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A B S T R A C T

Load interaction effects in fatigue-driven delamination in fiber-reinforced polymer composites are neglected
in state-of-the-art models although this assumption highly underestimates the delamination growth under
variable amplitude (VA) loading. A new phenomenon called ‘‘transient delamination growth’’ has recently
been observed in VA fatigue experiments by the authors. In the current work a new crack growth rate model
with transient delamination growth capabilities is presented. The new model evaluates the crack growth
rate by addition of a steady-state non-interaction term and a transient interaction term. The former term
neglects load interaction effects and is characterized from constant amplitude loading tests, while the latter
term includes load interaction effects and is characterized from two-level block loading tests. Fatigue tests are
conducted on glass/epoxy DCB specimens by means of a new test fixture. The new crack growth rate model
is able to accurately represent the crack growth rate at high-to-low load amplitude changes during multi-
level block loading tests and reduces the error in delamination growth prediction by nearly 50% compared to
non-interaction models.
1. Introduction

Delamination (interlaminar cracking) is a failure mode of partic-
ular concern in laminated fiber reinforced polymer (FRP) composite
structures. For example, delaminations are critical in wind turbine
blades (WTB) and often leads to ultimate failure, e.g. through an
interacting process of delamination and buckling leading to structural
collapse [1]. Most structural designs of WTBs follow a conservative ‘‘no
growth’’ philosophy and do not consider the progressive interlaminar
failure [2]. This hinders innovative designs and may underestimate the
actual material properties, e.g. due to toughening mechanisms such as
fiber bridging [2,3]. Additionally, composite structures mostly undergo
variable amplitude (VA) loading spectra during operation, which in-
troduce many difficulties from a modeling perspective as summarized
in [4]. A major challenge is that composite material fatigue damage
accumulation is highly sensitive to load interaction effects [5,6], i.e. the
current damage growth increment depends on the load history. The
majority of experimental studies on VA fatigue of composites investi-
gates the number of load cycles to failure or the residual macroscopic
specimen properties [7,8], such as the residual strength [9–11] or
residual stiffness [12]. Few studies investigate the progression of actual
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damage mechanisms under VA loading, such as matrix cracking [13–
17], delamination [18–22], or adhesive debonding cracks [18,23,24],
which provide insightful experimental observations for development of
mechanistic damage models, cf. the definition in [4,25].

Several models have been developed for fatigue life prediction of
FRPs under VA loading. Examples of this are damage accumulation
rules and residual strength and residual stiffness-based models [26,27].
However, research mostly focus on VA fatigue in un-notched FRP
composite specimens.

Delamination growth during two-level block loading, i.e. a block
loading spectrum that consists of multiple constant amplitude (CA) load
blocks with two different amplitude and mean values, is investigated
in [18–22] using double cantilever beam (DCB) specimens in mode I
crack opening. In [19–21] load sequence experiments are conducted
to investigate delamination growth during a single high-to-low and/or
low-to-high step change in the cyclic maximum load or the load ratio.
The results prove a significant dependence of the load history on
the delamination growth rate. The experimental studies in [18,20,22]
investigate delamination growth during two-level block loading spectra
with periodic repeated high (H) and low (L) load blocks. Generally,
vailable online 7 March 2023
142-1123/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access a

https://doi.org/10.1016/j.ijfatigue.2023.107595
Received 28 October 2022; Received in revised form 10 February 2023; Accepted 2
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

4 February 2023

https://www.elsevier.com/locate/ijfatigue
http://www.elsevier.com/locate/ijfatigue
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
mailto:smj@mp.aau.dk
mailto:lcb@mp.dk
mailto:brianbak@mp.aau.dk
mailto:cedric.lesquesne@siemens.com
mailto:elo@mp.aau.dk
http://www.www.cracs.aau.dk
https://doi.org/10.1016/j.ijfatigue.2023.107595
https://doi.org/10.1016/j.ijfatigue.2023.107595
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijfatigue.2023.107595&domain=pdf
http://creativecommons.org/licenses/by/4.0/


International Journal of Fatigue 172 (2023) 107595S.M. Jensen et al.

l
L

a
b
p

f
p
c
e
m
s

1

p
i
w

Fig. 1. Graphical summary of experimental results from two-level block loading tests on transient crack growth rates following load amplitude changes [22]. (a) Two-level block
oading test with periodic repeated changes in load amplitude level between a low (L) load level and a high (H) load level. (b) Transient response in the crack growth rate after
H load amplitude changes. (c) Transient response in the crack growth rate after HL load amplitude changes.
w
s

n increased crack extension is observed in comparison to Paris’ law-
ased predictions using CA baseline data. The crack extension increases
articularly when frequent load amplitude changes occur [22].

Finally, the experimentally observed load interaction effects for
atigue-driven delamination are not accounted for in state-of-the-art
rediction models [28], which means they yield highly non-
onservative results for VA loading. To the best of the authors’ knowl-
dge, the current work presents the first fatigue-driven delamination
odel that accounts for load interaction effects in FRP laminates when

ubjected to VA loading.

.1. Summary on transient delamination growth

The research questions addressed in this work build on previous ex-
erimental work by the authors [22], for which reason a brief summary
s provided here. The experiments are VA cyclic tests on DCB specimens
ith real-time control of the applied energy release rate (ERR), 𝐺.

The applied load patterns consist of repeated H- and L-load blocks as
illustrated in Fig. 1(a). High precision measurements of the crack front
position (∼ 0.01 mm) during two-level block loading enabled the au-
thors to observe a transient delamination growth phenomenon, which
is a transient phase that follows load amplitude changes in VA load
spectra. In the transient phase a significantly increased crack growth
rate, 𝑑𝑎∕𝑑𝑁𝑉 𝐴, is measured compared to CA baseline measurements,
𝑑𝑎∕𝑑𝑁𝐶𝐴. In the following, the term ‘‘CA loading’’ will refer to a cyclic
varying ERR, 𝐺, with constant maximum and minimum values, 𝐺𝑚𝑎𝑥
and 𝐺𝑚𝑖𝑛, respectively. The term ‘‘load amplitude change’’ refers to
a step change in amplitude of the cyclic ERR. The terms low-to-high
(LH) and high-to-low (HL) load amplitude changes are defined and
illustrated in Fig. 1(a).

The main experimental observations and trends on transient crack
growth in [22] have been summarized in the following list and
Fig. 1(b)–(c). Notice, that prior to the first H-load block the DCB
specimens are subjected to CA loading (block no. 0) with loading
conditions identical to the L-load blocks of the block loading spectrum.
The initial CA loading is continued until the fracture process zone is
fully developed.

(a) The crack growth rates, 𝑑𝑎∕𝑑𝑁|𝑉 𝐴, are significantly higher in the
majority of the H- and L-load blocks of the VA tests in comparison
to the CA baseline, 𝑑𝑎∕𝑑𝑁|𝐶𝐴.

(b) A higher crack growth rate is measured during the early H-load
blocks (e.g. load block no. 1–3) of the two-level block loading test
compared to the crack growth rate measured during later H-load
blocks (e.g. load block no. ≥ 4), see Fig. 1(b).

(c) The short duration of the H-load blocks in the two-level block
loading tests (𝑛𝐻 = 200 cf. Fig. 1(a)) makes it impractical to
characterize a transient phase following the LH load amplitude
change. However, experiments with a single LH load amplitude
change prove a transient response in the crack growth rate that
initially overshoots and eventually approaches the CA baseline
2

measurements as the number of load cycles increases.
(d) Characteristic responses in the crack growth rates are observed
in the L-load blocks. The responses are independent of the load
block number, 𝑖.

(e) A high crack growth rate is observed for the L-load blocks imme-
diately after the HL load amplitude change, see Fig. 1(c). Typical
values are 5 to 8 times higher than 𝑑𝑎∕𝑑𝑁|𝐶𝐴. The crack growth
rate decreases with increasing number of load cycles. After sev-
eral thousands of load cycles the crack growth rate returns to the
CA baseline, 𝑑𝑎∕𝑑𝑁|𝐶𝐴, see 𝑛𝑡𝑟 in Fig. 1(c).

(g) The effect of frequent load amplitude changes is investigated in
two-level block loading tests by halving the duration of the H- and
L-load blocks, 𝑛𝐻 and 𝑛𝐿, respectively. Frequent load amplitude
changes increase the crack extension significantly. The transient
response following each HL load amplitude change is the same
independent of the tested size of 𝑛𝐻 and 𝑛𝐿.

