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Abstrakt

Robotmanipulatorer, som er baseret p̊a parallel-mekanismer, kan ofte være fordelagtige

i forhold til seriel-mekanismer n̊ar der m̊ales p̊a præcision, stivhed, arbejdshastighed og

nyttelast. De finder derfor stigende anvendelse i flere industrielle anvendelsesomr̊ader.

Parallel-mekanismer er imidlertid typisk stærkt kinematisk og dynamisk ulineære, hvilket

stiller særlige udfordringer i relation til design og anvendelse. Derfor er parameter- og

ydelsesanalyse, i relation til stivhed og præcision, af særlig vigtighed. I forhold til et

kompleks af almene kvalitetskriterier, s̊a som lav vægt, fysisk størrelse, præcision og

energiforbrug, kan optimeringsmetodik med fordel anvendes.

Der er p.t. ingen anerkendt fællesmetodisk tilgang til design af parallel-manipulatorer.

Nærværende studium søger blandt andet at opstille en systematisk analysetilgang som

kan benyttes i den tidlige designfase, idet der holdes særligt fokus p̊a præcision. Frem-

gangsm̊aden eksemplificeres gennem studier af særlige typer plane og sfæriske parallel-

manipulatorer. I gennemgangen af disse behandles ligeledes kinematisk og dynamisk

analyse, kinetostatisk modellering samt stivhedsanalyse.

Indledningsvis gennemføres undersøgelse af den kinematiske sammenhæng for plane

og sfæriske parallel-manipulatorer, baseret p̊a den specifikke mekaniske konfiguration.

Videre undersøgelse omfatter opstilling af kinematiske ligninger, udledning af kinematisk

Jacobi-matrice, dynamisk modellering etc.

Herefter opstilles differentialligninger af de kinematiske bindingsligninger, med henblik

p̊a fejlmodelleringen. Fejlmodellerne tager højde for aktuatorfejl (positionspræcision,

slør) samt tolerance ved fremstilling og montage af de passive kinematiske par (drejeled,

linearføringer). Fejlmodelleringen illustreres som fejlomr̊ader for givne nominelle kon-

figurationer. For den plane parallel-mekanisme sammenholdes den modellerede fejl med

tilsvarende eksperimentelt fundne data.

Sfæriske parallel-manipulatorer behandles ydermere gennem anvendelse af skrue-teori

og opstilling af virtuel fjedring. Dette sammenholdes med finite-element modellering af

systemet. Modellen danner grundlag for samlet stivhedsmodellering af en særlig type

sfærisk parallel-manipulator, og stivheden illustreres via isokonturer. Undersøgelsen
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demonstrerer at den elastiske deformation i almindelighed m̊a medtages i en kinema-

tisk analyse. Stivheden, og implicit positioneringspræcisionen, vurderes for forskellige

elementgeometrier.

P̊a baggrund af de etablerede modeller opstilles optimeringsproblemet med henblik p̊a at

optimere de strukturelle og geometriske parametre for en sfærisk parallel-manipulator.

Fremgangsm̊aden eksemplificeres gennem en specifik optimering (minimering af system-

masse og optimering af kinematisk og dynamisk ydelse). Metodikken tillader arbitrært

valg af objektfunktion.



Abstract

Parallel mechanism based robotic manipulators feature higher performance in terms of

accuracy, rigidity, speed and payload over the serial manipulators and they have found

the industrial applications in many fields.

Nevertheless, the design and application of parallel manipulators face many challenges

due to their highly nonlinear behaviors, thus, the parameter and performance analysis,

especially the accuracy and stiffness, are particularly important. Toward the require-

ments of robotic technology such as light weight, compactness, high accuracy and low

energy consumption, utilizing optimization technique in the design procedure is a suit-

able approach to handle these complex tasks.

As there is no unified design guideline for the parallel manipulators, the study described

in this thesis aims to provide a systematic analysis for this type of mechanisms in the

early design stage, focusing on accuracy analysis and design optimization. The pro-

posed approach is illustrated with the planar and spherical parallel manipulators. The

geometric design, kinematic and dynamic analysis, kinetostatic modeling and stiffness

analysis are also presented.

Firstly, the study on the geometric architecture and kinematic problem of the planar

and spherical parallel manipulators is carried out. The kinematic problem is the basis

for further study of mechanisms, which includes the development of the kinematic clo-

sure equation, derivation of the kinematic Jacobian matrix, input-output expression of

velocity and accelerations, dynamic modeling etc.

Next, the first-order differential equation of the kinematic closure equation of planar

parallel manipulator is obtained to develop its error model both in Polar and Cartesian

coordinate systems. The established error model contains the error sources of actuation

error/backlash, manufacturing and assembly errors and joint clearances. From the error

prediction model, the distributions of the pose errors due to joint clearances are mapped

within its constant-orientation workspace and the correctness of the developed model is

validated experimentally.
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Additionally, using the screw theory and virtual spring approach, a general kinetostatic

model of the spherical parallel manipulators is developed and validated with Finite El-

ement approach. This model is applied to the stiffness analysis of a special spherical

parallel manipulator with unlimited rolling motion and the obtained stiffness isocontours

show an overall image of the stiffness. The elastic deformation of the center of rotation

or center shift for spherical parallel manipulators cannot be neglected. Moreover, the po-

sitioning accuracies of the spherical parallel manipulators with different structures were

compared. The comparison reveals the influence of link structures on the orientation

accuracy.

Finally, with the previously developed kinematic, kinetostatic and dynamic models, a

multiobjective optimization problem is formulated to optimize the structural and ge-

ometric parameters of the spherical parallel manipulator. The proposed approach is

illustrated with the design optimization of the proposed spherical parallel manipulator

that aims to minimize the mechanism mass and to maximize the global conditioning

index to enhance both kinematic and dynamic performances. Behind the implemented

study case, the proposed method offers a great flexibility to select any criterion as an ob-

jective function based on requirements, as different kinds of performances ranging from

kinematics, statics to dynamics are employed to formulate this systematic approach for

design optimization.
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Nomenclature

For Chapters 1–3. Where a specific nomenclature is used in the scientific papers,

this is provided in the paper in question.

KC Cartesian stiffness matrix

KJ stiffness matrix in joint space

p position vector of the end-effector

Fb reference coordinate system

Fp local coordinate system

E right angle rotation matrix

A, B forward and inverse kinematic Jacobian matrix

J kinematic Jacobian matrix

Q rotation matrix

t twist of a rigid body

$̂, $̂r unit screw and its reciprocal screw

p pitch in a screw

ω angular velocity of the mobile-platform in the reference frame

ω′ angular velocity of the mobile-platform in the local frame

ϕ̇ angle rates

Φ transformation matrix between the angular velocity ω and angle rates

Φ′ transformation matrix between the angular velocity ω′ and angle rates

ωi angular velocity of the ith link in the reference frame
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λ Lagrange multipliers

Ip matrix of the mass moment of inertia of the mobile platform

M(q) mass matrix of the spherical parallel manipulator
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Introduction

The presented research work in this thesis aims to provide a systematic analysis for

the design and applications of parallel manipulators, focusing on error and kinetostatic

analysis and their applications in the optimal design of parallel mechanisms. A new

and valid error prediction model was proposed for the planar manipulators and a new

stiffness model was established for the spherical manipulators. In the design procedure,

a systematic optimization method was formulated for the parallel manipulators. Some

results can be extended to serial and other parallel mechanisms as well.

1.1 Parallel Manipulators

Parallel Manipulators or Mechanisms (PMs), also sometimes called parallel robots or

Parallel Kinematic Machines (PKMs), is a class of multi-loop mechanisms contrary to

the conventional serial-chains based mechanisms, see Figure 1.1.

A parallel mechanism (PM) is generally composed of two platforms, one fixed platform

and one mobile platform, which are connected by at least two independent serial kine-

matic chains [3]. Their unique structures allow the parallel manipulators to perform

better over the serial manipulators:

• The actuators of a parallel manipulator are usually arranged on or close to its fixed

platform that enables the manipulator perform higher performances such as low

mass in motion, high speed and better dynamic behaviors.

• The non-accumulated errors of the manipulator end-effector provide high accuracy

and repeatability.

• The closed-loop kinematic chains simplify the manipulator structure and achieve

high specific structural stiffness and payload ratio.
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(a)

(b)

Figure 1.1: Serial and parallel manipulators: (a) Epson SCARA G10 [1], (b) ABB
FlexPicker [2].

• The symmetric structure of a parallel manipulator ensures better kinematic isotropy,

i.e., approximately equivalent performance in all directions.

• PMs can readily achieve real-time control due to their simple inverse kinematics.

Parallel manipulators were originally proposed to cope with the previous problems en-

countered with their serial counterparts [3, 4]. The milestone of the development of

parallel manipulators is the appearance of the known “Gough-Stewart” platform (see

Figure 1.2) introduced by Gough as a tire testing machine [5] and then by Stewart as

an aircraft simulator [6]. After that, parallel mechanisms have been extensively stud-

ied, focusing on different aspects, i.e., mechanism theory, mobility analysis, dimensional

synthesis, kinematic and dynamic modeling, static/elastostatic analysis, and design op-

timization.
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(a) (b)

Figure 1.2: Gough-Stewart platform: (a) Gough platform as a tire testing device
(1956) [5], (b) schematic of Stewart platform (1965) [6].

(a) (b)

Figure 1.3: Successful applications of parallel manipulators: (a) Octahedral Hexapod
machine tool of Ingersoll (photo by Kathie Koenig Simon/NIST, National Institute of

Standards and Technology), (b) Adept Quattro robot [53].

Nowadays, parallel manipulators can find their applications in many fields, i.e., aircraft

and vehicle simulators [7–15], medical devices [16–25], adjustable articulated trusses [26–

30], force/torque sensor [31–38], and micro-robot [39–46]. One of their successful ap-

plications is that they have been used in the high precision machine tools by many

companies such as Giddings & Lewis, Ingersoll, Hexel, Geodetic and Toyoda, and the

Hexapod machine tool (Figure 1.3(a)) [47–51]. Besides, PMs are widely used in the

food and assembly industry, i.e., ABB Delta robot [2, 52] and Adept Quattro robot

(Figure 1.3(b)) [53, 54]. Parallel manipulators have become an indispensable part of

general robotic manipulators both in industry and in academia and their research and

development have been a key technology of robot applications in engineering.
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1.2 Background

Of the different types of PMs, three degrees-of-freedom (DOF) parallel mechanisms

based manipulators have high potential and good prospect of practical implementation

in industry, such as ABB Tricept [55] and FlexPicker [2], see Figure 1.4. 3-DOF parallel

manipulators include translation, orientation, planar and spatial mixed-DOF manipu-

lators [3], which can be used as robotic manipulators [56–58], double parallel robotic

arm [59], shoulder or wrist joint [60–62] and micro-positioning devices [63], see Fig-

ure 1.5. The translation (ABB Tricept [55] and FlexPicker [2]; Orthoglide robot [58])

and spatial mixed-DOF (CaPaMan robot [64]; Micro robot MIPS [65]; Hunt’s mecha-

nism [66] in the Dockwelder project [67]) manipulators have achieved success in many

applications, while for the planar and orientation (spherical) ones, their research and

development were received relatively less attention. The research work in this thesis will

focus on these two types of manipulators.

The planar and spherical manipulators have fewer mobility degrees than the Stewart

platform [6], thus, one advantage is that they are easy to be built. Moreover, they are

able to alleviate the shortcoming of the limited workspace by changing the structure or

layout of their kinematic chains without largely increased mechanism space. However,

toward the increasing requirements of robotic technology such as light weight, high

accuracy and rigidity, and low energy consumption, their design and application face

many challenges due to their highly nonlinear behaviors. The following sections present

some problems encountered in the design and application of the parallel manipulators

that will be investigated in this thesis.

1.2.1 Planar Parallel Manipulator

Planar parallel manipulators (PPMs) are parallel manipulators that have two transla-

tions in the plane and one rotation whose revolute axis is perpendicular to the plane.

In the design and application of parallel manipulators, the accuracy is one of the most

important performance criteria, which can be evaluated by conducting error analysis.

Sources of errors for parallel mechanisms are diverse. The most significant ones are re-

lated to manufacturing/assembly errors and compliance in the mechanical architecture,

actuation errors/backlash in the control loop, and clearances in the joints. As indicated

in [68–73], the influence of most sources of errors is predictable and can be compen-

sated through calibration and model-based control except joint clearance due to its poor

repeatability.
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(a) (b)

Figure 1.4: ABB Tricept [55] (left) and FlexPicker [2] (right) robots.

(a) (b)

(c) (d) (e)

Figure 1.5: Applications of 3-DOF parallel manipulators: (a) precision planar
robot [56], (b) Agile Eye for orientating camera [57], (c) Orthoglide robot [58], (d)

Agile wrist [61], (e) Goniometer Micro-Positioner from PI, US [63].
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(a)

(b)

Figure 1.6: Existence of clearance in some common used transmission components:
(a) journal bearing [74], (b) linear bearing [75].

Figure 1.7: Joint clearance-affected mechanism: joint clearance introduce extra mo-
bility degrees that is equivalent to kinematic joints.
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Despite the fact that joint clearance can ease assembly/manufacturing and is sometimes

inevitable (see Figure 1.6), the existence of the joint clearance will lead to poor per-

formances of the mechanism as it introduces extra DOF of displacements between the

pairing elements of a joint. As shown in Figure 1.7, the existing joint clearances may lead

to an uncertain location of the manipulator end-effector that is unexpected. Besides,

it results in impact of the pairing elements and thus quicker wears of the mechanism

elements. Thus, the error modelling and analysis with respect to joint clearances are

of importance for both design and control in order to utilize the PMs potential of high

accuracy in applications.

1.2.2 Spherical Parallel Manipulator

Spherical Parallel Manipulators (SPMs) are a class of parallel mechanisms for which

all points on the mobile bodies are located on concentric spheres, which is a relatively

new research area in robotics, with a history of around two decades. A representative

example for this type of mechanism is the Agile Eye [57], see Figure 1.5(b).

The motivation of the research on SPMs is to meet the increasing demands of actuat-

ing technology providing 3-DOF rotations. The traditional approach to achieve pure

rotations is through serial-chains based wrist mechanism, see Figure 1.8. Such kinds

of mechanisms normally have a relatively low payload ratio and complicated structure.

Moreover, it increases the energy consumption with unevenly distributed power require-

ments among the actuators. To overcome these drawbacks, wrists based-on SPMs can

be utilized. With advantages inherent from the parallel structure, wrists made of SPMs

are able to rotate accurately with high transmission torque. In order to improve the

performance of such kind of spherical actuated joints, the wrist mechanisms have to be

compact, lightweight, stiff and energy efficient. This can be accomplished with optimiza-

tion method which is able to take multiple design criteria into account simultaneously.

The subject of this study in particular is to develop modeling method and formulation

of design guidelines used for parallel manipulators, focusing on error and stiffness anal-

ysis and design optimization. It is envisaged that the error model should be simple,

readily identifiable from principal error sources and valid for its application of the error

compensation. Besides, the kinetostatic model can be used for the optimum design to

formulate systematic design guidelines. Eventually, the developed models are expected

to improve characterization of the PMs.
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(a) (b)

Figure 1.8: Serial-chains based wrist mechanisms: (a) overview [76], (b) assembly
details of a patented wrist mechanism [77].

1.3 State-of-the-Art

To highlight the significance of the project study, this section presents a brief review

on the applied and developed methodologies for the research and development of the

parallel manipulators, with particular emphasis on the topics directly related to the

presented work in this thesis.

1.3.1 Error Analysis of Parallel Manipulators with Joint Clearances

There are many sources of pose (position and orientation, see Figure 1.9) error, such as

manufacturing tolerance, joint clearances and link flexibility. Among these sources of

errors, joint clearance requires a special consideration due to its random nature and low

repeatability.

A substantial body of research has been devoted to the study of joint clearance and its

effect on the position accuracy of mechanisms. From the geometrical/kinematic consid-

eration, the clearance problem of the mechanisms is usually dealt with through two ap-

proaches: (1) to predict the most probable final position/orientation of the end-effector;

(2) to evaluate the maximum pose errors. For the former problem, the probabilistic

technique is widely used to determine the pose error of clearance-affected joints and the

manipulator end-effector. Most of these analysis models are on the basis of the statistical
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Figure 1.9: Position and orientation of the manipulator end-effector.

method [78–85], in which the mean, variance and probability are used to characterize

the performance variation of the mechanism.

Due to the fact that the robot Jacobian relates velocities to approximate the clearances

and tolerances of mechanisms, the first-order derivatives of the loop closure equation

can be used in the clearance problem, which is called the Jacobian method. Hartenberg

and Denavit [86] utilized the derivatives of a four-bar mechanism to get a first order

approximation to the output error. Fogarasy and Smith [87] utilized the first-order

derivatives of the closure equations combined with statistical analysis to predict the

error of spatial manipulators.

The error analysis of parallel manipulators, focused on the influence of joint clearances,

has been reported in a number of publications. Most of the works adopt an efficient

approach, i.e., to predict the maximum errors. On the evaluation of the influence of

joint clearances to the mechanism pose errors, one basic problem lies in the modeling

of clearance in kinematic pairs, mainly the lower pairs, such as the prismatic (P) and

revolute (R) joints as shown in Figure 1.10. This has been well documented by Venanzi

and Castelli [73, 88, 89].

To predict precisely the end-effector’s displacement error for the planar 3-RRR1, the

Gough-Stewart and the Hexa manipulators with joint clearance, Voglewede and Up-

hoff [72] assumed all the passive joints to be equivalent revolute/spherical ones to ease

1Kinematic joints used in PMs include: revolute (R), prismatic (P), cylindrical (C), spherical (S),
universal (U). Actuated joints are underlined.
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(a) (b)

Figure 1.10: Prismatic and revolute joints with clearances: (a) planar mechanisms,
(b) spatial mechanisms. The subscripted ε stands for the clearance magnitude, which

makes one element of the kinematic pair floating with respect to the other.

the clearance problem. Whereas, the computation expense of their precise method be-

comes infeasible for general spatial mechanisms.

Bamberger et al. [90] proposed an analytical approach to find the minimal value of

joint clearance to avoid the worst case of uncertain direct kinematic solutions due to

joint clearances for the 3-DOF micro planar parallel manipulators, in which the direct

kinematics are solved by a six DOF polynomial equation to found the clearance space.

Meng et al. [91] proposed an error prediction model as a standard convex optimization

problem to predict the maximal pose errors within a prescribed workspace, of which the

constraints are formed through a set of inequalities on the basis of the joint clearance

model [73]. It is found that part of the joint displacement errors for the overconstrained

parallel mechanisms depends on the remaining ones, which is different from the non-

overconstrained PMs whose joint displacement errors are subject to the joint geometry

and magnitudes of the clearance.

Binaud et al. [92] developed a general error prediction model applicable for both serial

and parallel manipulators by means of differential screw theory. In their approach, two

nonconvex quadratically constrained quadratic programs, one for finding the maximum

position error and the other for orientation error subject to given joint clearances, were

formulated. Later on, this model was used to analyze the kinematic sensitivity of a
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3-PPR planar parallel manipulator to joint clearances and to map the error contours

over its constant-orientation workspaces [93].

Chaker et al. [94] investigated the pose error of the platform affected by the clearances

and manufacturing errors for a 3-RCC spherical parallel manipulators by means of screw

theory, in which these error sources are assumed to be infinitesimal displacements. In

this approach, these errors were calculated in many combinations of different orientations

and values of manufacturing errors and clearances and the results showed the pose errors

and joint clearances are configuration dependent.

Besides the above mentioned kinematic clearance problem, i.e., free movement, two other

types of motion between joint parts exist: impact and continuous contact. Lim et al. [95]

analyzed the dynamic error of a parallel mechanism by considering the elasticity of links

and they evaluated the effects of deformations and clearances separately. Aginaga et

al. [96] illustrated a screw theory based deterministic method with a planar five-bar

mechanism, in which the influences of the joint clearances and link deformation to the

pose errors are approximated by making use of the velocity equation.

Due to the random nature of joint clearance, a common approach to eliminate these

sources of errors is to preload the joint. For instance, Wei and Simaan [97] proposed

an optimization algorithm from static force ellipsoids to determine the preload force

on the joints based on Karush-Kuhn-Tucker (KKT) condition in order to design planar

parallel robots with prescribed backlash-free workspace. Another approach to improve

the manipulator accuracy is by adding redundant actuation [98].

From the foregoing literatures, it is known that the error analysis of parallel manipu-

lators with joint clearances has been extensively studied, however, the validations for

the established error models are lacked. Due to the uncertainty and low repeatability

of the pose errors caused by the joint clearances, in order to ease this problem, the

maximum errors of a 3-PPR planar parallel manipulator are evaluated to validate the

established error model. In addition, without losing generality, each kinematic leg of

such a manipulator includes both prismatic and revolute joints.

1.3.2 Stiffness Analysis of Parallel Manipulators

The stiffness of a parallel manipulator is a measure of the ability of its end-effector to

resist deformation due to an external wrench (forces and moments). For the PMs, a

matrix called stiffness matrix maps the translational/rotational displacement variations

to the external wrench in Cartesian space, which can characterize the stiffness of the
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manipulator at a given workspace point. The stiffness matrix of a mechanism is gener-

ally defined as the transformation which relates the generalized wrench applied to the

end-effector and the resulted linear and angular displacements [99]. The conventional

mapping of the stiffness between the Cartesian and joint space is formulated as,

KC = JTKJJ (1.1)

where KC is the Cartesian stiffness matrix, KJ is the stiffness matrix in joint space and

J is the Jacobian matrix. This formulation was first derived by Salisbury [100] and has

been accepted in many publications.

As frequently documented, the stiffness matrix of a parallel mechanism usually depends

on its configuration and is related to the stiffness of active joints and linkages, whereas,

a full analysis is difficult. Among the methods of stiffness modeling, the Virtual Joint

Method (VJM), which is often called the lumped modeling [100–109], has been widely

used to establish the mechanism stiffness model as it provides acceptable accuracy in

short computational time. This approach is based on the expansion of the traditional

rigid model by adding virtual joints (localized springs) to describe compliance of the

manipulator components (links, joints and actuators) [109]. The Cartesian stiffness

matrix relies on the calculation of both the parallel mechanism’s Jacobian matrix and

the stiffness matrix in joint space.

With the VJM based stiffness matrix, El-Khasawneh and Ferreira [102] addressed on

the minimum and maximum stiffnesses and their directions for a mechanism at a given

posture, namely, the eigenvalue problem. Furthermore, they used the Finite Element

Analysis (FEA) model to validate their model. In general, using FEA approach to val-

idate the analytical model has been a necessary procedure in the stiffness analysis of

mechanisms especially for the structure-complex mechanisms. However, the identifica-

tion of eigenvalues and eigenvectors from the stiffness matrix does not make sense for an

inhomogeneous matrix due to the different physical meanings of dimensionally inconsis-

tent entries. Angeles [110] investigated the eigenvalue problem of the 6 × 6 Cartesian

stiffness matrix in its generalized form based on the screw theory, where the eigenforce

is proposed to indicate the direction that the manipulator is stiffer or weak. Kövecses

and Angeles [107] discussed the other properties of the Cartesian stiffness matrix, i.e.,

be necessarily symmetric, be positive- or semi- definite. This work focuses on stiffness

modeling and analysis while the nature (physical property) of the Cartesian stiffness

matrix will not be discussed.

Gosselin [101] applied the model of Equation (1.1) to parallel manipulator, in which

only the actuation compliance described by one-dimensional linear springs were con-

sidered (the links were assumed to be rigid, and the passive joints to be perfect). In
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Gosselin’s works, the diagonal elements of the stiffness matrix were used as the stiff-

ness to formulate the stiffness distribution mappings. These elements represent the pure

stiffness in each direction clearly and directly. Later, Chen and Kao [103] verified that

this equation is only valid when robotic manipulators are at their unloaded equilibrium

configuration. They proposed the Conservative Congruence Transformation (CCT) to

analyze the effect of robot geometry change due to external force, i.e., the Hessian ma-

trix. By considering the changes in the Jacobian, Alici and Shirinzadeh [105] validated

the conservative stiffness formulation under external loading via the implementation of

experiments to a serial robotic manipulator. Quennouelle and Gosselin [108] also inves-

tigated the conservative property of the stiffness matrix with the consideration of the

external loads and the differentiation of the kinematic Jacobian matrix, the novelty of

which is that the influence of the passive joints is firstly taken into account.

In the previous reports [103, 105, 108], the stiffness models of the manipulators are

formulated under external payloads, which is also called “large displacement” case. In

some applications of the stiffness matrix, such as design optimization, stiffness matrix

in the form of Equation (1.1) is needed. In this approach, the derivation of the stiffness

is on the basis of the assumption that the manipulator is at an unloaded equilibrium

configuration.

