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A Linear Quadratic Regulator With Optimal
Reference Tracking for Three-Phase Inverter-Based

Islanded Microgrids
Juan F. Patarroyo-Montenegro , Member, IEEE, Fabio Andrade , Member, IEEE,
Josep M. Guerrero , Fellow, IEEE, and Juan C. Vasquez , Senior Member, IEEE

Abstract—This article proposes a power sharing control method
based on the linear quadratic regulator with optimal reference
tracking (LQR-ORT) for three-phase inverter-based generators
using inductor-capacitor-inductor (LCL) filters islanded mode.
Compared to single-input single-output (SISO)-based controllers,
the LQR-ORT controller increases robustness margins and reduces
the quadratic value of the power error and control inputs dur-
ing transient response. Supplementary loops are used to reduce
frequency and voltage deviations in the ac bus without commu-
nications. The supplementary loop for voltage regulation is based
on the droop controller by reducing direct and quadrature output
voltages according to the active and reactive power demand. A
model in a synchronous reference frame that integrates power
sharing and voltage–current dynamics is also proposed. In addi-
tion, a methodology to develop an islanded microgrid model in
a synchronous reference frame is proposed. Robustness analysis
demonstrates stability of the LQR-ORT controller under variations
in the frequency and the LCL filter components. Experimental
results demonstrate accuracy of the proposed model and the ef-
fectiveness of the LQR-ORT controller on improving transient
response and robustness in islanded mode.

Index Terms—Grid-connected mode, inverter-based generators,
islanded mode, linear quadratic regulator (LQR), microgrids,
modeling, optimal control, power sharing, voltage regulation.

I. INTRODUCTION

THE droop controller has been the most popular control
method for regulating active and reactive power sharing in

parallel connected voltage-source inverters (VSI) for microgrid
applications. In the last decade, this method has been preferred
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because it allows the distribution of power generation among
VSIs proportionally without communications [1]–[7]. Typically,
droop controllers reduce frequency and voltage amplitude in or-
der to share active and reactive power, similarly to synchronous
generators. Though this method only uses local variables, there
are a number of stability issues that have been addressed through
time [4], [5], [8], [9].

One of the most important issues related to droop control is
the need of a low-pass filter (LPF) to separate the dynamics of
the primary control level from the voltage–current (V−I) control
level [10]. The LPF is also used to calculate the mean value of
the instantaneous active and reactive power. The relatively small
bandwidth of the LPF inserts a pair of eigenvalues located close
to the imaginary axis, which makes the VSI prone to instability
if the droop gains and the cutoff frequency are not appropriately
selected as demonstrated in [11]–[14].

The use of the LPF also affects the transient response of the
voltage and frequency in the ac bus under load changes. To
overcome this, a current sharing method using virtual impedance
in a synchronous reference frame has been proposed [8], [15],
[16]. This method allows to obtain faster responses and improved
current decoupling compared to the conventional droop con-
troller. However, the active and reactive powers are not directly
controlled, which may cause inaccuracies when sharing loads
between VSIs.

Another important issue regarding conventional droop control
is that the droop gains and V−I control parameters are typically
found using heuristic methods. Some approaches developed
closed-loop small-signal models to determine the location of
the eigenvalues associated to droop dynamics, neglecting in-
ner loop eigenvalues, and power coupling [4], [13], [17]–[21].
This neglect results in model inaccuracies when describing VSI
robustness and performance. Also, the closed-loop models for
droop control do not allow the implementation of some impor-
tant robustness and stability estimation methods, such as singular
value diagrams or gain-phase margin estimation.

Most of the closed-loop models used to design droop con-
trollers do not allow to design model-based controller methods
such as linear quadratic (LQ) control, H∞-based control, or
model predictive control (MPC). These methods are aimed to
improve closed-loop stability, performance, and robustness [22],
[23]. Some important contributions related to optimal control
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methods for VSI power sharing control have been developed
[24]–[29]. Most of these approaches rely on the use of an LPF
inside the control loop to regulate active and reactive power. In
[27], the closed-loop eigenvalue location of the droop controller
is maximized using a flatness-based controller. Although this
controller enhances voltage total harmonic distortion THD and
stability, it requires a global positioning system to synchronize
VSIs. In [28], a fuzzy controller with a particle swarm optimiza-
tion algorithm is proposed to improve reactive power sharing.
However, although this method improves reactive power tran-
sient response, it relies on the use of an LPF to calculate active
and reactive power. Also, the fuzzy-based controllers do not
allow the stability or robustness analysis to be performed on
the closed-loop system. In [29], a droop-free controller using
a nonlinear optimization method is used to achieve optimal
power dispatch, adequate power sharing, and minimization of
the voltage in the ac bus. In addition, the authors propose a
novel model for optimizing their control objectives. However,
the whole controller relies on a centralized microgrid controller
and a cooperative communication link, which reduces reliability.

