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Abstract: Offshore produced water treatment (PWT) accounts for cleaning the largest waste stream
in the offshore oil and gas industry. If this separation process is not properly executed, large amounts
of oil are often directly discharged into the ocean. This work extends two grey-box models of a three-
phase gravity separator and a deoiling hydrocyclone, and combines them into a single plant-wide
model for testing PWT control solutions in a typical process configuration. In simulations, three
known control solutions—proportional-integral-derivative (PID) control, H∞ control, and model
predictive control (MPC)—are compared on the combined model to evaluate the separation per-
formance. The results of the simulations clearly show what performance metrics each controller
excels at, such as valve wear, oil discharge, oil-in-water (OiW) concentration variance, and constraint
violations. The work incentivizes future control to be based on operational policy, such as defining
boundary constraints and weights on oil discharge, rather than maintaining conventional intermedi-
ate performance metrics, such as water level in the separation and pressure drop ratio (PDR) over
the hydrocyclone.

Keywords: oil and gas; model predictive control; robust control; grey-box modeling; separation;
deoiling; hydrocyclone

1. Introduction

During the world’s transition to renewable energy, it is important to produce the
necessary oil and gas with the smallest possible environmental impact. Production of
oil is still expected to increase by 0.6% globally to meet the increasing demands of the
next 30 years [1,2]. The Energy Information Administration (EIA) predicts that by 2050,
natural gas, crude oil, and other liquids will still account for 48.4% of all combined energy
sources, unless radical changes occur [2]. The extracted liquid mixture from the mature
offshore underground reservoir contains approximately 90% water, which consists of
both naturally occurring water and injected sea water. This water is cleaned by PWT
facilities before the produced water is discharged to the sea [3]. This remains the largest
waste stream from offshore oil and gas production [4,5]. While the discharged water
can contain different pollutants, the most severe by quantity is oil content, which is the
only pollutant considered for this work. Among the other pollutants are chemicals used
either for enhanced oil recovery, to chemically clean the produced water, or as corrosion
inhibitors, the effect of these chemicals can be to change the characteristics of the oil
and, to a lesser degree, the water. The oil characteristics also vary depending on the
underground reservoir, but generally the oil is less dense than water, which enables the
used separation technologies.

PWT commonly consists of multiple separation stages of deoiling units, where each
individual sub-system affects the others [6]. Thus, it is crucial to consider the overall
system behavior in the control strategies, often referred to as plant-wide control [7]. A
typical offshore deoiling PWT process [8] is illustrated in Figure 1, where a mixture of
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oil, gas, and water enters multiple stages of three-phase separator tanks. From there,
the extracted oil and gas is sent to further processing while the water undertakes additional
purification by hydrocyclones to separate suspended oil droplets. After a degassing process,
the produced water is discharged to sea and must therefore comply with the governing
legislation which for the North Sea is (1) a maximum discharged OiW concentration of
30 PPM [9] and (2) a maximum total annual oil discharge of 222 t for the Danish sector of
the North Sea [10]. In 2015, Mærsk Oil discharged ∼193 t of their allowed total discharge
of 202 t, which highlights the challenge of cleaning produced water [10]. Despite being
cleaned through various processes, the produced water still contains oil, which raises
various environmental concerns [11–18]. The increasing demands for more environmental
protection have caused the discharge regulations to generally become stricter and the
converge to approach zero harmful discharge [3,12,18].

Hydrocyclone

Oil
Water

Gas

Oil 

Separator

Oil/gas 
reservoir

Riser

Pipeline

Qgo

Qoo

QliQgi

PDR

hl hi

PsPo Pu

Qwo

Qo Qu

Oil
processing

Gas
processing

Produced
waterVuVo

Reprocessing

Figure 1. Overview of the offshore oil and gas production and produced water treatment [19].

Conventional control of the PWT system with its associated fundamental challenges
is described in [7]. In PWT there are two common separation technologies; three-phase
separator tank and hydrocyclone, which are controlled by separate PID controllers designed
for each individual separation technology or empirically designed coupling PIDs [20–22].
The fundamental problems related to the commonly deployed PWT control solution are
addressed in [19,21]:

• The performance of the hydrocyclone is dependent on Qi and its variations, which is
determined from the control of the separator tank;

• Aggressive hi control will propagate Qli disturbances to Qwo, which affects the perfor-
mance of the hydrocyclone;

• As Fs is strongly related to Vu, the actions of the hi controller commonly cause the Fs
controller to saturate Vo;
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• It is proven that PDR and Fs is proportional. However, there exists operational
conditions where Fs and separation performance is uncorrelated.

Hence, it is clear that the conventional PWT performance is sensitive to fluctuating
production rates, such as for the presence of severe slug flow [23–27].

Recent work on exploiting the interdependent system include H∞ control to operate
the valves in a coordinated manner to improve the system’s robustness towards fluctuating
flow and reduce the oil concentration of the produced water [28], the MPC with similar
goals and explicit handling of constraints [29], and model-based optimal operation with an
objective of maximizing water removal to improve performance of a sub-sea separation
system [30]. For this work, the H∞ and MPC solutions have been chosen for their focus on
lowering the oil discharge and compared with a PID solution in simulations. To simulate
the operation of the plant for this work, a model of the separator from [31] and a model of
the hydrocyclone from [32] have been extended and combined. It is hypothesized that:

• The PID solution will propagate inflow fluctuations to the hydrocyclone and have the
worst deoiling performance.

