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Preface

Three years have passed, since I in September 2010 began my journey as a PhD
student at Department of Mathematical Sciences, Aalborg University, Denmark.
During this period I have participated in a research project, which had been out-
lined by J. Johnsen and W. Sickel (Jena).

The project aims at providing a more detailed description of boundary value
problems for partial differential equations in e.g. mathematical physics. As part
of this work we had to generalise a modern technique in harmonic analysis from
around the year 1999, and this turned out to be much more involved than first
anticipated upon discovering a serious flaw in the existing proof.

The outcome is the present thesis, which for a large part consists of a study
of anisotropic, mixed-norm Lizorkin—Triebel spaces in connection with the trace
operators occurring in parabolic boundary problems. The main part of the thesis
is the following three articles, written jointly with J. Johnsen and W. Sickel:

Characterisation by local means of anisotropic Lizorkin—Triebel spaces with
mized norms, Journal of Analysis and its Applications, Vol. 32(3), 2013.

Anisotropic, mized-norm Lizorkin—Triebel spaces and diffeomorphic maps, sub-
mitted to Journal of Function Spaces and Applications, 2013.

Anisotropic Lizorkin—Triebel spaces with mized norms — traces on smooth
boundaries, preprint (expected submission Sep. 2013).

The first two articles [31, 32] appear in their submitted form in Chapter 4, resp. 5,
except for the correction of a few typos, minor adaptation to the present layout
(without any essential changes of the content) and when appropriate, references
to our other articles are changed to the corresponding chapters. Also, the biblio-
graphies have been merged to a unified list, which can be found at the end of the
thesis. The last article [30] appears in Chapter 6.
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Summary

This PhD thesis is part of a larger project, where the goal is to establish a higher
regularity theory for parabolic boundary value problems, when these are considered
for non-zero boundary data in a set-up with different integrability properties in
the space and time directions. To develop such a theory, a systematic treatment
of trace operators is needed; this takes up much of the thesis.

The objective is to find optimal co-domains for the trace operators when these
are applied to anisotropic, mixed-norm Lizorkin—Triebel spaces over cylinders,
ie. pr;l(Q x I). This requires a thorough study of these scales of function spaces
in order to develop the necessary tools.

Chapter 1 contains an introduction and a short survey of earlier contributions
to the study of parabolic problems with inhomogeneous boundary conditions; both
written in layman’s terms. The chapter also has a section on notational prelimi-
naries.

This is in Chapter 2 followed by an introduction to Besov and Lizorkin—Triebel
spaces; with focus on the anisotropic, mixed-norm case. Historical remarks and
useful properties of these spaces are collected. Furthermore, we compare our results
on characterisation by kernels of local means to earlier results and to ongoing
research.

In Chapter 3 earlier contributions by P. Weidemaier [63, 65] as well as J. John-
sen and W. Sickel [29] on trace operators occurring in parabolic boundary value
problems are discussed. Their point of views differ and as a result, they contribute
to the theory in different ways. It is explained how our trace results are related to
these works.

Chapter 4 contains generalisations of inequalities in harmonic analysis by V. S.
Rychkov [44] to F;f(]R”), i.e. with anisotropies and mixed norms. Moreover, some
flaws in [44] are corrected. The inequalities are used to obtain a characterisation
of F;”j that can be specialised to the case of kernels of local means.

This particular characterisation is used in Chapter 5 to prove invariance under
certain diffeomorphisms of £’ '@ over both R™ and cylinders © x I. Since the F
spaces contain Ly, it is clear that restrictions on the parameters d@, p’ and on the
diffeomorphism are needed for the map f — f oo to leave the spaces invariant.

Exploiting this, we define in Chapter 6 anisotropic, mixed-norm Lizorkin—
Triebel spaces over the manifold 92 x I. These are then used to obtain optimal
co-domains for the trace operators at both the flat boundary 2 and the curved
boundary 992 x I.

In Chapter 7 the trace theory is applied to a concrete boundary value problem
and necessary conditions are deduced for the existence of a solution of a certain
regularity. Finally, Chapter 8 contains some comments on a recent, somewhat
related work by S. Mayboroda.
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Danish Summary (dansk resumé)

Denne ph.d.-afhandling er en del af et storre projekt, hvis mal er at etablere en
hgjere regularitetsteori for parabolske randveerdiproblemer, nar disse betragtes
med ikke-trivielle randdata i en ramme, der tillader forskellige integrabilitetsegen-
skaber i rum og tid. For at udvikle en sadan teori en det ngdvendigt med en
systematisk behandling af sporoperatorer; dette udggr en stor del af afhandlingen.

Malet er at finde optimale radighedsmaengder for sporoperatorerne, nar disse
anvendes pa anisotrope Lizorkin—Triebel-rum med blandede normer pa cylindere,
dvs. Ff;(Q x I). Dette kraever et grundigt studie af disse skalaer af funktionsrum
for at udvikle de ngdvendige veerktgjer.

Kapitel 1 indeholder en introduktion og en kort oversigt over tidligere bidrag
til studiet af parabolske problemer med inhomogene randbetingelser; afsnittene er
ment som en blgd indfgring i afhandlingens overordnede emne. Yderligere fore-
findes ogsa et afsnit om notation.

Det efterfolges i kapitel 2 af en introduktion til Besov- og Lizorkin—Triebel-rum
med fokus pa anisotropier og blandede normer. Her er ogsa samlet historiske be-
meerkninger og nyttige egenskaber for disse rum. Derudover sammenligner vi vores
resultater om karakterisering ved kerner af lokale midler med tidligere resultater
og igangveerende forskning.

I kapitel 3 diskuteres tidligere bidrag af P. Weidemaier [63, 65] savel som
J. Johnsen og W. Sickel [29] omhandlende sporoperatorer i forbindelse med para-
bolske randveerdiproblemer. Deres synspunkter er forskellige, og som resultat heraf
bidrager de pa forskellig vis til teorien. Det forklares, hvorledes vores sporresul-
tater relaterer sig til deres.

Kapitel 4 indeholder generaliseringer af uligheder i harmonisk analyse, der
skyldes V. S. Rychkov [44], til F;'(R"), dvs. med anisotropier og blandede
normer. Ydermere rettes nogle fejl i [44]. Ulighederne benyttes til at opna en
generel karakterisering af skalaerne, og denne kan specialiseres til tilfeeldet med
kerner for lokale middelvzerdier.

Denne karakterisering bruges i kapitel 5 til at bevise, at F s, , bade pa R™ og

cylindere, er invariante under visse diffeomorfier. Idet F q—rummene indeholder
L, er det klart, at restriktioner pa parametrene @, p samt pa diffeomorfierne er
ngdvendige, for at afbildningen f +— f o o efterlader rummene invariant.

Ved at udnytte dette definerer vi i kapitel 6 anisotrope Lizorkin—Triebel-rum
med blandede normer pa mangfoldigheden 02 x I. Dernzest bruges disse til at
angive optimale billedrum af sporoperatorerne pa bade den flade rand € og den
krumme rand 0S2 x I.

I kapitel 7 anvendes sporteorien pa et konkret randveerdiproblem til at udlede
ngdvendige betingelser for eksistensen af en lgsning med en bestemt regularitet.
Afhandlingen rundes af med kapitel 8, hvori et nyligt, og i en vis udstraekning
relateret, arbejde af S. Mayboroda kommenteres.
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CHAPTER 1

Introduction

It is probably only mathematicians who walk around thinking about how mathe-
matics play an underlying role in many everyday situations (possibly with the
exception of statistics which most people are familiar with). But even so, it is an
inescapable fact that e.g. partial differential equations are widely used in various
fields, ranging from economics to physics. The ongoing research in this area helps
to model real-life phenomena still more accurately and to analyse the models more
profoundly.

This PhD thesis contributes to the work of developing a higher regularity theory
for inhomogeneous, parabolic boundary value problems; primarily by providing a
systematic trace theory for parabolic boundary value problems.

A very simple parabolic partial differential equation is the heat equation

Ou—Au=g in Qx]0,T], (1.1)
u=¢ on INx]0,TJ, (1.2
u=ug on  x {0}, (1.3)

where g(z,t), ¢(x,t), up(x) are the given data, while A = Z;L:I 82]_ is the Lapla-
cian, T'> 0 and Q C R™ is bounded with 02 denoting the boundary.

Despite its simple form, the heat equation is important in itself and it is a model
for linearised reaction-diffusion equations. Hence results for this equation can give
inspiration to the analysis of more complicated reaction-diffusion equations.

In case a solution u(z,t) to (1.1)-(1.3) is continuous on the closure Q of €,
then (1.2) simply states that the restriction of u to 0Q2x 0,7 equals . How-
ever, in most cases the solutions will not be continuous functions, hence (1.2) is
interpreted using a trace operator; and likewise for (1.3).

1



2 Chapter 1. Introduction

In the general study of trace operators one tries to match regularity assump-
tions on u with the number of differentiations performed by the trace operator to
determine the co-domain, that makes the operator surjective. This gives decisive
information regarding the spaces, where boundary data must be chosen.

1.1 Background

There exists a classical theory, cf. e.g. [37], describing the solutions to (1.1)—(1.3),
when g € L,(2x]0,T) for some p > 1. More generally, g can belong to a mixed-
norm space Ly, where = (p1,p2) € [1,0]?, i.e.

(/T (/ |g(x,t)|p1dx>p2/pldt> e < 00,
0 Q

hence g has different integrability in space and time. This possibility seems very
relevant for applications in physics, where e.g. p; = 2 and ps = co (replacing the
integral by a supremum) can describe a time-bounded kinetic energy of a fluid.

For the homogeneous boundary condition, i.e. ¢ = 0, it follows from maximal
regularity theory that u € Wg’l(Q x (e,T)) :=={u € Ly| 0pu,0% u,...,02 u € Lz}
for any £ > 0; cf. [1, Ch. III, 4.10] together with the references there for the
development of maximal regularity and e.g. [62] for the application to a certain
class of parabolic partial differential equations, including (1.1).

In the inhomogeneous case P. Weidemaier was one of the pioneers with some
initial investigations, e.g. [64, 66], in the period 1991-2005. One main conclusion is
that a Lizorkin—Triebel space with mixed norms is optimal for the boundary data ¢
in the sense that the trace operator with domain W;’l(Qx 10, T'[) is surjective.

In 2007 R. Denk, M. Hieber and J. Priiss [9] studied parabolic boundary value
problems with inhomogeneous data under the very general assumption that the
coefficients in the differential equation take values in a space of operators (on a
fixed Banach space). However, the scope in [9] is restricted to a single value of the
smoothness parameter of the Lizorkin—Triebel spaces. This is not suitable for a
theory of higher regularity of the solution, i.e. whether increased regularity of the
data implies increased regularity of the solution.

The year after, a full framework for traces on hyperplanes was developed by
J. Johnsen and W. Sickel in [29]. This included the construction of right-inverses,
which are essential for a higher regularity theory. The existence of a right-inverse
also implies that the trace operator is surjective; an important property, since
otherwise it is a priori known that for some data no solution exists. Furthermore,
a bounded right-inverse readily gives that the solution depends continuously on
the data, which is a necessity for well-posedness of the boundary value problem.

In our paper [30] both the trace results and the construction of right-inverses
in [29] are generalised to cylindrical domains Q x I. A key ingredient in doing
so is a characterisation of the Lizorkin—Triebel spaces by so-called kernels of local
means. This can be found in [32], which is based on the work [44] by V. Rychkov,
where Lizorkin—Triebel spaces with unmixed norms, i.e. p; = ps, is treated.
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1.2 Preliminaries

Since each paper contains a section on notation, cf. Section 4.2.1, 5.2.1 and 6.2.1,
we here only comment on the notation used in Chapter 2 and 3.

Throughout, R™ denotes the n-dimensional Euclidean space, N the natural
numbers and Ng := NU{0}. The closure of a set U C R™ is written U and B(0, )
is the open ball centered at 0 with radius r > 0; the dimension of the surrounding
Euclidean space will be clear from the context.

The restriction of a distribution u to an open subset U of R™ is denoted ry.
Moreover, t; :=max(0,t) for t € R and RY} := {(z1,...,2,) € R" |z, > 0}.

Multi-index notation is used both in connection with partial derivatives and
exponentiation, i.e. for a = (a1,...,a,) € N and z € R,

DY = (—10,,)* - (—10s, )", =ty

In the following some basic function spaces are introduced; the definitions of
Besov and Lizorkin—Triebel spaces are postponed to Section 2.1.

The space C3°(f2), where Q@ C R™ is open, consists of C'*°-functions with
compact support in €2; these are sometimes referred to as test functions. The dual
space D'(Q2) consists of continuous functionals on C§° ().

The Schwartz space S(R™) consists of all rapidly decreasing C*°-functions ¢
in the sense that *DPp(x) is bounded for every a, 3 € Ni. The Fourier trans-
formation is for ¢ € S(R™) defined by

Fole) = 3(6) = / e o(x)dz, €€ R,

n

and extends by duality to the dual space S'(R™) of temperate distributions.

For 0 < p < oo, where the inequality is understood componentwise, the space
Lz(R™) consists of all Lebesgue measurable functions such that

p2/p1 1/pn
lulta @ = ([ ([ lutonearden) ™™ ) <o (1

with the modification of using the essential supremum over z; in case p; = oo.
Equipped with this quasi-norm, Lz(R"™) is a quasi-Banach space, and it is normed
if > 1.

The space Lz({y)(R™), where 0 < ¢ < oo, consists of sequences (uy)ren, of
Lebesgue measurable functions uy : R™ — C such that

Ly(R™)|| < oo;

with the supremum over k if ¢ = co. The quasi-norm is abbreviated || uy |Lz(4q)||,
and when p'= (p,...,p) we simplify Lz to L, etc.






CHAPTER 2

Besov and Lizorkin—Triebel Spaces

This chapter contains a brief historical overview of Besov and Lizorkin—Triebel
spaces followed by an introduction to the anisotropic, mixed-norm versions.

2.1 Historical Overview

Around 1960 the Russian mathematician O. V. Besov introduced the function
spaces B, (R") for 1 < p < 00, 1 < ¢ < oo and s > 0 using ideas (to be explained
in the followmg) from the continuous Holder—Zygmund scale C*.

J. Peetre followed up in 1967 with a characterisation of these spaces using
Fourier analysis, cf. [58] and the references there. This characterisation, which
will be our point of departure, relies on a Littlewood—Paley decomposition; the
purpose of which is to split a temperate distribution into a countable sum of C°°-
terms with compact spectrum using a partition of unity 1 = Zjo 0 ®i(6), £ e R™.

This is (for convenience) based on a fixed ¢ € C§°(R™) such that 0 < (§) <1
on R™, (&) =11if |£] <1 and (&) =0if [¢] > 3/2. Setting & = 1) —1p(2-), we let

@) =¥(€),  D5(§) =227, j=12,... (2.1)
By continuity of F~1, we have for every u € S'(R"™) that

u—Z]—' (®;Fu) in S'(R"),

with each term being C*° by Paley—Wiener—Schwartz’ theorem, cf. [21, Thm. 7.3.1]
(the formulation here is from [28]):
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Theorem 2.1 ([21, 28]). When K C R™ is compact, then v € &' (R™) fulfils
supp @ C K if and only if u extends to an entire function u(x +iy) on C", which
satisfies

IN>0,0>0, Yo,y €R" : Ju(z +iy)] < O+ | + iy|)Nesupl —v€I€€KT,

The characterisation of the Besov scales using Fourier analysis measures the
smoothness of u € §’'(R™) by measuring (235.7*1((1)]-.71&))],61\]0 in terms of {4 (Ly)-
norms (which is meaningful since each element in the sequence is C'*°). The
definition is here stated for the full range of parameters:

Definition 2.2. Let 0 < p,q < o0 and s € R. The Besov space B;’q(R") consists
of the u € §'(R™) for which

S j s - n a
1By (R = (30270 FH (@, Fu) IL,(RY)7) < ocs (22)
7=0

in case ¢ = oo the sum is replaced by the supremum over all j.