To cope with the aforementioned, this article presents an
optimal LQ control method with optimal reference tracking
(LQR-ORT) that integrates V−I and primary control levels
for three-phase inverter-based microgrids. This controller is
able to operate in grid-connected and islanded mode. Perfor-
mance of the proposed LQR-ORT controller in grid-connected
mode is presented in [30]. Supplementary loops are used to
regulate frequency and voltage amplitude in islanded mode. The
supplementary loop that regulates voltage amplitude is also used
to regulate power sharing among inverters. This supplementary
loop is based on the droop control concept by drooping direct
and quadrature output voltages according to active and reactive
power, respectively. To compute the LQR-ORT controller of
each generator, a model in a synchronous dq frame that combines
power sharing and V−I dynamics is presented. Also, robustness
of the entire microgrid is assessed by using robustness analysis
techniques such as robustness margins estimations under fre-
quency and load and variations. Other applications regarding sta-
bility and robustness analysis of this model are presented in [31].

Compared to similar approaches found in literature, this
article has the following advantages. First, this approach is
intended to minimize the energy in the states and inputs for the
V−I and primary control level using a single controller, which
means better transient response, reduced tracking error, and
less power losses during transient responses. Second, the use
of an LQR controller has many robustness benefits regarding
the gain and phase margins [22]. Third, the supplementary loop
to regulate microgrid frequency allows each inverter to operate
in islanded mode in a synchronous frame without affecting
frequency stability. Fourth, the proposed state-space model
allows the performance of stability and robustness analysis to
each generator and the entire microgrid in a comprehensive
way. Finally, in contrast to conventional droop controllers,
the proposed controller does not use resonant filters for the
V−I level or LPFs for power estimation in the primary level.
Thus, the robustness and stability of the microgrid is improved.

Fig. 1. Three-phase generator connected to a voltage source.

Furthermore, transient responses of the frequency and the
voltage amplitude in the ac bus are improved.

The rest of this article is organized as follows. Section II
presents the mathematical models used to develop the proposed
controller. In Section III, the proposed controller and the sup-
plementary loops for regulating frequency and voltage in the ac
bus are presented. Section IV presents robustness and stability
analysis for a proposed experimental microgrid. Also, a test
case in a real test bench is shown in this section. Finally, the
conclusion is presented in Section V.

II. MATHEMATICAL MODEL

The model of each inverter connected to the main grid is used
to describe dynamics in grid-connected mode. This model is also
used to develop the proposed control strategy. Then, the models
of all inverters are integrated in a single state-space model to
describe microgrid dynamics in islanded mode.

A. Model of a Single Inverter Connected to the Main Grid

The circuit used to develop the proposed model in grid-
connected mode is shown in Fig. 1. The output of the three-phase
inverter Eabc is connected using an inductor-capacitor-inductor
(LCL) output filter to a voltage source Vgabc that represents
the ac bus. Input inductor current, capacitor voltage, and output
current are denoted by Ilabc, Vcabc, and Ioabc respectively. The
differential equations for one phase of this circuit are given by

C
dVc

dt
= Il − Io; Li

dIl
dt

= E − Vc; Lo
dIo
dt

= Vc − Vg

(1)
with Li, Lo, and C being the input inductance, output induc-
tance, and capacitor, respectively. The state-space model of this
circuit for each phase in the ABC frame is given by⎡

⎣ V̇c

İl
İo

⎤
⎦ =

⎡
⎢⎣ 0 1/C −1/C
−1/Li

0 0
1/Lo

0 0

⎤
⎥⎦

⎡
⎣Vc

Il
Io

⎤
⎦+

⎡
⎣ 0
1/Li
0

⎤
⎦E

+

⎡
⎣ 0

0

−1/Lo

⎤
⎦Vg. (2)

The state-space model (3) is obtained using the dq transfor-
mation at the nominal angular frequency ωc (see Appendix).
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⎡
⎢⎢⎢⎢⎢⎢⎣

