
deflections larger than wc � 22 mm.

4.2. Asymmetric solution

The symmetric solution of the problem makes the assumption
that limit point buckling will occur and does not consider bifurca-
tion and associated asymmetric buckling mode. Most analyses
make this implicit assumption by symmetry considerations with
respect to geometry, loading and response by which only 1/4 of
the shell is modelled. [6,7] noticed that the symmetric solution
was incorrect and that there exists a asymmetric solution in terms
of bifurcation at a lower load than the load limit point for the sym-
metric solution.

Four different techniques are applied in this study in order to
determine the bifurcation point and the associated bifurcated path.
The precisions of the different techniques are compared individu-
ally and to the asymmetric solution by [6,7]. The four techniques
applied to obtain the asymmetric solution are classified as:

1. Linear buckling analysis
2. GNL analysis of imperfect system
3. Nonlinear buckling analysis at deformed configurations on per-

fect system
4. GNL analysis by arc-length method of perfect system with small

step size

In engineering applications linear buckling analysis is often
used as a generalized stability predictor for shell structures, see
e.g. [51]. Within linear buckling analysis the structure is assumed
to behave linearly up until the buckling point neglecting all types
of nonlinearity. For some cases, despite whether the critical point
is a bifurcation or limit point, the classical theory yields a satisfac-
tory prediction of the buckling load while it in other cases gives re-
sults of little or no value. Typically, linear buckling analysis gives
poor predictions of limit point instability since that type of insta-
bility inherently is nonlinear. Since the structures analyzed with
linear buckling analysis are perfect with no imperfections of any
kind together with the assumptions involved in the theory, the
prediction will typically be an upper limit for the real collapse load,
and the method is therefore in literature often stated as non-con-
servative in an engineering context, see e.g. [52].

The buckling load estimated by linear buckling analysis is
RLB = 674N and the associated buckling mode is shown in Fig. 5.

The buckling mode from linear buckling analysis is asymmetric
and corresponds to bifurcation buckling. Comparing this buckling
load, RLB = 674N, with the limit point buckling load of the symmet-
ric system, RLP � 588N, it seems that bifurcation buckling will not
occur prior to the load limit point. In order to precisely verify that
bifurcation does not occur the second technique is applied. A
slightly distorted/imperfect system is analysed in order to investi-
gate whether a secondary equilibrium path exist. This may be
accomplished by introducing geometric imperfections in the shell
geometry in the form of the first linear buckling mode with a spec-
ified amplitude. The amplitude is defined as the largest transla-

tional component of the first linear buckling mode relative to the
thickness of the shell. Geometrically nonlinear analysis of the
imperfect system may reveal whether bifurcation occurs onto a
secondary bifurcated equilibrium path. Equilibrium paths of
imperfect systems with different relative imperfection size in rela-
tion to the thickness of the shell are shown in Fig. 6. All equilibrium
paths from the imperfect systems follow a different path than the
one from the perfect system, thus a bifurcation branch exist.

From the solutions of the imperfect systems the problem of
choosing appropriate imperfections and size for analyzing bifurca-
tion points is apparent. The imperfection size has to be lower thanFig. 5. 1st buckling mode shape obtained by linear buckling analysis.
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approximately 1% in order not to change the problem and thereby
the solution. Thus the imperfection amplitude has to be large en-
ough to induce bifurcation but also small enough not to change
the problem. At approximately 516N, the shell bifurcates onto a
secondary branch associated with a dominant asymmetric mode,
see Fig. 7.

Bifurcation occurs about 12% below the load limit point for the
symmetric solution, thus this is the preferred lower energy path.
The two reliable imperfect equilibrium paths (0.1% & 1% Imperfect
Geo.) show a limit point in the region of the bifurcation point and
do not exhibit a deflection limit point but rejoins the equilibrium
path with the symmetric response at large values of center deflec-
tion. In this region the response is dominated by membrane
stretching with symmetric modes, see Fig. 7. [6,7] obtained an al-
most identical solution by inducing imperfections by the so-called
asymmetric meshing technique (AMT) and subsequent geometri-
cally nonlinear analysis, see Fig. 6.

In order to determine the bifurcation load more precisely the
third technique is applied. The equilibrium path is traced by New-
ton’s method with a fixed load step size of 1%. At each converged
iteration a nonlinear buckling analysis, see Section 2, is performed
on the current deformed configuration as a singularity check on the
tangent stiffness. From this technique the bifurcation point is
determined to be between 504 and 528N. The bifurcation point is
marked on Fig. 6 as 516N.

Applying the fourth technique the bifurcated path is deter-
mined by geometrically nonlinear analysis of the perfect system,
i.e. without introducing any imperfections. The equilibrium path
is traced by the arc-length method and at a load step close the
bifurcation point the arc-length, controlling the step size in the
arc-length method, is reduced dramatically and the step size adap-
tivity is removed. With such a small step size it is possible to trace
the branching from the fundamental to the secondary bifurcated
path as shown in Fig. 8.

By the solution in MUST the entire equilibrium paths are ob-
tained by a single arc-length solution with very small arc-length
step size. Initially, the fundamental path is traced up until the
bifurcation point whereby the secondary path is traced. At the sec-
ond bifurcation point the analysis returns to the fundamental path

which is traced towards the lower load limit point and through the
upper load limit point. At the first bifurcation point the analysis
again returns to the secondary path. Reaching the second bifurca-
tion point the analysis traces the remaining part of the fundamen-
tal equilibrium path.

The bifurcation point is accurately determined at a load level of
526N and it is quite clear that the bifurcation point is unstable, i.e.
in load control the structure will at the bifurcation point experi-
ence a dynamic snap-through onto a stable configuration which
is located on the fundamental equilibrium path, see Fig. 9. Due to
the many iterations needed by this procedure, more than 25,000
iterations for this example, this numerical procedure is not suited
for real life problems. Furthermore, the location of the bifurcation
point should be known a priori in order to activate the small step
size and be chosen sufficiently small in order to branch to the sec-
ondary path. Otherwise a small arc-length step size has to be used
also for the initial part of the fundamental equilibrium path which
results in additional numerical cost.

This result has been verified by a similar model in ANSYS where
9-noded shell elements (Shell91) have been applied to model the
cylindrical shell example. The bifurcated path is by ANSYS also ob-
tained by geometrically nonlinear analysis by the arc-length meth-
od with a very small arc-length step size. The results from the shell
model in ANSYS and the results from the solid shell model in MUST
are in good agreement, see Figs. 8 and 9.

These results disprove the results published in [6,7] and in [8] in
which it is concluded that the bifurcation point is stable. [6,7] and
[8] conclude that the bifurcation point is stable, i.e. bifurcated path
is stable and that the structure is able to accept more load until a
load limit point on the bifurcated path is reached. This is not
correct but probably just a wrong interpretation of the numerical
results. The asymmetric solution in [6,7] is obtained by geometri-
cally nonlinear analysis of an imperfect system. It is correct that
the stability limit of the equilibrium path for the imperfect system
is characterized by a limit point but the bifurcation point for
the imperfect system is non-existing. The bifurcation point of
the perfect system is merely transformed into a limit point for
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Fig. 8. Load–deflection curves of the perfect symmetric system for both the
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the imperfect structure. This statement may also be verified by
comparing the limit point load 523.4N for the imperfect system
with the accurately determined bifurcation load 526N of the per-
fect system. Thus the bifurcation point is unstable and not stable
as stated in [6–8].

In Fig. 10, a three-dimensional plot of the equilibrium paths are
given. The central point load factor is plotted against the vertical
central point deflection, wc, and the central point rotation about
the z-axis, Rz,c, respectively. The central point rotation is calculated
by the deflections of a couple of neighbouring nodes. The rotation
is a measure for non-symmetric bifurcation mode shape evolutions
during loading.

In the load–deflection plane there is the already discussed lim-
iting behaviour on the fundamental equilibrium path given by the
load limit point, but before the corresponding instability with re-
spect to wc is encountered a bifurcation of equilibrium into the
asymmetric bifurcation mode at the point marked on the figure
takes place.

Initially the shell deflects symmetrically with wc increasing
nonlinearly with loading, c, and rotation Rz,c equal to zero. An
unstable symmetric point of bifurcation is reached at the marked
point and the shell will snap dynamically through non-symmetric
states typified by Rz,c – 0 to a stable configuration on the funda-
mental equilibrium path. From projections of the equilibrium
paths in the load-rotation plane it may be observed that non-sym-
metric mode shape evolutions grow and decrease quickly near the
first and second point of bifurcation. In the load–deflection plane
the two bifurcated paths coincide and correspond to Fig. 8 and
the bifurcated paths do not exhibit a deflection limit point, i.e.
the bifurcated paths are stable in defection control.

5. Nonlinear buckling optimization of composite cylindrical
shell

A composite cylindrical shell example studied both numerically
and experimentally by [53,54] is considered for fiber angle optimi-
zation w.r.t. a general type of stability. Material and geometric
properties for the benchmark problem are given in Fig. 11. The ini-
tial shell laminate consists of a graphite-epoxy (AS/3501-6) [±45�/

0�]s layup with an equal ply thickness of 0.134 mm. Loading and
boundary conditions are identical to the shell problem discussed
previously. Symmetry considerations have deliberately not been
enforced since a full model is required to fully investigate bifurca-
tion buckling. The model again consists of 400 equivalent single
layer solid shell finite elements which through mesh convergence
studies have been determined sufficient for adequately capturing
the buckling behaviour of the problem.

Various solutions to the initial design of the composite shell
example are given in Fig. 12. The nonlinear equilibrium problem
features both a limit point and a bifurcation point on the funda-
mental equilibrium path. The bifurcation point is reached prior
to the limit point, thus this is the preferred lower energy path.
The fundamental path may be obtained by path following tech-
niques upon the perfect system, whereas the bifurcated path
may be obtained by path following techniques upon an imperfect
structure. Imperfections are applied as described in Section 4. For
the imperfect system, the bifurcation point is transformed into a
limit point since bifurcation is unstable. The bifurcation point
may also be determined directly for the perfect system by using
other techniques, e.g. by those described in Section 4. The geomet-
rically nonlinear solution of the perfect system is denoted the
symmetric solution, whereas the solution which involves the bifur-
cated equilibrium path is denoted the asymmetric solution.