The definition is justified by

Theorem 2.3 ([57, Sec. 2.3.3]). For 0 < p,q < oo and s € R the Besov space
B, (R™) is a quasi-Banach space (normed if p,q > 1) and it is independent of the
chosen partition of unity (in the sense of equivalent quasi-norms).

The original definition due to Besov used so-called differences of functions,
which for an arbitrary function u on R™, any constant h € R™ and M = 2,3,...
are defined as

(Aju)(x) = u(z+h) —u(z), (Aj'u)(z) = AL (A u) ().

Instead of stating this definition, we recall, cf. e.g. [57, Thm. 2.5.12] by H. Triebel,
that the norm in (2.2) for 0 < p,q < oo and s > n(1/p — 1) is equivalent to,

Felzo@)l+ ([ s @l @) e

where M now is an integer chosen such that M > s.

Inspired by Peetre’s definition of Besov spaces using Fourier analysis, P. I.
Lizorkin and H. Triebel, independently of each other, came up with the idea to
interchange the £,- and the L,-norms. This led to the introduction of Lizorkin—
Triebel spaces around 1970, at first for 1 < p,q < oco:

Definition 2.4. Let 0 < p < 00, 0 < ¢ < 00 and s € R. The Lizorkin—Triebel
space Fy (R") consists of the u € S'(R") such that

Ly (R™)

ulg &) = || (2017 @, 7)) <o (24)
j=0

in case ¢ = oo the sum is replaced by the supremum over all j.
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Results analogous to Theorem 2.3 and (2.3) hold for FJ (R"™), cf. [57, Sec. 2.3.3,
2.5.10]. In particular, the norm in (2.4) is for 0 < p < o0, 0 < ¢ < o0 and

5> m equivalent to the following, again with M > s,

ulo @+ ([ A Oran) | @)

We now recall some special cases of the F - and Bj -scales, cf. [57]. First,
the Sobolev spaces with integer exponents

Wy (R™) ={u € Ly(R") | D%u € L,(R") for |a] < s}, s € N,
are a special case of the Lizorkin—Triebel spaces, i.e.
Foo=W;, se€Ny, 1<p<oo.

Secondly, the Besov scales can be specialised to the Holder-Zygmund spaces
C*(R™) and also to the non-integer Sobolev spaces W (R"), since (2.3) is a well-
known definition of Wy, when s ¢ No. Le.

B oo =C% s>0,
By, =W,, 0<s¢N, 1<p<cc.

Furthermore, the Besov and Lizorkin—Triebel scales coincide when p = g,

F;, =B, scR.

p,p?

This is sometimes used to give sense to F5, . (R™).

These special cases show that it is meaningful to refer to the parameter s as
the smoothness index. The other parameters p, g are referred to as the integral,
respectively the sum exponent.

Both scales can be defined on open subsets U C R™ by restriction, using ry to
denote restriction to U in the sense of distributions,

F, (U)={ueD(R")|3u e F; (R") : 1yl = u}. (2.6)

p.q

(Here we follow Hormander [22, App. B.2] by placing the bar over F.) Equipped
with the quotient quasi-norm (norm if p,q > 1), i.e.

lulFpg @)l = inf [[]F;,R")],

it is a quasi-Banach space; similarly for E;,Q(U).
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2.2 Anisotropic Spaces with Mixed Norms

The anisotropic Besov and Lizorkin—Triebel spaces arise by modifying ¢ in (2.1).
This is done with an anisotropic distance function |- |z, where @ = (a1,...,a,) > 1.
The purpose is to weight the coordinates x; differently. Using a quasi-dilation

t2 = (t%a,...,t%x,), t>0, zecR",

together with #5%z := (¢*)%x for s € R, the function |z|5 is for € R™\ {0} defined
as the unique ¢ > 0 such that t~% € S"~! (with 0|5 := 0), i.e.

2 2
Z7 'Tn _
$2a; +ooot t2an L.

Indeed, the existence of such ¢ is clear, since t + [t~%x| is continuous on R by
the Implicit Function Theorem and [t~ %| — 0 for t — oo, while [t~%2| — oo
for ¢ — 0. The uniqueness follows straightforwardly by monotonicity. Figure 2.1
shows an example in two dimensions of how level curves for | - |z may look.

-~ ~
7 ~
// T \\ _._3
oS 3
S IN 4
/ ! Y \ —1
{ 4 | .
T T t T T T T
3 U 45\ vof ! 5 /7 3 M —-3
\ N 7 2
< L 2 5
N 7
\\ //

Figure 2.1: Some level curves of | - |(21).

Now % is modified such that |- |5 is used instead of |- |, i.e. ¥(§) = 1 for [¢]z < 1
and (&) = 0 for |¢]z > 3/2. Setting ® = 1) — )(2%.), a new partition of unity is
obtained by, cf. Figure 2.2,

Do(&) ==(8),  D;(€) :=0(277%), j=1,2,...

0.5

0 1 2 3 4 5 5 7
El.

Figure 2.2: The graphs of the first four functions in 1 = > ®;(¢).
j=0
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Using this partition of unity in the definition of the Besov and Lizorkin—Triebel
spaces gives anisotropic spaces depending on the additional parameter a. We take
it a step further and consider an additional anisotropy, namely on the integrability,
by applying the mixed norm || - |Ly|| from (1.4). This results in e.g.

Definition 2.5. Let 0 < p' < 00, 0 < ¢ < o0 and s € R. The anisotropic,
mized-norm Lizorkin-Triebel space F;'(R™) consists of the u € S'(R™) such that

Ly R < . (2.7)

s.a n e is _ 1/‘1
lul By @)= || (0207 (@, Fu)le)
§=0

Some properties of BS% and F%% can be found in Section 4.2.2 and 5.2.
Usually @ is fixed and therefore not included when stating the requirements for
the parameters. In the isotropic case, i.e. @ = (1,...,1), the parameter is even
omitted from the spaces, cf. Section 2.1. Moreover, when the results are valid for
the full ranges 0 < p'< 00, 0 < ¢ < 00, s € R, we often refrain from stating this.

The history of anisotropic, but unmixed Besov spaces dates back as early as
the 1970s, where they (with some restrictions on the parameters) were studied e.g.
in [48, 49, 56] by H. Triebel and H.-J. Schmeisser and in the monographs [41], [4]
by S. M. Nikol’skij, respectively O. V. Besov, V. P. II'in and S. M. Nikol’skij.

In 1983 Triebel characterised the anisotropic, unmixed Lizorkin—Triebel spaces
using Fourier analysis, cf. [57, Sec. 10.1] and the references there. M. Yamazaki
proved in [67] many properties of these scales and gave a nice review of | - |5.

Further historical remarks can be found in Remark 4.4 and [28, Rem. 10].

2.2.1 Characterisation by Local Means

The Lizorkin—Triebel spaces can be characterised in different ways, each with its
own strengths and weaknesses. One way is the Fourier-analytical approach in
Definition 2.5, another is by kernels of local means in Triebel’s sense [58]. Indeed,
for f € S'(R™) and k € C*°(R™) with supp k C B(0, 1), Triebel defined

Kt D)) = [ Koty o€ B >0,

and proved for isotropic spaces (note that it is not a characterisation of Fpsyq):

Theorem 2.6 ([58, Sec. 2.4.6]). Let ko, k* € C°>°(R") with support in B(0,1) and
[ko(x)dz # 0 # [KO(z)dx together with k(z) == ANKO(x) for some N € N.
When s € R and 2N > max (s, n(l/p— 1)_,.), then for f € F; (R"),

I LR+ | (S 2ok i) [LEn| el
=0

is equivalent to the quasi-norm in (2.7).
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We note that for p > 1, the condition on N reduces to 2N > max(s,0), hence
n(1/p — 1)+ is a correction on the number of moment conditions in case p < 1.

The original theorem includes several other equivalent quasi-norms, however
these are not important for our purpose. The strength of (2.8) is that the calcu-
lation of k(t, f)(x) only requires knowledge of f in a ball of radius ¢ around x.

H.-Q. Bui, M. Paluszynski and M. H. Taibleson characterised in [7, 8] the
weighted, isotropic Lizorkin—Triebel and Besov scales by kernels of local means,
i.e. they proved the equivalence of the quasi-norms for all f € §’(R").

Later V. S. Rychkov [44] gave a self-contained and more accessible proof in the
unweighted case with discrete Littlewood—Paley decompositions. He also exem-
plified and corrected a mistake in [7], cf. [44, Rem. 2]. To state his result, we let
Yo, € S(R™) for an ¢ > 0 fulfil the Tauberian conditions

[Fo()] >0 on {£][¢] < 2¢}, (2.9)

[FY©1 >0 on {&|e/2 <[¢] < 2¢} (2.10)

and a moment condition of order My € Ny (here M,, = —1 indicates no moments),
D*(F)(0) =0 forall |a] < M,. (2.11)

The non-linear Peetre-Fefferman—Stein maximal operator induced by (v;)en,,
where t; 1= 2" (27-) for j > 1, is for f € §'(R™) and r > 0 given by

. _ V5 * f(y)]
Vi fx) = yseuﬂg T+ 20—y

Theorem 2.7 ([44, Thm. BPT]). When r > G @nd s < My +1, then there
exist ¢1,ca > 0 such that for all f € S'(R™),

196.0f 1Lpll + 12795 . £ 1 Lo (€)ll < eall £ 1E ol
< caf o f 1Lyl + 1127705 % f [ Lp(€g) -

The theorem is an improvement of the above Theorem 2.6 by Triebel, cf. [44,
Sec. 3.1], since ko, k there can be used as ¢, respectively 1. Indeed, the Tauberian
conditions (2.9)-(2.10) are satisfied for ¢ sufficiently small and s < My + 1 is
fulfilled when 2N > s. Thus the requirement 2N > max (s,n(1/p — 1)4) in
Theorem 2.6 can be relaxed to 2N > s by Theorem 2.7.

Moreover, Theorem 2.7 is a much stronger result in as much as it shows that

(2.8) actually characterises F ,» since f is not a priori assumed to belong to F}; .

Our paper [32] generalises Theorem 2.7 and also [10, Thm. 4.9] by Farkas,
where Theorem 2.6 is extended to the anisotropic, but unmixed case. Indeed,
using the anisotropic analogue of (2.12), i.e.

i [V; * f(y)]
AR ) = Su n y ’
Viar/ ) = 8P T (1 + 2y — a7

zeR", jeN. (2.12)

xe€R"” jeNy, 7>0,

where the denominator is adapted to the anisotropic structure of the Fg’j—spaces
introduced in Definition 2.5, the main result in [32] is
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Theorem 2.8. Let 1,1 € S(R™) satisfy the Tauberian conditions (2.9)—(2.10),
where | - | is replaced by | - |z, together with the moment condition (2.11). When

< (My + 1)min(aq,...,a,) and ¥ > min(q,p1,...,pn)" ", then the following
quasi-norms are equivalent on S'(R™):

IF 1 Eyg R, 12795+ F LN 1129 af L)

The proof, which can be found in Section 4.5, relies on generalisations of the
arguments in [44] to the anisotropic case with mixed norms. However, at the
same time we take the opportunity to correct a fundamental flaw in the article
by Rychkov, cf. Remark 4.1 below. The other key ingredient is certain maximal
inequalities adapted from [27] to this set-up.

Remark 2.9. The motivation behind [32] comes from the study of trace operators
occurring in parabolic PDE’s as will be explained in Chapter 8. However, characte-
risation by kernels of local means is also useful in approximation theory, e.g. using
this Triebel proved in [59, Thm. 8.5] that any element belonging to either B, (R™)
or Fpsyq(R”) can be expanded uniquely using Daubechies wavelets.

The broad scope of application makes the fact that the characterisation is not
restricted to Lizorkin—Triebel spaces FES(R") but is widely applicable, even more
important. Indeed, J. Vybiral applied in [61] the method to Besov and Lizorkin—
Triebel spaces with dominating mized smoothness, which generalise the Sobolev
spaces

ST (R™) = {f € L,(R")

> 1D F L, ®)|| < oo}, 7 € NG

a<m

Later H. Kempka used the method on so-called 2-microlocal Besov and Lizor-
kin—Triebel spaces with variable integrability, which combine the generalisations of
the well-known isotropic spaces to 2-microlocal spaces and to spaces of variable
integrability, cf. [34].

In the joint work [35] by H. Kempka and J. Vybiral, the results in [34] are
generalised to Besov and Lizorkin—Triebel spaces with both variable integrability
and smoothness.

However, neither [61], [34] nor [35] addressed the flaws, cf. Remark 4.1, in [44].
This should strongly indicate that our proof of Theorem 2.8 given in Chapter 4
should be of a wider interest in applied harmonic analysis.






CHAPTER 3

Trace Operators on Lizorkin—Triebel Spaces

The purpose of this chapter is to place our work [30] into a historical context.

3.1 Historical Overview

As mentioned in Section 1.1, there is a classical theory for the solvability of inho-
mogeneous, parabolic boundary value problems when working with the same inte-
grability in space and time, cf. e.g. [37] by O. A. Ladyzenskaja, V. A. Solonnikov
and N. N. Uralceva, which was published in Russian in 1967. They discussed both
solvability and higher regularity of solutions to second order, parabolic PDE’s in
the set-up of Sobolev spaces with unmixed norms. Another well-known reference
is [38] by G. M. Lieberman.

G. Grubb and V. A. Solonnikov [18] considered solvability and higher regularity
for parabolic pseudo-differential boundary problems in the framework of Sobolev
spaces with integral exponent p = 2. Later Grubb [15] generalised to p €]1, oo[.

Weidemaier was one of the first to treat different integrability properties in
space and time in connection with parabolic PDE’s with inhomogeneous boundary
conditions, cf. [63-66]. In [63] he considered PDE’s over cylinders

QT = 0Ox ]O,T[,

whereby T > 0 and 2 C R™ is open with compact boundary I' := 9 and of
class C1!; roughly this means that the maps straightening out the boundary have
C'-extensions to the boundary, written C1(€2), and that the first-order derivatives
are Lipschitz continuous, cf. [63], [36, 6.2.2]. When stating results by Weidemaier
in the following, these are standing assumptions.

13
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In particular, Weidemaier studied the trace at I'py := 0Qx |0, T for elements
in the Sobolev space

W2l (Qr) == {u e D' (Qr)|0fu,0u € Ly(0,T; Ly(Q)) for [a] <2},  (3.1)

where L,(0,T; L,(€2)) consists of the functions u :]0, T[— L,(£2) that are strongly
measurable and for which

T 1/q
1 Lg (0,73 Ly(@))]] = / lu® @) ar) <. (32)

Weidemaier proved, cf. [63, Thm. 1(i)], that there exist unique, linear and
continuous maps Y,m, with k =1,...,n and m = 0,1, going from W72 (Qr) into
a certain function space over I'r such that v, nu = (0] u)|r, when

ue Wy (Qr)n{v|vt€lo,T[:v(-,t) € C'()}. (3.3)
For brevity, the maps ;0 are just denoted 7. Even though the 74 ,, were not
shown to be surjective, Weidemaier stated
Our results, which seem to be sharp. ..

However, in the work [65] from 2002 he returned to this question and proved
that surjectivity is obtained by letting a Lizorkin—Triebel space describe the regu-
larity in time. He worked with F; (0,7 L,(T")) defined for 1 < p < ¢ < oo and
0 < s <1 to consist of the u € Ly(0,T; L,(I")) such that

| U|F;,p(O7T?Lp(F))||
= (/OT (/OTt Bt + R) = u(t) | Ly (D) dR) q/pdt>1/q coo. Y

(The reader is referred to [63] for the definition of L, (L"), W, (I').)

The motivation behind this definition comes from (2.5). We now state the
sharp result by Weidemaier for ~:

Theorem 3.1 ([65, Thm. 2.3(i), Thm. 2.4]). When 3/2 < p < ¢ < oo, then the
map u — u|r,., which is well defined for the u in (3.3), has a continuous, surjective
extension

v W2HQr) — Le(0,T; W2™Y/P(T)) N F271/P/2(0, T Ly(I)).
The norm on the co-domain is the sum of the two spaces’ norms.

