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A B S T R A C T   

Glass structure remains puzzling to scientists, especially due to the challenges in characterizing their structural 
order beyond the first coordination shell, i.e., the so-called medium-range order. Structural method development 
is therefore needed to advance our understanding of, e.g., structure-property relations in these disordered ma-
terials. To this end, we here review the fundamentals, applications and perspectives of an interesting new 
approach, namely persistent homology, which is a type of topological data analysis. This method allows for the 
analysis of both ring- and void-type structures in materials without making any assumptions of the network 
structure. As discussed herein, it has recently been used to analyze atomic position data (as obtained from 
atomistic simulations or reverse Monte Carlo) of glasses, especially regarding their medium-range order struc-
ture. We also discuss the opportunities in coupling persistent homology analyses with machine learning calcu-
lations as well as the open questions and challenges that require further investigations.   

1. Introduction 

Nearly a century ago, Zachariasen [1] laid the foundation for un-
derstanding the structure of oxide and other network glasses. Roughly 
speaking, the structure of glasses and other disordered materials can be 
classified into two domains, i.e., short-range order (SRO) and medium- 
range order (MRO). In contrast, long-range order structures are, per 
definition, absent. While the length scales associated with short-, me-
dium-, and long-range order are not clearly defined, limits in the ranges 
of 0–5 Å, 5–20 Å, and > 20 Å, respectively, are typically considered, but 
the values will depend on the specific atomic system [2]. Fig. 1 shows a 
sketch of the regions of SRO and MRO in a traditional SiO2 glass. 

Although disordered materials suffer from a lack of periodicity and 
hence the applicability of symmetry-based methods used for structure 
solving in crystals [3], various methods exist for characterizing their 
structural order. Regarding SRO, that is, typically the coordination 
numbers, the span of methods is relatively wide, including X-ray and 
neutron-based total scattering for pair-distribution function calculations 
[4], inelastic X-ray scattering [5], as well as nuclear magnetic resonance 
(NMR) spectroscopy [6]. The latter method can also provide some in-
formation beyond the first coordination shell, e.g., information of 

clustering of various atomic species through multidimensional NMR 
techniques [6,7]. 

In contrast to SRO, thoroughly understanding the MRO structure of 
glasses continues to be one of the major challenges in the field 
[1,2,8–10], although various experimental and computational methods 
have been developed [11–14]. While scattering experiments provide 
only inverse-space information and relate only to pair correlations 
[14,15], NMR data can be hard to interpret and are only sensitive to 
some atomic species [6] and ring-type analyses based on atomic co-
ordinates generally provide information of only certain atom types [11]. 
As such, while no single method will be able to fully grasp all scales of 
glass structure, an enhanced toolbox of methods for characterizing the 
MRO structure is needed. Here, we explore a recently proposed tool 
suitable for exploring MRO structure [16–18], namely persistent ho-
mology (PH). As we will show, PH may overcome existing challenges 
and provide new insights into the MRO structure of disordered systems. 

2. Fundamentals of persistent homology 

Before discussing the application of PH to understand MRO glass 
structure, we provide an introduction to the fundamentals of the 
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technique. Topological data analysis, including persistent homology, is a 
growing set of tools for data analysis based on the mathematical subject 
of algebraic topology. The basic idea of the methods is that higher 
dimensional data has “shape”, which may be revealed using PH. This is 
central, as glass structure can, when ignoring thermal motion, be 
described as points in space (centers of atoms), each with an identity (i. 

e., the type of chemical element). In the PH method, we consider each 
atom/datapoint as a ball of a certain radius (depending on the atomic 
type) and then we let the balls grow. This growth is per tradition in the 
field of PH denoted as increasing time. The aim is then to identify 
characteristics of the shapes formed by all these balls at different times. 
To that end, we study a so-called complex of edges, triangles and tetra-
hedra, which is guaranteed by a mathematical theorem to contain the 
same information. We build this complex by recording when:  

1. A pair of balls start intersecting  
2. Three balls start intersecting  
3. Four balls start intersecting 

When two balls intersect, we connect their centers by a line segment; 
when three balls intersect, we insert the triangle with their centers as 
vertices; and when four balls intersect, we insert the tetrahedron with 
their centers as its vertices. The obtained lines, triangles, and tetrahedra, 
respectively, are exemplified schematically for a planar four-atom sys-
tem in Fig. 2a-b, for a spatial four-atom system in Fig. 2c, and for more 
complicated systems in Fig. 3. These are very simple systems, but the 
method does not depend on the number of atoms. Now, from an algo-
rithmic point of view, we are interested in the structures in Fig. 2a and 
not the extra edge (AD) and two triangles shown in Fig. 2b as these are 
redundant information about the shape of the union of four balls. This 
can be obtained through more mathematically involved methods, 
namely the so-called (weighted) alpha-complex as developed by 