The equilibrium paths obtained by the in-house analysis and
optimization code MUST are in perfect agreement with a similar
shell finite element model in ANSYS and numerical solutions from
[54,6,7]. Linear buckling analysis yields a good prediction of the
bifurcation load factor but a poor prediction of the displacements
at bifurcation.

During optimization of the cylindrical composite shell several
interesting things might take place. Considering the equilibrium
paths in Fig. 12, optimization of the lowest stability load may push
the bifurcation load towards the limit point and maybe even above
it and as a consequence cause the bifurcation point to vanish.
Furthermore, iterative design changes during optimization may
also introduce some kind of non-symmetry into the structure in
the same manner as geometric imperfections which changes the
bifurcation point on the fundamental path to a limit point on
the equilibrium path of the ‘‘imperfect’’ system. All these issues

Fig. 10. Equilibrium paths of the cylindrical shell in a three-dimensional representation.
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are taken care of in the general type nonlinear buckling optimiza-
tion formulation presented in Sections 2 and 3 and demonstrated
by the following optimization cases.

5.1. Case #1 – Laminate fiber angle optimization

The composite laminate shell is optimized with respect to a
general type stability load, i.e. depending on the first stability point
to appear on the fundamental equilibrium path, bifurcation point
or limit point, that point is considered for optimization. The bound
formulation is applied considering the lowest four buckling load
factors in order to avoid problems related to mode switching, i.e.
if e.g. the bifurcation point in Fig. 12 is pushed towards the load
limit point. Fiber angles in the laminate layup definition are chosen
as design variables and may vary continuously. This gives a total of
6 fiber angle design variables.

The starting point for the optimization is the initial laminate
layup analyzed previously. The optimization history is shown in

Fig. 13, where both the objective function value, i.e. the estimated
critical point value in the nonlinear buckling analysis, and the de-
tected critical point, i.e. bifurcation or limit point, are plotted for
each optimization iteration.

During optimization the type of the stability point changes be-
tween being a bifurcation and a limit point and the optimization
formulation successfully succeed to improve the general type sta-
bility load. The change in stability is caused by non-symmetry in
the laminate design introduced by the optimizer. Introduction of
non-symmetry in the laminate layup has the same effect as imper-
fections which were discussed in Section 4, i.e. it transforms the
unstable bifurcation point into a limit point. The lowest buckling
load factors do not get close during optimization thus no mode
switching occur. The stability load of the optimized design is

Fig. 11. Geometry, loads, boundary conditions, material properties, laminate layup for the composite cylindrical shell example. The hinged support is related to the mid
surface of the shell, which is realized by multi point constraints between the top and bottom edge nodes of the solid shell finite elements. The shell is loaded by two point
loads in the negative y-direction, at the top and bottom node in the centre of the shell. The top node in the centre of the panel is constrained against displacements in the x-
and z-direction. All dimensions refer to the mid surface, where the total thickness is denoted by t. The fiber angles for the laminate layup are measured by the angle, h, from
the shell centerline.
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Fig. 13. Optimization history of lowest buckling load factor in optimization case #1.
The objective function value determined by nonlinear buckling analysis are plotted
together with bifurcation and limit points detected during GNL analysis.
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188.1N and the optimized fiber angle design is [0.6�/1.4�/�42.6�/
43.4�/�2.2�/�1.1�].

Traditional linear buckling optimization, considering the lowest
four linear buckling load factors, yields a different result, see the
optimization histories in Fig. 14. The fundamental linear buckling
load of the optimized design is 112.6N whereas the more accu-
rately determined stability load predicted by geometrically nonlin-
ear analysis yields a stability load of 158.5N of the linear buckling
optimized design, thus linear buckling analysis severely underesti-
mates the buckling load of the optimized design. The linear buck-
ling optimized fiber angle design is [3.7�/�25.0�/54.5�/�16.3�/
�33.9�/13.2�].

During linear buckling optimization the lowest two buckling
load factors gets close and mode switching occur, see Fig. 14. In
order to take care about possible multiple eigenvalues the formu-
lation described in [44] has been applied since multiple eigen-
values not are differentiable in the common sense and the
sensitivities cannot be calculated in the same manner as for simple
distinct eigenvalues. This formulation has only been applied when
the difference between the eigenvalues is below 0.1%. Despite very
close values between the two fundamental eigenvalues no multi-
plicity could be confirmed by inspection of the so-called general-
ized gradient vectors, see [44].

The two fundamental buckling modes for optimization iteration
one predicted by linear buckling analysis are depicted in Fig. 14
and consist of an asymmetric and symmetric buckling mode. The
asymmetric mode corresponds to bifurcation buckling whereas
the symmetric mode corresponds to limit point buckling. It is
interesting to note that the fundamental buckling mode during
optimization switches between these modes, i.e. linear buckling
analysis predicts for some design configurations limit point
buckling. Important to notice is also that these buckling mode
predictions are artefacts of the ability of the linear buckling formu-
lation to predict stability, i.e. no multiple eigenvalues or close
eigenvalues can be predicted by accurate geometrically nonlinear
buckling analysis. Thus, geometrically nonlinear prebuckling
effects play an important role for this example and unreliable
buckling predictions are obtained by the linear buckling formula-
tion. Furthermore, the general type nonlinear buckling optimiza-
tion formulation yields a much better design for maximum
buckling resistance.

For the nonlinear buckling optimization the re-initialization
feature of the arc-length solver is activated during geometrically
nonlinear analysis according to Algorithm 4, giving a total of 15–
19 load steps for each analysis. The re-initialization feature is acti-
vated at a load level of approximately 90% of the critical load
resulting in typically 5–10 load steps for the remaining part of
the equilibrium path until the critical point is reached. The load le-
vel for the chosen equilibrium point for the nonlinear buckling
analysis and design sensitivity analysis, see (8) and (12), is typi-
cally 2–4% less than the critical load. To investigate the sensitivity
of the nonlinear buckling optimization procedure with respect to
the estimation point, the optimization is performed without the
use of the re-initialization feature of the arc-length solver, result-
ing in a coarser solution resolution, i.e. less equilibrium points near
the critical point. This results in 8–11 load steps for the geometri-
cally nonlinear analysis and an estimation point at a load around
25% less than the critical load. The stability load of the nonlinear
buckling optimized design without re-initialization of the arc-
length solver is 183.2N, which only is slightly lower than the buck-
ling load of the optimized design with the use of the re-initializa-
tion feature. Thus, for this example the nonlinear buckling
optimization procedure is not very sensitive to the chosen precrit-
ical equilibrium point for nonlinear buckling analysis and design
sensitivity analysis. However, a fine solution discretization is
needed to accurately detect the critical point load.

5.2. Case #2 – Laminate fiber angle optimization

For this optimization case the design parametrization are differ-
ent from the previous optimization case #1 whereas the same opti-
mization formulations are applied and studied. The shell is divided
into 4 patches, see Fig. 15. Within a patch containing a set of finite
elements only one fiber angle design variable controls the orienta-
tion of the given fiber layer in the finite element set. This is a valid
approach for practical design problems since laminates are typi-
cally made using fiber mats covering larger areas. Having 4 patches
and 6 fiber layers in the laminate layup thus gives a total of 24 fiber
angle design variables. Though, this parametrization may yield dis-
continuities between fiber angles within the same laminate layer
which may not be preferable from a manufacturing point of view.
This problem could be circumvented with the application of man-
ufacturing constraints.

The starting point for the optimization is the initial laminate
layup analyzed previously. The optimization history is shown in
Fig. 16, where both the objective function value, i.e. the estimated
critical point value in the nonlinear buckling analysis, and the de-
tected critical point, i.e. bifurcation or limit point, are plotted for
each optimization iteration.

During optimization the type of the stability point again
changes between being a bifurcation and a limit point and the
change in stability is again caused by non-symmetry in the lami-
nate design introduced by the optimizer.

Fig. 14. Linear buckling optimization histories of the three lowest buckling load
factors and the two lowest stability modes at optimization iteration one.

Fig. 15. Parametrization for laminate fiber angle optimization of cylindrical
composite shell in optimization case #2.
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The stability load of the general type nonlinear buckling opti-
mized design is 189.4N and thereby slightly higher than the stabil-
ity load obtained in optimization case #1. This is meaningful since
more design freedom exists for the parametrization applied in this
optimization case and a better optimization result is expected. The
linear buckling optimized design has a linear buckling load of
115.3N and a geometrically nonlinear stability load of 165.0N.
Again, geometrically nonlinear prebuckling effects play an impor-
tant role thus the linear buckling optimization formulation yields
less performing optimization results and underestimates the sta-
bility load of the optimized design.

5.3. Case #3 – Single layer fiber angle optimization

The shell is now considered only having a single fiber layer of
the total thickness. The fiber angle in each finite element is initially
set to 90�. In the optimization the fiber angle is changed in each fi-
nite element giving a total of 400 fiber angle design variables. This
parametrization is not entirely physical from a manufacturing
point of view but gives large design freedom in the optimization,
nice representation of the design results, and serves only as a
numerical academic benchmark. Optimization is again performed
with respect to the linear buckling load and the general type non-
linear buckling load and the results are compared in order to deter-
mine the importance of including nonlinear prebuckling effects in
the optimization formulation. In each case the bound formulation
is applied considering the lowest four buckling load factors.

The linear buckling optimized design has a linear buckling load
of 133.7N and a geometrically nonlinear stability load of 163.1N,
and the linear buckling optimized fiber angle design is shown in
Fig. 19 left.

The optimization history to the general type nonlinear buckling
optimization is shown in Fig. 17. As for the previous cases the sta-
bility type is dependent on symmetry in design, i.e. limit points are
detected when the fiber angle layout is not perfectly symmetric
where non-symmetry in the design is introduced by the optimizer.
The optimized design has a stability load of 290.2N and the opti-
mized fiber angle design is shown in Fig. 19 right.