The space Wg”ql (Qr) is, as explained in Section 1.1, a natural framework for
studying the parabolic problem in (1.1)—(1.3), since it naturally arises when the
inhomogeneous term ¢ belongs to Ly (0,T'; L,(£2)).
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Therefore Theorem 3.1 shows the necessity of Lizorkin—Triebel spaces for the
theory of parabolic PDE’s. However, the result is based on assumptions on p, ¢
which are not very intuitive. Indeed, it seems very restrictive not to include the
case p > q, i.e. where elements have the highest order of integrability with respect
to x. Also, Theorem 3.1 is not suitable for a study of higher regularity, since the
smoothness index is fixed.

J. Johnsen and W. Sickel [29] developed a full framework for trace operators
on F;)’S(R”). In stating their results, it will be convenient when considering the
trace at e.g. the hyperplane {z; = 0} to use the splitting @ = (a’, ag, a”), where

a' = (a1,...,ax-1), a" = (arg1, .- an),
and likewise for p. A main result of theirs on the trace 7,1 at {x1 = 0} is

Theorem 3.2 ([29, Thm. 2.2, 2.6]). When

n 1
>— *1)’
+kz (mln 1 p27"'7pk:aq)

. s,a P1 —1 . . .
then vo,1 @ F3 (R") — Fp,, pll (R" ) is a bounded surjection. Moreover, there

ezists a bounded right-inverse going the opposite way for all s € R.

They also proved a similar theorem for the trace vo,, at {z, = 0}:

Theorem 3.3 ([29, Thm. 2.5, 2.6]). When

n—1

> dn - 1),
Jrz (mlnlpl,...,pk)
then Yo n : ; I(R") — p?’a (R"~1) is a bounded surjection. Moreover, there

exists a bound d right- mverse going the opposite way for all s € R.

On the one hand their results extend those by Weidemaier, since they did not
work under restrictions on p, ¢ and also treated general s. But on the other hand
they considered Euclidean spaces and not cylinders.

Another big difference between the two approaches is that Weidemaier defined
the trace operators as extensions by continuity, whereas Johnsen and Sickel con-
sidered the distributional trace, i.e.

YorU = Uz =0 for u€ C(R,,,D'(R" 1)) cC D' R"). (3.5)

The inclusion follows, since it can be verified that any u € C(R,,,D'(R"1))
identifies uniquely with the distribution A, € D’(R™) given by, cf. [26, Prop. 3.5],

(M) = / (w(ex), o(o 2, ) de, @ € O (RM).

In the present work we have chosen the latter method, since this definition
seems more natural.
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3.2 Cylindrical Domains

As a preparation, we recall the definition of a C*-diffeomorphism:

Definition 3.4. A bijective map o : R™ — R" is a C*-diffeomorphism, s > 0, if
the components o; : R™ — R have continuous derivatives up to order |s|, and they
for s # Ny moreover satisfy the Hélder condition

wp [270s(x) — D0 (0)

z,yeR™ |‘T - y‘57L8J
TAY

< 00.

For s € Ny, o is called bounded when || D0 |Loo(R™)|| < 0o for j=1,...,n and
0 < |a| < s, and this also holds for each component of c=1.

(Hereby |s] denotes the smallest integer k < s.)

The article [30] treats the gap between [65] and [29] as it covers the trace
problem for anisotropic, mixed-norm Lizorkin—Triebel spaces F;jj (€2 x I), where
I:=]0,T[ for T > 0 and Q C R™ is C'° in the sense of

Definition 3.5. An open set Q C R™ with boundary T is C*® for s > 0, possibly
s = oo in which case 2 is called smooth, when for each boundary point x € I there
exists a C*®-diffeomorphism X\ defined on an open neighbourhood Uy C R™ such
that A : Uy — B(0,1) C R™ is surjective and
Az) =0,
AU Q) = B(0,1)NRY,
MUANT) = B(0,1)NR" 1,

whereby R*~1 ~ R"~1 x {0}.

Since Q x I C R™*!, the parameters @, of F;Z(Q x I) have n + 1 entries.
When reviewing our results on trace operators in the following, we assume that
the first n entries are equal, i.e.

—

a= (a()a"'va'Ova't)a b= (pOa"'apOapt)' (36)

Note that we use p; as the integral exponent in the time direction, whereas Wei-
demaier uses ¢, which in our case plays the role of a sum exponent.

3.2.1 The Trace at The Flat Boundary

In the study of this trace, the case T' = oo is included. One of the main results
in [30], cf. Section 6.6.1, is here formulated in a simpler version:

Theorem 3.6. Let d@, satisfy (3.6) with ag =1 and let Q@ C R™ be C*°. When

at
§>—+n

pi (m -1), (3.7)
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then the trace operator

—sa gt

ro: Fyg (Ux I) = B, " (Q) (3.8)

is a bounded surjection. Moreover, there exists a bounded right-inverse going in
the other direction for all s € R.

Since p’ = (po, - - -, Po), the co-domain in (3.8) is an isotropic Besov space with
unmixed norms, cf. Definition 2.2. In the general version stated in Theorem 6.36

et g
below, ag can be arbitrary, in which case the co-domain is B;A;i o (Q), when s
satisfies (3.7) with a¢ instead of 1.
The construction of a right-inverse relies on the existence of an extension ope-
rator &g from B;q(Q) to B, ,(R") in the sense that for all u € B;q(Q),

Equ € B, (R™), rofaou = u. (3.9)

Such an operator is constructed in the elegant work [45] by Rychkov, where he even
constructed a universal extension operator, meaning that it works for all admissible
parameters of the E;q(ﬂ)—spaces simultaneously. Moreover, the operator is also
universal for the F;, 4(€2)-spaces and works when (2 is either a bounded or a special
Lipschitz domain, i.e.

Definition 3.7. A function w : Q — R, where Q C R™ is open, is called Lipschitz
when there exists a constant C' > 0 such that for all x,y € Q,

w(z) —w(y)| < Clz —yl.

A special Lipschitz domain is an open subset Q C R™ that lies above the graph
of some Lipschitz function w, that is

Q={(2,2,) €eR" |z, > w(z)}.

A bounded Lipschitz domain is a bounded, open subset Q@ C R™, where 02 can
be covered by finitely many open balls B; C R™ such that for each j, possibly after
a rotation, OX N Bj is part of the graph of a Lipschitz function.

A subset Q of R™ is simply called Lipschitz, when it is either a special or a
bounded Lipschitz domain.

Rychkov’s main result can be found in [45, Thm. 4.1(b)] and it is indeed quite
remarkable, since before [45] it was not known whether there existed a universal
extension operator covering 0 < p < 1 or s < 0 even for () being a half-space.
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3.2.2 The Trace at The Curved Boundary

Our work [30] also includes a study of the trace at the curved boundary 9 x I,
cf. Section 6.6.3. In this case we assume that T' < co and that I' := 9 is compact.
Since the co-domain of this trace is a function space over the manifold I" x I and
it turns out to be a Lizorkin—Triebel space, it is necessary first to define Lizorkin—
Triebel spaces over such sets.

In [31] we prepare for this by proving that F 2 (R") is invariant under the
map u — u o o for certain diffeomorphisms o:

Theorem 3.8. When a,p satisfy (3.6) and o is a bounded diffeomorphism on R™
of the form
o(x) = (o' (x1,. .., Tn_1),2n), x€R"

then uw — w oo is a linear homeomorphism on Fa (R”) for all s € R.

The proof, which can be found in Section 5.4.1, is based on the characterisation
of Ff; by kernels of local means, cf. the more general Theorem 2.8 that may be
specialised to such kernels.

Several variants of Theorem 3.8 are included in [31]. Some of them concern
cylindrical domains and are used to define Lizorkin—Triebel spaces over I' x I.
To state this definition, we first equip I" x I with e.g. the atlas F x A, where
F ={k} and N' = {n} are atlases on I, respectively on I. Secondly, we consider
any partition of unity 1 =3, , v ® @1, where 1 =} 1p;, 1 =3 ¢ are locally
finite (e.g. for every = € T only finitely many terms are non-trivial) partitions of
unity subordinate to F, respectively to A/. (We refer to Section 6.4 for a detailed
explanation of the notation used in the following.)

Definition 3.9. Let d,p satisfy (3.6) and Q@ C R™ be a C*°-domain. The space
F;qaloc(l“ x I) consists of the u € D'(I' x I) such that

(W @ 1) o (k)™ % ()™ un(jyxna) € Frg@Tuiy X Inwy)s 4,1 € N,

Giving meaning to the trace v at I' x I requires some work, but the idea is to
restrict x, to 0 in local coordinates; we refer to Section 5.4.1 for the details. To
ease notation in the following result for v, we can due to (3.6) think of z; as the
variable being restricted to 0 instead of x,:

Theorem 3.10. Under the same conditions as in Definition 3.9 and when

a i_l),
> +Z (mm (1,9, 9)

then
y FRH QX I) = B P (0 x 1) (3.10)

p”Po

is a bounded surjection. Moreover, there exists a bounded right-inverse going the
opposite way for all s € R.
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The bar over the co-domain in (3.10) means that the distributions are restric-
tions of distributions over the infinitely long cylinder I' x R, cf. (6.76) below.

The construction of a right-inverse relies also in this case on Rychkov’s exten-
sion operator, but since the co-domain of « is anisotropic and with mixed norms,
it is necessary to modify his construction. Adapting Rychkov’s arguments and
using results from [32], e.g. the characterisation in Theorem 2.8, we construct in
Theorem 6.34 a universal extension operator

Eu: Fo(RY) = FY3(R™). (3.11)

However, it is not sufficient only to have an extension operator for R, since
the right-inverse to v needs to act on distributions over I' x I. Fortunately, using
&, it is straightforward to construct an operator which extends distributions over
R""1x]—00,C, C € R, to the whole Euclidean space, cf. Corollary 6.35. Apply-
ing cut-off functions, these two extension operators are perfectly sufficient.

3.2.3 Further Remarks

The results outlined in Section 3.2.1 and 3.2.2 as well as further results from [30]
are applied to a parabolic boundary problem in Chapter 7. This leads to a crys-
tallization of the necessary compatibility properties in order to have a solution in

F;:Z(Q x I). Moreover, it is shown how a fully inhomogeneous boundary value
problem can be reduced to one that is only inhomogeneous in the PDE itself.
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Abstract:

This is a contribution to the theory of Lizorkin—Triebel spaces having mixed
Lebesgue norms and quasi-homogeneous smoothness. We discuss their charac-
terisation in terms of general quasi-norms based on convolutions. In particular,
this covers the case of local means, in Triebel’s terminology. The main step is
an extension of some crucial inequalities due to Rychkov to the case with mixed
norms.

4.1 Introduction

This paper is devoted to a study of anisotropic Lizorkin-Triebel spaces F 5 Q(R")
with mixed norms, which has grown out of work of the first and third author
of. [28, 29].

First Sobolev embeddings and completeness of the scale F;”g(R”) were covered
in [28]. As the foundation for this, the Nikol’skii-Plancherel-Polya inequality for
sequences of functions in the mixed-norm space Lz(R"™) was established in [28]
with fairly elementary proofs. Then a detailed trace theory for hyperplanes in R™
was worked out in [29], e.g. with the novelty that the well-known borderline s = %
has to be shifted upwards in some cases, because of the mixed norms.

In the present paper we obtain some general characterisations of the space
;,7; (R™), that may be specialised to kernels of local means. We have at least two
motivations for this. One is that local means have emerged in the last decade as the
natural foundation for a discussion of wavelet bases for Sobolev spaces and their
generalisations to the Besov and Lizorkin—Triebel scales; cf. works of Triebel [60,
Thm. 1.20] and e.g. Vybiral [61, Thm. 2.12], Hansen [19, Thm. 4.3.1].

Secondly, local means will be crucial for the entire strategy in our forthcoming
paper [31], in which we establish invariance of F 5 under diffeomorphisms in
order to carry over trace results from [29] to spaces over smooth domains. More
precisely, because of the anisotropic structure of the F 5 -spaces we consider them
over smooth cylindrical sets in Euclidean space in [31] and develop results for traces
on the flat and curved parts of the boundary of the cylinder in [30].

To elucidate the importance of the results here and in [30, 31], we recall that
> ;—Spaces have applications to parabolic differential equations with initial and
boundary value conditions: when solutions are sought in a mized-norm Lebesgue
space Ly (e.g. to allow for different properties in the space and time directions),
then F f’d-spaces are in general inevitable for a correct description of non-trivial
data on the curved boundary. This conclusion was obtained in works of Wei-
demaier [64-66], who treated several special cases; the reader may consult the
introduction of [29] for details.

To give a brief review of the present results, we recall that the norm || - |F§j|| of

Fg’j(R") is defined in a well-known Fourier-analytic way by splitting the frequency
space by means of a Littlewood—Paley partition of unity. But to have “complete”
freedom, it is natural first of all to work with convolutions ), * f defined from more
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arbitrary sequences (9;) en, of Schwartz functions with dilations ¢; = 271lq)y(274.)
for j > 1. This requires both the Tauberian conditions that (), ¥(£) have no
zeroes for [£]z < 2e and § < [£|z < €, respectively; and the moment condition that

D*(0) = 0 for |a] < M,
Secondly, one may work with anisotropic Peetre—Fefferman—Stein maximal
functions Vg f, and with these our main result can be formulated as follows:

Theorem. For s < (My + 1)min(ay,...,a,) and 0 < p; < 00, 0 < g < oo, the
following quasi-norms are equivalent on the space of temperate distributions:

IFIEZG s 2% % FY520l Latla)ll,  IH2% 95 af }320| Li(lo) |-
Thus f € Fg’j(R”) if and only if one (hence all) of these expressions are finite.

In the isotropic case, i.e. when @ = (1,...,1) and unmixed L,-norms are used,
the theorem has been known since the important work of Rychkov [44], albeit
in another formulation. In our generalisation we follow Rychkov’s proof strategy
closely, but with some corrections; cf. Remark 4.1 below.

Another particular case is when the functions 1y and ¥ have compact support,
in which case the convolutions may be interpreted as local means, as observed by
Triebel [58]. Thus we develop the mentioned characterisations by local means for
the anisotropic F ° —spaces in Theorem 5.2 below, and as far as we know, already
this part of their theory is a novelty. As indicated above, it will enter directly into
the proofs of our paper [31].

However, it deserves to be mentioned that the arguments in [31] also rely on
a stronger estimate than the inequalities underlying the above theorem. In fact
we need to consider parameter dependent functions g, # € © (an index set), that
satisfy the moment conditions in a uniform way. Theorem 4.18 below gives the
precise details and our estimate of

1427 sup 95 ; 2/ }520 1L (L) (4.1)
[4<C]

Similar quasi-norms were introduced by Triebel in the proof of [58, Prop. 4.3. 2]
for the purpose of showing diffeomorphism invariance of the isotropic scale F} .
However, he only claimed the equivalence of the quasi-norms for f belonging a
priori to Fj, and details of proof were not given. Since our estimate of (4.1)
is valid for arbitrary distributions f € &', it should be well motivated that we
develop this important tool with a full explanation here.

Remark 4.1. The fact that the arguments in [44] are incomplete was observed in
the Ph.D. thesis of M. Hansen [19, Rem. 3.2.4], where it was exemplified that in
general a certain O-condition is unfulfilled; cf. Remark 4.21 below. Another flaw
is pointed out here in Remark 4.10. However, to obtain the full generality with
arbitrary temperate distributions in Proposition 4.20 below, we have preferred to
reinforce the original proofs of Rychkov. Hence we have found it best to aim at a
self-contained exposition in this paper.
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Contents. The paper is organized as follows. Section 4.2 reviews our notation
and gives a discussion of the anisotropic spaces of Lizorkin—Triebel type with a
mixed norm. Section 4.3 presents some maximal inequalities for mixed Lebesgue
norms. Quasi-norms defined from general systems of Schwartz functions subjected
to moment and Tauberian conditions are estimated in Section 4.4, following works
of Rychkov. In Section 4.5 these spaces are characterised by such general norms,
and by local means.