• The H∞ and MPC solutions will buffer the inflow fluctuations in the separator and
have higher deoiling performance than the PID solution.

• The H∞ and MPC solutions will only differ when the constraints of the MPC solution
are active, at which point it is unknown which solution will have the higher deoiling
performance.

The two main contributions of this paper are summarized as (1) introducing a three-
phase separator model with oil droplet trajectory-based separation in a combined PWT
grey-box model and (2) using the combined model for simulating and comparing different
deoiling control solutions’ performance. The rest of the paper is organized as follows:
Section 2.1 describes modeling for the testing facility, Section 2.2 describes the control solu-
tion, Section 2.3 describes the emulated and modelled scenarios with associated operation
conditions, Sections 3 and 4 presents and discusses the simulation results, and finally a
conclusion is presented in Section 5.

2. Methods

This section describes the used models and the chosen scenario for the separation
performance comparison experiment.

2.1. Grey-Box Modeling

The model used in this work is an extension of the combined model proposed in [33].
The separator tank model has been replaced by the separator tank model from [31], which
computes trajectories of the suspended oil droplets in the water phase. As a result, both
the separator tank model and the hydrocyclone deploy the same technique to estimate
separation performance, which is based on evaluation of the droplet trajectories’ terminal
state. An overview of the expanded model is illustrated in Figure 2.

2.1.1. Separator Tank

The separator model used for this work is divided into two parts: a flow part that
is a mass balance model for the interface (water) level, the total liquid level, and the gas
pressure and a separation part that uses droplet trajectories and initial droplet distributions
to calculate separation flows, outlet concentrations, and outlet droplet distributions.
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Figure 2. Overview of the combined grey-box model of the separator and hydrocyclone with a control
unit that sets valve openings to the underflow and overflow valve and a production control unit that
sets oil and gas flow rates.

This model has been updated in the following ways:

• Superficial velocity of water through the separator’s water phase is now calculated
from the water outlet flow rate. This change reduces the reliance on arbitrary parame-
ters as described in Equation (8).

• The residence time is now calculated for each sample by summing the horizontal
distance traveled for each sample going backwards in time starting from the water
outlet ending at the input flow region. The residence time is then the total number of
samples required to travel that distance multiplied by the sample time. This change
more accurately estimates the residence time as described in Equations (9) and (10).

• Initial WiO and OiW ratios, ϕwio and ϕoiw, are now parameters instead of inputs, as
both are assumed constant to simplify the simulation model.

• Initial WiO ratio parameter ϕwio is set to 0, and there is no longer a need for a water
droplet distribution. This work does not concern water in the oil phase and is therefore
excluded in the simulation model.

Mass Balance

The three mass balance states are:

Ṗs =
R T
MG

(Qgi −Qgo) + Ps(Qli −Qwo −Qoo)

L(A(0.6)− A(hl))
, (1)

ḣl = (Qli −Qwo −Qoo)
1

2L
√

hl(2r− hl)
, and (2)

ḣi = (γ Qli −Qwo)
1

2L
√

hi(2r− hi)
, (3)
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where T = 293 ◦K and L = 1 m is the length of the separation zone, A(x) is a function for
the cross-section area below the height x of a circle with radius 0.3 m, and γ is:

γ = α(1− ϕwioζwio) + (1− α)ϕoiwζoiw , (4)

but as ϕwo is set to 0 it is reduced to:

γ = α + (1− α)ϕoiwζoiw . (5)

where α is the water-cut of Qli, and ζoiw is the ratio of oil entering the water phase as
droplets remaining in the water phase after separation.

Oil Droplet Trajectory

The residence time of the water phase was calculated assuming steady state as

tr =
L A(hi)

Qwp
, (6)

where Qwp is the flow in the water phase based on Qli;

Qwp = Qli (α(1− ϕwio) + (1− α)ϕoiw) . (7)

To reduce reliance on the rather arbitrary parameters ϕwio and ϕoiw, the updated model
use Qwo instead of Qwp. The superficial velocity through the water phase is:

vs =
Qwo

A(hi)
, (8)

but as Qwo is dominated by Vu, which is set by the control solutions, and combined with
the steady-state assumption, this gives the control solutions much more power over the
residence time. Therefore the superficial velocity is stored in a vector each sample, where
the first element is the superficial velocity for this sample and the nth element is the
superficial velocity n− 1 samples ago. The residence time in number of samples, Nrt, is
found by solving:

N

∑
i=1

stvs[i] ≥ L, (9)

for N, where st is the sample time, and setting Nrt to the lowest value in the solution set for
N. The residence time of the water phase is calculated as:

tr = Ntrst . (10)

The remaining equations in this section are equivalent to equations from [31]. The dis-
tance traveled vertically by each droplet size in d is:

hod[i] = tr
gd[i]2∆ρ

18µ
, (11)

where µ is the dynamic viscosity of water and ∆ρ is the density difference between water
and oil. The ratio of droplets of each size there remain in the water phase is:

rwo[i] =

{
A(hi − hod[i])/A(hi) hi − hod[i] > 0
0 hi − hod[i] ≤ 0

. (12)
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The reduced distribution of the oil droplets in water outlet is:

δwo = rwo ◦ δwi , (13)

where ◦ is the Hadamard (element-wise) product. ζoiw is:

ζoiw = ∑ δwo , (14)

and cwo is:

cwo =
(1− α)ϕoiw ζoiw

γ
. (15)

2.1.2. Hydrocyclone

This section will describe the grey-box model of the hydrocyclone to be used, which is
divided into two parts: virtual flow resistance (VFR) and oil droplet trajectory.