During the optimization iterations 35–69 major fluctuations oc-
cur in the detected stability load. The stability modes for the opti-

mization iterations 35–40 are shown in Fig. 17. It may be observed
that the stability mode between iteration 35 and 36, 36 and 37, and
37 and 38, respectively, are totally opposite due to the bifurcated
path taken for the unstable symmetric point of bifurcation, see
e.g. Fig. 10 for reference. However, the stability mode between
optimization iteration 38 and 39 are similar whereby the fluctua-
tions in the optimization history cannot be explained solely by
change in stability mode. In order to investigate this further, geo-
metrically nonlinear analyses have been performed for the designs
according to the optimization iterations 35–40 and their equilib-
rium paths, in terms of load factor, c, versus central point rotation,
Rz,c, are plotted in Fig. 18.

It is immediately noticed that some of the designs have central
point prebuckling rotations that are of opposite sign than the rota-
tions at the stability point. The design from optimization iteration
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Fig. 16. Optimization history of lowest buckling load factor in optimization case #2.
The objective function value determined by nonlinear buckling analysis are plotted
together with bifurcation and limit points detected during GNL analysis.

Fig. 17. Optimization history of lowest buckling load factor in optimization case #2.
The objective function value determined by nonlinear buckling analysis are plotted
together with bifurcation and limit points detected during GNL analysis. Stability
modes for optimization iterations 35–40 are shown.
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37 has central point prebuckling rotations of same sign as the rota-
tions of the stability point. The optimization iterations 36, 38, 40
have the largest central point prebuckling rotations of opposite
sign and also the lowest stability loads. Yet, none of the above
observations may explain the fluctuations in the optimization his-
tory. The relative design changes from the MMA optimizer in opti-
mization iterations 35–69 differs from 0.06–0.99% having the
largest design changes in the preliminary iterations and reduced
to 0.06% in iteration 69. The largest design changes involve a max-
imum change in all fiber angles of approximately 3.6�. The reduc-
tion in design change is caused by adaptivity control of the
maximum move limit of the design variables, i.e. the maximum
move limit of a design variable is reduced if the design change from
two successive optimization iterations is of opposite sign. How-
ever, relatively small design changes in the considered optimiza-
tion iterations lead to major changes in the stability load. This
indicates that the design space is highly nonlinear in this design
area. Fiber angle optimization is known to be associated with a
non-convex design space with many local minima. Thus, the fluc-
tuations may be avoided by reducing the maximum move limit,
though increasing the risk of convergence to a local minimum. This
has been attempted for the present optimization case and more
smooth optimization histories were achieved on the expense of
lower stability loads.

The general type nonlinear buckling optimized design is
approximately 42.9% better than the linear buckling optimized de-
sign, thus geometrically nonlinear prebuckling effects play an
important role for this example. This is also noticed by considering
the optimized designs in Fig. 19. The pattern like designs of fiber
angle distribution are very different despite that most of the fibers
for both optimized designs are aligned in the circumferential
direction.

The linear buckling optimization formulation succeeds improv-
ing the buckling load despite the inherent linear assumptions in
the formulation and the poor prediction of the ‘‘real’’ stability load
which at the optimized design were underestimated. Yet the gen-
eral type nonlinear buckling optimization formulation proves to
give much better optimization results, a more reliable prediction
of the stability load, and information about the type of instability.
Linear buckling optimization should be used with caution and only
in cases where nonlinear prebuckling effects may be neglected or
at least the buckling load of the final linear buckling optimized de-
sign is verified by a GNL analysis.

6. Conclusions

General type buckling behaviour of composite structures can
reliably be improved by the proposed optimization method. The

method include loss of stability due to bifurcation and limiting
behaviour depending on what is encountered first on the equilib-
rium path. A more precise estimate than classical linear buckling
analysis is obtained by performing accurate nonlinear path tracing
analysis and estimating the buckling load at a precritical point on
the deformed structure. Features for detecting bifurcation and lim-
it points have been developed for this purpose. General sensitivity
formulas for the nonlinear buckling load, described by discretized
finite element matrix equations, have been derived and the design
sensitivities are approximated at the precritical point, thus no ex-
act and troublesome determination of the exact critical point is
necessary.

Shell buckling today is still a challenging task and the compli-
cated behaviour that may be encountered can be difficult to ana-
lyze. This has been demonstrated by a thorough assessment of a
classical buckling benchmark example introduced by [5]. The origi-
nal solution to this immediate simple well-known example was la-
tely proved to be incorrect by [6,7] and is also included and treated
in the book by [8]. But also their solution to the problem turns out
to be incorrect. During the assessment of the shell benchmark
problem in this paper it has been shown that the shell looses its
stability due to bifurcation and that the bifurcation point is unsta-
ble and not stable as stated in [6–8]. In fact the bifurcation point is
an unstable symmetric point of bifurcation.

The general type nonlinear buckling optimization method has
been applied successfully in the buckling optimization of a com-
posite cylindrical shell using fiber angle parametrization. Problems
related to local minima and non-convexity in design space were
encountered in one out of three optimization cases and caused
the objective function value not to increase monotonously. It is
well-known that fiber angle optimization contains these issues
but since the optimization method and formulas presented in this
paper are generic it may easily be applied for more well behaved
parametrizations.

The optimization examples demonstrated the importance of the
nonlinear buckling formulation and that the type of stability
should be considered since it may change during optimization.
The bound formulation was applied in the studies in order to avoid
problems related to mode switching if several stability points come
close during optimization. Such a situation did however not occur
in the general type nonlinear buckling optimization despite the
type of stability changed during optimization, i.e. the same mode
of stability was always optimized and depending on symmetry in
design appeared as a load limit point or bifurcation point.

The general type nonlinear buckling formulation was bench-
marked against the traditional linear buckling formulation and
much better optimization results were obtained by the general
type nonlinear buckling formulation. The linear buckling formula-

Fig. 19. Left: Linear buckling optimized design. Right: general type nonlinear buckling optimized design. The hinged supports are at the left and right edges of the panels.
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tion did improve the buckling resistance to some extent despite
poor prediction of the stability load. Linear buckling analysis is of-
ten used to predict instability and to optimize structures for max-
imum buckling performance without considering nonlinear effects
or type of stability. Precautions should be taken before applying
the linear buckling formulation, especially in cases with nonlinear
prebuckling path and in cases with limit point instability.

Using the general type nonlinear buckling optimization formu-
lation, structures can reliably be optimized with respect to a gen-
eral type stability, i.e. either bifurcation or limit point stability,
and especially in cases where geometrically nonlinear effects can-
not be ignored. This allows the material utilization of buckling crit-
ical laminated structures to be pushed to the limit in an efficient
way yet allowing lighter and stronger structures.
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Abstract This paper focuses on criterion functions for gra-
dient based optimization of the buckling load of laminated
composite structures considering different types of buckling
behaviour. A local criterion is developed, and is, together
with a range of local and global criterion functions from lit-
erature, benchmarked on a number of numerical examples
of laminated composite structures for the maximization of
the buckling load considering fiber angle design variables.
The optimization formulations are based on either linear or
geometrically nonlinear analysis and formulated as mathe-
matical programming problems solved using gradient based
techniques. The developed local criterion is formulated such
it captures nonlinear effects upon loading and proves use-
ful for both analysis purposes and as a criterion for use in
nonlinear buckling optimization.

Keywords Composite laminate optimization · Buckling ·
Structural stability · Design sensitivity analysis ·
Geometrically nonlinear · Composite structures

1 Introduction

Composite materials are mostly used in applications in
aerospace and mechanical industries where their superior
stiffness-to-weight or strength-to-weight ratios are critical.
Designing structures made out of composite material repre-
sents a challenging task, since both thicknesses, number of
plies in the laminate and their relative orientation must be
selected. The best use of the capabilities of the material can

E. Lindgaard (B) · E. Lund
Department of Mechanical and Manufacturing Engineering,
Aalborg University, Aalborg, Denmark
e-mail: elo@me.aau.dk

only be gained through a careful selection of the layup. This
may be achieved through a process of design optimization
such that the material properties are tailored to meet par-
ticular structural requirements with little waste of material
capability. A survey of optimal design of laminated plates
and shells can be found in Abrate (1994). This work focuses
on optimal design of laminated composite shell structures
i.e. the optimal fiber orientations within the laminate which
is a complicated problem. Laminated composite shell struc-
tures in service are commonly subjected to various kinds of
compressive loads which may cause buckling. Hence, struc-
tural instability becomes a major concern in designing safe
and reliable laminated composite shell structures.
In many works, e.g. Jones (2006), the buckling load is

typically defined as the load at which the current equi-
librium state of a structural element or structure suddenly
changes from a stable to unstable configuration, and is,
simultaneously, the load at which the equilibrium state sud-
denly changes from that previously stable configuration
to another stable configuration. This may or may not be
accompanied with large response, i.e. deformation or de-
flection. The buckling load is the largest load for which
stability of equilibrium of a structural element or structure
exists in its original equilibrium configuration. Considering
simple/distinct stability points this definition of buckling
only concerns the part classified as buckling with stability
points in Fig. 1. The additional classification of simple sta-
bility points, given in Fig. 1, is well-known and printed in
many textbooks, such as Thompson and Hunt (1973) and
Jones (2006). For limit point buckling, the buckling load is
the load at the limit point and seen as a maximum point in
a load-deflection diagram. In case of bifurcation buckling,
the buckling load is the load at the bifurcation point where
another equilibrium path, referred to as the secondary path,
crosses the original/fundamental equilibrium path.
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Buckling

With Stability 
Points

Without Stability 
Points

Limit Point Bifurcation Point

Symmetric Asymmetric

Unstable Stable Imperfection

Imperfection

Imperfection

Fig. 1 Buckling classification considering simple stability points.
Imperfections may change the type of buckling as marked by the red
hatched lines