The transient response following the HL load amplitude change is well-
suited for characterization due to the observation (d) since this allows
for repeated measurements on a single specimen. However, since the
observations are made for two-level block loading tests with constant
values of 𝐺𝑚𝑎𝑥,𝐻 , 𝐺𝑚𝑎𝑥,𝐿, 𝐺𝑚𝑖𝑛,𝐻 and 𝐺𝑚𝑖𝑛,𝐿, it remains unclear what the
effects of changing these quantities are. Further studies on these effects
are presented in this work by varying the difference between 𝐺𝑚𝑎𝑥,𝐻
and 𝐺𝑚𝑎𝑥,𝐿 (𝛥𝐺𝑚𝑎𝑥 = 𝐺𝑚𝑎𝑥,𝐻 − 𝐺𝑚𝑎𝑥,𝐿).

1.2. Research objectives

In the current work a new crack growth rate model with load
interaction capabilities is presented. Load interaction effects are in-
troduced to the model by means of a transient delamination growth
phenomenon, which has recently been observed to follow load ampli-
tude changes in fatigue tests on DCB specimens subjected to VA block
loading. The proposed crack growth rate model takes the following
form:
𝑑𝑎
𝑑𝑁

= 𝑑𝑎
𝑑𝑁 𝑠𝑠

+ 𝑑𝑎
𝑑𝑁 𝑡𝑟

(1)

where the current crack growth rate, 𝑑𝑎∕𝑑𝑁 , consists of two terms,
hich will be denoted as the steady-state term, 𝑑𝑎∕𝑑𝑁𝑠𝑠, and the tran-

ient term, 𝑑𝑎∕𝑑𝑁𝑡𝑟. The steady-state crack growth rate term, 𝑑𝑎∕𝑑𝑁𝑠𝑠,
corresponds to the CA baseline crack growth rate. The transient term,
𝑑𝑎∕𝑑𝑁𝑡𝑟, includes a load history-dependent function that represents the
phenomenological characteristics observed experimentally in two-level
block loading tests. This is exemplified by the curve 𝑇𝐻𝐿 in Fig. 1(c).

In the pursuit of formulating the functions for the two terms in
Eq. (1), the work has been structured around the following tasks
(A)–(C).

(A) Formulate a phenomenological crack growth rate model accord-
ing to Eq. (1), whose model parameters can be obtained from CA
and two-level block loading experiments.

(B) Establish functions (e.g. 𝑇𝐻𝐿 in Fig. 1(c)) to describe the transient
crack growth rate, 𝑑𝑎∕𝑑𝑁𝑡𝑟, and assess the functions’ dependence
on governing fatigue load parameters.
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(C) Demonstrate the capabilities and limitations of the new crack
growth rate model in multi-level block loading.

The paper is structured as follows. Section 2 considers item (A)
and presents the formulation of a new crack growth rate model with
transient responses at load amplitude changes. Section 3 explains the
experimental methodology for performing two- and multi-level block
loading tests and the experimental characterization procedure to de-
termine the transient function related to item (B). The block loading
experiments are performed using a new test fixture for mode I fatigue
crack growth with real-time control of the applied ERR, which will be
introduced in Section 3.2. Section 4 presents an application of the new
crack growth rate model to a multi-level block load test, which serves
to demonstrate the capabilities and limitations of the proposed model
(item (C)). A discussion of the results are included in Section 5 and
finally Section 6 concludes the work and revisits the items (A)–(C) as
listed above.

2. An interaction crack growth rate model

Before the new crack growth rate model with load interaction ef-
fects is described, a brief summary of the conventional non-interaction
model is included.

2.1. Conventional non-interaction model

A crack growth prediction can be obtained by direct summation of
crack increments caused by each load cycle. A common approach is to
assume that the crack growth increment, 𝛥𝑎𝑖, associated with a given
load cycle, 𝑁𝑖, of variable amplitude loading can be estimated from CA
data and a Paris’ law relation 𝐹 (𝐺𝑚𝑎𝑥, 𝑅):

𝑎𝑁 = 𝑎0 +
𝑁𝑡𝑜𝑡
∑

𝑖
𝛥𝑎𝑖 = 𝑎0 +

𝑁𝑡𝑜𝑡
∑

𝑖
𝐹 (𝐺𝑚𝑎𝑥,𝑖, 𝑅𝑖) (2)

where 𝑎0 is the starting crack length, 𝑁𝑡𝑜𝑡 is the total number of load
cycles and 𝑎𝑁 is the crack length after 𝑁𝑡𝑜𝑡 load cycles. This model
assumes that the current crack increment can be evaluated from the
instantaneous value of the cyclic load parameters (𝐺𝑚𝑎𝑥,𝑖, 𝑅𝑖) at a given
load cycle, 𝑁𝑖. This type of model is also known as a non-interaction
model as load interaction effects are neglected. Most state-of-the-art
prediction models for delamination in FRP composites are based on
fracture mechanics and/or damage mechanics [28] in a cohesive zone
modeling framework [29–36]. Many of the fatigue cohesive zone mod-
els in finite element formulations rely on a non-interaction model and
thereby neglect load interaction effects [37–52]. The conventional non-
interaction model will be benchmarked against the new crack growth
rate model and experimental data from multi-level block loading tests
in later sections.

2.2. Crack growth rate model with load interaction

The new crack growth rate model includes transient responses in
the crack growth rate at load amplitude changes. This is ensured by
activating a function for the transient response when step changes in
the maximum applied ERR, 𝐺𝑚𝑎𝑥, occurs. Load amplitude changes in a
VA load spectrum will either be a LH type or a HL type. Section 1.1
concludes that the transient responses following HL load amplitude
changes in two-level block loading are significant and well-suited for
characterization. The responses at LH load amplitude changes are less
suited for characterization due to item (b). As a result, the new crack
growth rate model will neglect the transient crack growth rate at LH
load amplitude changes, and solely focus on the transient crack growth
rate at HL load amplitude changes. The consequence of this will be
addressed in later sections.

Recall Eq. (1). The steady-state term is a non-interaction term
because the current value depends only on the instantaneous values of
3

Fig. 2. The transient term will be non-zero in the gray load blocks of this example.
Note also the definition of 𝑁0 and 𝛥𝐺𝑚𝑎𝑥 for load block number 4.

the cyclic load parameters, such that the term can be evaluated from
a Paris’ law-like relation, 𝐹 (𝐺𝑚𝑎𝑥, 𝑅). The transient term, 𝑑𝑎∕𝑑𝑁𝑡𝑟, is
ero by default and becomes non-zero if a HL load amplitude change
as occurred. The transient term goes to zero with an increasing
umber of load cycles. The transient term depends on the current cyclic
oad parameters and the load history, i.e. the term is an interaction
erm. This has been summarized in the following two equations for
omputation of the steady-state and transient terms, respectively:
𝑑𝑎
𝑑𝑁 𝑠𝑠

= 𝐹 (𝐺𝑚𝑎𝑥, 𝑅) (3)

𝑑𝑎
𝑑𝑁 𝑡𝑟

=
{

𝑇𝐻𝐿
0

for cond. I
for cond. II (4)

where the transient term will attain one of the two functions in Eq. (4)
depending on the following conditions I and II:

(I) Condition I: Crack growth following a HL load amplitude change.
(II) Condition II: Any other case. Including crack growth following a

LH load amplitude change.

The conditions are illustrated in a multi-level block load spectrum in
Fig. 2. The transient function, 𝑇𝐻𝐿, will apply the experimental trends
derived from two-level block loading tests. The transient function, 𝑇𝐻𝐿,
for the HL load amplitude change is assumed to be an exponential decay
function of the following form:

𝑇𝐻𝐿 = 𝐵 exp
(

−𝛥𝑁
𝜏

) 𝑑𝑎
𝑑𝑁 𝑠𝑠

(5)

The transient function in Eq. (5) depends on the load cycle increment
𝛥𝑁 = 𝑁 −𝑁0 where 𝑁0 is the number of load cycles at which the HL
load amplitude change occurred. The parameter 𝐵 is a unit-less scaling
parameter that represents the initial overshoot in the transient crack
growth rate (i.e. when 𝛥𝑁 = 0) relative to the CA baseline value,
𝑑𝑎∕𝑑𝑁𝑠𝑠. The steady-state crack growth rate, 𝑑𝑎∕𝑑𝑁𝑠𝑠, is evaluated
according to a Paris’ law-like relation (Eq. (3)). The decay constant, 𝜏,
has units of load cycles, and determine the rate of decay of the transient
function. The transient function in Eq. (5) depends explicitly on the
number of load cycles, and the instantaneous fatigue load quantities,
𝐺𝑚𝑎𝑥 and 𝑅 through Eq. (3). The parameters 𝐵 and 𝜏 will depend
on further fatigue load quantities, such as the step change in ERR,
𝛥𝐺𝑚𝑎𝑥 = 𝐺𝑚𝑎𝑥,𝐻 − 𝐺𝑚𝑎𝑥,𝐿, as explained further in later sections.

