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Abstract: Observations are reported in uniaxial tensile tests with various strain rates, tensile re-
laxation tests with various strains, and tensile creep tests with various stresses on high-density
polyethylene (HDPE) at room temperature. Constitutive equations are developed for the viscoelasto-
plastic response of semicrystalline polymers. The model involves seven material parameters. Four
of them are found by fitting observations in relaxation tests, while the others are determined by
matching experimental creep curves. The predictive ability of the model is confirmed by comparing
observations in independent short- and medium-term creep tests (with the duration up to several
days) with the results of numerical analysis. The governing relations are applied to evaluate the
lifetime of HDPE under creep conditions. An advantage of the proposed approach is that it predicts
the stress-time-to-failure diagrams with account for the creep endurance limit.

Keywords: high-density polyethylene; creep failure; creep endurance limit; lifetime prediction;
constitutive modeling

1. Introduction

Widespread industrial applications of polymers and polymer composites require an
adequate description of their mechanical behavior and failure under constant, monotonic,
and periodic loadings. The lifetime assessment and predictions of the long-term response
of these materials under creep and fatigue conditions have attracted noticeable attention
in the past few decades [1–4]. These issues are of essential importance for polyethylene
pipes, whose failure is driven by the viscoplastic flow and damage accumulation in both
the amorphous and crystalline phases [5–7].

Although the problem under consideration can be easily formulated, namely, to predict
the lifetime of high-density polyethylene (HDPE) under a specific loading program on the
basis of experimental data in short-term tests, its solution has not yet been obtained despite
of numerous attempts [8–22]. This may be explained by the fact that an accurate prediction
of the long-term behavior of semicrystalline polymers requires constitutive models that
take into account the viscoelastic and viscoplastic responses, and damage accumulation
in the crystalline and amorphous phases, and at their boundaries. Such models involve a
large number of adjustable parameters that are strongly affected by the microstructure of
polymer networks (molecular weight, degree of branching of chains, degree of crystallinity,
lamellar thickness, etc.). As the accuracy of determination of these parameters in short-term
tests is limited, and the coefficients under consideration evolve slowly with time (due to
damage accumulation [23] and the chemical aging [24] of polymers), it is difficult to expect
accurate lifetime predictions within the time intervals of tens of years.

The objective of this study is fourfold:

1. To develop a simple model for the viscoelastoplastic response of semicrystalline
polymers that involves only seven material parameters. Four of them characterize the
viscoelastic behavior, and the remaining three reflect the viscoplastic response.
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2. To perform short-term tests on HDPE samples at room temperature (uniaxial tension
up to breakage of samples with various strain rates, tensile relaxation tests at various
strains, and tensile creep tests with various stresses) and to find material parameters
by matching the experimental data.

3. To validate the model by comparing its predictions with observations on HDPE in
independent short- and medium-term (up to several days) creep tests.

4. To predict the lifetime of HDPE in long-term creep tests numerically, and to compare
these predictions with conventional stress-time-to-failure diagrams.

The novelty of this research consists in the following. A semicrystalline polymer is
treated as an equivalent polymer network, whose viscoplastic response is modeled as
sliding of junctions between chains with respect to their initial positions. Two mechanisms
of sliding are introduced that characterize plastic flows in the crystalline and amorphous
regions. The kinetics of flow in the crystallites is described by a modification of the Norton
law. To describe the flow in the amorphous phase, a kinetic equation is proposed with the
conformable fractional derivative.

To assess the lifetime of polymers under creep conditions, Eyring curves are tradi-
tionally applied (they presume a linear dependence between the logarithms of the time to
failure tf and the applied stress σ [25]). Two shortcomings of these diagrams are:

(i) They are valid at the first stage of creep only (before changes in microstructure
driven by slow growth of microcracks become noticeable [7]).

(ii) They do not account for the creep endurance limit (the stress below which the
failure of samples does not occur in creep tests [26]). The presence of this limit is of
secondary importance for polymers with large yield stresses σy (because the endurance
limit is reached at times exceeding strongly the end-of-life time of polymer structures),
but it becomes important for semicrystalline polymers with low σy (noticeable deviations
between observations in creep tests on polyethylene samples and the Eyring diagrams
are reported in [27–29]). The proposed model leads to conventional stress-time-to-failure
diagrams at relatively high stresses, and it allows for the accuracy of lifetime predictions to
be improved under creep with intermediate stresses when the presence of the endurance
limit is to be taken into account.

The exposition is organized as follows. Observations in mechanical tests on HDPE
samples are reported in Section 2. A detailed derivation of the model is provided in
Section 3. The fitting of the experimental data is performed in Section 4. The model is
verified in Section 5 by comparing its predictions with experimental data in independent
tests. The results of numerical analysis for long-term creep tests are discussed in Section 4.3.
Concluding remarks are formulated in Section 5.

2. Materials and Methods

Mechanical tests were conducted on HDPE Borsafe HE3490-LS (density 959 kg/m3,
melt flow rate 0.25 g/10 min, melting temperature 130 ◦C) supplied by Borealis. This
material is used in pipe systems for water, gas, and sewage.

Dumbbell-shaped specimens (ISO 527-2-1B) with a total length of 145 mm, gauge
length of 65 mm, and cross-sectional area of 9.81 mm × 3.95 mm were molded by using
injection-moulding machine Ferromatik Milacron K110.

The degree of the crystallinity of specimens was measured by means of a Q1000
differential scanning calorimetry (DSC) apparatus (TA Instruments). Three samples with
masses of approximately 8 mg cut from the middle of specimens were heated from 25 to
210 ◦C with a rate of 10 K/min, and cooled with a rate of 5 K/min down to 25 ◦C (three
cycles of heating–cooling) under nitrogen flow. We found the degree of crystallinity of 55%
by dividing the enthalpy of melting ∆H measured in the tests by the enthalpy of melting
∆H = 293 J/g of the crystalline polyethylene.

