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A B S T R A C T

Mechanical properties of supramolecular elastomers (reversible polymer networks with chains connected by
supramolecular and dynamic covalent bonds) differ noticeably from those of conventional elastomers with
covalent cross-links. Due to the ability of supramolecular polymers to be reprocessed, reshaped, recycled and
reused, they are considered as potential candidates for green and sustainable economy. A simple model is
developed for the viscoplastic behavior of supramolecular elastomers at large strains. The model involves only
four to five material parameters and describes adequately the response of supramolecular elastomers under
tension, compression and cyclic loading in a unified manner. The governing equations are applied to the
analysis of experimental stress–strain diagrams on supramolecular elastomers with various types of reversible
bonds. Good agreement is revealed between the observations and results of numerical analysis. Correlations
are established between types and concentrations of supramolecular bonds and adjustable parameters in the
model.
1. Introduction

Good mechanical properties of vulcanized rubbers, their robustness,
high thermal stability and exceptional chemical resistance are en-
sured by chemical cross-linking of polymer chains. However, networks
of chains bridged by covalent bonds cannot be easily reprocessed,
which makes these materials one of the major challenges for the
circular economy. To reduce waste pollution, conventional elastomers
(where chains form permanent networks) are replaced with sustain-
able compounds (whose chains are organized in reversible networks)
that can be reshaped, recycled and reused (Wemyss et al., 2020).
In these reversible networks, chains are bridged by intermolecular
complexes (Aida et al., 2012) created via supramolecular interactions
(metal–ligand coordination complexes, electrostatic interactions, dou-
ble and quadruple hydrogen bonds, host-guest interactions, van der
Waals forces, etc.) and/or dynamic covalent bonds (Samanta et al.,
2021).

The presence of reversible bonds between chains not only ensure re-
cyclability of supramolecular elastomers (Imbernon and Norvez, 2016;
Luo et al., 2022) and extends their lifetime due to the self-healing abil-
ity of these materials (Wang and Urban, 2020), but opens novel areas
for their potential applications (O’Donnell et al., 2022) as materials
for biomimetic impact protective devices (Liu et al., 2021), stretchable
electronics (Kang et al., 2019) and wearable implantable systems (Ray
et al., 2019).

Replacement of covalent cross-links between chains with
non-covalent reversible bonds results in an enhancement of mechanical
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properties of polymer networks. Unlike vulcanized rubbers whose strain
at break 𝜖b under uniaxial tension remains below 10, supramolecular
elastomers and hydrogels demonstrate extreme stretchability with 𝜖b
exceeding 100 (Liu et al., 2017), engineering tensile stress at break 𝜎b
above 70 MPa, and fracture energy exceeding 200 kJ/m2 (Li et al.,
2021b). The exceptionally high strength, stretchability and toughness
are reached due to an optimal combination of reversible bonds with
various strengths and rates of rearrangement (Yang et al., 2019; Huo
et al., 2021; Rodin et al., 2021).

Design of supramolecular elastomers and development of new
routes for their manufacturing require detailed characterization of
their behavior under various regimes of loading, as well as simple
and reliable constitutive models for the mechanical response, energy
dissipation and fracture (Kajita et al., 2017; Chen et al., 2021).

Several models for the viscoelastoplastic response of supramolecular
hydrogels and elastomers have been developed in the past decade
(Long et al., 2014; Guo et al., 2016; Mao et al., 2017; Vernerey
et al., 2017; Vernerey, 2018; Drozdov and deClaville Christiansen,
2018a,b,c; Yu et al., 2018; Zhou et al., 2018; Elziere et al., 2019;
Morovati and Dargazany, 2019; Xiang et al., 2019; Drozdov and de-
Claville Christiansen, 2020a,b; Lin et al., 2020; Saadedine et al., 2021).
Majority of these studies focused on the time-dependent behavior of
polymer networks and description of self-healing, self-recovery and
anti-fatigue phenomena. Less attention has been paid, however, to mod-
eling the mechanical behavior of supramolecular elastomers at very
vailable online 8 August 2022
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large deformations (up to breakage of specimens) and the influence
of chemical structure of reversible bonds on the stress–strain diagrams
under tension, compression and cyclic deformations.

The objective of this study is threefold: (i) to develop a simple
model (with only four to five material constants) for the viscoplas-
tic response of supramolecular elastomers under quasi-static loading
with finite strains, (ii) to determine material parameters by fitting
experimental data in uniaxial tensile, compressive and cyclic tests on
elastomers with various types of reversible bonds, and (iii) to examine
how these parameters are affected by the strain rate and concentration
of supramolecular bonds.

To minimize the number of adjustable parameters in the governing
equations, we consider isothermal deformation at room temperature
(only the effect of strain rate is taken into account) and focus on the
analysis of elastomers with metal–ligand coordination bonds, weak and
strong H-bonds, dynamic covalent bonds, and their combinations. The
latter is of particular importance for (i) understanding the synergy
of interactions between various types of supramolecular bonds (Huo
et al., 2021) and (ii) design of supramolecular polymers with tunable
mechanical properties (Xu et al., 2018).

To make the model tractable, we confine ourselves to the anal-
ysis of supramolecular elastomers with weak viscoelasticity (for all
elastomers under consideration, their loss tangent remains below 0.1).
The mechanical behavior of these materials is entirely characterized
by tensile tests with a limited interval of strain rates, while creep
and relaxation tests are not used in the experimental analysis. The
viscoelastic response of supramolecular polymers becomes important
when chains in a polymer network are connected by rapid and slow
temporary bonds that reveal the synergy of their interactions (Ros-
ales and Anseth, 2016; Richardson et al., 2019; Rizwan et al., 2021;
Drozdov and deClaville Christiansen, 2022). However, introduction of
slow bonds appears to be unfavorable for development of supertough
elastomeric materials (which are the subject of this study), as these
bonds behave as permanent cross-links under rapid loading and reduce
substantially the strain at break.

The novelty of this research consists in the following. A model with
a small number of adjustable parameters is derived in finite viscoplas-
ticity of supramolecular elastomers. The ability of the model to describe
experimental stress–strain diagrams under tension and compression (up
to breakage of samples) and cyclic deformations (with large maxi-
mum strains) is confirmed by comparison with observations on several
supramolecular elastomers. An advantage of the proposed approach is
that it allows the effect of various types of supramolecular bonds on the
mechanical response to be assessed quantitatively. Simple analytical
relations are introduced to characterize the influence of strain rate and
concentration of metal–ligand bonds on material parameters.

Although the model is derived for an arbitrary three-dimensional
deformation, its ability to describe experimental data is validated by
comparison of results of numerical analysis with observations in uni-
axial tensile–compressive tests only. This is caused by (i) the lack
of experimental data on supramolecular elastomers under multiax-
ial loading and (ii) potential applications of these materials in the
biomedical and energy fields, where they are subjected to uniaxial load-
ing only: electrocardiography–electromyography sensors (Kang et al.,
2019), wearable diabetes patches (Huo et al., 2021), microparticles for
biological imaging (Yang et al., 2021), thin films for environmental de-
tection, photovoltaic devices and triboelectrical generators (O’Donnell
et al., 2022).

The exposition is organized as follows. A detailed derivation of the
model is provided in Section 2. Fitting of experimental data is per-
formed in Section 3. Distinctions between the responses of covalently
cross-linked and supramolecular elastomers are discussed in Section 4.
2

Concluding remarks are formulated in Section 5.
2. Constitutive model

A supramolecular elastomer is modeled as an isotropic and homoge-
neous viscoplastic medium. Its viscoelastic response is disregarded. To
examine the model, experimental data on supramolecular elastomers
are fitted in Section 3 in tensile and compressive tests with the strain
rates belonging to the interval between 0.01 and 1 s−1. Observations on
these materials in small-amplitude oscillatory tests show that their loss
tangent remains below 0.1 in the standard frequency window ranging
from 0.01 to 100 s−1.