Generally, the link flexibilities have been taken into account during the development of

the VJM approach. Gosselin and Zhang [111, 112] replaced the flexible links by rigid

beams mounted on revolute joints plus torsional spring located at the existing joints,

see Figure 1.11(a). This flexible-link lumped parameter model was also used by Majou

et al. [106] to characterize the stiffness of the Orthoglide robots. Particularly, different

simplified VJMs were applied to the CaPaMan robot [104], Gough-Stewart platform

based micro-positioning mechanisms [113], Tripod-based PKM prototype [114], a class

of manipulators with US/UPS legs [115] and among others. The differences among these

existing variations of the VJM approaches focus on modeling assumptions and numerical

techniques.

Combing the advantages of the previously mentioned approaches, Pashkevich et al. [109]

proposed a stiffness modeling method named as virtual spring approach, which has

been widely adopted for the requirement of high computation accuracy in the analysis

and optimum design. Here, this approach will be adopted to model and analyze the

stiffness of the spherical parallel manipulator. In this approach, the link flexibility is

replaced by localizing a n-dofs virtual spring associated with the mobility freedoms

describing both the translational and rotational deflections and the coupling between

them, where the spring compliance is evaluated based on the concept of FEA approach

to ensure higher accuracy. This kinetostatic model considers the influence of the passive
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(a) (b)

Figure 1.11: Two flexible-link lumped-parameter models: (a) Zhang’s model [106,
111, 116], (b) virtual spring model [109].

joints and it can predict the stiffness for the manipulators at non-singular and singular

configurations. This approach gives almost the same accuracy as FEA but with less

computational consumption. The difference between the widely used flexible-link model

by Zhang [106, 111, 116] and the virtual spring model is illustrated with the planar case

displayed in Figure 3.6. Both of these two models provide acceptable accuracy, while

the virtual spring approach performs more accurate parameter transformation from the

current link to the following one, which ensures high computation accuracy.

Due to these advantages, the virtual spring approach is adopted in this work for both

stiffness characterization and design optimization. The Jacobian of such a VJM approach

is derived based on the (differential) homogeneous transformation matrix, which can be

applied to variations of parallel mechanisms. For some special cases like the spherical

parallel manipulators, since their links are curved beams and inverse geometry problem

is complicated that bring computational burden, simple and fast approach is needed to

solve this kinematic problem. An approach could be through the screw theory [117],

which is a useful tool in the synthesis of parallel mechanisms [118]. In this thesis, a

screw theory based virtual spring approach will be proposed for stiffness modeling.

1.3.3 Design Optimization of Parallel Manipulators

Parallel manipulators possess a number of advantages over the traditional serial manip-

ulators. Nevertheless, their design is a challengeable task due to their highly nonlinear

and nonintuitive behaviors. An efficient and systematic way to deal with this problem

is to use optimization technique in the design process. Depending on the particular

application, certain performance criteria may be of more importance than others. In
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other words, the mutual dependency among all kinds of performances is related to ma-

nipulator applications. In the optimization procedure, some of the performance criteria

will be specified as objectives, while some others as constraints.

Table 1.1 lists major evaluation criteria that were used in design optimization. These

evaluation criteria can be roughly classified into two groups: one relates to the kine-

matic performance while the other relates to the kinetostatic/dynamic performance. In

general, the design process simultaneously deals with these two aspects [119], both of

which include a number of performance measures that essentially vary throughout the

workspace but remain within the prescribed bounds. Kinematic aspects are relatively

less complex compared to the kinetostatic/dynamic aspects, as the latter work with

a detailed description of the mechanism structure and their evaluation is usually time

consuming. In the kinematic considerations, the quality of the workspace that reflects

the shape, size and presence of singularities is of primary importance in the PMs design.

Another utmost important concern is the dexterity, which is usually evaluated through

the conditioning number of the kinematic Jacobian matrix. For the kinetostatic aspect,

stiffness is particularly important in the context of PMs [120] among the properties of

mechanical systems. Indeed, one of the major design issues in kinetostatic design is

the computation of the stiffness matrix [121]. Moreover, minimizing the mass in mo-

tion (linear and angular momentum) of the mechanism is an important task toward the

requirement of light weight since the mass strongly influences the dynamic behaviors.

With the multiple evaluation criteria for optimum design, an efficient approach is to

solve a multiobjective optimization problem, which can take all or most of the evalua-

tion criteria into account. As the objective functions are usually conflicting, no single

solution can be achieved in this process. The solutions of such a problem are non-

dominated solutions, also called Pareto-optimal solutions or Pareto-front (frontier). To

solve this problem, non-gradient optimization methods are widely used as they are robust

in achieving the global optimality.

Of the existing optimization methods, the Genetic Algorithm (GA) based multiobjective

optimization methods are widely used. A non-dominated sorting-based MOEA (Multi-

objective Evolutionary Algorithms), called NSGA-II (Non-dominated Sorting Genetic

Algorithm II) [150] is a computationally fast and elitist algorithm, which is adopted in

this work thanks to its advantages, i.e., to guarantee relatively better spread of solutions

and better convergence in the obtained non-dominated front than some other genetic

algorithms.
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Table 1.1: Overview of the evaluation criteria for PMs optimum design.

Geometry

• Architecture geometry, shape; mechanical collision [122–124]

• Compactness: overall size; footprint ratio, i.e., ratio between
workspace and mechanism size

Geometric
kinematics

• Workspace shape and size: Regular workspace; (constant-) orien-
tation volume; minimal guaranteed prescribed workspace; max-
imal workspace [119, 125–131]

• Motion range for the active and passive joints [132]

• Error: dimension error; maximal positioning errors of the end-
effector [133]

• Singularities within the workspace: serial and parallel singulari-
ties, self-motions [134]

• Dexterity: conditioning of the kinematic Jacobian; isotropy of
the performances, i.e., global conditioning index (GCI) [120, 127,
135–140]

Differential
kinematics

• Maximal velocities of the actuators and end-effector

• Minimal guaranteed velocity of the moving platform over a given
workspace

• Manipulability, velocity transmission [141]

Statics

• Wrench capability: maximal forces or torques on the links and
platform [142]

• Stiffness/compliance: maximal stiffness; minimal elastic defor-
mation; stiffness range and response of the stiffness change [143–
145]

Dynamics

• Mass property: usually used as an objective for the light-weight
requirement [119, 146]

• Maximal accelerations of the actuators and platform

• Minimal guaranteed acceleration for the end-effector over a given
workspace subject to limited joint acceleration and velocity

• Minimal energy consumption of the actuators/system [147]

• Maximal output torque; minimal input torque [148, 149]
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1.4 Objectives and Scope of the Work

The objective of this thesis is to provide a systematic analysis for characterizing the

properties of parallel mechanisms and PMs design, of which the main tasks are:

1. to develop an error prediction model including the sources of dimensional errors,

actuation errors/backlash, joint clearances;

2. to develop a kinetostatic model for spherical parallel manipulators that can be

generalized to other types of parallel manipulators;

3. to develop a method for optimum design of spherical parallel manipulators and

to formulate the design guideline that can be applied to other types of parallel

manipulators.

To achieve these goals, this project will deal with the following research problems:

1. Geometric and kinematic modeling of planar and spherical parallel manipulators.

Revisit the basic kinematic problem of the manipulators and find all the inverse

kinematic solutions and assembly modes. Find the workspace and singular config-

urations. Use SolidworksTM to establish their CAD models. All possible configu-

rations will be investigated.

2. Error modeling and experimental validation of the planar parallel manipulator. De-

velop the first-order derivatives of the loop closure equation and formulate the error

model to predict the maximum pose errors. Design an experiment and measure

the representive workspace points to validate the error model.

3. Stiffness formulation of beam element as employed in the specific SPM. Found

the analytical stiffness matrix of the curved beam with Euler-Bernoulli model and

validate it by means of AnsysTM.

4. Dynamic modeling of spherical parallel manipulator. With Lagrangian dynamics

equation, develop the dynamic model of spherical parallel manipulator and use

MatlabTM/simulink to realize the simulation. Compare the analytical model with

independent simulation by AdamsTM.

5. Design optimization of spherical parallel manipulator. Using the kinetostatic and

dynamic models developed in the previous steps, optimize the kinematic and dy-

namic performances of the spherical parallel manipulator with the implementation

of genetic algorithm in MatlabTM.
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The expectation of this thesis therefore become obvious: develop simple and valid error

model, build the kinetostatic model, optimize the geometric architecture of spherical

parallel manipulator. The results of the work can provide a framework for further study

of parallel mechanisms such as error compensation and control programming.

1.5 Outline of the Thesis

Chapters 2 and 3 introduce the geometric architecture of the planar and spherical parallel

manipulators. The kinematic and dynamic modeling are described in detail for the

further study.

Chapters 4-7 are the selected and representative publications through which the thesis

subjects are treated specifically.

Chapter 4 presents the error modeling for a 3-PPR planar parallel manipulator and the

experimental validation for this robot with joint clearances. The maximal pose errors

subject to the clearances are predicted from an optimization algorithm and are mapped

within the constant-orientation workspace. A vision system is built to measure the

maximal pose errors at its uniformly distributed workspace points to validate the error

model.

Chapter 5 details the lumped-flexibility model for joints and the curved links of the

spherical parallel manipulator and the stiffness modeling for this class of mechanisms.

The developed model is illustrated with an unlimited rolling 3-DOF spherical parallel

mechanisms. Furthermore, the stiffness model is validated with AnsysTM/workbench.

Chapters 6 and 7 describe the design optimization of a spherical parallel manipula-

tor. Two optimization problems considering kinematic, elastostatic and dynamic per-

formances are formulated for different performances improvement. The proposed ap-

proaches are numerically conducted with a genetic algorithm embedded in MatlabTM.

The Pareto-fronts for the proposed optimization problems are obtained as well as the

scatter matrices for both objective functions and variables.

Chapter 8 concludes this thesis, with a summary of observations from the project study

and contributions. The future work is also suggested.



2

Kinematic Modeling of Planar

Parallel Manipulator

This chapter revisits the kinematic problem, including the position, workspace and sin-

gularity analysis, to characterize the planar parallel manipulator studied.

The planar parallel manipulators (PPMs) can present with the sequence of the three

joints in each kinematic chain: RRR, RPR, RRP, RPP, PRR, PPR, PRP, PPP, see

Figure 2.1. Their kinematic problem has been studied in detail [151, 152]. Most of

these PPMs adopt a symmetric topology, which implies that all three legs are equally

spaced. The design with a symmetric topology can achieve kinematic isotropy. However,

a symmetrical design may not be optimal in terms of some kinematic performance, such

as workspace; it will be demonstrated that a nonsymmetric structure can admit a large

workspace compared to the symmetric counterparts [153].

Figure 2.1: The 3-DOF PPMs with identical kinematic chains, taken from [3].
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(a) (b)

Figure 2.2: 3-DOF PPM prototype: (a) PPR [153], (b) PPR [154].

Figure 2.3: Parameterization of the 3-PPR PPM.

2.1 Manipulator Under Study

Figure 2.2 presents the prototype of the 3-PPR PPM with different mobile platforms

(MPs), i.e., disk- and triangle-shaped. In each leg, one prismatic joint can be chosen as

active joint while the other one is a passive joint.

The parameterization of the manipulator is illustrated in Figure 2.3. The x-axis of the

reference coordinate system Fb is parallel to the segment A1A2, where Ai, i = 1, 2, 3,

are fixed points on the base. The origin P of the coordinate system Fp is located at the

geometric center of the mobile platform. The X-axis is parallel to the segment D1D2,

where Di are the centers of the revolute joints. The location and orientation of the MP

are denoted by p and φ, where p = [x, y] is the position vector of point P in Fb.
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2.2 Kinematics of the PPM

This section deals with the kinematic analysis of the 3-PPR PPM, including the position,

singularity and workspace. This analysis can also be applied to the other PPMs.

2.2.1 Displacement Analysis

For each kinematic chain O-Ai-Bi-Ci-Di-P shown in Figure 2.3, the position vector of

point P can be expressed in Fb as follows,

p = aihi + siui + divi + liwi + riki, i = 1, 2, 3 (2.1)

with

hi =

[
cosαi

sinαi

]
, ui =

[
cosβ′i
sinβ′i

]
, vi =

[
cos γ′i
sin γ′i

]
, wi =

[
cos θ′i
sin θ′i

]
, ki =

[
cos(φ+ ψi)

sin(φ+ ψi)

]
(2.2)

where

β′i = αi + βi, γ
′
i = αi + βi + γi, θ

′
i = αi + βi + γi + θi (2.3)

The inverse kinematics of the manipulator can be derived from Eqn. (2.1),

si = (wT
i Eui)

−1wT
i E (p− aihi − divi − riki) (2.4a)

li = (uTi Ewi)
−1uTi E (p− aihi − divi − riki) (2.4b)

where E is the right angle rotation matrix defined as

E =

[
0 −1

1 0

]
(2.5)

Equation (2.1) establishes a system of six equations. The forward displacements can be

solved by virtue of analytical method.

2.2.2 Kinematic Jacobian Matrix

Differentiating Eqn. (2.1) with respect to time yields

ṗ = ṡiui + l̇iwi + φ̇riEki, i = 1, 2, 3 (2.6)

After elimination of the idle term l̇i and then by multiplying both sides of Eqn. (2.6)

with wT
i ET and the subsequent matrix manipulation, the velocity expression of the
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manipulator is deduced as below:

A

[
ṗ

φ̇

]
= Bṡ (2.7)

with

A =




wT
1 ET −r1wT

1 k1

wT
2 ET −r2wT

2 k2

wT
3 ET −r3wT

3 k3


 (2.8a)

B = diag
[
wT

1 ETu1 wT
2 ETu2 wT

3 ETu3

]
(2.8b)

ṡ =
[
ṡ1 ṡ2 ṡ3

]T
(2.8c)

where A and B are named as the direct and inverse kinematic Jacobian matrices of the

manipulator, respectively. If A is nonsingular, the kinematic Jacobian matrix J of the

manipulator takes the form:

J = A−1B (2.9)

2.2.3 Singularity Analysis

It is known that the parallel mechanisms can have three types of singularity, which can

be identified by virtue of the Jacobian matrices A and B derived in Sec. 2.2.2: (1)

Type I (serial) singularity when det(B) = 0, usually occurs at the workspace boundary;

(2) Type II (parallel) singularity when det(A) = 0; (3) Type III singularity when both

det(A) = 0 and det(B) = 0. These types of singularities are graphically illustrated with

a five-bar (5R) mechanism as shown in Figure 2.4.

Accordingly, the studied manipulator in Figure 2.2(b) reaches a parallel singularity,

namely, matrix A is singular when φ = ±π/2, see Figure 2.5. While matrix B is never

singular, which means that the manipulator is free of serial singularity.

Figure 2.4: Singularities of a five-bar mechanism.
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Figure 2.5: Parallel singularity of the 3-PPR PPM when φ = π/2.

2.2.4 Constant-Orientation Workspace

The reachable area of the mobile platform will be investigated by the constant-orientation

workspace. To obtain the reachable area geometrically, the inverse kinematic model sub-

ject to prescribed joint motion ranges are used to find the boundaries of the end-effector

displacements, which is usually called the searching method. Eqns. (2.4a) and (2.4b)

establish a system of 12 inequalities, namely,

simin ≤ si ≤ simax, limin ≤ li ≤ limax, i = 1, 2, 3 (2.10)

where the bounds are found as

simin = 52 mm, simax = 102 mm; limin = 20 mm, limax = 165 mm

With the parameters shown in Table 2.1 and ri = r = 30 mm, ai = 192.34 mm, i =

1, 2, 3, three constant-orientation Cartesian workspaces are presented in Figure 2.6.

Figure 2.7 shows the comparison of the constant-orientation workspace size between the

symmetrical and unsymmetrical PPMs, which reveals that the unsymmetrical structure

can admit a larger workspace.

Table 2.1: The Design Parameters of the 3-PPR PPM

i αi[rad] β′i[rad] γ′i, θ
′
i[rad] ψi[rad] di[mm]

1 -2.781 π/2 0 π/6 114
2 -0.360 π/2 π 5π/6 27
3 1.751 0 −π/2 3π/2 42
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Figure 2.6: Constant-orientation workspaces for the manipulator under study.
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Figure 2.7: Comparison of the constant-orientation workspace size: (a) symmetric
PPM, (b) unsymmetrical PPM, taken from [153].
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Kinematics and Dynamics of

Spherical Parallel Manipulator

This chapter describes the geometric architecture of the spherical parallel manipulator

and its kinematic and dynamic modeling. A numerical example is carried out to illustrate

the motion of the spherical manipulator, in which the dynamics is also investigated.

3.1 Background Theory

This section gives a brief review of the background theory used in the kinematic and

dynamic modeling of the spherical parallel manipulator. The screw theory will focus on

the kinematic aspect and the dynamic model is derived on the basis of the Lagrangian

multipliers approach.

3.1.1 Azimuth-Tilt-Torsion Angles

Apart from the orientation representations such as Euler angles, the Tilt-and-Torsion

(T&T) angles take full advantage of a mechanism’s symmetry [155]. This description

can better characterize the orientation workspace of a mechanism, which will be adopted

in this work.

The T&T angles are defined in two stages with three angles: φ, θ, σ. In the first stage,

illustrated in Figure 3.1(a), the body frame is tilted about a horizontal axis, a, at an

angle θ, referred to as the tilt. The direction of axis a is defined by an angle φ, called the

azimuth, which is the angle between the projection of the body z′-axis onto the fixed xy
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Figure 3.1: The successive rotations of the T&T angles: (a) tilt, (b) torsion [155].

plane and the fixed x-axis. In the second stage, illustrated in Figure 3.1(b), the body

frame is rotated about the body z′-axis at an angle σ, called the torsion.

The derivation process is well documented by Bonev [156] and the resulting rotation

matrix Q is kinematically equivalent to the Euler convention Z-Y -Z, namely,

Q = Rz(φ)Ry(θ)Rz(−φ)Rz(σ) = Rz(φ)Ry(θ)Rz(σ − φ) (3.1)

thus,

Q =




cφcθc(φ− σ) + sφs(φ− σ) cφcθs(φ− σ)− sφc(φ− σ) cφsθ

sφcθc(φ− σ)− cφs(φ− σ) sφcθs(φ− σ) + cφc(φ− σ) sφsθ

−sθc(φ− σ) −sθs(φ− σ) cθ


 (3.2)

where φ ∈ (−π, π], θ ∈ [0, π), σ ∈ (−π, π], and s, c stand for sine and cosine functions,

respectively.

3.1.2 Screw Theory

Screw theory underlies the foundation of both instantaneous kinematics and statics. A

spatial displacement of a rigid body can be defined by a rotation about a line and a

translation along the same line, called a screw displacement, in which the line is called

screw axis. The rotation and translation is further coupled by a scalar quantity called

a pitch. The screw in kinematics therefore called a twist is formed by a pair of three

dimensional vectors, namely, angular and linear velocity, written as

t =

[
ωe

r× ωe + ve

]
(3.3)
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Figure 3.2: A general motion defined by a general twist.

where vectors e and r denote the direction of and a point on the screw axis e, respectively,

scalars ω and v are the magnitude of angular velocity and linear velocity along the axis,

see Figure 3.2. The pitch is defined as the ratio of the linear velocity to angular velocity,

i.e., p = v/ω. From Eqn. (3.3), a unit screw is defined as

$̂ =

[
e

r× e + pe

]
=
[
s1 s2 s3 s4 s5 s6

]T
(3.4)

On the other hand, this screw is called a wrench if it represents a system of forces and

couples acting on a rigid body.

For special cases of a pure rotation and a pure translation in space are represented by a

zero-pitch and infinite-pitch twist, respectively, expressed as

p = 0 : t =

[
ωe

r× ωe

]
, $̂ =

[
e

r× e

]
(3.5)

p =∞ : t =

[
0

ve

]
, $̂ =

[
0

e

]
(3.6)

Two screws, $̂ and $̂r, are said to be reciprocal if they satisfy the following condition by

applying the orthogonal product (◦) [157]:

$̂r ◦ $̂ = sr4s1 + sr5s2 + sr6s3 + sr1s4 + sr2s5 + sr3s6 (3.7)

with

$̂r =
[
sr1 sr2 sr3 sr4 sr5 sr6

]T
(3.8)
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3.1.3 Equations of Motion–Method of the Lagrange Multipliers

The SPMs are mostly used in applications involving high-speed motion, therefore, the

dynamics has a very important effect on the required actuator torques. With the con-

sideration of the kinematics and dynamics, such a SPM is a multibody dynamic system.

In order to determine the motion of the entire system, it is necessary to establish the dy-

namic equilibrium condition that leads to a system of second order differential equations

generally called the equations of motion [158]. Due to the highly nonlinear behaviors

and the complicated kinematic problem, the equations of motion for the SPM can be

formulated in dependent coordinates, where the method of the Lagrange Multipliers can

achieve this aim.

In the method of the Lagrange Multipliers, let the vector q represents a set of n unknown

dependent coordinates, m is the total number of independent kinematically constraint

equations, the constraint conditions are written in the following general form:

Φ(q, t) = 0 (3.9)

The Lagrange’s equations of a system is expressed as:

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
+ ΦT

qλ = Qex (3.10)

where L = T − V is the Lagrangian function. T = T (q, q̇) is the kinetic energy of the

system and V = V (q) is the potential energy. The matrix Φq is the Jacobian matrix

of the nonlinear constraint equations 3.9 and the vector λ represents the Lagrange

multipliers. Qex is the vector of generalized external forces acting along the dependent

coordinates q of a constrained mechanical system.

The kinetic energy of a multibody system can be written as follows:

T =
1

2
q̇TM(q)q̇ (3.11)

where M(q) = M is the mass matrix of the system. The first and second terms in

Eqn. (3.10) can be expressed as below:

d

dt

(
∂L

∂q̇

)
= Mq̈ + Ṁq̇,

∂L

∂q
= Lq = Tq − Vq (3.12)

For the general case in which the kinetic energy depends on q, Eqn. (3.10) becomes

Mq̈ + ΦT
qλ = Qex + Lq − Ṁq̇ = τ (3.13)
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On the other hand, differentiating the constraint equations (3.9) twice with respect to

time yields

Φqq̈ = −Φ̇t − Φ̇qq̇ ≡ c (3.14)

By writing Eqns. (3.13) and (3.14) jointly leads to:

[
M ΦT

q

Φq 0

][
q̈

λ

]
=

[
τ

c

]
(3.15)

The system of equations (3.15) can be used for the simultaneous solution of the dynamic

problem of the mechanical system.

3.2 Manipulator Architecture

A general spherical parallel manipulator is shown in Figure 3.3(a) with its parameterized

ith leg in Figure 3.3(b), i = 1, 2, 3. Each leg is composed of three revolute joints, the

axes of which intersect at a common center, namely, center of rotation. The origin O

of the reference coordinate system xyz is located at the center of rotation. The unit

vectors of joint axes are denoted by ui, wi and vi, i = 1, 2, 3. The arc angles of the

three proximal curved links are the same and equal to α1. Likewise, the arc angles of

the three distal curved links are the same and equal to α2. Geometric angles γ and β

define the geometry of the two pyramidal base and mobile platforms.

(a) (b)

Figure 3.3: Architecture of a general SPM: (a) overview, (b) parameterization of the
ith leg.
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3.3 Kinematic Modeling of a 3-RRR SPM

The kinematics of the SPMs has been well documented [135], therefore, the details will

not be repeated. The orientation of the mobile platform is described with the orientation

representation of azimuth-tilt-torsion (φ-θ-σ), for which the rotation matrix Q is defined

by Eqn. (3.2) in Sec. 3.1.1.

Under the coordinate system xyz, unit vector ui is expressed as:

ui =
[
− sin ηi sin γ cos ηi sin γ − cos γ

]T
(3.16)

where ηi = 2(i− 1)π/3, i = 1, 2, 3.