Uniaxial tensile tests were performed by means of testing machine Instron 5568
equipped with an extensometer and a 5 kN load cell. Each test was repeated at least
by twice.
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Three series of tests were performed: (i) Tensile tests with cross-head speeds ḋ ranging
from 10 to 100 mm/min up to breakage of samples. (ii) Short-term stress relaxation tests
(with a duration of 30 min) with various strains ε ranging from 0.01 and 0.05. (iii) Short-
and medium-term creep tests (with durations ranging from 15 min to 120 h) with various
stresses σ in the interval between 9 and 22 MPa. All experiments were conducted at room
temperature (T = 21 ◦C) in a climate-controlled room.

2.1. Tensile Tests

Uniaxial tensile tests were performed with cross-head speeds ḋ = 10, 50 and 100 mm/min
(which corresponded to the strain rates ε̇ = 0.002, 0.01 and 0.02 s−1) up to the breakage of
the specimens. The cross-head speeds under consideration are conventionally used for the
quality assessment of HDPE pipes under quasistatic loading [30,31]. Each test was repeated
five times on different samples prepared by injection molding under the same conditions.
Experimental data are depicted in Figure 1, where engineering stress σ is plotted versus
engineering strain ε.

the engineering strain ε.
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Figure 1: Tensile stress σ versus tensile strain ε. Circles: experimental data in tensile tests

with cross-head speeds 10 (A), 50 (B) and 100 (C) mm/min.

Fig. 1 shows that the stress σ increases with strain ε below the yield point εy, reaches

its maximum at εy ≈ 0.15 (this value is weakly affected by the strain rate), and decreases

slightly afterwards. The yield stress σy grows modestly with the strain rate: from 23.2

MPa at ε̇ = 0.002 s−1 up to 26.4 MPa at ε̇ = 0.02 s−1 (by 13.8 %). This growth may

be explained by a less pronounced relaxation of tensile stresses (due to a decrease in the

duration of loading) and slowing down of plastic flow in the amorphous phase of HDPE. Fig.

1 demonstrates rather high accuracy of measurements. For example, the standard deviations

of tensile stresses at the yield point read Sy = 0.14 MPa at ε̇ = 0.002 s−1 and Sy = 0.26

5

Figure 1. Tensile stress σ versus tensile strain ε. Circles: experimental data in tensile tests with
cross-head speeds (A) 10, (B) 50, and (C) 100 mm/min.

Figure 1 shows that stress σ increased with strain ε below the yield point εy, reached
its maximum at εy ≈ 0.15 (this value is weakly affected by the strain rate), and decreased
slightly afterwards. Yield stress σy grew modestly with the strain rate: from 23.2 MPa at
ε̇ = 0.002 s−1 up to 26.4 MPa at ε̇ = 0.02 s−1 (by 13.8%). This growth may be explained
by a less pronounced relaxation of tensile stresses (due to a decrease in the duration of
loading) and the slowing down of plastic flow in the amorphous phase of HDPE. Figure 1
demonstrates the rather high accuracy of the measurements. For example, the standard
deviations of tensile stresses at the yield point read Sy = 0.14 MPa at ε̇ = 0.002 s−1 and
Sy = 0.26 MPa at ε̇ = 0.02 s−1, which means that they remained below 1% of the mean
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values. However, the strain at break εb varied in a wide interval between 0.2 and 0.5 at all
strain rates ε̇.

2.2. Relaxation Tests

Short-term stress relaxation tests were performed at strains ε0 = 0.01, 0.02, and 0.05.
Each test was repeated twice on different specimens. A specimen was stretched up to the
required strain ε0 with a cross-head speed of 50 mm/min. Then, the strain was fixed, and
the decay in stress σ was measured as a function of relaxation time trel = t− t0, where t0
stands for the instant when the strain ε reached the value ε0.

Experimental data in relaxation tests are reported in Figure 2 together with their fits by
the model. In this figure, engineering stress σ is plotted versus the logarithm (log = log10)
of relaxation time trel. Circles stand for the mean values of tensile stress. For each strain ε0
under consideration, deviations between the stress measured in a test and the mean stress
depicted in Figure 2 did not exceed 2%. Solid lines denote results of numerical simulation
described in detail in Section 4.1.
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Figure 2. Tensile stress σ versus relaxation time trel. Circles: experimental data in relaxation tests with
various strains ε (ε = 0.01—blue, ε = 0.02—green, ε = 0.05—red). Solid lines: results of simulation.

2.3. Creep Tests

Three series of uniaxial creep tests were performed with tensile stresses σ = 9, 11, 12,
13, 14, 14.5, 15, 17.5, 18, 19, 20, and 20.5 MPa.

The first series of creep tests was performed with stresses 9, 11, 13, 14, 15, 17.5 and
. The tests with stresses σ = 9, 11, 13, 14, and 15 MPa were conducted with a constant
duration of 4 h. Creep tests with stresses σ = 17.5 and 20.5 MPa were performed up to the
breakage of the samples. Each test was repeated by twice on different specimens. First, a
specimen was stretched up to the required stress σ with a cross-head speed of 50 mm/min.
Afterwards, the stress was fixed, and an increase in tensile strain ε was measured as a
function of creep time tcr = t− t0, where t0 stands for the instant when the required stress
σ is reached.