V̇cd

V̇cq

İld
İlq
İod
İoq

⎤
⎥⎥⎥⎥⎥⎥⎦ =

Adq︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎢⎣

0 ωc 1/C 0 −1/C 0
−ωc 0 0 1/C 0 −1/C
−1/Li 0 0 ωc 0 0

0 −1/Li −ωc 0 0 0
1/Lo 0 0 0 0 ωc

0 1/Lo 0 0 −ωc 0

⎤
⎥⎥⎥⎥⎥⎥⎦

xdq︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎢⎣

Vcd

Vcq

Ild
Ilq
Iod
Ioq

⎤
⎥⎥⎥⎥⎥⎥⎦

+

B1dq︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎢⎣

0 0
0 0

1/Li 0
0 1/Li

0 0
0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

Edq︷ ︸︸ ︷[
Ed

Eq

]
+

B2dq︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎢⎣

0 0
0 0
0 0
0 0

−1/Lo 0
0 −1/Lo

⎤
⎥⎥⎥⎥⎥⎥⎦

Vgdq︷ ︸︸ ︷[
Vgd

Vgq

]
.

(3)

The active power P and reactive power Q are defined by [32]

P = 1.5 (VgdId + VgqIq) (4)

Q = 1.5 (VgqId − VgdIq) . (5)

According to grid regulations such as IEEE 1547 [33], it is
correct to assume that Vgdq will have small deviations around
the operating point Vgdq = [ V̄gd 0 ], where V̄gd represents the
nominal peak amplitude of the ac bus. The dq frame is synchro-
nized with the phase A of the ac bus (Vga) using a phase-locked
loop (PLL) so that Vgq = 0 [32]. Thus, the active and reactive
power can be written as a linearized equation as follows:

y =

[
P
Q

]
= 1.5

[
V̄gd 0
0 −V̄gd

] [
Iod
Ioq

]
. (6)

To discretize the state-space model, the delay induced by the
pulsewidth modulation (PWM) switching must be considered
[34]. This is done by using a delay block or a discrete-time
backward integrator. The discrete-time backward integrator also
allows the reduction of the steady-state error in the closed-loop
system. The augmented system using a backward integrator in
the input is given by

X [k+1] =

[
Ādq B̄1dq

02×6 I2×2

]
X [k] +

[
06×2

TsI2×2

]
Edq [k]

+ B̄2dqVgdq [k] (7)

where X = [xdq Eidq ]
T, the auxiliary integral of the input is

represented by Eidq , Ts is the sampling period, and the upper
bar �̄ represents the discrete-time transformation [22]. Thus, the
discrete-time state-space system can be rewritten as

X [k + 1] = ĀT X [k] +B̄1TEdq [k]

+ B̄2dqVgdq [k]

y = CX [k] . (8)

According to (6), the output matrix C is given by

C = 1.5

[
0 0 0 0 V̄gd 0 0 0
0 0 0 0 0 −V̄gd 0 0

]
. (9)

Fig. 2. Control scheme for the LQR-ORT controller.

B. Model of the Microgrid in Islanded Mode

The complete microgrid model is used to assess stability and
robustness in islanded mode. Other applications regarding sta-
bility and robustness analysis of this model have been presented
in [31]. The circuit considered for the islanded microgrid model
is shown in Fig. 2. The load was selected to be a series RL
circuit in order to analyze dynamics of the active and reactive
power. To obtain the complete microgrid model, the model of
each inverter must be computed separately by using (2). Then,
Vg must be defined in terms of the output currents and load
components as follows:

Vg = Lİot +RIot (10)

where Iot =
∑n

j=1 Ioj , for n generators. From (1), the output
current dynamics for each generator are given by

Lo İo = Vc − Vg . (11)

Evaluating Vg from (10) into (11) for each generator yields
to (12). For the jth generator, ϕj represents a row vector of size
n with the coefficients of each state variable properly arranged
from the solution of (12)

⎡
⎢⎣ İo1

...
İon

⎤
⎥⎦ =

⎡
⎢⎣ (Lo1 + L) L L

L
. . . L

L L (Lon + L)

⎤
⎥⎦
−1 ⎡

⎢⎣ Vc1−RIot
...