Virtual Flow Resistance

In the VFR model, the flows are solved based on a set of five pressure-drop equations.
Three of the equations are from virtual hydrocyclone orifice equations with the structure

∆P =
Q2

K
, (16)

and the pressure drop over the hydrocyclone valves are assumed as

∆PVu =
Q2

u
(KVuVu)2 (17)

and

∆PVu =

 Qo

KVo1V
1
2

o

2

+
Q2

o

K2
Vo2

, (18)

which have been chosen in [32] to emulate the properties of the used pilot plant. This set of
equations is solved for Qu and Qo using the known inputs Ps, Vu, and Vo. This VFR model
was first proposed and validated in [34].

Oil Droplet Trajectory

The second part of the hydrocyclone model estimates the oil droplets’ spacial trajecto-
ries by setting up simple velocity fields that are dependent on Qu and Qo. This enables the
oil droplet trajectory (ODT) model to provide statistical estimations on the expected cu and
δu, given known cwo, and δwo by

δu = ru ◦ δwo , (19)

and
cu =

Qwocwo ∑ δu

Qu ∑ δwo
, (20)

where, ru is from

ru[i] =
2π
∫ 1

Rd(d[i])
Rz(0)

rY(r)dr

Qwo
, (21)

where Rz(0) = 10 mm for the hydrocyclone used, Rd(d) is the starting radial position of
all the critical droplet trajectories, and Y(r) = θ1 + θ2r + θ3r2 + θ4r3 is the axial velocity
profile. The axial velocity is solved based on volume balance of incompressible flow:

1. Maximum axial velocity at the inner wall where (r, z) = (Rz(0), 0):

dY(r)
dr
|r=Rz(0) = 0 , (22)
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2. Minimum axial velocity at the center axis, where (r, z) = (0, 0):

dY(r)
dr
|r=0 = 0 , (23)

3. Volume balance of the forward flow, where z = 0:

(1 + RR)(Qu + Qo) = 2π
∫ 1

RL

Y(r)rdr , (24)

4. Volume balance of the reverse flow, where z = 0:

(1 + RR)Qo + RRQu = −2π
∫ RL

0
Y(r)rdr , (25)

For the constraints, RR = 2% is the recirculation rate, and RL defined by

Y(RL) = 0 . (26)

The critical droplet trajectories are from the axial velocity field

Wc(r, z) =


1−

∣∣∣∣∣∣ (1 + RR)Qo + RRQu

π
RL(z)
Rz(z)

(
L3

(
Dn+Du

2

)
+ L4Du

)2π
∫ z

0 RL(z) dz

∣∣∣∣∣∣
(1 + RR)(Qu + Qo)

Y(r) , (27)

and the radial velocity field

Ud(r, z)[i] =
−r

Rz(z)
Wc(r, z)tan

(
β2

2

)
− ∆ρd[i]2T(r, z)2

18µr
, (28)

where

Tc(r, z) =



C1
2Qwo

π0.352D2
n

Dn
n

rn , for 0 ≤ z ≤ L3

C1
2Qwo

π0.352D2
n

Dn
n

rn

(
1− C2

z−L3
L4

)
, for z > L3

, (29)

where L3 = 38.2 cm, L4 = 60 cm, Dn = 2 cm, Du = 1 cm, Rz(z) is the inner hydrocyclone
wall radius along the axial length, C1 is an imperfection coefficient between inlet velocity
and rotating velocity [35], C2 is a loss coefficient that slows the rotating velocity along
the cylindrical segment of the hydrocyclone, and (r, z) are positions in the radial-axial-
coordinate system. With W(r, z) and Ud(r, z)[i], the critical oil droplet trajectory that
intersects with the boundary between the flow being separated and the flow not being
separated is calculated numerically for each element in d or until d = d100. This ODT model
was proposed in [36], extended in [37], and later validated in [19,32].

2.2. Control Candidates

This section describes the three deployed control solutions: PID as a conventional
benchmark control strategy, and the two control candidates chosen in this work: H∞ control
and MPC. The control solutions have two measured variables, hi and PDR, and manipulate
the requested opening degree to two control valves: UVu and UVo. These measured and
manipulated variables are chosen to represent the control challenges associated with
controlling both the separator tank and the hydrocyclone simultaneously. As all three
control solutions are based on linear design methods, all values in this section are relative
to the equilibrium points of the linear model form [28].
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2.2.1. PID Control

This control solution represents the commonly deployed control solution, where one
PID controller uses hi as feedback and manipulates Vu and the other PID controller uses
PDR as feedback and manipulates Vo. The PID controllers used in this work were first
implemented in [28], but the lower saturation limit of UVo is changed from 0 to 3%, which is
to have identical valve saturation values for all compared controllers. The transfer functions
for the two PID controllers are experimentally found in [28] and are

UVu(s)
Ehi(s)

= −58.37− 1.067
s

, and
UVo(s)

EPDR(s)
= 0.1 +

0.1
s

, (30)

where the design goal is to emulate the performance characteristics of a PID controlled
offshore PWT system on the linear model.