Fig. 1. Two-dimensional sketch of SiO2 glass (oxygen: white; silicon: blue), 
highlighting the approximate short- and medium-range order structural do-
mains as the red and green dashed lines, respectively. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 2. Examples of four-point structures in the plane and space. (a) Intersecting balls cause the inclusion of five edges and two triangles. (b) The balls have grown 
more, causing the addition of an extra edge from A to D and two new triangles ABD and ADC, overlapping the existing triangles. Since all four balls intersect, a 
tetrahedron is also observed, but in planar systems, this would be a degenerate, i.e., a flattened shape. When building the structure of edges, triangles, and tetrahedra 
as a so-called alpha-complex, the extra information obtained in (b) is not considered. (c) The four points are non-planar. In this case, all six edges, four triangles, and 
the interior tetrahedron are considered. 
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Edelsbrunner [19]. Other approaches exist for building a complex with 
the same information as the shapes consisting of balls, including the 
Vietoris-Rips-complex, Čech-complex, etc., which provide similar in-
formation, but have different pros and cons in terms of, e.g., computa-
tional cost and interpretation. We refer to Refs. [19, 20] for a deeper 
introduction to these differences. 

The resulting sequence of geometric structures – one at each time/ 
growth of radii – is analyzed to provide the time dependence of the three 
output features, referred to as homology in dimension 0, 1 and 2, 
respectively. These are the main outputs of a PH analysis. In dimension 
0, the feature is connected components, that is, the centers of the atoms 
are connected to each other when an edge is inserted (i.e., when the balls 
intersect) and hence any two atoms, even those far from each other, will 
be connected through a sequence of edges when the balls have grown 
sufficiently. At the start of dimension 0 PH (i.e., before the balls start to 
grow), there are as many components as there are atoms. PH formulates 
this as the components being born at time 0 and they die when the radii 
get large enough to produce an edge to other atoms. The information 
gained from this analysis is equivalent to that obtained from the tradi-
tional radial distribution function analysis. 

In dimension 1, the features are loops/rings. A loop is born when 
edges connecting centers of balls connect to give a circular structure. An 
example of a loop, which is born but has not yet died, is shown in Fig. 3a. 
The loop dies through the appearance of triangles filled by the growing 
balls, as shown in Fig. 3b, where blue triangles fill the red loop. A loop 
may also die when two loops become the common boundary of a shape 
built by multiple triangles. This case is illustrated in Fig. 3c, with two 
loops highlighted in red and green. When the last of the triangles is 
filled, one of the features dies. In the more complicated Fig. 3d, e, several 
loops are present. There are three “holes” in the shape of the growing 
balls, and many loops. The red, green, and blue structures are examples 
of loops, but there are others. For Fig. 3d, PH will extract that there are 
only three different loops, but not select three such loops in the struc-
ture. From Fig. 3d to 3e, the balls grow and the small holes will be filled, 
that is, the quadrangle will first get a diagonal edge and the resulting two 

triangles will then be filled. The triangle with a blue, red, and black edge 
has also been filled. Before the last triangle is filled, the red and green 
loops represent different features – both in Fig. 3c, d, and e. At this point 
in Fig. 3e, only one feature survives, i.e., either the feature corre-
sponding to the green or red loop dies. The one surviving is always the 
one born earliest. This ensures that we keep the information that a loop 
has been present in the structure since the birth of the first loop. If they 
were born at the same time, we choose randomly which one dies. For 
connected components (i.e., dimension 0), which are all born at time 0, 
this is always the case. 

In dimension 2, the features are voids, i.e., triangles forming a shape 
without any boundary loops and hence which contains a void. The shape 
can be spherical, a torus or a more complicated shape. The void shown in 
the icosahedron in Fig. 3f is born, when the last triangle is filled in. A 
void dies when it becomes the boundary of a shape built by tetrahedra, i. 
e., when the last of those tetrahedra appears, or when it connects with 
another void in a similar way as the loops in Fig. 3c and e. 

For each of the three dimensions of PH (0,1, and 2), the features can 
be represented as points with coordinates (birth, death), which can be 
plotted. This is typically done by either (i) a one-dimensional bar plot, 
representing birth and death on a one-dimensional axis, a so-called 
barcode or (ii) a simple scatter plot, namely, a so-called persistence dia-
gram (PD) with birth and death time being the horizontal and vertical 
axis, respectively. Fig. 4 shows a sketch of how to obtain the PD of an 
atomic structure in dimension 1 PH with the corresponding barcode also 
shown. 