Vcn−RIot

⎤
⎥⎦

=

⎡
⎢⎣ ϕ1

...
ϕn

⎤
⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Vc1

Il1
Io1

...
Vcn

Iln
Ion

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (12)

Combining the solution of (12) with the model of each gen-
erator (2), the complete microgrid model (13) is obtained as
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follows:⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V̇c1

İl1
İo1

...
V̇cn

İln
İon

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ã1 02×3 . . . . . . 02×3

ϕ1

02×3 . . . Ã2 . . . 02×3

ϕ2

...
...

...
...

...
02×3 . . . . . . 02×3 Ãn

ϕn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Vc1

Il1
Io1

...
Vcn

Iln
Ion

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎣ B1 . . . 03×1

...
. . .

...
03×1 . . . Bn

⎤
⎥⎦
⎡
⎢⎣E1

...
En

⎤
⎥⎦ (13)

where

Ãj =

[
0 1/Cj −1/Cj

−1/Lij 0 0

]
, Bj =

⎡
⎣ 0

1
Lij

0

⎤
⎦ , ∀1 ≤ j ≤ n.

(14)
The model (13) is for each phase. However, it must be trans-

formed to the dq frame using (35) from the Appendix.

III. INTEGRATED OPTIMAL CONTROLLER

The complete scheme for the integrated optimal controller is
shown in Fig. 3. The LQR-ORT feedback matrix Kd and the
optimal tracking matrix Kνν are used to regulate the output
power of each generator. If the grid is suddenly disconnected,
the grid connection flag is set to zero and the voltage controller
and the droop controller are activated. These controllers are
used to regulate voltage and load sharing among generators in
islanded mode. In addition, the grid connection flag sets the PLL
to islanded mode in order to regulate frequency deviations.

A. Computation of the LQR Controller

The discrete-time LQR-ORT optimization problem defines a
cost function that weighs the sum of squares of the system input
Edq[k] and the output error e [k] = Y [k]− r[k]. The discrete
LQR-ORT cost function is given by [22]

J (ko) =
1

2

T∑
k=k0

(
e[k]TQpe [k] + ET

dq [k]RpEdq [k]
)
. (15)

The matrix Qp is symmetric positive semidefinite and Rp is
a symmetric positive definite matrix. Notice that unlike classic
LQR approaches, the cost function (15) only includes input and
error signals and does not include the state vector X[k]. To
solve this minimization problem, the modified discrete algebraic
Ricatti equation must be solved [22]

S = Ā T
T S

(
ĀT − B̄1TKd

)
+ CTQpC. (16)

The optimal state-feedback controller matrix is given by

Kd =
(
B̄T

1TSB̄1T +Rp

)−1
B̄T

1TSĀT. (17)

B. Optimal Reference Tracking Matrix

The reference signal r[k] introduces an additional difference
equation to the optimization problem to minimize tracking error.

Fig. 3. Complete islanded microgrid scheme with an RL load.

This equation is solved offline to obtain a control law that
minimizes (15) [22]

ν [k + 1] =
(
ĀT − B̄1TKd

)T
ν [k] + CTQpr [k] (18)

where ν is an auxiliary matrix similar to S. A static value of ν is
obtained assuming a step reference signal r[k], and solving (18)
with infinite horizon such that ν [k] = ν[k + 1]

ν =
[
I − (

ĀT − B̄1TKd

)T]−1

CTQp. (19)

The control law for the LQR-ORT problem is defined by

Edq [k] =
(
B̄T

1TSB̄1T +Rp

)−1
B̄T

1T

(−SĀTX [k] + νr [k]
)
.

(20)
Defining Kv = (B̄T

1TSB̄1T +Rp)
−1 B̄T

1T and replacing Kd

from (17) into (20) results in a compact form of the control law
as shown in the following:

Edq = −KdX [k] +Kvνr [k] . (21)

The product Kνν is known as the ORT. As shown in Fig. 3,
this matrix transforms a vector in the units of r[k] to a vector in
the units of Edq[k] such that (15) is minimized.

C. Main Grid Power Contribution Calculation Using
Superposition Principle

As Vgdq is not considered in (15) to compute the LQR-ORT
controller, its effects on the injected power must be subtracted
from the raw reference signal [Pref Qref ]

T to obtain the net
power reference r[k] as shown in Fig. 3. Thus, the superposition
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principle must be applied to the closed-loop system as follows:

X [k+1] = (ĀT − B̄TKd)X [k] + B̄1TKννr [k] + B̄2dqVgdq.
(22)

To analyze the power contribution of Vgdq, the closed-loop
system (22) must be simulated with r [k] = [ 0 0 ]T. The power
contribution of Vgdq is computed using the expression

YV =

[
PV

QV

]
=

[
V̄gd 0
0 −V̄gd

] [
Iod

Ioq

]
(23)

where Iod and Ioq are the output current values when (22)
reaches steady state with nominal values of Vgdq.