2.2.2. H∞ Control

The H∞ controller was first implemented to PWT in [28]. The intention of using this
controller is to relax hi control, as maintaining a specific hi is not important. It is only
necessary to keep hi within certain bounds. This leads to more stable PDR and Qwo, which
are important for the hydrocyclone’s performance.

This solution is based on the lower linear fractional transformation as seen in Figure 3,
which is commonly used in H∞ control design, where PH is a linear model of the system
including set-point and disturbance inputs and KH is the control solution. The four signal
vectors in the design are:

wH =

 rhi
rPDR
dH

 , uH =

[
UVu
UVo

]
, zH =

[
hi

PDR

]
, and yH =

[
Ehi

EPDR

]
, (31)

where rhi and rPDR are the set-points for hi and PDR, respectively, and dH is the disturbance
caused by inflow to the separator’s water phase. The linear model of PWT system has the
state space form:

ẋH = Al xH + Bl uH + Bd dH (32)

zH = Cl XH ,

where the disturbance input matrix Bd models the disturbance as valve errors. The aug-
mented model PH becomes:

ẋH = Al xH + [052 Bd] wH + Bl uH (33)

zH = Cl XH + 024 wH + 022 uH

yH = −Cl XH + [I22 022] wH + 022 uH ,

The designed controller, KH , is a dynamic system of the same order as PH with yh
as input and uH as output. This solution is a H∞-optimal solution; i.e., it minimizes the
H∞-norm of the closed loop in Figure 3.

yH

PH

KH

uH

wH zH

Figure 3. Lower linear fractional transformation diagram for the H∞ solution.
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The designed control solution achieves a H∞-norm of the closed-loop of 1.0059; for the
full overview of the H∞ solution, see [28].

2.2.3. MPC

Similarly to the H∞, the idea behind the MPC solution is to relax hi control to achieve
a more stable PDR. Unlike H∞ control, MPC enables the definition of upper and lower
constraints to explicitly define the upper and lower limits of hi. The MPC for this work
is based on the Hammerstein MPC proposed in [29], which is designed with the model
from [28], but with the disturbance caused by inflow to the separator’s water phase as a
flow input, Qid, and the model expanded by a Hammerstein function on the input for UVo
and an output for the changing rate of the PDR.

To mimic the performance of the Kalman filter after correction of an implementation
error, the following changes have been made to the augmented models:

• Input disturbance model updated to the transfer function: 0.01
s .

• Measurement noise model for hi has been updated to an assumed standard deviation
of 0.51.

• Measurement noise model for PDR has been updated to an assumed standard devia-
tion of 59.1.

The most important input and output vectors of the model as used for MPC design are:

uum = [Qid] , ur =

[
UVu

Fh(UVo)

]
, and yr =

 hi
PDR
dPDR

dt

 , (34)

where uum is the unmeasured disturbance input, ur are the controllable inputs, yr are the
predicted outputs, and Fh(·) is the used Hammerstein function. The objective of the MPC
solution is to:

minimize
u∆

J(u∆[0], .., u∆[n], ur[−1], x̂o[0])

subject to cmin ≤ yr ≤ cmax

dmin ≤ ur ≤ dmax , (35)

where x̂o[0] is the Kalman filter estimate of the augmented state vector, which include the
effect of uum, ur[−1] is the previous control input, u∆ is the incremental inputs during the
control horizon, and the cost function J(·) can be written as

J(u∆[0], .., u∆[n], ur[−1], x̂o[0]) = u∆[0]
· · ·

u∆[n]

T W 0
. . .

0 W


 u∆[0]
· · ·

u∆[n]

+
 yr[0]
· · ·

yr[p]

T


V 0
. . .

V
0 VT


 yr[0]
· · ·

yr[p]

 . (36)



Energies 2022, 15, 418 10 of 25

where W is the control weight, V is the tracking error weight, VT is the terminal tracking
error weight, and the sequence of yr is calculated from a discrete version of the prediction
model. The weights are experimentally selected as:

W =

[
4.5 0
0 0

]
,

V =

 10−2 0 0
0 1.5 0
0 0 5

, and VT =

 10 0 0
0 1.5 0
0 0 5

. (37)

The design goals of the MPC solution, i.e., to relax hi control and achieve a more stable
PDR, are expressed in the weights as the high value of W11 and low value of V11 will relax
the hi control, while the high values of V22 and V33 will keep the focus on PDR control until
the higher value of VT11 is reached at the end of the prediction horizon. To give sufficiently
large safety margins the constraints of the interface level is selected as: 0.1 m≤ hi ≤ 0.2 m,
which gives:

cmin =

 0.1
−∞
−∞

, cmax =

 0.2
∞
∞

 . (38)

The constraint of the underflow valve is 0.1 ≤ UVu ≤ 1, and the constraint of the over-
flow valve is 0.03 ≤ UVo ≤ 1. These chosen values are a trade-off between available control
agency and safeguard against unintentional shutdown of the hydrocyclone. Applying Fh(·)
gives 0.038 ≤ Fh(UVo) ≤ 0.3, and the input constraints are therefore:

dmin =

[
0.1

0.038

]
, dmax =

[
1

0.3

]
. (39)

For the full overview of the MPC solution, see [29].

2.3. Simulation Scenario

This section describes the process conditions used to compare the three different
control solutions. For all simulations, the production controllers are the two PID controllers
used in [31] to control the total liquid height hl and the separator gas pressure Ps. The flow
rate entering the three-phase separator is 0.5 L/s, with added disturbance as shown in
Figure 4.