Unit vector wi in the coordinate system xyz is expressed as:

wi =




−sηisγcα1 + (cηisθi − sηicγcθi)sα1

cηisγcα1 + (sηisθi + cηicγcθi)sα1

−cγcα1 + sγcθisα1


 (3.17)

Unit vector vi is a function of the mobile-platform orientation, namely,

vi =
[
vix viy viz

]T
= Qv∗i (3.18)

where v∗i is the unit vector of the top revolute joint axis when the mobile platform is at

its home configuration:

v∗i =
[
− sin ηi sinβ cos ηi sinβ cosβ

]T
(3.19)

The inverse kinematics of SPMs is solved by making use of the following equation:

wi · vi = cosα2, i = 1, 2, 3 (3.20)

3.3.1 Kinematic Jacobian Matrix

Let ω = [ωx ωy ωz]
T denote the angular velocity of the mobile-platform, the screws

velocity equation via the ith leg can be stated as

$ω =

[
ω

0

]
= θ̇i$̂

i
A + ψ̇i$̂

i
B + ξ̇i$̂

i
C (3.21)
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with the screws for the revolute joints at points Ai, Bi and Ci expressed as

$̂iA =

[
ui

0

]
, $̂iB =

[
wi

0

]
, $̂iC =

[
vi

0

]
(3.22)

Since the axes of the two passive revolute joints in each leg lie in the plane BiOCi, the

following screw is reciprocal to all the revolute joint screws of the ith leg and does not

lie in its constraint wrench system:

$̂ir =

[
0

wi × vi

]
(3.23)

Applying the orthogonal product (◦) to both sides of Eqn. (3.21) yields

$̂ir ◦ $ω = (wi × vi)
T ω = θ̇iui · (wi × vi) = (ui ×wi) · viθ̇i (3.24)

As a consequence, the expression mapping from the mobile platform twist to the input

angular velocities is stated as:

Aω = Bθ̇ (3.25)

with

A =
[
w1 × v1 w2 × v2 w3 × v3

]T
(3.26a)

B = diag
[
(u1 ×w1) · v1 (u2 ×w2) · v2 (u3 ×w3) · v3

]
(3.26b)

where θ̇ =
[
θ̇1 θ̇2 θ̇3

]T
. Matrices A and B are named as the forward and inverse

Jacobian matrices of the manipulator, respectively. If B is nonsigular, the kinematic

Jacobian matrix J is obtained as:

J = B−1A =
[
j1 j2 j3

]T
(3.27)

with

ji =
wi × vi

(ui ×wi) · vi
, i = 1, 2, 3 (3.28)

3.3.2 Velocity and Acceleration Analysis

Figure 3.4 demonstrates the movements of the proximal and distal links and mobile

platform. ω = [ωx ωy ωz]
T stands for the angular velocity of the mobile platform in the

reference coordinate frame xyz.
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Figure 3.4: The movements of the mobile platform and links.

The previously defined rotation matrix (3.2) is kinematically equivalent to the Euler

convention Z-Y -Z of Rz(φ)Ry(θ)Rz(σ − φ), thus, the relationship between the angle

rates ϕ̇ =
[
φ̇ θ̇ σ̇

]T
and the angular velocity ω is found as [159]:




ωx

ωy

ωz


 =




−sθcφ −sφ sθcφ

−sθsφ cφ sθsφ

1− cθ 0 cθ







φ̇

θ̇

σ̇


→ ω = Φϕ̇ (3.29)

Differentiating Eqn. (3.29) with respect to time yields

ω̇ = Φϕ̈+ Φ̇ϕ̇ = Φϕ̈+

(
∂Φ

∂φ
φ̇+

∂Φ

∂θ
θ̇ +

∂Φ

∂σ
σ̇

)
ϕ̇ (3.30)

with

∂Φ

∂φ
=




sθsφ −cφ −sθsφ

−sθcφ −sφ sθcφ

0 0 0


 ,

∂Φ

∂θ
=




−cθcφ 0 cθcφ

−cθsφ 0 cθsφ

sθ 0 −sθ


 ,

∂Φ

∂σ
= 03 (3.31)



Chapter 3. Spherical Parallel Manipulator 33

Movements of mobile platform

The velocities of the mobile platform is expressed as vp = ω×R cosβp and the angular

velocities in its local frame is found as




ω′x
ω′y
ω′z


 =




−sθc(σ − φ) s(σ − φ) 0

sθs(σ − φ) c(σ − φ) 0

cθ − 1 0 1







φ̇

θ̇

σ̇


→ ω′ = Φ′ϕ̇ (3.32)

Similarly, the angular accelerations is expressed as

ω̇′ = Φ′ϕ̈+ Φ̇′ϕ̇ = Φ′ϕ̈+

(
∂Φ′

∂φ
φ̇+

∂Φ′

∂θ
θ̇ +

∂Φ′

∂σ
σ̇

)
ϕ̇ (3.33)

with

∂Φ′

∂φ
=




−sθs(σ − φ) −c(σ − φ) 0

−sθc(σ − φ) s(σ − φ) 0

0 0 0


 ,

∂Φ′

∂θ
=




−cθc(σ − φ) 0 0

cθs(σ − φ) 0 0

−sθ − 1 0 0




∂Φ′

∂σ
=




sθs(σ − φ) −c(σ − φ) 0

sθc(σ − φ) −s(σ − φ) 0

0 0 0


 (3.34)

Movements of the distal links

The angular velocities of the intermediate passive joints ψ̇ =
[
ψ̇1 ψ̇2 ψ̇3

]T
are ob-

tained by referring to the computation of the active velocity θ, expressed as:

ψ̇ = [jψ1 jψ2 jψ3]
T ω = Jψω, jψi =

ui × vi
(ui × vi) ·wi

(3.35)

Therefore, the angular velocities of the ith distal link in the reference coordinate system

xyz is expressed as:

ωli = θ̇iui + ψ̇iwi (3.36)

Let ωi =
[
ωix ωiy ωiz

]T
denotes the angular velocities of the ith link in its inertial

frame, then we have:

ωixeix + ωiyeiy + ωizeiz = Eiωi = ωli (3.37)

with

eix =
xi
‖xi‖

=
wi + vi
‖wi + vi‖

, eiy =
yi
‖yi‖

=
vi −wi

‖vi −wi‖
, eiz =

zi
‖zi‖

=
wi × vi
‖wi × vi‖

(3.38)
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Since Ei is an orthogonal matrix, the angular velocities of the ith link in its inertial

frame is found as

ωi = ET
i ωli (3.39)

The velocity of the mass center of the ith link is obtained by virtue of the velocity of

the middle point of line segment BiCi:

viBC =
1

2

(
ω × vi + θ̇iui ×wi

)
R = R cos

α2

2
ωiBC × eix (3.40)

Thus, the velocity of the ith link is expressed as:

vli = ωiBC × eixx̄l2 =
1

2
csc

α2

2
x̄l2

(
ω × vi + θ̇iui ×wi

)
(3.41)

where x̄l2 denotes the position of the gravity center of a curved link can be found in

Appendix A together with other details.

3.4 Dynamic Modeling of a 3-RRR SPM

The dynamics of the SPM can be solved by applying the Lagrange equation below

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
+ CT

qλ = τ (3.42)

where L ≡ T − V is the Lagrangian of the system and q =
[
θ1 θ2 θ3 φ θ σ

]T
.

Cq =
[
B −AΦ

]
is the constraint Jacobian where A and B are defined in Eqn. (3.25)

and λ =
[
λ1 λ2 λ3

]T
is a vector of Lagrange multipliers. τ =

[
τTθ 01×3

]T
is the

vector of torques in the Lagrangian coordinates, where τθ =
[
τ1 τ2 τ3

]T
characterizes

the actuator torques.

The kinetic energy T of the system includes:

• The kinetic energy Tl1 of the proximal links is expressed as:

Tl1 =
1

2

(
ml1x̄

2
l1 sin2 α1

2
+ Il1

)
θ̇T θ̇ (3.43)

where ml1 is the mass of the lower link and x̄l1 denotes its mass center. Il1 is the

mass moment of inertia about ui given in Appendix A with α1.
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• The kinetic energy Tl2 of the distal links is given by:

Tl2 =
1

2

3∑

i=1

(
ωTi Ilωi +ml2v

T
livli

)
(3.44)

where ml2 is the mass of the curved link and Il = diag
[
Lxx Lyy Lzz

]
de-

scribes its mass moment of inertia in its local frame. ωi and vli are expressed

in Eqns. (3.39) and (3.41), respectively.

• The kinetic energy Tp of the mobile platform is:

Tp =
1

2
mpv

T
p vp +

1

2
ω′T Ipω

′ (3.45)

where mp is the mass of the mobile-platform and Ip = diag
[
Ixx Iyy Izz

]
denotes

the mass moments of inertia in its local frame.

Thus, the kinetic energy T can be written in the following form:

T = Tl1 + Tl2 + Tp =
1

2
q̇TM(q)q̇ =

1

2
q̇T

[
M1 03×3

03×3 Φ′T IpΦ
′ + ΦTM2Φ

]
q̇ (3.46)

with

M1 =
(
ml1x̄

2
l1 sin2 α1

2
+ Il1

)
13 + diag

[
Lθ1 Lθ2 Lθ3

]
(3.47a)

M2 = mpR
2 cos2 β[p]T×[p]× +

3∑

i=1

(
1

4
csc2

α2

2
ml2x̄

2
l2Lli + Rli

)
(3.47b)

and

Lθi =
1

4
csc2

α2

2
ml2x̄

2
l2n

T
i ni + uTi Iliui (3.48a)

Lli = [vi]
T
×[vi]× + [vi]×nij

T
i + jin

T
i [vi]

T
× (3.48b)

Rli = jiu
T
i Iliwij

T
ψi + jψiw

T
i Iliuij

T
i + jψiw

T
i Iliwij

T
ψi (3.48c)

where ni = ui ×wi and Ili = EiIlE
T
i . [·]× stands for the skew-symmetric matrix whose

elements are from the corresponding vector and 13 is the Identity matrix.

The potential energy V of the system is obtained as:

V = mpgR cosβkTp +ml1gx̄l1

3∑

i=1

kT l1i +ml2gx̄l2

3∑

i=1

kTeix (3.49)

where k is the unit vector of z-axis and l1i = hi/‖hi‖, hi = ui + wi.
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The first term in Eqn. (3.42) is obtained as below:

d

dt

(
∂L

∂q̇

)
= M(q)q̈ + Ṁ(q)q̇ = M(q)q̈ +

[
Ṁ1(q) 0

0 Ṁ2(q)

]
q̇ (3.50)

with

Ṁ1(q) = diag
[
L̇θ1 L̇θ2 L̇θ3

]
(3.51a)

Ṁ2(q) = Φ̇′
T
IpΦ

′ + Φ′T IpΦ̇
′ + Φ̇TM2Φ + ΦTṀ2Φ + ΦTM2Φ̇ (3.51b)

These time-derived terms are given in Appendix B.

The second term in Eqn. (3.42) is given by:

∂L

∂q
=
∂T

∂q
− ∂V

∂q
= Tq − Vq (3.52)

with

Tq =
[
Tθ1 Tθ2 Tθ3 Tφ Tθ Tσ

]T
(3.53a)

Vq =
[
Vθ1 Vθ2 Vθ3 Vφ −mpgR cosβ sin θ + Vθ Vσ

]T
(3.53b)

and

Tθi =
1

2
θ̇2i
∂Lθi
∂θi

+
1

2
ωT
(

1

4
csc2

α2

2
ml2x̄

2
l2

∂Lli
∂θi

+
∂Rli

∂θi

)
ω, i = 1, 2, 3 (3.54a)

Tµ =
1

2

3∑

i=1

θ̇iu
T
i

∂Ili
∂µ

ui +
1

2
ϕ̇T

∂M(q)

∂µ
ϕ̇, µ ∈ {φ, θ, σ} (3.54b)

Vθi = ml1gx̄l1k
T
∂wi
∂θi

‖hi‖
+ml2gx̄l2k

T
∂wi
∂θi

‖xi‖
(3.54c)

Vµ = ml2gx̄l2

3∑

i=1

kT
∂vi
∂µ

‖xi‖
(3.54d)

where

∂Lθi
∂θi

=
1

2
csc2

α2

2
ml2x̄

2
l2n

T
i

∂ni
∂θi

+ uTi
∂Ili
∂θi

ui (3.55a)

∂M(q)

∂µ
=
∂Φ′T

∂µ
IpΦ

′ + Φ′T Ip
∂Φ′

∂µ
+
∂ΦT

∂µ
M2Φ + ΦTM2

∂Φ

∂µ
+ ΦT ∂M2

∂µ
Φ (3.55b)

These variable-derived terms are given in Appendix B.

Moreover, differentiating Eqn. (3.25) with respect to time yields

Cqq̈ = −Ċqq̇ (3.56)
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(a) (b)

Figure 3.5: Kinematic structure of unlimited rolling motion spherical parallel manip-
ulator: (a) SPM under study, (b) an alternative structure.

with

Cqq̈ = Cq

[
θ̈T φ̈T

]T
, −Ċqq̇ = −

[
Ḃ −ȦΦ−AΦ̇

]
q̇ (3.57)

and

Ȧ =
[
j̇A1 j̇A2 j̇A3

]T
, j̇Ai = θ̇iẇi × vi + wi × v̇i (3.58a)

Ḃ = diag
[
j̇B1 j̇B2 j̇B3

]
, j̇Bi = θ̇i (ui × ẇi) · vi + (ui ×wi) · v̇i (3.58b)

where ẇi = θ̇iui ×wi and v̇i = ω × vi.

Writing Eqns. (3.42) and (3.56) jointly [158] leads to

[
M(q) CT

q

Cq 0

][
q̈

λ

]
=

[
τθ − Ṁ(q)q̇ + Tq − Vq

−Ċqq̇

]
(3.59)

With an external moments m, the actuator torques are found:

τa = τθ − J−Tm (3.60)

3.5 Numerical Simulation

The proposed spherical parallel manipulator is a special case with γ = 0, as shown in

Figure 3.5(a), which consists of a mobile platform, a circular guide, three sliding units

and three curved links. This SPM has an alternative structure as shown in Figure 3.5(b).

Based on the kinematics and dynamics, a simplified numerical example is given to illus-

trate the motion of the spherical parallel manipulator with MatlabTM/simulink [160] as
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shown in 3.6(a). Besides, an independent simulation model by AdamsTM displayed in

Figure 3.6(b) is created for comparison.

In these two models, the proximal links are replaced with the sliding units of mass ms

described in Figure 3.5(a). The parameters of the spherical parallel manipulator are

given by Table 3.1, where a is the side length of the squared cross-section of the curved

link and R is the midcurve. The initial conditions are listed in Table 3.2 with two

payload cases. The mass and inertia properties are given in Table 3.3.

The simulation results are shown in Figure 3.7, from which it is seen that these two

models generates quite close results.

Table 3.1: The design variables of the SPM simulation model.

α1 [deg] α2 [deg] β [deg] a [m] R [m]

60 80 75 0.010 0.100

Table 3.2: The initial conditions of the numerical simulation.

[φ, θ, σ] [rad] [θ̇1, θ̇2, θ̇3] [rad/s] Case 1: m [Nm] Case 2: m [Nm]

[0, π/6, 0] [−8, −7, −9] 0 [0.1, 0.1, 0.1]

Table 3.3: Mass and inertia properties of the SPM model.

Mobile platform Curved link Sliding unit
mp [kg] Ip [10−4 kg m2] ml [kg] Il [10−4 kg m2] ms [kg]

0.332 [3.855 3.855 7.688] 0.114 [1.852 0.089 1.921] 0.123
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(a)

(b)

Figure 3.6: Simulation models: (a) MatlabTM/simulink, (b) AdamsTM.
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Figure 3.7: Simulation results (solid line stands for MatlabTM solver, dot-line for
AdamsTM): (a) Velocity and acceleration of the mobile platform, (b) active joint torques

of Case 1, (c) active joint torques of Case 2.
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Error Modeling and Experimental
Validation of a Planar 3-PPR
Parallel Manipulator With Joint
Clearances
This paper deals with the error modeling and analysis of a 3-PPR planar parallel manip-
ulator with joint clearances. The kinematics and the Cartesian workspace of the manipu-
lator are analyzed. An error model is established with considerations of both
configuration errors and joint clearances. Using this model, the upper bounds and distri-
butions of the pose errors for this manipulator are established. The results are compared
with experimental measurements and show the effectiveness of the error prediction
model. [DOI: 10.1115/1.4007487]

1 Introduction

The planar parallel manipulators (PPMs) with three identical ki-
nematic chains are special parallel manipulators (PMs), whose
motion is confined in a plane. For this type of PM, the error mod-
eling and analysis are important for both design and control in
order to utilize the PMs potential of high accuracy in applications.

A number of works on accuracy analysis of parallel mecha-
nisms can be found in the literature. Ryu and Cha derived a volu-
metric error model and a total error transformation matrix from a
differential inverse kinematic equation, which includes possible ki-
nematic error sources [1]. Liu et al. reported an approach of geo-
metric error modeling for lower mobility manipulators by explicitly
separating the compensatable and uncompensatable error sources
affecting the pose accuracy [2]. Yu et al. reported a simple geomet-
ric approach to computing the exact local maximum position and
orientation error by illustrating several different types of 3-dof pla-
nar parallel robots [3]. Briot and Bonev proposed a method based
on geometric approach for detailed error analysis of a fully parallel
robot with three translations and one rotation that brings valuable
understanding of the error amplification problem [4].

Research focusing on the influence of joint clearances has been
reported too. Lin and Chen proposed a homogeneous error trans-
formation matrix to assess the effects of joint clearances on pose
errors [5]. Ting et al. presented a simple method to identify the
worst position and direction errors due to the joint clearance of
linkages and manipulators, which offers a geometrical model to
warranty the precision of a mechanism [6]. Fogarasy and Smith
utilized the derivatives of the closure equations to obtain a first
order approximation of the output error, which is called the Jaco-
bian method [7]. Regarding the errors of universal and spherical
joints due to clearances as a part of link errors, Lim et al. [8] ana-
lyzed the dynamic error of a cubic parallel mechanism by using
its forward kinematics. Castelli and Venanzi applied the virtual
work principle to determine the position of the end-effector when
a given external load is applied [9,10]. Meng et al. proposed an
error model of PMs subject to joint clearances by formulating the
error prediction model as a standard convex optimization problem
[11], of which the constraints are formed through a set of inequal-
ities about the joint clearances. A general error prediction model
considering joint clearances was established for serial and parallel

manipulators by means of differential screw theory in Ref. [12]. It
was used to analyze the kinematic sensitivity of a 3-PPR parallel
manipulator to joint clearances in Ref. [13]. Wei and Simaan pro-
posed an approach for designing inexpensive planar parallel
robots with prescribed backlash-free workspace by using pre-
loaded flexible joints to replace the passive joints [14]. Among the
sources of errors, the influence of assembly and manufacturing
errors and actuation errors can be eliminated as indicated in Refs.
[5,15–17] by calibration, except joint clearances due to its low
repeatability. It means that the pose errors due to joint clearances
require a special consideration. Simple and valid methods of error
modeling for PPMs are needed for accuracy analysis.

In this paper, the error analysis of PPMs is studied with consid-
eration of both configuration errors and joint clearances. An error
model is established, upon which the maximal error problem was
transformed into an optimization problem. The distributions of
global maximal pose errors in the prescribed workspace can be
formulated effectively. Moreover, the error model based on the
joint clearances was validated experimentally. The work was con-
ducted for a novel 3-PPR PPM with a nonsymmetrical base [18],
which has a larger workspace and the same level of motion accu-
racy compared to the traditional symmetrical PPMs.

This paper is organized as follows. The architecture of the ma-
nipulator under study is presented in Sec. 2. The kinematics and
Cartesian workspace are analyzed in Sec. 3. The error prediction
model is established in Sec. 4. Sections 5 and 6 present the experi-
mental validation, in which measured results are compared with
the simulations. The work is concluded in Sec. 7.

2 Manipulator Under Study

Figure 1 presents the Computer-Aided Design (CAD) model of
the planar 3-PPR parallel manipulator with a rigid equilateral
triangle-shape moving platform (MP). Here and throughout this
paper, P and R stand for prismatic and revolute joints, respec-
tively. An underlined letter indicates an actuated joint. Each leg is
driven by a CAL 35 actuator, a high resolution linear motor built
with an encoder of 5 lm accuracy from SMAC company [19]. A
THK linear guide of model HRW17 is used as the active prismatic
joint P. A linear bearing mounted on the slider of the linear guide
is used as the passive prismatic joint in each leg. The ball joints in
Fig. 1 are preloaded, of which joint clearance does not exist. For
the built physical prototype, the end-effector can also be replaced
by a disk-shape MP with ordinary revolute joints to couple the
three legs, but this introduces more error sources due to the clear-
ances between the pin and the hole of the revolute joint.

1Corresponding author.
Contributed by the Mechanisms and Robotics Committee of ASME for publica-

tion in the JOURNAL OF MECHANISMS AND ROBOTICS. Manuscript received August 15,
2011; final manuscript received August 6, 2012; published online September 17,
2012. Assoc. Editor: Delun Wang.
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The parameterization of the 3-PPR PPM is illustrated in Fig. 2,
where Ai, i¼ 1, 2, 3, are fixed points on the base. The x-axis of the
coordinate system F b is parallel to the segment A1A2. The origin
P of the coordinate system F p is located at the geometric center
of the triangle DD1D2D3 on the moving platform and the X-axis is
parallel to the segment D1D2, where Di, i¼ 1, 2, 3, are the centers
of the revolute joints. The translational and orientational displace-
ments of the MP are denoted by p and /, where p¼ [x, y], x and y
being the Cartesian coordinates of point P in F b.

3 Kinematic Modeling of the 3-PPR PPM

The kinematic modeling of the manipulator is described in this
section. The workspace and singularities of the manipulator are
also analyzed based on its closure equations.

From the closed-loop kinematic chains O� Ai � Bi � Ci � Di

�P� O shown in Fig. 2, the position vector of point P can be
expressed in F b as follows:

p ¼ aihi þ siui þ divi þ liwi þ riki; i ¼ 1; 2; 3 (1)

with

hi ¼
cos ai

sin ai

� �
; ui ¼

cos b0i
sin b0i

" #
; vi ¼

cos c0i
sin c0i

� �
;

wi ¼
cos h0i
sin h0i

" #
; ki ¼

cosð/þ wiÞ
sinð/þ wiÞ

� �

and

b0i ¼ ai þ bi; c
0
i ¼ ai þ bi þ ci; h

0
i ¼ ai þ bi þ ci þ hi

The inverse kinematics of the manipulator can be derived from
Eq. (1)

si ¼ ðwT
i EuiÞ�1

wT
i E p� aihi � divi � rikið Þ (2a)

li ¼ ðuT
i EwiÞ�1

uT
i E p� aihi � divi � rikið Þ (2b)

matrix E is the right angle rotation matrix defined as

E ¼ 0 �1

1 0

� �

Equation (1) establishes a system of six equations. The forward
displacements can be solved by virtue of analytical method. The
velocity expression of the manipulator can be derived from
Eq. (1) as below

A
_p

_/

" #
¼ B_s (3)

with

A ¼
wT

1 ET �r1wT
1 k1

wT
2 ET �r2wT

2 k2

wT
3 ET �r3wT

3 k3

2
64

3
75 (4a)

B ¼ diag wT
1 ETu1 wT

2 ETu2 wT
3 ETu3

� �
(4b)

_s ¼ ½ _s1 _s2 _s3 �T (4c)

where A and B are the forward and backward Jacobians of the ma-
nipulator, respectively. The kinematic Jacobian matrix J of the
manipulator takes the form

J ¼ A�1B (5)

Matrix A is singular, i.e., the manipulator reaches a parallel singu-
larity, when / ¼ 6p=2. Matrix B is never singular, namely, the
manipulator is free of serial singularity.

The reachable area of the moving platform with a constant ori-
entation can be obtained geometrically by means of searching
method [13,18], where the inverse kinematics model, namely,
Eqs. (2a) and (2b), establish a system of 12 inequations by virtue
of the joint motion limits to formulate the motion constraints
of the MP. With the parameters shown in Table 1 and ri ¼ r
¼ 30 mm; ai ¼ 192:34 mm, i¼ 1, 2, 3, constant-orientation Carte-
sian workspaces for three orientations of the MP are illustrated in
Fig. 3.

4 Error Modeling of a 3-PPR PPM

Here, a methodology introduced in Ref. [20] was used to derive
the error model of the MP pose with regard to variations in the
actuated and passive joints as well as in the Cartesian coordinates
of points Ai;Bi;Ci, and Di, i¼ 1, 2, 3.