Since YV and Kνν are computed offline based on ideal
components, there may be slight deviations in the experimental
steady-state output values. One way to address this issue is to
represent the external input as a stochastic current signal [35].
However, as the LQR-ORT is intended to work in islanded mode,
the external input should be expressed as a voltage input. To
avoid deviations in the output power caused by disturbances in
the ac bus, the integral of the power error is added to r[k] as
shown in Fig. 3. This integral is calculated using a low gain Ks

to not affect stability margins nor transient response.
The net reference R[z] is then defined as follows:

R (z) =

[
Pref

Qref

]
−
[
PV

QV

]
+

KsTs

z − 1

[
P − Pref

Q−Qref

]
(24)

where R(z) is the z-transform of the reference signal r[k], and
P and Q represent the unfiltered measured power injected to the
main grid.

D. Voltage Regulation and Proportional Power Sharing Using
Droop Control Concept for Islanded Mode

In grid-connected mode, the aforementioned LQR-ORT con-
troller regulates the power sharing to the main grid. In this
mode, the grid sets the ac bus voltage to nominal values. In
islanded mode, all inverters must regulate the ac bus voltage
and frequency while delivering active and reactive power to
the loads. Also, each inverter must inject power proportionally
according to its own rated power capacity.

As the LQR-ORT controller is based on the regulation of the
output current (6), it is necessary to add a supplementary loop
in order to regulate the output voltage in islanded mode. The
output of this voltage controller is the power reference for the
LQR-ORT controller to drive the output voltage to reference
values. Control scheme for the voltage control loop is shown
in Fig. 3. When main grid connection lost is detected, the
voltage in the ac bus drops and grid connection flag becomes
zero, activating the voltage controller. The detection of grid
disconnection is assumed, and its development is out of the
scope of this article. According to (6), it can be inferred that Vcd

is directly proportional to the active power and Vcq is negatively
proportional to the reactive power.

Using a PI compensator, the expression for the voltage con-
troller is given by[

Pref

Qref

]
=

(
KivTs

z − 1
+Kpv

) [
1

−1

]
·
[
Vrefd − Vcd

Vrefq − Vcq

]
. (25)

Fig. 4. SOGI-PLL with frequency regulation loop.

To distribute power sharing proportionally among the gen-
erators, a voltage-based droop control loop is implemented.
The output of the droop control is subtracted from the output
voltage reference as shown in Fig. 3. The expression for the
voltage-based droop control is given by[

Vrefd

Vrefq

]
=

[
V̄d

0

]
−
[
m
n

]
·
[
P
Q

]
(26)

where m ∈ R > 0 and n ∈ R < 0 are known as the droop gains
in d and q, respectively. To analyze power sharing, the following
expression is obtained for two inverters:[

Vrefd1

Vrefq1

]
+

[
m1

n1

]
·
[
P1

Q1

]
=

[
Vrefd2

Vrefq2

]
+

[
m2

n2

]
·
[
P2

Q2

]
.

(27)
It is expected that in steady state,Vrefd1

∼= Vrefd2 andVrefq1
∼=

Vrefq2
∼= 0. Then, the power sharing between j inverters will

follow the rule

m1P1
∼= m2P2 . . . ∼= mjPj

n1Q1
∼= n2P2 . . . ∼= njQj . (28)

Notice that this droop control does not include frequency
droop, since it occurs inherently in the frequency regulation loop
presented in the following subsection.

E. Inverter Synchronization and Frequency Regulation

To synchronize each inverter with the ac bus, a second-order
generalized integrator (SOGI-PLL) is implemented as shown in
Fig. 4 [32]. The output of the SOGI-PLL is used to perform the dq
transformation of the input and output signals of the LQR-ORT
controller. When grid connection is lost, the operating frequency
of the microgrid drops and the frequency regulation loop is ac-
tivated. The frequency regulation loop integrates the frequency
error and compensates the PLL operating frequency ω′. This
way, the microgrid frequency operates around nominal values
in islanded mode.