The initial state of the elastomer coincides with that for an un-
deformed specimen. Transformation of the initial state into the ac-
tual state is described by the deformation gradient 𝐅. Adopting the
affine hypothesis, we suppose that deformation of the polymer network
coincides with macro-deformation.

The viscoplastic deformation is treated as transition from the initial
state to the reference (stress-free) state of the polymer network. The
deformation gradient for viscoplastic deformation is denoted by 𝐅p. It
follows from the multiplicative decomposition formula that

𝐅 = 𝐅e ⋅ 𝐅p, (1)

where the dot stands for inner product, and 𝐅e denotes the deformation
radient for elastic deformation.

The velocity gradient for macro-deformation reads

= �̇� ⋅ 𝐅−1, (2)

where the superscript dot stands for the derivative with respect to time.
It follows from Eqs. (1) and (2) that

𝐋 = 𝐋e + 𝐋p, (3)

where

𝐋e = �̇�e ⋅ 𝐅−1
e , 𝐋p = 𝐅e ⋅ 𝐥p ⋅ 𝐅−1

e , 𝐥p = �̇�p ⋅ 𝐅−1
p . (4)

ollowing the conventional approach, we disregard plastic spin and
resume the velocity gradient 𝐥p to be symmetric, 𝐥p = 𝐝p, where
p = 1

2 (𝐥p + 𝐥⊤p ) is the rate-of-strain tensor for plastic deformation, and
⊤ stands for transpose. Eqs. (3) and (4) imply that

𝐃 = 𝐃e + 𝐃p, (5)

where

𝐃 = 1
2
(𝐋 + 𝐋⊤), 𝐃e =

1
2
(𝐋e + 𝐋⊤

e ), 𝐃p =
1
2
(𝐋p + 𝐋⊤

p ) (6)

with

𝐃p =
1
2

(

𝐅e ⋅ 𝐝p ⋅ 𝐅−1
e + 𝐅−⊤

e ⋅ 𝐝p ⋅ 𝐅⊤
e

)

. (7)

With reference to (Drozdov et al., 2013), we suppose that the
iscoplastic deformation is caused by two reasons: (i) the plastic flow
f junctions between chains induced by macro-deformation (with the
ate-of-strain tensor 𝐝m) and (ii) their plastic flow driven by inter-chain
nteraction (with the rate-of-strain tensor 𝐝i). The first mechanism
escribes slippage of entanglements between chains, while the other
echanism is typical of polymer networks with chains bridged by

upramolecular bonds (Filippidi et al., 2017). The rate-of-strain tensor
or the total plastic deformation reads

p = 𝐝m + 𝐝i. (8)

Insertion of expression (8) into Eqs. (5) and (7) yields

𝐃 = 𝐃e + 𝐃m + 𝐃i (9)

with

𝐃m = 1
2

(

𝐅e ⋅𝐝m ⋅𝐅−1
e +𝐅−⊤

e ⋅𝐝m ⋅𝐅⊤
e

)

, 𝐃i =
1
2

(

𝐅e ⋅𝐝i ⋅𝐅−1
e +𝐅−⊤

e ⋅𝐝i ⋅𝐅⊤
e

)

.

(10)
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The rate-of-strain tensor for sliding of junctions is presumed to be
proportional to the rate-of-strain tensor for macro-deformation,

𝐃m = 𝜙𝐃. (11)

The non-negative function 𝜙 in Eq. (11) obeys the conditions: (i) 𝜙
vanishes in the initial state (at infinitesimal strains, slippage of entan-
glements is negligible), (ii) 𝜙 increases with macro-deformation (the
viscoplastic flow is accelerated under loading), and (iii) 𝜙 tends to its
ultimate value 𝜙 = 1 at very large strains. Eqs. (9) and (11) imply that

𝐃e = (1 − 𝜙)𝐃 − 𝐃i. (12)

The left and right Cauchy–Green tensors for elastic deformation are
given by

𝐁e = 𝐅e ⋅ 𝐅⊤
e , 𝐂e = 𝐅⊤

e ⋅ 𝐅e. (13)

The incompressibility conditions for macro-deformation and plastic
deformation read

𝐈 ∶ 𝐃 = 0, 𝐈 ∶ 𝐝i = 0, (14)

where 𝐈 is the unit tensor, and the colon stands for contraction. The
first two principal invariants 𝐼e1, 𝐼e2 of the Cauchy–Green tensors for
elastic deformation obey the equations

�̇�e1 = 2𝐁e ∶ 𝐃e, �̇�e2 = 2
(

𝐼e2𝐈 − 𝐼e3𝐁−1
e

)

∶ 𝐃e, (15)

whereas their third principal invariant 𝐼e3 equals unity. Inserting
Eq. (12) into Eq. (15) and using Eqs. (7) and (14), we find that

�̇�e1 = 2
[

(1−𝜙)𝐁e ∶ 𝐃−𝐂e ∶ 𝐝i
]

, �̇�e2 = −2
[

(1−𝜙)𝐁−1
e ∶ 𝐃−𝐂−1

e ∶ 𝐝i
]

.

(16)

The strain energy density 𝑊 of a polymer network is treated as a
function of the principal invariants 𝐼e1, 𝐼e2 of the Cauchy–Green tensor
for elastic deformation. Constitutive equations for a supramolecular
elastomer under isothermal deformation are developed by means of the
free energy imbalance inequality

�̇� − 𝑢mec ≤ 0, (17)

where 𝑢mec = 𝜮 ∶ 𝐃 denotes the work (per unit volume and unit time)
produced by external loads, and 𝜮 is the Cauchy stress tensor.

Eq. (17) is fulfilled when the deformation gradient 𝐅 obeys the
incompressibility condition (14). To account for this condition, we
multiply the first equality in Eq. (14) by an arbitrary function 𝛱
(pressure treated as a Lagrange multiplier), add the result to Eq. (17),
use Eqs. (16), and find that

[2𝐊e − (𝜮 +𝛱𝐈)] ∶ 𝐃 − 2𝐊i ∶ 𝐝i ≤ 0 (18)

with

𝐊e = (1 − 𝜙)
(

𝑊,1𝐁e −𝑊,2𝐁−1
e

)

, 𝐊i =
(

𝑊,1𝐂e −𝑊,2𝐂−1
e

)′
,

where 𝑊,𝑚 = 𝜕𝑊 ∕𝜕𝐼e𝑚 (𝑚 = 1, 2), and the prime stands for the
deviatoric component of a tensor. Keeping in mind that 𝐃 is an arbitrary
function, while 𝐝i is an arbitrary function obeying Eq. (14), we conclude
that Eq. (18) is satisfied, provided that the Cauchy stress tensor reads

𝜮 = −𝛱 𝐈 + 2(1 − 𝜙)
(

𝑊,1𝐁e −𝑊,2𝐁−1
e

)

, (19)

and the plastic flow induced by inter-chain interaction is governed by
the equation

𝐝i = 0

[

(

𝑊,1𝐂e −𝑊,2𝐂−1
e

)

− 1
3

(

𝑊,1𝐼e1 −𝑊,2𝐼e2
)

𝐈
]

, (20)

where 0 is an arbitrary non-negative function.
For definiteness, we accept the Gent formula (Gent, 1996) for the

specific mechanical energy of the polymer network,

𝑊 = −1𝐺𝐾 ln
(

1 −
𝐼e1 − 3)

, (21)
3

2 𝐾
here 𝐺 stands for the shear modulus, and 𝐾 is a constant accounting
or finite extensibility of chains. When 𝐾 = ∞, Eq. (21) is transformed
nto the conventional neo-Hookean equation

= 1
2
𝐺(𝐼e1 − 3) (22)

ith the only material parameter 𝐺. Substitution of Eq. (21) into
q. (19) implies that

= −𝛱 𝐈 + 𝐺𝑉 (1 − 𝜙)𝐁e (23)

ith

=
(

1 −
𝐼e1 − 3

𝐾

)−1
. (24)

Insertion of Eq. (21) into Eq. (20) implies that

𝐝i =
3
2
𝑉

(

𝐂e −
1
3
𝐼e1𝐈

)

, (25)

where  = 0𝐺∕3.
Eqs. (23)–(25) provide constitutive equations for the viscoplastic re-

sponse of supramolecular elastomers under arbitrary three-dimensional
deformations with finite strains. These relations involve two coeffi-
cients, 𝐺 and 𝐾, characterizing the strain energy density 𝑊 , and two
functions, 𝜙 and  , governing the viscoplastic flow.