4.2 Preliminaries

4.2.1 Notation

Vectors o= (p1, ..., pn) with every p; €10, 00| are written 0 < p' < oo, as through-
out inequalities for vectors are understood componentwise; likewise for functions,
eg. pl=p! - pnl

By Lz(R™) we denote the set of all functions u : R™ — C that are Lebesgue
measurable and such that

| Ly(R")] = (/R( (/Ru(xl,m,xn)|p1dxl)i?.”)pfi”ldxn);n< .

with the modification of using the essential supremum over z; in case p; = oo.
Equipped with this quasi-norm, Lz(R™) is a quasi-Banach space; it is normed if
min(py,...,pn) > 1.

Furthermore, for 0 < ¢ < oo we shall use the notation Lz(¢,)(R™) for the space
of sequences (ur)ken, = {ur 3>, of Lebesgue measurable functions fulfilling

|} 7o |Lp(C) R —H(Zw) | £5(R™)

with supremum over k in case ¢ = co. For brevity, we write || ug |Lz({,)]| instead
of || {ur}i2, | Ly(fe)(R™)]; as customary for ' = (p,...,p), we simplify Ly to L,
etc. If max(p1,...,pn,q) < 00, sequences of C5°-functions are dense in L;(¢,).

b

The Schwartz space S(R™) consists of all smooth, rapidly decreasing functions;
it is equipped with the family of seminorms, using (z)? := 1 + |z|?,

pa(p) :=sup {(m)M|D°‘cp(x)| ‘x eR" |a| < M}, M € Ny, (4.2)

whereby D := (—10,,)* -+ (—10,, )" for each multi-index o € Nfj; or with

Pas(¢) = sup [e*DPp(@)], o, € NG (4.3)
reR™
The Fourier transformation Fp(§) = = Jon e " Cp(x)dx for ¢ € S(R")

extends by duality to the dual space S’ (R”) of temperate distributions.

Throughout, generic constants will mainly be denoted by ¢ or C, and in case
their dependence on certain parameters is relevant this will be explicitly stated.
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4.2.2 Lizorkin-Triebel Spaces with a Mixed Norm

As a motivation for the general mixed-norm Lizorkin—Triebel spaces Ff;(R”)

we first mention that for 1 < p < oo a temperate distribution u belongs to a

class prg(R") having natural numbers m; := > for each j = 1,...,n if and
only if u belongs to the mixed-norm Sobolev space Wg”a(R"), m=(miy,...,my),
defined by

| Ly(R™) ”*ZHaml S| < oo, (4.4)
This expression defines the norm on Wﬂ Wthh is equivalent to that on F

More generally, mixed-norm leor}iln Triebel spaces generalise the fractlonal
Sobolev (Bessel potential) spaces H;’G(IR"), since for 1 < p'< o0, s € R,

$,d mn n
u€ Hy'(R") <= ue€Fy (R)

Here the norms are also equivalent; the former is given by || F~1((&)7°u(€)) |Lz |,
whereby (£)z is an anisotropic version of (£) compatible with @, cf. the following.

To account for the Fourier-analytic definition of F S;(R”), we first recall the
anisotropic structure used for derivatives. Each coordinate z; in R™ is given a
weight a; > 1, collected in @ = (a1,...,a,). Based on the quasi-homogeneous
dilation % := (t%xy,...,t%x,) for t > 0, and t*%x := (t*)% for s € R, in
particular t %z = (¢~1)z, the anisotropic distance function |z|z is introduced for
x # 0 as the unique ¢ > 0 such that t~%x € S"~! (with |0z = 0); i.e.

2 2
7 Ty _
t2a1 +eet 2an L.
For the reader’s convenience we recall that | - |z is C* on R™ \ {0} by the

Implicit Function Theorem. The formula [t%z|; = t|x|5 is seen directly, and this
implies the triangle inequality,

lz +yla < |z|a + |yla- (4.5)

The relation to e.g. the Euclidean norm |z| can be deduced from
1 B L B
max (|x1|a1,...,|xn|an) < zla < || 4+ + |an] (4.6)

For the above-mentioned weight function, one can e.g. let (§)z = (&, 1)|(a,1), using
the anisotropic distance given by (@, 1) on R"*1; analogously to (£) in the isotropic
case.

We pick (for convenience) a fixed Littlewood—Paley decomposition, written
1= Z;O:o ®;(¢), in the anisotropic setting as follows: Let ¢ € C§° be a function
such that 0 < 1(€) < 1 for all £, ¢(€) = 1if |¢], < 1, and (&) = 0 if [¢], > 3.
Then we set ® = ¢ — ¢)(2%) and define

(I)O(g) = 1/}(5)7 (I)J(g) = @(2_j65)7 j=12,... (47)
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Definition 4.2. The Lizorkin—Triebel space F“’(R”), where 0 < P < o0 is a
vector of integral exponents, s € R a smoothness index, and 0 < ¢ < 0o a sum
exponent, is the space of all u € §'(R™) such that
1
s q\ a
|—M2Wﬂf JFu(€) ()]")

lu| Fry < 0.

Lp(R")

For simplicity, we omit @ when @ = (1,...,1) and shall often set
uj(z) = F 1 (P;(€) Fu(€)) (z), z€R" jeN.
Occasionally, we need to consider Besov spaces, which are defined similarly:

Definition 4.3. For 0 < p'< 00, 0 < g < oo and s € R the Besov space B;:g(R")
consists of all u € S'(R™) such that

IIWﬂM(ZWW%wﬁw)%

Remark 4.4. The Lizorkin—Triebel spaces F ;ﬁf have a long history, as they give
back e.g. the mized-norm Sobolev spaces Wpiﬁ, cf. (4.4). Anisotropic Sobolev (Bessel

potential) spaces Hl‘j"i with 1 < p < oo (partly for s > 0) have been investigated in
the monographs of Nikol’skii [41] and Besov, 1l’in and Nikol’skit [4]; here the point
of departure was a definition based on derivatives and differences. In the second
edition [5] also Lizorkin—Triebel spaces with mized norms were treated in Ch. 6.29-
30. For characterisation of F;;g by differences we refer also to Yamazaki [68,
Thm. 4.1] cmd Seeger [51].

The Fq , ~Spaces were considered for n = 2 by Schmeisser and Triebel [50],
who used the Fourier-analytic characterisation, which we prefer for its efficacy
what concerns application of powerful tools from Fourier analysis and distribution
theory. (The definition of the anisotropy in terms of ||z is a well-known procedure

going back to the 1960s; historical remarks and some basic properties of | - |z can
be found in e.g. [67].)

For later use we recall some properties of these classes.

Lemma 4.5 ([28, 29]). Each Fg’f(R”) is a quasi-Banach space, which is normed
if p,q > 1. More precisely, for u,v € F;qd and d := min(1,p1,...,0n,q),

s,a | d s,a||d s,ad
lut o [Fz % < ulF 1% + [lo[E57 1
Furthermore, there are continuous embeddings
n $,d (mpn /(TN
S(R )<—>Fﬁ7q(R ) — S'(R™),

where S is dense in F for q < oo. Also, the classes Fﬂ % do not depend on the
chosen anisotropic decomposztzon of unity (up to equwalent quasi-norms).
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Lemma 4.6 ([29]). For A > 0 so large that \d > 1, the space F;:qa coincides with

As,\d , . )
Fﬁfz) ® and the corresponding quasi-norms are equivalent.

The lemma suggests to introduce a normalisation for the vector @, and often
one has fixed the value of |@| in the literature. In this paper we just adopt the
flexible framework with @ > 1, though.

Remark 4.7. In Lemma 4.6 the inequalities @ > 1 and A\d > 1 are redundant. In
fact one can define Fg’; for arbitrary @ > 0, as in [29]. This gives another set-up
on R™, where (4.5), and hence (4.6), has to be changed, for then

\x+y|ﬂl < |:c\g—|— |y|g, d:=min(1,ay,...,an). (4.8)

The basic results on the F;v’j—scale can then be derived similarly for @ > 0;
only a few constants need to be slightly changed because of (4.8). Thus one finds
e.g. Lemma 4.6 for all A > 0, cf. the end of Section 3 in [29] (the details in
[29, Sec. 3] only cover @ > 1, but are extended to all @ > 0 as just indicated;
in fact p(x,y) = |x — ylaz is then a quasi-distance, a framework widely used by
e.g. Stein [54]). However, in view of this lemma, it is simplest henceforth just to
assume that F;”j 1s defined in terms of an anisotropy a > 1; which has been done
throughout in the present paper.

4.2.3 Summation Lemmas

For later reference we give two minor results.

Lemma 4.8. When (g;)jen, s a sequence of nonnegative measurable functions on
R” and § > 0, then Gj(z) := Y ey 27V *lgy () fulfils for 0 < j< 00, 0 < ¢ < o0
that

1G5 [Lp(la) |l < Cs.qll 95 [ L(Lq) ],

whereby the constant is Csq = (3 ez 27°*) VT for ¢ = min(1, ).
Like for the unmixed case in [44, Lem. 2], the above lemma is obtained by
pointwise application of Minkowski’s inequality to a convolution in £4(Z).

Lemma 4.9. Let (bj)jen, and (d;);en, be two sequences in [0,00] and 0 < r < 1.
If for some jo > 0 there exist real numbers C, Ny > 0 such that

d; < C2No for j > jo, (4.9)
and if for every N > 0 there exists a real number Cn such that
dj <Cn Y 20" Nb = for j > jo, (4.10)
k=j

then the same constants Cn, N > 0, fulfil that

dj < Cn Y 207 RINTh - for j > jo. (4.11)
k=j
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Proof. With D; n := supy; 20=kIN g, (4.10) gives for j > jo, N > 0,

Djn <supCy Y 2070Npdj~" < Cy ( > 2<J‘—l>N’“bl)D};{. (4.12)
k>j 1>k 1>

Clearly Dj, y = 0 implies d; = 0 for j > ji, so (4.11) is trivial for such j. We
thus only need to consider the D, y > 0. Now (4.9) yields that D; xy < oo for all
j > jo when N > Ny, so then (4.11) follows from (4.12) by division by D; .
Given any N €10, Ng[, we may in the just proved cases of (4.11) decrease Ny
to N, which gives a version of (4.11) with N in the exponent and the constant
Cn,- Analogously to (4.12), one therefore finds from the definition of D; x that

1 .
Dijn < CF, (X3, Z(J_I)Nrbl)% for j > jo. Here the right-hand side may be
assumed finite (as else (4.11) is trivial for this N), whence we may proceed as
before by division in (4.12). O

Remark 4.10. Lemma 4.9 was essentially crystallised by Rychkov [44, Lem. 3],
albeit with three unnecessary assumptions: d; < oo (a consequence of (4.9)), that
bj,d; > 0 and that jo = 0. For our proof of Proposition 4.20 below, it is essential
to consider jo > 0, and it would be cumbersome there to reduce to strict positivity
of bj,d;. In [44] no justification was given for this strictness in the application of
[44, Lem. 3], but this is remedied by Lemma 4.9 above.

4.3 Some Maximal Inequalities

In this section we obtain some maximal inequalities in the mixed-norm set-up.
This part of the theory of the Fg’;—spaces is interesting in its own right, and also
important for the authors’ work [31]. Moreover, the methods are similar to those
adopted in the set-up in Section 4.4 below, but are rather cleaner here.

For distributions w that for some R > 0 and j € N satisfy
suppac{feR"‘ €] < R27%, k=1,...,n} (4.13)
the Peetre-Fefferman—Stein maximal function «*(x) is given by

[u(y)] 7> 0. (4.14)

u*(z) = sup : ,
()= S T 0T Roefe — gl

It obviously fulfils
fu(@)| < w* (@) < [[ulLocll, @R

When u in addition is in Ly, the Nikol’skil-Plancherel-Polya inequality for mixed
norms, cf. [28, Prop. 4], gives the finiteness of the right-hand side, hence u* is finite
everywhere. Thus, analogously to [27, Sec. 2], the maximal function is continuous.

To prepare for the theorem below, we first show the following pointwise esti-

mate of u*(x) by combining the proof ingredients from [27, Prop. 2.2], which the
reader may consult for more details. Now their order is crucial:
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Proposition 4.11. When 0 < ¢,7 < oo then there is a constant cg 7 such that
every u € 8 fulfilling (4.13) also satisfies

u(z — R™12799%)
1oy (T )

Proof. Taking 1 € S(R™) with ¢ =1on [-1,1] x x [—1,1] and such that
supp v C [—2,2] x -+ x [~2,2], we have u = f_l(w(R 12 ja. )) *u, which may be
written with an integral since u is C*° with polynomial growth,

u(y) = / - ~/R” 2918 (R (y — 2)) u(z) dzy - - - dzy. (4.16)

Now ¢ = (g<, g>) is split into two groups g« and ¢> according to whether g, < 1
or g > 1 holds. The groups may be interlaced, but for simplicity this is ignored
in the notation; the important thing is to treat the two groups separately.

First (4.16) is estimated by the norm of L;(R™), which then is controlled in
terms of the norm of L,_ ., whereby interlacing of the groups ¢« and 1> is
unimportant: for fixed y, the spectrum of the integrand in (4.16) is contained in
[-3R2/41 3R2I%] x ... x [-3R27% 3R 27%] so the Nikol'skii-Plancherel-Polya
inequality for mixed norms applies, cf. [28, Prop. 4], which for gx < 1 gives an
estimate by the norms of L,, with respect to zj; that is,

u(z) < cqr for x € R™. (4.15)

o)

lu(y)| < ¢ [] BR2I™)3 a | R 271p(R29% (y — ) u | L

<1

(q<112)H'

(The integration order in this norm is as stated in (4.16).)
Secondly, using Holder’s inequality in the variables where ¢, > 1, and gathering
their dual exponents ¢; in (¢>)*, gives for z € R,
Rm27ldly(2)
[1,(1 4+ R27at|z; — z|)™

|u(y)| 1
_ < ¢ TT (3R27%* )
T1,(1 + R2it |z, — qgl

. H [I+ R27 gy — z]) (R (y - 2)) ‘L(oo<,<qz)*
l

Since ¢ € S, a change of coordinates z — R™'279% 2z yields (4.15) with the
L1 n r
constant cgr =[], 1 3% [ TL=y (1 + [20)" ¢ | L(oo (q2)) | < 00 &
We now obtain an elementary proof of the mizred-norm boundedness of u*, by
adapting the proof of the isotropic Ly-result in [27, Thm. 2.1]:
Theorem 4.12. Let 0 < p'< 0o and suppose
1
rn>—— [=1,...,n. (4.17)
Hlll’l(ph e apl)
Then there exists a constant ¢ such that
[ |Lgll < cflul|Lgll

holds for all w € Ly NS’ satisfying the spectral condition (4.13).
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Proof. We use (4.15) with g = min(p,...,pr) for k =1,...,n and calculate the
L,,-norms successively on both sides. Since p; > g for all k > j, we may apply
the generalised Minkowski inequality n — (j — 1) times, as well as the translation
invariance of dz1, ..., dx,, which gives

1) < cqr( TTNC+ )™ 12l 1w |5
=1

Here (4.17) yields the finiteness of the L,,-norms. O

The following result is convenient for certain convolution estimates. Since the
embedding B¢ (R") < C°(R") N Lo (R™) holds for s > - %7 or for s=a- % if
q <1, it is a result pertaining to continuous functions.