The experimental data are reported in Figure 3 with the results of numerical analysis.
In this figure, tensile strain ε is plotted versus creep time tcr. Circles denote the mean
values of tensile strain. For each stress σ under investigation, deviations between the strain
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measured in a test and the mean strain presented in Figure 3 did not exceed 2% for σ below
14 MPa and 3% for higher stresses. Solid lines stand for the results of simulation discussed
in Section 4.1.
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Figure 3. Tensile strain ε versus creep time tcr. Circles: experimental data in creep tests with various
tensile stresses σ. Solid lines: results of numerical analysis. (A)—σ = 9.0 (blue), σ = 11 (green),
σ = 13 (red), (B)—σ = 14.0 (blue), σ = 15 (red), (C)—σ = 17.5 (blue), (D)—σ = 20.5 (red) MPa.

3. Constitutive Model

To develop a model for the viscoelastoplastic response and creep failure of HDPE
that involved a relatively small number of material parameters, the following assumptions
are introduced.

Focusing on experimental data in uniaxial tests, we disregarded volume deformation
and treated HDPE as an incompressible material. This assumption is in accordance with
the observations [17,32] showing that the Poisson ratio of polyethylene ν belongs to the
interval between 0.48 and 0.49.

To simplify the derivation of the constitutive equations, we confined ourselves to the
analysis of isothermal response at small strains. The neglect of geometrical nonlinearity
seems to be acceptable for samples broken at tensile strains close to 0.2 (Figure 1). It can,
however, lead to some inaccuracy when fracture occurs at higher strains (up to 0.5). We will
show in what follows that our lifetime predictions are weakly affected by this inaccuracy.

HDPE is a semicrystalline polymer containing two phases (amorphous and crystalline).
Following [14], the presence of interphases and the rigid amorphous phase (chains with
reduced molecular mobility located between lamellar) was disregarded. The viscoplastic
deformation of the amorphous phase reflects (i) chain slip through the crystals, (ii) the slid-
ing of tie chains along and their detachment from lamellar blocks, and (iii) the detachment
of chain folds and loops from the surfaces of crystal blocks [33]. The viscoplastic deforma-
tion in the crystalline phase reflects (i) interlamellar separation, (ii) the rotation and twist of
lamellae, and (iii) the fine (homogeneous shear of layerlike crystalline structures) and (iv)
coarse (heterogeneous interlamellar sliding) slip of lamellar blocks [34]. The viscoelastic
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response of HDPE is associated with (i) the relaxation of stresses in chains located in the
amorphous regions and (ii) time-dependent decay in forces transmitted to the crystalline
skeleton by tie chains [35,36].

A detailed account of the evolution of the microstructure of semicrystalline polymers
under loading leads to a strong increase in the number of parameters to be found by
matching observations [22,37]. To make the model tractable, we treated a semicrystalline
polymer as an equivalent nonaffine network of polymer chains connected by permanent
and temporary junctions [38]. Nonaffinity means that junctions can slide with respect to
their reference positions under deformation. As the sliding process reflects the viscoplastic
flows in the amorphous and crystalline phases, the strain tensor for plastic deformation εp
is presumed to consist of two components,

εp = εpa + εpc, (1)

which describe flows in the bulk amorphous phase (εpa) and the crystalline skeleton
(εpc), respectively. A similar decomposition of the plastic strain into two components was
introduced in [39] for the analysis of viscoplastic deformations in semicrystalline polymers
at finite strains.

We supposed that (i) tensors εpa and εpc were traceless (volumetric plastic deformation
is neglected), and (ii) their evolution was governed by the following equations:

ε̇pa =

√
3
2

s
seq

ϕa(t, seq), ε̇pc =

√
3
2

s
seq

ϕc(seq). (2)

Here, the superscript dot denotes the derivative with respect to time t, s stands for the
deviatoric component of stress tensor σ,

seq =
√

s : s (3)

is the equivalent stress, and the colon denotes convolution. Analytical expressions for
the non-negative scalar functions ϕa(t, seq) and ϕc(seq) are introduced in what follows.
An analogous treatment of the viscoplastic strain (as a sum of two components obeying
time-dependent and time-independent kinetic equations) was suggested in [40].

Chains in the equivalent network are bridged by permanent and temporary bonds.
Both ends of a permanent chain are merged with the network by permanent cross-links.
At least one end of a temporary chain is connected with the network by a temporary
(physical) bond that can break (dissociate) and reform (reassociate). When both ends of a
temporary chain are attached to the network, the chain is in its active state. When an end
of an active chain separates from its junction at some instant τ1, the chain is transformed
into the dangling state. When the free end of a dangling chain merges with the network
at an instant τ2 > τ1, the chain returns into the active state. Attachment and detachment
events occur at random times, being driven by thermal fluctuations.

The equivalent polymer network consist of mesoregions with various activation
energies for breakage of temporary bonds. The rate of separation of an active chain from
its junction in a mesodomain with activation energy u is governed by the Eyring equation:

Γ = γ exp
(
− u

kBT

)
, (4)

where γ stands for an attempt rate, T is the absolute temperature, and kB denotes the
Boltzmann constant. For isothermal processes at a fixed temperature T, we introduce the
dimensionless energy v = u/(kBT), and find that

Γ = γ exp(−v). (5)



Polymers 2023, 15, 334 7 of 21

With reference to the random energy model [41], the quasi-Gaussian formula is adopted for
the distribution function of mesodomains with various activation energies v,

f (v) = f0 exp
(
− v2

2Σ2

)
(v ≥ 0). (6)

The advantage of Equation (6) is that function f is characterized by the only parameter
Σ > 0 that serves as a measure of inhomogeneity of the equivalent network [36]. Prefactor
f0 is determined from the normalization condition∫ ∞

0
f (v)dv = 1. (7)