The following equation is adopted for the function 𝜙:

d𝜙
d𝑡

=
𝑎𝐷eq

𝐼e1
(1 − 𝜙)2, 𝜙(0) = 0. (26)

Here 𝑡 = 0 stands for the instant when loads are applied, 𝑎 is a
non-negative coefficient, and

𝐷eq =
√

2
3
𝐃 ∶ 𝐃 (27)

denotes the equivalent strain rate for macro-deformation. Eq. (26)
ensures that all conditions imposed on the coefficient of proportionality
in Eq. (11) are fulfilled. The physical meaning of Eq. (26) will be
discussed in what follows.

The function  is introduced to describe cyclic deformations. We
suppose that  vanishes under active loading and accept positive values
under unloading,

 = 0 (loading),  > 0 (unloading). (28)

Its behavior under retraction is governed by the equation

 = 𝑃 exp(−𝛼𝛴∗
eq), (29)

here 𝑃 and 𝛼 are material parameters, 𝜮∗ is the Cauchy stress tensor
t the instant when unloading starts, and
∗
eq =

√

(𝜮∗ −𝜮) ∶ (𝜮∗ −𝜮) (30)

is the equivalent difference between 𝜮∗ and the current stress 𝜮.
Eq. (29) means that the rate of viscoplastic flow caused by inter-chains
interactions reaches its maximum at the instant when unloading starts
and decays exponentially when the stress reduces under retraction.

Under uniaxial tension, the deformation gradient for
macro-deformation reads

𝐅 = 𝜆𝒊1𝒊1 +
1
√

𝜆
(𝒊2𝒊2 + 𝒊3𝒊3), (31)

here 𝜆 stands for elongation ratio, and 𝒊𝑚 (𝑚 = 1, 2, 3) are unit vectors
f a Cartesian frame. It follows from Eqs. (2), (6) and (31) that

= �̇�
𝜆

[

𝒊1𝒊1 −
1
2
(𝒊2𝒊2 + 𝒊3𝒊3)

]

. (32)

e search the deformation gradient for plastic deformation 𝐅i is the
orm similar to Eq. (31),

i = 𝜆i𝒊1𝒊1 +
1

√
(𝒊2𝒊2 + 𝒊3𝒊3). (33)
𝜆i
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Eq. (33) implies that

𝐝i =
�̇�i
𝜆i

[

𝒊1𝒊1 −
1
2
(𝒊2𝒊2 + 𝒊3𝒊3)

]

. (34)

he deformation gradient for elastic deformation is given by

e = 𝜆e𝒊1𝒊1 +
1

√

𝜆e
(𝒊2𝒊2 + 𝒊3𝒊3), (35)

where 𝜆e stands for the elongation ratio for elastic deformation. The
corresponding tensor 𝐃e is determined by the formula

𝐃e =
�̇�e
𝜆e

[

𝒊1𝒊1 −
1
2
(𝒊2𝒊2 + 𝒊3𝒊3)

]

. (36)

It follows from Eqs. (13) and (35) that

𝐂e −
1
3
𝐼e1𝐈 =

2
3

(

𝜆2e −
1
𝜆e

)[

𝒊1𝒊1 −
1
2
(𝒊2𝒊2 + 𝒊3𝒊3)

]

.

Inserting this expression and Eq. (34) into Eq. (25), we arrive at the
differential equation

�̇�i
𝜆i

= 𝑉
𝜆3e − 1
𝜆e

, (37)

where

𝑉 =
[

1 − 1
𝐾

(

𝜆2e +
2
𝜆e

− 3
)]−1

. (38)

qs. (10), (34) and (35) imply that 𝐃i = 𝐝i. Substitution of this equation
nd Eqs. (32), (34), (36) into Eq. (12) yields

�̇�e
𝜆e

= (1 − 𝜙) �̇�
𝜆
− 𝑉

𝜆3e − 1
𝜆e

. (39)

t follows from Eqs. (13), (23) and (35) that

= 𝛴1𝒊1𝒊1 + 𝛴2(𝒊2𝒊2 + 𝒊3𝒊3), (40)

where

𝛴1 = −𝛱 + 𝐺𝑉 (1 − 𝜙)𝜆2e , 𝛴2 = −𝛱 + 𝐺𝑉 (1 − 𝜙)𝜆−1e .

According to the equilibrium equation and the boundary condition in
stresses at the lateral surface of a sample,

𝛴2 = 0.

These relations imply that

𝛴1 = 𝐺(1 − 𝜙)𝑉 (𝜆2e − 𝜆−1e ).

Introducing the engineering tensile stress

𝜎 =
𝛴1
𝜆

, (41)

we find that

𝜎 = 𝐺(1 − 𝜙)𝑉
𝜆3e − 1
𝜆𝜆e

. (42)

qs. (39) and (42) provide governing equations for uniaxial tension of a
upramolecular elastomer with an arbitrary deformation program 𝜆(𝑡).

It follows from Eqs. (26), (27) and (32) that the function 𝜙 obeys
he equation

̇ =
𝑎(1 − 𝜙)2

𝜆2e + 2𝜆−1e

√

3
2
�̇�
𝜆
. (43)

Bearing in mind that the coefficient  in Eq. (39) vanishes under ten-
sion, we conclude that Eqs. (39) and (43) form a set of two differential
equations for 𝜆e. At small strains, when 𝜆 = 1 + 𝜖 and 𝜆e = 1 + 𝜖e with
𝜖|, |𝜖e| ≪ 1, these relations are simplified,

̇ = 𝑎
√

6
(1 − 𝜙)2�̇�, �̇�e = (1 − 𝜙)�̇�. (44)

t follows from Eq. (44) that
d𝜙

= 𝑎
√

(1 − 𝜙). (45)
4

d𝜖e 6
The physical meaning of Eq. (26) can be explained with the help
Eq. (45). This relation shows that 𝜙 grows exponentially with elastic
strain (at least, at small deformations) until it reaches the ultimate
value. The coefficient 𝐼e1 is introduced into Eq. (26) to account for
slowing down of the slippage process induced by orientation of chains
at large deformations.

Under tension (compression) with a constant strain rate �̇�,

= 1 + �̇�𝑡, (46)

qs. (39), (42) and (43) with  = 0 provide a closed set of the stress–
train relations. An advantage of these equations is that they involve
nly three (for the Gent model (21)) or two (for the neo-Hookean model
22)) material constants.

Under cyclic tensile deformation with a constant strain rate �̇� and
maximum elongation ratio 𝜆∗, the coefficient  in Eq. (39) vanishes
nder loading and adopts a non-zero value under retraction,

= 𝑃 exp
[

−𝛼(𝜎∗𝜆∗ − 𝜎𝜆)
]

, (47)

here 𝜎∗ is the maximum tensile stress under loading. As Eq. (47)
ontains two coefficients, 𝑃 and 𝛼, the number of material parameters
n the model increases up to four (for the neo-Hookean model) or
ive (for the Gent model). This number is substantially lower than
hat in previous constitutive models for the mechanical response of
upramolecular elastomers.

. Fitting of experimental data

To examine the ability of the model to describe experimental data
nder tension, compression and cyclic loading with large deforma-
ions, we analyze several sets of experimental data on supramolecular
lastomers with various types of dynamic bonds. Compositions of the
lastomers and their preparation procedures are described in Sect. S-1
Supplementary Information). An algorithm for matching the stress–
train diagrams is provided in Sect. S-2. The experimental data depicted
n Figs. 1 to 9, 10 and 12 are used to determine material parameters and
o assess how they evolve when the structure of elastomers or external
onditions are varied. The data presented in Fig. 13 are employed for
alidation of the model.