The role of imperfections, i.e. deviations from the perfect
structure which in general can be geometrical, structural,
material or load related, is illustrated in Fig. 1. A struc-
ture that in its original perfect configuration is characterized
by bifurcation buckling is with added imperfections either
converted into a limit point instability or stable post buck-
ling without having any stability point. Structural behaviour
belonging to buckling without a stability point does in this
study include imperfect structures with originally stable
bifurcation a.k.a. stable post buckling, structures develop-
ing visual local buckling or wrinkles upon loading without
bifurcation or limiting behaviour, and structures with geo-
metrically nonlinear (GNL) behaviour with considerable
geometry changes upon loading that acts in the same way as
imperfections. The latter case is well-known and discussed
e.g. by Brush and Almroth (1975) and Bushnell (1985) in
relation to buckling of compressed cylinders with cutouts.
As discussed by Brush and Almroth (1975) and Bushnell
(1985) an initially straight cylinder with cutouts changes
geometry upon compression and the structure bends near
the cutouts such that a local buckling alike pattern starts to
develop. Stiffness is lost in these regions as the local buck-
ling alike pattern grows and the load is redistributed to other
regions and the cylinder is able to carry far more loading
before failure.
Considering the given definition of buckling these types

of structural behaviour do certainly not fall within the cate-
gory of buckling since no change in stability takes place.
Such types of structural behaviour may be classified as pure
structural nonlinear displacement mode evolutions upon
loading. Nevertheless, the term buckling is often used in the
characterization of these types of structural behaviour. This

incoherency also exists in buckling experiments of plates
where difficulties arise in determining a definite buckling
load since the plates inherently are imperfect and therefore
do not exhibit a stability point. In literature, several mea-
sures have been proposed in order to define a buckling load
of a structure that according to the above definition do not
buckle. A collection of such measures to define a buckling
load, in according to Jones (2006) a non-buckling event, for
use in experimental studies are described in Singer et al.
(1998) and Jones (2006).
To demonstrate that the above discussed structural

behaviour not strictly may be classified as buckling the sub-
category is connected loosely to buckling by a hatched line
in Fig. 1. However the term buckling without stability point
will be used in this paper to classify these types of structural
behaviour.
Research on the subject of structural optimization of

composite structures considering stability points has been
reported by many investigators. In a finite element frame-
work many authors, such as Lin and Yu (1991), Hyer and
Lee (1991), Hu and Wang (1992), Walker et al. (1996),
Mateus et al. (1997), Walker (2001), Foldager et al. (2001),
Hu and Yang (2007), Topal and Uzman (2008), Lund (2009)
and Topal (2009), have considered buckling optimization
of composite structures where the buckling load was deter-
mined by the solution to the linearized discretized matrix
eigenvalue problem at an initial prebuckling point, i.e. the
linear buckling load. Moita et al. (2000), Lindgaard and
Lund (2010a) and Lindgaard et al. (2010) reported on non-
linear gradient based buckling optimization of composite
laminated plates and shells where buckling is considered in
terms of the limit load of the structure. Lindgaard and Lund
(2010b) presented an optimization formulation that simul-
taneously handles bifurcation and limit point instability
including geometrically nonlinear prebuckling effects.
Lee and Hinton (2000) studied linear strain energy min-

imization of shells with sizing and shape variables con-
sidering the improvement in nonlinear buckling limit load.
They found for some examples an improvement in the non-
linear buckling load and for others a decrease and argued
for the importance of accurately checking the stability limit
of optimized shell structures by geometrically nonlinear
analysis.
Overgaard and Lund (2005) applied local criterion func-

tions, in terms of geometrically nonlinear determined prin-
cipal element strains at a specified load level, in order to
improve the buckling resistance of a laminated composite
wind turbine blade.
Limited investigations have been devoted to buckling

optimization of composite structures having buckling with-
out stability points although this type of buckling often is
encountered for real structures. Buckling without stabil-
ity point may in some cases not be critical for the overall
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structural integrity since the load can be redistributed and
the structure can continue to carry loading. For other struc-
tures, especially for laminated composite structures, local
buckling and visual wrinkling may be crucial since it may
govern the ultimate strength of the structure. Overgaard
et al. (2010) describes failure in a flapwise bending loaded
wind turbine blade, i.e. a large laminated composite struc-
ture, as a sequence of failure events where the first is delami-
nation in the composite laminate triggered by local buckling
and subsequently compressive fibre failure. It could also be
postulated that a structure undergoing severe load redistri-
bution due to the development of a local buckling pattern is
unhealthy and operates in a manner, i.e. is carrying loading,
that is not intended by the design engineer. Thus, there is a
lack of optimization formulations that is able to deal with
buckling without stability points. Furthermore, it is unclear
how well the different existing optimization criteria perform
compared to one another and to the type of buckling.
This paper deals with the above mentioned problems and

benchmarks a number of objective functions in the attempt
to maximize the buckling resistance on a range of different
numerical examples of laminated composite structures char-
acterized by different types of buckling. Buckling with sta-
bility point of the limit point type and buckling without
stability point is considered. The already mentioned global
and local buckling criteria from literature are applied in the
benchmark study and a new local criterion is developed and
presented. Linear and geometrically nonlinear analysis is
applied for the different criteria in order to investigate the
importance of including geometrically nonlinear prebuck-
ling effects. The developed local criterion is based on geo-
metrically nonlinear analysis and formulated such it detects
and captures local nonlinear effects upon loading. It is
referred to as the nonlinearity factor criterion. Design sensi-
tivities of all buckling criterion functions are obtained semi-
analytically by either the direct differentiation approach or
by the adjoint approach and the optimization problems are
set up as mathematical programming problems solved by a
gradient based optimization algorithm.
In this work only Continuous Fiber Angle Optimization

(CFAO) is considered, thus fiber orientations in laminate
layers with preselected thickness and material are chosen
as design variables in the laminate optimization. Although
fiber angle optimization is known to be associated with a
non-convex design space with many local minima it has
been applied since the laminate parametrization has not
been the focus in this work, i.e. the presented methods in
this paper are generic and can easily be used with other
parametrizations.
The governing equations for linear and nonlinear buck-

ling analysis are presented in Section 2 together with fea-
tures applied for buckling detection during geometrically
nonlinear analysis. The different buckling objective func-

tions applied in the benchmark study are presented in
Section 3 and the optimization formulations are stated in
Section 4. The benchmark study of the different buckling
objective functions are conducted upon a series of numerical
examples of laminated composite structures in Sections 5, 6,
and 7. Conclusions are outlined in Section 8.

2 Buckling analysis and detection

The finite element method is used for determining the buck-
ling load of the laminated composite structure, thus the
derivations are given in a finite element context.
A laminated composite is typically composed of multi-

ple materials and multiple layers, and the shell structures
can in general be curved or doubly-curved. The materials
used in this work are fiber reinforced polymers, e.g. Glass
or Carbon Fiber Reinforced Polymers (GFRP/CFRP), ori-
ented at a given angle θk for the kth layer. All materials
are assumed to behave linearly elastic and the structural
behaviour of the laminate is described using an equivalent
single layer theory where the layers are assumed to be per-
fectly bonded together such that displacements and strains
will be continuous across the thickness.
The solid shell elements used are derived using a contin-

uum mechanics approach so the laminate is modelled with
a geometric thickness in three dimensions, see Johansen
et al. (2009). The element used is an eight node isoparamet-
ric element where shear locking and trapezoidal locking is
avoided by using the concepts of assumed natural strains for
respectively out of plane shear interpolation, see Dvorkin
and Bathe (1984), and through the thickness interpolation,
see Harnau and Schweizerhof (2002). Membrane and thick-
ness locking is avoided by using the concepts of enhanced
assumed strain for the interpolation of the membrane and
thickness strains respectively, see Klinkel et al. (1999).

2.1 Linear buckling analysis

Linear buckling analysis is a classical engineering method
for determining the buckling load of structures. The method
gives numerical inexpensive predictions of buckling with
stability point, i.e. singular tangent stiffness. For shell struc-
tures it is often used as a generalized stability predictor, as
described in Almroth and Brogan (1972), when the stabil-
ity point is of bifurcation or even limit point type. Linear
buckling analysis is based upon linear static analysis where
the static equilibrium equation for the structure may be
written as

K0D = R (1)

Here D is the global displacement vector, K0 is the global
initial stiffness matrix, and R the global load vector.
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Based on the displacement field, obtained by the solution
to (1), the element layer stresses can be computed, whereby
the stress stiffening effects due to mechanical loading can
be evaluated by computing the initial stress stiffness matrix
Kσ . By assuming the structure to be perfect with no geomet-
ric imperfections, stresses are proportional to the loads, i.e.
stress stiffness depends linearly on the load, displacements
at the critical/buckling configuration are small, and the load
is independent of the displacements, the linear buckling
problem can be established as

(
K0 + λ j Kσ

)
φ j = 0, j = 1, 2, . . . , J (2)

where the eigenvalues are ordered by magnitude, such that
λ1 is the lowest eigenvalue, i.e. buckling load factor, and
φ1 is the corresponding eigenvector i.e. buckling mode.
In general, for engineering shell structures, the eigenvalue
problem in (2) can be difficult to solve, due to the size of the
matrices involved and large gaps between the distinct eigen-
values. For efficient and robust solutions, (2) is solved by
a subspace method with automatic shifting strategy, Gram-
Schmidt orthogonalization, and the sub-problem is solved
by the Jacobi iterations method, see Wilson and Itoh (1983).

2.2 Nonlinear buckling analysis

Better predictions of structural buckling with stability points
than that available by linear buckling analysis may be
achieved by nonlinear buckling analysis. The method incor-
porates geometrically nonlinear analyses and applies for
both bifurcation and limit point instability, depending on
what to appear on the equilibrium path.
Let us consider geometrically nonlinear behaviour of

structures made of linear elastic materials. We adopt the
Total Lagrangian approach, i.e. displacements refer to the
initial configuration, for the description of geometric non-
linearity. An incremental formulation is more suitable for
nonlinear problems and it is assumed that the equilibrium
at load step n is known and it is desired at load step n + 1.
Furthermore, it is assumed that the current load is indepen-
dent on deformation. The incremental equilibrium equation
in the Total Lagrangian formulation is written as (see e.g.
Brendel and Ramm 1980; Hinton 1992)

KT(Dn, γ n) δD = Rn+1 − Fn (3)

KT(Dn, γ n) = K0 + KL(Dn, γ n) + Kσ (Dn, γ n) (4)

Kn
T = K0 + Kn

L + Kn
σ (5)

Here δD is the incremental global displacement vector, Fn

global internal force vector, and Rn+1 global applied load
vector. The global tangent stiffnessKn

T consists of the global

initial stiffness K0, the global stress stiffness Kn
σ , and the

global displacement stiffness Kn
L. The applied load vector

Rn is controlled by the stage control parameter (load factor)
γ n according to an applied reference load vector R

Rn = γ nR (6)

The incremental equilibrium equation (3) is solved by the
arc-length method after Crisfield (1981).
During the nonlinear path tracing analysis we can at some

converged load step estimate an upcoming critical point, i.e.
bifurcation or limit point, by utilizing tangent information.
At a critical point the tangent operator is singular

KT(Dc, γ c)φ j = 0 (7)

where the superscript c denotes the critical point and φ j the
buckling mode. To avoid a direct singularity check of the
tangent stiffness, it is easier to utilize tangent information at
some converged load step n and extrapolate it to the criti-
cal point. The one-point approach only utilizes information
at the current step and extrapolates by only one point, see
Brendel and Ramm (1980) and Borri and Hufendiek (1985).
The stress stiffness part of the tangent stiffness at the critical
point is approximated by extrapolating the nonlinear stress
stiffness from the current configuration as a linear function
of the load factor γ .