It is challenging to obtain structural information from the PD in 
terms of identifying loops that correspond to different points in the PD in 
dimension 1. The reason is that there can be many loops corresponding 
to the same feature as seen in Fig. 3c, d and e. For example, in Fig. 3c we 
may prefer the green, the red, or even some other loop – as such, this is 
the user's choice, but it will often be a hidden part of the used software 
suite. See e.g., Ref. [21] for more details on this topic. In addition to this 
fact, we remind the reader how several features may have the same birth 
and death times and hence give rise to a so-called point with multiplicity in 

Fig. 3. Examples of (a) a loop which is born but has not yet died; (b) a loop filled by triangles; (c) a structure of triangles with two long loops highlighted in red and 
green; and (d) a planar structure with several loops, three of which are indicated by red, green, and blue colors, but many others exist. Persistent homology extracts 
that there are three essentially different loops, but not what they are. (e) The balls in (d) have grown and all the small triangles are filled. The red and green loop now 
give the same information, and one of them dies. (f) An icosahedron encompassing a “void” structure. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.) 
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the PD. At this point, it is important to consider whether (or in which 
cases) PH is superior to more well-tested techniques, such as radial 
distribution functions or traditional ring analysis (e.g., using the RINGS- 
software [11]). To this end, we stress that PH offers various advantages. 
First, per definition it does not rely on any assumptions, or restrictions, 
on chemical connectivity or which elements are part of a loop. Second, it 
provides an intuitive definition of not only ring-type structures, but also 
three-dimensional voids. Third, features obtained from PH are very 
stable to small perturbations of structure. 

Practically, when performing PH analysis of atomic configurations, 
we first need a point configuration representing atomic structure, i.e., 
the spatial location of individual atoms. This can typically be obtained 
from molecular dynamics (MD) simulations or reverse Monte Carlo 
optimizations of experimental diffraction data. Recent experimental 
advances may also provide such data more directly, from, e.g., electron 
microscopy or atomic probe tomography [9,22]. The obtained data can 
be periodic, but this is not a requirement. Then, a suitable software for 
performing the PH analysis is needed. Two popular software suites, 
which have been employed for glass structure analysis are HomCloud 
[23] and Dionysus 2 [24], but various other options exist. The atomic 
structure is needed as input together with, if desired, the initial atomic 
radii associated with different atom types. For oxide glasses, these radii 
will typically be chosen by solving a series of simple equations from the 
average pair correlation distances. This is typically based on the 
assumption that half the oxygen-oxygen correlation distance resembles 
the oxygen radius. After determining the oxygen radius, the remaining 
cation radii can be determined from the correlation distances between 
oxygen and these cations. Once this information is available, the soft-
ware handles the PH computation in the desired dimension(s) and 
outputs the birth and death times. As supporting information to this 
article, we have provided two examples of the input files for the 
computation of PDs of dimension 1 and 2 from a simple amorphous SiO2 
configuration for both HomCloud and Dionysus 2 software. While this 
example only covers the computation of PH from three-dimensional 
atomic configurations, we note that the HomCloud documentation fea-
tures elaborate introductions to the analysis of, e.g., 2D images. 

3. Coupling persistent homology with machine learning 
algorithms 

Since PDs provide a way to extract information from the structure in 
a somewhat complex manner, it is interesting to know how to process 
this information as an input feature for non-intuitive methods, such as 
machine learning. For example, this could be useful for predicting a 
given chemical or physical property's relation to atomic structure. In 
materials science, the PD has, e.g., been used for the prediction of gas 
absorption of crystals [25]. However, the persistence diagram is not 
immediately suitable for machine learning applications. The main 
problem is that the input to machine learning algorithms must be vectors 
of a fixed dimension and while a PD is easily converted to a vector using 

the coordinates of the points, this would lead to a vector of dimension 
twice the number of points. Furthermore, the PD of different atomic 
configurations contain different numbers of points and consequently 
cannot be seen as vectors of the same dimension. Several solutions have 
been proposed in the literature to obtain a representation of the PD 
suitable for machine learning algorithms, as discussed, e.g., in Ref. [26]. 
To the best of our knowledge, no solution clearly outperforms the others, 
but one of the most popular ones is the so-called persistence image. For a 
mathematical presentation of the persistence image, we refer the reader 
to Ref. [27]. 

To compute the persistence image from a persistence diagram, the 
coordinate of the persistence diagram is first changed from birth vs. death 
time to birth vs. lifetime (i.e., death minus birth). Sometimes, the lifetime 
is coined as the persistence of a given feature. This is shown as the first 
step in Fig. 5. Then, the resulting point clouds in the given diagram are 
converted into a continuous surface map, called a persistence surface. 
This is, for example, done by adding a distribution function (e.g., a 
Gaussian) to each topological feature in the transformed PD and sum-
ming to obtain a fully continuous surface. Often, a weighting function is 
also added to ensure that features of higher persistence have larger 
weights in the resulting persistence image. Finally, the image of the 
persistence surface is pixelized by integrating over points in a chosen 
grid. The position and value of each pixel provide a representation of the 
PD suitable for machine learning algorithms as it shows stability and is 
independent of, e.g., the number of loops in the original PD. 