The rearrangement process in an inhomogeneous polymer network is described by a
function n(t, τ, v) that equals the number of temporary chains (per unit volume) at time
t ≥ 0 that belong to mesodomains with activation energy v and have returned into the
active state before instant τ ≤ t. In particular, the number of temporary chains that were
active at the instant t = 0 and were not separated from their junctions until time t is given
by n(t, 0, v). The number of active chains in mesodomains with activation energy v at
time t reads n∗(t, v) = n(t, τ|τ=t, v). The number of temporary chains that were active
at the initial instant and detach from their junctions within the interval [t, t + dt] reads
−∂n/∂t(t, 0, v) dt. The number of dangling chains that return into the active state within
the interval [τ, τ + dτ] is given by r(τ, v)dτ with

r(τ, v) =
∂n
∂τ

(t, τ, v)
∣∣∣
t=τ

. (8)

The number of temporary chains that merged (for the last time) with the network within
the interval [τ, τ + dτ] and detach from their junctions within the interval [t, t + dt] equals
−∂2n/∂t∂τ(t, τ, v) dtdτ.

We presumed the number of active chains in mesodomains with activation energy v
to remain independent of time,

n∗(t, v) = Na f (v), (9)

where Na stands for the number of active chains per unit volume.
The separation of temporary chains from their junctions is described by the following

kinetic equations:

∂n
∂t

(t, 0, v) = −Γ(v)n(t, 0, v),
∂2n
∂t∂τ

(t, τ, v) = −Γ(v)
∂n
∂τ

(t, τ, v), (10)

Equation (10) means that the rate of the transformation of active chains into the dangling
state is proportional to their number in an appropriate mesoregion. The integration of
Equation (10) with conditions (8) and (9) implies that

n(t, 0, v) = Na f (v) exp[−Γ(v)t],
∂n
∂τ

(t, τ, v) = Na f (v)Γ(v) exp[−Γ(v)(t− τ)]. (11)

The strain energy of a chain is determined by the following conventional formula:

w =
1
2

µεe : εe, (12)

where µ stands for the rigidity of a chain, and the strain tensor for elastic deformations
εe reads

εe = ε− εp, (13)
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where ε is the strain tensor for macrodeformation.
Under the assumption that the energy of interchain interaction is accounted for by

the incompressibility condition, the strain energy density of the equivalent network W is
calculated as the sum of the strain energies of permanent chains and active transient chains:

W(t) =
1
2

µ
[(

Np +
∫ ∞

0
n(t, 0, v) dv

)
εe(t) : εe(t)

+
∫ ∞

0
dv
∫ t

0

∂n
∂τ

(t, τ, v)
(

εe(t)− εe(τ)
)

:
(

εe(t)− εe(τ)
)

dτ
]
, (14)

where Np is the number of permanent chains per unit volume.
The first term in Equation (14) equals the sum of the strain energies of permanent

chains and temporary chains that have not been rearranged within the interval [0, t]. The
last term expresses the strain energy of chains that have last merged with the network at
various instants τ ∈ [0, t] in mesoregions with various activation energies v. We supposed
that stresses totally relax in dangling chains before they merge with the network, which
implies that the strain energy (at time t) of a chain transformed into the active state at time
τ depends on the relative elastic strain tensor ε∗e (t, τ) = εe(t)− εe(τ).

Differentiating Equation (14) with respect to time, and using Equations (7), (9) and (10),
we find that

dW
dt

(t) = µ
[
(Np + Na)εe(t)−

∫ ∞

0
dv
∫ t

0

∂n
∂τ

(t, τ, v)εe(τ)dτ
]

:
dεe

dt
(t)− J(t), (15)

where

J(t) =
1
2

µ
[∫ ∞

0
Γ(v)n(t, 0, v)dvεe(t) : εe(t)

+
∫ ∞

0
Γ(v)dv

∫ t

0

∂n
∂τ

(t, τ, v)
(

εe(t)− εe(τ)
)

:
(

εe(t)− εe(τ)
)

dτ
]
≥ 0. (16)

Under isothermal the isothermal deformation of an incompressible medium, the Clausius–
Duhem inequality reads [10]:

Q = −dW
dt

+ s :
dε

dt
≥ 0, (17)

where Q stands for the internal dissipation per unit volume and unit time. It follows
from Equation (15) that Equation (17) is satisfied for an arbitrary deformation program,
provided that

σ = −pI + µ
[
(Np + Na)εe(t)−

∫ ∞

0
dv
∫ t

0

∂n
∂τ

(t, τ, v)εe(τ)dτ
]
, (18)

where p stands for an unknown pressure, and I denotes the unit tensor. Inserting Equation (18)
into Equation (17), and using Equations (1)–(3) and (16), we find that

Q =

√
3
2

seq
[
ϕa(t, seq) + ϕc(seq)

]
+ J ≥ 0. (19)

Using Equation (11), and introducing the notation

G =
µ

2
(Np + Na), κ =

Np

Np + Na
,

we present Equation (18) in the form

σ(t) = −p(t)I + 2G
[
εe(t)− κ

∫ ∞

0
Γ(v) f (v)dv

∫ t

0
exp

(
−Γ(v)(t− τ)

)
εe(τ)dτ

]
. (20)
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Equations (1), (2), (5), (6), (13) and (20) provide constitutive relations for the viscoelasto-
plastic response of semicrystalline polymers at small strains. They involve four material
parameters that characterize the viscoelastic behavior (G, κ, γ and Σ) and two functions
(ϕa and ϕc) that describe the viscoplastic flows in the amorphous and crystalline phases.