Kσ (Dc, γ c) ≈ λKσ (Dn, γ n) = λKn
σ (8)

It is assumed that the part of the tangent stiffness consist-
ing of Kn

L and K0 does not change with additional loading,
which holds if the additional displacements are small. The
tangent stiffness at the critical point is approximated as

KT(Dc, γ c) ≈ K0 + Kn
L + λKn

σ (9)

and by inserting into (7) we obtain a generalized eigenvalue
problem

(
K0 + Kn

L

)
φ j = −λ jKn

σ φ j (10)

where the eigenvalues are assumed ordered by magnitude
such that λ1 is the lowest eigenvalue and φ1 the correspond-
ing eigenvector. The solution to (10) yields the estimate for
the critical load factor at load step n as

γ c
j = λ jγ

n (11)

If λ1 < 1 the first critical point has been passed and in con-
trary λ1 > 1 the critical point is upcoming. The one-point
procedure works well for both bifurcation and limit points.
The closer the current load step gets to the critical point, the
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better the approximation becomes, and it converges to the
exact result in the limit of the critical load.

2.3 Buckling detection in GNL analysis

Several different stop criteria are applied for the GNL analy-
ses from which an equilibrium point is determined for the
design sensitivity analysis (DSA) during the optimization,
see Table 1. In the case of buckling with a stability point
in the form of a limit point, a limit point detector criterion
may be used. The limit load is simply detected by moni-
toring the load factor in the GNL analysis, see (3). When
the load factor from two successive load steps decreases the
previous converged load is defined as the limit load. A bifur-
cation point detector, as described in Lindgaard and Lund
(2010b), may be applied in case of bifurcation buckling.
For bifurcation point detection nonlinear buckling analysis
is performed at precritical stages during GNL analysis as a
singularity check on the tangent stiffness. Since buckling of
structures due to bifurcation is not concerned in the present
paper this has not been further addressed.
In the case of buckling without any stability point other

stop criteria for the GNL analysis are needed. The GNL
analysis may be proceeded towards a certain load level.
Even though buckling is not detected by this stop criterion
it is applied in the study to investigate the effect of having
the chosen equilibrium point for the DSA located closely
or far away from the buckling point. A simple maximum
displacement criterion monitoring the maximum displace-
ment during GNL analysis is also applied as a stop criterion
for the GNL analysis. Since buckling of a structure typi-
cally causes the displacements to increase disproportionate
in comparison to the load this criterion may be able to
detect buckling. At last a so-called nonlinearity factor cri-
terion, εGNL, is developed and applied in the study, see (12).
The criterion is formulated such it detects local nonlinear
effects in the structural behaviour during loading. Buckling
of structures are in many cases associated with nonlinear
effects and extensive load redistribution which has been the
motivation for the developed criterion. The criterion is based
on the fraction between the principal element strain and the

Table 1 Stop criteria applied for buckling detection in GNL analysis

With stability point

Limit point detection

Bifurcation point detection

Without stability point

At load level

At maximum displacement

At maximum nonlinearity factor, εGNL

load factor. The relative change in the fraction from the ini-
tial load step 1 to the current load step n defines the element
nonlinearity factor.

εGNL = 1+
∣∣∣∣∣
εn1/γ

n − ε11/γ
1

ε11/γ
1

∣∣∣∣∣ (12)

The nonlinearity factor for linear behaviour is εGNL =
1.0 and larger than one when nonlinear behaviour occurs.
The stop criterion based on the nonlinearity factor may be
activated for all elements in the numerical model or only
elements belonging to certain parts of the structure. Note
that all stop criteria described for buckling without stabil-
ity points, see Table 1, also may be applied in the case of
buckling with stability point.

3 Buckling objective functions

A range of different objective functions are investigated
and considered for the maximum buckling resistance. The
objective functions are described in the following and com-
ments about the design sensitivity analysis of the different
objective functions are given. The equations for the design
sensitivity analysis are stated in Appendix A.
For the design sensitivities of all objective functions

involving geometrically nonlinear analyses it is assumed
that the applied loads are independent of design changes and
displacements. This is true in the case of laminate optimiza-
tion with fiber angle design variables and with conservative
loading, i.e. no follower loads. Furthermore, it is assumed
that the end load level for the design sensitivity analysis
is fixed. The latter is not always true since the final load
level in some GNL analyses are determined by a GNL stop
criterion which is not based on a constant load level, see
Table 1. If constant load level is not assumed very compli-
cated and numerical costly design sensitivity analysis has
to be invoked, see Noguchi and Hisada (1993). Applying
the fixed load assumption the design sensitivity analysis
becomes more simple and numerical efficient since the sen-
sitivities can be obtained solely by information at the final
equilibrium point. If the optimization procedures applying
this assumption converge towards a constant load level the
assumption becomes valid.

3.1 Linear compliance

Linear compliance CL is defined as the work done by the
applied loads at the equilibrium state expressed in terms of
the linear static equilibrium equation stated in (1).

CL(D) = RT D (13)
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3.2 Nonlinear end compliance

Nonlinear end complianceCGNL is defined as the work done
by the applied loads at the equilibrium state at the final
load step n expressed in terms of the nonlinear incremental
equilibrium equation stated in (3).

CGNL(Dn, Rn) = (Rn)T Dn (14)

The expression for the nonlinear end compliance in (14)
is in general dependent on both the displacements, Dn and
the external load, Rn at the final load step n. Consider-
ing design changes the nonlinear end compliance criterion
applied in this study is only considered dependent upon
the displacements Dn at the chosen load step n whereas
the applied load Rn is considered independent upon design
changes, i.e. CGNL(Dn(a), Rn) where the design variables
ai , i = 1, . . . , I , are collected in a.

3.3 Nonlinear first principal element strain

An objective function based on the first nonlinear princi-
pal element strain, ε1, is applied in the study since local
buckling of structures typically is related to large increase in
displacements of certain parts of the structure which even-
tually may result in high strains. Thus, minimizing the
element strains may prove to be a way of improving the
buckling resistance of a structure. For every converged load
step n in (3) the element strain tensor may be calculated
on basis of the displacement field from which the principal
element strains can be expressed.

3.4 Element nonlinearity factor

The element nonlinearity factor, εGNL, defined by (12)
between an initial load step and the current load step is
also implemented as objective function in the study. As
explained earlier, buckling of structures is in many cases
associated with nonlinear effects and extensive load redis-
tribution. The element nonlinearity factor is a local criterion
that is developed such it detects nonlinear effects during
loading, thus minimizing the element nonlinearity factor
may improve the buckling resistance of a structure.

3.5 Linear buckling

The linear buckling load is obtained as the lowest eigenvalue
of (2). Traditionally, the linear buckling load is considered
as objective when the task is to improve the buckling resis-
tance of structures and therefore applied in the study as a
frame of reference.

3.6 Nonlinear buckling

The nonlinear buckling load is determined at a precriti-
cal load level using the one-point approach by solving the
eigenvalue problem in (10) and estimating the buckling load
by linear extrapolation in (11). Better predictions of the
buckling load are generally obtained by nonlinear buck-
ling analysis compared to the traditional linear buckling
analysis. Conversely is nonlinear buckling analysis more
complicated and numerical expensive than linear buckling
analysis since it requires geometrically nonlinear analysis
to trace the equilibrium path. The nonlinear buckling load
is formulated as an objective function by the procedures
originally proposed in Lindgaard and Lund (2010a) and
Lindgaard et al. (2010). The expressions for the design sen-
sitivities are as for the other objective functions described in
Appendix A.

4 Optimization formulations

A range of different optimization formulations is applied
in the study in the attempt to improve the buckling resis-
tance of a composite structure. The design variables in the
numerical studies are fiber angles in the laminate layup of
a laminated composite structure. The optimization prob-
lems are all formulated as either a max-min problem or a
min-max problem. The direct formulation of the optimiza-
tion problem can give problems related to differentiability
and fluctuations during the optimization process since, e.g.
the eigenvalues in the linear buckling problem may change
position, i.e. the second lowest eigenvalue can become the
lowest. An elegant solution to this problem is to make
use of the so-called bound formulation, see Bendsøe et al.
(1983), Taylor and Bendsøe (1984) and Olhoff (1989). A
new artificial variable β is introduced and a new artificial
objective function β is chosen. An equivalent problem is
formulated, where the previous non-differentiable objective
function is transformed into a set of constraints. Considering
a general multi objective function Fj containing NF func-
tion values, the mathematical programming problemmay be
formulated as

Objective : max
a, β

β or min
a, β

β

Subject to : Fj ≥ β or Fj ≤ β, j = 1, . . . , NF

ai ≤ ai ≤ ai , i = 1, . . . , I

where ai denote the laminate design variables in terms of
fiber angles. In case of an objective with many local crite-
rion functions, such as min-max nonlinear first principal



Optimization formulations for the maximum nonlinear buckling load of composite structures

element strain, an active set strategy is employed in order
to reduce the number of local criterion functions. Only
criterion functions with a value larger than 70% of the
maximum criteria function are included in the active set.
The mathematical programming problems are solved by
the Method of Moving Asymptotes (MMA) by Svanberg
(1987). The closed loop of analysis, design sensitivity anal-
ysis and optimization is repeated until convergence in the
design variables or until the maximum number of allowable
iterations has been reached.
The numerical efficiency of the different optimization

formulations depends on the analysis method and the design
sensitivity analysis utilized. Please refer to Appendix A for
details about the design sensitivity analysis. Obviously, lin-
ear analysis is more attractive than geometrically nonlinear
analysis in terms of computational cost. The design sensi-
tivity analyses of the linear and nonlinear buckling load are
comparable in computational cost but are the most numer-
ical demanding of all objective functions considered. The
computational cost of the design sensitivity analysis of the
element nonlinearity factor and the nonlinear first principal
element strain are less than the linear and nonlinear buckling
load but higher than the linear and nonlinear compliance
since the displacement sensitivities need to be computed.