Several other possible inputs for machine learning algorithms exist. 
For example, Bubenik developed the persistence landscape, which is 
advantageous for statistical inference [28] and has been successfully 
used as the input of the support vector machine in identifying protein 
binding [29]. Some work also indicate that the vectorization parameters 
can be automatically determined by machine learning for a given 
dataset [30]. Therefore, a suitable vectorization algorithm is vital in 
extracting the structural features of the atomic structure. We note, 
however, that studies in these areas on glassy systems are highly limited. 
Furthermore, without the information of chemical species, structures 
with different atomic compositions may exhibit similar persistent im-
ages if they contain similar geometric configurations. In the case of 
oxide glasses, which contain a mixture of ionic and covalent bonding, it 
may be relevant to consider the chemical species. This can be achieved 
by adding weights to the different atom pairs, e.g., based on the dif-
ferences in the electronegativity of the connected atom pairs [31]. Next, 
upon transformation of the extracted features from PH to a suitable 
format, the chosen machine learning algorithm will play an important 
role in understanding the atomic structure as well as establishing a 
meaningful model. Typically, several algorithms can be tested simulta-
neously such as Gaussian process regression, random forest, and kernel 
ridge regression, after which the algorithm with the highest prediction 
confidence may be selected. For instance, the prediction model of the 
CO2 interaction energy of molecules in the GBD-9 database can yield the 
best accuracy when using the kernel ridge regression on the PH data 

Fig. 4. Schematic illustration of how dimension 1 barcodes and persistence diagrams are obtained from atomic coordinates as ball sizes increase (i.e., increasing 
time, t). Balls represent atoms, while edges are denoted by yellow lines. The death of the loop is shown as the filling of the loop by the yellow colour. The sketched 
barcode and persistence diagram of the configuration is shown rightmost. (For interpretation of the references to colour in this figure legend, the reader is referred to 
the web version of this article.) 
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[31]. 
As an example, Krishnapriyan et al. [32] have reported how persis-

tent images of metal-organic framework (MOF) structures can capture 
their topological features. Based on this, a machine learning model can 
be trained using random forest regression to predict CO2 and CH4 
adsorption uptakes at different pressures. Additionally, the random 
forest regression has been used to find the feature importance in the 
model, i.e., the model extracts which topological features have the 
largest contribution to the adsorption capability. The process of identi-
fying a representative structural feature in the MOF crystal is shown in 
Fig. 6. Specifically, the crystal structure and corresponding persistence 
image are shown in Fig. 6(a) and (b), respectively. The colour bar in 
Fig. 6(b) illustrates the feature importance for CO2 adsorption at 0.15 
bar. The points in the persistence diagram (Fig. 6(c)) can be retrieved 
from the vectorized persistence images to identify the representative 
structure shown in Fig. 6(d). 

We envision a similar approach to be applicable for glass materials. 
That is, a promising approach would be to process the PH data using a 
machine learning algorithm for (i) quantitatively describing glass 
structure; (ii) extracting new topological features for understanding the 
atomic network; and (iii) exploring the correlation between local ge-
ometry or global topology to the glass properties. For example, unsu-
pervised machine learning can be used to decipher intrinsic 

characteristics of the dataset, including the detection of data clusters 
[33]. By using a clustering algorithm such as the K-mean algorithm [34], 
this would be relevant for defining the various regions in the persistence 
diagrams, for example to identify the rings with similar features (size, 
atom types, etc.) to provide a non-arbitrary decomposition of the 
medium-range order glass structure. We refer the readers to existing 
reviews articles for more details on various machine learning algorithms 
with relevance for the field of glass science [35–37]. 

In the above, we have introduced the fundamentals of PH and its 
possible coupling to physical and chemical properties via machine 
learning. However, it is important to note that albeit PH is a promising 
tool to describe structure, many of the identified structural features may 
not be governing the macroscopic behavior of the glass. As such, while 
machine learning may deduce the structural features that contribute to a 
given property, it is important to compare the obtained features with 
available data from, e.g., vibrational spectroscopy when these are 
accessible and interpretable (which is the case for many common oxide 
glasses [6,38,39]). 

4. Applications in glass science 

While PH is not a new technique, its adoption as a tool in other 
scientific fields has vastly expanded in the last decade. This includes uses 

Fig. 5. Workflow of transforming a regular persistence diagram (leftmost) into a persistence image (rightmost).  

Fig. 6. Schematic illustration of the identi-
fied feature in a MOF structure. (a) The 
atomic snapshot of MOF str-m3-o10-o15- 
pcu-sym.49. (b) The feature importance of 
persistence image for CO2 adsorption at 0.15 
bar showing features of high contributions to 
adsorption in blue. (c) The representative 
point colored in orange in the persistence 
plot. (d) The representative void structure 
for the closest point near the orange point in 
the persistence plot. Figure reproduced from 
Krishnapriyan et al. [32] under a CC-BY 4.0 
license. (For interpretation of the references 
to colour in this figure legend, the reader is 
referred to the web version of this article.)   
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within the medical, natural, and engineering sciences, exploiting its 
capabilities of analyzing n-dimensional point clouds as generated from a 
variety of sources [40]. Within the last ~5 years, the use of PH within 
glass science has also emerged. We will here review these advances, with 
special emphasis on the applications related to network glasses. Here, 
the analysis of PDs of dimension 1 serves as the most intuitive starting 
point given their similarity to the ring-size distribution known from 
other definitions [11]. 