.1. The neo-Hookean model

First, we fit stress–strain curves that do not involve intervals of
tress-hardening. These diagrams are described by the neo-Hookean
odel (22) with two parameters (𝐺 and 𝑎) under uniaxial tension (com-
ression) and four parameters (𝐺, 𝑎, 𝑃 and 𝛼) under cyclic deformation.

.1.1. PDMS-based elastomers with several types of reversible bonds
We begin with matching the stress–strain curves on

oly(dimethylsiloxane) (PDMS)-based supramolecular elastomers (Li
t al., 2021a) with dynamic covalent disulfide bonds (PDMS-HEDS),
ouble and quadruple hydrogen bonds (PDMS-UPy), disulfide and
ydrogen bonds (PDMS-HEDS-UPy) and covalent and double hydrogen
onds (PDMS-HDO). Experimental data in uniaxial tensile tests (up to
reakage of samples) are depicted in Fig. 1A together with results of
imulation with the material constants collected in Tab. S-1.

Fig. 1A and Tab. S-1 show that the elastomer with only disulfide
onds is rather weak. Replacement of disulfide bonds with double and
uadruple hydrogen bonds results in a pronounced (by a factor of five)
ncrease in the shear modulus 𝐺. Simultaneous introduction of disulfide
nd hydrogen bonds results in an increase in stiffness by twice and leads
o a weak reduction (by 25%) in the rate of plastic flow 𝑎. A similar
eduction in 𝑎 (by 22%) is observed when disulfide bonds are replaced

with covalent and double hydrogen bonds.
For all elastomers under consideration, elongation to break 𝜖b is
weakly affected by the chemistry of supramolecular bonds and lies in



International Journal of Solids and Structures 254–255 (2022) 111919A.D. Drozdov and J. deClaville Christiansen

(
e
𝜖
(

t
f

a
b
w

𝐺
v
e
a
f
c

o
H
Z
t
F
p
𝜖
a

t
e
t
d
m
d

𝐺

w
s
f
m

Fig. 1. Tensile stress 𝜎 versus tensile strain 𝜖. A – Circles: experimental data (Li et al., 2021a) on PDMS elastomers with covalent cross-links (PDMS-HDO, brown), disulfide bonds
PDMS-HEDS, blue), hydrogen bonds (PDMS-UPy, red), and disulfide and hydrogen bonds (PDMS-HEDS-UPy, green) in tensile tests with strain rate �̇� = 0.0167 s−1. B – Circles:
xperimental data (Li et al., 2021a) on PDMS-HEDS-UPy elastomer in cyclic tensile tests with strain rate �̇� = 0.0167 s−1 and various maximum strains 𝜖max (blue – 𝜖max = 0.5, red –
max = 3.0). C – Circles: experimental data (Wu et al., 2019b) on elastomer HHM-PAA-Zn0.5 in cyclic tensile tests with strain rate �̇� = 0.0042 s−1 and various maximum strains 𝜖max
blue – 𝜖max = 0.6, red – 𝜖max = 1.0). Solid lines: results of numerical analysis.
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he interval between 8 and 10. Some increase in 𝜖b may be mentioned
or polymer networks with double hydrogen bonds.

Experimental data in cyclic tensile tests (with maximum strains 0.5
nd 3.0) on elastomer PDMS-HEDS-UPy with disulfide and hydrogen
onds are reported in Fig. 1B together with results of numerical analysis
ith the material parameters listed in Tab. S-2.

Comparison of Tabs. S-1 and S-2 shows that the elastic modulus
adopts similar values (0.95, 1.0 and 1.2 MPa), whereas the rate of

iscoplastic flow 𝑎 changes noticeably (from 0.8 to 3.5), which may be
xplained by inaccuracy of measurements. Tab. S-2 demonstrates that
n increase in the maximum strain 𝜖max induces a pronounced (by a
actor of 19) decay in the coefficients 𝑃 and a weakly reduction in the
oefficients 𝛼.

For comparison, we match experimental data (Wu et al., 2019b)
n supramolecular elastomer HHM-PAA-Zn0.5 (a copolymer of HEMA,
EA, MAA and PAA physically cross-linked by ionic complexes between
n2+ ions and carboxyl groups of PAA). Observations in cyclic tensile
ests with maximum strains 𝜖max = 0.6 and 1.0 are presented in
ig. 1C together with results of numerical analysis with the material
arameters collected in Tab. S-2. This table shows that an increase in
max by a factor of 1.7 results in a decrease in 𝑃 and 𝛼 by factors 2.5
nd 2.0, respectively.

To evaluate the effect of strain rate �̇� on the shear modulus 𝐺 and
he rate of viscoplastic flow 𝑎, we approximate experimental data on
lastomer PDMS-HEDS-UPy in tensile tests with �̇� ranged from 0.0167
o 0.167 s−1. Experimental stress–strain diagrams (Li et al., 2021a) are
epicted in Fig. 2A together with results of simulation. Evolution of the
aterial parameters with strain rate is illustrated in Fig. 2B, where the
ata are approximated by the equations

= 𝐺0 + 𝐺1 log �̇�, 𝑎 = 𝑎0 + 𝑎1 log �̇�, (48)

here log = log10, and the coefficients are determined by the least-
quares method. This figure shows that 𝐺 increases noticeably (by a
actor of 1.7), whereas the growth of 𝑎 with the strain rate is rather
odest (by 15%).
5

An increase in the elastic modulus with strain rate in covalently
ross-linked elastomers is conventionally associated with relaxation of
tresses (substantial under slow loading and insignificant under rapid
tretching). This explanation is not applicable, however, to supramol-
cular elastomers whose viscoelasticity is negligible. We hypothesize
hat an increase in 𝐺 observed in Fig. 2B is driven by the presence of
ntanglements between chains. Under loading with low strain rates, en-
angled chains have sufficient time to slide with respect to each other.
s a consequence, appropriate segments of chains remain dangling, and

heir contribution to the elastic energy can be disregarded. Under rapid
tretching, chains have no time to slip with respect to each other at
he entanglement points. Their segments connected by entanglements
ecome active (stressed), and their contribution into the mechanical
nergy becomes noticeable. This contribution is reflected by the growth
n the elastic modulus with strain rate.

.1.2. PAA-based elastomers with ionic bonds
To examine how entanglements affect the viscoplastic response of

upramolecular polymers, we analyze experimental data (Wu et al.,
019b) on a series of HHM-PAA-Zn 1

𝑛
elastomers (𝑛 stands for the molar

ratio of carboxyl groups of PAA chains to Zn2+ ions) in uniaxial tensile
and compressive tests. Chains in the polymer networks are connected
by ionic complexes between mobile Zn2+ ions and ionized carboxyl
groups of poly(acrylic acid) (PAA) chains.

Observations in tensile and compressive tests (up to breakage of
samples) are depicted in Figs. 3A and 3B, respectively. The data are
presented together with results of numerical analysis. The best-fit ma-
terial parameters are reported in Fig. S-1, where they are plotted versus
𝑛. Evolution of the coefficients 𝐺 and 𝑎 with 𝑛 is described by the linear
equations

𝐺 = 𝐺0 + 𝐺1𝑛, 𝑎 = 𝑎0 + 𝑎1𝑛 (49)

with the coefficients calculated by the least-squares algorithm. Fig.