5 Numerical example: laminated composite
imperfect plate

The clamped composite laminated plate subjected to a dis-
tributed compression load, see Fig. 2, is a structure that
has a stable symmetric point of bifurcation. The bifurca-
tion load for the perfect plate estimated by a linear buckling
analysis is 438 kPa. According to Fig. 1 introductions
of imperfections remove the stability point and changes
the structural response to a single stable equilibrium path
without a stability point.
This characteristic is utilized to construct a simple exam-

ple for which buckling appears without any stability points.
Geometric imperfections according to the first linear buck-
ling mode, see Fig. 2, is superimposed upon the geometry
with a specified amplitude. The amplitude is defined as the
largest translational component of the first linear buckling
mode relative to the thickness of the plate. For this example
an imperfection amplitude of 1% has been applied to gener-
ate an example that buckles without a stability point. Since
buckling for the imperfect plate appears without any stabil-
ity point the buckling load has to be manually determined
by visual inspection of the equilibrium curve. The equilib-
rium path for the initial imperfect plate is shown in Fig. 3.
The buckling load is defined when the displacement starts
to grow rapidly, i.e. the equilibrium path changes direction
from the initial part of the path.

5 5 20
34 4 5 0
4 0 8 2 0 29

90 0 0

Fig. 2 Geometry, loads, boundary conditions, and material properties
for the laminated composite plate example. The total thickness of the
plate is denoted by t and the layup has an equal ply thickness. The
fundamental buckling mode is also shown in contours on the plate.
The plate is modelled by 400 equivalent single layer solid shell finite
elements

A range of different optimization formulations for the
maximum buckling resistance is benchmarked upon the
example. The fiber angle in all six fiber layers are used
as design variables. An optimization formulation involving
nonlinear buckling analysis cannot be used since buckling
appears without a stability point. Linear buckling opti-
mization is applied as a frame of reference although no

ε
ε

ε ε
ε

ε ε

Fig. 3 Load-deflection curves of the initial laminate composite design
and of the optimized designs obtained by the benchmarked optimiza-
tion formulations. The displacement is measured at mid span on the
loaded side of the plate and positive in the loading direction
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stability point is present. The optimization formulations
benchmarked upon the imperfect composite laminated plate
example are stated in Table 2.
Nine different optimization approaches are applied in the

buckling optimization of the imperfect laminated compos-
ite plate. Optimization formulation number one and two,
see Table 2, applies linear analysis while the others utilize
geometric nonlinear analysis. For the optimizations with
geometric nonlinear analysis three different stop criteria
have been applied to terminate the geometric nonlinear anal-
ysis. For e.g. the compliance minimizations, optimization
formulation number three always complete the GNL analy-
sis to the same load level, namely a load of 550 kPa which
is slightly above the buckling load of the initial design. For
optimization formulation four and five the GNL analysis is
performed towards different load levels at each optimiza-
tion iteration and controlled by a maximum displacement
and a maximum nonlinearity factor criterion εGNL, respec-
tively. The threshold values for these stop criteria are set
such that the reached load level in the GNL analysis is close
to the buckling load. The threshold value for the maximum
displacement u in x-direction is set to 7 mm and the maxi-
mum nonlinearity factor is set to εGNL = 20. Optimization
formulation number six and seven minimize the maximum
first principal strains, ε1, whereas optimization formula-
tion eight and nine minimize the maximum nonlinearity
factor, εGNL.
The equilibrium curves of the optimized designs accord-

ing to the approaches stated in Table 2 are shown in Fig. 3.
Almost all optimization approaches lead towards designs
with nearly the same equilibrium path and only minor
differences are traceable in the buckling load improvements
shown in Fig. 4.
The laminate designs for all optimization approaches are

driven towards zero degrees fiber angles in all design layers.
However for optimization approach four, six, and eight the
fiber angle in design layer four for the optimized designs
is around 60◦ and for optimization approach nine the fiber

Table 2 Optimization formulations applied in the buckling optimiza-
tion of the imperfect laminated composite plate

# Objective function Analysis method Stop criterion

1. Max min linear buckling Linear –

2. Min linear compliance Linear –

3. Min compliance GNL Load

4. Min compliance GNL Disp.

5. Min compliance GNL εGNL

6. Min max ε1 GNL Disp.

7. Min max ε1 GNL εGNL

8. Min max εGNL GNL Disp.

9. Min max εGNL GNL εGNL
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Fig. 4 Buckling load improvement in percent of the imperfect lami-
nated composite plate for the benchmarked optimization formulations

angle in design layer three and four are −89◦ and 104◦,
respectively.
All the benchmarked optimization formulations give sat-

isfactory results and are nearly equally good in increasing
the buckling resistance for the imperfect laminated compos-
ite plate.

6 Numerical example: laminated composite U-profile

The laminated composite U-profile is an example of a real
structural engineering element. Geometry, loading, and
boundary conditions are identical to a model analyzed by
Klinkel et al. (1999), Lindgaard and Lund (2010a) and
Lindgaard et al. (2010). The U-profile is clamped at one
end and point loaded in an upper corner node at the other
end with a force R = 250 kN. A total of 432 equivalent sin-
gle layer solid shell finite elements is used in the numerical
model.
Two thickness configurations of the U-profile are con-

sidered, i.e. t = {0.05; 0.15} m. This leads to two different
types of buckling behaviour. The first configuration which
defines case 1 buckles due to a limit point instability
whereas case 2 buckles without any stability point, see e.g.
Fig. 1. The laminate layup consists of four uni-directional
E-glass/epoxy fiber layers each of equal thickness, see
properties of the processed material in Table 3.

Table 3 Processed material properties for U-profile

E-glass/epoxy

Ex 30.6 GPa Ey 8.7 GPa

Ez 8.7 GPa νxy 0.29

νxz 0.3 νyz 0.3

Gxy 3.24 GPa Gxz 3.24 GPa

Gyz 2.9 GPa ρ 1,686 kg/m3
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36
0 05 0 15
2 025
6 05

Fig. 5 Geometry, loads, boundary conditions, and element coordinate
systems for numerical model of the U-profile

The fiber orientation is related to the element coordinate
system, (xe, ye, ze), in each finite element. The fiber ori-
entation is measured counterclockwise from the x-axis in
the xy-plane of the element coordinate system. The ele-
ment coordinate system for the finite elements in the web
and each flange, respectively, is depicted in Fig. 5. The
fiber orientation of each layer for the web and each flange,
respectively, is considered constant and the layer stacking
is done from inside out. The initial layup definition for the
U-profile is stated in Table 4.
The fiber angles in the layup definition are used as lami-

nate design variables in the benchmark study of the different
optimization formulations for maximum buckling resis-
tance. Since the U-profile consists of four uni-directional
fiber layers at web and each flange this yields a total of
12 design variables.

6.1 U-profile case 1

Initial analysis of the U-profile with a thickness of t =
0.05 m shows buckling of the structure due to a limit point
instability. The linear buckling load and the equilibrium
curve from a geometrically nonlinear analysis are depicted
in Fig. 6. Linear buckling analysis is unable to predict the
limit point instability and overestimates the buckling load
by 27%.
The geometrically nonlinear analysis predicts buckling

due to a limit point instability where the structure buckles in
the top flange near the fixed support, see Fig. 7. In contrary,

Table 4 Layup definition for the U-profile. Each layer in the laminate
layup has equal thickness

Layup definition

Top flange (0◦, 45◦,−90◦,−45◦)
Web (90◦, 135◦, 0◦, 45◦)
Bottom flange (45◦, 90◦,−45◦, 0◦)

Fig. 6 Linear buckling load and load displacement curve from geo-
metrically nonlinear analysis of U-profile

linear buckling analysis predicts bifurcation buckling due to
collapse in the web section at the free end.
The optimization formulations stated in Table 5 are

benchmarked upon the U-profile with a thickness of t =
0.05. Since the structure buckles due to a limit point stabil-
ity, a stability point is present, thus optimization formula-
tions based on linear and nonlinear buckling analysis may be
applied. Note that the numbering of the optimization formu-
lations for this numerical example, see Table 5, is different
from that of the previous example, see Table 2.
For the optimization formulations involving geometri-

cally nonlinear analysis three different stop criteria have
been applied to terminate the geometrically nonlinear anal-
ysis. Those with load based stop criterion continue the GNL
analysis until a certain load level is reached. A load of
125 kN is used in the load based stop criterion. For the
optimization formulations with a stop criterion for the GNL

Fig. 7 First linear buckling mode shape and displacement field at
different load steps during the geometrically nonlinear analysis. Note
that the displacement fields correspond to the marked equilibrium
points on the load displacement curve in Fig. 6
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Table 5 Optimization formulations applied in the buckling optimiza-
tion of the U-profile case 1

# Objective function Analysis method Stop criterion

1. Max min linear buckling Linear –

2. Max min nonlinear buckling GNL Limit point

3. Min linear compliance Linear –

4. Min compliance GNL Load

5. Min compliance GNL Limit point

6. Min max ε1 GNL Limit point

7. Min max εGNL GNL Load

8. Min max εGNL GNL Limit point

9. Min max εGNL GNL εGNL

analysis based on either a limit point detector or a maximum
nonlinearity factor εGNL, the GNL analysis may be termi-
nated at different load levels for each optimization iteration.
The maximum nonlinearity factor is set to 15 in the stop cri-
terion which for the initial laminate design is reached at a
load of 166 kN.
Load-deflection curves of the optimized designs are col-

lected in Fig. 8 and the buckling load improvement by the
benchmarked formulations are shown in Fig. 9. All the opti-
mized designs maintain the same buckling type, i.e. limit
point instability, and all optimization formulations manage
to improve the buckling load.
The poorest performing optimization formulations are

those based on linear analysis, i.e. optimization formu-
lation one and three. The best performing optimization
formulation is number two which is based on the nonlinear
buckling load. Among the optimization formulations based
on the minimization of the maximum nonlinearity factor
those stopped close to the stability point yield the best per-

ε
ε
ε
ε ε

Fig. 8 Load-deflection curves of the initial laminate composite design
and of the optimized designs obtained by the benchmarked optimiza-
tion formulations
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Fig. 9 Buckling load improvement in percent of the U-profile case 1
by the benchmarked optimization formulations

formance. This observation also holds for the optimization
formulations based on geometrically nonlinear compliance
minimization. This means that the performance of optimiza-
tion formulations having same objective function can be
ranked according to the stop criterion applied in the GNL
analysis, i.e. limit point, εGNL, and load.