0 500 1000 1500 2000 2500 3000 3500

0.00

0.20

0.40

0.60

0.80

1.00

Figure 4. Separator liquid inflow, with the input disturbance from 100 s to 2000 s, and a steady-state
period from 2000 s to 3500 s.
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The Qin signal is based on the one described in [29], which is a measured signal
during an experiment performed on the scaled-down offshore pilot plant, which is further
described in [19]. The Qin signal has been altered in three ways: (1) a steady-state period
of 1500 s is added to the end of the signal to let the control solutions reach similar end
conditions, (2) as the experiment in [29] did not include oil, the signal is divided by the
water-cut (α) to keep the water flow the same, and (3) a low pass filter has been applied to
the signal to reduce the effect of measurement noise.

The oil droplet diameter vector is: d =
[

1 2 3 · · · 349 350
]
µm, as droplets

above 350 µm are always separated in the separator under all simulated conditions.
The water-cut α is set to 0.8 as this is the water-cut approached by mature fields in

the Danish North Sea in 2017 [38]. As 20% of the oil that enters the separator is assumed
to enter the start of the water phase, the initial OiW ratio parameter ϕoiw is set to 0.2;
combined with α, this results in 4% of the inlet flow arriving at the start of the water phase
as oil droplets. The count distribution Φin of these oil droplets is kept constant and is
a log-normal distribution with E[Φin] = 2 µm and SD[Φin] = 7.75 µm. The oil volume
distribution vector δwi is:

δwi =
δlog ◦ ψ

δlog · ψ
, (40)

where · is the dot product, δlog represents the values of an approximated probability mass
function of Φin evaluated at the sizes in d, and ψ represents the volumes of the droplet sizes
in d.

Other process conditions during the test are as follows:

• The set-point for the separator gas pressure is 7 bar, as this was the operation condition
during system identification of the linear model used for the design of both the H∞
and MPC solutions.

• The set-point for liquid interface height is 0.15 m, and the set-point for the PDR is 2,
as these are the equilibrium points of the linear model.

• The weir height is 0.3 m, and the set-point for total liquid height hl is 0.4 m, as these
values keep hl above and hi below the weir at all times in the simulations, which is
necessary due to model limitations.

The simulation is executed once for each of the three control solutions: PID-control,
H∞, and MPC.

3. Results

This section illustrates and summarizes the performances of the three simulated
control solutions. For illustrative purposes, the process variables of these three control
solutions are shown concurrently, even though they are separate simulations. In all figures
in this section, red, green, and blue represent process variables from the PID control, H∞
control, and MPC solution, respectively.

All three control solutions satisfy 0 m ≤ hi ≤ 0.3 m which prevents free oil from
entering the water outlet and prevents water from overflowing the weir. However, hi of
H∞ is outside 0.1 m ≤ hi ≤ 0.1 m at t ≈ 1600 s and t ≈ 1900 s, as seen in Figure 5, where
the dashed line represents the weir height and the dotted lines represents the constraints
of the MPC controller. It is apparent that the MPC controller satisfies its constraints at all
times, and the PID controller maintains hi at 0.15 m with only small deviations.

All three control solutions satisfy 0.3 m ≤ Hl ≤ 0.4 m, which prevents the Hl from
being lower than the weir height, as seen in Figure 6.

An important process variable for the hydrocyclone performance is the flow rate
leaving the water outlet of the separator, which is identical to the flow rate entering the
hydrocyclone Qwo and shown in Figure 7.
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Figure 5. Separator interface level.
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Figure 6. Separator total liquid level.
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Figure 7. Separator water-phase outlet (hydrocyclone inlet) liquid flow.

If this flow rate is too high, there is evidence that it can reduce separation perfor-
mance [33,39,40], and the lower this flow rate gets, the weaker the acceleration field
strength of the hydrocyclone becomes, which also reduces separation performance. The H∞
solution has the smallest variations, and the PID solution has the highest variations. For the
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separator, a high flow rate will reduce the residence time and therefore reduce the separa-
tion performance, while a low flow rate will increase it. The separator residence time is
around 140 s during the simulations, with variations as seen in Figure 8.

The commanded opening degree of the two control valves at the hydrocyclone outlets
UVu and UVo is shown in Figures 9 and 10, respectively. It is evident that the PID solutions
actuate Vu more aggressively than the H∞ and MPC solutions. As a result of compensating
for the corresponding aggressive changes to PDR, the PID solution also has the highest
actuation of Vo. The H∞ solution has the most relaxed valve actuation, prioritizing PDR at
all times. The MPC solution prioritizes PDR most of the time, by keeping Vu in an interval
where the PDR can be kept, but does shift its priority to the interface level if it reaches a
constraint within the prediction horizon.
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Figure 8. Separator residence time.
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Figure 9. Underflow valve opening.

The PDR during the simulation is shown in Figure 11. As a result of the aggressive
changes to UVu, the PID solution has large spikes in PDR, while the MPC solution has
smaller spikes corresponding to peak values in Qs. The H∞ solution has only small
variations in the PDR, corresponding more to hi than Qs.