S-1 shows that 𝐺 and 𝑎 increase with 𝑛, but the data for 𝑛 = 2
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Fig. 2. A – Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data (Li et al., 2021a) on PDMS-HEDS-UPy elastomer in tensile tests with various strain rates �̇� (blue –
�̇� = 0.0167, green – �̇� = 0.0835, red – �̇� = 0.167 s−1). Solid lines: results of numerical analysis. B – Parameters 𝐺 and 𝑎 versus strain rate �̇�. Circles: treatment of experimental data.
Solid lines: results of simulation.
Fig. 3. A – Tensile stress 𝜎 versus tensile strain 𝜖. B – Compressive stress 𝜎 versus compressive strain 𝜖. Circles: experimental data (Wu et al., 2019b) on elastomers HHM-PAA-Zn0.3
(blue), HHM-PAA-Zn0.5 (orange) and HHM-PAA-Zn0.6 (red) in tensile tests with strain rate �̇� = 0.0042 s−1 and compressive tests with strain rate �̇� = 0.0021 s−1. Solid lines: results
of numerical analysis.
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(corresponding to the stoichiometric condition when all Zn2+ ions form
reversible cross-links between polymer chains) deviate noticeably from
the theoretical curves.

Fig. S-1 demonstrates that the responses under tension and com-
pression are strongly asymmetric. The viscoplastic flow is noticeable
under tension (the coefficient 𝑎 ranges from 0.9 to 1.5), but it becomes
negligible under compression (all diagrams in Fig. 3B are matched with
𝑎 = 0). The shear modulus 𝐺 under tension exceeds strongly (by a factor
of 3) that under compression.

This asymmetry can be explained by the role that entanglements
play in transmission of external load. Under tension, most of the entan-
glements act as permanent cross-links. Segments of chains bridged by
entanglements remain active, and stresses in these segments contribute
to the total tensile stress 𝜎. Slippage of active segments with respect
to each other at the entanglement points induces the viscoplastic flow
in the elastomer at the macroscopic level. On the contrary, segments
of chains linked by entanglements are dangling under compression. As
stresses in dangling segments vanish, these segments do not contribute
to the elastic energy (𝐺 is reduced strongly) and the viscoplastic flow
(𝑎 vanishes).

3.1.3. SIS-based elastomers with covalent and ionic bonds
To evaluate further the role of ionic bonds between chains, we

study experimental data (Kajita et al., 2022) in tensile and compres-
sive tests on poly(styrene–isoprene–styrene) (SIS)-based supramolecu-
lar elastomers. Chains in the polymer networks are permanently cross-
linked by polystyrene domains (arising due to phase separation) and
ionic bonds between mobile ions (Ba2+ or Na+ in elastomers SIS-Ba and
SIS-Na, respectively) and carboxyl groups of SIS chains functionalized
with maleic anhydride.

We begin with fitting observations in tensile tests with various
strain rates �̇� on SIS-Ba elastomer (Kajita et al., 2022). Experimental
6

stress–strain diagrams under tension (up to breakage of samples) with �̇�
ranged from 0.01 to 1.0 s−1 are reported in Fig. 4A together with results
of numerical analysis. Material parameters 𝐺 and 𝑎 are presented in
Fig. 4C which confirms the ability of Eqs. (48) to approximate the
data. The parameters 𝐺 and 𝑎 increase noticeably with the strain rate,
in accord with the results depicted in Fig. 2B for the elastomer with
another type of reversible bonds.

Experimental data (Kajita et al., 2022) on SIS-Ba elastomer in
compressive test with the strain rate �̇� = 0.1 s−1 are depicted in Fig. 5A
together with results of simulation with the material coefficients listed
in Tab. S-3.

3.2. The Gent model

We now focus on matching experimental data on supramolecular
elastomers revealing stress-hardening at the final stage of tension. Their
stress–strain diagrams are described by the Gent model (21) with three
parameters (𝐺, 𝑎 and 𝐾) under tension and five parameters under cyclic
eformation.

.2.1. SIS-based elastomers with covalent and van der Waals bonds
We begin with matching experimental data on SIS-Na elastomer

hose chains are connected by covalent cross-links (arising due to
hase separation of styrene segments) and van der Waals forces be-
ween dipoles formed by Na+ ions and ionized carboxyl groups. The
atter complexes are stronger than the complexes formed by bulky Ba2+
ons, but their concentration is substantially lower than that in SIS-Ba
lastomer (Kajita et al., 2022).

Experimental data (Kajita et al., 2022) on SIS-Na elastomer in
ensile tests with various strain rates �̇� are reported in Fig. 4B. The
ffect of strain rate on material parameters 𝐺, 𝑎 and 𝐾 is illustrated
n Fig. 4D. The data are approximated by Eq. (48) and the equation
log𝐾 = 𝐾0 +𝐾1 log �̇�, (50)
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Fig. 4. A, B – Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data (Kajita et al., 2022) on SIS-Ba (A) and SIS-Na (B) elastomers in tensile tests with various strain
ates �̇� (blue – �̇� = 0.01, green – �̇� = 0.1, red – �̇� = 1.0 s−1). C, D – Parameters 𝐺, 𝑎 and 𝐾 versus strain rate �̇�. Circles: treatment of experimental data on SIS-Ba (C) and SIS-Na
D) elastomers. Solid lines: results of numerical analysis.
Fig. 5. A, B – Compressive stress 𝜎 versus compressive strain 𝜖. Circles: experimental data (Kajita et al., 2022) on SIS–Ba (A) and SIS-Na (B) elastomers in tests with strain rate
̇ = 0.1 s−1. Solid lines: results of numerical analysis.
b

where 𝐾0 and 𝐾1 are calculated by the least-squares technique.

Comparison of Figs. 4C and 4D shows that 𝑎 adopt similar values for
IS-Na and SIS-Ba elastomers, whereas the shear modulus 𝐺 of SIS-Ba
lastomer exceeds that of SIS-Na elastomer by twice for all strain rates
nder consideration.

Observations on SIS-Na elastomer in compressive test with the strain
ate �̇� = 0.1 s−1 (Kajita et al., 2022) are reported in Fig. 5B together with
esults of numerical analysis with the material parameters collected in
ab. S-3.

Table S-3 confirms the conclusion regarding the tension–compres-
ion asymmetry in supramolecular elastomers. In accord with Fig. S-
, this table shows that the viscoplastic flow vanishes (𝑎 = 0) under
ompression of SIS-Ba and SIS-Na elastomers, and their shear mod-
li 𝐺 under tension exceed those under compression by 2 and 9%,
7

espectively.
3.2.2. PDMS-based elastomers with hydrogen and metal–amine coordina-
tion bonds

We proceed with matching stress–strain diagrams on a series of
PDMS-based elastomers cross-linked by quadruple hydrogen bonds be-
tween 2,4′-toluene diisocyanate (TDI) segments and metal–ligand co-
ordination bonds between mobile Al3+ ions and TDI ligands (Wu et al.,
2019a).

Experimental data in tensile tests with a fixed strain rate �̇� (up to
reakage of samples) in elastomers PDMS-TDI-Al 1

𝑛
(with 𝑛 = 1, 2 and

4 standing for the TDI:Al molar ratio) are reported in Fig. 6A together
with results of numerical analysis. Each set of observations is matched
by means of three coefficients, 𝐺, 𝑎 and 𝐾. The parameters 𝐺, 𝑎 and
𝐾 are plotted versus 𝑛 in Fig. 6C, where the data are approximated by
Eq. (49) and the equation

log𝐾 = 𝐾0 +𝐾1𝑛 (51)

with the coefficients 𝐾0, 𝐾1 determined by the least-squares method.
Observations in tensile tests with various strain rates �̇� (ranging

from 0.008 to 0.067 s−1) on elastomer PDMS-TDI-Al 1 are plotted in

3
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Fig. 6. A, B – Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data (Wu et al., 2019a). A – PDMS-TDI-Al 1
𝑛

elastomers with various TDI:Al molar ratios 𝑛 in tensile
ests with strain rate �̇� = 0.0167 s−1 (blue – 𝑛 = 1, green – 𝑛 = 2, red – 𝑛 = 4). B – PDMS-TDI-Al 1

3
elastomer in tensile tests with various strain rates �̇� (blue – �̇� = 0.0084, green –

̇ = 0.0167, orange – �̇� = 0.0334, red – �̇� = 0.0668 s−1). C – Parameters 𝐺, 𝑎 and 𝐾 versus 𝑛. D – Parameters 𝐺, 𝑎 and 𝐾 versus �̇�. Circles: treatment of experimental data. Solid
ines: results of numerical analysis.
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ig. 6B together with results of simulation. The effect of strain rate of
he coefficients 𝐺, 𝑎 and 𝐾 is illustrated in Fig. 6D, where the data are
pproximated by Eqs. (48) and (50). Unlike Figs. 2B, 4C and 4D that
eveal an increase in 𝑎 with �̇�, Fig. 6D shows that the rate of viscoplastic
low 𝑎 decreases weakly with strain rate.