Fig. 1 CAD model of a 3-PPR PPM

Fig. 2 Parameterization of the 3-PPR PPM

Table 1 The design parameters of the 3-PPR PPM

i aiðradÞ b0iðradÞ c0i; h
0
iðradÞ wiðradÞ diðmmÞ

1 �2.781 p=2 0 p=6 114
2 �0.360 p=2 p 5p=6 27
3 1.751 0 �p=2 3p=2 42
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4.1 Error Prediction Model. The clearance in the revolute
joint between the ith leg and the moving platform is characterized
by the small displacement between points Di and point D0i as
shown in Fig. 4. Upon differentiation of Eq. (1), we obtain the
positioning error of point P with respect to each leg

dp ¼ daihi þ aidaiEhi þ dsiui þ sidb0iEui þ ddivi

þ didc0iEvi þ dliwi þ lidh0iEwi þ dqini

þ driki þ riðd/þ dwiÞEki; i ¼ 1; 2; 3

(6)

where

db0i ¼ dai þ dbi

dc0i ¼ dai þ dbi þ dci

dh0i ¼ dai þ dbi þ dci þ dhi

(7)

where dp and d/ are the positioning and orientation errors of the
moving platform expressed in F b, respectively. Moreover,
dai; dai; dsi; dbi; ddi; dci; dli; dhi; dri, and dwi denote variations in
the geometric parameters illustrated in Fig. 4. In addition, dqi is a
small displacement between point Di and point D0i due to the
clearance in the ith revolute joint and ni ¼ ½cos ui; sin ui�T , as
illustrated in Fig. 5(b). Substituting Eqs. (7) into (6) and eliminat-
ing the idle variation dli lead to

wT
i ETdp ¼ daiw

T
i EThi þ dai wT

i aihi þ siui þ divið Þ þ li

� �
þ dsiw

T
i ETui þ dbi wT

i siui þ divið Þ þ li

� �
þ ddiw

T
i ETvi þ dciðdiw

T
i vi þ liÞ þ lidhi

þ dqiw
T
i ETni þ driw

T
i ETki þ riðd/þ dwiÞwT

i ki

(8)

Equation (8) can be cast in vector form

A

dx

dy

d/

2
664

3
775 ¼ Ha

da1

da2

da3

2
664

3
775þHa

da1

da2

da3

2
664

3
775þ B

ds1

ds2

ds3

2
664

3
775

þHb

db1

db2

db3

2
664

3
775þHd

dd1

dd2

dd3

2
664

3
775þHc

dc1

dc2

dc3

2
664

3
775

þHh

dh1

dh2

dh3

2
664

3
775þHq

dq1

dq2

dq3

2
664

3
775

þHr

dr1

dr2

dr3

2
664

3
775þHw

dw1

dw2

dw3

2
664

3
775

(9)

where all Hq; q 2 a; a;b; d; c; h;q; r;wf g, are 3� 3 matrices as
given in Appendix A. Moreover, assuming that A is nonsingular,
the multiplication of both sides of Eq. (9) by A�1 leads to

dx

dy

d/

2
664

3
775 ¼ Ja

da1

da2

da3

2
664

3
775þ Ja

da1

da2

da3

2
664

3
775þ J

ds1

ds2

ds3

2
664

3
775þ Jb

db1

db2

db3

2
664

3
775

þ Jd

dd1

dd2

dd3

2
664

3
775þ Jc

dc1

dc2

dc3

2
664

3
775þ Jh

dh1

dh2

dh3

2
664

3
775

þ Jq

dq1

dq2

dq3

2
664

3
775þ Jr

dr1

dr2

dr3

2
664

3
775þ Jw

dw1

dw2

dw3

2
664

3
775

(10)

with

Jq ¼ A�1Hq; q 2 fa; a;b; d; c; h;q; r;wg (11)

where J and Jq are the sensitivity coefficients of the MP pose of
the manipulator to variations in terms of coordinates of each link
[20]. It will be more useful to find the sensitivity coefficients in
the coordinates of all joint positions, namely, points Ai;Bi;Ci, and
Di. By making use of

daix

daiy

� �
¼ cos ai �ai sin ai

sin ai ai cos ai

� �
dai

dai

� �
(12a)

dbix

dbiy

� �
¼ cos bi �si sin bi

sin bi si cos bi

� �
0

dbi

� �
(12b)

dcix

dciy

� �
¼ cos ci �di sin ci

sin ci di cos ci

� �
ddi

dci

� �
(12c)

ddix

ddiy

� �
¼ cos wi �ri sin wi

sin wi ri cos wi

� �
dri

dwi

� �
(12d)

Fig. 3 Constant-orientation workspaces

Fig. 4 Parameterization of the ith leg
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Equation (10) is transformed as

dp

d/

� �
¼ J

ds1

ds2

ds3

2
64

3
75þ Jh

dh1

dh2

dh3

2
64

3
75þ Jq

dq1

dq2

dq3

2
64

3
75þ JA

da1x

da1y

da2x

da2y

da3x

da3y

2
666666664

3
777777775

þ JB

db1x

db1y

db2x

db2y

db3x

db3y

2
666666664

3
777777775
þ JC

dc1x

dc1y

dc2x

dc2y

dc3x

dc3y

2
666666664

3
777777775
þ JD

dd1x

dd1y

dd2x

dd2y

dd3x

dd3y

2
666666664

3
777777775

(13)

where daix and daiy (dbix and dbiy; dcix, and dciy, resp.) are the
positioning errors of point Ai (Bi;Ci, resp.), i¼ 1, 2, 3, along x-
and y-axes, namely, the variations in the Cartesian coordinates.
Notice that ddix and ddiy denote the positioning errors of points
D0i along X- and Y-axes, namely, the variations in the Cartesian
coordinates of D0i. The 3� 6 matrices JA; JB; JC, and JD can be
found in Appendix A. Equation (13) can be written in the follow-
ing form:

dp

d/

� �
¼ Jerrdvar (14)

where

Jerr ¼ J Jh Jq JA JB JC JD½ � (15a)

dvar ¼ dsT dhT dqT daT dbT dcT ddT
� �T

(15b)

with

ds ¼
ds1

ds2

ds3

2
64

3
75; dh ¼

dh1

dh2

dh3

2
64

3
75; dq ¼

dq1

dq2

dq3

2
64

3
75; de ¼

de1

de2

de3

2
64

3
75

dei ¼ deix deiy½ �T ; e 2 fa; b; c; dg; i ¼ 1; 2; 3

where Jerr is the global sensitivity Jacobian matrix and dvar is a
vector containing all variations. For a given posture, all submatri-
ces except Jq are known.

4.2 Modeling the Joint Clearances. Figure 5 illustrates the
assembly errors and clearances in the prismatic and revolute
joints. ddai; dbi; dcai and dhai, i¼ 1, 2, 3, are the assembly errors
while ddix and ddiy correspond to the manufacturing errors. More-
over, Drgi;Dsgi;Dsbi and Dqi are the displacements due to joint
clearances. Then, we have

ddi ¼ ddai þ Drgi; dci ¼ dcai þ Dsgi; dhi ¼ dhai þ Dsbi

The errors due to the clearances in the linear guides are character-
ized by the following constraints [11]:

� 2egi � LgDsgi þ 2Drgi � 2egi (16a)

� 2egi � �LgDsgi þ 2Drgi � 2egi (16b)

where egi specifies the lateral clearance and Lg is the length of the
linear guide block. Alternatively, the errors in the linear bearing
are constrained by the following condition:

Fig. 5 Geometric errors and joint clearances related to the ith leg: (a) prismatic joint and (b)
revolute joint

041008-4 / Vol. 4, NOVEMBER 2012 Transactions of the ASME



� ehi � Dsbi � ehi (17)

where ehi is the upper bound of Dsbi. Figure 5(a) demonstrates the
tolerances of the linear guides and bearing. The clearances in the
three revolute joints meet the following constraint:

0 � Dqi � eri; i ¼ 1; 2; 3 (18)

where eri is the range of variations Dqi due to the joint clearance
shown in Fig. 5(b).

4.3 Maximum Pose Errors of the Moving Platform With
Joint Clearances. The pose errors due to the assembly and actua-
tion errors can be determined from Eq. (14), while the errors due
to joint clearances will be solved by virtue of an optimization
method. When only joint clearances are considered, the relation-
ship between the pose errors and joint clearances becomes:

dp

d/

� �
¼ Jc

errd
c
var (19)

with

Jc
err ¼ Jh Jd Jc Jq½ �3�12!�

Jc
err;x

Jc
err;y

Jc
err;/

2
4

3
5 (20a)

dc
var ¼ Dsb1 Dsb2 Dsb3 Drg1 Drg2 Drg3 Dsg1 Dsg2 Dsg3 Dq1 Dq2 Dq3½ �T (20b)

where Jc
err;x; J

c
err;y; J

c
err;/ are three 1� 12 submatrices correspond-

ing to the first, the second, and the third rows of Jc
err. The maxi-

mum positioning error along x-axis, y-axis, and the maximum
orientation error of the MP, namely, dxmax; dymax and d/max, can
be obtained by solving the following optimization problem:

df2
max � max Jc

err;fd
c
var

� �2

for x; y;/ 2 X (21)

ST � 2egi � LgDsgi þ 2Drgi � 2egi

� 2egi � �LgDsgi þ 2Drgi � 2egi

� ehi � Dsbi � ehi

0 � Dqi � eri

0 � ui � 2p

i ¼ 1; 2; 3; f 2 fx; y;/g

where X denotes the Cartesian workspace of the manipulator defined
in Sec. 3. Optimization problem of Eq. (21) aims at finding sepa-
rately the maximum positioning errors along the x-axis and y-axis
and the maximum orientation error of the moving platform. Note
that the three maximum errors are subject to the same constraints,
hence, the optimization problems are written in a generalized form.

The maximum positioning error dpmax is obtained by solving
the following optimization problem:

dp2
max � max Jc

err;pd
c
var

� �T
Jc

err;pd
c
var

� �
for x; y;/ 2 X (22)

ST � 2egi � LgDsgi þ 2Drgi � 2egi

� 2egi � �LgDsgi þ 2Drgi � 2egi

� ehi � Dsbi � ehi

0 � Dqi � eri

0 � ui � 2p

i ¼ 1; 2; 3

where Jc
err;p ¼ ½ Jc

err;x
T

Jc
err;y

T �T . The foregoing optimization
problems are solved using the MATLAB fmincon function. Accord-
ing to the product catalogues, the clearance in the lateral direction
of the linear guide is equal to 3lm, namely, 2egi ¼ 2eg ¼ 3lm. As
a consequence, the errors due to the linear guides are negligible.
daix and daiy are set to zero too. Finally, the maximum position

error and the maximum orientation error of the MP can be
evaluated from Eqs. (21) and (22) for any configuration of the ma-
nipulator by known joint clearances and geometric tolerances.

5 Experimental Setup and Measurement Errors

A main purpose of the work is to experimentally validate the
error model developed. To this end, experiments have been con-
ducted in which the position and orientation of the MP were meas-
ured with a vision-based system composed of a single Charge-
Coupled Device (CCD) camera. The experimental setup is shown
in Fig. 6(a) and its specifications are given hereafter:

• DVT 554c smart camera with 1280� 1024 pixel resolution
(7:4lm� 7:4lm pixels) from Cognex [21] was fixed right
above the MP for pose measurements.

• INTELLECT 1.5.1, a vision software from Cognex [22], was
used to establish the communication with the camera via data
cable as shown in Fig. 6(b). The Blobs are used to locate
markers on the MP.

With this system, the position and orientation measurement
accuracies are 0.01 mm and 0.01 deg, respectively.

5.1 Measurements. Before the measurements, the system was
calibrated. A standard calibration paper with markers of 2 cm spacing
from Cognex was used to establish the reference frame. The calibra-
tion method is described in the INTELLECT 1.5 Guide [22].

5.1.1 Assembly Errors. In measuring configuration error, the
first linear guide was used as the y-axis of the reference frame, which
means db1 ¼ 0. The measurement is illustrated in Fig. 7. Four holes
on each linear guide were used as the markers. db2 and db3 can be
obtained by means of the INTELLECT software. Similarly, a perfect reg-
ular component with four uniformly distributed holes was used to
measure the assembly errors dcai and dhai by means of face to face
alignments. The measured assembly errors are listed in Table 2.

5.1.2 Joint Clearances. Figure 8 illustrates the method used to
measure the clearance in the linear bearing. Pushing the right end of
the shaft back and forth and measuring the difference of the two
counts dLB, the value of dLB=Ls was adopted as the bound of angular
clearance. For the revolute joint clearances, the diameters of the joint
pin and the cylinder were measured, respectively. The half value of
the difference of the two measurements was adopted as the clearance
bound. The bounds of the joint clearances were found as

Journal of Mechanisms and Robotics NOVEMBER 2012, Vol. 4 / 041008-5



ehi ¼ eh ¼ 0:0012 rad; i ¼ 1; 2; 3

er1 ¼ 0:039 mm; er2 ¼ 0:036 mm; er3 ¼ 0:037 mm

5.2 Pose Errors of MP. The measurements were conducted
with two cases:

• Case 1: a case with only clearances in the passive prismatic
joints

• Case 2: a case with clearances in both passive prismatic and
revolute joints

The two cases were physically implemented with two different
shapes for the moving platform in Sec. 2, respectively, namely,
the equilateral triangle MP (D-shape MP) and the disk-shape MP
(*-shape MP), which are associated with Cases 1 and 2. We first
fixed on the MP a calibration paper with 2� 2 marks of 2 cm sep-
aration in case 1. Then, i� j uniformly distributed points were
measured throughout the Cartesian workspace of the manipulator.

Fig. 6 A vision-based system for the moving platform pose measurement: (a) experimental
setup and (b) measurement interface

Fig. 7 Measurement of the assembly errors

041008-6 / Vol. 4, NOVEMBER 2012 Transactions of the ASME



During the measurements, the actuators were locked to eliminate
the errors in the actuators. At the (i, j) point, the MP was slightly
pushed bidirectionally along the x-axis, y-axis, and rotated about
the z-axis, respectively. The corresponding readings were noted as
ðx; y;/Þijþt and ðx; y;/Þij�t; t 2 fx; y; rg, respectively. The measured
positioning and orientation errors at the (i, j) point are defined as:

dxij ¼ max xij
þt; x

ij
�t

n o
�min xij

þt; x
ij
�t

n o
(23a)

dyij ¼ max yij
þt; y

ij
�t

n o
�min yij

þt; y
ij
�t

n o
(23b)

d/ij ¼ max /ij
þt;/

ij
�t

� 	
�min /ij

þt;/
ij
�t

� 	
(23c)

dpij ¼ max dpij
t

n o
; dpij

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxij
þt � xij

�tÞ2 þ ðyij
þt � yij

�tÞ2
q

(23d)

6 Results and Discussion

In this section, the predicted maximum pose errors from the
model and measured errors from the experiments are presented
and compared.

6.1 Error Distributions for Case 1. Figure 6 represents the
error distribution of the moving platform for a given orientation
/ ¼ 0. Figure 9(a) shows that the simulated dxmax is constant for
a given y-coordinate and decreases slightly with the y-coordinate.
dxmax is bounded between 0.196 mm and 0.256 mm, while dymax

and d/max are both constant, their values being equal to 0.100 mm
and 0.221 deg, respectively. The y-coordinate of point P, the geo-
metric center of the MP, and the orientation of the MP depend
only on the first and second prismatic actuators because of the par-
tial motion decoupling of the manipulator. Therefore, the maxi-
mum position error of the MP along the y-axis and its maximum
rotation error occur when Dsbi, i¼ 1, 2, reach their lower or upper
bounds. As a result, both dymax and d/max remain constant
throughout the Cartesian workspace of the manipulator. From Fig.
9(c), it is apparent that the maximum positioning error dpmax of
the MP is symmetrical with respect to the x-axis. The root-mean-
square deviation (RMSD) values between the simulations and
measurements are equal to 50 lm; 30 lm; 51 lm, and 0:057 deg,
for dx; dy; dp, and d/, respectively. From Fig. 6, it is noteworthy
that there is a good correlation between the measured positioning
errors and the simulated ones. On the other hand, the differences
between the measured orientation errors of the MP and the

Table 2 Measurements of assembly errors

i dbiðradÞ dcaiðradÞ dhaiðradÞ ddaiðmmÞ

1 0 0.016 �0.028 �0.12
2 0.014 0.020 �0.022 �0.08
3 �0.010 0.020 0.034 0.15

Fig. 8 Measurement of the angular clearance in the linear
bearing

Fig. 9 Comparison of error distributions for case 1 with a constant orientation / ¼ 0: The solid surface is obtained from simulation
while dot points from measurements
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Fig. 10 Comparison of error distributions for case 1 with a constant orientation / ¼ p=6

Fig. 11 Comparison of error distributions for case 2 with a
constant orientation / ¼ 0

Fig. 12 Comparison of error distributions for case 2 with a
constant orientation / ¼ p=6
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simulated ones are noticeable. To some extent, this is due to the
reason that angular measurement is more sensitive to the random
error and influence of environments, etc., than the positional
measurement.

The distributions of measured errors with constant orientation
/ ¼ p=6 are shown in Fig. 10. The simulated dxmax, as shown in
Fig. 10(a), varying from 0.224 mm to 0.253 mm, has a distribution
similar to that corresponding to / ¼ 0, while dymax is constant
along y-axis and increases gradually with the x-coordinate (see
Fig. 10(b)), from 0.103 mm to 0.123 mm. In Fig. 10(d), the simu-
lated orientation error d/max is constant and is equal to 0.264 deg.
The positioning error dpmax, varying from 0.226 mm to 0.268 mm,
increases when the measuring point moves from the upper left
corner to the lower right corner throughout the workspace as dis-
played in Fig. 10(c). The RMSD values between the simulations
and measurements of dx; dy; dp, and d/ are equal to 47 lm;

34 lm; 34 lm, and 0.103 deg, respectively. Therefore, the meas-
urements have a good correlation with the simulations.

6.2 Error Distributions for Case 2. In case 2, both pris-
matic and revolute joint clearances are considered. The distribu-
tions of the maximum pose errors are shown in Figs. 11 and 12.
By comparing Figs. 11 to 6, it can be found that the differences
between the simulation results and measurements really depend
on the orientation of the MP. For / ¼ 0, the RMSD values
between the simulations and measurements are equal to
77 lm; 62 lm; 81 lm, and 0.086 deg, for dx; dy; dp, and d/,
respectively. Although the difference between the simulations and
experiments in Fig. 11(b) under the given scale and unit seems
larger than the other results, however, the maximum value is
around 0.5 deg and the statistical analysis also shows that the dif-
ference is acceptable.

Fig. 13 Boxplot of the measurements for cases 1 and 2. Nos. 1 and 2 of horizontal axes stand for
the measurements with constant orientations / ¼ 0 and / ¼ p=6, respectively.

Journal of Mechanisms and Robotics NOVEMBER 2012, Vol. 4 / 041008-9



For / ¼ p=6, the RMSD values between the simulations and
measurements of dx; dy; dp and d/, are equal to 26 lm;
36 lm; 34 lm, and 0.063 deg, respectively. Note that the correla-
tion between the simulation results and the measurements is better
with / ¼ p=6 than / ¼ 0.

6.3 Discussion on Measurement Results. As shown in
Fig. 13, both for cases 1 and 2, the measurement errors with
/ ¼ p=6 are larger than that of / ¼ 0, which agrees with the dis-
tributions obtained from simulations. Moreover, the sample stand-
ard deviations (SSD) of the measured orientation errors are equal
to 0.052, 0.029, 0.086, and 0.034 deg, respectively. This means

that the measured orientation errors have very small fluctuations
among the discrete points. The positioning performance of the
robot, namely, their accuracy, is defined in accordance to ISO
9283: 1998 [23] as

APp ¼ dp;AP/ ¼ d/ (24)

where dp and d/ are the measured pose errors defined in Sec. 5.2.
Figure 14 shows the accuracy of the manipulator, where the meas-
ured points covering the maximum workspace are demonstrated
in Fig. 12(a). The position accuracy in measured points is
0:2� 0:35mm, while the orientation accuracy is 0:2� 0:45deg.

Fig. 14 Position and orientation accuracies at five poses

Fig. 15 Comparison between the measurements and simulation results for case 2 with a constant orientation / ¼ p=6
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The experiments show that most of the measurements line
along the boundaries established with the mathematical model,
with a few exceptions. In order to evaluate the comparison
between the simulations and measurements, we made a statistical
regression analysis [24], as shown in Fig. 15 for case 2 with a con-
stant orientation / ¼ p=6. Most of the simulation results are dis-
tributed in the measured error bands dmea62Amea except the
orientation errors, where dmea is the measurement error defined in
Sec. 5.2 and Amea is the accuracy of the measurement system in
Sec. 5. The deviations in the simulation results are equal to 0.02
mm and 0.023 deg, respectively, as derived from the measure-
ments of joint clearances. Although the simulated d/ are located
beyond the measured error band for some points, the maximum
difference between the two error bands is 0.086 deg, which means
that the simulation results are quite close to the measurements.
The possible reasons which cause disagreement between the simu-
lations and measurements are random and systematic errors, the
influence of the MP inclination and elastic deflection, etc.

7 Conclusions

In this paper, the pose error of a planar parallel manipulator was
studied. A new error model was developed for PPMs with due con-
siderations of both configuration errors and joint clearances. With
the model, the pose error estimation problem was formulated as an
optimization problem, which can estimate maximum pose errors.
The error analysis method was deduced and explained in detail.
This method can also be applied to planar serial mechanisms.

Another contribution lies in the experimental validation of the
error model. Experiments were conducted to obtain the distribu-
tion of pose errors throughout the workspace, the results being
compared with the errors estimated by the error model. It turns
out that there is a good correlation between the pose error simula-
tions and measurements. Moreover, the simulations show that the
angular clearances in the passive prismatic joints have much more
influence on the pose errors of the moving platform than the revo-
lute joint clearances. This is associated with the experiments, in
which the angular clearances in the linear bearings reach their tol-
erance bounds as much as possible. This suggests that one possi-
ble approach to eliminate the errors due to joint clearances is to
preload the joint. The validated work can be used for error analy-
sis and compensation in future work. Moreover, other error sour-
ces such as manufacturing errors will be considered.

Nomenclature

APp;AP/ ¼ position and orientation accuracy of the
manipulator

Dqi; eri ¼ radial displacement at the ith revolute
joint due to clearance and its tolerance

Drgi; eg ¼ lateral displacement at the ith actuated
prismatic joint (linear guide) due to clear-
ance and its tolerance

Dsbi; ehi ¼ angular displacement at the ith passive
prismatic joint (linear bearing) due to
clearance and its tolerance

Dsgi ¼ angular displacement at the ith actuated
prismatic joint (linear guide) due to
clearance

dc
var ¼ the vector of joint clearances

dvar ¼ the vector of variations in all design
parameters

daix; daiyðdbix; dbiy;

dcix; dciy; ddix; ddiyÞ
¼ variations in the Cartesian coordinates of

pointAiðBi;Ci;DiÞ
dx; dy ¼ MP positioning errors along x- and y-axis

dxij; dyij; d/ij; dpij ¼ measured values of x, y, orientation and
positioning errors of the MP at the (i, j)th
measurement point

dxmax; dymax;

d/max; dpmax

¼ simulated maximum values of x, y, orien-
tation and positioning errors of the MP

A, B ¼ forward and backward kinematic Jacobian
matrices

Jc
err ¼ sensitivity Jacobian matrix to joint

clearances
Jerr ¼ global sensitivity Jacobian matrix

p; dp ¼ Cartesian coordinates vector of point P
and its variations

/; d/ ¼ orientation of the moving platform and its
variation

li; dli ¼ displacement of the ith passive prismatic
joint and its variation

si; dsi ¼ displacement of the ith actuated prismatic
joint and its variation

F bðO; x; yÞ ¼ base coordinate frame
F pðP;X; YÞ ¼ coordinate frame attached to moving

platform

Appendix

The matrices in Eq. (9) are given below

Ha ¼ diag wT
1 ETh1 wT

2 ETh2 wT
3 ETh3

� �
(A1a)

Ha ¼ diag wT
1 a1h1 þ s1u1 þ d1v1ð Þ þ l1 wT

2 a2h2 þ s2u2 þ d2v2ð Þ þ l2
�

wT
3 a3h3 þ s3u3 þ d3v3ð Þ þ l3

�
(A1b)

Hb ¼ diag wT
1 s1u1 þ d1v1ð Þ þ l1 wT

2 s2u2 þ d2v2ð Þ þ l2 wT
3 s3u3 þ d3v3ð Þ þ l3

� �
(A1c)

Hd ¼ diag wT
1 ETv1 wT

2 ETv2 wT
3 ETv3

� �
(A1d)

Hc ¼ diag d1wT
1 v1 þ l1 d2wT

2 v2 þ l2 d3wT
3 v3 þ l3

� �
(A1e)

Hh ¼ diag l1 l2 l3½ � (A1f )

Hq ¼ diag wT
1 ETn1 wT

2 ETn2 wT
3 ETn3

� �
(A1g)

Hr ¼ diag wT
1 ETk1 wT

2 ETk2 wT
3 ETk3

� �
(A1h)

Hw ¼ diag r1wT
1 k1 r2wT

2 k2 r3wT
3 k3

� �
(A1i)

The matrices JA; JB; JC, and JD in Eq. (13) are expressed as

JA ¼ Ja Ja½ � Aa Aa½ ��1
6�6; Aa ¼ diag h1 h2 h3½ �; Aa ¼ diag a1Eh1 a2Eh2 a3Eh3½ � (A2a)

JB ¼ 03�3 Jb½ � Bs Bb½ ��1
6�6; Bs ¼ diag u01 u02 u03½ �; Bb ¼ diag s1Eu01 s2Eu02 s3Eu03½ � (A2b)
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JC ¼ Jd Jc½ � Cd Cc½ ��1
6�6; Cd ¼ diag v01 v02 v03½ �; Cc ¼ diag d1Ev01 d2Ev02 d3Ev03½ � (A2c)

JD ¼ Jr Jw½ � Dr Dw½ ��1
6�6; Dr ¼ diag k01 k02 k03½ �; Dw ¼ diag r1Ek01 r2Ek02 r3Ek03½ � (A2d)

with

u0i ¼
cos bi

sin bi

� �
; v0i ¼

cos ci

sin ci

� �
;k0i ¼

cos wi

sin wi

� �
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Spherical parallel manipulators (SPMs) with revolute joints work under the condition that all
joint axes intersect at the manipulator center, where the mobile platform (MP) center is
coincident with the center of the base platform. The center of each platform is the point of
concurrence of the axes of the three revolute joints attached to the platform. When limb
flexibility is considered, however, the MP center will shift away from the base platform center,
which consequently influences the manipulator performance, e.g., its orientation accuracy. In
this work, the stiffness of SPMs is analyzed, with focus on the MP center shift. The stiffness is
modeled by adopting the virtual-spring method. Castigliano's theorem is used to calculate the
limb deflection. The model is validated via FE analysis. Examples are included to show the
center shift of SPMs with different designs.