To evaluate the PWT equipment’s performance and concentration reduction, the OiW
concentration of the mixture exiting the separator and entering the hydrocyclone cs is
shown in Figure 12, the flow rates leaving the hydrocyclone Qu and Qo are shown in
Figures 13 and 14, and the OiW concentration of the mixture leaving the hydrocyclone cu is
shown in Figure 15. The PID controller has the largest spikes in OiW concentration with
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the largest spike reaching about 45 PPM. These figures also clearly show that low Qu/Qwo
gives low cs but high cu, and vice versa.
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Figure 10. Overflow valve opening.
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Figure 11. Pressure drop ration (PDR).
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Figure 12. Separator water-phase outlet (hydrocyclone inlet) concentration.
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Figure 16 shows a histogram of the time samples’ cu. No time sample has a concentra-
tion less than 5 PPM. The H∞ controller has the narrowest spread of concentrations, while
the PID control has the widest spread of concentrations, up to 45 PPM, which is seen in
Figure 17.

The flow rate of oil leaving the hydrocyclone underflow Qu,oil is shown in Figure 18.
Noteworthy is the PID controller’s three downward spikes, where the oil flow rate is lower.
These three spikes are concurrent with the upwards spikes in cu in Figure 15. This is a result
of low hydrocyclone throughput, as even though the OiW concentration is high, the oil
flow rate is low due to the mixture flow rate being low.
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Figure 13. Hydrocyclone underflow liquid flow.
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Figure 14. Hydrocyclone overflow liquid flow.
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Figure 15. Hydrocyclone underflow concentration.
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Figure 16. Histogram of the hydrocycone underflow concentration.
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Figure 17. Histogram (zoom) of the hydrocyclone underflow concentration.
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Figure 18. Hydrocyclone underflow oil flow.

As the simulation model does not account for the oil droplets’ turbulence-induced
random-walk, there exists a d100 for both the separator and the hydrocyclone models. When
an oil droplet has a diameter of d100 or more, it is guaranteed to be separated. d100 during
the experiment for the separator and hydrocyclone are shown in Figures 19 and 20.
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Figure 19. d100 in separator water-phase outlet (hydrocycone inlet).
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Figure 20. d100 in hydrocyclone underflow.
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d50 denotes a oil droplet diameter with a 50% chance of being separated. d50 during the
experiment for the separator and hydrocyclone are shown in Figures 21 and 22, respectively.
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Figure 21. d50 in separator water-phase outlet/hydrocyclone inlet.
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Figure 22. d50 in hydrocyclone underflow.

The total accumulated flow, volume averages, and time sample averages are summa-
rized in Table 1.

Interestingly, the PID control exhibits the lowest discharged volume concentration
of oil, cu, as shown in Table 1, but the results are very close to each other; i.e., the highest
discharge concentration is only 1.7% higher. The largest variations in cu occur with the
PID control, with a standard deviation of 5.3 PPM, whereas the standard deviation with
the H∞ control and the MPC are 82% and 64% lower, respectively. Despite the PID control
having the lowest discharged volume of oil, it has the largest maximum oil concentration of
44.8 PPM, whereas the H∞ control and the MPC are 15.2 PPM and 16.8 PPM, respectively.
As expected, the PID solution has the most total valve travel as it aggressively maintains a
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nearly constant hi. The MPC solution has a Vo travel distance similar to the PID control’s,
which is attributed to prioritizing both PDR and hi in that order. However, the H∞ has
much less valve travel due to its relaxation.

Table 1. Selected accumulated values and average concentrations of the 3500 s simulations.

Total Accumulated Unit PID H∞ MPC

Liquid flow separator inlet (L) 1785.7 1785.7 1785.7
Liquid flow separator oil outlet (L) 355.55 364.06 355.58
Liquid flow separator water outlet (L) 1430.1 1421.6 1430.1
Oil flow separator water outlet (mL) 1588.3 1497.4 1551.4
Liquid flow hydrocyclone overflow (L) 93.071 101.85 101.06
Liquid flow hydrocyclone underflow (L) 1337.1 1319.8 1329
Oil flow hydrocyclone underflow (mL) 12.190 12.241 12.215
Underflow valve travel distance (-) 7.5994 0.42053 3.6072
Overflow valve travel distance (-) 16.143 1.4416 15.147

Volume Average

Oil concentration separator water outlet (PPM) 1110.6 1053.3 1084.9
Oil concentration hydrocyclone underflow (PPM) 9.1174 9.2755 9.191

Time Sample Average

mean (PPM) 1095.9 1052.8 1077.9
Oil concentration separator water outlet std (PPM) 131.1 43.874 79.064

max (PPM) 1454 1162.7 1273.2
mean (PPM) 10.426 9.3391 9.4758

Oil concentration hydrocyclone underflow std (PPM) 5.2978 0.93424 1.9029
max (PPM) 44.814 15.206 16.823

4. Discussion

The model used for this work’s simulations is based on first principles and extended
with simple data-driven modules in domains where first principles are no longer feasible.
This is to achieve a grey-box model that is accurate and executable on the pilot plant. This
implicates that parts of the model are simplified, from where deviations with the physical
system might arise.
Some effects are not included in the model, namely:

• Oil droplet breakup and coalescence, which are expected to decrease the separation
performance at high flow rates, as increased shear force increases droplet breakup.

• Turbulence induced random walk, which causes the grade efficiency curve to asymp-
totically approach 100% rather than approaching 100% quadratically, as a function of
droplet size.