.2.3. PU-based elastomers with catechol–boronic ester bonds
We now fit experimental data (Yang et al., 2020) on a series of

olyurethane (PU)-based elastomers permanently cross-linked with two
ypes of chain extenders (dopamine-derived diol (DADO) and 1,4-
utanediol) and reversible bonded with catechol–boronic ester linkages
with various densities of reversible bonds and various fractions of free
atechol moieties).

Elastomers of the N-X-0 series were prepared from linear
olyurethanes with various ratios X of DADO and 1,4-butanediol as
hain extenders and 1:1 molar ratio of boronic acid to catechol.
lastomers of the N-X-Y series were prepared from linear polyurethane
with DADO as the only chain extender) with various molar ratios X
f boronic acid groups to catechol groups and molar fractions Y of
,4-phenylenediboronic acid (X, Y are given in per cent).

Stress–strain diagrams on several elastomers N-X-Y under uniaxial
ension with a fixed strain rate �̇� (up to breakage of specimens) are
resented in Fig. 7 together with results of numerical analysis with
he material parameters collected in Tab. S-4. This table shows that an
ncrease in molar fraction of DADO results in a noticeable (by a factor
f 3) increase in the shear modulus 𝐺 and a pronounced (by a factor
f 14) decay in the rate of viscoplastic flow 𝑎. An increase in the molar
raction of 1,4-phenylenediboronic acid leads to a strong growth (by 4
o 7 times) of the shear modulus 𝐺 and noticeable (by a factor of 1.2
o 2) increase in the coefficient 𝐾, but it does not affect practically the
ate of viscoplastic flow 𝑎.

To evaluate how composition of PU-based elastomers affects their
esponse under cyclic loading, we fit observations on elastomers N-70-
0 and N-70-00 in cyclic tensile tests with the strain rate �̇� = 0.033 s−1
8

nd maximum strain 𝜖max = 2. The experimental stress–strain diagrams
re depicted in Fig. 8A together with results of numerical analysis with
he material constants listed in Tab. S-5. This table shows that the
resence of catechol–boronic ester bonds induces a strong (by a factor
f 2.8) increase in the shear modulus 𝐺, an appropriate reduction (by
0%) of the rate of viscoplastic flow 𝑎, and a pronounced (by a factor
f 5) increase in the coefficient 𝐾. The effect of these bonds on the
esponse under retraction is rather modest: the rate of viscoplastic flow

decreases by 15% only.
For comparison, experimental data (Wu et al., 2019a) are matched

n PDMS-based elastomers, PDMS-TDI-Al 1
3

and PDMS-IP-Al 1
3
, in cyclic

tensile tests with the strain rate �̇� = 0.0167 s−1 and maximum strain
𝜖max = 11.4. The difference between PDMS-TDI-Al 1

3
and PDMS-IP-Al 1

3
is that TDI segments form quadruple H-bonds, while IP segments form
double H-bonds. Experimental stress–strain diagrams are depicted in
Fig. 8B together with results of simulation with the material parameters
reported in Tab. S-5.

Tab. S-5 demonstrates that enhancement of strong (catechol–boro-
nic ester) bonds affects noticeably the response of elastomers under
stretching and does not influence their behavior under retraction,
whereas enhancement of weak (hydrogen) bonds causes the inverse
effect: the mechanical response under tension remains practically un-
affected, while the rate of viscoplastic flow at unloading increases by
60%.

3.2.4. PDMS-based elastomers with hydrogen and metal–pyridine bonds
We now fit experimental data (Fan et al., 2021) on a series of PDMS-

based elastomers PDMS-DAP-Fe 1
𝑛

(𝑛 = 1,… , 5 stands for the DAP:Fe
molar ratio) bonded by metal–ligand coordination complexes between
Fe3+ ions and pyridine groups of DAP and H-bonds between pyridine
and urea groups.

Observations in tensile tests with a fixed strain rate �̇� (up to break-
age of samples) on elastomers PDMS-DAP-Fe 1

𝑛
are depicted in Fig. 9A

together with results of numerical analysis. Each set of data is matched
by means of three coefficients, 𝐺, 𝑎 and 𝐾. These parameters are plotted
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Fig. 7. Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data (Yang et al., 2020) on PU elastomers in tensile tests with strain rate �̇� = 0.033 s−1 (A: blue – N-50-00,
red – N-100-00, B: blue – N-50-00, red – N-50-50, C: blue – N-70-00, red – N-70-30). Solid lines: results of numerical analysis.
Fig. 8. Tensile stress 𝜎 versus tensile strain 𝜖. A – Circles: experimental data (Yang et al., 2020) on N-70-30 (red) and N-70-00 (blue) elastomers in cyclic tests with strain rate
̇ = 0.033 s−1 and maximum strain 𝜖max = 2.0. B – Circles: experimental data (Wu et al., 2019a) on PDMS-TDI-Al3 (red) and PDMS-IP-Al3 (blue) elastomers in cyclic tests with strain
rate �̇� = 0.0167 s−1 and maximum strain 𝜖max = 11.4. Solid lines: results of numerical analysis.
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versus 𝑛 in Fig. 9C, where the data are approximated by Eq. (49) and
(51). Fig. 9C shows that 𝐺 decreases linearly with 𝑛, whereas 𝑎 and 𝐾
emain practically independent of the DAP:Fe molar ratio.

Comparison of Figs. 6C and 9C shows that 𝐺 increases with 𝑛
or PDMS-TDI-Al 1

𝑛
elastomers and decreases for PDMS-DAP-Fe 1

𝑛
elas-

tomers. This difference between the effect of 𝑛 (the molar ratio of
ligands to metal ions) on the elastic modulus 𝐺 may be explained by
competition between hydrogen bonds and metal–ligand coordination
linkages. For a fixed molar fraction of ligands in the composition of
supramolecular polymers, an increase in 𝑛 is tantamount to a reduction
in density of coordination bonds and the corresponding increase in
concentration of hydrogen bonds. When the strength of hydrogen bonds
exceeds that of coordination bonds, 𝐺 grows with 𝑛 (Fig. 6C). On
the contrary, when coordination bonds are stronger than H-bonds, 𝐺
decreases with 𝑛 (Fig. 9C).

To examine the influence of strain rate on the viscoplastic response
of PDMS-based elastomers, we fit observations on PDMS-DAP-Fe 1

3
in

ensile tests (up to breakage of specimens) with various strain rates �̇�
anging from 0.012 to 0.208 s−1. Experimental stress–strain diagrams
re depicted in Fig. 9B together with results of numerical analysis. Each
9

S

set of data is approximated by three material parameters, 𝐺, 𝑎 and 𝐾.
The effect of strain rate on these coefficients is illustrated in Fig. 9D,
where the data are approximated by Eqs. (48) and (50). Fig. 9D shows
that 𝐺 increases substantially with �̇�, 𝑎 remains practically independent
of the strain rate, whereas 𝐾 decreases with �̇�. Similar dependencies
of the material parameters on strain rate are reported in Fig. 6D for
PDMS-TDI-Al 1

𝑛
elastomers.