Under uniaxial tension, Equation (20) is simplified. The strain tensor for macrodefor-
mation reads

ε = ε
[
i1i1 −

1
2
(i2i2 + i3i3)

]
, (21)

where ε = ε(t) stands for tensile strain in a specimen, and ik (k = 1, 2, 3) denote unit vectors
of a Cartesian frame. Strain tensors εp and εe obey Equation (21) with the coefficients εp and
εe, respectively. Inserting Expression (21) into Equation (20), and taking into account that

σ = σi1i1, (22)

where σ stands for the tensile stress, we arrive at the following formula:

σ(t) = E
[
εe(t)− κ

∫ ∞

0
Γ(v) f (v)dv

∫ t

0
exp

(
−Γ(v)(t− τ)

)
εe(τ)dτ

]
. (23)

Here, E = 3G is Young’s modulus,

εe(t) = ε(t)− εp(t), (24)

and εp is given by Equation (1),
εp = εpa + εpc. (25)

Equation (22) implies that

s =
2σ

3

[
i1i1 −

1
2
(i2i2 + i3i3)

]
. (26)

Equations (3) and (26) yields

seq = σ

√
2
3

. (27)

The insertion of Equations (21), (26) and (27) into Equation (2) results in the kinetic equations
for the viscoplastic strains εpa and εpc:

ε̇pa = ϕa

(
t, σ

√
2
3

)
, ε̇pc = ϕc

(
σ

√
2
3

)
. (28)

This study focuses on the mechanical response of semicrystalline polymers in re-
laxation and creep tests whose characteristic times belong to intervals from minutes to
hundreds of hours. Disregarding the interval of ramp loading (a few seconds), we set

εe(t) = ε0 − εp0 (t > 0), (29)

where εp0 stands for the plastic strain at the beginning of the relaxation process. The
substitution of Equation (29) into Equation (23) yields

σ(t) = σ0

[
1− κ

∫ ∞

0
f (v)

(
1− exp(−Γ(v)t)

)
dv
]

(30)

with
σ0 = E(ε0 − εp0). (31)

It follows from Equation (31) that, at relatively small strains ε0 (below a threshold at which
the plastic deformation occurs),

σ0 = Eε0. (32)
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Given a strain ε0, Equations (30) and (32), together with Equation (5) for Γ(v) and
Equation (6) for f (v) involve four material parameters: (i) Young’s modulus E. (ii) The rate
of separation of active chains from their junctions γ. (iii) The measure of inhomogeneity
of the equivalent network Σ. (iv) The fraction of reversible bonds in the network κ. These
quantities are found in Section 4 by matching the experimental data depicted in Figure 2.

To fit the experimental creep diagrams, we disregarded the interval of ramp loading
and applied Equation (23) with a fixed tensile stress:

σ(t) = σ (t > 0).

Inserting this expression into Equation (23), we find that

εe(t) =
σ

E
+ κZ(t), (33)

where
Z(t) =

∫ ∞

0
f (v)z(t, v)dv (34)

and

z(t, v) = Γ(v)
∫ t

0
exp

(
−Γ(v)(t− τ)

)
εe(τ)dτ.

The differentiation of this relation with respect to time implies that function z(t, v) obeys
the following differential equation:

∂z
∂t

= Γ(v)(εe − z), z(0, v) = 0. (35)

Tensile strain ε is determined from Equations (24) and (25):

ε = εe + εpa + εpc. (36)

Viscoplastic flow in the crystalline phase is described by the conventional Norton
equation (see [1,4] for historical surveys):

εpc(t) = Bt (37)

with
B = 0 (σ < σ∗), B = B1(σ− σ∗)n (σ ≥ σ∗). (38)

where B1 and n are adjustable parameters. Equation (38) is modified by the introduction
of a threshold stress σ∗, below which the viscoplastic flow in spherulites is not observed
(the response of the crystalline skeleton in creep tests with σ < σ∗ is presumed to be
purely elastic).

Viscoplastic flow in the amorphous phase under creep conditions is described by the
following equation:

εpa(t) = A
[
1− exp(−α

√
t)
]

(39)

with coefficients A and α affected by tensile stress σ. Here, A denotes the maximal vis-
coplastic strain induced by sliding of junctions between chains, and α characterizes the
rate of the slippage of junctions with respect to their initial positions. At small times t,
Equation (39) is transformed into the relation suggested by Bailey [42]:

εpa(t) = Aα
√

t.

An analog of Equation (39) (with
√

t replaced with t) is conventionally used to describe at
the initial stage of flow of dislocations in crystalline materials [43].

Equations (37) and (39) imply that the initial (at the beginning of the creep process)
viscoplastic strain εp0 vanishes. This assumption seems reasonable at relatively low stresses
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(σ < σ∗). We applied it for arbitrary tensile stresses σ due to the presence of a weak
singularity in Equation (39) at t = 0: the strain εpa grows so rapidly at small t that it is not
necessary to introduce a nonzero initial condition for this quantity.

For a given tensile stress σ, the corresponding viscoplastic flow under creep conditions
is determined by three material parameters: (i) The rate of the sliding of junctions in the
amorphous phase with respect to their initial positions α. (ii) The maximal viscoplas-
tic strain induced by sliding of junctions A. (iii) The rate of plastic deformation in the
crystalline phase B.

To characterize the effect of stress σ on the coefficients in Equation (39), we presumed
A to vanish at low stresses (below σ∗), to grow monotonically with σ at moderate stresses,
and to reach its ultimate value A1 at relatively high stresses:

A = 0 (σ < σ∗), A = A1

[
1− exp

(
−a(σ− σ∗)2

)]
(σ ≥ σ∗), (40)

where a and A1 are material constants. Equation (40) is similar to the relations for creep
ductility discussed in [44]. Its advantage is that Equation (40) involves a smaller number of
material parameters.