The expression of the output frequency of the SOGI-PLL with
the proposed frequency regulation loop is given by

ω′ = Vgq

(
KpP +

KiPTs

z − 1

)
+ ωc +

FgKfTs

z − 1
(ωc − ω′)

(29)
where Fg is zero when grid connection is lost and one when the
grid is engaged. Applying the final value theorem and defining
the frequency deviation as Δω = (ωc − ω′), the steady-state
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Fig. 5. Complete islanded microgrid scheme with RL load.

value of the frequency deviation is given by

Δω = −KiP

Kf
Vgq. (30)

Equation (30) shows that the steady-state value of the fre-
quency is directly related to the steady-state value of Vgq. This
implies that the controlled microgrid has an inherent droop that
modifies frequency according to load values.

IV. STUDY CASE

To demonstrate the effectiveness of the LQR-ORT controller,
a microgrid scenario with three inverter-based generators and
two loads is proposed as shown in Fig. 5. There are connection
switches located at the output of each inverter, at the input of
each load, and at the point of connection with the main grid. Each
inverter has its own LQR-ORT controller with the supplementary
control loops. However, controllers for inverters 1 and 2 were
implemented in a dSPACE 1006, and controller for inverter 3
was implemented in a dSPACE SCALEXIO. This is to validate
the stability of the proposed frequency regulation loop under
changes in clock frequency.

The parameter specifications used for this study case are
summarized in Table I. To obtain the models of each inverter
connected to the main grid, the component values were evaluated
in (3) and (7) for each inverter. Also, to obtain the complete
microgrid model in islanded mode, the component values were
evaluated in (13) and (7). This resulted in three independent
models for grid-connected mode and one model for islanded
mode. The matrices Qp and Rp were selected to obtain a
settling time of 0.3 s under power references in grid-connected
mode. The control feedback matrices Kd1,Kd2, and Kd3 were
computed using (16) and (17) and the selected weighing matri-
ces. The matrix Kνν1, Kνν2, and Kνν3 were obtained using
(19) and (20) for each inverter. The outer integrator gain Ks

was selected small to not have a significant effect on stability
margins. The voltage droop gains were selected to provide an
adequate power sharing among inverters according to their rated
power. In addition, the voltage regulation gains were selected

TABLE I
PARAMETER SPECIFICATION FOR THE STUDY CASE. POWER BASE: 1000 W.

VOLTAGE BASE: 120 Vrms

to reach steady state in less than 0.6 s for steps in loads. It is
important to note that the selection of the voltage droop and
voltage control gains do not have a predominant effect on the
closed-loop stability due to the inherent robustness properties of
the LQR-ORT controller.

A. Robustness and Stability Analysis

To evaluate robustness and stability of the LQR-ORT con-
troller, the islanded microgrid with load and frequency variations
was analyzed. The load components were defined as randomized
elements with a uniform variation in the range of 0 → 7 p.u. for
R and 0 → 50 p.u. for L. Thus, 1000 instances of the microgrid
model under load variations were created, and the stability was
assessed using the nominal feedback control matricesKd1,Kd2,
andKd3. Similarly, 1000 instances of the microgrid model under
frequency variations were created.

To ensure that each inverter works independently with-
out communications, the generalized feedback control matrix
KdT = diag(Kd1,Kd2,Kd3) was defined. The controlled open
loop microgrid ΛμG = KdT GμG is defined by

ΛμG (z) = KdT

(
zI − ĀμG

)−1
B̄μG (31)
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Fig. 6. Load variations and their effect on the closed-loop eigenvalues using
the controller KdT in islanded mode.

where ĀμG and B̄μG are the discrete time microgrid state and
input matrices, respectively, from (13) transformed to the dq
frame. The stability of the closed-loop microgrid was assessed
by analyzing the return difference I + ΛμG(z), which defines
the location of the closed-loop eigenvalues

λ
{
(I + ΛμG (z))−1

}
= λ

{
ĀμG − B̄μGKdT

}
. (32)

The operator λ{·} refers to the eigenvalue computation. The
closed-loop microgrid becomes unstable if at least one of its
eigenvalues has a magnitude greater than 1. Fig. 6 shows the load
variations (R andL) and their effect on the maximum magnitude
of the microgrid’s discrete closed-loop eigenvalues.