Corollary 4.13. If C > 0 and 7 fulfils (4.17), d = min(1,p1,...,p,) yields

Proof. Since || - |Lz||? is subadditive, simple arguments yield

supu(y)| | L5(R})
lz—y|<C

| <cllulBgdl fors=a-r
7

| sup @l [La@n)|| < || sup 37wl | s
|z—y|<C lz—y|<C ;5o
<> TIa+c2ey u; Ly
j=0 £=1

Since [[_, (1 + C27%)dre < (1 4 €)@ 27437 the right-hand side is seen to be
less than c|| u | B;JZHd for s = @ - 7 by application of Theorem 4.12. O

Remark 4.14. In [31] Corollary 4.18 enters our estimates for certain u € Fg’g
with >, wme g < S Then one can pick T satisfying (4.17) and such that
a-r < s, hence elementary embeddings yield

| sup [u()l | Ly®D)|| < cllulEST).
|lz—y|<C

4.4 Rychkov’s Inequalities

In the systematic theory of the F;”j—spaces, it is of course important to dispense
from the requirement in Definition 4.2 that the Schwartz functions ®; have com-
pact support. In so doing, we shall largely follow Rychkov’s treatment of the
isotropic case [44].

In the following @ = (a1, ...,a,) is a fixed anisotropy with @ > 1; we set

a=min(ay,...,a,).
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Throughout this section we consider ¥y, ¥ € S(R™) that fulfil Tauberian conditions
in terms of some € > 0 and/or a moment condition of order My,

[Fo(§)] >0 on {¢][¢]a < 2¢}, (4.18)
|F(§)[ >0 on {6 ‘ % <[éla < 25}, (4.19)
D*(F)(0) =0 for |a| < My. (4.20)

Hereby My, € Ny, or we take My, = —1 when the condition (4.20) is void. Note that
if (4.18) is verified for the Euclidean distance, it holds true also in the anisotropic
case, perhaps with a different e; cf. (4.6).

In this section we also change notation by setting
p;(x) = 2718 p(29%) eS8, jeN. (4.21)
For 1), this gives rise to the sequence g ;(z) := 27184 (27%2), but we shall mainly
deal with (¢;),en, that mixes ¢y and . Note that 19 = ¥g,0.

To elucidate the Tauberian conditions, we recall in the lemma below a well-
known fact on Calderén’s reproducing formula:

u = Z A« xu foru e S'(R™). (4.22)

=0

Lemma 4.15. When 1pg,v € S fulfil the Tauberian conditions (4.18), (4.19) there
exist Ao, X € S fulfilling (4.22) for every uw € §'. Moreover, it can be arranged that

Ao and X are supported by the sets in (4.18), respectively (4.19).

Proof. By Fourier transformation (4.22) is carried over to

Fro(§) Frho(€) + Y FARTU) Fp(279%) =1, £ eR™ (4.23)

Jj=1

Finding Ag, A reduces to a Littlewood-Paley construction: taking h € C§° such
that 0 < h < 1 on R", supph C {¢|[¢|z < 2¢} and h(§) = 1if [¢]z < 3e, then

—~ ] ~ o~ —
Ao :=hty and X:= (h—h(2%))0 " fulfil (4.23) and the support inclusions.[]

A general reference to Calderon’s formula could be [14, Ch. 6]. More refined
versions have been introduced by Rychkov [46].

To comment on the moment condition, we use for M > —1 the subspace

Sy = {,u e S(R™)

DY(Fu)(0) =0 for all |a] < M}.

It is recalled that in addition to the p, g in (4.3) also the following family of
seminorms induces the topology on S:

ava(®)i= [ @MD" s, N €N, a €N,

This is convenient for the fact that moment conditions, also in case of the aniso-
tropic dilation t%, induce a rate of convergence to 0 in S:
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Lemma 4.16. For a, 8 € Njj there is an estimate for 0 <t <1, v € S, p € S,

Pas (717 (™% ) 5 1) < Co t M2 maxpy ¢ (f) - qrrs1,-(DP),
where the mazimum is over all ¢ with [(| < M +1 or ( < a; and over vy < a.

Proof. The continuity of F~1 = (27)™"F : L1 — Lo and Leibniz’ rule give that

Da.B (t*‘al,u(t*'_i g 1/) = sup

F (g ult=7) D)) (2)

- ] - (4.24)
<> < )t/}a«a”ID“”ﬁ@“ﬁﬂkD”lﬂ%4€)d£
7<a v

For |a — 7| < M the integral is estimated using a Taylor expansion of order
N := M —|a—7|. All terms except the remainder vanish, because p has vanishing
moments up to order M. The integral is therefore bounded by

1 ——

[ S 2 wmor [ - 08 ogpg et |07 Due)| ds
I¢Cl=N+1 ¢ 0

< (M+1)a ¢ / N+11 Py DB,

<t e |DG| L] [ 16D DP9 de

< ¢M+ha o m DAL).
< lCISMX+1p0,C(N)QM+1,’y( )

For |a — | > M + 1 the integral in (4.24) is easily seen to be estimated by
tMHDL max p ¢(72) go.,(DPY).
(Sa

The claim is obtained by taking the largest of the bounds. O

4.4.1 Comparison of Norms

For any 7= (r1,... ,7,) > 0 and f € S’'(R™) we deal in this section with the non-
linear maximal operators of Peetre-Fefferman-Stein type induced by (¢;);en,,
|1 * f(y)]

Yif(x) = sup —x - ,
i) yern [[—1 (1 + 299 [zp — yol)"

z €R", j € Ny. (4.25)

For simplicity their dependence on @, 7 is omitted. (Compared to (4.14), no R is
in the denominator here, as 1; * f need not have compact spectrum.)

To give the background, we recall an important technical result of Rychkov:
Proposition 4.17 ([44, (8)]). Let vo,7p € S be given such that (4.20) holds,
while po, ¢ € S fulfil the Tauberian conditions (4.18), (4.19) in terms of some

e/ >0. When 0 <p < oo, 0<q<ooands < (My+1)a there exists a constant
¢ > 0 such that for f € &,

129905 £ Ly (€] < e 12903 £ | Lo (o).
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We shall extend this to a mixed-norm version, which even covers parameter-
dependent families of the spectral cut-off functions; this will be crucial for our
results in [31]. So if © denotes an index set and g0, %9 € S(R™), 6 € ©, we set
Ve () = 2718py(27%1) for j € N. Not surprisingly we need to assume that the v,
fulfil the same moment condition, i.e. uniformly with respect to 6:

Theorem 4.18. Let 19,9 € S(R™) be given such that (4.20) holds for some
My, independent of 6 € ©, while o, € S(R™) fulfil (4.18), (4.19) in terms of
ane > 0. Alsolet 0 < p<o00,0<q<o0ands < (My, +1)a. For a given 7
n (4.25) and an integer M > —1 chosen so large that (M + 1)a+ s > 2d - 7, we
assume that

A := sup max || D“Fipg |Loo|| < 00,
0O

B :=sup max || (1 + [€)M T DY Fopy(€) |L1|| < oo,
0eo

C := sup max || D*F1bg 0 | Loo|| < 00,

0cO
D = sup max | (1+ |§))*'+1 D" Fiuol€) 1] < oc,
c

where the mazima are over all o with |o| < My, +1 or a < [F+ 2], respectively
v < [F+2]. Then there exists a constant ¢ > 0 such that for f € S'(R"),

127 sup 055 |Lg(ta)]| < e(A+ B +C + D) 12705 f |LyLy) (4.26)

Hereby [t] denotes the smallest integer k > ¢, and [7] := ([r1],..., [rn])-

In the proof of the estimate (4.26) we choose Mg, A € S(R™) by applying
Lemma 4.15 to the given g, € S(R™). Following [44], we then consider the
auxiliary integrals

Lij: —/Iwejmk ) Tt +2% ) dz, 5.k € No, (4.27)
=1

The integrand may be estimated using that g ; * Ax(2)
so the Binomial Theorem and Lemma 4.16 with 5 =0, ¢~

(.5 % Ae(2) TT (1 + 250 z)™
=1
S \a\ Z ( )paO 1!]9,3 k*)\) (428)
a<[7]

< Oy 209 Mg+ D&M man po ¢ (1) am,, 11,

where max’ denotes a maximum over finitely many multi-indices, in this case over
¢ fulfilling || < My, + 1 or ¢ < [#], respectively v < 7.
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Lemma 4.19. For any integer M > —1 there exists a constant ¢ = car 7 M0,
such that for k,j € Np,

Q(k_j)(MU)9+1)2 fo'r k < .j7
Lix<c(A+B+C+D)x { 9—(k—5)((M+1)a—a-7) for j <k,

when g 0,%e € S and the Vg fulfil (4.20) for some My, independent of § € ©.

Proof. First we consider the case j > k > 1, where (4.28) yields

Lk < sup [ * Ae(2) T J(1 + 25z ”*2/1'[2—’““ 1 |a)) 2
z€R® 1—1
< Cp 2= (Mygh)a pay | DC@ | Loo| 'QMWH,W(X)
< Crary, 2 9(k=3)(Myy+1)a g
- 9 Q7
For k > j > 1 one can replace 28% in (4.27) by 2/ at the cost of the factor o(k=g)a-

in front of the integral. Then the roles of ¢y and A can be interchanged, since the
support information on h\ yields A € (), Sa. This gives, with p = [+ 2],

Lip < 257y (2) Pao(We * A—j) < Carpa2” WD (MFDa=a D g,

a<p

Similar estimates are obtained for I o, I and Iy with C', D as factors. O

Using Lemma 4.19, the proof given in [44] is now extended to a

Proof of Theorem 4.18. The identity (4.22) gives for f € &’ and j € N that
Vo5 f = Z?/fa,j*Ak*sﬁk*f. (4.29)
k=0

By Lemma 4.19 with M chosen so large that (M + 1)a + s > 2d - 7, there exists a
f-independent constant ¢ > 0 such that the summands can be crudely estimated,

[g.5 % Ak x or * f(y)]
<¢rfly /W}@,j*)\k T+ 2k z)) dz
=1

. 9(k—3)(My, +1)a for k < 7,
c(A+B+C+ D)y fly) x { 9~ (k=) ((M+1)a-a7) for j < k.

Here @5 f(y) < ¢} f(z) max (1,2=D@7) [T (1 + 27%|2 — y|)™ is easily verified
for z,y € R™ and j,k € Ny by elementary calculations, so therefore

sup [0, * Ar * or % f(y)]
yern [ 11y (14 2799 |z — y])m

. 9(k—=3)(My,+1)a for k < j,
<c(A+B+C+D)yp;f(x) x { 9= (k=) (M+1)a~207)  for j < k.
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Inserting into (4.29) and using that 6 :=min((My,+1)a—s, (M+1)a—2a-7+s) >0
by the assumptions, the above implies for j > 0,

29 sup g5 ;f(x) < c(A+ B+ C+ D)y 2"¢ f(a) 27070,
9o P
Now Lemma 4.8 yields (4.26). O

4.4.2 Control by Convolutions

Since 12 need not have compact support, Proposition 4.11 is replaced by a pointwise
estimate with a sum representing the higher frequencies:

Proposition 4.20. Let ¢, € S satisfy the Tauberian conditions (4.18), (4.19).
For N, 7,7 > 0 there exists a constant Cy . such that for f € 8" and j € Ny,

2Kl + f(2)]7

(o T<O . 2(j7k)N‘r -
(5 f(@)" < Oner > T (1 + 28et]ay — )

k>j

dz.  (4.30)

As a proof ingredient we use the S’-order of f € §'(R™), written ords: (f), that
is the smallest NV € Ny for which there exists ¢ > 0 such that, cf. (4.2),

[(f ) <epn(y)  forall € S(R™). (4.31)

Remark 4.21. Our proof of Proposition 4.20 follows that of Rychkov [44], al-
though his exposition leaves a heavy burden with the reader, since the applica-
tion of Lemma 3 there is only justified when ords: (f) is sufficiently small; cf. the
O-condition (4.35) below.

In a somewhat different context, Rychkov gave a verbal explanation after (2.17)
in [46] (with similar reasoning in [19, 55]) that perhaps could be carried over to
the present situation. But we have found it simplest to reinforce [44] by showing
that the central O-condition is indeed fulfilled whenever f is such that the right-
hand side of (4.30) is finite. In so doing, we give the full argument for the sake
of completeness.

Proof. Step 1. First we choose two functions A\, A € S with X = 0 around £E=0
by applying Lemma 4.15 to the given 1,1 € S. Using Calderén’s reproducing
formula, cf. (4.22), on f(277%.), dilating and convolving with 1);, we obtain

o0

Vi x f = (Ao *x o) * (1 f) + Z (5 % M) * (i * ). (4.32)

k=j+1
To estimate 1; * Ay we use (4.28) for an arbitrary integer M) > —1 to get

9dll 9(i—k)(Mr+1)a

/ ~ ~
n T A . .
[, (1 + 270z ) max’ po,¢(A) - gy 41,4 (1)

[Vj * A(2)| < Cr
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An analogous estimate is obtained for Ag ;o ;, when (4.28) is applied with ¢t = 1,
M), = —1. Inserting these bounds into (4.32) yields for Car, # = Cury 700, M 000,0>

VI« fly = 2)| (4.33)

‘ < Cupor 9(i—k)(Mx+1)a - .
[0 % F@) < Caryr S (Lt 2901z

k=j

Since j + 28T [, (1 + 27%|z; — z|)~™ is monotone increasing, (4.33) entails
that for N = (My+1)a—a - 7,

2719 |9y, % f(2)]

Tf(@) < Chgy ey 207 WMt Da : i
% f( ) >~ UM,, kz>j Hl":1(1 + 23al|xl _ Zl‘)rl ( )
) 4.34
. 2k\d’||¢k s« f(2)| .
=¢ 207BN n dz (Y f (z .
>~ UN ; Hl:l(l + okay |xl _ Zl|)'rl-r (djkf( ))

Here N can be lowered in the exponent, so (4.34) holds for all N > —a - 7,
with N — Cn 7 piecewise constant; i.e. constant on intervals having the form
J(k = 1)a, ka] — a- 7 for k € Ny. Obviously this yields (4.30) in case 7 = 1.

Step 2. To cover a given 7 €]0,1] we apply Lemma 4.9 with b; as the
last integral in (4.34): because of the inequality (4.34), the estimate (4.30) with
Cn,7r = Cp follows for all N > 0 by the lemma, if we can only verify the last
assumption that, for some Ny > 0,

dj = f(z) =0 (2770). (4.35)
In case w < 7 for w = ordgs f, this estimate follows for all j > 0 from standard

calculations by applying (4.31) to the numerator in 7 f(z).

In the remaining cases, where w > r; for some I € {1,...,n}, we shall show
a similar estimate unless (4.30) is trivial. First we choose ¢ such that § >
max(ry, ..., n,w). Then (4.30) holds true for ¢ and the right-hand side gets
larger by replacing each g; with r; in the denominator. Hence we have for N > 0,

2klal |y f(2)|7
[T2, (1 + 2ka]y, — z[)mm

|"/)j % f(y)|‘r < CN,Q',T ZQ(j-k)NT

k>j
Using monotonicity as in Step 1, the above is seen to imply, say for N > a - 7,
7 € Ny that

2819l |y # f(2)|7
[0 (1 + 2kar|zy — z[)m

(Vi f(2)" < Cngr Z o(i—k)(N—a@-7)7

k>j
(The constant depends on ¢, i.e. on f.) We can assume the sum on the right-hand

side is finite for some j; > 0, N1 > @ - 7, for else (4.30) is trivial. Then

sup Q(er)(NrE-F)w* f(z)

m
m>ji

k|a T T
< olT (Z 2(j1—k)(N1—cT~F)T/ o 2Rl o)y, 5 f(2)] dz)l/ < .

— Y N1,4,7 k>4, l(1+2kal|xl*21|)”7
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This implies (4.35) at once for j > j; and Ny := Ny — @ - 7, so now Lemma 4.9
yields (4.30) for j > j;. When considering the smallest such ji, the right-hand
side of (4.30) is infinite for every j < j; (any N) so that (4.30) is trivial.

Step 3. For 7 > 1 we deduce (4.33) with r; + 1 for all [ and afterwards apply
Holder’s inequality with dual exponents 7,7" > 1 with respect to the Lebesgue
measure and the counting measure. Simple calculations then yield (4.30). O

Now we can briefly modify the arguments in [44] to obtain the next result.