The new crack growth rate model assumes a block-wise definition
of the applied load spectrum, however, the load blocks may have any
duration. The transient term will reset when a new load block is en-
countered. The approach as presented here is most suited for multi-level
block loading spectra or VA load spectra that can be naturally divided
into multi-level block loading spectra (may require pre-processing of
the VA load spectra).

A simple one-dimensional crack growth prediction can be computed
by integration of Eq. (1) with substitution of Eq. (3) to Eq. (5). For
example, assume a HL step change in load amplitude has occurred
at 𝑁 = 𝑁0 (e.g. from load block no. 3 to 4 in Fig. 2), then the
crack extension during the current load block can be described by
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Fig. 3. Numeric example to illustrate the crack growth after a HL load amplitude
change. Parameters used in the example: 𝐵 = 6, 𝜏 = 7000, 𝐺𝑚𝑎𝑥∕𝐺𝑠𝑠

𝑐 = 0.3, 𝑅 = 0.2,
Paris’ law parameters: 𝐴 = 0.0727, 𝑝 = 5.13.

the following expression (the parameters 𝐵 and 𝜏 are constants in the
integration with respect to 𝑁 for the current load block):

𝛥𝑎 = 𝑑𝑎
𝑑𝑁 𝑠𝑠

(

(𝑁 −𝑁0) + 𝐵𝜏
(

1 − exp
(

−
𝑁 −𝑁0

𝜏

)))

(6)

A numeric example is included in Fig. 3, which clearly illustrates the
effect of the transient response on the crack length prediction. A similar
procedure is implemented in a MATLAB program to perform simple
one-dimensional predictions of crack growth during multi-level block
loading in ERR control. The results will be presented in Section 4.

3. Experimental methodology

An experimental campaign is carried out with two purposes: Firstly,
to characterize the transient function, 𝑇𝐻𝐿, from two-level block load-
ing tests. Secondly, to generate a multi-level block loading test for
demonstration of capabilities and limitations of the new crack growth
rate model.

3.1. Material and specimen

The test campaign uses double cantilever beam (DCB) specimens.
The DCB specimens are made of glass fiber reinforced epoxy. The glass
fiber mats consist of unidirectional fiber bundles in a non-crimp fabric
architecture with backing fibers in the ±45◦ directions, and fiber bundle
stitching yarns. The areal weight of the fiber mats is 1483 kg/m2 with
7 wt% backing fibers. The material is widely used in the WTB industry.
The specimens are manufactured by VARTM. The DCB specimens have
the following nominal dimensions: Length 𝐿 = 657 mm, total height
2𝐻 = 8.2 mm and width 𝑤 = 27.8 mm. The artificial pre-crack has
a nominal length of 𝑎0 = 100 mm, which has been introduced in
the laminate by placing a 13 μm thick poly-tetrafluoroethylene (PTFE)
film in the layup. The Young’s modulus in the fiber direction is 𝐸 =
37.2 GPa. The delamination propagates along a UD 0◦∕0◦ interface. The
mode I fracture toughness (plateau value) is 𝐺𝑠𝑠

𝑐 = 1359 J/m2. Photos
of the fiber bridging zone is shown in Fig. 4. Microscopy inspections
of the fracture surfaces show that the fiber bridging zone is primarily
made up by stitching yarns.

3.2. Test rig for ERR-controlled cyclic testing

The experimental test campaign applies a novel ERR-controlled
fatigue version of the pure moment loaded double cantilever beam
(DCB) test. The applied bending moments, 𝑀 , at the upper- and lower
DCB arms are equal in magnitude but have opposite signs such that the
delamination propagates under pure mode I crack opening. The path
4

Fig. 4. The DCB specimen and its’ fully developed fiber bridging zone. The photos
are taken through a digital camera and a microscope (at magnification level 2.0𝑥
and approximate imaging distance of 240 mm) in Fig. (a) and (b), respectively. Focus
stacking is applied in Fig. (b).

independent J-integral can be applied to compute the ERR accounting
for large-scale bridging conditions (i.e. when the size of the fiber
bridging zone, 𝐿𝑝𝑧, is comparable to the specimen’s dimensions). The
following equation applies for an orthotropic laminate (plane stress)
and mode I crack opening [53–55]:

𝐺 = 𝐽 = 𝑀2

𝑊𝐸1𝐼
(7)

where 𝐸1 is Young’s modulus in the specimens longitudinal direction
(i.e. fiber direction), 𝑊 is the specimen width, 𝐼 is the area moment
of inertia of the DCB arms (𝐼 = 1∕12𝑊𝐻3), and 𝑀 is the applied
bending moment as illustrated in Fig. 5. Note that the applied ERR,
𝐺, is independent of the crack length, 𝑎, and does neither depend on
the magnitude nor the distribution of bridging tractions in the wake of
the crack tip. Additionally, the applied ERR, 𝐺, is directly proportional
to the squared value of the applied bending moment, 𝑀2. Therefore,
an 𝑀-controlled cyclic test is equivalent to a ERR-controlled cyclic test
using the current test specimen configuration.

The basic operating principle of the new test fixture is schematically
shown in 2D in Fig. 5, and a photograph of the test fixture is shown in
Fig. 6. The test fixture uses the same basic principle as the test fixture
developed in [56], however, modifications are necessary to enable
cyclic testing of compliant DCB specimens, e.g. laminated GFRP DCB
specimens, in ERR-control. The modifications will be described in the
remaining of this subsection.

Pure bending moments are applied to the DCB specimen through
a wire pulley system as illustrated in Figs. 5 and 6. The load string
comprises the DCB specimen, a dynamic 2kN rated Instron load cell,
the upper- (radius 𝑅 = 60.0 mm) and lower (radius 𝑟 = 40.0 mm) wheels,
four Teflon-coated steel wires of diameter d=1.1 mm, and two loading
blocks, which are directly attached to the tabs of the DCB specimen. The
upper wheels are attached to a linear actuated piston from a computer-
controlled electric Instron test machine (E10000 system). The lower
wheel is kept fixed and directly connected to the load cell, which
is attached to the load frame table of the test machine as shown in
Fig. 6. The upper- and the lower wheels may rotate with negligible
friction using low friction hybrid ceramic bearings. A support structure
is installed to ensure that the longitudinal center axis of the DCB
specimen remains horizontal as the piston translates. The test machine’s
crosshead displacement is equal to the displacement of the upper
wheels, which will be denoted by 𝑣 in the following. The rotations
of the upper- and lower loading blocks are symmetric and the angles
of rotation will be denoted by 𝜃. The applied bending moment, 𝑀 , is
comprised of the force couples of magnitude, 𝐹∕2, where 𝐹 is the force
measured by the load cell, see Fig. 5. The moment arm of the force
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Fig. 5. Schematic outline of the load introduction to the pure moment loaded DCB
specimen.

Fig. 6. Photography of the test fixture. Annotations: 1: DCB specimen; 2: Load cell;
3: upper wheels; 4: Lower wheels; 5: Teflon coated steel wire; 6: Loading blocks; 7:
Checkerboard pattern; 8: Specimen support structure.

couple reduces as the DCB arms rotate, which is illustrated in Fig. 5
and by the following equation:

𝑀 =
𝐹 (𝑅 + 𝑟)

2
cos 𝜃 =

𝐹 (𝑅 + 𝑟)
2

𝑓 (𝑣) (8)

The applied bending moment becomes a function of the angle of
rotation, 𝜃, and the applied force, 𝐹 , i.e. 𝑀(𝐹 , 𝜃). A simple kinematic
relation can be derived between the angle of rotation, 𝜃, and the
displacement, 𝑣: 𝜃 = 𝑝(𝑣), such that the applied bending moment can
be rewritten to be a function of the form seen on the right-hand side in
Eq. (8), i.e. 𝑀(𝐹 , 𝜃) ⇒ 𝑀(𝐹 , 𝑣), where 𝑓 (𝑣) = cos(𝑝(𝑣)).