4. Discussion

Analysis of experimental data on supramolecular elastomers
(Figs. 1 to 9) in tensile and compressive tests with various strain rates �̇�
and cyclic (loading–retraction) tests with various maximum strains 𝜖max
onfirms the ability of the model to describe the experimental stress–
train curves under finite deformations (with elongation ratios up to
0). Figs. 2B, 4C, 4D, 6D and 9D show that the effect of strain rate
n material parameters is adequately predicted by Eqs. (48) and (50).
iven compositions of the elastomers under consideration, Eqs. (49)
nd (51) describe how these parameters are affected by concentration
f supramolecular bonds between chains (Figs. 6C, 9C and Tabs. S-1,

-4, S-5).
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Fig. 9. A, B – Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data (Fan et al., 2021). A – PDMS-DAP-Fe 1
𝑛

elastomers with various DAP:Fe molar ratios 𝑛 in tensile
tests with strain rate �̇� = 0.208 s−1 (blue – 𝑛 = 1, green – 𝑛 = 2, yellow – 𝑛 = 3, orange – 𝑛 = 4, red – 𝑛 = 5). B – PDMS-DAP-Fe 1

3
elastomer in tensile tests with various strain rates

�̇� (blue – �̇� = 0.013, green – �̇� = 0.021, yellow – �̇� = 0.042, orange – �̇� = 0.125, red – �̇� = 0.208 s−1). C – Parameters 𝐺, 𝑎 and 𝐾 versus 𝑛. D – Parameters 𝐺, 𝑎 and 𝐾 versus �̇�.
Circles: treatment of experimental data. Solid lines: results of numerical analysis.

Fig. 10. Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data. Solid lines: results of numerical analysis. A – CB-filled butyl rubber in tensile test with strain rate
�̇� = 0.021 s−1 (Yan et al., 2017). B – supramolecular elastomers PDMS-TDI-Al 1

3
(red) and PDMS-IP-Al 1

3
(blue) in tensile tests with strain rate �̇� = 0.0167 s−1 (Wu et al., 2019a).

C – CB-filled styrene-butadiene rubber in cyclic tensile test with strain rate 0.333 s−1 and maximum strain 𝜖max = 2 (Plagge and Kluppel, 2019). D – supramolecular elastomer
PDMS-DAP-Fe 1

3
in cyclic tensile test with strain rate �̇� = 0.021 s−1 and maximum strain 𝜖max = 5.0 (Fan et al., 2021).



International Journal of Solids and Structures 254–255 (2022) 111919A.D. Drozdov and J. deClaville Christiansen

t
t
o
(
(
r
p
(

u
H
v

i
w
r
P

i
t
r
b

e
d
d

𝐅

I
f
W

To examine the difference between the responses of covalently
cross-linked and supramolecular elastomers, we analyze the experi-
mental data in Fig. 10. Figs. 10A and 10B show the stress–strain dia-
grams under uniaxial tension. Observations on butyl rubber reinforced
with carbon black (Yan et al., 2017) and elastomers PDMS-TDI-Al 1

3
and PDMS-IP-Al 1

3
(Wu et al., 2019a) are chosen as typical examples.

The data is approximated by the model with the material parameters
reported in Tab. S-6.

The stress–strain diagram on vulcanized rubber (Fig. 10A) involves
three intervals (corresponding to the nonlinear elastic response, strain-
softening and stress-hardening) and terminates at a strain at break
𝜖b ≈ 6. The stress–strain curves on supramolecular elastomers (Fig. 10B)
contain two or three (depending on the strength of secondary bonds
between chains) intervals, and breakage of specimens occur at substan-
tially higher strains 𝜖b = 20 to 25. Bearing in mind that the shear moduli
of the elastomers under consideration adopt similar values (Tab. S-6),
the difference in shapes of the stress–strain diagrams is ascribed to the
viscoplastic flow: its rate 𝑎 vanishes for the butyl rubber and accepts
relatively high values (belonging to the interval between 1.5 and 2.0)
for the PDMS-based elastomers.

The neo-Hookean model fits experimental data in tensile tests on
covalently cross-linked elastomers in a rather limited interval of strains
(conventionally, below 𝜖 = 1), where these materials demonstrate
he nonlinear elastic behavior. Matching the stress–strain curves along
he interval of strain-softening (induced by cavitation and growth
f microvoids) requires more sophisticated models in hyperelasticity
Martins et al., 2006). The final interval of the stress–strain diagrams
where stress-hardening is driven by orientation of chains along the di-
ection of loading and stress-induced crystallization) is conventionally
redicted by the models accounting for finite extensibility of chains
Horgan and Saccomandi, 2006).

Unlike vulcanized rubbers, the mechanical behavior of supramolec-
lar elastomers under tension can be described correctly by the neo-
ookean model at strains 𝜖 up to 25 (Fig. 10B), provided that the
iscoplastic flow of junctions is taken into account.

The responses of vulcanized rubber and supramolecular elastomers
n tensile loading–unloading tests are illustrated in Figs. 10C and 10D,
here experimental data are presented on styrene-butadiene rubber

einforced with carbon black (Plagge and Kluppel, 2019) and elastomer
DMS-DAP-Fe 1

3
(Fan et al., 2021). The stress–strain curves are fitted by

the model with the material parameters collected in Tab. S-7.
The diagrams under retraction in Figs. 10C and 10D have different

shapes. They are characterized by a rapid decay in stress resulting
in a relatively large residual strain for PDMS-based elastomer and a
slow decrease in stress that leads to a small residual strain for styrene-
butadiene rubber. This difference can be explained (Tab. S-7) by the
difference in rates, 𝑎 and 𝑃 , of the viscoplastic flows under loading
and unloading. The coefficient 𝑎 vanishes for the vulcanized rubber and
t adopts a relatively high value for the supramolecular elastomer. On
he contrary, the coefficient 𝑃 for styrene-butadiene rubber accepts a
elatively large value exceeding that for the supramolecular elastomer
y two orders of magnitude.

To evaluate how the mechanical behavior of covalently cross-linked
lastomers differ from that of supramolecular elastomers under biaxial
eformation, simulation is performed for equibiaxial tension with the
eformation gradient

= 𝜆(𝒊1𝒊1 + 𝒊2𝒊2) + 𝜆−2𝒊3𝒊3,

where 𝜆 = 1 + 𝜖 stands for elongation ratio. The governing equations
read

𝜎 = 𝐺(1 − 𝜙)
(

1 −
2𝜆2e + 𝜆−4e − 3

𝐾

)−1 𝜆6e − 1
𝜆𝜆4e

,

d𝜆e
d𝜆

= (1 − 𝜙)
𝜆e
𝜆
,

d𝜙
= 2𝑎

2 −4
(1 − 𝜙)2, (52)
11

d𝜆 (2𝜆e + 𝜆e )𝜆 t
where 𝜎 stands for the engineering stress. Eqs. (52) are developed by
the same approach as Eqs. (39), (42) and (43) for uniaxial tension.

Stress–strain diagrams under uniaxial and equibiaxial deformations
of vulcanized butyl rubber (Yan et al., 2017) and supramolecular
elastomers N-100-00 (Yang et al., 2020), SIS(Na) and SIS(Ba) (Kajita
et al., 2022) are reported in Fig. 11, where stress 𝜎 is plotted versus
strain 𝜖. Numerical analysis is conducted with the material parameters
collected in Tabs. S-6, S-4 and Fig. 4, respectively.

For covalently cross-linked elastomers, the stress 𝜎 under equib-
iaxial tension exceeds that under uniaxial tension at all strains 𝜖
(Fig. 11A). A similar response (Fig. 11B) is revealed by highly cross-
linked supramolecular elastomers (with low rates of plastic flow 𝑎).
n this case, however, the stresses under uniaxial and equibiaxial de-
ormations coincide practically along the intervals of strain-softening.

hen the rates of plastic flow 𝑎 in supramolecular elastomers become
relatively high (above 0.5), two types of the mechanical behavior are
observed: (i) with stresses under equibiaxial tension exceeding those
under uniaxial tension (except for some initial interval where plastic
deformations are small), see Fig. 11C, and (ii) with stresses under
uniaxial tension exceeding those under equibiaxial tension at very small
and very large strain 𝜖, see Fig. 11D. The stress–strain diagrams of
the first type are typical for the elastomers with the neo-Hookean
strain energy density, whereas the diagrams of the other type are
characteristic for the elastomers with the Gent potential.