Theorem 4.22. Let 1, € S satisfy the Tauberian conditions (4.18), (4.19).
When s € R, 0 < p' < 00, 0 < g < oo and the ¥} f are given in terms of an T
satisfying

rpmin(q, p1,...,pn) > 1, 1=1,...,n,

then there exists a constant ¢ > 0 such that for f € S,
125995 f [La(Co)ll < e 12574 % f [Lp(€g)I- (4.36)
Proof. The proof relies on the Hardy—Littlewood maximal function

1
MIE) =18 B oy VI

When applied only in one variable x;, we denote it by M;; i.e. using the splitting
x = (2, z,2") we have Mu(xy,...,x,) := (Mu(2',-,2"))(x;). By assumption
on 7, we may pick 7 such that max;<;<j, 711 < 7 < min(q,p1,...,pn). This im-
plies that (1 + |z|)~"" € Li1(R), and since it is also radially decreasing, iterated
application of the majorant property of the Hardy—Littlewood maximal function,
described in e.g. [54, p. 57], yields a bound of the convolution on the right-hand
side of (4.30), hence
1/7
Ui S () < CVE( D20 N M (L M (M ST ) (@) "

k>j

Here application of Lemma 4.8 gives
1275055 f | Lp(lg)|| < O 1277 My (- (MuJaby 5 fI7) - )| Ly ()17

hence (4.36) follows by n-fold application of the maximal inequality of Bagby [2]
on the space L/, ({q/;), since 7 < min(q,p1,...,pn); cf. also [29, Sec. 3.4]. O

4.5 General Quasi-Norms and Local Means

First of all, Theorems 4.18 and 4.22 give very general characterisations of F% In
fact the next result shows that in Definition 4.2 the Littlewood—Paley partition of
unity is not essential: the quasi-norm can be replaced by a more general one in
which the summation to 1 or the compact supports, or both, are lost:
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Theorem 4.23. Let s € R, 0 < P < 00, 0 < ¢ < o0 and let o, in S(R™) be
given such that the Tauberian conditions (4.18), (4.19) are fulfilled together with
a moment condition of order My, so that s < (My +1)min(ay,...,a,), cf. (4.20).
When 1% o f is given in terms of an 7 > min(q, p1,...,pn) "%, cf. (4.25), then the
following properties of f € S'(R™) are equivalent:

(i) feFyIRY),
(i) {2%9; * f}320/LalLy)|] < oo,
(i) {2995 01320/ Laty)ll < oo.

Moreover, the quasi-norm on F;‘qa is equivalent to those in (ii) and (iii).

Proof. Since ¢;* f(z) < ¢} 5 f(x) is trivial, clearly (iii) = (ii); the converse holds
by Theorem 4.22. To obtain (ili) = (i), one may in the Lizorkin—Triebel norm
estimate the convolutions by (F _1<I>);‘f’a f, and the resulting norm is estimated by
the one in (iii) by means of Theorem 4.18 (with a trivial index set like © = {1}).

That (i) = (iii) follows by using Theorem 4.18 to estimate from above by the
quasi-norm defined from (F _1<I>);(2 f, with all r; so large that Theorem 4.22 gives
control by the F~1®, « f. O

From the above it is e.g. obvious that the space F;j does not depend on
the Littlewood—Paley partition of unity in (4.7), and that different choices yield
equivalent quasi-norms.

As an immediate corollary of Theorem 4.23, there is the following characterisa-

tion of F;f in terms of integration kernels. It has been well known in the isotropic
case:

Theorem 4.24. Let ko, k° € S(R™) such that [ ko(z)dz # 0 # [k°(z)dz and
set k(z) = ANEKO(z) for some N € N. When 0 < f < o0, 0 < ¢ < 0o and
s < 2N min(ay,...,ay), then a distribution f € S'(R™) belongs to F;’j(R”) if
and only if

Lf1EG N = 1Ko % f |Lgll + {277 ks * 3521 [La(€q)] < oo (4.37)
Furthermore, || f \F;j”* is an equivalent quasi-norm on prj(R")

In (4.37), the functions k;, j > 1, are given by k;(z) = 2/181k(2992); cf. (4.21).

Remark 4.25. Obviously, we may choose ko, k° such that both functions have
compact support. In this case Triebel termed ko and k kernels of local means,
and in [58, 2.4.6] he proved that (4.37) is an equivalent quasi-norm on the f
belonging a priori to the isotropic space F}; . This was carried over to anisotropic,
but unmized spaces by Farkas [10]. Extension to function spaces with generalised
smoothness has been done by Farkas and Leopold [12]; and to spaces of dominating
mized smoothness by Vybiral [61] and Hansen [19].
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Remark 4.26. Bui, Paluszinki and Taibleson [7] obtained a characterisation, i.e.
equivalence for all f € §', in the isotropic (but weighted) case, which Rychkov [44]
simplified to the present discrete Littlewood—Paley decompositions. QOur Theo-
rem 4.24 generalises this in two ways, i.e. we prove a characterisation of F;g
that has anisotropies both in terms of d and mized norms.






CHAPTER D

Anisotropic, Mixed-Norm Lizorkin—Triebel Spaces and
Diffeomorphic Maps

Publication details

Co-authors: J. Johnsen', W. Sickel?

t Department of Mathematical Sciences
Aalborg University

¥ Mathematical Institute
Friedrich-Schiller-University Jena

Journal: Submitted to Journal of Function Spaces and Applications.

41



42 Chapter 5. Diffeomorphisms and Mixed Norms

Abstract:

This article gives general results on invariance of anisotropic Lizorkin—Triebel
spaces with mixed norms under coordinate transformations on Euclidean space,
open sets and cylindrical domains.

5.1 Introduction

This paper continues a study of anisotropic Lizorkin—Triebel spaces Fg’j(R") with
mixed norms, which was begun in [28, 29] and followed up in our joint work [32].

First Sobolev embeddings and completeness of the scale Fpﬁy’g(R”) were estab-
lished in [28], using the Nikol’skii-Plancherel-Polya inequality for sequences of
functions in the mixed-norm space Lz(R™), which was obtained straightforwardly
in [28]. Then a detailed trace theory for hyperplanes in R™ was worked out in
[29], e.g. with the novelty that the well-known borderline s = 1/p has to be shifted
upwards in some cases, because of the mixed norms.

Secondly, our joint paper [32] presented some general characterisations of F;ﬁ,
which may be specialised to kernels of local means, in Triebel’s sense [58]. One
interest of this is that local means have recently been useful for obtaining wavelet
bases of Sobolev spaces and especially of their generalisations to the Besov and
Lizorkin—Triebel scales. Cf. e.g. works of Vybiral [61, Thm. 2.12], Triebel [60,
Thm. 1.20], Hansen [19, Thm. 4.3.1].

In the present paper, we treat the invariance of F' %@ ynder coordinate changes.
During the discussions below, the results in [32] are crucial for the entire strategy.

Indeed, we address the main technical challenge to obtain invariance of F;g

under the map
fr= foo,

when o is a bounded diffeomorphism on R™. (Cf. Theorems 5.19 and 5.20 below.)
Not surprisingly, this will require the condition on ¢ that it only affects blocks
of variables x; in which the corresponding integral exponents p; are equal, and
similarly for the anisotropic weights a;. Moreover, when estimating the operator
norm of f — f oo, i.e. obtaining the inequality

If oo |Fry R <l £1Fg R,

the Fourier-analytic definition of the spaces seems difficult to manage directly, so
as done by Triebel [58] we have chosen to characterise F| pf’g(R”) in terms of local
means, as developed in [32].

However, the diffeomorphism invariance relies not just on the local means, but
first of all also on techniques underlying them. In particular, we use the following
inequality for the maximal function % f(x) of Peetre-Fefferman-Stein type, which
was established in Theorem 4.18 for mixed norms and with uniformity with respect
to a general parameter 6:

H {2Sj Slelg @b;,jf};io ‘Lﬁ(eq)H <c || {Qsjsﬁ;f}?io |Lﬁ(£q)||~
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Hereby the ‘cut-off” functions v;, ¢; should fulfil a set of Tauberian and moment
conditions; cf. Theorem 5.13 below. In the isotropic case this inequality originated
in a well-known article of Rychkov [44], which contains a serious flaw (as pointed
out in [19]); this and other inaccuracies were corrected in [32].

A second adaptation of Triebel’s approach is caused by the anisotropy a we
treat here. In fact, our proof only extends to e.g. s < 0 by means of the uncon-
ventional lift operator

n

A, =OP(\),  A(6) =D (1+€3)7.

Jj=1

Moreover, to cover all @ = (ay,...,ay), especially to allow irrational ratios
a; /ax, we found it useful to invoke the corresponding pseudo-differential operators

(1-07)*=0P ((1+&)")

that for u € R are shown here to be bounded F;’j(R”) — F;;zaj“’a(R") for all s.

Local versions of our result, in which o is only defined on subsets of R™, are also
treated below. In short form we have e.g. the following result (cf. Theorem 5.21):

Theorem. Let U,V C R™ be open and let o : U -V be a C*°-bijection on the
form o(x) = (¢'(x1,...,Tn-1),2Tn). When f € F;:;(V) has compact support and
all p; are equal for j < n, and similarly for the a;, then foo € F;;(U) and

| f oo [Fxd(U)]| < c(supp f,0)| f [Faa (V)]

This is useful for introduction of Lizorkin—Triebel spaces on cylindrical mani-
folds. However, this subject is postponed to our forthcoming paper [30]. (Already
this part of the mixed-norm theory has seemingly not been elucidated before).
Moreover, in [30] we also carry over trace results from [29] to spaces over a smooth
cylindrical domain in Euclidean space e.g. by analysing boundedness and ranges
for traces on the flat and curved parts of its boundary.

To elucidate the importance of the results here and in [30], we recall that the

;.’j are relevant for parabolic differential equations with boundary value condi-

)

tions: when solutions are sought in a mized-norm Lebesgue space Lz (in order
to allow different properties in the space and time directions), then F;”j—spaces
are in general inevitable for a correct description of non-trivial data on the curved
boundary.

This conclusion was obtained in works of P. Weidemaier [64-66], who treated
several special cases; one may also consult the introduction of [29] for details.

Contents. Section 5.2 contains a review of our notation, and the definition of
anisotropic Lizorkin—Triebel spaces with mixed norms is recalled, together with
some needed properties, a discussion of different lift operators and a pointwise
multiplier assertion.
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In Section 5.3 results from [32] on characterisation of F f”g—spaces by local means
are recalled and used to prove an important lemma for compactly supported ele-
ments in F;". Sufficient conditions for f — f oo to leave the spaces F'(R")
invariant for all s € R are deduced in Section 5.4, when o is a bounded diffeomor-
phism. Local versions for spaces on domains are derived in Section 5.5 together
with isotropic results.

5.2 Preliminaries

5.2.1 Notation

The Schwartz space S(R™) contains all rapidly decreasing C*°-functions. It is
equipped with the family of seminorms, using D* := (=10, )* -+ (—10,,, )*" for
each multi-index o = (a1, ..., ;) with a; € Ny := NU {0}, and (z)? := 1 + |2/,

pum () = sup { (2)M[D%p()| |z €R",|a| <M}, M €Ny

or with
qn,a(p) = / <x>N|D°‘<p(x)|dJ:, N e Ny, aeNg. (5.1)

The Fourier transformation Fp(§) = = [pn e Cp(x)dx for ¢ € S(R")
extends by duality to the dual space S’ (R") of temperate dlbtrlbutions.

Inequalities for vectors = (p1,...,pn) are understood componentwise; as are
functions, e.g. p! = p1!---p,!. Moreover, ¢, := max(0,t) for t € R.

For 0 < p' < oo the space Lz(R™) consists of all Lebesgue measurable functions
such that

| LR = (/R( y (/R\u(xh ) )T ) <o

with the modification of using the essential supremum over z; in case p; = oo.
Equipped with this quasi-norm, Ly(R™) is a quasi-Banach space (normed if p > 1).

Furthermore, for 0 < ¢ < oo we shall use the notation Lz(¢,)(R™) for the space
of all sequences {u}32, of Lebesgue measurable functions uy, : R™ — C such that

| {30 | L) R™)| —H(Zm o)

with supremum over k in case ¢ = co. This quasi-norm is often abbreviated to
| i |Lp(Lg)|l; when p'= (p,...,p) we simplify Ly to L,. If max(p1,...,pn,q) < o0,
then sequences of C§°-functions are dense in Ly({q).

Ly(R™)

< 00,

Generic constants will primarily be denoted by ¢ or C' and when relevant, their
dependence on certain parameters will be explicitly stated. The notation B(0,r)
stands for the ball in R™ centered at 0 with radius r > 0, while U denotes the
closure of a set U C R".



Section 5.2. Preliminaries 45

5.2.2 Anisotropic, Mixed-Norm Lizorkin—Triebel Spaces

The scales of mixed-norm Lizorkin—Triebel spaces refines the scales of mixed-norm
Sobolev spaces, cf. [29, Prop. 2.10], hence the history of these spaces goes far back
in time; the reader is referred to Remark 4.4 and [28, Rem. 10] for a brief historical
overview, which also list some of the ways to define Lizorkin—Triebel spaces.

Our exposition uses the Fourier-analytic definition, but first we recall the ani-
sotropic distance function | - |z, where @ = (ay, ..., a,) € [1,00[", on R™ and some
of its properties. Using the quasi-homogeneous dilation t%z := (t*'x1,...,t%x,)
for t > 0, the function |z|z is for x € R™ \ {0} defined as the unique ¢ > 0 such
that t=%x € S~ (|05 := 0), i.e.

2 2

Z7 xn _
t2a1 +-+ t2an =1

By the Implicit Function Theorem, |- |z is C* on R™\ {0}. We also recall the
quasi-homogeneity [t%x|7 = t|x|z together with (cf. [28, Sec. 3])

|z +yla < |z|a + |yla,

max(|z; |V, |z Y 0) < xla < o MO A o, Yo (5.2)

The definition of F:;.f uses a Littlewood—Paley decomposition, 1 = Z?’;O @,(8),
which (for convenience) is based on a fixed ¢ € C§° such that 0 < (&) < 1 for
all €, (&) = 1if €]z < 1 and $(€) = 0 if |¢]7 > 3/2; setting = ¢ — $(27-), we

define 3
o(§) =v(&), 0;(§) =2(277%), j=12,... (5.3)

Definition 5.1. The Lizorkin-Triebel space Ff;(R") with s € R, 0 < p'< oo and
0 < g < oo consists of all u € S'(R™) such that

| F2E R fH( 22 |F (@07 u(e) )"

LyR™)

< 00.

The number ¢ is called the sum exponent and the entries in p’ are integral
exponents, while s is a smoothness index. Usually the statements are valid for the
full ranges 0 < p'< 00, 0 < ¢ < 00, so we refrain from repeating these. Instead we
focus on whether s € R is allowed or not. In the isotropic case, i.e. @ = (1,...,1),
the parameter d is omitted.

We shall also consider the closely related Besov spaces, recalled using the ab-
breviation

uj(z) = F 1 (2;(€) Fu(€)) (z), z€R", jeN. (5.4)

Definition 5.2. The Besov space B;ﬁ(R”) consists of all u € S'(R™) such that

5,d (myn n = j s n a
lul By R ®™) = (D27 |ILpR")7) < .

Jj=0
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In [28, 29] many results on these classes are elaborated, hence we just recall a
few facts. They are quasi-Banach spaces (normed if min(ps,...,p,,q) > 1) and
the quasi-norm is subadditive, when raised to the power d := min(1,py,...,pn,q),

s,a n\||d s,a ny\||1d s,a n\|1d s,d n
w+v | Fpy (R < [ulFyy R+ [[v|Fz (R, w,ve Fri(RY).

Also the spaces do not depend on the chosen anisotropic decomposition of unity
(up to equivalent quasi-norms) and there are continuous embeddings

S(R™) — Fq (R") — §'(R"), (5.5)
where S is dense in Ff’a for ¢ < oc.

Since for A > 0, the space F 5 coincides with F;“; A Cf. [29, Lem. 3.24], most
results obtained for the scales When @ > 1 can be extended to the case 0 < @ < 1
(for details we refer to Remark 4.7).