The kinematic relation 𝑝(𝑣) is derived from an experiment of simul-
taneous measurements of the cross head displacement, 𝑣, and the angle
of rotation, 𝜃, which has been measured using an inclinometer. The
measurements are shown in Fig. 7(a). A second order polynomial curve
fit is generated using the following parameters:

𝑝(𝑣) = 𝑝0 + 𝑝1𝑣 + 𝑝2𝑣
2 (9)

𝑝0 = 8083; 𝑝1 = 835.7; 𝑝2 = −0.1023;𝑅2 = 0.99

The curve fit is based on a suitable range of the displacement 𝑣 ∈
[0; 20] mm that may be experienced in the cyclic tests. The relation
5

Fig. 7. (a) Kinematic relations to establish a relation between the cross head
displacement and the angle of rotation. (b) Graphs for 𝑓 (𝑣) = cos(𝑝(𝑣)) and 𝜖 = 1−𝑓 (𝑣)2.

applies for the current test fixture configuration and is independent of
the crack length. Substitution of Eq. (8) in Eq. (7) yields the following
equation for the applied ERR, 𝐺:

𝐺(𝐹 , 𝑣) = 1
𝐵𝐸1𝐼

(

𝐹 (𝑅 + 𝑟)
2

)2
𝑓 (𝑣)2 (10)

where 𝑓 (𝑣) = cos(𝑝(𝑣)). Fig. 7(b) shows graphs for the functions 𝑓 (𝑣)
and 𝜖 = 1− 𝑓 (𝑣)2 on the left and right axis, respectively. The value 𝜖 =
1−𝑓 (𝑣)2 is the error introduced on 𝐺 if the changing moment arm as the
loading blocks rotate is neglected, i.e. assuming that 𝑀(𝜃, 𝑣) ≈ 𝑀(𝐹 ).
For example, an error of 𝜖 = 5% and 𝜖 = 10% in the applied ERR, 𝐺,
will be encountered for a cross head displacement of 𝑣 = 13.7 mm and
𝑣 = 18.5 mm, respectively. This error has a significant effect on the crack
growth rate due to the typical power-relation between 𝑑𝑎∕𝑑𝑁 and 𝐺,
and therefore the angle of rotation, 𝜃, should be taken into account.

To perform 𝑀-controlled cyclic tests, the controller of the test
machine needs to generate a controllable channel similar to Eq. (8)
by combining signals from two physical source transducers: The force
transducer to measure F and the position transducer to measure 𝑣. This
is accomplished using user-defined Channel Calculations and Advanced
Amplitude Control options in the Instron WaveMatrix2 software.

3.3. ERR-controlled VA testing

The test fixture is be applied for VA loading such that the applied
bending moment, 𝑀 , (equivalently the ERR, 𝐺) is prescribed according
to two- and multi-level block loading spectra. The crack growth rate
immediately after load amplitude changes is of particular interest in
the current work, which makes it relevant to evaluate the controller’s
ability to reach the target value when changes in loading conditions
occur. Fig. 8(a)–(b) shows the relative difference between the target
moment and the measured moment following LH- and HL step changes
in load amplitude level during a two-level block loading test. Note that
within 𝛥𝑁 = 20 cycles the relative difference becomes less than 1%.
The target value is reached within 𝛥𝑁 = 40 and 𝛥𝑁 = 50 cycles
following the LH and the HL load amplitude change, respectively. Note
also that the responses reach the target values from below in both cases.

The relative difference between the target and measured signals
has also been investigated during multi-level block loading tests. The
results are similar to the response in Fig. 8, and similar responses are
observed across all magnitudes of the step change in load level.

3.4. Crack growth rate measurements

The crack length, 𝑎, is measured using an automated digital-image
based technique that has been developed in [57] for tracking of the
crack fronts in translucent materials. The method has been applied
in recent studies of fatigue-driven delamination under VA loading
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Fig. 8. (a)–(b) The relative error (((𝑀𝑎𝑐𝑡𝑢𝑎𝑙 − 𝑀𝑡𝑎𝑟𝑔𝑒𝑡)∕𝑀𝑡𝑎𝑟𝑔𝑒𝑡) ∗ 100) in the max value
of the applied bending moment, 𝑀𝑚𝑎𝑥, following LH load amplitude changes (a) and
HL load amplitude changes (b) in a two-level block loading experiment with repeated
L- and H-blocks. The number annotations refer to the load block number.

in [21,22]. The setup uses the following hardware: A monochrome FLIR
Blackfly CCD type camera with a resolution of 2448 × 2048 pixels, two
cool LED white light sources NILA Zaila Daylight to illuminate the top
surface of the DCB specimen, and a computer for image acquisition
and storage. Images are acquired at a predefined cycle increment,
𝛥𝑁𝑖𝑚𝑎𝑔𝑒, which controls the temporal resolution of the crack length
measurements. The process is fully automated and continuous with-
out pausing/interrupting the cyclic test. The crack tracking algorithm
outputs the average crack length, 𝑎, across the specimen width as a
function of the number of load cycles, 𝑁 . The resolution of the average
crack length across the specimen width is 0.05 mm for the current test
setup, specimen geometry, and material system. The crack growth rate,
𝑑𝑎∕𝑑𝑁 , is computed for every data point in the (𝑁, 𝑎)-data set by fitting
a linear function to all data points within a moving fitting window that
has been centered around the data point of interest [57]. When the
applied load pattern is a two- or multi-level block loading type, the
crack growth rate, 𝑑𝑎∕𝑑𝑁 , is computed separately for every load block.

In all the tests the crack is propagated in fatigue for at least 𝛥𝑎 =
20 mm of crack extension before the crack front reaches the gauge
region for the subsequent VA loading tests. During this phase the
applied ERR corresponds to the ERR of the first load block in the block
loading fatigue test. This procedure is followed to ensure a natural pre-
crack and a fully developed fiber bridging zone at the beginning of the
gauge region.

3.5. Test programme

An overview of the cyclic tests may be found in Table A.1 in
Appendix A. The cyclic tests can be divided into three main types:
Constant amplitude tests (denoted by CA in the test ID), two-level
block loading tests similar to Fig. 1(a) (denoted by BL in the test ID),
and a multi-level block loading test. The latter test type will serve as
a demonstrator test in later sections and the test ID in Table A.1 is
therefore denoted by DEM. The multi-level block loading test is suitable
here as it possesses an increased degree of complexity compared to two-
level block loading tests while allowing meaningful measurements of
crack growth rate during VA testing. The reader is referred to Table A.2
for further detail on the applied load spectrum for the demonstrator
test.

All cyclic tests are performed in ERR-control. The applied ERR will
be expressed as a fraction of the fracture toughness of the material
system 𝐺𝑠𝑠

𝑐 = 1.36 kJ/m2. A scalar, 𝛾, is introduced such that the applied
ERR, 𝐺𝑎𝑝𝑝, can be expressed relative to the plateau fracture toughness as
indicated here: 𝐺𝑎𝑝𝑝 = 𝛾𝐺𝑠𝑠

𝑐 . The applied bending moment, 𝑀𝑎𝑝𝑝, may
2

6

also be expressed in terms of the scalar 𝛾 since 𝑀 ∝ 𝐺 cf. Eq. (7):
Fig. 9. Crack growth rate versus crack length of the CA30 tests. The global mean is
computed as the mean value of 𝑑𝑎∕𝑑𝑁 over the entire range 𝑎 = [20; 50] mm. The local
mean is computed within every 1 mm of crack extension which contains approximately
320–480 data points.

𝑀𝑎𝑝𝑝 =
√

𝛾𝑀𝑠𝑠
𝑐 , where the plateau moment is 𝑀𝑠𝑠

𝑐 = 14.98 Nm cf.
q. (7). The applied bending moments are listed in Tables A.1 and A.2
n Appendix A. A load ratio of 𝑅 = 𝑀𝑚𝑖𝑛∕𝑀𝑚𝑎𝑥 = 0.2 is kept in every
oad block of all the cyclic tests. The value 𝛥𝑁𝑖𝑚𝑎𝑔𝑒, is the number of
oad cycles between two consecutive images during the cyclic test as
xplained in Section 3.4.

The CA tests are used to characterize Paris’ law parameters and
onstitute a CA baseline measurement for analysis of transient crack
rowth. Constant G-tests are conduced at four different values of the
aximum ERR, 𝐺𝑚𝑎𝑥, and a constant load ratio 𝑅 = 0.2.

The two-level block loading tests are used to characterize the tran-
ient function, 𝑇𝐻𝐿, in Eq. (5) and to investigate its’ dependence on
overning fatigue load parameters, i.e. item (B) in Section 1.2. The six
arameters: 𝐺𝑚𝑎𝑥,𝐿, 𝐺𝑚𝑎𝑥,𝐻 , 𝐺𝑚𝑖𝑛,𝐿, 𝐺𝑚𝑖𝑛,𝐻 , 𝑛𝐿, 𝑛𝐻 completely define

the two-level block loading tests (assuming a constant frequency of the
cyclic tests), cf. Fig. 1(a). It is outside the scope of the current work to
characterize the effect of each parameter on the transient crack growth
rate. In the two-level block loading tests the magnitude of the step
change in maximum ERR, 𝛥𝐺𝑚𝑎𝑥 = 𝐺𝑚𝑎𝑥,𝐻 − 𝐺𝑚𝑎𝑥,𝐿, is the primary
parameter under investigation. The other parameters are constrained
by the following: 𝐺𝑚𝑖𝑛∕𝐺𝑚𝑎𝑥 = 𝑅2 = 0.04 for the H- and L-load blocks,
the durations of the H- and L-load blocks are fixed at 𝑛𝐻 = 200 and
𝑛𝐿 = 20,000, respectively, and the maximum ERR of the L-load blocks
are fixed at 𝐺𝑚𝑎𝑥,𝐿 = 0.3𝐺𝑠𝑠

𝑐 . A total of four two-level block loading tests
are performed as shown in Table A.1.