A characteristic feature of supramolecular elastomers (that distin-
guishes them from covalently cross-linked rubbers) is the tension–
compression asymmetry: material parameters 𝐺 and 𝑎 found by fitting
stress–strain curves under tension and compression adopt different
(high for tension and low for compression) values (Fig. S-1 and Tab.
S-3). This phenomenon is also observed in experiments on supramolec-
ular hydrogels (Drozdov and deClaville Christiansen, 2020c). It can be
explained by the fact that chains in supramolecular polymer networks
are highly entangled (due to a large concentration of weak secondary
bonds). Under tension, when all entanglements are active (segments
of chains bridged by entanglements are stressed), they play the same
role as cross-links between chains and contribute to the strain energy
density of an elastomer. Under compression, part of entanglements
become dangling (stresses vanish in segments connected by these en-
tanglements), and the total contribution of entanglements to the strain
energy density is reduced.

Although the model is derived in Section 2 for the response of
supramolecular elastomers, it can be applied to describe observations
on supramolecular gels as well. To verify this statement, experimen-
tal data are fitted on poly(acrylamide) gel dynamically cross-linked
by host-guest bonds between 1-benzyl-3-vinylimidazolium and cucur-
bit[8]uril moieties (Liu et al., 2017).

Observations in uniaxial tensile tests with the strain rate �̇� =
0.167 s−1 are reported in Fig. 12 together with results of numerical
simulation with the material constants collected in Tab. S-8. Fig. 12
shows reasonable agreement between the data and results of simulation
at strains up to 𝜖b = 107. Unlike supramolecular elastomers (for which
the model reflects the physical picture of deformation), applicability
of the model to supramolecular gels is merely phenomenological, as it
does not account for viscoelasticity of these materials.

Application of the model to the description of the mechanical
response of biological tissues (as another type of soft materials) requires
modifications of the governing equations caused by replacement of the
elastic potentials (21) and (22) with more sophisticated expressions
(Federico et al., 2008; Chagnon et al., 2015; Mihai et al., 2017) and
account for the anisotropy of their micro-structure.

To assess the ability of the model to predict experimental data
on supramolecular elastomers under cyclic deformation, simulation
is conducted for PDMS-based elastomer with disulfide and hydrogen
bonds PDMS-HEDS-UPy under uniaxial tension–retraction with maxi-
mum strains under stretching 𝜖max = 1.0, 1.5 and 2.0. Observations on

−1
his elastomer in cyclic tests with the strain rate �̇� = 0.0167 s and



International Journal of Solids and Structures 254–255 (2022) 111919A.D. Drozdov and J. deClaville Christiansen

w
C

2
i
n

m
w
i
p
s
2

l

d
i
s

Fig. 11. Tensile stress 𝜎 versus tensile strain 𝜖. Solid lines: results of numerical analysis for uniaxial (red) and equibiaxial (blue) tests. A – stretching of vulcanized butyl rubber
ith 25 phr of carbon black (Yan et al., 2017) with strain rate �̇� = 0.021 s−1. B – stretching of polyurethane elastomer N-100-00 with strain rate �̇� = 0.033 s−1 (Yang et al., 2020).
, D – stretching of thermoplastic elastomers SIS(Ba) (C) and SIS(Na) (D) with strain rate �̇� = 0.01 s−1 (Kajita et al., 2022).
Fig. 12. Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data (Liu et al.,
017) on poly(acrylamide) gel with CB[8]-mediated host-guest supramolecular bonds
n tensile test with strain rate �̇� = 0.167 s−1 at room temperature. Solid line: results of
umerical analysis.

aximum strains 𝜖max = 0.5 and 3.0 are depicted in Fig. 1B together
ith results of numerical analysis with the material coefficients listed

n Tab. S2. Tab. S-2 shows that all coefficients (except for the rate of
lastic flow 𝑃 ) are independent of maximum strain, while 𝑃 decreases
trongly with 𝜖max. Following (Drozdov and deClaville Christiansen,
018b,c), we adopt the exponential dependence of 𝑃 on 𝜖max,

og𝑃 = 𝑃0 − 𝑃1𝜖max,

etermine the coefficients 𝑃0 and 𝑃1 with the help of the data collected
n Tab. S-2, and calculate 𝑃 for an arbitrary 𝜖max. For each maximum
train under consideration, the entire set of material parameters is
12
Fig. 13. Tensile stress 𝜎 versus tensile strain 𝜖. Circles: experimental data (Li et al.,
2021a) on PDMS-HEDS-UPy elastomer in cyclic tensile tests with strain rate �̇� =
0.0167 s−1 and maximum strains 𝜖max = 1.0 (blue), 1.5 (green) and 2.0 (red). Solid
lines: predictions of the model.

reported in Tab. S-9. The stress–strain diagrams found by integration of
the governing equations with these parameters are presented in Fig. 13
together with the experimental data reported by (Li et al., 2021a).
This figure reveals a reasonable agreement between the data and their
predictions by the model.

Figs. 1, 3, 6 and 7 show that the mechanical behavior of supramolec-
ular elastomers can be tuned by an appropriate choice of reversible
bonds. We focus on modulation of the viscoplastic response of elas-
tomers with metal–ligand coordination bonds by changing the molar
ratio 𝑛 of ligands to divalent (Figs. 3 and 4) and trivalent (Figs. 6
and 9) ions. Results of numerical analysis (Figs. 6C and Fig. 9C) show
that the shear modulus 𝐺, the rate of viscoplastic flow 𝑎 and the



International Journal of Solids and Structures 254–255 (2022) 111919A.D. Drozdov and J. deClaville Christiansen
coefficient 𝐾 (accounting for stress-hardening of elastomers) change
consistently with the number of supramolecular linkages (the reciprocal
of 𝑛). Correlations between the ligand–metal molar ratio 𝑛 and the
material parameters are described by Eqs. (49) and (51).

5. Conclusions

A simple model is derived for the viscoplastic behavior of
supramolecular elastomers at finite strains. We focus on isothermal
loading of elastomers with weak viscoelastic response at room temper-
ature.

An advantage of the model is that describes experimental data in
uniaxial tensile and compressive tests (up to breakage of specimens)
and cyclic (loading–unloading) tests with the help of only four to five
material constants with transparent physical meaning: (i) the shear
modulus 𝐺, (ii) the coefficient 𝐾 accounting for finite extensibility
of chains, (iii) the rate of slippage of junctions between chains with
respect to their initial positions 𝑎, (iv) the rate of plastic flow driven
by inter-chain interactions 𝑃 , and (v) the coefficient 𝛼 characterizing
slowing down of plastic deformation at retraction. The aim of this work
is to evaluate how external conditions (strain rate) and micro-structure
of supramolecular elastomers (type and concentration of reversible
bonds) affect these quantities.

To examine the ability of the model to describe experimental stress–
strain diagrams, it is applied to the analysis of observations on con-
ventional vulcanized rubbers (Figs. 10A and 10C) and supramolecular
elastomers with various types of reversible bonds (Figs. 1 to 9 and
13). Good agreement is demonstrated between the observations and
results of simulation. It is shown that the material parameters change
consistently with the strain rate �̇� and composition of the elastomers.

Figs. 1 to 4 show that the classical neo-Hookean expression for
the strain energy density can be used to fit the stress–strain diagrams
on supramolecular elastomers under stretching with strains up to 25,
provided that the viscoplastic deformation is taken into account.

Figs. 6, 7 and 9 reveal that the mechanical response of supramolec-
ular elastomers can be modulated in a rather wide interval by an
appropriate choice of reversible bonds. Eqs. (49) and (51) are proposed
to predict the effect of composition on material parameters of elas-
tomers with metal–ligand coordination bonds. The obtained results may
be helpful for the design of supramolecular elastomers with required
mechanical properties for stretchable and wearable electronics.
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