To predict the stress-induced acceleration of the sliding of junctions, we adopted the
power-law relation for coefficient α:

α = α0 (σ < σ∗), α = α0 + α1(σ− σ∗)m, (41)

where α0, α1 and m are material parameters. Equation (41) implies that slippage of junctions
is weakly affected by tensile stresses when they remain relatively small, but the rate of this
process grows strongly with stresses at higher σ values.

Although Equations (38), (40) and (41) were suggested for uniaxial tensile creep, they can
be extended to an arbitrary three-dimensional deformation by means of Equation (2) with

ϕa = A
[
1− exp(−α

√
t)
]
, ϕc = Bt.

The differentiation of these equalities with respect to time implies that

ϕ̇a =
α

2
√

t
(A− ϕa), ϕ̇c = B. (42)

The last relation in Equation (42) is an ordinary differential equation for function ϕc. The
first relation reads

D 1
2

ϕa =
α

2
(A− ϕa), (43)

where

Dβ f (t) = lim
δ→0

f (t + δt1−β)− f (t)
δ

is the conformable fractional derivative of function f (t) of order β ∈ (0, 1) [45,46]. An
advantage of Equation (43) compared with other models in the viscoplasticity of poly-
mers involving the Riemann–Liouville and Caputo fractional derivatives [47,48] is that its
solution can be presented in analytical form with the help of elementary functions.

4. Results and Discussion
4.1. Fitting of Experimental Data

To find material parameters for HDPE, we fitted the experimental data reported in
Figures 2 and 3. We begin with the analysis of observations in relaxation tests (Figure 2).
Each set of data was matched separately by means of Equation (30), where Γ(v) is given by
Equation (5), f (v) was determined by Equation (6), and σ0 was found from Equation (32).
Given γ and Σ, coefficients σ0 and κ were calculated by using the least-squares technique.
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Parameters γ and Σ were determined with the nonlinear regression method from the
condition of the minimum for the following expression:

∑
k

[
σexp(tk)− σsim(tk)

]2
,

where summation was performed over all instants tk at which the data are presented, σexp is
the tensile stress measured in a relaxation test, and σsim is given by Equation (30). Figure 2
demonstrates good agreement between the experimental data and their approximation of
the model with the material constants collected in Table 1.

Table 1. Material parameters for the viscoelastic response.

ε σ0 MPa γ s Σ κ

0.01 9.52 2.1 7.2 0.862
0.02 16.87 1.9 6.8 0.799
0.05 22.12 1.6 7.1 0.780

Table 1 shows that coefficients γ, Σ, and κ were practically independent of tensile strain
ε. It follows from Equation (32) and Table 1 that Young’s modulus reads E = 0.952 GPa.

We proceeded with fitting experimental creep diagrams in Figure 3. Each set of data
was matched separately by using the following algorithm. Given a stress σ, viscoelastic
strain εe is determined from Equations (33)–(35). These equations were integrated numeri-
cally with the Runge–Kutta method with material parameters E, γ, Σ, and κ listed in the
first line of Table 1. Afterwards, the viscoplastic strain εp = εpa + εpc was calculated from
Equation (36). Function εp(tcr) was approximated with the following equation:

εp = A
[
1− exp(−α

√
tc)
]
+ Btc, (44)

which follows from Equations (37) and (39). Given α, coefficients A and B were found with
the least-squares technique. Parameter α was determined with the nonlinear regression
method from the condition of the minimum for the following expression:

∑
k

[
εp exp(tk)− εp sim(tk)

]2
,

where summation was performed over all instants tk at which the data are reported, εp exp
is determined from Equation (36), and εp sim is given by Equation (44). After finding coeffi-
cients α, A and B, the experimental creep curve ε(tc) was approximated with Equation (36),
with εe given by Equations (33)–(35), and εpa, εpc determined by Equations (37) and (39).

This procedure is illustrated in Figure 4 for the creep test with σ = 17.5 MPa. Observa-
tions and the solution of Equations (33)–(35) with the parameters collected in the first line
of Table 1 are presented in Figure 4A. The difference between the experimental data (cir-
cles) and the linear viscoelastic response of the specimen (solid line) was determined with
Equation (24). Function εp(tc) found from Equation (24) is depicted in Figure 4B together
with its approximation via Equation (44) with the parameters listed in Table 2. Comparison
of the experimental data with results of numerical analysis is shown in Figure 4C.

Quantities α, A, and B are plotted versus tensile stress σ in Figure 5. The data were
approximated with Equations (38), (40) and (41) with σ∗ = 9.0 MPa and the coefficients
reported in Table 2. Stress σ∗ is found from the condition that the response of HDPE in a
creep test with σ = 9 MPa is purely viscoelastic. This statement is confirmed by Figure 3A,
which shows good agreement between the observations in the creep test and the predictions
of Equations (33)–(35) with the parameters listed in the first line of Table 1. Coefficients
α0, α1, A1 and B1 were calculated with the least-squares technique. Parameters m, n, and a
were determined with the nonlinear regression method.
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Table 2. Material parameters for the viscoplastic response.

Coefficient

α α0 α1 m
1.98 8.08× 10−7 7.0

A A1 a
4.73× 10−2 0.047

B B1 n
3.51× 10−9 8.0
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Figure 4: A – Tensile strain ε versus creep time tcr. Circles: experimental data in creep tests
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line: results of simulation based on the model in viscoplasticity. C – Tensile strain ε versus

creep time tcr. Circles: experimental data. Solid line: results of simulation based on the

model in viscoelastoplasticity.
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Figure 4. (A) Tensile strain ε versus creep time tcr. Circles: experimental data in creep tests with
tensile stress σ =17.5 MPa. Solid line: prediction of the model in linear viscoelasticity. (B) Plastic strain
εp versus creep time tcr. Circles: treatment of experimental data. Solid line: results of simulation
based on the model in viscoplasticity. (C) Tensile strain ε versus creep time tcr. Circles: experimental
data. Solid line: results of simulation based on the model in viscoelastoplasticity.