The results from the CA, BL, and DEM tests are presented in Sec-
tion 3.6, Section 3.7 and Section 4, respectively.

3.6. CA loading and steady-state crack growth rates

Fig. 9 shows a graph of the crack growth rate versus the crack length
for the constant G-tests T05B05CA30 and T06B07CA30 at 𝐺𝑚𝑎𝑥∕𝐺𝑠𝑠

𝑐 =
0.3. The crack growth rate is approximately constant in both tests and is
in agreement with Paris’ law like expressions for the crack growth rate.
The mean value of the crack growth rate is 𝑑𝑎∕𝑑𝑁 = 4.60⋅10−5 mm/cyc
and is denoted as the global mean in Fig. 9. The standard deviation is
on the order of 2𝜎 ≈ ±3.4 ⋅ 10−5 mm/cyc.

The crack growth rates versus the maximum applied ERR are re-
ported in Fig. 10 on log–log axes for all the constant G-tests. A nonlinear
least squares fit is generated to characterize parameters of Paris’ law on
the following form:

𝑑𝑎
𝑑𝑁

= 𝐴
(

𝐺𝑚𝑎𝑥(1 − 𝑅)
𝐺𝑠𝑠
𝑐

)𝑝
(11)

Where parameters 𝐴 = 0.0727 and 𝑝 = 5.13 have been computed.
The crack growth rates measured in the constant G-tests using the
pure moment loaded DCB test configuration are steady-state responses
because the crack tip propagates in a self-similar fashion at a con-
stant crack growth rate. During steady-state crack growth, the fully
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Fig. 10. Correlation between the crack growth rate, 𝑑𝑎∕𝑑𝑁 , and the maximum applied
ERR, 𝐺𝑚𝑎𝑥, on double logarithmic axes. The curve fit yields the Paris’ law parameters.

developed fiber bridging zone maintains its size and translates along
the crack tip in a self-similar manner [22,58–60]. Consequently, the
crack growth rates measured form the constant G-tests are considered
as steady-state responses and are used as baseline measurements to
investigate the crack growth rate under VA loading. Transient crack
growth phenomena are identified when the measured crack growth rate
following a load amplitude change is significantly different from the
steady-state response.

3.7. Two-level block amplitude loading

The primary objective of the current section is to characterize the
transient response in the crack growth rate that follows the HL load
amplitude changes in two-level block loading tests. The fatigue crack
growth during the two-level block loading tests is analyzed in terms
of the elapsed number of load cycles, 𝑁 , the average crack length,
𝑎, across the specimen width, and the crack growth rate, 𝑑𝑎∕𝑑𝑁 .
Additionally, the data is divided into H- and L-load blocks and grouped
depending on the load block number, i.e. the number 𝑖 cf. Fig. 1(a).

For every H- and L-load block the crack extension, 𝛥𝑎, and the
crack growth rate, 𝑑𝑎∕𝑑𝑁 , are plotted as a function of the load cycle
increment 𝛥𝑁 following every LH- and HL load amplitude changes,
respectively. This generates a series of response curves for every H-
and L-load block, similar to the illustration in Fig. 1(b)–(c). Examples
from the BL3075 test are provided in Fig. 11(a)–(d). The numbers
on the graphs indicate the load block numbers. Figs. 11(a) and 11(c)
show the responses following the LH load amplitude changes, whereas
Figs. 11(b) and 11(d) shows the responses following HL load amplitude
changes. Similar tendencies are observed for all the BL tests, and
the observed trends are consistent with the experimental observations
in [22].

It is assumed that the transient responses following the HL load
amplitude changes are independent of the load block number, cf.
item (d) in Section 1.1. A function on the following form is fitted to
the transient crack growth response following the HL load amplitude
changes:

𝑑𝑎∕𝑑𝑁 = 𝐴0.3 exp
(

−
𝑁 −𝑁0
𝜏0.3

)

+ 𝑑𝑎
𝑑𝑁 𝑠𝑠,0.3

(12)

he sub-index of 0.3 indicates the fixed value of 𝐺𝑚𝑎𝑥,𝐿 = 0.3𝐺𝑠𝑠
𝑐 in all

he two-level BL tests. Notice the overshoot parameter 𝐴0.3 in Eq. (12)
as units of mm/cyc, and 𝜏0.3 is the decay constant. The parameter
𝑎∕𝑑𝑁𝑠𝑠,0.3 is the crack growth rate by the end of the transient phase,
nd is equal to the steady-state crack growth rate as measured under CA
oading at 𝐺𝑚𝑎𝑥 = 0.3𝐺𝑠𝑠

𝑐 . The parameter 𝑑𝑎∕𝑑𝑁𝑠𝑠,0.3 can be computed
rom Paris’ law in Eq. (11). The resulting curve fits are presented in
ig. 12(a)–(d) for each two-level block loading test.
7

The transient function, 𝑇𝐻𝐿, in Eq. (5) is defined in terms of the pa-
ameter 𝐵 [−], which expresses the transient crack growth rate relative
o the CA baseline value. A fraction can be computed by division of
he overshoot parameter, 𝐴0.3, and the CA baseline value, 𝑑𝑎∕𝑑𝑁𝑠𝑠,0.3,
uch that a parameter 𝐵0.3 = 𝐴0.3∕𝑑𝑎∕𝑑𝑁𝑠𝑠,0.3 can be defined. The curve
itting parameters 𝐵0.3 and 𝜏0.3 obtained from the two-level BL tests are

plotted against the step change in the maximum ERR between the H-
and L-load blocks, 𝛥𝐺𝑚𝑎𝑥 = 𝐺𝑚𝑎𝑥,𝐻 − 𝐺𝑚𝑎𝑥,𝐿, in Fig. 13(a)–(b).

Linear least squares methods are used to generate a second order
polynomial curve fit and a first order polynomial curve fit to describe
the relationship between the parameter 𝐵0.3 and 𝜏0.3, respectively, and
the step change in maximum ERR, 𝛥𝐺𝑚𝑎𝑥. The resulting equations are
presented in Eqs. (13) and (14). A trivial point (𝛥𝐺𝑚𝑎𝑥; 𝐵0.3) = (0; 0) is
added to the 𝐵0.3-parameter’s curve fitting data set, since no transient
effect is expected for 𝛥𝐺𝑚𝑎𝑥 = 0.

𝐵0.3 = 𝑝2𝐵

(

|𝛥𝐺𝑚𝑎𝑥|

𝐺𝑠𝑠
𝑐

)2
+ 𝑝1𝐵

(

|𝛥𝐺𝑚𝑎𝑥|

𝐺𝑠𝑠
𝑐

)

+ 𝑝0𝐵 (13)

𝑝2𝐵 = 20.69; 𝑝1𝐵 = 6.80; 𝑝0𝐵 = 0; 𝑅2 = 0.956

𝜏0.3 = 𝑝1𝜏

(

|𝛥𝐺𝑚𝑎𝑥|

𝐺𝑠𝑠
𝑐

)

+ 𝑝0𝜏 (14)

𝑝1𝜏 = −9451; 𝑝0𝜏 = 10620; 𝑅2 = 0.45

Clearly the parameter 𝐵0.3 increases as the magnitude of the amplitude
step change, 𝛥𝐺𝑚𝑎𝑥, increases and the quadratic function fits the data
well. The decay constant of the transient responses appears to decrease
as the magnitude of the amplitude step change increases, however, the
linear relationship is less evident and possesses a poor 𝑅2-value.

3.8. Extrapolation to arbitrary load levels

The relations in Eqs. (13) and (14) for 𝐵0.3 and 𝜏0.3, respectively,
are derived for a fixed maximum value of the ERR, 𝐺𝑚𝑎𝑥,𝐿 = 0.3𝐺𝑠𝑠

𝑐 , in
he L-load level of the HL load amplitude changes under investigation.
anipulation of the 𝐵0.3- and 𝜏0.3-relations is necessary to generalize

the trends to arbitrary H- and L-load levels of the HL load amplitude
change, such that the transient function in Eq. (5) can be applied in
multi-level block loading. The corresponding generalized parameters
will be denoted by 𝐵 and 𝜏 (without sub-index). Assumptions are
necessary to avoid an immense experimental campaign.