4.1. Dimension 1 analyses 

The use of PH in glass science was initiated by Hiraoka et al. [16], 
who studied liquid, vitreous, and crystalline (β-cristobalite) silica, as 
well as some metallic glasses. The different SiO2 structures were 
generated from MD simulations, and the resulting PDs are presented in 
Fig. 7. For liquid SiO2 (Fig. 7a) many loops are seen to occupy different 
parts of the diagram, especially close to the diagonal as well as close to 
the vertical axis. This stands in stark contrast to the PD of crystalline 
SiO2 (Fig. 7c), where several very distinct topological “regions” are 
present, ultimately giving a unique fingerprint of the underlying struc-
ture. While the crystalline structure is refinable and nicely described by 
symmetries and long-range order, the case of glassy SiO2 represents a 
unique structural version of SiO2. That is, multiple regions in the PD are 
distinguishable, yet they feature significant smearing compared to the 
PD of the crystalline sample. Specifically, as also highlighted in Fig. 7b, 
each region corresponds to some structural feature and for glassy SiO2, 
these may be distinguished as local Si-O structures (close to the origin), 
longer loops/rings of Si and O (close to the vertical axis), and interloop 
O-O packing features (along the diagonal). Hiraoka et al. [16] adopted 
the name of characteristic regions to describe the distinguishable regions 
of the PD and this term has since also been adopted by other authors 
[17,41], even though different definitions of such regions are possible. 

Building upon this initial work on silica, PH has been used to access 
the structural features of SiO2 glass under varying pressures from 
ambient up to 200 GPa. Examples of PDs of dimension 1 PH (loops) of 
such glasses are shown in Fig. 8a-d, while those of the high-pressure 
crystalline polymorphs are presented in Fig. 8e-g. The three- 
dimensional point cloud input of the glasses was obtained from a 
hybrid classical/ab initio MD scheme [42]. It is evident that the loops 
found in SiO2 exhibit structural alteration under compression, with the 
structure approaching that of the high-pressure crystalline polymorphs 
as the pressure increases. This is specifically highlighted in Fig. 8h, 
where the probability of finding a loop with a given death time in the 
shaded areas in Fig. 8a-g is shown. That is, with increasing pressure, 
loops approach the origin of the plot. This is as expected based on the 
pressure-driven structural densification, resulting in less free volume 
and hence the death times should decrease with increasing pressure. In 
that sense, the glasses seem to follow the trend of the crystalline poly-
morphs under pressure, yet with the notable difference that the glasses 
feature a continuous transition with increasing pressure, while the 

crystalline transitions are discontinuous. 
The studies on SiO2 glass (Figs. 7–8) have provided the framework 

for studying more complex network-type glasses. This includes oxide 
glasses containing not only network-formers (like Si, B, Ge, and P ox-
ides), but also network modifiers (alkali, alkaline earth, and transition 
metal oxides), i.e., so-called modified oxide glasses. For example, Ono-
dera et al. [43] have studied the structure of three alkali silicate glasses 
(xNa2O-(23-x)K2O-77SiO2, x = {0,11.5,23}) by both experiments and 
simulations. From total scattering measurements of experimental 
glasses, 3D structures were obtained by a combination of reverse-Monte- 
Carlo and classical MD simulations. These data were used as input for PH 
analyses. Here, the authors applied so-called atom-centric methods, that 
is, they performed PH analysis on only one or some atomic types (in this 
case Na, K, or both) in contrast to considering the full atomic structure. 
This enabled the authors to elucidate how alkali metal oxide mixing 
enhances polyhedra-formation, effectively trapping modifier ions in the 
glass structure. This was proposed to be the origin of the significant 
mixed alkali effect in e.g., ionic conductivity in these glasses [43]. 