• Dynamic flow fields, which attributes setting time for the flow fields rather than
instantaneously occurring. This effect is expected to decrease the performance of the
hydrocyclone as it is known for performing poorly during transient and varying input
flow conditions [41].

The separator model has undergone changes that affect the results. The calculation
of superficial velocity from the outlet flow rate makes the model less reliant on a good
value for the initial separation parameters, but the control solutions can more directly affect
the residence time. The use of historical horizontal travel distances rather than assuming
a steady state to calculate residence time reduces the control solutions control over the
residence time and increases the precision of the model at the cost of computation time,
but as the separator model is not yet validated, the exact increase of precision is hard to
comment on.
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Controller Performance

The offshore PWT system is an interconnected and interdependent process system
rendering the selection of control systems dependent on several factors. One of the most
dominant reasons for the widespread offshore deployment of PID control is simplicity,
which renders fault analysis easier, i.e., PID controllers are much more transparent than
H∞ control and MPC.

The steady-state value of tr is monotonically decreasing as a function of Qs,wo and
monotonically increasing as a function of hi. The PID controller’s emphasis on keeping a
near constant hi results in tr being dominated by Qs,wo and Qs,wo being approximately equal
to Qs · α. As the H∞ controller keeps a near constant Qs,wo, tr is dominated by hi instead,
and ḣi is approximately proportional to (Qs −mean(Qs)). The MPC solution serves as
a midpoint between these two approaches, letting both Qs,wo and hi vary, and ends up
with a closer to constant tr, as it prioritizes PDR as long as it does not predict that the
level constraints are reached if the current Qs were constant in the next 120 s. As cs is
monotonically decreasing as a function of tr and monotonically increasing as a function
of hi it is almost entirely dependent on Qs,wo (or approximately Qs · α) in steady-state.
In transient contexts, Qs,wo is still very important for cs, and the main difference in the
control solutions is that the PID solution lack the dynamic delay from ḣi to hi.

The PID solution discharges the least amount of oil during the simulations. This is
attributed to the three downward spikes in Qu,oil seen in Figure 18 which is concurrent with
the high spikes in cu and low values in Qu and cs, which is seen in Figures 12, 13 and 15.
The simulation with the MPC solution has similar transients with lower amplitude for cs,
cu, and Qu, but concurrent upward spikes in Qu,oil . This could indicate that Qu,oil has a
local maximum near the MPC solution’s operation conditions. This maximum could be
primarily dependent on Qu, which is normally seen as the most important parameter for
hydrocyclone separation performance at PDR above 2, but there is also a large difference in
PDR values (indicating vastly different flow split) at these transients.

As vortex disturbance is not included in the model, the hydrocyclone separation
performance is likely overestimated during varying/transient operating conditions, which
will affect the PID controller’s performance the most.

Table 2 summarizes the relative performance metrics of the three simulated control
systems. The PID-control solution excels in being simple and easy to diagnose. The H∞
solution excels in being the most relaxed, leading to least valve wear, least propagation of
the input flow rate disturbance, and least variation in discharge oil concentration. The MPC
solution is much like a midpoint between the PID and H∞ solutions but offers explicitly
defined constraints on Hi, which enables the separator tanks to be used as a buffer, to reduce
the propagation of the input disturbance. The relative large differences between the H∞
and MPC solutions despite the similar design goals can be attributed to the conservative
design of the input disturbance model in the MPC solution’s augmented model; i.e., the
augmented model assumes that the current observed inflow Qli is the inflow in the entire
prediction horizon. To bring the MPC solution’s performance in line with the H∞ solution’s
performance when hi is between the constrains, it needs an input disturbance model that
better represents the input disturbance that can be achieved either by returning to the
equilibrium point within the control horizon or by correctly predicting the oscillations of
the input disturbance. MPC solutions that attempt the latter have, however, been tested
previously and been found to perform poorly when they predict an incorrect oscillation.
A different approach to get the benefits from both solutions could be to forgo the augmented
model normally applied in MPC and use a method like H∞ Loop-Shaped MPC instead [42].
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Table 2. Summarizing the relative performance metrics.

Metric PID H∞ MPC

Control system complexity Low Medium High
Total oil discharge Similar Similar Similar
Discharge concentration variation High Low Medium
Valve wear High Low Medium
Disturbance propagation High Low Medium
Explicitly defined constraints No No Yes

5. Conclusions

This work compared the deoiling performance of PID control, H∞ control and MPC to
control the combined PWT system, using the inter-phase level and PDR as control variables.
Grey-box models of the separator and hydrocyclone were combined to enable estimations
of performance metrics, such as oil concentration and oil droplet size distributions. This
work further confirms, highlights, and quantifies previous claims related to the expected
performance of the controllers, specifically, that the PID control will maintain the interface
level at the set-point, but propagate the variations of the input disturbance, and that the
MPC can maintain the interface level within its predefined upper and lower constraints.
From simulations, the highlighted results are as follows:

• The PID solution has the highest total valve distance traveled, which causes the most
wear to the underflow and overflow valve.

• H∞ has the least total valve distance traveled.
• Both PID and MPC solutions can keep hi between the chosen constraints, while the

H∞ can not.
• Both MPC and H∞ solutions can avoid extreme PDR values, with H∞ keeping the

most constant value.
• PID control has the lowest mean cu (volumetric) but also the highest variance, resulting

in the highest maximum concentration.
• Measured in mean cu (volumetric) the three solutions performs very similarly.
• Most of the performance metrics of MPC are between those of the PID and H∞ control.
• MPC is able to assign priority to manipulate interface level if a constraint is reached

within the current sample’s prediction horizon.