The parameter 𝐵 is assumed to be identical to 𝐵0.3 from Eq. (13),
uch that:

= 𝐵0.3 (15)

onsequently, the 𝐵 parameter for an arbitrary HL load amplitude
hange is only a function of the step change in maximum applied ERR
(𝛥𝐺𝑚𝑎𝑥).

The decay constant, 𝜏, is modified with respect to the decay constant
0.3. The decay constant, 𝜏, for arbitrary load levels is related to the
ecay constant 𝜏0.3 through the relation in Eq. (16) (the reader may
ind details on the derivation in Appendix A.1):

= 𝜏0.3
⎛

⎜

⎜

⎝

𝑑𝑎
𝑑𝑁 𝑠𝑠,0.3
𝑑𝑎
𝑑𝑁 𝑠𝑠

⎞

⎟

⎟

⎠

= 𝜏0.3

(𝐺𝑚𝑎𝑥,𝐿0.3∕𝐺𝑠𝑠
𝑐

𝐺𝑚𝑎𝑥,𝐿∕𝐺𝑠𝑠
𝑐

)𝑝

(16)

where 𝑑𝑎∕𝑑𝑁𝑠𝑠,0.3 represents the CA baseline crack growth rate at the
L-load level that has been used to measure the decay constant 𝜏0.3 in
Eq. (14) from two-level block loading tests. Notice that the numerator
on the right-hand side simplifies to 𝐺𝑚𝑎𝑥,𝐿0.3∕𝐺𝑠𝑠

𝑐 = 0.3 and that 𝜏
depends on 𝜏0.3 and 𝐺𝑚𝑎𝑥,𝐿. The effect of the multiplication in Eq. (16)
is an adjustment of the transient phase’s duration (∝ 𝜏). For example,
the duration of the transient phase reduces when the crack growth rate
𝑑𝑎∕𝑑𝑁𝑠𝑠 in an arbitrary L-load block is higher than 𝑑𝑎∕𝑑𝑁𝑠𝑠,0.3.

In summary, the two-level block loading tests are performed to
characterize an exponential decaying function that describes the tran-
sient crack growth rate following a HL load amplitude change. The
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Fig. 11. Data for the BL3075 test. The crack extension, 𝛥𝑎, and the crack growth rate, 𝑑𝑎∕𝑑𝑁 , within an arbitrary load block is plotted against the load cycle increment, 𝛥𝑁 ,
ollowing load amplitude change. Fig. (a) and Fig. (c) show the response curves during the H-load blocks of the BL test. Fig. (b) and Fig. (d) show the response curves during the
-load blocks of the BL test. The numbers in the graphs refer to the load block number cf. Fig. 2-1.
Fig. 12. Superimposing the transient crack growth rate following every HL load amplitude change in the two-level block amplitude loading tests. (a) BL3050. (b) BL3060. (c)
L3075. (d) BL3085. Least squares curve-fits are included for every test.
wo-level block loading experiments also studied how the function’s

arameters (𝐵0.3 and 𝜏0.3) are affected by varying 𝛥𝐺𝑚𝑎𝑥 while keeping

𝐺𝑚𝑎𝑥,𝐿 fixed at 0.3𝐺𝑠𝑠
𝑐 . The 𝐵0.3- and 𝜏0.3-relations are transferred to

heir corresponding generalized parameters 𝐵 and 𝜏 in Eq. (15) and

16), respectively, such that the relations can be applied in the transient

unction, 𝑇𝐻𝐿, in Eq. (5) to describe the crack growth rate at HL load

mplitude changes with an arbitrary H- and L-load level in multi-level

lock loading.
8

4. Application to multi-level block loading

The purpose is to evaluate the performance of the new crack growth
rate model for multi-level block loading and benchmark the new model
compared to the conventional non-interaction crack growth rate model,
cf. item 𝐶) in Section 1.2. The two models are used to predict the
crack extension and the crack growth rate during the multi-level block
loading tests DEM01 and DEM02, cf. Table A.1. The fatigue crack
growth is analyzed in terms of the elapsed number of load cycles, 𝑁 ,
the average crack length, 𝑎, across the specimen width, and the crack
growth rate, 𝑑𝑎∕𝑑𝑁 . The data is divided into groups depending on the
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Fig. 13. (a) The relationship between the parameter 𝐵 of the exponential function and
the amplitude step change, 𝛥𝐺𝑚𝑎𝑥 = 𝐺𝑚𝑎𝑥,𝐻 − 𝐺𝑚𝑎𝑥,𝐿. (b) The relationship between the
decay constant 𝜏 and the amplitude step change.

load block number to investigate the block-wise crack extension and
crack growth rate. The experimental results from the demonstrator tests
are presented prior to the model results.

4.1. Experimental results

The crack extension, 𝛥𝑎, is plotted against the number of load cycles,
𝑁 , in Fig. 14(a) on the left axis, and the applied load spectrum is
shown on the right axis in terms of the maximum ERR, 𝐺𝑚𝑎𝑥∕𝐺𝑠𝑠

𝑐 .
Two repetitions of the multi-level block loading test are performed.
Note that a limited range of data is available for the DEM02 test as it
stopped prematurely due to failure of a wire (item no. 5 in Fig. 6). The
demonstrator tests DEM01 and DEM02 display similar trends. However,
a relatively large difference occurs at load blocks 2–3, which cause a
significant offset between the two graphs.

The crack extension, 𝛥𝑎, within each load block is analyzed as
shown in the bar chart in Fig. 14(b). Large crack extensions occur in
the early load blocks: 2, 3, 5, 6, 8 and 9, which all have a relative high
value of the applied maximum ERR 𝐺𝑚𝑎𝑥∕𝐺𝑠𝑠

𝑐 ≥ 0.6 compared to the
remaining blocks in the applied load spectrum. Although load block
pairs 2–3 and 5–6 are identical, there is a difference in the amount of
crack growth. The early load blocks (2,3) cause more crack extension
than later load blocks (5,6,8,9). This observation is consistent with
the results from the two-level block loading tests and the item (b) in
ection 1.1.

The crack growth rate, 𝑑𝑎∕𝑑𝑁 , is shown in Fig. 14(c). The crack
rowth rate has been normalized with respect to the CA baseline value,
.e. the value obtained from Paris’ law in Eq. (11). Hence, a value of
𝑑𝑎∕𝑑𝑁𝑉 𝐴)∕(𝑑𝑎∕𝑑𝑁𝐶𝐴) = 1 corresponds to a crack growth rate equal
o the CA baseline. Generally, the crack growth rate is higher during
he VA test compared to the CA baseline. In several of the load blocks
hat follow HL load amplitude changes, e.g. no. 4, 7 and 21, the crack
9

growth rate is more than a factor of five times the CA baseline value,
and the crack growth rate does not reach the CA baseline value before
the next load amplitude change occurs.

The tests show the characteristic exponential decay-type response at
several HL load amplitude changes in Fig. 14(c), which is similar to the
responses observed in the two-level block loading tests. Additionally,
the crack growth rate following a given HL-load amplitude change
increases as the step change 𝛥𝐺𝑚𝑎𝑥 increases, which is also consistent
with the results in Fig. 13(a) and the two-level block loading tests.

4.2. Model results

Results from the conventional non-interaction crack growth rate
model and the new interaction model are included in Fig. 14(a)–(c).
The non-interaction model yields a significant error in the crack growth
prediction. By the end of the test at 𝑁𝑡𝑜𝑡 = 110, 150 load cycles, the non-
interaction model has a percentage deviation of −39.4% compared to
the actual crack extension measured in the VA experiment. This number
may be interpreted as an average measure of the load interaction effect
for the complete load spectrum.

The predicted block-wise crack extension is shown in Fig. 14(b).
In every load block, the crack extension in the VA test is larger than
the value computed from the non-interaction model. A significant
discrepancy between the VA experiment and the non-interaction model
occurs during load blocks 2–8. Several of the remaining load blocks
(no. 9–26) also cause a significant difference, e.g. load block numbers
9, 10, 11, 14, 17, 19, and 21, which are mainly load blocks that follow
a HL-load amplitude change. The crack extension at load block no.
21 causes a notable error. The error produced by the non-interaction
model increases in regions of the load spectrum where a large variation
in the maximum applied ERR, 𝛥𝐺𝑚𝑎𝑥, occurs. This trend is consistent
with the observations in two-level block loading (e.g. Fig. 13); the
larger the step change in load level, the more significant the transient
behavior becomes.

The crack growth rate as computed from the non-interaction model
yields a very poor representation of the crack growth rate in the VA
test as seen in Fig. 14(c).

The new interaction crack growth rate model reduces the error
in crack extension between the VA test and model prediction. The
new model yields a percentage deviation of −21.1% in the total crack
extension compared to the VA experiment DEM01. The new model still
under-predicts the crack extension compared to the VA experiment,
however, the new model nearly halved the error (−21.1%) compared
to the non-interaction model (−39.4%).