© 2014 Elsevier Ltd. All rights reserved.
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1. Introduction

A fundamental assumption for spherical parallel manipulators (SPMs) is that all links of the manipulator rotate about the
manipulator center [1], i.e., the point of concurrency of the axes of all nine revolute joints. This assumption is valid for rigid-body
motion or manipulators consisting of a ball-and-socket joint as the center of rotation. However, in the presence of link flexibility,
the axes of all joints may not intersect at one common point. In other words, the center of the mobile platform (MP) will shift
away from the center of the base platform. As this shift will consequently influence the performance of the manipulator
orientation accuracy, it is important to investigate this shift from a design perspective.

The center shift in question is the result of limb deformation, which can be quantified based on stiffness analysis. Of the
existing methods of stiffness modeling, the Virtual Joint Method (VJM), which is often called lumped modeling, has been widely
used to establish the stiffness model for parallel manipulators (PMs), as it provides acceptable accuracy in short computational
time. Gosselin first applied this approach to parallel manipulators [2], in which only actuator compliance was taken into account
under an unloaded equilibrium condition. Chen and Kao proposed the Conservative Congruence Transformation (CCT) [3] to
analyze the influence of changes of the robot geometry on the manipulator stiffness due to an external wrench. In general, link
flexibility was considered in the stiffness modeling. In Gosselin and Zhang's work [4], the flexible links were replaced with rigid
beams mounted on revolute joints supplied with torsional springs. This flexible-link, lumped-parameter model was also used by
Majou et al. [5] to characterize the stiffness of the Orthoglide robot. Quennouelle and Gosselin considered the influence of the
passive joints during stiffness modeling [6]. Combining the advantages of the existing methods, a systematic virtual-spring
method was proposed to analyze translational parallel manipulators [7], which considers the link deflection and the influence of
the passive joints simultaneously. The difference among the various VJM approaches lies in both the modeling assumptions and
the numerical techniques. The stiffness of different types of PMs has been extensively investigated, whereas the stiffness
modeling and analysis of this class of SPM have received less attention. Liu et al. [8] developed a stiffness model based on
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Gosselin's work [2], in which only the actuation compliance is considered. Recently, the stiffness analysis of a 3-RRP SPM was
conducted on the basis of strain energy and Castigliano's theorem, while ignoring the influence of the passive joints and strain
energy due to shear forces [9]. As SPMs are widely used as orientating devices, the previous stiffness analyses were limited to
investigate the orientational deformation. However, the translational deformation of SPMs is an important consideration [10]. It is
known that in the VJM approach, the Cartesian stiffness matrix relies on the calculation of both the mechanism Jacobian and
stiffness matrices in joint space. When applying the virtual spring method to SPMs, one challenge is the computational burden of
the complicated kinematics problem due to the products of trigonometric functions, since the inverse-kinematics solutions of all
the limbs are to be solved in advance, to derive the Jacobian, as in Pashkevich's approach [7]. Thus, a simple and fast procedure is
needed for modeling the stiffness of SPMs to investigate both the position and orientation accuracies.

In this paper, the MP center shift of spherical parallel manipulators is studied. A method to model the stiffness of SPMs for the
analysis of the shift is developed and validated through FE analysis. We adopted the virtual-spring method in connection with
Castigliano's theorem to calculate the limb stiffness in SPMs. Examples are included to illustrate the application of the method.

2. Problem formulation

A general spherical parallel manipulator is shown in Fig. 1. The ith limb consists of three revolute joints, whose axes are
parallel to the unit vectors ui, vi, andwi. All three limbs have identical architectures, defined by angles α1 and α2. Moreover, β and
γ define the geometry of two triangular pyramids on the base and the mobile platforms, respectively. The origin O of the base
coordinate system xyz is located at point O. The z axis is normal to the bottom surface of the base pyramid and points upwards,
while the y axis is located in the plane made by the z-axis and u1.

Under rigid-body motion, all the joint axes intersect at one point, namely, point O in Fig. 2(a). In a real-life system the
manipulator will deform when subjected to external loads. Assuming that both the MP and the base platform are rigid, while the
limb links are linearly elastic, the SPM will have two centers, one on the base platform, and one on the MP, which is movable, as
illustrated in Fig. 2(b). The modeling of the shift of the MP center and the associated orientation error are the main issues studied
here.

3. Error modeling of SPMs

Under the prescribed coordinate system, unit vector ui is derived as

ui ¼ —sinηi sinγ cosηi sinγ —cosγ
� �T ð1Þ

where ηi = 2(i − 1)π/3, i = 1, 2, 3.

Fig. 1. Architecture of a general SPM.
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The unit vector vi of the axis of the intermediate revolute joint in the ith leg is expressed as:

vi ¼
—sη i sγcα1 þ cη isθ i—sη icγcθ ið Þsα1
cη i sγcα1 þ sη isθ i þ cη icγcθ ið Þsα1

—cγcα1 þ sγcθ isα1

2
4

3
5 ð2Þ

The unit vector wi of the top revolute joint in the ith leg is a function of the orientation of the mobile platform, namely,

wi ¼ wix wiy wiz

h iT
¼ Qw�i ð3Þ

where Q is the rotation matrix that carries the MP from its reference orientation to the current one andwi
∗ is the unit vector of the

axis of the top revolute joint in the ith leg when the mobile platform is in its reference orientation, which is given as

w�i ¼ —sinη isinβ cosη isinβ cosβ½ �T ð4Þ

Let the input error of the SPMs be Δx, the orientation error of the mobile platform Δφ under rigid-body motion being derived
from

JΔφ ¼ Δx ð5Þ

where Δx = [Δθ1 Δθ2 Δθ3]T and Δφ = [Δφx Δφy Δφz]T. Moreover, J = [j1 j2 j3]T is the kinematic Jacobian matrix of the
manipulator [11], and ji = (vi × wi)/(ui × vi ⋅ wi).

3.1. The Cartesian stiffness matrix

Tomodel the center shift and orientation error for SPMswith flexible limbs,we need to find the overall stiffness of themanipulator
structure. The virtual-spring method is adopted in this work for stiffness modeling. In this method, link flexibility is replaced by an
n-dof virtual spring associated with the mobility freedoms describing both the static translational and rotational deflections and the
coupling between them, where the spring compliance is calculated by means of Euler–Bernoulli beam theory. The flexibility of the
single kinematic leg of the SPM in question is illustrated in Fig. 3(a), in accordance to the force diagram of Fig. 3(b) and the associated
deflection and joint displacements in Fig. 3(c), the corresponding virtual springs and passive joints being described below:

• a 1-dof virtual spring representing the actuator stiffness defined by the deflection Δθi;
• a 6-dof virtual spring describing the stiffness of the proximal curved link defined by the rotational deflection Δui1 = [Δu1i , Δu2i ,
Δu3i ]T and translational deflection Δui2 = [Δu4i , Δu5i , Δu6i ]T;

Fig. 2. Center separation of a SPM under an external wrench due to link flexibility.
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• a 1-dof passive R-joint between the two links in each leg, allowing one rotational displacement Δψi;
• a 6-dof virtual spring describing the stiffness of the distal curved link defined by the rotational deflection Δui3 = [Δu7i , Δu8i , Δu9i ]T

and translational deflection Δui4 = [Δu10i , Δu11i , Δu12i ]T;
• a 1-dof passive R-joint between the distal curved link and the moving platform, allowing one rotational displacement Δξi.

The center of the SPM, or the center of the base frame, is the designated origin of the reference frame of the mobile platform.
The small-amplitude deformation screw of the MP can be expressed as:

$iO ¼
Δφ
Δp

� �
¼ JiϕΔϕi þ JiuΔui ð6Þ

with

J iϕ ¼ $̂
i
A $̂

i
B $̂

i
C

h i
; Δϕ i ¼ Δθ i Δψ i Δξ i½ �T ð7aÞ

J iu ¼ $̂
i
u1 $̂

i
u2 … $̂

i
u12

h i
; Δu i ¼ Δui

1 Δui
2 … Δui

12

h iT
ð7bÞ

The corresponding unit screws are expressed as

$̂
i
A ¼

u i
0

� �
; $̂

i
B ¼

v i
0

� �
; $̂

i
C ¼

w i
0

� �

$̂
i
u1 ¼

r i1
b i�r

i
1

" #
; $̂

i
u2 ¼ $̂

i
B; $̂

i
u3 ¼

n i
1

b i�n
i
1

" #
; $̂

i
u4 ¼

0
r i1

� �
; $̂

i
u5 ¼

0
v i

� �
; $̂

i
u6 ¼

0
n i

1

� �

$̂
i
u7 ¼

r i2
c i�r

i
2

" #
; $̂

i
u8 ¼ $̂

i
C ; $̂

i
u9 ¼

n i
2

c i�n
i
2

" #
; $̂

i
u10 ¼

0
r i2

� �
; $̂

i
u11 ¼

0
w i

� �
; $̂

i
u12 ¼

0
n i

2

� �
ð8Þ

with

ni
1 ¼

ui�vi
ui�vik k ; ri1 ¼

vi�n
i
1

vi�ni
1

�� �� ; ni
2 ¼

vi�wi

vi�wik k ; ri2 ¼
wi�n

i
2

wi�ni
2

�� �� ð9Þ

Fig. 3. Flexible model of a single limb: (a) virtual spring model, where Ac stands for the actuator, Re for revolute joint; (b) force diagram of the ith limb, where τm

and τf stand for the moments and forces in frame r1i vin1
i (r2i win2

i ); (c) link deflections and joint displacements in the ith leg.
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where Δp = [Δx, Δy, Δz]T is the vector of positional error of the center of rotation. Moreover, bi and ci are the position vectors of
points Bi and Ci, respectively. Obviously, Δp is zero when only joint displacements are considered, by virtue of the zero vectors in

the lower parts of $̂
i
A, $̂

i
B and $̂

i
C. This means that the joint variations due to rigid-bodymotions of the links have no influence on the

position of the rotation center.
Eq. (6) relates the end-effector deflection to the articulated joint displacements and elastic deformations in the ith leg, which

can be rewritten by separating all the variation terms into those of the passive joints and the ones due to elastic deflections and
actuator compliance,

$iO ¼ JiθΔθi þ JiqΔqi ð10Þ
with

J iθ ¼ $̂
i
A $̂

i
u1 … $̂

i
u12

h i
∈R6�13

; Δθi ¼ Δθi Δui
1 …Δui

12

h iT
ð11aÞ

J iq ¼ $̂
i
B $̂

i
C

h i
∈R6�2

; Δqi ¼ Δψ i Δξ i½ �T ð11bÞ

Let the external wrench (six-dimensional array of force and moment) applied to the end of the ith leg be fi = [mex,i
T fex,iT ]T. On the

other hand, in accordance to Fig. 3(b), the force/torque causing the deflectionΔθi in the ith leg being denoted by τi = [τθi (τi1m)T (τi1f )T

(τi2m)T (τi2f )T]T, the equilibrium condition for the system is written as

Jiθ
T
f i ¼ τi; τi ¼ Ki

θΔθi ð12aÞ

Jiq
T
fi ¼ 0 ð12bÞ

where Kθ
i is the stiffness matrix in joint space. Combining Eqs. (10), (12a) and (12b), the kinetostatic model of the ith leg is

reduced to

Siθ Jiq
Jiq

T
02�2

" #
fi
Δqi

� �
¼ $iO

02�1

� �
ð13Þ

where the 6 × 6 block Sθi = Jθi (Kθ
i )−1Jθi T represents the spring compliance relative to the reference frame on the moving platform,

and the block Jqi takes into account the passive-joint influence on the MP motions.
Moreover, Kθ

i is a 13 × 13 matrix, describing the stiffness of the virtual springs and the actuators, which takes the form:

Ki
θ ¼

Ki
act 01�6 01�6

06�1 Ki
L1

06�6

06�1 06�6 Ki
L2

2
664

3
775 ð14Þ

where Kact
i describes the ith actuator stiffness, whileKi

L1 and Ki
L2 , respectively, are the 6 × 6 stiffness matrices of the proximal and

distal curved links in the ith leg. The compliance matrix Ki
L1 2ð Þ

� �—1
¼ Ci

1 2ð Þ, i = 1, 2, 3, of the proximal (distal) curved link can be

found using Castigliano's theorem, as presented in Section 3.2.
The matrix Jθi ∈ ℝ6 × 13 is the Jacobian matrix associated with the virtual springs and Jqi ∈ ℝ6 × 2 the one associated with the

passive joints. The Cartesian stiffness matrix Ki of the ith leg is extracted from the inverse of the matrix in Eq. (13)

K
0

i ¼
S i
θ J iq

J iq
T

02�2

" #—1

ð15Þ

As a result, the Cartesian stiffness matrix Ki mapping displacement screw to wrench is obtained as the first 6 × 6 block in Ki
′.

From f = ∑ i=1
3 fi, $Oi = $O and fi = Ki$Oi , the Cartesian stiffness matrix K of the system is found by simple addition in accordance

to f = K$O, namely,

K ¼∑3
i¼1 Ki ð16Þ

The stiffness matrix K consists of rotational, translational and coupling blocks. Liu's stiffness matrix [8], K = JKactJT, and
Enferadi's [9] only considered the rotational block. Compared to Liu's and Enferadi's models developed through force analysis,
matrix Eq. (16) can be readily used for SPM parameterization and design optimization.
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The SPM deformation screw is found as:

$O ¼ ΔφT ΔpT
h iT

¼ K—1 f ð17Þ

Compared to the conventional error formulation of Eq. (5), the derived error model Eq. (17) includes not only the
orientational deflection but also the positional deflection as expressed by Eq. (6). The translational displacement Δp in $O will not
necessarily vanish when an external wrench is applied to the end-effector. This means that the centers of the two plates have
separated. To make it clear, we denote the separation of the two centers as the MP center shift.

3.2. Compliance matrix formulation of curved beam

To derive the stiffness of the SPM limb, the compliance of a circular curved beam is to be formulated. A cantilever with forces
and moments applied onto the free end is shown in Fig. 4, the corresponding compliance matrix C being calculated by means of
Euler–Bernoulli beam theory. To this end, the strain energy is expressed as

U ¼ R
2

Z α

0

"
ð f ′1Þ

2

EA
þ ð f

′
2Þ

2

GA
þ ð f

′
3Þ

2

GA
þ ðm

′
4Þ

2

GIx
þ ðm

′
5Þ

2

EIy
þ ðm

′
6Þ

2

EIz

#
dϕ ð18Þ

with the forces and moments defined as

f ′1 ¼ f 1 cosϕ− f 2 sinϕ
f ′2 ¼ f 1sinϕþ f 2 cosϕ
f ′3 ¼ f 3
m′

4 ¼ m4 cosϕ−m5 sinϕ− f 3R 1−cosϕð Þ
m′

5 ¼ m4 sinϕþm5 cosϕþ f 3Rsinϕ
m′

6 ¼ m6− f 1R 1−cosϕð Þ− f 2Rsinϕ:

Using Castigliano's theorem [12], the deflections are obtained by differentiation of Eq. (18):

Δu1 ¼
∂U
∂m4

; Δu2 ¼
∂U
∂m5

; Δu3 ¼
∂U
∂m6

; Δu4 ¼
∂U
∂ f 1

; Δu5 ¼
∂U
∂ f 2

; Δu6 ¼
∂U
∂ f 3

: ð19Þ

Subsequently, the relationship between the deflections and wrench is established as

Δu1
Δu2
Δu3
Δu4
Δu5
Δu6

2
6666664

3
7777775
¼

C11 C12 0 0 0 C16
C12 C22 0 0 0 C26
0 0 C33 C34 C35 0
0 0 C34 C44 C45 0
0 0 C35 C45 C55 0
C16 C26 0 0 0 C66

2
6666664

3
7777775

m4
m5
m6
f 1
f 2
f 3

2
6666664

3
7777775

or Δu ¼ Cf ð20Þ

The entries of the compliance matrix C are given in Appendix A.

Fig. 4. A curved beam element acted upon by an external wrench.
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4. Case studies

Henceforth, the MP orientation is represented by azimuth–tilt–torsion (ϕ–θ–σ) angles [13], as shown in Fig. 5, the analysis
being carried out under one given working mode [14], characterized by (ui × vi) ⋅ wi ≤ 0, i = 1, 2, 3. Moreover, the actuator
stiffness is set to Kact

i = 106 Nm/rad for examples I and II.

4.1. Example I: unlimited-roll SPM

The first example pertains to an unlimited-roll SPM [15,16] shown in Fig. 6(a), that consists only of three curved links
connected to the MP. The three links are driven by actuators moving independently on a circular guide. The dimensions and link
parameters of the SPM, which admits a relatively large dexterous workspace [16], are listed in Table 1, where r is the radius of the
circular cross section of the curved link and R is the radius of the midcurve.

Fig. 5. Orientation representation of the azimuth–tilt–torsion angles.

a b
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-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

0y

x

Type I singularities
Type II singularities
Regular Workspace

Fig. 6. A spherical parallel manipulator with unlimited roll: (a) schematic diagram; (b) its regular workspace with σ = 0.
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Fig. 6(b) shows the workspace on a unit sphere projected in the xy plane for the SPM with σ = 0. Similarly, the
workspace can be obtained for different values of σ. The link is made of steel of Young's modulus E, Poisson's ratio ν and shear
modulus G = E/(2 + 2ν). From Eq. (20), the compliance matrix of the distal curved link is calculated as

C2 =

6.923 —0.575 0 0 0 0.388

—0.575 6.923 0 0 0 0.632

0 0 6.020 —0.438 —0.767 0

0 0 —0.438 0.055 0.077 0

0 0 —0.767 0.077 0.121 0

0.388 0.632 0 0 0 0.192

· 10—4 ð21Þ

The blocks corresponding to rotation, translation and coupling are given in rad/Nm, m/N and rad/N, respectively.
For configurations with tilt angle θ = 0, the stiffness matrix is constantly equal to

K =
K rr K rt

K T
rt K tt

=

0.055 0 0 —0.373 0.430 0

0 0.055 0 —0.430 —0.373 0

0 0 0.332 0 0 0.745

—0.373 —0.430 0 6.233 0 0

0.430 —0.373 0 0 6.233 0

0 0 0.745 0 0 1.849

·106 ð22Þ

The entries Krr, Krt and Ktt are given in Nm/rad, N/rad and N/m, respectively. For any applied external wrench, the deformation
of the SPM can be determined. An example is given for a vector of pure moments m = [10, 10, 10]T Nm, which induce the
deformation screw

$O ¼ 2:985 2:985 0:314; 0:385 —0:028 —0:127½ �T

where the angular deflection is given hereafter within the deformation screw in μrad, which leads to ‖Δφ‖ = 4.232 μrad = 0.243o

and ‖Δp‖ = 0.406 mm.
The stiffness matrix Eq. (22) is obtained for curved links of uniform cross-section, as shown in Fig. 6(a). In a real design, the

curved link can have embodiment of cylindrical ends, as shown in Fig. 1. For this type of links, the diagonal entries of the stiffness
can slightly increase, leading to a smaller deflection.

4.1.1. SPM compliance at singular configurations
The stiffness matrix at certain configurations may become singular. Taking [90°, 60°, 0], for example, the SPM encounters a

parallel singularity, where det(A) = 0, as depicted in Fig. 6(b), and the stiffness matrix is

K =

0.067 0.101 —0.007 —0.523 —0.333 0.084

0.101 0.192 0.082 —0.832 —0.608 0.637

—0.007 0.082 0.205 —0.061 —0.210 1.130

—0.523 —0.832 —0.061 4.602 2.287 —1.320

—0.333 —0.608 —0.210 2.287 3.475 —1.269

0.084 0.637 1.130 —1.320 —1.269 6.876

·106 ð23Þ

In matrix Eq. (23), rank(Krr) = 2, the stiffness matrix thus being singular. The problem of calculating the displacements can be
solved by means of least squares based on the QR decomposition [17], namely,

K
aT
� �

$O ¼
f
0

� �
ð24Þ

where a is the last column of matrix R from K, which spans the null space of K. The solution sought that lies outside the null space
of K. With the moment m applied on the MP, the twist deflections are calculated as:

$O ¼ 11:502 —4:747 4:782; 0:285 0:234 —0:390½ �T ð25Þ

Table 1
Dimensions and parameters of the special SPM.

SPM Link

a1 a2 β R [m] r [m] E [GPa] v

60° 90° 90° 0.200 0.0075 210 0.3
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As K is singular, the deformation screws will not be definite. By means of the least square method after spanning the null
space, the deformation screws are approximated via linear regression. From kinematics, the MP generates a finite rotation about
its center of rotation O at this type of singularity. Another example is the case of a serial singularity, for instance, [45°, 60°, 0],
where the stiffness matrix is invertible at this type of singularity. The displacements are found as:

$O ¼ 15:307 —3:246 —2:443; 0:449 —0:315 0:332½ �T ð26Þ

4.1.2. Comparison with FEA results
With the parameters in Table 1, the FE model displayed in Fig. 7 was created in Ansys/Workbench to verify the foregoing

model; rib stiffeners were used to make the mobile platform rigid and two passive revolute joints in each limb were used to
connect the components; while a revolute joint with torsional stiffness of 106 Nm/rad is used to describe the actuation stiffness.
The material of the model is structural steel with the same Young's and shear modulus as shown in Table 1.

To validate themodel effectively, 125orientations ofϕ∈S,ϕ∈S, and θ ∈ {0, 15o, 30o, 45o, 50o}, whereS ¼ 0;45o;90o;120o;180o
	 


,
under the external moments m = [10, 10, 10]T Nm, were analyzed. The corresponding translational and rotational displacements,
∥Δp∥ and ∥Δφ∥, are shown in Fig. 8. At configurations with tilt angle θ = 0, the FE solved deflections are ∥Δp∥ =0.401 ± 0.0004 mm
and ∥Δφ∥ = 0.237 ± 0.022°, which are quite close to the analytical solutions. Henceforth, the relative error (%) between the
developed model and FE analysis results is defined as

Err ¼ jδAna−δFeaj=δFea � 100% ð27Þ

where δ stands for the δp or δϕ. The average relative error for ∥Δp∥ is 1.48% and the average difference is 0.014 mm. For ∥Δφ∥, the
average difference is 0.035° or 4.17% of relative error. In contrast, the difference of the results obtained from the FEA approach and
the developed model for the most workspace points is below 5%. An exception is the SPM at singular configuration. For instance,
at the singular configuration of [45°, 60°, 0] under m = [10, 10, 10]T Nm, the FE solved deflections are ∥Δp∥ = 0.635 mm and
∥Δφ∥ = 1.041o. Compared to the analytical solution Eq. (26), the difference for the orientation error rises up to about 13%. The
comparison shows that the developed stiffness model can effectively calculate the manipulator stiffness.

In the FE model, we consider only major geometric dimensions. Details such as round corner or chamfers are not included.
While such details affect the stress, they have less influence on the deflection.

4.1.3. Isocontours of MP center shift and orientation error
Fig. 9(a) and (b) illustrate the isocontours of the MP center shift and orientation error throughout the regular workspace. The

maps are formulated with the maximummagnitude at each discrete point among the eight combinations of momentm = [±10,
±10, ±10]T Nm. It is apparent that the largest displacements occur at the workspace boundary and the three peaks of the
contours appear symmetrically distributed at intervals of 120°. The maximum orientation error and center shift are 3.5° and
2 mm, respectively, for the link properties given, the MP oriented at ϕ = −70°. Within the region θ ≤ 30°, the orientation
accuracy due to the elastic deformation can reach 1°, whereas the center shift can reach up to 1.5 mm, which cannot be ignored
when high positional accuracy is needed. Given the SPM symmetry, the other cases of σ-orientations generate the same
isocontour maps with rotational symmetry to Fig. 9(a) and (b), respectively. It can be predicted that the global stiffness becomes
weaker from the center region of the workspace to the boundary and its 3D contour map resembling a conical surface.