With the successful MPC results of satisfying constraints while utilizing the grey-box
model structure, promising future work consists of reevaluating the operational philosophy.
Specifically, applying weights and constraints to the individual operational performance
metrics for the control to optimize. A better understanding of the input disturbance should
give better results not only through a more precise input disturbance model, but also as an
aid to design the operational philosophy. Being able to run PWT with different operational
strategies can add much more value than simply satisfying interface-level constraints and
maintaining PDR. To take full advantage of the combined model, experimental validation
of the separator model should be performed in future works.
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Nomenclature

α Separator water cut in liquid inflow
β2 Hydrocyclone cone angle
∆ρ Density difference between water and oil
∆P Pressure difference
∆PVo Pressure difference over the overflow valve
∆PVu Pressure difference over the underflow valve
δu Oil distribution vector at hydrocyclone underflow
δlog Approximated probability mass function of Φin
δwi Oil distribution vector at separator water phase inlet
δwo Oil distribution vector at separator water outlet
γ Separator liquid flow split
µ Dynamic viscosity of water
Φin Continues oil distribution at separator water phase inlet
ϕoiw Separator initial OiW ratio
ϕwio Separator initial WiO ratio
ψ Vector of droplet volumes
θi Coefficients for Y, i ∈ {1, 2, 3, 4}
ζoiw Separator final OiW ratio
ζwio Separator final WiO ratio
A(x) Function for the cross-section area of the separator below the height x
Al Linear model state matrix
Bd Linear model disturbance input matrix
Bl Linear model control input matrix
C1 Hydrocyclone inlet speed imperfection coefficient
C2 Hydrocyclone tangential speed dropoff coefficient
Cl Linear model output matrix
cmax Upper output constraint for the MPC solution
cmin Lower output constraint for the MPC solution
cu OiW concentration in hydrocyclone underflow
cwo OiW concentration in separator water outlet
d Vector of droplet sizes
d100,HC Oil droplet diameter with 100% chance of being separated in the hydrocyclone
d100,sep Oil droplet diameter with 100% chance of being separated in the separator
d50,HC Oil droplet diameter with 50% chance of being separated in the hydrocyclone
d50,sep Oil droplet diameter with 50% chance of being separated in the separator
Di Characteristic hydrocyclone diameters, i ∈ {n, u}
dmax Upper input constraint for the MPC solution
dmin Lower input constraint for the MPC solution
Ehi Tracking error for hi control
EPDR Tracking error for PDR control
Fh(·) Hammerstein function for the MPC solution
Fs Hydrocyclone flow split
g Gravitational acceleration
hi Separator liquid interface level
hl Separator total liquid level
hod Vertical traveled distance in the separator for each droplet size
J(·) Cost function for the MPC solution
K Flow conductance parameter
KH Dynamic controller for the H∞ solution
KVo Overflow valve flow conductance parameter
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KVu Underflow valve flow conductance parameter
Li Hydrocyclone segment axial lengths, i ∈ {3, 4}
MG Molar mass of the gas phase
N Possible solutions for vs
n Hydrocyclone forced/frex coefficient
Ntr Separator residence time in terms of number of samples
PH Augmented plant model for the H∞ solution
Ps Separator gas pressure
PDR Hydrocyclone pressure drop ration
Q Flow rate
Qgi Separator gas inflow rate
Qgo Separator gas outflow rate
Qli Separator liquid inflow rate
Qoo Separator oil outlet liquid flow rate
Qo Hydrocyclone overflow liquid flow rate
Qu,oil Hydrocyclone underflow oil flow rate
Qu Hydrocyclone underflow liquid flow rate
Qwo Separator water outlet liquid flow rate
Qwp Separator water phase liquid flow rate
R Gas constant
(r, z) Radial and axial coordinates inside the hydrocyclone
Rd Vector of all radial starting position of all critical oil droplet trajectories inside

the hydrocyclone
rhi Set-point for hi control
RL Radius of locus of zero axial velocity inside the hydrocyclone
rPDR Set-point for PDR control
RR Recirculation rate
ru The ratio of droplets remaining in the underflow
rwo The ratio of droplets remaining in the separator water outlet
Rz(z) Inner hydocyclone wall radius as function of z
st Combined model sampling time
T Process temperature
Tc Hydrocyclone dispersed phase tangential velocity field
tr Separator residence time
u∆ Incremental control inputs for the MPC solution
Ud Hydrocyclone dispersed phase radial velocity field
uH Controllable inputs for the H∞ solution
ur Controllable inputs for the MPC solution
uum Unknown disturbance input for the MPC solution
UVo Overflow valve actuator set-point
UVu Underflow valve actuator set-point
V Output weight matrix for the MPC solution
Vo Overflow valve position
vs Superficial velocity through separator the water phase
VT Terminal output weight matrix for the MPC solution
Vu Underflow valve position
W Input weight matrix for the MPC solution
Wc Hydrocyclone dispersed phase axial velocity field
wH Unknown disturbance input for the H∞ solution
x̂o Estimated states for the MPC solution
Y Hydrocyclone axial velocity profile
yH Measured outputs for the H∞ solution
yr Predicted outputs for the MPC solution
zH Controlled outputs for the H∞ solution
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