The new crack growth rate model provides a good representation
of the crack growth rate during the load blocks that follows HL load
amplitude changes, as seen in Fig. 14(c). The transient crack growth
rates are well-captured by the exponential decay functions, and the
prediction fits well with respect to the amount of overshoot and the
rate of decay of the transient responses.

5. Discussion

5.1. Assessment of model capability and limitation

The new crack growth rate model improves the crack growth pre-
diction compared to the non-interaction model, and it captures well the
transient crack growth rate that follows HL load amplitude changes.
Nevertheless, an error remains in terms of the total crack extension by
the end of the multi-level block loading test, as seen in Fig. 14(a). The
purpose of the multi-level block loading test is to demonstrate when
and why the current modeling approach succeeds and/or fails, cf. item
(C) in Section 1.2, which will be elaborated here.

Fig. 15 shows the error in crack increment between the model

predictions and the experiment DEM01, 𝜖𝛥𝑎,𝑖 = 𝑎𝐸𝑋𝑃 ,𝑖 − 𝑎𝑃𝑅𝐸𝐷,𝑖, for
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Fig. 14. (a) Left axis: Crack extension, 𝛥𝑎, versus the number of load cycles in the multi-level block loading test. Right axis: The maximum applied ERR (target) normalized with
respect to the fracture toughness, 𝐺𝑠𝑠

𝑐 . (b) Crack extension, 𝛥𝑎, within the individual load blocks versus the load block number. (c) The crack growth rate versus the number of
load cycles in the multi-level block loading test. The measured crack growth rate, 𝑑𝑎∕𝑑𝑁𝑉 𝐴, has been normalized with respect to the CA baseline crack growth rate, 𝑑𝑎∕𝑑𝑁𝐶𝐴, as
obtained by Paris law.
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Fig. 15. Left axis: Error in crack extension of the model predictions in comparison to
the non-interaction model for every load block number. Right axis: Cumulative error
in crack extension.

Fig. 16. Offset crack length versus number of load cycles for subset 2 (i.e. load block
no. 9 to 26) of the multi-level block loading test.

every load block number. Fig. 15 also shows the cumulative model
error ∑

(𝑎𝐸𝑋𝑃 ,𝑖 − 𝑎𝑃𝑅𝐸𝐷,𝑖) on the right axis.
The load spectrum is divided into two subsets as indicated in Fig. 15,

here subset 1 includes load blocks 2–8 and subset 2 includes load
locks 9–26. By the end of subset 1, the cumulative error is 19.3 mm
nd 15.7 mm for the conventional non-interaction model and the new
nteraction model, respectively. The new model gives only a slight
mprovement in subset 1 (particularly the error reduction in load
lock no. 4 and 7). The capability of the new model depends on the
haracteristics of the applied load spectrum. The crack growth in subset
is governed by load blocks with high values of 𝐺𝑚𝑎𝑥 (e.g. load blocks:
, 3, 5, 6, 8 and 9), and much of the crack growth occurs within load
locks that follow LH load amplitude changes. Observations from two-
evel block loading tests show that LH load amplitude changes may
ause a significant increase in the crack growth rate, mainly if the LH
oad amplitude change occurs early in the block loading spectrum, cf.
tem (b) in Section 1.1. In this context, early H-load blocks refers to
11

-load blocks that follow steady-state crack growth at a L-load level as r
in the beginning of the two-level block loading tests. As the transient
effects due to LH load amplitude changes are neglected in the new
model, an error is expected in subset 1.

A significant reduction of the error is observed in subset 2 for
the new model in comparison the non-interaction model. This is clear
from the slope of the cumulative error curve, which is close to zero
throughout subset 2. The crack growth in subset 2 is less affected by the
LH load amplitude changes, and the new model accurately represent
the crack growth rate following the HL load amplitude changes. The
load block numbers 10, 12, 14, 17, 19, and 21 show a significant
reduction of the error. In certain load blocks, e.g. load block number 26,
the new crack growth rate model predicts too much crack extension.

A crack growth prediction for subset 2 of the multi-level block
loading test is shown in Fig. 16. The new crack growth rate model
provides a good representation of the (𝑁,𝛥𝑎)-graph and illustrates the
apability of the new model to predict crack extension under multi-level
lock loading.

.2. Model considerations

The new crack growth rate model relies on additional model pa-
ameters that are characterized by simple block loading experiments
n comparison to the conventional non-interaction model. Fortunately,
everal trends derived from simple two-level block loading experiments
lso apply in the more complex multi-level block loading experiments
s mentioned in Section 3.7. Assumptions, like the ones introduced
n Section 3.8, are necessary to reduce the experimental campaign to
anageable sizes. However, the current work has investigated a minor

raction of the many possible combinations of fatigue load parameters
hat define the two-level block loading experiment. The multi-level
lock loading experiments test some of these assumptions, e.g. the
ssumption in Eq. (16) related to the rate of decay of the transient
esponse at arbitrary load levels and the assumption that the transient
esponse is independent of the load block duration. Other fatigue load
arameters have not been investigated further, e.g. the load ratio is
ssumed to be constant 𝑅 = 0.2 during all the tests and the study is
imited to pure mode I crack opening.

It is worth to mention that Paris’ law relations depend on the
iber bridging zone, and there is no general agreement on how to
nclude bridging effects in Paris’ law relations. Bridging fibers are well-
stablished to exert a crack tip shielding effect that reduces the fatigue
rack growth rate. This is sometimes expressed as 𝐺𝑡𝑜𝑡 = 𝐺𝑡𝑖𝑝 + 𝐺𝑓𝑏,
here 𝐺𝑡𝑜𝑡 is the total external ERR, 𝐺𝑡𝑖𝑝 is the actual ERR experienced
t the crack tip, and 𝐺𝑓𝑏 represents a crack tip shielding effect exerted
y the fiber bridging zone [61–66]. The presented work has only
onsidered the total external ERR, 𝐺𝑡𝑜𝑡. The Paris’ law in Eq. (11)
as been derived from constant G-tests and the corresponding crack
rowth rates have been measured during steady-state crack growth,
ee the definition in Section 3.6. The steady-state fatigue crack growth
easured in a constant G-test (at given maximum and minimum values)
ust imply that the crack tip shielding effect, 𝐺𝑓𝑏, is constant in

he test when the fracture process zone is fully-developed. The model
arameters 𝐴 and 𝑝 in Eq. (11) may be different if the Paris’ law is
easured with the widely used DCB specimen subjected to transverse

orces under CA loading in displacement- or force control, which does
ot enable steady-state fatigue crack growth.

The authors believe that physical-based models of the governing
echanisms in the fracture process zone and their interaction with

he crack tip propagation are necessary to generalize delamination
rediction models to VA spectrum loading. However, there is no con-
ensus nor a sound understanding on how the crack tip shielding
ffect of the fiber bridging zone, or other underlying mechanisms, are
ffected by VA loading [19–21,23,66]. The new model proposed in the
urrent work obviously lacks such physical considerations. The new
odel is a phenomenological approach in the sense that the transient
esponses are not derived from physical theories in which the actual
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physical processes on a meso-/microscopic level that cause transient
crack propagation are integrated. Instead, the phenomenological model
ignores the underlying mechanisms and concentrates on the gross
macroscopic crack tip propagation through empirical relations that are
expressed in terms of physical parameters such as the ERR. The model is
capable to represent important phenomenological characteristics of the
crack growth behavior under multi-level block loading. In that sense,
the new model also brings value as a suitable benchmark for future
physics-based models.

6. Conclusion

A new crack growth rate model with transient effects has been
formulated, experimentally characterized, and applied to multi-level
block loading. The conclusion revisits the tasks (A)–(C) described in
Section 1.2.

(A) The new crack growth rate model computes the current crack
growth rate as the sum of two terms. The first term is a non-interaction
term that can be evaluated from the instantaneous values of the cyclic
load parameters, e.g. the current value of the maximum ERR, 𝐺𝑚𝑎𝑥,
and the load ratio, 𝑅. This term is identical to the conventional Paris’
law-like crack growth rate model. The second term is an exponential
decaying function that acts as a transient term and becomes non-zero
whenever a HL load amplitude change occurs in the load spectrum.
The second term is a load interaction term since it depends on the load
history, specifically the number of load cycles since the load amplitude
change occurred and the magnitude of the step change in maximum
ERR between two consecutive load blocks.