Fig. 9(c) displays the orientation error when only the actuation compliance is considered. By comparison to Fig. 9(b), it is seen
that the limb flexibility strongly influences the orientation error. The link properties should thus be an important consideration in
the SPM design.

a b
15

20
0

R

40

15

20

40

15

30

20

c

Fig. 7. SPMmodel for FE analysis: (a) revolute joints; (b) link meshing; (c) link detail, where bearings mounted between the shaft and the hole are not displayed.
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4.2. Example II: an alternative structure of a co-axial SPM

In this example, an alternative structure of the SPM in Example I, shown in Fig. 10, is studied. At the orientation [0, 0, 0], the
Cartesian stiffness matrix is computed as:

K =

0.021 0 0 —0.092 0.183 0

0 0.021 0 —0.183 —0.092 0

0 0 0.127 0 0 0.247

—0.092 —0.183 0 3.253 0 0

0.183 —0.092 0 0 3.253 0

0 0 0.247 0 0 1.808

·105 ð28Þ

Compared to matrix Eq. (22), the diagonal elements are much smaller, which imply that this SPM will generate large twist
deformation under moment m:

$O ¼ 12:043 12:043 1:0647; 1:019 —0:336 —0:146½ �T

The isocontours for the orientation error and center shift are displayed in Fig. 11. It is seen that both the MP center shift and
orientation error are larger than the SPM in Example I, which indicates that the presence of the circular guide of SPM in Fig. 6(a)
effectively reduces the positioning errors.

4.3. Example III: Agile Wrist

This example borrows the geometric parameters of the AgileWrist [18], i.e., α1 = α2 = 90o,β ¼ γ ¼ sin−1ð
ffiffiffi
6
p

=3Þ, as shown in
Fig. 12, whose architecture determines a large workspace with σ = 30o, but keeps the same properties of the circular curved
beam. The actuation stiffness is Kact = 5.44 ⋅ 105 Nm/rad. The isocontours for the center shift and orientation error are mapped
within a dexterous workspace, as seen in Fig. 13. When σ = 0, the maximum orientation error can reach up to 12° at the
workspace bounds while the center shift is 4.5 mm. With torsion angle σ increasing, the MP center shift and orientation error
become smaller.

5. Conclusions

This paper investigates the MP center shift in spherical parallel manipulators with the consideration of limb flexibility. On the
basis of screw theory, the virtual-spring method, supported with Castigliano's theorem is adopted for the stiffness modeling of
SPMs. The model developed is validated by means of FEA. The elastic deformation for the SPMs at singular configurations is given
due attention, which is handled by means of least square method, based on the QR decomposition.
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Fig. 8. Comparison of the linear and angular deflections between the FEA and analytical approaches: (a) correlations; (b) error variations, where δp = ‖Δp‖,
δϕ = ‖Δφ‖.
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A major contribution of the paper is the development of a method for qualifying the MP center shift of SPMs. The method
addresses a common problem with SPMs of revolute joints. The proposed approach is illustrated with case studies of SPMs with
different structures, whose isocontours for the MP center shift and orientation errors within a prescribed workspace were
mapped. Moreover, the isocontours can be used for stiffness maps of SPMs. Through comparison, it is found that the SPMwith the
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Fig. 9.MP center shift and orientation error for the unlimited-roll SPM throughout the regular workspace with orientation σ = 0: (a) and (b) both actuation and
link compliance are considered; (c) only actuation compliance is considered.
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circular guide yields a smaller center shift and error. The study shows that the deflection due to the limb flexibility causes large errors,
in particular, the MP center shift, which could be considered in the design of SPMs, with the method developed in this work.

Supplementary data to this article can be found online at http://dx.doi.org/10.1016/j.mechmachtheory.2014.01.001.

Fig. 10. An alternative structure of the unlimited-roll SPM.
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Fig. 11. MP center shift and orientation error for an alternative structure of the co-axial SPM throughout the regular workspace with orientation σ = 0.
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Fig. 12. Prototype of the Agile Wrist, McGill University, Canada.
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Appendix A

The elements of the compliance matrix of the curved beam in Eq. (20) are given as:

C11 ¼
R
2

s1
GIx
þ s2
EIy

 !
ðA� 1aÞ

C12 ¼
s8R
2

1
GIx

− 1
EIy

 !
ðA� 1bÞ

C16 ¼
R2

2
s2
EIy

− s7
GIx

 !
ðA� 1cÞ

C22 ¼
R
2

s2
GIx
þ s1
EIy

 !
ðA� 1dÞ

C26 ¼
R2

2
s4
GIx

− s2
EIy

 !
ðA� 1eÞ

C33 ¼
Rα
EIz

ðA� 1fÞ

C34 ¼
s5R

2

EIz
ðA� 1gÞ

C35 ¼
s6R

2

EIz
ðA� 1hÞ

C44 ¼
R
2A

s1
E
þ s2

G

� �
þ s3R

3

2EIz
ðA� 1iÞ

C45 ¼
s8R
2A

1
E
− 1

G

� 
þ s4R

3

2EIz
ðA� 1jÞ

C55 ¼
R
2A

s1
G
þ s2

E

� �
þ s2R

3

2EIz
ðA� 1kÞ

C66 ¼
Rα
GA
þ R3

2
s3
GIx
þ s2
EIy

 !
ðA� 1lÞ

where A is the area of the beam cross section, Ix, Iy and Iz are the moments of inertia. Moreover,

s1 ¼ α þ sin α cosα ðA� 2aÞ

s2 ¼ α−sin α cosα ðA� 2bÞ

s3 ¼ 3α þ sinα cos α=2−4 sinα ðA� 2cÞ

s4 ¼ 1−cosα−sin2α=2 ðA� 2dÞ

s5 ¼ sin α−α ðA� 2eÞ

s6 ¼ cosα−1 ðA� 2fÞ

s7 ¼ 2sin α−α−sin α cosα ðA� 2gÞ

s8 ¼−sin2α: ðA� 2hÞ
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a b s t r a c t

This paper deals with the dynamic modeling and design optimization of a three Degree-of-Freedom
spherical parallel manipulator. Using the method of Lagrange multipliers, the equations of motion of the
manipulator are derived by considering its motion characteristics, namely, all the components rotating
about the center of rotation. Using the derived dynamic model, a multiobjective optimization problem
is formulated to optimize the structural and geometric parameters of the spherical parallel manipulator.
The proposed approach is illustrated with the design optimization of an unlimited-roll spherical parallel
manipulator with a main objective to minimize the mechanismmass in order to enhance both kinematic
and dynamic performances.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The design of three Degree-of-Freedom (3-DOF) spherical par-
allel manipulators (SPMs) can consider many criteria, such as
workspace [1–3], dexterity [4–6], dynamics [7], singularity avoid-
ance [8], stiffness [9,10]. These evaluation criteria can be classi-
fied into two groups: one relates to the kinematic performance
while the other relates to the kinetostatic/dynamic performance
of the manipulator [11]. Most of the SPMs find their applications
as orienting devices, such as camera orienting and medical instru-
ment alignment [12,13], therefore, the kinematic aspects, mainly,
workspace and dexterity, were extensively studied in the liter-
ature. On the other hand, the dynamics received less attention.
Staicu [7] used the principle of virtual work to derive the inverse

∗ Corresponding author. Tel.: +45 9940 9291; fax: +45 9940 7110.
E-mail addresses: gwu@m-tech.aau.dk (G. Wu),

Stephane.Caro@irccyn.ec-nantes.fr (S. Caro), shb@m-tech.aau.dk (S. Bai),
jk@m-tech.aau.dk (J. Kepler).

dynamics of the Agile Wrist [10], in which recursive matrix re-
lations for kinematics and dynamics were established. When the
SPMs are used to build active spherical manipulators, for instance,
wrist joint [14], the dynamic characteristics are of importance in
their design and applications.

This work develops a dynamic model with the classical ap-
proach of Lagrange multipliers, which takes all the mobile com-
ponents into consideration to calculate the power consumption
effectively. The equations ofmotion for the SPMs aremodeledwith
the motion characteristics, namely, all the bodies rotating about a
fixed point (center of rotation). The derived dynamic model can be
used either to assess the dynamic performance or in the design op-
timization.

In general, a robot design process has to simultaneously deal
with the kinematic and kinetostatic/dynamic aspects, both of
which include a number of performance measures that essentially
vary throughout theworkspace. This can be effectively achieved by
virtue of multiobjective optimization method. The multiobjective
optimization problems of parallel manipulators (PMs) have
been reported in the literature, where various approaches of

http://dx.doi.org/10.1016/j.robot.2014.06.006
0921-8890/© 2014 Elsevier B.V. All rights reserved.
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Fig. 1. Architecture of a general SPM: (a) overview, (b) parameterization of the ith leg.

Fig. 2. (a) 3-DOF unlimited-roll SPM, which is a special case of the general SPM with γ = 0; (b) its application as spherically actuated joint.

multiobjective optimization have been applied to different types of
PMs, while considering kinematic, dynamic and static criteria [11,
15–18]. However, a systematic approach lacks in the optimum
design for this class of SPMs, as the static/dynamic performance
received relatively less attention as mentioned above.

This paper focuses on the dynamic modeling and design opti-
mization of the SPMs. A dynamicmodel of the SPM is derived based
on the Lagrange equations. Based on the dynamics, together with
the kinematics and stiffness of the manipulator, a multiobjective
design optimization method is proposed for SPMs, aiming to for-
mulate a general approach for the SPMs in the early design stage.
The multi-objective design optimization problem is applied to a
3-DOF unlimited-roll SPM, for which the Pareto-optimal solutions
are obtained with a genetic algorithm.

2. Architecture of SPMs

A general spherical parallel manipulator is shown in Fig. 1. The
ith leg consists of three revolute joints, whose axes are parallel
to the unit vectors ui, vi, and wi. All three legs have identical
architectures, defined by angles α1, α2, β and γ , where β and
γ define the geometry of two regular pyramids of the base and
mobile platforms. Both the two platforms are assumed to be rigid.
The origin O of the base coordinate system Fa is located at the
center of rotation. The z axis is normal to the bottom surface of
the base pyramid and points upwards, while the y axis is located
in the plane spanned by the z axis and u1 vector.

The SPM under study is a special case of γ = 0 [3], where the
pyramids of the base platform is degenerated to a line segment, as
shown in Fig. 2(a). The axes of the three active revolute joints are
coincident with the z axis and it consists only of three curved links
connected to its mobile platform. The links are driven by actuators
moving independently on a circular guide via pinion and gear-
ring transmissions, which can replace the serial chains based wrist
mechanisms as displayed Fig. 2(b).

3. Dynamic modeling of SPMs

The orientation of the mobile platform (MP) is described by the
azimuth–tilt–torsion (φ–θ–σ ) angles [19] as displayed in Fig. 3, for
which the rotation matrix is expressed as:

Q = Rz(φ)Ry(θ)Rz(σ − φ) (1)

where φ ∈ (−π, π ], θ ∈ [0, π), σ ∈ (−π, π ].
Under the prescribed coordinate system, unit vector ui is

derived as

ui =

−sinηi sin γ cos ηi sin γ −cosγ

T (2)

where ηi = 2(i − 1)π/3, i = 1, 2, 3.
Unit vector vi of the axis of the intermediate revolute joint in

the ith leg is expressed as:

vi =


−sηisγ cα1 + (cηisθi − sηicγ cθi)sα1
cηisγ cα1 + (sηisθi + cηicγ cθi)sα1

−cγ cα1 + sγ cθisα1


(3)
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Fig. 3. Orientation representation of the azimuth–tilt–torsion angles.

Unit vectorwi of the top revolute joint in the ith leg, is a function
of the orientation of the mobile platform described as

wi =

wix wiy wiz

T
= Qw∗

i (4)

where w∗

i is the unit vector for the axis of the top revolute joint
of the ith leg when the mobile platform (MP) reaches its home
configuration, i.e., theMPorientation in the reference frame,which
is given as

w∗

i =

−sinηi sinβ cos ηi sinβ cosβ

T (5)

3.1. Kinematic Jacobian matrix

The relationship between the angular velocity of the mobile
platform ω = [ωx ωy ωz]

T and the input angle velocity θ̇ =

[θ̇1 θ̇2 θ̇3]
T is expressed as

Aω = Bθ̇ (6)

with

A =

a1 a2 a3

T
; ai = vi × wi (7a)

B = diag

b1 b2 b3


; bi = (ui × vi) · wi (7b)

where matrices A and B are named the forward and inverse Jaco-
bian matrices of the manipulator, respectively. The kinematic Ja-
cobian matrix J of the manipulator [1] is obtained as

J = B−1A =

j1 j2 j3

T
; ji = ai/bi (8)

3.2. Inverse dynamic modeling

The motions of the SPM bodies are shown in Fig. 4. The rela-
tionship between the angle rates ϕ̇ = [φ̇ θ̇ σ̇ ]

T and the angular
velocity ω is found as [20]:
ωx
ωy
ωz


=


−sθcφ −sφ sθcφ
−sθsφ cφ sθsφ
1 − cθ 0 cθ

 φ̇θ̇
σ̇

 or ω = Φϕ̇ (9)

The dynamics of the SPM can be solved by using the Lagrange
equations [21] below

d
dt


∂L
∂ q̇


−
∂L
∂q

+ CT
qλ = Qex (10)

Fig. 4. The movements of the mobile platform and a single leg.

where L ≡ T−V is the Lagrangian of the system, including themo-
bile platform and the three legs, and q = [θ1, θ2, θ3, φ, θ, σ ]

T .
Moreover, Qex = [τT , 0]T ∈ R6 is the vector of external forces and
vector τ = [τ1, τ2, τ3]

T characterizes the actuator torques. Matrix
Cq is the system’s constraint Jacobian, which can be found from the
velocity Eq. (6), namely,

Bθ̇ − Aω =

B −AΦ

 
θ̇
T

ϕ̇T
T

= 0 (11)

therefore, the matrix of constraints is found as Cq = [B − AΦ].
Moreover, λ = [λ1, λ2, λ3]

T is a vector of Lagrange multipliers.

3.2.1. Lagrangian of the mobile platform
The local frame (xp, yp, zp) attached to the MP is established

with the origin located at point P , i.e., the center of mass of theMP.
Henceforth, the Lagrangian of the mobile platform is obtained as

Lp = Tp − Vp =
1
2
ωT Ipω − mpR cosβgTp (12)

where Ip denotes the global inertia tensor of the mobile
platform, which can be found in Appendix A. Moreover, g =

[0, 0, 9.81 m/s2]T .

3.2.2. Lagrangian of a single leg
The velocity ψ̇ of the intermediate joint in ith leg is found using

the following equation

ω = θ̇iui + ψ̇ivi + ξ̇iwi (13)

To eliminate θ̇i and ξ̇i, dot-multiplying Eq. (13) on both sides with
ui × wi yields

(ui × wi) · ω = ψ̇(ui × wi) · vi or ψ̇ = jTψ iω

=
(ui × wi)

T

(ui × wi) · vi
ω (14)

The angular velocity of the distal link in the ith leg in the reference
frame (x, y, z) is found as ϖ i = θ̇iui + ψ̇ivi. Let ϖ li denote the
corresponding angular velocity in the local frame (xi, yi, zi), we
have

ϖ i =

eix eiy eiz


ϖ li or ϖ i = Eiϖ li (15)

with

eix =
vi + wi

∥vi + wi∥
, eiy =

vi − wi

∥vi − wi∥
, eiz =

vi × wi

∥vi × wi∥
(16)

From Eq. (15), we have ϖ li = ET
i ϖ i. The Lagrangian of the ith leg

is derived as below

Li = Ti − Vi =
1
2
Il1θ̇2i +

1
2
ϖT

i Il2ϖ i − ml1x̄1gThi − ml2x̄2gTeix (17)
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where Il1 is the proximal link’s mass moment of inertia about ui,
and Il2 is the distal link’s mass moment of inertia about point O.
Moreover, x̄1 and x̄2 indicate the centers of themass of the proximal
and distal links, respectively, and hi = (ui + vi)/∥ui + vi∥. The
details for a curved link can be found in Appendix A.

Substituting the Lagrangian Lp and Li, i = 1, 2, 3, into Eq. (10),
the terms in the equation of motion for this dynamic system [21]
can be derived. With an external moment vector m, the actuator
torques are expressed as:

τa = τ − J−Tm (18)

This developed dynamic model can effectively compute the
active forces/torques as it takes into account all the mobile
components and external forces/moments. Compared to Staicu’s
work [7], the model developed in this work has a more compact
form, which takes advantages of the unique feature of SPMs
that involves only rotations. Such a formulation can be easily
understood and implemented.

4. Optimization problem of the SPMs design

The foregoing derived dynamic model can be applied in
the optimization procedure to obtain a design with optimal
dynamic performance. Henceforth, this section formulates a design
optimization problem for the SPMs based on their dynamic
modeling. Besides, the kinematic and elastic performances are also
employed to evaluate the SPM design. A predefined workspace is
specified as aminimumpointing cone of 90° openingwith 360° full
rotation, i.e., θ ∈ [0, θmin], θmin ≥ 45°, {φ, σ } ∈ (−180°, 180°].

4.1. Design variables

Variables α1, α2 and β are part of the geometric parameters of
the SPM under study. Moreover, the radius R of the link midcurve
and the side length a of a square cross section of the uniformcurved
links are included as design parameters as well. This implies that
the curved link does not include details such as slots thatmay affect
the total mass and structural strength [22]. As a consequence, the
design variables of the optimization problem at hand are:

x = [α1, α2, β, a, R] (19)

4.2. Objective functions

The mechanism mass influences the dynamic performance,
such as inertia, acceleration, etc., hence, minimizing the mass of
moving bodies is one important consideration. The mass mspm of
the SPM includes the mass mp of the platform, the mass ml of the
distal links, and themassms of the sliding units (or proximal links).
The mass of the revolute joints is not considered for simplification,
thus, the mass function is given as:

mspm = mp + 3ml + 3ms (20)

As a result, the first objective function of the optimization problem
is written as:

f1(x) = mspm → min (21)

The dexterity of SPMs is another major concern in the manipu-
lator design. A commonly used criterion to evaluate this kinematic
performance is the global conditioning index (GCI) [4], which de-
scribes the isotropy of the kinematic performance. The GCI is de-
fined over a workspace Ω , which is calculated through a discrete
approach in practice, namely,

GCI =


Ω
κ−1(J)dW
Ω
dW

or GCI =
1
n

n
k=1

1
κk(J)

(22)

where κ(J) is the condition number of the kinematic Jacobian ma-
trix (8) and n = n1 n2 n3 is the number of the workspace points, n1,
n2, n3 being the numbers of discrete points along φ, θ , σ , respec-
tively. It is known that the higher the GCI, the better the perfor-
mance. Hereby, the second objective function of the optimization
problem is written as:

f2(x) = 1 − GCI = MGCI → min (23)

Henceforth, a modified global conditioning index (MGCI) is intro-
duced for the purpose of optimization.

4.3. Optimization constraints

In this section, the kinematic constraints, condition number of
the kinematic Jacobian matrix, elastic and dynamic performances
of the manipulator are considered. Constraining the condition
number of the Jacobian matrix aims to obtain a dexterous
workspace free of singularity.Moreover, the constraints on the link
strength and the actuator torque are also considered.

4.3.1. Geometric constraints
According to the determination of the design space reported

in [3], the bounds of the parameters α1, α2 and β subject to the
prescribed workspace are stated as:

45° ≤ α1 ≤ 135°, 45° ≤ α2 ≤ 135°, 45° ≤ β ≤ 90° (24)

In accordance with Fig. 5, the following constraints should be
satisfied to avoid any collision,

θij ≥ ϵθ , ∀θij ∈ {θ12, θ23, θ31} (25a)

R sinα1 ≥ R0 (25b)

where ϵθ = 10° and R0 = 0.120m are geometric parameters
relative to the size of curved links.

4.3.2. Condition number of the kinematic Jacobian matrix
Minimizing MGCI, i.e., maximizing GCI, cannot prevent the

prescribed workspace away from ill-conditioned configurations.
For the design optimization to achieve a dexterous workspace,
the minimum of the inverse condition number of the kinematic
Jacobianmatrix κ−1(J), based on the 2-norm, should be higher than
a prescribed value throughout the workspace, say 0.1, namely,

min(κ−1(J)) ≥ 0.1 (26)

4.3.3. Strength constraints
The strength constraints are to ensure the SPM to produce

allowable maximum point-displacement of the rotation center
and angular deflection of the mobile platform subject to a given
wrench. The deflections are computed by

∆x = K−1w; ∆x =

∆pT ∆ϕT T , w =


0 mT T (27)

where ∆p = [∆x, ∆y, ∆z]T and ∆ϕ = [∆ϕx, ∆ϕy, ∆ϕz]
T

are the translational and rotational displacements, respectively,
and K is the Cartesian stiffness matrix given in Appendix B. Let
the static torque of the SPM within the range m = [±mx,max,
±my,max, ±mz,max], the strength constraints can be written as:

−ϵp ≤ ∆t ≤ ϵp, ∀∆t ∈ {∆xk, ∆yk, ∆zk} (28a)

−ϵr ≤ ∆r ≤ ϵr , ∀∆r ∈ {∆ϕx, k, ∆ϕy, k, ∆ϕz, k} (28b)

where ϵp and ϵr are acceptable translational and rotational errors,
respectively, and k = 1, . . . , n is the number of the discrete points
defined in Eq. (22).
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Fig. 5. One extreme configuration of the sliding units.

Fig. 6. The angular velocity and acceleration profiles of the mobile platform: (a) trajectory 1; (b) trajectory 2.

It is noted that the model in Eq. (27) includes only the com-
pliances of curved links. The base and MP are considered rigid.
Moreover, the joint compliance is not addressed in this paper, as
revolute joints are not easily characterized by a generic represen-
tative stiffness due to the nonlinear kinematic joint stiffness upon
the specific design. Such an issue could be well addressed through
stiffness modeling researches.

4.3.4. Actuation torque constraints
With an external moment m = [mx, my, mz]

T applied on the
MP, in accordance to Eq. (18), the actuator torques are redefined
as: τa = |τ|+ |J−Tm|. At any time, the components of the actuator
torque vector τa should be smaller than the maximum continuous
torque Tmax of each actuator. As a result, the actuation torque
constraints can be written as:
max{τa} ≤ Tmax (29)
Henceforth, two alternative trajectories describing the MP orien-
tation:

(1) φ(t) = π cos t, θ(t) =
π

4
, σ (t) =

π

2
cos t (30)

(2) φ(t) =
π

2
cos t, θ(t) =

π

4
, σ (t) = π cos t

are integrated into the optimization procedure implemented with
the Matlab/simulink package. The corresponding angular velocity
and acceleration profiles of the mobile platform are shown in
Fig. 6.

4.4. Formulation of the multi-objective design optimization problem

Themulti-objective design optimization problem for the SPM is
formulated as:

minimize f1(x) = mspm (31)
minimize f2(x) = MGCI

over x = [α1; α2; β; a; R]
subject to g1 : R sinα1 ≥ R0

g2 : θij ≥ ϵθ , ∀θij ∈ {θ12, θ23, θ31}

g3 : θmin ≥ 45°

g4 : min(κ−1(J)) ≥ 0.1
g5 : −ϵp ≤ ∆t ≤ ϵp, ∀∆t ∈ {∆xk, ∆yk, ∆zk}
g6 : −ϵr ≤ ∆r ≤ ϵr , ∀∆r ∈ {∆ϕx, k, ∆ϕy, k, ∆ϕz, k}

g7 : max{τa} ≤ Tmax
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Fig. 7. Simulation results (solid line stands for Matlab solver, dashed line for Adams): (a) motion of the mobile platform; (b) actuator torques.

Table 1
Parameters of the SPM and the initial simulation condition.

α1 (deg) α2 (deg) β (deg) [φ, θ, σ ] (rad) [θ̇1, θ̇2, θ̇3] (rad/s)m (N m)

60 75 75 [0, π/6, 0] [−6, −5, −7] [0.1, 0.1, 0.1]

Table 2
Mass and inertia properties of the SPM model.

Mobile platform Curved link Sliding unit
mp (kg) Ip (10−4 kg m2) ml (kg) Il (10−4 kg m2) ms (kg)

0.332 [3.855 3.855 7.688] 0.107 [1.816 0.081 1.894] 0.123

5. Results and discussion

5.1. Validation of dynamic model

Dynamic simulations were conducted with the developed SPM
dynamic model, the obtained results being compared with those
obtained with MSC Adams, utilizing the properties and simulation
conditions given in Tables 1 and 2. The corresponding simulation
results from the developed model and the Adams simulation are
shown in Fig. 7, which shows a good agreement with each other.

5.2. Design optimization

The optimization procedure is applied to the SPM shown in
Fig. 2(b). The actuation transmission mechanism is a combination
of RE 35 GB actuator and GP 42 C gearhead from Maxon [23].
The components are supposed to be made up of steel, and the
mobile platform is supposed to be a regular triangle. The total
mass ms of each slide unit, including the mass of the actuator,
gearhead, pinions and the manufactured components, is equal
to ms = 2.1 kg. Henceforth, the actuation stiffness is K i

act =

106 N m/rad and the range of the static moment in Eq. (27) is
m = [±10,±10,±10] N m, while the acceptable translational
and rotational errors are ϵp = 1 mm and ϵr = 0.0349 rad,
respectively. Moreover, the maximum continuous torque of the
actuator is Tmax = 15 N m and the external moment applied on
the mobile platform and expressed in the base frame along the
trajectories defined by Eq. (30) ism = [5, 5, 5]T N m.