The present authors have recently probed the structure of sodium 
silicate glasses (xNa2O-(100-x)SiO2, x = {0,5,10,15,20,25,30,35,40}) 
through MD simulations [17]. This study investigated the impact of 
modifier addition on the features of PDs. While the SiO2-rich glasses 
mimic the PD presented in Fig. 7b, the addition of large amounts of Na2O 
significantly broadens the characteristic regions and especially long- 
lived loops near the vertical axis approach the origin of the plot (i.e., 
decrease their death time). Structurally, this translates to loops being 
filled at a lower radii size compared to the case in pure SiO2. This agrees 
with how Na+ ions are believed to fill structural voids in the silico-
n‑oxygen glass backbone, which for SiO2 is unfilled. An example of a 
sketched decomposition of the loops in the PD of a 20Na2O-80SiO2 glass 
is presented in Fig. 9. This is complementary information to the 
decomposition of the PD of SiO2 shown in Fig. 7b. Thus, while the region 
parallel to the diagonal in the PD for SiO2 (Fig. 7b) shows mainly oxy-
gen‑oxygen features, a large number of loops containing both oxygen 
and sodium atoms are found in the sodium silicate system. Specifically, 
the characteristic regions labeled as (3) and (4) in Fig. 9 increase in point 
density with the addition of sodium, while region (2) seems to collapse 
to approach the origin of the plot. Interestingly, especially the latter 
effect resembles the behavior observed for pure SiO2 under compression 
(Fig. 8), likely due to how electrostatic cations fill atomic ring-type 
structures, eventually compacting the network through interactions 
with non-bridging oxygens. Moreover, our work demonstrated that the 
characteristic regions in a PD can be defined in a simple manner based 
on the loop length (i.e., the number of atoms in a loop). This is an 
intriguing alternative to non-intuitive definitions [16]. 

Very recently, the results from dimension 1 PH analysis have been 
compared against more traditional ring analysis. First, Ormrod et al. 
[15] studied two-dimensional computational models representing SiO2 
bilayers and graphene. They found that the dimension 1 PH analysis 
could be used to access information beyond that available from 

Fig. 7. Persistence diagrams of loops (dimension 1 PH) for liquid (a), vitreous (b), and crystalline (c) SiO2. Figure reproduced from Hiraoka et al. [16] with 
permission from the National Academy of Sciences. 
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scattering functions, as well as represent the primitive ring statistics 
when the disorder was not too large, yet also provide information un-
available purely from traditional ring statistics. Second, Ren et al. [44] 
studied a series of irradiated calcium aluminoborosilicate glasses. From 
their MD-simulated glass structures, dimension 1 PH analysis showed 
that the death times of loops increased with increasing radiation dose, 
ultimately creating a less dense network with loops of larger sizes. This 
was consistent with the trend found from traditional ring analysis. In 
another recent case [45], PH was employed to study the loop type 
structures in a metal-organic framework glass simulated at ambient and 
high pressures. Here, by PH and other techniques, it was observed that 
the relatively porous framework structure “collapsed” under pressure, 
resulting in a decrease in loop sizes. This observation agrees with the 
effect observed in oxide glasses, which is particularly interesting given 
how the definition of rings in the metal-organic framework glass is more 
complex due to their inherently larger multiatom organic parts. These 
are connecting the ionic metal nodes, meaning that rings typically 
consist of more than two atomic types. Finally, dimension 1 PH has been 
used to discriminate the degree of disorder at the MRO scale in 

simulated chalcogenide glasses, involving the concept of “persistent 
entropy”, which quantifies how “lattice-like” the obtained persistence 
diagram is [46]. Interestingly, in the same study, birth and death times 
are found to correlate well with the first and second coordination shell 
distances (from the RDF), respectively. 

4.2. Dimension 2 analyses 

PH analysis of voids (dimension 2 PH) has also been performed in a 
few cases. For oxide glasses, the dimension 2 PDs are commonly rather 
vaguely defined with no clear characteristic regions [17], but in the case 
of particularly metallic glasses, the void concept may be of interest. We 
highlight this by considering the work of Hirata et al. [47], who studied 
the cooling rate impact on the metallic glass structure. Fig. 10a-c present 
two examples of typical void features of Pd in a simulated Pd80Si20 glass 
that has cooled quickly (Fig. 10a) or slowly (Fig. 10b). A histogram of 
the area of the ingoing dimension 1 PH features extracted from the found 
dimension 2 features is shown in Fig. 10c, highlighting some differences 
between the two probed cooling rates. More interestingly, Fig. 10d-e 
show the assembly of multiple clusters into a so-called supercluster, as 
derived from dimension 2 PH analysis of Si configurations of the slow 
(Fig. 10d) and fast cooled glasses (Fig. 10e). Finally, significant differ-
ences in the number of clusters (i.e., voids) being part of the accessible 
superclusters are noted when changing the cooling rate (Fig. 10f). The 
authors used these supercluster features to describe changes in the low 
momentum transfer (Q) part of the structure factor from scattering 
experiments. 