(B) The transient response is described by an exponential decay
function with two model parameters: 𝐵 and 𝜏. The 𝐵 parameter deter-
mines the initial overshoot in crack growth rate at the load amplitude
change and is a scaling factor applied to the CA baseline crack growth
rate. The decay constant 𝜏 determines the rate of decay of the transient
function. The model parameters are derived from two-level block load-
ing experiments that are completely defined from several fatigue load
parameters, such as the maximum and minimum values of the ERR at
the H- and L- load blocks, respectively, and the duration of the H- and
L-load blocks. The step change in maximum ERR, 𝛥𝐺𝑚𝑎𝑥 is assumed
to be the governing factor and relationships between 𝛥𝐺𝑚𝑎𝑥 and the
model parameters 𝐵 and 𝜏 are derived. Additional assumptions have
been introduced to generalize the relationships.

(C) Multi-level block loading experiments are performed with a
new experimental setup that enables cyclic crack growth with real-time
control of the applied ERR in VA loading, and automated and precise
measurements of the crack length. The experiment has provided unique
and unprecedented crack growth rate measurements during multi-level
block loading that is highly suited for assessing the performance of
new crack growth rate models. The multi-level block loading tests
demonstrate the capabilities and limitations of the new crack growth
rate model. The performance is shown to depend on certain charac-
teristics of the applied load spectrum. The early LH-load amplitude
changes may cause a significant increase in the crack extension that
is not included in the current model. However, the new crack growth
rate model accurately represents the crack growth rate following the
HL load amplitude changes in the multi-level block loading test, and
yields a significant reduction in the error compared to a non-interaction
model, which the vast majority of state-of-the-art delamination models
are based upon.

Finally, the experimental data and the new model generate impor-
tant phenomenological characteristics of the crack growth behavior
under multi-level block loading, that future physics-based models are
challenged to predict. The experimental data from the multi-level block
loading experiments is available, see Data availability section below.
12
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Appendix A

A.1. Correction of decay constant

This section provides additional information on the correction ap-
plied to the decay constant in Eq. (16). The crack growth following a
HL load amplitude change is considered, such that the crack growth
rate 𝑑𝑎∕𝑑𝑁 is described by Eqs. (1) and (3)–(5). It is assumed that the
transient phase is finite and completed when 𝑑𝑎∕𝑑𝑁 = 1.01𝑑𝑎∕𝑑𝑁𝑠𝑠.

he load cycle increment associated with the transient phase, 𝛥𝑁𝜏 , then
ecomes:
𝑑𝑎
𝑑𝑁 𝑠𝑠

(

1 + 𝐵 exp
(

−𝛥𝑁𝜏
𝜏

))

= 1.01 𝑑𝑎
𝑑𝑁 𝑠𝑠

⇔

𝛥𝑁𝜏 = 𝜏 ln
( 𝐵
0.01

)

(A.1)

The crack increment, 𝛥𝑎𝜏 , associated with the transient phase can then
be computed by substitution of 𝛥𝑁𝜏 into Eq. (6):

𝛥𝑎𝜏 = 𝑑𝑎
𝑑𝑁 𝑠𝑠

(

𝛥𝑁𝜏 + 𝐵𝜏
(

1 − exp
(

−𝛥𝑁𝜏
𝜏

)))

⇔

𝛥𝑎𝜏 = 𝑑𝑎
𝑑𝑁 𝑠𝑠

𝛼(𝐵)𝜏 (A.2)

here 𝛼(𝐵) = ln(𝐵∕0.01) + 𝐵 − 0.01, and the steady-state crack growth
ate, 𝑑𝑎∕𝑑𝑁𝑠𝑠, can be computed from Eq. (3). The steady-state crack
rowth rate attains a constant value in a given load block. Rewriting
f Eq. (A.2) enables one to write the decay constant 𝜏 as:

=
𝛥𝑎𝜏

𝑑𝑎
𝑑𝑁 𝑠𝑠

𝛼(𝐵)
(A.3)

The decay constant that is derived from experiments in Section 3.7
is based on crack growth rate measurements during a L-load block at
which 𝐺𝑚𝑎𝑥,𝐿 = 0.3𝐺𝑠𝑠

𝑐 . This decay constant has been denoted as 𝜏0.3.
The correction applied to the decay constant in Section 3.8 ensures that
the decay constant makes sense for arbitrary load levels of the L-load
block. The decay constant for arbitrary load levels will be denoted by
𝜏. The ratio between the reference and arbitrary decay constants, 𝜏0.3
and 𝜏, respectively, then becomes:

𝜏
𝜏0.3

=
𝛥𝑎𝜏

𝛥𝑎𝜏,0.3

𝛼(𝐵0.3)
𝛼(𝐵)

𝑑𝑎
𝑑𝑁 𝑠𝑠,0.3
𝑑𝑎
𝑑𝑁 𝑠𝑠

(A.4)

sing Eq. (3) the following expression can be derived:

𝜏 =
𝛥𝑎𝜏 𝛼(𝐵0.3)

(𝐺𝑚𝑎𝑥,𝐿0.3∕𝐺𝑠𝑠
𝑐

𝑠𝑠

)𝑝

(A.5)

𝜏0.3 𝛥𝑎𝜏,0.3 𝛼(𝐵) 𝐺𝑚𝑎𝑥,𝐿∕𝐺𝑐

http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1
http://dx.doi.org/10.17632/gj69dy4pcp.1


International Journal of Fatigue 172 (2023) 107595S.M. Jensen et al.
Table A.1
Test matrix showing the test ID and the applied load pattern. The parameter 𝛥𝑁𝑖𝑚 is the cycle increment for crack length
measurements.
Test ID 𝛾𝐦𝐚𝐱,𝐋 𝛾𝐦𝐚𝐱,𝐇 Applied moment,𝐌𝐚𝐩𝐩[Nm], R=0.2 𝚫𝐍𝐢𝐦[cyc]

T01B03BL3060 0.305 0.610 𝑀𝑚𝑎𝑥,𝐿 = 8.27; 𝑀𝑚𝑎𝑥,𝐻 = 11.70; 10
T02B02BL3075 0.305 0.762 𝑀𝑚𝑎𝑥,𝐿 = 8.27; 𝑀𝑚𝑎𝑥,𝐻 = 13.08; 10
T05B05CA30 0.305 – 𝑀𝑚𝑎𝑥 = 8.27; 100
T06B07CA30 0.305 – 𝑀𝑚𝑎𝑥 = 8.27; 100
T07B10BL3050 0.305 0.510 𝑀𝑚𝑎𝑥,𝐿 = 8.27; 𝑀𝑚𝑎𝑥,𝐻 = 10.70; 10
T08B09CA50 0.510 – 𝑀𝑚𝑎𝑥 = 10.70; 50
T09B04CA60 0.610 – 𝑀𝑚𝑎𝑥 = 11.70; 20
T10B06CA75 0.762 – 𝑀𝑚𝑎𝑥 = 13.08; 10
T11B05DEM01 – – – 10
T12B02DEM02 – – – 10
T13B08BL3085 – 0.864 𝑀𝑚𝑎𝑥,𝐿 = 8.27; 𝑀𝑚𝑎𝑥,𝐻 = 13.92; 10
Table A.2
Details on the applied multi-level block loading spectrum.
Load block
number

𝛾𝐦𝐚𝐱 = 𝐆𝐦𝐚𝐱∕𝐆𝐬𝐬
𝐜 𝐌𝐦𝐚𝐱 [Nm], R = 0.2 Number of load

cycles, 𝐍𝐢[cyc]

1 0.305 8.27 20,000
2 0.711 12.63 400
3 0.610 11.70 1,500
4 0.305 8.27 15,000
5 0.711 12.63 400
6 0.610 11.70 1,500
7 0.305 8.27 15,000
8 0.762 13.08 400
9 0.610 11.70 1,500
10 0.457 10.13 10,000
11 0.559 11.20 1,000
12 0.457 10.13 5,000
13 0.711 12.63 200
14 0.457 10.13 5,000
15 0.510 10.70 3,000
16 0.762 13.08 300
17 0.510 10.70 3,000
18 0.762 13.08 300
19 0.457 10.13 5,000
20 0.915 14.33 50
21 0.305 8.27 15,000
22 0.559 11.20 2,000
23 0.711 12.63 300
24 0.559 11.20 2,000
25 0.711 12.63 300
26 0.559 11.20 2,000

Total cycles: 110,150
Although the crack increment, 𝛥𝑎𝜏 , associated with the transient phase
and the function 𝛼(𝐵) will vary depending on the applied load level,
the final factor in Eq. (A.4) proves to be the governing factor by two
orders of magnitude. It is therefore reasonable to omit the first and
second factor in Eq. (A.5) such that the equation reduces to Eq. (16) in
Section 3.8.

A.2. Test matrix

Table A.1 provides an overview of the test programme. Table A.2
provides details on the load spectrum applied in the demonstrator tests
DEM01 and DEM02.
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