The solutions of the previous optimization problem are non-
dominated solutions, also called Pareto-optimal solutions, which
stand for solutions for which the corresponding objectives cannot
be further improved without degrading others. Problem (31) is

Fig. 8. The Pareto-front of the multiobjective optimization problem (31).

solved by the genetic algorithm NSGA-II [24] implemented in
Matlab, for which the algorithm parameters are given in Table 3.
The lower and upper bounds of the design variables are shown in
Table 4, denoted by xlb and xub, respectively.

The Pareto-front of the optimization problem at hand is shown
in Fig. 8. Three Pareto-optimal solutions named ID-I, ID-II and
ID-III on the Pareto-fronts, i.e., two extreme solutions and one
intermediate solution, described in Table 5, are selected for further
consideration. The CAD designs of these three Pareto-optimal
solutions are shown in Fig. 9 and the corresponding dynamic
simulations are illustrated in Fig. 10, respectively, from which it is
seen that from ID-I to III, themaximum actuating torque increases.
By comparison among the three groups of design variables in
Table 5, smaller α1 and larger α2 yield higher wrench capability
under given input torques. Although the design ID-III has the
lowest mass, it has the highest requirements on the actuators.
From the kinematic and dynamic considerations, design ID-I can
be selected for further application as an active joint.

Fig. 11, obtained with plotmatrix and corrcoef functions in
Matlab, illustrates the variational trends as well as the inter-
dependency between the objective functions and design variables
by means of a scatter matrix [11,18]. The lower triangular part
of the matrix represents the correlation coefficients whereas the
upper one shows the corresponding scatter plots. The diagonal
elements represent the probability density charts of each variable.
The correlation coefficients vary from −1 to 1. Two variables are



G. Wu et al. / Robotics and Autonomous Systems 62 (2014) 1377–1386 1383

Fig. 9. CAD designs of three Pareto-optimal solutions: (a) ID-I, (b) ID-II, (c) ID-III.

Table 3
Algorithm parameters of the implemented NSGA-II.

Population size Number of generations Directional crossover probability Crossover probability Distribution index

40 200 0.5 0.9 20

Table 4
The lower and upper bounds of the design variables.

α1 (deg) α2 (deg) β (deg) a (m) R (m)

xlb 45 45 45 0.005 0.120
xub 135 135 90 0.030 0.300

strongly dependent when their correlation coefficient is close to
−1 or 1 and independentwhen the latter is null. Fig. 11 shows that:

• mspm and MGCI are strongly dependent as their correlation
coefficient is equal to −0.984;

• mspm and MGCI are strongly dependent on the design variables
except a as the mass of the sliding units mainly affects the total
mass, thus, a slightly affectsmspm;

• both objective functions are approximately linearly related to
variables α1, α2 and R;

• all the variables are strongly dependent on each other except a;
• the results show that β is close to 90° for all Pareto-optimal

solutions;
• it is noteworthy that the highermspm, the lower α1. Conversely,

the highermspm, the higher α2. Higher R results in highermspm.

6. Conclusions

In this paper, the inverse dynamics and geometric synthesis of
spherical parallel manipulators were discussed. Using the classical
method of Lagrange multipliers, the equations of motion for the
SPMs were derived. The expressions for the kinetic energy are
associated with the characteristics of motion, namely, all the SPM
bodies rotating about the center of rotation. All the moving bodies
are taken into account to describe this dynamic system effectively
and clearly. The developed dynamic model is integrated into the
design optimization procedure of the SPMs.

A multiobjective design optimization problem was formulated
in order to determine the mechanism optimum structural and ge-
ometric parameters. The objective functions were evaluated based
on the kinematic and kinetostatic/dynamic performances of the
manipulators. This approach has been illustrated with the op-
timum design of an unlimited-roll spherical parallel manipula-
tor, aiming at minimizing the mechanism mass and increasing its
dexterity. As a result, the Pareto-front was obtained to show the
approximation of the optimal solutions between the various (an-
tagonistic) criteria, subject to the dependency of the performance.
It turns out that the manipulator has the best performance with
β = 90°.

As a matter of fact, the method offers a great flexibility to select
any criterion as an objective function based on requirements. A
contribution of the work is the formulation of different kinds of
performances ranging from kinematics, statics to dynamics. All
these formulations ease the modeling and simulation, and can be
used for other design optimization tasks in future work.

Appendix A. Mass moment of inertia

The mass moment of inertia of the mobile platform about point
O [25] is given by

Ip = mpR2 cos2 β[p]×[p]
T
×

+ QI′pQ
T (A.1)

where mp is the mass, I′p is the inertia tensor in its local frame
(xp, yp, zp), and [p]× = CPM(p) is the skew-symmetric matrix,
p being the unit vector of zp axis in Fig. 4.

A parameterized curved link with uniform cross-section is
shown in Fig. 12, its center of mass being found as

Rαx̄ = R2
 α

2

−
α
2

cosϕdϕ or x̄ =
2R
α

sin
α

2
(A.2)

Table 5
Three Pareto-optimal solutions.

Design Variables Objectives
ID α1 (deg) α2 (deg) β (deg) a (m) R (m) mspm (kg) MGCI min(κ−1(J))

I 47.2 91.7 88.4 0.0120 0.1659 8.882 0.449 0.253
II 51.9 85.0 88.3 0.0113 0.1525 8.394 0.545 0.240
III 63.5 72.2 89.6 0.0119 0.1342 7.962 0.745 0.102
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Fig. 10. The dynamic simulation results for the three Pareto-optimal solutions: (a) ID-I; (b) ID-II; (c) ID-III.

Fig. 11. Scatter matrix for the objective functions and the design variables.
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Fig. 12. A curved link.

Let the link’s mass be ml, its moment of inertia about point O is
found as [25]:

Il = mlx̄2[i]×[i]T
×

+ EI′lE
T (A.3)

where [i]× = CPM(i), and E = [i j k], i, j, k being the unit
vectors of x, y and z-axes. Moreover, the mass moments of inertia
I′l = diag[Lxx Lyy Lzz] in the frame (x, y, z) are expressed as:

Lxx =

 α
2

−
α
2

(R sinϕ)2 ·
ml

Rα
· Rdϕ =

1
2
mlR2


1 −

sinα
α


(A.4a)

Lyy =

 α
2

−
α
2

(R sinϕ − x̄)2 ·
ml

Rα
· Rdϕ

=
1
2
ml


R2 sinα
α

−
8Rx̄
α

sin
α

2
+ R2

+ 2x̄2


(A.4b)

Lzz =

 α
2

−
α
2


(R sinϕ)2 + (R cosϕ − x̄)2


·
ml

Rα
· Rdϕ

=
1
2
ml


R2

+ x̄2 −
4Rx̄
α

sin
α

2


(A.4c)

Moreover, the mass moment of inertia about r is derived as

Il = ml


x̄ sin

α

2

2
+

 α

0
(R sinϕ)2 ·

ml

Rα
· Rdϕ

=
1
4
mlR2


(1 − cosα)2

α2
+ 2 −

sin 2α
α


(A.5)

Appendix B. Cartesian stiffness matrix

With the virtual-spring approach [26], the Cartesian stiffness
matrix K of the SPM is found as

K =

3
i=1

Ki (B.1)

Here Ki ∈ R6 is the Cartesian stiffness matrix of the ith leg,
extracted from the first six-dimensional block of matrix K′

i

K′

i =


Jiθ (K

i
θ )

−1Ji
T

θ Jiq
Jiq

T 02

−1

(B.2)

with

Jiθ =


$̂
i
A $̂

i
u1 ... $̂

i
u12


∈ R6×13 (B.3a)

Jiq =


$̂
i
B $̂

i
C


∈ R6×2 (B.3b)

Fig. 13. Link deflections and joint displacements of a flexible leg.

According to Fig. 13, the unit screws are given by

$̂
i
A =


ui
0


, $̂

i
B =


vi
0


, $̂

i
C =


wi
0


$̂
i
u1 =


xi1

bi × xi1


, $̂

i
u2 = $̂

i
B, $̂

i
u3 =


zi1

bi × zi1


,

$̂
i
u4 =


0
xi1


, $̂

i
u5 =


0
vi


, $̂

i
u6 =


0
zi1


$̂
i
u7 =


xi2

ci × xi2


, $̂

i
u8 = $̂

i
C , $̂

i
u9 =


zi2

ci × zi2


,

$̂
i
u10 =


0
xi2


, $̂

i
u11 =


0
wi


, $̂

i
u12 =


0
zi2


(B.4)

and Ki
θ ∈ R13 describes the stiffness of the actuation and virtual

springs, taking the form:

Ki
θ = diag


K i
act Ki

L1 Ki
L2


(B.5)

where K i
act is the ith actuator stiffness,Ki

L1
andKi

L2
, respectively, are

the 6× 6 stiffness matrices of the proximal and distal curved links
in the ith leg, which can be found in [27].
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Abstract

This paper deals with the kinematic synthesis problem of a 3-RRR spherical parallel manipulator, based
on the evaluation criteria of the kinematic, kinetostatic and dynamic performances of the manipulator. A
multiobjective optimization problem is formulated to optimize the structural and geometric parameters
of the spherical parallel manipulator. The proposed approach is illustrated with the optimum design of
a special spherical parallel manipulator with unlimited rolling motion. The corresponding optimization
problem aims to maximize the kinematic and dynamic dexterities over its regular shaped workspace.

Keywords: Spherical parallel manipulator, multiobjective optimization, Cartesian stiffness matrix, dex-
terity, Generalized Inertia Ellipsoid

1 Introduction

A three Degrees of Freedom (3-DOF) spherical paral-
lel manipulator (SPM) is generally composed of two
pyramid-shaped platforms, namely, a mobile platform
(MP) and a fixed base that are connected together by
three identical legs, each one consisting of two curved
links and three revolute joints. The axes of all joints
intersect at a common point, namely, the center of ro-
tation. Such a spherical parallel manipulator provides
a three degrees of freedom rotational motion. Most
of the SPMs find their applications as orienting de-
vices, such as camera orienting and medical instrument
alignment (Gosselin and Hamel, 1994; Li and Payan-
deh, 2002; Cavallo and Michelini, 2004; Chaker et al.,
2012). Besides, they can also be used to develop ac-
tive spherical manipulators, i.e., wrist joint (Asada and
Granito, 1985).

In designing parallel manipulators, a fundamental
problem is that their performance heavily depends on
their geometry (Hay and Snyman, 2004) and the mu-

tual dependency of the performance measures. The
manipulator performance depends on its dimensions
while the mutual dependency among the performances
is related to manipulator applications (Merlet, 2006b).
The evaluation criteria for design optimization can be
classified into two groups: one relates to the kinematic
performance of the manipulator while the other relates
to the kinetostatic/dynamic performance of the ma-
nipulator (Caro et al., 2011). In the kinematic con-
siderations, a common concern is the workspace (Mer-
let, 2006a; Kong and Gosselin, 2004; Liu et al., 2000;
Bonev and Gosselin, 2006). The size and shape of
the workspace are of primary importance. Workspace
based design optimization can usually be solved with
two different formulations, the first formulation aim-
ing to design a manipulator whose workspace contains
a prescribed workspace (Hay and Snyman, 2004) and
the second approach being to design a manipulator
whose workspace is as large as possible (Lou et al.,
2005). In Ref. (Bai, 2010), the SPM dexterity was op-
timized within a prescribed workspace by identifying

doi:10.4173/2012.3.3 c© 2012 Norwegian Society of Automatic Control
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(a) (b)

Figure 1: 3-RRR unlimited-roll SPM: (a) CAD model, (b) application as spherically actuated joint.

the design space. It is known from (Gosselin and An-
geles, 1989) that the orientation workspace of a SPM
is a maximum when the geometric angles of the links
are equal to 90o. However, maximizing the workspace
may lead to a poor design with regard to the manip-
ulator dexterity and manipulability (Stamper et al.,
1997; Durand and Reboulet, 1997). This problem can
be solved by properly defining the constraints on dex-
terity (Merlet, 2006a; Huang et al., 2003). For the
optimum design of SPMs, a number of works focus-
ing on the kinematic performance, mainly the dexter-
ity and workspace, have been reported, whereas, the
kinetostatic/dynamic aspects receive relatively less at-
tention. In general, the design process simultaneously
deals with the two previously mentioned groups, both
of which include a number of performance measures
that essentially vary throughout the workspace. On the
kinetostatic aspect, the SPM stiffness is an important
consideration (Liu et al., 2000) to characterize its elas-
tostatic performance. When they are used to develop
spherically actuated joint, not only the MP angular
displacement but also the translational displacement of
the rotation center should be evaluated from the Carte-
sian stiffness matrix of the manipulator and should be
minimized. Moreover, the dynamic performance of the
manipulator should be as high as possible.

Among the evaluation criteria for optimum geomet-
ric parameters design, an efficient approach is to solve
a multiobjective optimization problem, which takes all
or most of the evaluation criteria into account. As the
objective functions are usually conflicting, no single so-
lution can be achieved in this process. The solutions

of such a problem are non-dominated solutions, also
called Pareto-optimal solutions. Some multiobjective
optimization problems of parallel manipulators (PMs)
have been reported in the last few years. Hao and Mer-
let proposed a method different from the classical ap-
proaches to obtain all the possible design solutions that
satisfy a set of compulsory design requirements, where
the design space is identified via the interval analy-
sis based approach (Hao and Merlet, 2005). Ceccarelli
et al. focused on the workspace, singularity and stiff-
ness properties to formulate a multi-criterion optimum
design procedure for both parallel and serial manipu-
lators (Ceccarelli et al., 2005). Stock and Miller for-
mulated a weighted sum multi-criterion optimization
problem with manipulability and workspace as two ob-
jective functions (Stock and Miller, 2003). Krefft and
Hesselbach formulated a multi-criterion elastodynamic
optimization problem for parallel mechanisms while
considering workspace, velocity transmission, inertia,
stiffness and the first natural frequency as optimization
objectives (Krefft and Hesselbach, 2005). Altuzarra et
al. dealt with the multiobjective optimum design of a
parallel Schönflies motion generator, in which the ma-
nipulator workspace volume and dexterity were consid-
ered as objective functions (Altuzarra et al., 2009).

In this work, a multiobjective design optimization
problem is formulated. The design optimization prob-
lem of the 3-DOF spherical parallel manipulator con-
siders the kinematic performance, the accuracy and the
dynamic dexterity of the mechanism under design. The
performances of the mechanism are also optimized over
a regular shaped workspace. The multiobjective de-
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(a) (b)

Figure 2: Architecture of a general SPM: (a) overview, (b) parameterization of the ith leg.

sign optimization problem is illustrated with a 3-RRR
SPM shown in Figure 1, which can replace the serial
chains based wrist mechanisms. The non-dominated
solutions, also called Pareto-optimal solutions, of the
multiobjective optimization problem are obtained with
a genetic algorithm.

2 Manipulator Architecture

The spherical parallel manipulator under study is a
novel robotic wrist with an unlimited roll motion (Bai,
2010; Bai et al., 2009), which only consists of three
curved links connected to a mobile platform (MP). The
mobile platform is supposed to be quite stiffer than the
links, which is considered as a rigid body. The three
links are driven by three actuators moving indepen-
dently on a circular rail of model HCR 150 from THK
via pinion and gear-ring transmissions. Thanks to the
circular guide, the overall stiffness of the mechanism is
increased. Moreover, such a design enables the SPM
to generate an unlimited rolling motion, in addition to
limited pitch and yaw rotations.

A general spherical parallel manipulator is shown in
Figure 2(a) (Liu et al., 2000). Figure 2(b) represents
the parameters associated with the ith leg of the SPM,

i = 1, 2, 3. The SPM is composed of three legs that
connect the mobile-platform to the base. Each leg is
composed of three revolute joints. The axes of the revo-
lute joints intersect and their unit vectors are denoted
by ui, wi and vi, i = 1, 2, 3. The arc angles of the
three proximal curved links are the same and equal to
α1. Likewise, the arc angles of the three distal curved
links are the same and equal to α2. The radii of the
link midcurves are the same and equal to R. Geometric
angles β and γ define the geometry of the two pyrami-
dal base and mobile platforms. The presented SPM in
Figure 1(a) is a special case with γ = 0. The origin O
of the reference coordinate system Fa is located at the
center of rotation.

3 Kinematic and Kinetostatic
Modeling of the SPM

The kinematics of the SPMs has been well docu-
mented (Gosselin and Angeles, 1989), which is not re-
peated in detail here. Hereafter, the orientation of the
mobile platform is described by the orientation repre-
sentation of azimuth-tilt-torsion (φ − θ − σ) (Bonev,
2008), for which the rotation matrix is expressed as

Q =




cφcθc(φ− σ) + sφs(φ− σ) cφcθs(φ− σ)− sφc(φ− σ) cφsθ
sφcθc(φ− σ)− cφs(φ− σ) sφcθs(φ− σ) + cφc(φ− σ) sφsθ

−sθc(φ− σ) −sθs(φ− σ) cθ


 (1)
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where φ ∈ (−π, π], θ ∈ [0, π), σ ∈ (−π, π], and s(·) =
sin(·), c(·) = cos(·).

Under the prescribed coordinate system, unit vector
ui is expressed in the base frame Fa below:

ui =
[
− sin ηi sin γ cos ηi sin γ − cos γ

]T
(2)

where ηi = 2(i− 1)π/3, i = 1, 2, 3.
Unit vector wi of the intermediate revolute joint axis

in the ith leg is expressed in Fa as:

wi =



−sηisγcα1 + (cηisθi − sηicγcθi)sα1

cηisγcα1 + (sηisθi + cηicγcθi)sα1

−cγcα1 + sγcθisα1


 (3)

The unit vector vi of the last revolute joint axis in
the ith leg, is a function of the mobile-platform orien-
tation, namely,

vi = Qv∗
i (4)

where v∗
i corresponds to the unit vector of the last rev-

olute joint axis in the ith leg when the mobile platform
is in its home configuration:

v∗
i =

[
− sin ηi sinβ cos ηi sinβ cosβ

]T
(5)

3.1 Kinematic Jacobian matrix

Let ω denote the angular velocity of the mobile-
platform, the screws velocity equation via the ith leg
can be stated as

$ω =

[
ω
0

]
= θ̇i$̂

i
A + ψ̇i$̂

i
B + ξ̇i$̂

i
C (6)

with the screws for the revolute joints at points Ai, Bi
and Ci expressed as

$̂iA =

[
ui
0

]
, $̂iB =

[
wi

0

]
, $̂iC =

[
vi
0

]

Since the axes of the two passive revolute joints in each
leg lie in the plane BiOCi, the following screw is recip-
rocal to all the revolute joint screws of the ith leg and
does not lie in its constraint wrench system:

$̂ir =

[
0

wi × vi

]
(7)

Applying the orthogonal product (◦) (Tsai, 1998) to
both sides of Eqn. (6) yields

$̂ir ◦ $ω = (wi × vi)
T
ω = (ui ×wi) · viθ̇i (8)

As a consequence, the expression mapping from the
mobile platform twist to the input angular velocities is
stated as:

Aω = Bθ̇ (9)

with

A =
[
a1 a2 a3

]
, ai = wi × vi (10a)

B = diag
[
b1 b2 b3

]
, bi = (ui ×wi) · vi (10b)

where θ̇ =
[
θ̇1 θ̇2 θ̇3

]T
. Matrices A and B are the

forward and inverse Jacobian matrices of the manipu-
lator, respectively. If B is nonsingular, the kinematic
Jacobian matrix J is obtained as

J = B−1A (11)

3.2 Cartesian stiffness matrix

The stiffness model of the SPM under study is estab-
lished with virtual spring approach (Pashkevich et al.,
2009), by considering the actuation stiffness, link de-
formation and the influence of the passive joints. The
flexible model of the ith leg is represented in Figure 3.
Figure 3(b) illustrates the link deflections and varia-
tions in passive revolute joint angles.

Let the center of rotation be the reference point of
the mobile platform. Analog to Eqn. (6), the small
displacement screw of the mobile-platform can be ex-
pressed as:

$iO =

[
∆φ
∆p

]
= ∆θi$̂

i
A + ∆ψi$̂

i
B + ∆ξi$̂

i
C (12)

where ∆p = [∆x, ∆y, ∆z]
T

is linear displacement of

the rotation center and ∆φ = [∆φx, ∆φy, ∆φz]
T

is
the MP orientation error. Note that this equation only
includes the joint variations, while for the real manip-
ulator, link deflections should be considered as well.

The screws associated with the link deflections are
formulated as follows:

$̂iu1 =

[
ri

riC × ri

]
, $̂iu2 = $̂iC , $̂

i
u3 =

[
ni

riC × ni

]
(13)

$̂iu4 =

[
0
ri

]
, $̂iu5 =

[
0
vi

]
, $̂iu6 =

[
0
ni

]

where ni = wi × vi is the normal vectors of plane
BiOCi, ri = wi × ni, and riC is the position vector of
point Ci from O. The directions of the vectors ri and
ni are identical to ∆ui4 and ∆ui6, respectively.

By considering the link deflections ∆ui1...∆u
i
6 and

variations in passive joint angles and adding all the
deflection freedoms to Eqn. (12), the mobile platform
deflection in the ith leg is stated as

$iO =∆θi$̂
i
A + ∆ψi$̂

i
B + ∆ξi$̂

i
C + ∆ui1$̂

i
u1 + ∆ui2$̂

i
u2

+ ∆ui3$̂
i
u3 + ∆ui4$̂

i
u4 + ∆ui5$̂

i
u5 + ∆ui6$̂

i
u6 (14)

The previous equation can be written in a compact
form by separating the terms related to the variations
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(a)

(b)

Figure 3: Flexible model of a single leg: (a) virtual
spring model, where Ac stands for the actua-
tor, R for revolute joints and MP for the mo-
bile platform, (b) link deflections and joint
variations in the ith leg.

in the passive revolute joint angles and those related
to the actuator and link deflections, namely,

$iO = Jiθ∆ui + Jiq∆qi (15)

with

Jiθ =
[
$̂iA $̂iu1 $̂iu2 $̂iu3 $̂iu4 $̂iu5 $̂iu6

]
(16a)

Jiq =
[
$̂iB $̂iC

]
(16b)

∆ui =
[
∆θi ∆ui1 ∆ui2 ∆ui3 ∆ui4 ∆ui5 ∆ui6

]T
(16c)

∆qi =
[
∆ψi ∆ξi

]T
(16d)

Let the external wrench applied to the end of the ith
leg be denoted by fi, the constitutive law of the ith leg
can be expressed as

fi =

[
Krr Krt

KT
rt Ktt

]

i

[
∆φ
∆p

]
→ fi = Ki$

i
O (17)

On the other hand, the wrench applied to the articu-
lated joints in the ith leg being denoted by a vector τi,
the equilibrium condition for the system is written as,

Ji
T

θ fi = τi, J
iT

q fi = 0, ∆ui = Ki−1

θ τi (18)

Combining Eqns. (15), (17) and (18), the kinetostatic
model of the ith leg can be reduced to a system of two
matrix equations, namely,

[
Siθ Jiq
Jiq
T

02×2

] [
fi

∆qi

]
=

[
$iO
02×1

]
(19)

where the sub-matrix Siθ = JiθK
i−1

θ Ji
T

θ describes the
spring compliance relative to the center of rotation,
and the sub-matrix Jiq takes into account the passive
joint influence on the mobile platform motions.

Ki−1

θ is a 7× 7 matrix, describing the compliance of
the virtual springs and taking the form:

Ki−1

θ =

[
Ki−1

act 01×6

06×1 Ki−1

L

]
(20)

where Ki
act corresponds to the stiffness of the ith actua-

tor. Ki
L of size 6×6 is the stiffness matrix of the curved

link in the ith leg, which is calculated by means of the
Euler-Bernoulli stiffness model of a cantilever. In Fig-
ure 3(b), ∆u1, ∆u2 and ∆u3 show the three moment
directions while ∆u4, ∆u5 and ∆u6 show the three
force directions, thus, using Castigliano’s theorem (Hi-
bbeler, 1997), the compliance matrix of the curved link
takes the form:

Ki−1

L =




C11 C12 0 0 0 C16

C12 C22 0 0 0 C26

0 0 C33 C34 C35 0
0 0 C34 C44 C45 0
0 0 C35 C45 C55 0
C16 C26 0 0 0 C66




(21)

where the corresponding elements are given in Ap-
pendix A.