4.3. Comparing results from PH to scattering experiments 

We next consider another approach for studying the resemblance of 
topological features calculated from PH to those of scattering experi-
ments at low Q. This is interesting given the scientific controversy on the 
origin of the first-sharp diffraction peak (FSDP), that is, the peak of the 
lowest Q position in the scattering structure factor [18]. Specifically, 
Hiraoka et al. [16] suggested the following distribution, 

MAi (Q) =
1
|Ai|

∑

(bk ,dk)∈Ai

δ
(

Q −
2π

l(dk)

)

, (1) 

Fig. 8. Persistence diagrams (PDs) of loops (dimension 1 PH) for simulated glassy SiO2 at different pressures: (a) 0 GPa, (b) 31 GPa, (c) 83 GPa, and (d) 200 GPa; as 
well as (e-g) loop PDs of three types of high-pressure SiO2 polymorphs. (h) Probability of finding a topological feature at a given death time in the colored bands of 
(a)-(g). Figure reproduced from Murakami et al. [42] with permission from the American Physical Society. 

Fig. 9. Persistence diagram of loops for a 20Na2O-80SiO2 glass, highlighting 
the structural origin of the different characteristic regions. Figure adapted from 
Sørensen et al. [17] under a CC-BY 4.0 license. 
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to be applicable for such comparison between results of PH and scat-
tering experiments. Here, Ai is a characteristic region, b and d are birth 
and death times, respectively, rO is the radius of oxygen, l 

(dk)=2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

dk + r2
O

√

is the diameter of oxygen at the time of death, and δ is 
the Dirac delta function. The idea behind Eq. (1) is inherently simple. 
That is, the final term originates from diffraction theory where Q = 2π/ 

Fig. 10. Typical clusters of (a) slow- and (b) fast-cooled metallic glasses as well as (c) the area of the individual faces of the clusters. Related superclusters of (d) slow- 
and (e) fast-cooled glasses as well as (f) the number of clusters in each glass. Figure adapted from Hirata et al. [47] under a CC-BY 4.0 license. 

Fig. 11. (a) Schematic illustration of how the large oxygen atoms (in red) provide a meaningful measure of the loop size at the time of death. (b) Comparison 
between the calculated S(Q) directly from the radial distribution functions as compared to the results of Eq. (1) for a pure SiO2 glass. (c) Comparison of the peak 
position of the first sharp diffraction peak with the average value of the distribution from Eq. (1) for a series of sodium silicate glasses. Figure (b) adapted from 
Hiraoka et al. [16] with permission from the National Academy of Sciences. Figure (c) adapted from Sørensen et al. [17] under a CC-BY 4.0 license. (For inter-
pretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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d gives the interplanar spacing in crystals. In this specific case for oxide 
glasses, the spacing between planes is taken as the diameter of oxygen, 
since oxygen is the atom mainly responsible for death in these systems 
due to how it is usually the most abundant atomic type and because of its 
large ionic radius. When applying Eq. (1) to other glass families, this 
assumption needs to be reconsidered and usually the ion with the largest 
radius should be chosen, or alternatively it may be redefined on a per- 
loop basis. An example of how the oxygen diameter at the time of 
death may provide a good description of loop size is shown schemati-
cally in Fig. 11a. 

Eq. (1) has been applied to structural data for various glasses. Hir-
aoka et al. [16] applied it in the case of SiO2 glass, showing a striking 
similarity of the FSDP (lower part of Fig. 11b) to the results of Eq. (1) 
(upper part of Fig. 11b). More recently, Sørensen et al. [17] applied it to 
a series of sodium silicate glasses, showing good agreement between the 
FSDP position (horizontal axis Fig. 11c) with the average value of the 
transformed loop size as calculated from Eq. (1) (vertical axis Fig. 11c). 
These results suggest that a correlation exists between the loop-like 
structures identifiable by PH and those that give rise to the FSDP, ulti-
mately providing a tool for quantitatively understanding MRO glass 
structure. Apart from the mentioned examples of applying Eq. (1) to 
oxide glasses, the low- and high-density amorphous phases of ice have 
been investigated using this approach, showing significant differences, 
yet great agreement with the FSDP positions obtained from experiments 
and simulations [41,48]. 

4.4. Coupling PH and glass properties 

Although network glasses are three-dimensional systems, most 
image-based experimental techniques to probe structure are currently 
limited to obtaining atomic configuration information in two di-
mensions. This includes transmission electron microscopy (TEM), which 
can enable the visualization of atomic positions in crystalline materials 
[49], whereas its use to study the structure of disordered materials re-
mains limited due to the overlapping atoms as seen in the two- 
dimensional view of a three-dimensional structure. However, Uesugi 
and Ishii used three-dimensional structures of GaN obtained from MD 
simulations to generate simulated TEM images of its liquid and amor-
phous solid states [50]. By combining PH analysis of the two- 
dimensional simulated TEM images with machine learning algorithms, 
they were able to distinguish between the liquid and solid amorphous 
states within even a rather broad range of defocus conditions. This result 
provides some hope that the diffuse images acquired from TEM analysis 
of disordered materials may serve as a starting point for characterizing 
differences in local glass structures and thus make these datasets 
quantifiable. 