The accuracy of the fitting observations by means of Equations (38), (40) and (41) was
assessed by means of the normalized root-mean-square deviation R. For coefficient B, for
example, parameter RB was calculated with the following formula:

RB =
1
B̄

√√√√ 1
M

M

∑
m=1

(Bm − B̂m)2,
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where M is the number of experimental points, Bm is the value of B found in the mth test,
B̂m is its estimate by Equation (38), and

B̄ =
1
M

M

∑
m=1

Bm

is the means value of B. The normalized root-mean-square deviations RA and Rα for parame-
ters A and α were calculated with the same procedure, with the help of Equations (40) and (41),
respectively. Numerical analysis shows that the normalized root-mean-square deviations
for coefficients α and A adopted the very low values of Rα = 0.022 and RA = 0.073. Pa-
rameter RB = 0.173 was slightly higher because practically all data in Figure 5C were close
to zero.
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Figure 5. Parameters (A) α, (B) A, and (C) B versus tensile stress σ. Circles: treatment of experimental
data in creep tests. Solid lines: results of numerical analysis.

To evaluate how accurately Equations (38), (40) and (41) describe the effect of stress
σ on parameters α, A and B, we use these relations to predict the response of HDPE in
tensile creep tests with stresses σ belonging to the interval between 15 and 21 MPa. For this
purpose, the governing equations were solved numerically with the parameters reported in
Tables 1 and 2. Simulation results are presented in Figure 6, where predictions of the model
are compared with the experimental data in tests with σ = 15.0, 17.5 and 20.5 MPa (these
data were used to find the coefficients collected in Table 2). Figure 6 shows reasonable
agreement between the observations and their prediction by the model.
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Figure 6. Tensile strain ε versus creep time tcr. Circles: experimental data in creep tests with stresses
σ = 15.0 (violet), σ = 17.5 (green) and σ = 20.5 (brown) MPa. Solid lines: predictions of the model for
creep tests with various stresses σ: violet—15.0, blue—17.0, green—17.5, yellow—18.0, orange—19.0,
red—20.0, brown—20.5 MPa.

4.2. Validation of the Model

To examine the predictive ability of the model, two series of creep tests were per-
formed on HDPE, and experimental creep diagrams were compared with the predictions
of the model.

The first series of creep experiments (whose durations did not exceed 3 h) involved
three tensile creep tests with stresses of σ = 18, 19, and 20 MPa. In each test, a sample was
loaded with the cross-head speed ḋ = 50 mm/min until stress σ had reached its required
value. Afterwards, the stress remained fixed, and an increase in strain ε was measured.
The tests proceeded up to breakage of samples. Each test was repeated twice on different
samples. Observations in these experiments are depicted in Figure 7 together with the
results of simulation with the material parameters reported in Table 1 (the first line) and
Table 2.

The other series consisted of a medium-term tensile creep test with stress of σ = 12 MPa
and duration of 120 h. The experimental creep diagram is depicted in Figure 8 together
with predictions of the model with the parameters listed in Table 1 (the first line) and
Table 2.

Figures 7 and 8 confirm the ability of the model to predict the viscoelastoplastic
behavior of HDPE in independent short- and medium-term creep tests.

4.3. Stress-Time-to-Failure Diagrams

To predict the time to failure tf of HDPE under creep conditions, we presumed samples
to break when tensile strain ε reaches its ultimate value εb. Given a tensile stress σ, the
governing equations (with the material parameters listed in the first line of Tables 1 and 2)
were integrated numerically over time t. The approach was based on the assumption that
the duration of the interval of tertiary creep was small compared with the intervals of
primary and secondary creeps. This hypothesis was confirmed with the experimental data
depicted in Figures 3C,D, 4C and 7.
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Figure 7: Tensile strain ε versus creep time tcr. Circles: experimental data in creep tests

with tensile stresses σ on two specimens. Solid lines: predictions of the model. A – σ = 18,

B – σ = 19, C – σ = 20 MPa.
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Figure 7. Tensile strain ε versus creep time tcr. Circles: experimental data in creep tests with tensile
stresses σ on two specimens. Solid lines: predictions of the model. (A)—σ = 18, (B)—σ = 19,
(C)—σ = 20 MPa.

4.2 Validation of the model

To examine the predictive ability of the model, two series of creep tests are performed on

HDPE, and experimental creep diagrams are compared with predictions of the model.

The first series of creep experiments (whose durations do not exceed 3 h) involves three
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Figure 8: Tensile strain ε versus creep time tcr. Circles: experimental data in a creep test

with tensile stress σ = 12.0 MPa. Solid line: predictions of the model.

The other series consists of a medium-term tensile creep test with the stress σ = 12 MPa

and the duration of 120 h. The experimental creep diagram is depicted in Fig. 8 together

with predictions of the model with the parameters listed in Tab. 1 (the first line) and Tab.

2.

Figs. 7 and 8 confirm the ability of the model to predict the viscoelastoplastic behavior

of HDPE in independent short- and medium-term creep tests.
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Figure 8. Tensile strain ε versus creep time tcr. Circles: experimental data in a creep test with tensile
stress σ = 12.0 MPa. Solid line: predictions of the model.