The subspace L1 1oc(R™) C D’(R™) of locally integrable functions is equipped
with the Fréchet space topology defined from the seminorms u > f Iz <] u(z)| de,
where j € N. By C,(R™) we denote the Banach space of bounded, continuous
functions, endowed with the sup-norm.

Lemma 5.3. Let s € R and o € N be arbitrary.
(i) The differential operator D* is bounded Fp'(R"™) — F “*%(R").
(ii) Fors> >, (Z—ﬁ — ag)+ there is an embedding F''(R™) < Ly joc(R™).

(iii) The embedding Ff’a(]R") — Cu(R™) holds true for s > ;f + -+ 27

Proof. For part (i) the reader is referred to [29, Lem. 3.22], where a proof using
standard techniques for Fﬁ p is indicated (though the reference should have been
to Proposition 3.13 instead of 3.14 there).

Part (ii) is obtained from the Nikol’skij inequality, cf. [28, Cor. 3.8], which

allows a reduction to the case in which p] >1for j=1,...,n, while s > 0; then
the claim follows from the embedding F 2 = L Joc.
Part (iii) follows at once from [29, (3.20)]. O

A Jocal maximisation over a ball can be estimated in Ly, at least for functions
in certain subspaces of C},(R"); cf. Lemma 5.3(iii):

Lemma 5.4 ([32]). When C >0 and s > >, T

Next we extend a well-known embedding to the mixed-norm setting. Let
Cf£(R™) denote the Holder class of order p > 0, which by definition consists of
all uw € C¥(R™), where k € Ny and k < p < k + 1, satisfying

Jullo == >~ sup [D°u(@)+ > sup [Dula)-Du(y)| [e-y|** < oc.
laf<k “ER" o=k T—VER"\{0}

then

sup_[u(y)] | Lx(R?)
lz—y|<C

< cllulF3a.
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Lemma 5.5. For p >0, s € R with s < p the embedding C£(R™) < B35 _(R")
holds true.

Proof. This follows by modifying [20, Prop. 8.6.1] to the anisotropic case, i.e.

u| B3|l = sup 29 sup |F~H(®;Fu) ()| < cpllull,- (5.6)
Jj€Ng z€R"

The expressions in the Besov norm are for j > 1 estimated using that 7~1® has
vanishing moments of arbitrary order,

FH®;Fu)( /}‘ Lo(y x—z—ﬁy)—z

lo| <k

0%u(x)

a!l

(—2777)" ) dy.

A Taylor expansion of order k — 1, where k € N is chosen such that k < p < k+1,
yields an estimate of the parenthesis by

1
’ > %(Tjay)a/o (1= 0)1 (0°u(z — 27770y) — 0°u()) dé)’

|a|=k

e o .
< > =2 ull, 2777 k/o (1= 0)*"1d0 < ¢, [277%|" Jull,.

la|=k

Now we obtain, since @ > 1,

Sup FH @ Fu)(@)| < d 2””IIUIIp/|JT_1‘I>(y)|IyI’)dy < ¢p 277 fufl,.
eRn

This bound also works for j = 0, if ¢, is large enough, so (5.6) holds for p > s. O

As a tool we also need to know the mapping properties of certain Fourier
multipliers A\(D)u := F~1(A(€)a(€)). For generality’s sake, we give

Proposition 5.6. When A € C®(R") for some r € R has finite seminorms of
the form

Ca(A) i=sup { 277" FDDN\(2%)| | j €Ny, 1/4< [z <4}, a €N,

then A\(D) is continuous on S'(R™) and bounded FEZ(R”) — Ff "R for every
s € R, with operator norm ||A(D)|| < czq Z‘a|<NM Cu(N).

Proof. The quasi-homogeneity of |- |5 yields that |[D*A(€)| < cCu(N)(1+€]z)" %,
hence every derivative is of polynomial growth, cf. (5.2), so A(D) is a well- deﬁned
continuous map on §’.

Boundedness follows as in the proof of [29, Prop. 3.15], mutatis mutandis. In
fact, only the last step there needs an adaptation to the symbol A(£), but this is
trivial because finitely many of the constants C,(\) can enter the estimates. [
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5.2.3 Lift Operators

The invariance under coordinate transformations will be established below using
a somewhat unconventional lift operator A,., r € R,

n

Avu=OP(M\()u=F ' (A(OTE)), A& =D (147w (57)

k=1

To apply Proposition 5.6, we derive an estimate uniformly in j € Ny and over the
set i < [€lg < 4: while the mixed derivatives vanish, the explicit higher order
chain rule in Appendix A on page 65 yields

|Dg! (2777 A(277€))|

ay
< ch(272ja1 + gf)ﬁ—ij(alez*Qkaz) Z (2(2jal§l))n12n2 < 00, (58)
k=1

k=ni+n2
a=ni+2nz

Indeed, the precise summation range gives a; = ny + 2(k — n1), so the harmless
power 271772 results. (Note that this means that [DY\,.(279¢)| < C,27(r=@) )

The symbol ), has no zeros, and for \,.(¢)~! it is analogous to obtain such
estimates of D*(2/7\,.(27%¢)~!) uniformly with respect to j, using Appendix A
and the above. So Proposition 5.6 gives both that A, is a homeomorphism on &’
(although A-! # A_,) and the proof of

Lemma 5.7. The map A, is a linear homeomorphism F;:j(R”) — F;;T’E(R”)
for s e R.

In a similar way one also finds the next auxiliary result.
Lemma 5.8. For any p € R the map (1 — 92 )*u = OP((1 + &) )u, whereby

ke {l,...,n}, is a linear homeomorphism F;’g — F;;Q‘m’“’a for all s € R.

A standard choice of an anisotropic lift operator is obtained by associating each
€ € R™ with (1,&) € R, which is given the weights (1, @), and by setting

(©a=I(1,9],a)-

This is in C°°, as | - |(1,7) is so outside the origin. (Note the analogy to (£) =

V' 1+ [€]%.) Moreover, 9*(£)L is for each ¢ € R estimated by powers of |¢[, cf. [67,
Lem. 1.4]. Therefore there is a linear homeomorphism Z%: 8" — S’ given by

Egu = OP(()z)u=F " ({)z1()), teR.

In our mixed-norm set-up it is a small exercise to show that it restricts to a
homeomorphism

Eh: FYS(RY) — F3 P*(R") forall s € R. (5.9)
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Indeed, invoking Proposition 5.6, the task is as in (5.8) to show a uniform bound,
and by using the elementary properties of (£)z (cf. [67, Lem. 1.4]) one finds for
t—ad-a>0,

DoY) = P E Dy )] yun| < 2T (@G < el

n 2id¢

When t — @ -« <0, then |§|f{a'a is the outcome on the right-hand side. But the
uniformity results in both cases, since the estimates pertain to i < |¢lz < 4.

We digress to recall that the classical fractional Sobolev space H S’a(R”) for
s € Rand 1 < § < oo, consists of the u € &’ for which Z3u € Ly (R”), with
| w |Hia|| = || E5u|Ls|. If my := s/ap € Ny for all k, then HJ“ coincides (as
shown by Lizorkin [39]) with the space ngl"”’m”)(R") of u € Lz having 07 Fu
in Ly for all k.

This characterisation is valid for F25 52> 1< P < 00, in view of the identification
ue HY'(R") <= ue Fy5(R"), (5.10)

which by use of Z° reduces to the case Ly = F pg’g . The latter is a Littlewood—Paley

inequality that may be proved with general methods of harmonic analysis, cf. [29,
Rem. 3.16].

A general reference on mixed-norm Sobolev spaces is the classical book of
Besov, Il'in and Nikol'skij [4, 5]. Schmeisser and Triebel [50] treated F for
n=2.

Remark 5.9. Traces on hyperplanes were considered for H;’E(R") by Lizorkin
in [39] and for Wm (R™) by Bugrov [6], who raised the problem of traces at {x; = 0}
for j < mn. This was solved by Berkolaiko, who treated traces in the Fi;(]R") -scales
forl1<p<ooineg. [3]. The range 0 < j< oo was covered on R™ for j =1 and
Jj=mnin [29], and in our forthcoming paper [30] we carry over the trace results to
;”j-spaces over a smooth cylindrical domain Q2x]0,T.
Remark 5.10. We take the opportunity to correct a minor inaccuracy in [29],
where a lift operator (also) called A, unfortunately was defined to have symbol
(1 +|¢2)7/2. However, it is not in C>°(R™) for @ # (1,...,1); this can be seen
from the example for n = 2 with @ = (2,1), where [67, Ex. 1.1] gives the explicit

formula
1/2

€la =2712(63 + (& + 4€D)V?)

Here an easy calculation shows that Dg, |E|% is discontinuous along the line
(€1,0), which is inherited by the symbol e.g. for r = 2. The resulting operator is
therefore mot defined on all of S'. However, this is straightforward to avoid by
replacing the lift operator in [29] by the better choice Z" given in (5.9). This gives
the space H;’a(R") in (5.10).
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5.2.4 Paramultiplication

This section contains a pointwise multiplier assertion for the F?3 q—scales We
consider the densely defined product on &’ x &', introduced in [24 Def. 3.1] and
in an isotropic set-up in [43, Ch. 4],

u-vi= lim F (27799 Fu(€)) - F 1 (p(2779) Fo(€)), (5.11)

Jj—o0

which is considered for those pairs (u,v) in &’ x &’ for which the limit on the
right-hand side exists in D’ and is independent of 1. Here ¢ € C§° is the function
used in the construction of the Littlewood—Paley decomposition (in principle the
independence should be verified for all ¢ € C§° equalling 1 near the origin; but
this is not a problem here).

To illustrate how this product extends the usual one, and to prepare for an
application below, the following is recalled:

Lemma 5.11 ([24]). When f € C®°(R"™) has derivatives of any order of polyno-
mial growth, and when g € S8'(R™) is arbitrary, then the limit in (5.11) exists and
equals the usual product f - g, as defined on C*° x D’.

Using this extended product, we introduce the usual space of multipliers
S,a\ . / s,d s,d
M(F;)) = {ues ‘u-v € Fy forallve Fﬁq}
equipped with the induced operator quasi-norm

V| MEI = sup {||u- o |F3g ) |0 [F5g ] < 1}

As Lemma 5.5 at once yields C3° C () B, (a well-known result in the
s>0
isotropic case) for C7° = {g € C*|Va: D% € Lo}, the next result is in

particular valid for u € C7°_

Lemma 5.12. Let s € R and take s1 > s such that also

> —ag) — s. 5.12
. ; (min(l,q,ph---me) A (512

Then each u € B‘Sl’ defines a multiplier of Fa and

lulM(EZDI < ] ulBLEI.
Proof. The proof will be brief as it is based on standard arguments from para-
multiplication, cf. [24], [43, Ch. 4] for details. In particular we shall use the
decomposition

w-v=1I;(u,v) + Ha(u, v) + U3 (u, v).

The exact form of this can also be recalled from the below formulae.
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In terms of the Littlewood—Paley partition 1 = ZJOO o ®; (&) from Definition 5.1,
we set ¥; = &g+ --- 4+ @; for j > 1 and ¥g = Po. These are used in Fourler
multipliers, now written with upper indices as u/ = F _1(\Iljﬂ).

Note first that s; > 0, whence Bgéjgo — Lo, which is useful since the dyadic

corona criterion for F. ;f, cf. [29, Lem. 3.20], implies the well-known simple estimate
1T (u, 0) [Egg | < el |Loo|| |0 | Egg
Furthermore, since

Qg
17Q»P1,~~ apf)

n
= >
S2 s1+s ; min(

using the dyadic ball criterion for F;ﬁ’j, cf. [29, Lem. 3.19], we find that

I T2 (u, 0) [F22 7)) < || 272 uj0; | (L) |
<e sup 2551 || g, [ Loo || 1275 03] | Ls(£y) |

<cllu|BY:

Sollllv

s,d
vIEz

To estimate II3(u,v) we first consider the case s > 0 and pick ¢t €]s,sq][.
The dyadic corona criterion together with the formula v/ = vg + --- + v; and a
summation lemma, which exploits that t — s; < 0 (cf. [67, Lem. 3.8]), give

105 (u, 0) | P || < c sup 251 || g | Lo | 1207072 | Ls(£,) |

< cllulBLl||[20- Z jorl | Z(t4

‘ (5.13)

t )
<cllulBXSI v IFs,™ aH~

Sl
Since t — s1 < 0 < s implies F;j — F;;‘”’d, and also Fg — Fa ' holds, the
above yields

I TIs (u,0) | Eg |l < ellu|BEN v Byl (5.14)

For s < 0 the procedure is analogous, except that (5.13) is derived for ¢ €]0, s1+s],
which is non-empty by assumption (5.12) on s; then standard embeddings again
give (5.14).

In closing, we remark that as required, the product u - v is independent of
the test function i appearing in the definition. Indeed, for ¢ < oo this follows
from Lemma 5.11, which gives the coincidence between this product on &’ x S
and the usual one, hence by density of S, cf. (5.5), and the above estimates, the
map v — u - v extends uniquely by continuity to all g € F;,’j' When ¢ = oo,
then the embedding F;go — F;;a’d for € > 0 yields the independence using the
previous case. O
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5.3 Characterisation by Local Means

Characterisation of Lizorkin-Triebel spaces F}; , by local means is due to Triebel,
cf. [58, 2.4.6], and it was from the outset an important tool in proving invariance
of the scale under diffeomorphisms.

An extensive treatment of characterisations of mixed-norm spaces F' 5 i) terms
of quasi-norms based on convolutions, in particular the case of kernels of local
means, was given in [32], which to a large extent is based on extensions to mixed
norms of inequalities in [44]. For the reader’s convenience we recall the needed
results.

Throughout this section we consider a fixed @ > 1 with a := min(ay,...,a,)
and functions g, € S(R™) that fulfil Tauberian conditions in terms of some
e > 0 and/or a moment condition of order My > —1 (My = —1 means that the
condition is void),

[Fo(€)| >0 on {&][¢]a <2}, (5.15)
[Fp(&) >0 on {&]e/2 <[¢]a < 2}, (5.16)
D*(F)(0) =0 for |a] < My. (5.17)

Note by (5.2) that in case (5.15) is fulfilled for the Euclidean distance, it holds
true also in the anisotropic case, perhaps with a different ¢.

We henceforth change notation, from (5.4) to

pj(w) = 21p(2%), peS, jeN, (5.18)
which gives rise to the sequence (1;);jen,. The non-linear Peetre-Fefferman-Stein
maximal operators induced by (¥;);en, are for an arbitrary ¥ = (r1,...,7,) > 0
and any f € 8'(R™) given by (dependence on @ and 7 is omitted)

ok
Vi f(x) = sup —; s * f W)l , zeR" jeN. (5.19)
YERT TT (1 + 292 ¢ — ye| )
=1

Later we shall also refer to the trivial estimate
[V * f(2)] <5 f(x). (5.20)

Finally, for an index set ©, we consider 1y o, 99 € S(R"), 6 € ©, where the ¢y
satisfy (5.17) for some My, independent of § € ©, and also ¢y, ¢ € S(R™) that
fulfil (5.15)—(5.16) in terms of an &’ > 0. Setting 1y () = 271914y (29%2) for j € N,
we can state the first result relating different quasi-norms.