The magnitude of the closed-loop eigenvalues tends to 1 as
R becomes smaller and L becomes larger. None of the load
variations generates a closed-loop eigenvalue greater than 1,
even when using highly inductive loads such as industrial ac
motors. The downward-left region describes load values that
generate an impedance magnitude less than 1 p.u. In this region,
the power demand becomes higher than the microgrid total
capacity SμG = S1 + S2 + S3 = 3 p.u. This demand could
cause inverters to trip and the microgrid to become unstable.
None of the eigenvalues become unstable in the nearby of this
region. This implies that the closed-loop microgrid is robust
under variations in RL loads using the LQR-ORT controller.
Also, Fig. 7 shows the effect of frequency variations in the loca-
tion of the closed-loop eigenvalues in a continuous root locus.
According to this, the frequency variations do not have major
impact on the eigenvalue location, demonstrating the robustness
of the LQR-ORT controller under frequency disturbances in the
islanded microgrid.

The discrete LQR controller has robustness properties such
as high gain margins and phase margins of at least 60′° [36].
Stability margins for the LQR-ORT controller were calculated
using disk margin method [37]. The disk margin method is used
for estimating structured robustness under multiplicative un-
certainties for multiple-input multiple-output (MIMO) systems.
Thus, the nominal islanded microgrid has a gain margin of 12.10
dB and a phase margin of 42.68°, which is appropriate for the

Fig. 7. Frequency variations and their effect on the closed-loop eigenvalues
using the controller KdT in islanded mode.

Fig. 8. Photograph of the experimental microgrid setup.

complete microgrid. These results demonstrate robustness and
stability under component and load variations in the islanded
microgrid.

Finally, it is important to remark that the structure of the
LQR-ORT controller makes the closed-loop generator robust
under variations in the ac bus. This is because the power compu-
tation and the ac bus voltage are not included in the closed-loop
state matrix (ĀT − B̄TKd) from (22). If Vgdq varies or if a
disturbance is injected, the controller will not be optimal, and
the performance will be slightly affected with an increase in
settling time or overshoot.

B. Experimental Results

To evaluate the performance of the proposed control method,
the microgrid test bed depicted in Fig. 8 has been used. This
test bed consists of four Danfoss 2.2 kW inverters, voltage
and current Life Energy Motion (LEM) sensors, LCL filters,
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Fig. 9. Experimental results of the LQR-ORT compared to a conventional droop controller. (a) Active power LQR-ORT. (b) Reactive power LQR-ORT.
(c) Voltage in the ac bus and frequency of the microgrid for the LQR-ORT. (d) Active power conventional droop controller. (e) Reactive power conventional droop
controller. (f) Voltage in the ac bus and frequency of the microgrid for the conventional droop controller.

solid-state connection switches, a dSPACE1006, and a dSPACE
SCALEXIO. The switching frequency of the inverters was set
to 10 KHz using symmetric space-vector modulation. Refer to
[38] for more details regarding the microgrid test bed.

The performance of the LQR-ORT controller was compared
against a conventional droop controller from [1]. Control pa-
rameters of the conventional droop controller are also presented
in Table I.

Fig. 9 shows the output power of each inverter, the rms
voltage in the ac bus, and the microgrid frequency under different
intervals of time for the LQR-ORT and the conventional droop
controller. An LPF with a bandwidth of 100 rad/s was used in
both controllers outside the control loop for power estimation.

At the beginning of the experiment (prior to t = 1 s), the ac
bus is connected to the main grid. At this, each inverter works in
grid following mode, which means that the main grid imposes
the frequency and the voltage on the ac bus. Thus, the voltage
in the ac bus and the frequency are deviated from their nominal
values.

At t = 1 s, the main grid is disconnected and the microgrid
starts working in islanded mode with load 1 connected. This
means that inverters work together as grid forming generators to
deliver the power demanded by load 1. At this time, the active
power demanded by load 1 is correctly shared proportionally
among inverters according to their rated power for both con-
trollers [Fig. 9(a) and (d)]. However, the reactive power sharing
for the LQR-ORT is improved compared to the conventional
droop controller [Fig. 9(b) and (e)]. Regarding the transient
response, the active and reactive powers reach steady state in
0.3 s for the LQR-ORT and 1.5 s for the conventional droop.
Also, the active and reactive power waveforms of the LQR-ORT
contain less noise compared to the conventional droop. AC bus

voltage drops to 0.99 p.u. with a settling time of 1 s for the
LQR-ORT, whereas the conventional droop controller voltage
drops to 0.97 p.u. with a settling time of 4 s [Fig. 9(c) and (f)].
Also, microgrid frequency rises to 60.012 Hz with a settling time
of 0.2 s for the LQR-ORT controller, whereas the conventional
droop controller frequency drops to 59.97 Hz with a settling time
of 3 s.