6.2 U-profile case 2

The U-profile is again considered with same properties as in
case 1 except the thickness which is changed to t = 0.15 m.
With this configuration the structure buckles without a sta-
bility point, i.e. the equilibrium path keeps rising stably
without any bifurcation or limit point. The equilibrium path
for the initial laminate design is shown in Fig. 11. The
U-profile buckles visually in the top flange near the fixed
support as in case 1, see Fig. 10. The equilibrium point the
buckle starts to develop is marked on the equilibrium path
in Fig. 11.
The benchmarked optimization formulations are stated

in Table 6. Although no stability point is present for the
example the optimization formulation based on the linear
buckling load is attempted. The fundamental linear buckling

Fig. 10 First linear buckling mode shape and post buckling displace-
ment field for the initial design of the U-profile case 2
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ε
ε ε

Fig. 11 Load-deflection curves of the initial laminate composite
design and of the optimized designs obtained by the benchmarked
optimization formulations for U-profile case 2

mode for case 2 is differently from that determined in case 1.
The fundamental linear buckling mode for the initial design
of U-profile case 2 is shown in Fig. 10. The linear buckling
mode is very similar to the geometrically nonlinear defor-
mation shape and is best described as a flexural-torsional
buckling mode.
For optimization formulation number three and four a

stop criterion based on the maximum nonlinearity factor is
applied to terminate the GNL analysis. The maximum non-
linearity factor is set to 100 which for the initial design is
reached at a load of 1,600 kN.
The equilibrium curves of the optimized designs obtained

by the benchmarked optimization formulations are collec-
tively shown in Fig. 11. The load level at which a buckle
starts to develop in the top flange is marked on the equilib-
rium curves and is purely determined by visual inspection of
the deformation shape. Considering this point as the buck-
ling load, the best improvement is obtained by optimization
formulation number four that minimizes the maximum non-
linearity factor in the structure. Surprisingly, the second best
design is obtained by optimization formulation number one
that maximizes the linear buckling load, despite the absence
of a stability point.
Using the optimization formulations based on minimum

compliance, i.e. optimization formulation two and three, a

Table 6 Optimization formulations applied in the buckling optimiza-
tion of the U-profile case 2

# Objective function Analysis method Stop criterion

1. Max min linear buckling Linear –

2. Min linear compliance Linear –

3. Min compliance GNL εGNL

4. Min max εGNL GNL εGNL

stability point in the form of a limit point is introduced dur-
ing optimization. The compliance minimization based on
GNL analysis performs better than the linear compliance
optimized design which again demonstrates the importance
of including nonlinear prebuckling displacements.

7 Numerical example: laminated composite box-profile

The laminated composite box-profile depicted in Fig. 12 is
clamped at one end and point loaded at the other end. The
box-profile is divided into five structural parts which consist
of two webs and three flanges. A total of 1,980 equiva-
lent single layer solid shell finite elements is used in the
numerical model.
The laminate layup consists of four uni-directional

E-glass/epoxy fiber layers, each of equal thickness, for each
of the five structural parts in the box-profile, see Table 7.
The material properties of the uni-directional E-glass/epoxy
are identical to those used for the U-profile example, see
Table 3. The fiber orientation is again related to the ele-
ment coordinate system, (xe, ye, ze), in each finite element
and the same orientational definition of the fiber layers as
used for the U-profile is applied. The element coordinate
system for the finite elements for the webs and flanges
are shown in Fig. 12. The fiber orientation of each layer
for each of the five structural parts is considered constant
throughout the length of the profile and the layer stacking
is done in accordance with the ze-axis. The fiber angles in
the layup definition are used as laminate design variables
in the benchmark study of the optimization formulations
which gives a total of 20 design variables.
Initial analyses of the box-profile show that the struc-

ture buckles without any loss of stability and without any
points of stability, i.e. limit point or bifurcation point. The
load-deflection curve of the initial design obtained by a
geometrically nonlinear analysis is depicted in Fig. 15 and

1

2

3

7
0 5
1 2

1 2 3 1 3 1 5 10 2

Fig. 12 Geometry, loads, boundary conditions, and element coordi-
nate systems for the numerical model of the box-profile
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Table 7 Layup definition for the box-profile

Layup definition

Top flange (0◦, 90◦, 90◦, 0◦)
Middle flange (0◦, 90◦, 90◦, 0◦)
Bottom flange (0◦, 90◦, 90◦, 0◦)
Right web (0◦, 90◦, 90◦, 0◦)
Left web (0◦,−90◦,−90◦, 0◦)

Each layer in the laminate layup has equal thickness

deformation shapes at different load levels are shown in
Fig. 13 together with the first linear buckling mode.
At a load level of 80 kN a visual buckle initiates in the

bottom flange and enhances with additional loading and
a buckling pattern propagates in the bottom flange in the
length direction of the box-profile. The initiation of buck-
ling in the bottom flange results in a stiffness decrease
for the structure which immediately may be observed by
the change in slope for the load-deflection curve of the
initial design, see Fig. 15. The buckling initiation is as
already mentioned not connected to any stability point. This
has been verified by singularity checks upon the tangent
stiffness matrix during GNL analysis, i.e. no singular points
could be found.
At buckling, the bottom flange loses its stiffness and

thereby its load carrying capability and load redistribution
occurs from the bottom flange to the other structural parts
in the box-profile. The load carried by the bottom flange is
mainly redistributed to the webs and the middle flange. The
middle flange is prior to buckling almost unloaded since it
lies in the neutral plane. After buckling the position of the
neutral plane is shifted so it lies between the top and middle
flange, i.e. the middle flange becomes compression loaded.
The load redistribution that occurs in connection with the
initiation of buckling in the bottom flange is well captured

Fig. 13 First linear buckling mode shape and displacement field at
different load steps during the geometrically nonlinear analysis. Note
that the displacement fields correspond to the marked equilibrium
points (80, 127, and 195 kN) on the load displacement curve in Fig. 15
for the initial design

Fig. 14 Plots of the nonlinearity factor, εGNL, for all design layers
at the buckling load of the initial laminate design. Note that the box-
profile is seen from the rear end

by the nonlinearity factor, εGNL, which is plotted in Fig. 14
for the four fiber layers at the buckling load of 80 kN for the
initial design.
The nonlinearity factor, εGNL, is largest for the elements

in the middle flange since those elements initially are almost
unloaded, thus a large change occurs in the principal strain
relative to the load factor. Also the elements in the rear end
of the bottom flange have nonlinearity factors differently
from 1 since the bottom flange buckles and load redis-
tribution occurs whereby the compressive principal strain
relative to the load factor is reduced.
The optimization formulations stated in Table 8 are

benchmarked upon the box-profile in the attempt to maxi-
mize the buckling load. Since the nonlinearity factor is
largest for the elements in the middle flange that are far
away from the structural part that buckles, i.e. the bottom
flange, it is attempted both to minimize the maximum non-
linearity factor for all elements in the model and to minimize
the maximum nonlinearity factor for only the elements in
the bottom flange. The optimization that operates on all ele-
ments in the model is referred to as Min Max Global εGNL

Table 8 Optimization formulations applied in the buckling optimiza-
tion of the box-profile

# Objective function Analysis method Stop criterion

1. Max min linear buckling Linear –

2. Min linear compliance Linear –

3. Min compliance GNL Local εGNL
4. Min max global εGNL GNL Global εGNL
5. Min max local εGNL GNL Local εGNL
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whereas the optimization that only operates on the elements
in the bottom flange is referred to as Min Max Local εGNL.
The stop criterion, εGNL, in the GNL analysis is for local
detection set to εGNL = 1.5 and for global detection set to
εGNL = 2.9 which both are reached after visual buckling at
a load level close to the buckling load. The threshold values
for the nonlinearity factor used in GNL analyses are reached
at approximately 85 kN for the initial design which is just
above the visually determined buckling load of 80 kN.
Although no stability point exists for the box-profile an

optimization that maximizes the minimum linear buckling
load is attempted. This is done since the fundamental lin-
ear buckling mode is very similar to the GNL post buckling
deformation shape, see Fig. 13.
Equilibrium curves of the optimized designs obtained by

the optimization formulations stated in Table 8 are collec-
tively shown in Fig. 15.
Both optimization formulations based on minimum com-

pliance, i.e. linear and GNL, yield almost the same equi-
librium curve and only little improvement in the buckling
load may be observed. The buckling load is increased by
5 and 8% by the design based on minimum linear com-
pliance and minimum GNL compliance, respectively. As
expected, the overall stiffness of the structure is increased
by the optimizations based on minimum compliance.
Considering the design obtained by the maximum lin-

ear buckling load a buckling load improvement of 57% is
achieved. Thus an optimization formulation based on global
stability as the case for optimization formulation number
two, see Table 8, is able to increase the buckling load even
when no global stability point is present.
The buckling load improvement by optimization formu-

lation number four and five is 25 and 80%, respectively.

Fig. 15 Load-deflection curves of the initial laminate composite
design and of the optimized designs obtained by the benchmarked
optimization formulations for the box-profile

Thus optimization formulation five that operates directly
upon the elements in the structural part where the buckle
initiates gives a much better buckling load improvement
than the optimization formulation that operates on the max-
imum nonlinearity factor of all elements within the model.
Although the nonlinearity factors, εGNL, for all elements are
highly affected by buckling initiation in the bottom flange,
not all local criterion functions are capable of represent-
ing this relation. For the elements in the structural area of
instability there is a better correspondance between the local
criterion functions based on the nonlinearity factor and the
buckling initiation. This statement is also emphazised by
the fact that the global level of εGNL is lower at the buck-
ling point for the local εGNL optimized design than for the
buckling point for the global εGNL optimized design.