The matrix Jiθ of size 6 × 7 is the Jacobian matrix
related to the virtual springs and Jiq of 6 × 2, the one
related to revolute joints in the ith leg. The Carte-
sian stiffness matrix Ki of the ith leg is obtained from
Eqn. (19),

fi = Ki$
i
O (22)

where Ki is a 6×6 sub-matrix, which is extracted from
the inverse of the 8× 8 matrix on the left-hand side of
Eqn. (19). From f =

∑3
i=1 fi, $O = $iO and f = K$O,

the Cartesian stiffness matrix K of the system is found
by simple addition, namely,

K =

3∑

i=1

Ki (23)
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3.3 Mass matrix

The mass in motion of the mechanism influences the
dynamic performance, such as inertia, acceleration,
etc., hence, formulating the mass matrix is one impor-
tant procedure in the dynamic analysis. Mass matrix
is the function of manipulator dimensions and material
properties, i.e., link lengths, cross-sectional area, mass
density. Generally, the manipulator mass matrix (iner-
tia matrix) can be obtained on the basis of its kinetic
energy. The total kinetic energy T includes the energy
Tp of the mobile platform, Tl of the curved links and
Ts of the slide units:

• The kinetic energy of the mobile platform is

Tp =
1

2
mpv

T
p vp +

1

2
ωT Ipω (24)

with

vp = R cosβp× ω, Ip = diag [Ixx Iyy Izz] (25)

where mp is the mass of the mobile-platform and
Ixx, Iyy, Izz are the mass moments of inertia of the
mobile-platform about x-, y-, z-axes, respectively.

• The kinetic energy of the curved links is

Tl =
1

2

3∑

i=1

(
mlv

iT

l vil + Ilψ̇
2
i

)
(26)

with

vil =
1

2
R
(
θ̇iwi × ui + vi × ω

)
(27a)

Il =
1

2
mlR

2

(
1− sinα2 cosα2

α2

)
(27b)

ψ̇i = − (ui × vi) · ω
(ui ×wi) · vi

= jψi · ω (27c)

where ml is the link mass and Il is its mass mo-
ment of inertia about wi.

• The kinetic energy of the slide units is

Ts =
1

2

(
Ign

2
g +msR

2
s

)
θ̇T θ̇ (28)

where ms is the mass of the slide unit and Rs is
the distance from its mass center to z-axis. Ig is
the mass moment of inertia of the pinion and ng
is the gear ratio.

Consequently, the SPM kinetic energy can be written
in the following form

T = Tp + Tl + Ts =
1

2
θ̇TMθ̇ (29)

Figure 4: The representation of the regular workspace
for the SPM with a pointing cone.

with the mass matrix M of the system is expressed as

M =

(
msR

2
s + Ign

2
g +

1

4
mlR

2 sin2 α1

)
13

+ JT
(
Ip +mpR

2 cos2 β[p]T×[p]×

+
1

4
mlR

2
3∑

i=1

[vi]
T
×[vi]× + Il

3∑

i=1

jψij
T
ψi

)
J (30)

where [·]× stands for the skew-symmetric matrix whose
elements are from the corresponding vector and 13 is
the Identity matrix.

4 Design Optimization of the
Spherical Parallel Manipulator

The inverse kinematic problem of the SPM can have
up to eight solutions, i.e., the SPM can have up to
eight working modes. Here, the diagonal terms bi of
the inverse Jacobian matrix B are supposed to be all
negative for the SPM to stay in a given working mode.
In the optimization procedure, criteria involving kine-
matic and kinetostatic/dynamic performances are con-
sidered to determine the mechanism configuration and
the dimension and mass properties of the links. More-
over, the performances are evaluated over a regular
shaped workspace free of singularity, which is speci-
fied as a minimum pointing cone of 90o opening with
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Figure 5: Design variables of the 3-RRR SPM.

360o full rotation, i.e., θ ≥ 45o and σ ∈ (−180o, 180o],
see Figure 4.

4.1 Design variables

Variables α1, α2, β and γ are part of the geometric
parameters of a 3-RRR SPM and γ = 0 for the ma-
nipulator under study. Moreover, the radius R of the
link midcurve is another design variable and the cross
section of the links is supposed to be a square of side
length a. These variables are shown in Figure 5. As a
consequence, the design variable vector is expressed as
follows:

x = [α1, α2, β, a, R] (31)

4.2 Objective functions

The kinematic performance is one of the major con-
cerns in the manipulator design, of which a criterion
is the evaluation of the dexterity of SPMs. A com-
monly used criterion to evaluate this kinematic per-
formance is the global conditioning index (GCI) (Gos-
selin and Angeles, 1991), which describes the isotropy
of the kinematic performance. The GCI is defined over
a workspace Ω as

GCI =

∫
Ω
κ−1(J)dW∫

Ω
dW

(32)

where κ(J) is the condition number of the kinematic
Jacobian matrix (11). In practice, the GCI of a robotic

manipulator is calculated through a discrete approach
as

GCI =
1

n

n∑

i=1

1

κi(J)
(33)

where n is the number of the discrete workspace points.
As a result, the first objective function of the optimiza-
tion problem is written as:

f1(x) = GCI → max (34)

Referring to the kinematic dexterity, an important
criterion to evaluate the dynamic performance is dy-
namic dexterity, which is made on the basis of the
concept of Generalized Inertia Ellipsoid (GIE) (Asada,
1983). In order to enhance the dynamic performance
and to make acceleration isotropic, the mass ma-
trix (30) should be optimized to obtain a better dy-
namic dexterity. Similar to GCI, a global dynamic in-
dex (GDI) is used to evaluate the dynamic dexterity,
namely,

GDI =
1

n

n∑

i=1

1

κi(M)
(35)

where κi(M) is the condition number of the mass ma-
trix of the ith workspace point. Thus, the second ob-
jective function of the optimization problem is written
as:

f2(x) = GDI → max (36)

4.3 Optimization constraints

In this section, the kinematic constraints, condition-
ing of the kinematic Jacobian matrix and accuracies
due to the elastic deformation are considered. Con-
straining the conditioning of the Jacobian matrix aims
to guarantee dexterous workspace free of singularity,
whereas limits on accuracy consideration ensures that
the mechanism is sufficiently stiff.

4.3.1 Kinematic constraints

According to the determination of design space re-
ported in (Bai, 2010), the bounds of the parameter
α1, α2 and β subject to the prescribed workspace are
stated as:

45o ≤ β ≤ 90o, 45o ≤ α1, α2 ≤ 135o (37)

The sequence of the first, second and third slide units
appearing on the circular guide counterclockwise is
constant. In order to avoid collision, the angles θij be-
tween the projections of vectors wi and wj in the xy
quadrant, i, j = 1, 2, 3, i 6= j, as shown in Figure 6,
have the minimum value, say 10o. To avoid collision
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Figure 6: Slide unit configuration of the 3-DOF SPM.

and make the mechanism compact, the following con-
straints should be satisfied:

θ12, θ23, θ31 ≥ εθ = 10o (38)

R0 = 0.120 m ≤ R sinα1 ≤ Rs = 0.200 m

Moreover, the SPM should not reach any singularity
in its orientation workspace. Therefore, the following
conditions should be satisfied.

det(A) ≥ ε, bi = (ui ×wi) · vi ≤ −ε (39)

where A is the forward Jacobian matrix of the manip-
ulator defined in Eqn. (9) and ε > 0 is a previously
specified tolerance set to 0.001.

4.3.2 Conditioning number of the kinematic
Jacobian matrix

Maximizing the GCI and constraining the kine-
matic Jacobian matrix cannot prevent the prescribed
workspace away from ill-conditioned configurations.
For the design optimization in order to achieve a dex-
terous workspace, the minimum of the inverse condi-
tion number of the kinematic Jacobian matrix κ−1(J),
based on 2-norm, should be higher than a prescribed
value throughout the workspace, say 0.1, namely,

min(κ−1(J)) ≥ 0.1 (40)

4.3.3 Accuracy constraints

The accuracy constraints of the optimization prob-
lem for the SPM are related to the dimensions of

Table 1: The lower and upper bounds of the design
variables x.

α1 [deg] α2 [deg] β [deg] a [m] R [m]
xlb 45 45 45 0.005 0.120
xub 135 135 90 0.030 0.300

the curved link and the maximum positional deflec-
tion of the rotation center and angular deflection of
the moving-platform subject to a given wrench applied
on the latter. The control loop stiffness is Ki

act =
106 Nm/rad. Let the static wrench capability be spec-
ified as the eight possible combinations of moments
m = [±10, ±10, ±10] Nm, while the allowable maxi-
mum positional and rotational errors for the workspace
points are 1 mm and 2o = 0.0349 rad, respectively,
thus, the accuracy constraints can be written as:

‖∆p‖n =
√

∆x2
n + ∆y2

n + ∆z2
n ≤ εp (41)

‖∆φ‖n =
√

∆φ2
x, n + ∆φ2

y, n + ∆φ2
z, n ≤ εr

where the linear and angular displacements are com-
puted from $O = K−1f with the Cartesian stiffness
matrix (23) and εp = 1 mm, εr = 0.0349 rad.

4.4 Formulation of the multiobjective
optimization problem

Mathematically, the multi-objective design optimiza-
tion problem for the spherical parallel manipulator can
be formulated as:

maximize f1(x) = GCI (42)

maximize f2(x) = GDI

over x = [α1, α2, β, a, R]

subject to g1 : θ ≥ 45o

g2 : R0 ≤ R sinα1 ≤ Rs
g3 : θ12, θ23, θ31 ≥ εθ = 10o

g4 : det(A) ≥ ε, (ui ×wi) · vi ≤ −ε
g5 : min(κ−1(J)) ≥ 0.1

g6 :
√

∆x2
n + ∆y2

n + ∆z2
n ≤ εp

g7 :
√

∆φ2
x, n + ∆φ2

y, n + ∆φ2
z, n ≤ εr

xlb ≤ x ≤ xub

i = 1, 2, 3

where xlb and xub, respectively, are the lower and up-
per bounds of the variables x given by Table 1.
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Table 2: Algorithm parameters of the implemented NSGA-II

Population Generation Directional crossover Crossover Mutation Distribution
size probability probability probability index
40 200 0.5 0.9 0.1 20

Table 3: Three Pareto-optimal solutions

Design Variables Objectives
ID α1 [deg] α2 [deg] β [deg] a [m] R [m] GCI GDI
I 56.2 81.0 89.8 0.0128 0.1445 0.366 0.711
II 51.6 84.3 89.9 0.0133 0.1533 0.453 0.665
III 47.2 90.8 89.2 0.0127 0.1641 0.536 0.625

4.5 Pareto-optimal solutions

For the proposed SPM, the actuation transmission
mechanism is a combination of actuator of model
RE 35 GB and gearhead of model GP 42 C from
Maxon (Maxon, 2012) and a set of gear ring-pinion
with ratio ng = 8. Moreover, the components are sup-
posed to be made of steel, thus, E = 210 Gpa, ν = 0.3.
Moreover, the moving platform is supposed to be a reg-
ular triangle, thus, the MP and link masses are given
by

mp =
3
√

3

4
ρhR2 sin2 β, ml = ρa2Rα2 (43)

where ρ is the mass density and h = 0.006 m is the
thickness of the moving platform. The total mass ms

of each slide unit, including the mass of the actuator,
gearhead, pinion and the manufactured components, is
equal to ms = 2.1 kg.

The previous formulated optimization problem (42)
is solved by the genetic algorithm NSGA-II (Deb et al.,
2002) with Matlab, of which the algorithm parameters
are given in Table 2.

The Pareto front of the formulated optimization
problem for the SPM is shown in Figure 7 and three
optimal solutions, i.e., two extreme and one intermedi-
ate, are listed in Table 3.

Figure 8 illustrates the variational trends as well as
the inter-dependency between the objective functions
and design variables by means of a scatter matrix. The
lower triangular part of the matrix represents the cor-
relation coefficients whereas the upper one shows the
corresponding scatter plots. The diagonal elements
represent the probability density charts of each vari-
able. The correlation coefficients vary from −1 to 1.
Two variables are strongly dependent when their cor-
relation coefficient is close to −1 or 1 and independent
when the latter is null. Figure 8 shows:

• both objectives functions GCI and GDI are
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Figure 7: The Pareto front of the multiobjective opti-
mization problem for the SPM.

strongly dependent as their correlation coefficient
is equal to −0.975;

• both objectives functions GCI and GDI are
strongly dependent on all design variables as all
of the corresponding correlation coefficients are
greater than 0.6;

• GCI is slightly more dependent than GDI of the
design variables as all the corresponding correla-
tion coefficients of former are greater than those
of latter;

• GDI is less dependent on the design variables β
and a than the other variables although the two
former variables influence the SPM mass, this is
due to the large portion of the slide unit mass in
the total mechanism mass.
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Figure 8: Scatter matrix for the objective functions and the design variables.
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Figure 9: Design variables as functions of objectives for
the Pareto-optimal solutions.

Figure 9 displays the design variables as functions
of the objectives. It is noteworthy that the higher
GCI, the lower α1, conversely, the higher GDI, the
higher α1. This phenomenon is opposite with respect
to variable α2. The design variable β converges to 90o

approximately, which indicates that β = 90o is the pre-
ferred geometric parameter for the SPM under study.
The lower link midcurve R and higher a lead to higher
GDI. The three sets of of design variables correspond-
ing to the three Pareto-optimal solutions depicted in
Table 3 are shown in Figure 9 with solid markers.

5 Conclusions

In this paper, the geometric synthesis of spherical par-
allel manipulators is discussed. A multiobjective de-
sign optimization problem based on the genetic algo-
rithm was formulated in order to determine the mech-
anism optimum structural and geometric parameters.
The objective functions were defined on the basis of the
criteria of both kinematic and kinetostatic/dynamic
performances. This approach is illustrated with the
optimum design of an unlimited-roll spherical parallel
manipulator, aiming at maximizing the kinematic and
dynamic dexterities to achieve relatively better kine-
matic and dynamic performances simultaneously. It is
found that the parameter β being equal to 90o is a pre-
ferred structure for the SPM under study. Finally, the
Pareto-front was obtained to show the approximation
of the optimal solutions between the various (antago-
nistic) criteria, subject to the dependency of the per-
formance. The future work will aim to maximize the
orientation workspace and optimize the cross-section
type of the curved links.
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Appendix A

The elements of the compliance matrix (21) for the
curved beam
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C33 =
Rα2

EIz
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(A-1l)

with

s1 = α2 + sinα2 cosα2 (A-2a)

s2 = α2 − sinα2 cosα2 (A-2b)

s3 = 3α2 + sinα2 cosα2/2− 4 sinα2 (A-2c)

s4 = 1− cosα2 − sin2 α2/2 (A-2d)

s5 = sinα2 − α2 (A-2e)

s6 = cosα2 − 1 (A-2f)

s7 = 2 sinα2 − α2 − sinα2 cosα2 (A-2g)

s8 = − sin2 α2 (A-2h)

where E is the Young’s modulus and G = E/2(1 + ν)
is the shear modulus with the Poisson’s ratio ν. Ix, Iy
and Iz are the moments of inertia, respectively. A is
the area of the cross-section.
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Conclusions

The main scope of the research work in this thesis includes error modeling, stiffness mod-

eling and design optimization for parallel manipulators. An error prediction model and a

general kinetostatic model were developed. The developed kinetostatic model was used

in the optimal design stage and the proposed optimization approach covers kinematics,

statics and dynamics to offer flexibility for different requirements and applications of

manipulator design.

8.1 Summary of Results

Error analysis, Article I

Article I presents the error modeling and analysis of a planar parallel manipulator with

joint clearances. Apart from joint clearances, the developed error model also includes

the error sources of actuation error/backlash, manufacturing and assembly errors, which

is derived from the first-order kinematic closure equation. Compared to the developed

error models in [91, 93], this model clearly represents the sources of errors from the

articular joints to evaluate the influence of these variations of errors to the pose errors

of the manipulator end-effector efficiently. The developed model can also be applied to

serial manipulators.

The error prediction problem for the manipulator is transformed into the optimization

problem, of which the constraints are formulated from the joint clearance models. The

maximal pose errors of the end-effector subject to the given joint clearances can be

evaluated by solving these optimization problems with the commercial softwares at hand

such as MatlabTM or MapleTM.
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Using the developed model, the upper bounds and distributions of the pose errors

throughout the constant-orientation Cartesian workspaces for the studied manipulator

are mapped. The results show that the pose errors are configuration-dependent and the

clearances in the passive prismatic joints have much more influence on the pose errors

than those in the revolute joints for the manipulator under study.

A vision system is built to measure the pose errors of the uniformly distributed workspace

points, the results being compared with the estimations from the analytical model. The

root-mean-square based difference for the positional errors evaluated from these two

approach is 0.030–0.080 mm, while the difference for the orientational errors is 0.050–

0.100 deg. Moreover, a regression analysis is conducted to describe their differences

graphically. With the statistical elaboration, the comparison reveals a good correlation

between the results from these two approaches, which verified the correctness of the

developed model.

Kinetostatic analysis, Article II

Article II describes the establishment of a kinetostatic model and its application to a

spherical parallel manipulator. The model is developed on the basis of the concept of

the virtual spring, which inherits its advantages of high computation accuracy, i.e., the

difference is less than 5% in the comparison to the FEA approach. It is capable to

compute the stiffness at both nonsingular and singular configurations and the problem

of the deformation calculation is also investigated with the singular value decomposition

when the matrix is invertible. Moreover, the influence of the passive joints are taken

into account during the modeling.

An improvement is that the screw theory is introduced to derive the Jacobian in which

the deformations are considered as infinitesimal displacements. This eases the compli-

cated kinematic problem of the spherical parallel manipulators due to the high-order

trigonometric functions associated with orientation angles, as the inverse kinematic so-

lutions of all the joints need to be obtained in advance during the implementation of

D-H parameters to derive the Jacobian in Pashkevich’s approach [109].

The developed stiffness model is able to evaluate not only the rotational stiffness of the

mobile platform, but also the translational stiffness of the rotation center. The results

from the comparison among several spherical parallel manipulators with alternative

structures shows that the displacements of the center of rotation or center shift cannot

be neglected where high positional accuracy is needed.
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It should be noted that the stiffness matrix formulation of the curved link in this paper

is based on the circular cross-section that cannot be applied to the curved beams with

all kinds of cross-sections, i.e., rectangular. Whereas, this matrix can be applied to the

beams with polygonal cross-section, such as square, hexagonal and octagonal, for rough

computation. Among them, the beam of square cross-sections gives relatively larger

difference but below 9% compared with the FEA based evaluation, which is acceptable.

In article III, this type of curved beam is adopted in the optimization procedure as it

can reduce the manufacturing cost in prototyping a manipulator.

Multiobjective optimum design, Article III & IV

Articles III and IV deal with the architecture optimization of a spherical parallel manip-

ulator, in which two multiobjective optimization problem are formulated to optimize the

manipulator’s structural and geometric parameters, respectively. The evaluation criteria

in these two optimization problems are based on the previously established kinematic,

kinetostatic and dynamic models. The difference between them is the different objective

functions for different performances improvement.

In article III, the optimization problem aims to minimize the mechanism mass and to

maximize the global conditioning index to enhance both kinematic and dynamic perfor-

mances. The Pareto-front is obtained to give an image of parameters selection subject

to the design requirements. Three selected optimal solutions are used to illustrate this

optimization procedure by building their CAD design models and numerical dynamic

simulations. It is found that the proposed spherical parallel manipulator can have rel-

atively better kinematic and dynamic performance simultaneously. Article IV aims to

achieve both kinematic and dynamic isotropy as well as the improved positional and

orientational accuracies due to elastic deformation.

Additionally, the scatter matrices for the objectives and variables of the two given opti-

mization problems are plotted to represent variational trends and the inter-dependency

among them. The results show that the performances of the proposed manipulator

strongly depend on its geometric parameters, mainly the arc angles α1 and α2 of the

proximal and distal curved links and the angle β of the pyramidal mobile platform. It is

found that the proposed manipulator can have relatively better kinematic and dynamic

performances with parameters of smaller α1 and α2 = 90o, β = 90o approximately.

The proposed approach covers different kinds of performances ranging from kinematics,

statics to dynamics, which offers flexibility to select any criterion as an objective function

based on requirements and can be used for other optimal design tasks.



Chapter 8. Conclusions 100

8.2 Contributions

The presented work in this thesis focuses on developing models to characterize the

properties of the manipulators and applying optimization technique in the mechanism

design. The following contributions from this project study are made:

• The error model with joint clearances for the parallel manipulators was first exper-

imentally validated. The validation for the developed analytical error model is of

importance as the error model is the basis for the error compensation in order to

improve the mechanism accuracy efficiently. In Article I, the validation at the rep-

resentative points covering the workspace is implemented to verify the correctness

of the developed model effectively.

• The elastic deformation of the center of rotation for the spherical parallel manipu-

lators was first considered. Very few publications dealt with the stiffness modeling

and analysis for this type of mechanisms and in those works only the rotational

compliance of the mobile platform was investigated since the most SPMs are used

as orientating devices. With the consideration of the positional error of the cen-

ter of rotation, it is found that this term cannot be ignored as it influences the

positional accuracy of the end-effector even under pure external moments.

• An optimization approach was formulated for the initial design of parallel manip-

ulators, in which kinetostatic and dynamic performances were first considered for

the optimal design of spherical parallel manipulators. All major performances, in-

cluding kinematic, kinetostatic and dynamic performances, are considered in the

formulated design procedure. For the spherical parallel manipulators, as most of

them find their applications with the light-load requirements like orientating de-

vices in medical applications, the analysis and design for this type of mechanisms

focus on their kinematic aspects while the statics and dynamics have received rel-

atively less attention. With the proposed approach, selected performance criteria

can be emphasized for the design requirement of specified application.

8.3 Concluding Remarks

An error prediction model for parallel manipulators was developed and experimentally

validated. The developed model implies that the manipulator accuracy can be improved

by calibration after preloading the clearance-affected joints.
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A general kinetostatic model is developed for the spherical parallel manipulators to

evaluate the positional accuracy when this class of mechanisms are used as robotic

manipulator. This model can also be generalized to the other types of manipulators.

A systematic optimization approach is formulated for design optimization and perfor-

mance improvement of spherical parallel manipulators, in which all major performances,

including kinematic, kinetostatic and dynamic performances, are considered. The pro-

posed optimization method offers flexibility with selected design objectives to meet dif-

ferent design requirements.

8.4 Future Work

The work presented in this thesis was primarily concerned with error/stiffness modeling

and optimization in the early design stage. No consideration was given to the improve-

ment of accuracy for the mechanisms. Whereas, this is crucial issue of the manipulator

applications. The following future work is recommended:

• Based on the developed error model, Article I suggests to preload the joint to

improve the manipulator accuracy. The preloaded forces need to be determined

without highly increasing energy consumption. Torsional springs will be arranged

on the corresponding joints to increase the manipulator accuracy.

• In article III and IV, the curved beam of square cross-section is adopted to eval-

uated the kinetostatic performance. As a matter of fact, different shaped cross-

sections of the curved beam will influence the stiffness matrix formulation. A more

general approach of the stiffness matrix formulation for the curved beam is to be

developed for more accurate stiffness analysis.

• An optimization approach has been proposed for the design of spherical parallel

manipulator. This approach can be applied in the early design stage. The dynamic

performance will be addressed in the following optimization procedure for its ap-

plication as an active joint. According to the optimal results, the manipulator and

its control system will be built to validate the proposed approach.





Appendix A

Mass Center and Moments of

Inertia of Curved Link

A regular curved link is shown in Figure A.1.

Figure A.1: A regular curved link.
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Its mass center is denoted by

Rαx̄ = R2

∫
cosϕdϕ → x̄ =

2R sin(α/2)

α
(A.1)

The mass moments of inertia are expressed as:
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2
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2
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Mass moment of inertia about u:
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2
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2

(
1− sinα cosα

α

)
(A.3)



Appendix B

Partial–differential terms of the

SPM Lagrange equation

Time-derived differential terms are given as:
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1
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2
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T
i + nij̇

T
i

)

+
(

[v̇i]× + j̇in
T
i + jiṅ
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İliuij

T
i + Iliuij̇

T
i + Iliẇij
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with

ṅi = ui × ẇi (B.2a)

İli = ĖiIlE
T
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T
i (B.2b)
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ẇi+v̇i
‖xi‖

v̇i−ẇi
‖yi‖
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Partial-differential terms with respect to θi, i = 1, 2, 3, are given by:
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Partial-differential terms with respect to µ, µ ∈ {φ, θ, σ}, are expressed as:
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anisms. In J. Lenarčič and P. Wenger, editors, Advances in Robot Kinematics:

Analysis and Design, pages 331–341. Springer Netherlands, 2008.

[109] A. Pashkevich, D. Chablat, and P. Wenger. Stiffness analysis of overconstrained

parallel manipulators. Mech. Mach. Theory, 44(5):966–982, 2009.

[110] J. Angeles. On the nature of the cartesian stiffness matrix. Revista de la Sociedad

Mexicana de Ingenieria Mecáica, pages 163–170, 2010.
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