Time to failure tf was determined from the maximal strain criterion [1]

ε(tf) = εb, (45)
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where the strain at break εb was found from the tensile diagrams depicted in Figure 1.
Figure 1 shows that, at all strain rates under consideration, the values of εb varied

in a rather wide interval between 0.3 and 0.5. To assess how tf was affected by the width
of this interval, a simulation was conducted of the governing equations under tensile
creep conditions with εb = 0.3, 0.4, and 0.5. For each σ, time to failure tf was found from
Equation (45). Stress σ is depicted as a function of log tf in Figure 9A.
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Figure 9: Tensile stress σ versus time-to-failure tf . A – Circles: predictions of the model

with εcr = 0.3 (blue), εcr = 0.4 (green) and εcr = 0.5 (red). B, C – Circles: predictions of the

model with εcr = 0.5. Solid lines: their approximations by the Eyring equation (B) and the

power-law equation (C).
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Figure 9. Tensile stress σ versus time-to-failure tf. (A) Circles: predictions of the model with εcr = 0.3
(blue), εcr = 0.4 (green) and εcr = 0.5 (red). (B,C) Circles: predictions of the model with εcr = 0.5. Solid
lines: their approximations with (B) the Eyring equation and (C) the power-law equation.

This figure shows that σ grew with εb when samples broke in the short-term creep tests
with durations tf below 1 day. However, this effect became insignificant when the duration
of tests exceeded 1 year. An important conclusion from Figure 9A is that uncertainties in the
determination of strain at break εb do not affect the predictions of the model in long-term
creep tests.

The stress-time-to-failure diagrams on solid polymers are conventionally described by
means of the Eyring equation:

log σ = σ0 − σ1 log tf, (46)

where σ0 and σ1 are adjustable coefficients. A shortcoming of Equation (46) is that it does
not take into account the creep endurance limit σ∗.

To assess at which times tf the presence of the endurance limit may affect the stress-
time-to-failure diagram on HDPE, the governing equations were solved numerically with
the material parameters listed in Tables 1 and 2. Parameter tf was determined from
Equation (45) with εb = 0.5. The results of simulation are presented in Figure 9B together
with an approximation of the initial part of the stress-time-to-failure curve by Equation (46).
According to this figure, the account for σ∗ induced noticeable deviations between results
of simulation and prediction of Equation (46) even in medium-term creep tests (with tf
exceeding 1 day).
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Equation (46) is not the only relation used to predict the lifetime of polymers under
creep conditions. The power-law equation

σ = σ0 + σ1

( tf0
tf

)δ
(47)

with tf0 = 1 h and three material constants, σ0, σ1 and δ, provided an alternative for the
Eyring formula. Equation (47) was derived in [1,49,50] on the basis of different scenarios
for creep fracture. The stress-time-to-failure diagram reported in Figure 9B was replotted in
Figure 9C together with its approximation by Equation (47) with the material parameters
listed in Table 3. This figure shows that Equation (47) adequately predicts the time to failure
tf in creep tests with durations up to several years.

Table 3. Material parameters in Equation (47).

σ0 MPa σ1 MPa δ

9.21 9.88 0.3

It is conventionally presumed that the stress-time-to-failure curves for polyethylene
and polyethylene pipes involve three intervals [7]. Equation (46) describes the lifetime
along the first interval only (this interval corresponds to ductile failure of semicrystalline
polymers). The other intervals are associated with quasibrittle failure driven by the slow
growth of microcracks [51–53], and brittle failure caused by aging and chemical degra-
dation [24,54,55]. Although the proposed model does not predict the lifetime of HDPE
at the stages of semibrittle and brittle fracture, it improves predictions at the stage of
ductile failure, and allows for the knee point corresponding to the transition from ductile
to quasibrittle failure to be evaluated correctly.

5. Conclusions

A simple model was developed for the viscoelastic and viscoplastic behavior of semicrys-
talline polymers under arbitrary three-dimensional deformation with small strains. A poly-
mer was treated as an equivalent network of chains bridged by permanent and transient
bonds. The viscoplastic flow was associated with the sliding of junctions between chains
with respect to their initial positions. Two mechanisms of slippage were taken into account
that reflected the sliding of entanglements and tie chains in the amorphous regions, and the
fine and coarse slips of lamellar blocks in spherulites. A novelty of our approach consists
in the introduction of Equation (43) with the conformable fractional derivative to describe
viscoplastic flow in the amorphous phase. An advantage of the model is that it allows
for observations in mechanical tests to be described with the help of only seven material
parameters (Figures 2 and 3).

The experimental study involved tensile tests with various strain rates, tensile relax-
ation tests with various strains, and tensile creep tests with various stresses on injection-
molded HDPE samples. It is revealed that the viscoelastic response in relaxation tests
was independent of strains (Table 1). Simple phenomenological relations, namely, Equa-
tions (38), (40) and (41), were suggested to describe the effect of stress σ on coefficients α, A,
and B characterizing the viscoplastic response. Coefficients in these equations are shown in
Table 2.

The predictive ability of the model is demonstrated in Figures 7 and 8. These figures
show good agreement between results of numerical simulation and experimental data in
independent short- and medium-term (up to 4 days) creep tests.

The model was applied to the analysis of stress-time-to-failure diagrams on HDPE
under tensile creep. The following conclusions were drawn: (I) Although strains at break in
the tensile tests εb varied in a rather wide interval (from 0.3 to 0.5), this uncertainty did not
affect the accuracy of lifetime predictions in long-term tests whose durations exceed 1 year
(Figure 9A). (II) Predictions of the model deviated from those based on the conventional
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Eyring relation when the durations of creep tests exceeded 1 day (Figure 9B). A reason
for these discrepancies is that the proposed model takes into account the creep endurance
limit (the stress below which the viscoplastic flow does not arise and the response is
merely viscoelastic), while this parameter is disregarded in the conventional approach.
(III) Predictions of the model were in good agreement with those based on the power-law
relation (Figure 9C). The application of Equation (47) (instead of Equation (46)) allowed for
a knee point on the failure diagram (characterizing transition from ductile to quasibrittle
failure) to be determined.
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