At t = 5 s, load 2 connection switch is closed. At this event,
the settling time of the active and reactive power for the conven-
tional droop increases to 2 s, whereas the LQR-ORT controller
remains at 0.3 s. The voltage in the ac bus and frequency reach a
value of 0.98 p.u. and 60.028 Hz, respectively, for the LQR-ORT,
and 0.94 p.u. and 59.94 Hz for the conventional droop controller.
Dynamics in the ac bus voltage and frequency of the LQR-ORT
are faster than the conventional droop controller due to the lack
of an LPF that separates the V−I and power dynamics.

The waveforms of the output currents of each inverter for
each controller are also shown in Fig. 9. It is shown that the
transient response of the output currents is faster for the LQR-
ORT compared to the conventional droop controller. Also, the
output current waveforms of the LQR-ORT controller contain
less noise compared to the conventional droop controller. This
implies less power losses and better transient response.

Experimental results shown in Fig. 10 demonstrate that,
compared to a conventional droop controller, the LQR-ORT
improves the transient response of the islanded microgrid and
also improves reactive power sharing among generators. The fast
response of the ac bus voltage and frequency for the LQR-ORT
controller occurs because this controller does not require LPFs
inside the control loop. Also, the inherent robustness of the
LQR-ORT controller allows the increase of voltage droop gains
in order to improve transient response.
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Fig. 10. Output currents in the dq frame during the experiment for the LQR-ORT controller and the conventional droop controller. (a) Inverter 1 LQR-ORT.
(b) Inverter 2 LQR-ORT. (c) Inverter 3 LQR-ORT. (d) Inverter 1 conventional droop. (e) Inverter 2 conventional droop. (f) Inverter 3 conventional droop.

V. CONCLUSION

The proposed LQR-ORT controller for islanded and grid-
connected microgrids improves transient response, accuracy
on power sharing, and voltage and frequency regulation. It is
worth mentioning that the frequency and voltage regulation is
performed without communications, which improves reliability.
The model presented in this article integrates V−I and power
sharing dynamics in a single state-space model. Using this new
model allows to perform modern analysis methods for stability
and robustness. Stability and robustness analysis show that the
LQR-ORT controller has robust performance and stability under
uncertainties in load. Experimental results have confirmed the
benefits of the presented approach and its advantages compared
to conventional droop controllers.

APPENDIX

Assuming the following state-space model for one phase
oscillating at certain angular frequency ω

ẋ = Ax+Bu (33)

with

A =

⎡
⎢⎣ a11 · · · a1n

...
. . .

...
an1 · · · ann

⎤
⎥⎦ , B =

⎡
⎢⎣ b11 · · · bm1

...
. . .

...
bn1 · · · bnm

⎤
⎥⎦ ,

x =

⎡
⎢⎣ x1

...
xn

⎤
⎥⎦ , u =

⎡
⎢⎣ u1

...
um

⎤
⎥⎦ . (34)

The following formula may be used to transform the balanced
model from the ABC frame to the dq frame [39]:

Adq =

⎡
⎢⎢⎢⎣

aT1 a12I2×2 · · · a1nI2×2

a21I2×2 aT2 · · · a2nI2×2

...
...

. . .
...

an1I2×2 an2I2×2 · · · aTn

⎤
⎥⎥⎥⎦ , xdq =

⎡
⎢⎢⎢⎢⎢⎣
x1d

x1q

...
xnd

xnq

⎤
⎥⎥⎥⎥⎥⎦

Bdq =

⎡
⎢⎣ b11I2×2 · · · b1mI2×2

...
. . .

...
bn1I2×2 · · · bnmI2×2

⎤
⎥⎦ , udq =

⎡
⎢⎢⎢⎢⎢⎣
u1d

u1q

...
umd

umq

⎤
⎥⎥⎥⎥⎥⎦ (35)

where

aTj = ajj I2×2 +

[
0 ω
−ω 0

]
(36)

with 1 ≤ j ≤ n.
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