While PH analyses have so far mainly been applied for understanding 
structure, its usage as a tool to establish structure-property relations is 
starting to emerge with a few prominent examples. Using a Kob- 
Anderson model system, Shirai and Nakamura investigated how glass 
structure changed during mechanical yielding using PH analysis of 
dimension 2 (i.e., by observing structural voids in the glass). Specif-
ically, they showed that a slowly quenched glass eventually approaches 
the structure of a fast quenched glass upon applying significant shear 
strain to the system (Fig. 12). 

While not directly transferable to non-computer-based systems, this 
result may pave the way for enhancing the structural understanding of 
especially the plastic response of glasses under various kinds of de-
formations. Another interesting use of PH was recently proposed by 
Minamitani et al. [52], who studied amorphous silicon. Based on MD 
simulations, they investigated a range of amorphous silicon structures 
created by varying the cooling rate upon quenching from the molten 
state. Now, by transforming the observed topological features of 
dimension 1 PH into so-called persistence images (see Section 2) and 
then providing these as input to machine learning models (in this case 
so-called Ridge regression and principal component analysis), the 

thermal conductivity could be predicted purely based on various kinds 
of loop structures. Furthermore, the regions in the persistence diagrams 
associated with positive or negative contribution to thermal conduc-
tivity could be identified, similarly to the feature importance approach 
for adsorption in a MOF crystal presented in Fig. 6. These findings are 
interesting, given the notoriously complex phenomena underlying the 
heat transfer in disordered systems [53] and hence the fact that structure 
does indeed have a governing role in the heat transfer within these 
materials. 

5. Perspectives 

While the use of PH to understand MRO glass structure is still in its 
infancy, we believe that its advantages will make it an attractive method 
for future studies of disordered systems (Fig. 13). For example, its un-
biased definitions of loops and voids provide an intriguing advantage for 
complex glass materials and the topological features embedded in PDs 
give a concise description of the atomic structure across multiple length 
scales. Furthermore, the newly emerged field named topological ma-
chine learning is a combination of topological data analysis and machine 
learning that offers exciting new possibilities to revisit complex glass 
structural problems, especially at the MRO scale, in a more flexible and 
scalable way than what has been previously possible. Interesting starting 
points could be to explore the relation between scattering functions and 
loop sizes identified by PH in more glass families [16,17], understand 
the inhomogeneity of structural species on the nano- to micrometer 
scale, and facilitate the identification of new structural features of 
known glass materials. For example, the PDs of scanning electron mi-
croscopy images enable the quantitative comparison of microstructures 
[54], while other techniques (e.g. TEM and atom probe tomography) 
may directly generate the three-dimensional atomic structure informa-
tion that can serve as input to PH analysis [9,22]. We envision that 
combining persistent homology with such techniques can provide 
fundamental knowledge of glass materials in the future. Other studies 
could parametrically explore the stability of PDs and obtained loops as a 
function of, e.g., degree of disorder and initial atomic radii. 

PH also offers new possibilities in characterizing holes and tunnels in 
material structures. Such characterization could find interesting appli-
cation in studies where the movement of atoms/molecules are relevant, 
such as in diffusion of ions in membranes and ion movement in an 
electric field. Initial steps in this research area have been taken with 
ideas mimicking that of PH to show how vanadium oxide may enhance 
lithium conductivity in a lithium silicate glass by broadening the 

Fig. 12. Example of how the number of so-called “robust” holes in a Kob- 
Anderson glass reduces significantly for a slowly quenched glass upon 
applying shear strain, approaching that of a quickly quenched glass. Figure is 
adapted from Shirai and Nakamura [51] with permission from the Physical 
Society of Japan. 
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channels for conducting ions [55]. However, full exploitation of PH in 
this area is still far from reached. As such, PH may aid in characterizing 
preferred pathways from a purely structural standpoint or help in 
deducing the time dependent change of porous structure. It has been 
reported that the PH can be used to quantify the similarity of pore 
structures, which enables the identification of materials with similar 
pore geometries [56]. For example, the pore structure in metal-organic 
framework materials can be attributed to some regions in the PDs, which 
in turn can be correlated with the adsorption of the specified gas 
molecule [57]. The heterogeneous characteristics in the pore geometry 
of rock can also be characterized through a PH-derived parameter, and 
this parameter can be used to predict the effective elastic modulus [58]. 

Besides using PH as a means to characterize the static structure, 
another possible application would be to apply it to characterize the 
structure as a function of non-static parameters, e.g., time, stress, 
treatment dose, etc. This could be meaningful for both atomic configu-
rations made purely from computer-based techniques but also for a 
variety of in situ experimental techniques. For example, to characterize 
the structure and morphology of phase-separated species and their 
matrix from tomographic studies under non-ambient conditions. 

All these above points highlight the exciting prospects of using PH to 
decipher the complex nature of disordered structures and their related 
properties. As such, we believe the glass science community has only 
seen the beginning of the usage of this fascinating method and that 
further developments will open new pathways for understanding the 
nature of glasses. 
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