8 Conclusions

In this work a range of different criterion functions for
the maximum buckling resistance of laminated composite
structures is benchmarked upon different numerical exam-
ples having different buckling behaviour. The majority of
the criterion functions applied in the benchmark study is
from literature and concerns both local and global criterion
functions based on either linear or geometrically nonlinear
analysis. A new local criteria function in terms of an element
quantity is presented and is formulated such it gives a mea-
sure for local nonlinear effects upon loading and referred
to as the element nonlinearity factor. The maximum buck-
ling load is obtained by gradient based optimization and
the design sensitivities for all criteria are determined semi-
analytically by either the direct differentiation method or by
the adjoint approach.
In the benchmark study buckling with stability point of

the limit point type and buckling without stability point
are concerned. The latter type may in principle not be
classified as buckling since loss of stability does not take
place. Though, the term buckling is in many cases used to
describe e.g. behaviour of imperfect structures with initially
stable bifurcation a.k.a. stable post buckling, structures
developing visual local buckling or wrinkles upon loading
without bifurcation or limiting behaviour, and structures
with geometrically highly nonlinear behaviour with consid-
erably geometry changes that act in the same manner as
imperfections.
From the benchmark study it is found that different cri-

terion functions should be applied depending on the type of
buckling in order to obtain the best buckling load improve-
ment and thereby the best performing structural design. In
general do optimization formulations including nonlinear
prebuckling effects by geometrically nonlinear analysis give
better results than those based on linear analysis.



E. Lindgaard, E. Lund

For structures exhibiting a limit point type buckling the
criterion based on the nonlinear buckling load is favoured.
This criterion works directly upon the limit point load and
the method includes accurate nonlinear path tracing anal-
ysis where the buckling load is estimated at a precritical
point on the deformed configuration. The estimation point
is always chosen close to the real buckling point for a
precise estimate of the nonlinear buckling load and the non-
linear buckling load design sensitivities. Compared to the
other criterion functions benchmarked, the nonlinear buck-
ling load criterion is far superior in the case of limit point
buckling.
For cases where buckling alike patterns develop with the

absence of a stability point, i.e. buckling without a stability
point, the local criteria, referred to as the element nonlinear-
ity factor, yield the best buckling load improvement. The
element measure is able to detect local nonlinear effects
upon loading, in particular load redistribution which often
takes place with local buckling pattern development. In the
numerical studies it was found that the element nonlinearity
factor in some cases may have values in parts of the structure
that are larger than where the buckling pattern propagates.
For such cases it is better to focus the optimization on the
part of the structure where the buckling pattern initiates
in order to obtain the best buckling load improvement and
suppression of the buckling pattern.
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Appendix A Design sensitivity analysis

A.1 Linear displacement sensitivity

The displacement sensitivities dD
dai

are computed by direct
differentiation of the static equilibrium equation, see (1),
w.r.t. a design variable ai , i = 1, . . . , I .

K0
dD
dai

= −dK0

dai
D + dR

dai
, i = 1, . . . , I (15)

The displacement sensitivity dD
dai

can be evaluated by back-
substitution of the factored global initial stiffness matrix
in (15). The initial stiffness matrix has already been fac-
tored when solving the static problem in (1) and can here
be reused, whereby only the new terms on the right hand
side of (15), called the pseudo load vector, need to be cal-
culated. Note that the force vector derivative, dR

dai
, is zero

for design independent loads as in the case for CFAO. The
global initial stiffness matrix derivatives dK0

dai
are determined

semi-analytically at the element level by central difference
approximations and assembled to global matrix derivatives.

dk0

dai
≈ k0(ai + �ai ) − k0(ai − �ai )

2�ai
(16)

dK0

dai
=

Nas
e∑

n=1

dk0

dai
, i = 1, . . . , I (17)

k0 is the element initial stiffness matrix, �ai is the design
perturbation, and Nas

e is the number of elements in the finite
element model associated to the design variable ai .

A.2 Nonlinear displacement sensitivity

The nonlinear displacement sensitivities are computed by
considering the residual or force unbalance equation at a
converged load step n,

Qn(Dn(a), a) = Fn − Rn = 0 (18)

whereQn(Dn(a), a) is the so-called residual or force unbal-
ance, Fn is the global internal force vector, and Rn is the
global applied load vector. Taking the total derivative of
this equilibrium equation with respect to any of the design
variables ai , i = 1, . . . , I , we obtain

dQn

dai
= ∂Qn

∂ai
+ ∂Qn

∂Dn

dDn

dai
= 0 (19)

where
∂Qn

∂Dn
= ∂Fn

∂Dn
− ∂Rn

∂Dn
(20)

and
∂Qn

∂ai
= ∂Fn

∂ai
− ∂Rn

∂ai
(21)

We note that (20) reduces to the tangent stiffness matrix.
Since it is assumed that the current load is independent of
deformation, ∂Rn

∂Dn = 0, we obtain

∂Fn

∂Dn
= Kn

T (22)

By inserting the tangent stiffness and (21) into (19), we
obtain the displacement sensitivities dDn

dai
as

Kn
T
dDn

dai
= ∂Rn

∂ai
− ∂Fn

∂ai
(23)

The partial derivative of the load vector, ∂Rn

∂ai
, can explicitly

be expressed by two terms by taking the partial derivative
to (6)

∂Rn

∂ai
= γ n ∂R

∂ai
+ ∂γ n

∂ai
R (24)
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For design independent loads ∂R
∂ai

= 0 and for a fixed load

level ∂γ n

∂ai
= 0. The pseudo load vector, i.e. the right hand

side to (23), is determined at the element level by central
difference approximations and assembled to global vector
derivatives.

A.3 Linear compliance

The design sensitivity of linear compliance is obtained
by applying the adjoint approach, see e.g. Bendsøe and
Sigmund (2003) and Lund and Stegmann (2005), and
obtaining the sensitivity with respect to any design variable
ai , i = 1, . . . , I as

dCL

dai
= −DT

dK0

dai
D (25)

The global initial stiffness matrix derivatives dK0
dai

are deter-
mined semi-analytically at the element level by central
difference approximations and assembled to global matrix
derivatives as in (16) and (17).

A.4 Nonlinear end compliance

The design sensitivity of nonlinear end compliance at a
converged load step n with respect to any design variable,
ai , i = 1, . . . , I , is obtained by the adjoint approach, see
e.g. Bendsøe and Sigmund (2003)

dCGNL
dai

= λT
∂Qn

∂ai
= λT

(
∂Fn

∂ai
− ∂Rn

∂ai

)
(26)

Assuming the end load fixed and independent of design
changes we have that ∂Rn

∂ai
= 0. The adjoint vector λ, which

is not to be confused with the eigenvector, is obtained as the
solution to the adjoint equation

Kn
T λ = −Rn (27)

The partial derivatives in the right hand side of (26) are
determined at the element level by central difference
approximations and assembled to global vector derivatives.

A.5 Nonlinear first principal element strain

The design sensitivities of the first principal element
strain, dε1

dai
, are determined semi-analytically by forward

differences at the element level.

dε1

dai
≈ ε1(Dn + �Dn) − ε1(Dn)

�ai
(28)

The displacement field is perturbed via the calculated dis-
placement sensitivities in (23) such that �Dn ≈ dDn

dai
�ai .

A.6 Element nonlinearity factor

The design sensitivities of the element nonlinearity fac-
tor, εGNL, are determined semi-analytically by forward
differences at the element level.

dεGNL

dai
≈ εGNL(D1 + �D1, Dn + �Dn) − εGNL(D1, Dn)

�ai
(29)

It is assumed that the initial load level and the final load
level are fixed whereby the perturbed element nonlinearity
factor is determined by

εGNL(D1 + �D1, Dn + �Dn)

= 1+
∣∣∣∣∣
εn1 (D

n + �Dn)/γ n − ε11(D
1 + �D1)/γ 1

ε11(D
1 + �D1)/γ 1

∣∣∣∣∣ (30)

Since the element nonlinearity factor is determined by infor-
mation at two equilibrium points, i.e. the initial load step
and the final step n, the displacement sensitivities have to
be calculated at both load steps by (23). The perturbation
of the displacement fields at both equilibrium points may

then be evaluated by �Dn ≈ dDn

dai
�ai and �D1 ≈ dD1

dai
�ai ,

respectively.

A.7 Linear buckling

The linear buckling load factor sensitivities may be deter-
mined by

dλ j

dai
= φT

j

(
dK0

dai
+ λ j

dKσ

dai

)
φ j (31)

where the eigenvalue problem in (2) has been differentiated
with respect to any design variable, ai , i = 1, . . . , I , assum-
ing that λ j is simple, see e.g. Courant and Hilbert (1953)
and Wittrick (1962). The global matrix derivatives of K0
and Kσ are determined semi-analytically at the element
level by central difference approximations and assembled
to global matrix derivatives, see (16) and (17). The stress
stiffness matrix is an implicit function of the displacement
field, i.e. Kσ (D(a), a), thus both displacement field and
design variables need to be perturbed in the element central
difference approximation. The displacement field is per-
turbed via the calculated displacement sensitivities in (23)
such that �Dn ≈ dDn

dai
�ai .

A.8 Nonlinear buckling

The nonlinear buckling load factor sensitivities at load step
n are determined by

dλ j

dai
= φT

j

(
dK0

dai
+ dKn

L

dai
+ λ j

dKn
σ

dai

)
φ j (32)
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and

dγ c
j

dai
= dλ j

dai
γ n (33)

where the eigenvalue problem in (11) has been differentiated
with respect to any design variable, ai , i = 1, . . . , I , assum-
ing that λ j is simple, see Lindgaard and Lund (2010a). It is
assumed that the final load level is fixed and that the non-
linear buckling load has been determined at load step n by
evaluation of (10) and (11). The global matrix derivatives
of K0, Kn

L , and Kn
σ are determined in the same manner as

for the linear buckling load sensitivities, i.e. semi-analytical
central difference approximations at the element level and
assembly to global matrix derivatives.
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