Theorem 5.13 ([32]). Let 0 < < 00, 0 < g < 00 and —o0 < s < (My, + 1)a.
For a given 7 in (5.19) and an integer M > —1 chosen so large that (M + 1)a —
2a -7+ s >0, we assume that
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A := sup max | D*Fpg | Loo || < 00,
[ASIC)

B :=sup max || (1 + [€)M T DY Fopy(€) |L1|| < oo,
0c0

C :=sup max || D*Fpg o | Lool| < 00,
0O

D = sup max | (1+ |6 D" Fino(6) 1] < ox.
€
where the mazima are over a such that |a| < My, +1 or a < [+ 2], respectively
over v with vv; <r; +2. Then there exists ¢ > 0 such that for f € S'(R"™),
[| {2*7 sugng,jf};';o |Ls(ly)|| < c(A+ B+ C+ D) |[{2%¢; 1520 | Ly(Ly) |-
€

It is also possible to estimate the maximal function in terms of the convolution
appearing in its numerator:

Theorem 5.14 ([32]). Let ¢o,¢ € S(R™) satisfy the Tauberian conditions in
(5.15)—(5.16). When s € R, 0 < p < 00, 0 < g < o0 and

1 .
—< min(g,p1,...,pn), (=1,...,n,
!
then there exists a constant ¢ > 0 such that for f € S'(R™),

2705 13520 [La(to)| < e[ {2795+ f3520 [ (L)

As a consequence of Theorems 5.13 and 5.14 (the first applied for a trivial
index set like © = {1}), we obtain the characterisation of F s,a , Py local means:

Theorem 5.15 ([32]). Let ko, k° € S such that [ ko(z)dx 75 0# [k%z)dz and
set k(x) = ANEO(z) for some N € N. When 0 < § < 00, 0 < ¢ < oo and
—00 < 8 < 2Na, then a distribution f € S'(R™) belongs to F;)’j(R”) if and only if
(cf. (5.18) for the k;)

L 1Egg 1™ o= ko * £ 1Lgll + 14259 k; % f3521 | Lp(£q)]| < oc. (5.21)

Furthermore, || f |F;”;

‘ *

is an equivalent quasi-norm on Fq (R”)

Application of Theorem 5.15 yields a useful result regarding Lizorkin—Triebel
spaces on open subsets, when these are defined by restriction, i.e.

Definition 5.16. Let U C R"™ be open. The space F;f(U) is defined as the set of
all w € D'(U) such that there exists a distribution f € pr)’j(R") satisfying

flg) = ulg) forall e CE(U). (5.22)
We equip F;”E(U) with the quotient quasi-norm (norm if p,q > 1)

lulFpy @)= int | f IR,
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In (5.22) it is tacitly understood that on the left-hand side ¢ is extended by 0
outside U. For this we henceforth use the operator notation eyy. Likewise ry
denotes restriction to U, whereby u = ry f in (5.22).

The Besov spaces E; Z(U ) can be defined analogously. The quotient norms have
the well-known advantage that embeddings and completeness can be transferred
directly from the spaces on R™. However, the spaces are probably of little interest,
if OU does not satisfy some regularity conditions, because we then expect (as in
the isotropic case) that they do not coincide with those defined intrinsically.

Lemma 5.17. Let U C R" be open. When F;ﬁ’;(U) has the infimum quasi-norm
derived from the local means in Theorem 5.15 fulfilling supp ko,suppk C B(0,7)
for anr >0, and

dist(supp f,R"\ U) > 2r

holds for some f € E;’;(U) with compact support, then

1 By (D) = llev f |Fyg (R™)]). (5.23)
In other words, the infimum is attained at ey f for such f.

Proof. For any other extension f € &'(R"), the difference g := f — ey f is non-zero
in §’(R™) and supp ey f Nsuppg = 0. So by the properties of r,

supp(k; * ey f) Nsupp(k; *g) =0, j € No.

Since g # 0 there is some j such that supp(k; * g) # 0, hence k; * g(z) # 0 on an
open set disjoint from supp(k; * ey f). This term therefore effectively contributes
to the Ly-norm in (5.21) and thus || f [F20( = [[evf + g |[Fy || > [levf [Fy 1l
which shows (5.23).

5.4 Invariance under Diffeomorphisms

The aim of this section is to show that Fg’; is invariant under suitable diffeomor-
phisms ¢ : R™ — R” and from this deduce similar results in a variety of set-ups.

5.4.1 Bounded Diffeomorphisms

A one-to-one mapping y = o(z) of R™ onto R” is here called a diffeomorphism if
the components o; : R" — R have classical derivatives D%c; for all @ € N"*. We
set 7(y) = o1 (y).
For convenience o is called a bounded diffeomorphism when o and 7 also satisfy
Ca,o = max | D%;|Le| < o0, (5.24)
je{l,...,n}

Cori= ma D7 |Loo|| < . 5.25
wri= max | DT | L] < o (5.25)
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In this case there are obviously positive constants (when Jo denotes the Jacobian
matrix)

:= inf = inf . 2
Co := nf |det Jo(z)| > 0, cr = inf |det Jr(y)| >0 (5.26)

E.g., by the Leibniz formula for determinants, c; > 1/(n![],,=; Ca,s) > 0.

Conversely, whenever a C*°-map o: R® — R™ fulfils (5.24) and ¢, > 0, then 7
is C* (since J7(y) = m AdjJo(7(y)), where Adj denotes the adjugate,
each 0;7; is in C™ if 7 is so) and using e.g. Appendix A it is seen by induction
over |a that 7 fulfils (5.25). Hence o is a bounded diffeomorphism.

Recall that for a bounded diffeomorphism ¢ and a temperate distribution f,
the composition f o o denotes the temperate distribution given by

(foo, )= (f.por|detJr]) for ¥ €S. (5.27)

It is continuous &’ — &’ as the adjoint of the continuous map v — v o 7| det J7]|
on S: since |det J7|isin C7°_, continuity on S can be shown using the higher-order
chain rule to estimate each seminorm gy (% o 7), cf. (5.1), by Z\B\S\al an (V)
(changing variables, (o()) can be estimated by using the Mean Value Theorem on
each o).

We need a few further conditions, due to the anisotropic situation: one can
neither expect f oo to have the same regularity as f, e.g. if o is a rotation; nor
that f oo € Ly when f € Ly. On these grounds we first restrict to the situation
in which

ap :=ap =0a2 = ... =0ap-1, Po:=pP1=...=DPn-1 (528)

and
o(z) = (o'(z1,...,Tp_1),1,) forall zeR"™. (5.29)

To prepare for Theorem 5.19 below, which gives sufficient conditions for the
invariance of F3'* under bounded diffeomorphisms of the type (5.29), we first show
that it suffices to have invariance for sufficiently large s:

Proposition 5.18. Let o be a bounded diffeomorphism on R™ on the form (5.29).
When (5.28) holds and there exists s; € R with the property that f — foo is
a linear homeomorphism of F;:g(R") onto itself for every s > sy, then this holds
true for all s € R.

Proof. Tt suffices to prove for s < s; that

I foolFz Il <cllfIF:l (5.30)

with some constant ¢ independent of f, as the reverse inequality then follows from
the fact that the inverse of o is also a bounded diffeomorphism with the structure
in (5.29).

,

First » > s; — s + 2a, is chosen such that dy := Zag is a natural number.

Setting d,, = 5 and taking p € [0,1] such that d, — p € N, we have that

2an,
Ty =T —2ua, > s1 — S.
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Now Lemma 5.7 yields the existence of h € F;;T’a such that f = Ah, ie.
f=0—82 ) 11— Yh+ Z — 92 )™h. (5.31)

Setting g1 = ((1 — 92 )*h) oo and gy = h oo, we may apply the higher-order
chain rule to e.g. h = gg o 7 (using denseness of S in &’ and the S’-continuity
of composition in (5.27), Appendix A extends to §’). Taking into account that
7(x) = (7'(2), z,), and letting prime indicate summation over multi-indices with
Brn = 0, we obtain

dn—p
ffznnza 9107+Z S g0, (5.32)
k=1|8|<2do
where 7, = (— 1)l(d"; “) and the 7 g are functions containing derivatives at

least of order 1 of 7, and these can be estimated, say by ¢[];<,,<oq4, (Ori7)>®.
Composing with o and applying Lemma 5.3(1) gives for d := min(1, g, po,pn),

when || - || denotes the F;’g-norm,
Ifoall
dn—p
<D Il 192 g0 14 + Z Z Ink,6 0 0 IM(EZ)I*1|9%0 1" (5.33)
1=0 k=1|B|<2do

.

’ -
[ m,5 0 |M(F5)
k=1[8]<2do

<cllgulEy N+ Nl go | Fgy ™

According to the remark preceding Lemma 5.12, the last sum is finite because
ks € Cpo_. Finally, since s + 7, > s; and s + 1 > s;, the stated assumption
means that h +— g1 and h — go are bounded, which in view of r, 4+ 2ua, = r and
Lemmas 5.7 and 5.8 yields

%

| fooll* < elln|Fpy ™2 | 4 | hlEg e < o £ 1)
proving the boundedness of f — f oo in Fg’f for all s € R. O

In addition to the reduction in Proposition 5.18, we adopt in Theorem 5.19
below the strategy for the isotropic, unmixed case developed by Triebel [58, 4.3.2],
who used Taylor expansions for the inner and outer functions for large s.

While his explanation was rather sketchy, our task is to account for the fact
that the strategy extends to anisotropies and to mixed norms. Hence we give
full details. This will also allow us to give brief proofs of additional results in
Section 5.4.2 and 5.5 below.

To control the Taylor expansions, it will be crucial for us to exploit both
the local means recalled in Theorem 5.15 and the parameter-dependent set-up in
Theorem 5.13. This is prepared for with the following discussion.
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The functions ky and k in Theorem 5.15 are for the proof of Theorem 5.19
chosen (as we may) so that N in the definition of k fulfils s < 2Ng and so that
both are even functions and

supp kg, suppk C {a: e R” | x| < 1}. (5.34)

The set © in Theorem 5.13 is chosen to be the set of (n — 1) x (n — 1) matrices

B = (b; ;) that, in terms of the constants ¢, C,» in (5.26) and (5.24), respectively,
satisfy

|det B| > ¢, (5.35)

max bi k] < |max Coo =: Co. (5.36)

Splitting z = (7', 2,,), we set g(z) = zm/k(z) for some 7' € Nj ! (chosen later)
and define

Yo(y) = 9(AY', yn) (5.37)

where @ is identified with A=1 := Jo’(2’), which clearly belongs to © (for each z).

To verify that the above functions 1y, 6§ € O, satisfy the moment condition
(5.17) for an My, such that the assumption s < (My, + 1)a in Theorem 5.13 is
fulfilled, note that

Do(€) = | det A "' Fg("AE ).
Hence D®thy vanishes at ¢ = 0 when D°§ = Da(—Dgz)'Y/%(g) does so. Since
k(&) = —|¢PVEO(¢) and k9(0) # 0, we have that DG(0) = 0 for « satisfying
la] + 7] < 2N — 1. In the course of the proof below, cf. Step 3, we obtain a
f-independent estimate of |y'|, hence of My, .

Moreover, the constant A in Theorem 5.13 is finite: basic properties of the
Fourier transform give the following estimate, where the constant is independent

of A1
| D*Fiy | Lo < / gAY, ) dy

— det A7 / 200 (A1) ||g(2)| d=

c(a, Cy) /Z<1 |k(2)| d=.

To estimate B we exploit that F: Bn/ 2(R") — L;(R") is bounded according
to Szasz’s inequality (cf. [50, Prop. 1.7. 5]) and obtain

M+1 m
1(1+]- DM DY Fog ||| < ey g( Ay yn) [Bay 2| < e(v, Coy ) | K1,

when m € N is chosen so large that m > M + 1+ n/2. In fact, the last inequality

M+1+4n/2

is obtained using the embeddings Cf" — H™ — By and the estimate

|97 |C || = sup | 9 (y7 (Ay) " k(AY  yn)) | < (v, Co, Cr) || K |CE-
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This relies on the higher-order chain rule, cf. Appendix A, and the support of k:
it suffices to use the supremum over |a| < m and {y € R"||Ay|*> +y2 < 1}, and
for a point in this set |y/| < [A7!||[Ay'| < ¢(C,), so we need only estimate on an
A-independent cylinder.

Replacing k by k¢ in the definition of g and setting ve.0(y) = g(AY', yn), the
finiteness of C' and D follows analogously. The Tauberian properties follow from
[kodx #0# [k da.

Hence all assumptions in Theorem 5.13 are satisfied, and we are thus ready to
prove our main result:

Theorem 5.19. If o is a bounded diffeomorphism on R™ on the form in (5.29),
then f — f oo is a linear homeomorphism F2(R") — F2(R™) for all s € R
when (5.28) holds.

Proof. According to Proposition 5.18, it suffices to consider s > s1, say for

ag Qnp

s1:=Koag+(n—1)2 4 ™ 5.38
' odo +( )Po min(po, pn) ( )

whereby Kj is the smallest integer satisfying
Koag > (n— 1)2 n (5.39)

po  min(po, pn)’

We now let s €]s1,00[ be given and take some K > Kj, i.e. K solving (5.39),

such that
an (7Y

po  min(po, pn)
(The interval thus defined is non-empty by (5.39), and the left end point is at
least s1.)

Note that (5.40) yields that every f € Fg’j is continuous, cf. Lemma 5.3(iii);
so are even the derivatives D? f for every 8 = (31, ..., Bn_1,0) with |3] < K, since
s—=pB-d=s—|Blap >a-1/p.

Step 1. For the norms || foo |F§j|| and || f |F§f| in inequality (5.30), which
also here suffices, we use Theorem 5.15 with 2N > (K — 1)(2K — 1) + s/a.

By the symmetry of kg and % in (5.34), we shall estimate

Kag + (TL — 1) < s < 2Kay. (540)

kj*(foo)(x)= / k(z) f(o(z + Z_ﬁz)) dz, j€EN, (5.41)

|z]<1

together with the corresponding expression for kg, where k is replaced by k.

First we Taylor expand the entries in o’(z') := (o1(2'),...,0n-1(2')) to the
order 2K — 1. So for £ =1,...,n — 1 there exists wy €]0, 1] such that

0¥ oy’ / 0¥ op(x! +wiz) o
ou(a’ +2') = Z #z’a + Z %z' . (5.42)
la/|<2K ’ la/|=2K ’
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For convenience, we let Z; denote summation over multi-indices o € N having
an, = 0 and define the vector of Taylor polynomials, respectively entries of a
remainder R,

0%’ (2)) 1 0%p(x! +wez’)
Py = Y LCE e gy = ) Lo ted)
la|<2K—1 ’ la|=2K ’

Applying the Mean Value Theorem to f, cf. (5.40), now yields an @ €0, 1| so that

|kj = (foo)(z)] < ’/|<1 k(z) f(PQK_l(Q*ja’Z/),xn + 279 ) dz’ (5.43)

n—1
+> / |K(2) Du f (s + 2797 2,) Ra(277'2")| dz,
a=171zI<1

when o/ := Pore1(277 2/ )+ B(R1 (2797 2'), ..., Rp_1(277% 2")). Using (5.24) and
(5.42), it is obvious that this 3’ fulfils

j0(2) = (s + 2770 2,)| < [0’ (2') =y | +[277% 20| < C (5.44)
for each z € supp k and a constant C' depending only on n and C, , with |a| < 2K.
Step 2. Concerning the remainder terms in (5.43), we exploit (5.44) to get

/ [£(2) 00 f (40 + 277" 20) Ra(277 )| dz
[z]<1

§2—2jKao< 3 M)/ |k(2)[dz  sup |04, f(y)l
|z]<1

4l
lo/|=2K s lo(z)—y|<C

The exponent in 2727540 i5 a result of (5.28) and the chosen Taylor expansion of
o(z+2799), and since s —2Kag < 0 the norm of £, is trivial to calculate, whence

| /| ) 0auf (0 +2770 ) B2 7)) |Z3ts)

(5.45)
<c sw s | L@
lo(z)—y|<C
Now we use that p; = ... = p,—1 to change variables in the resulting integral

over R with 7/ denoting (0’)~!. Since Lemma 5.4 in view of (5.40) applies
to 0y, f,d =1,...,n—1, the right-hand side of the last inequality can be estimated,

using also Lemma 5.3(i), by

. (5.46)

1/po S—aq,a s,d
e swp [det I @) ) Dad 1By | <l £ 1

yERn—1

Step 3. To treat the first term in (5.43), we Taylor expand f(-,z,), which
is in CE(R"™1). Setting P(2') = Pax—1(2') — Pi(2'), expansion at the vector
P(279%2") gives
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F(Pag1(2779 %), 2y + 27990 2,)
Z/ DPf(Py(279% %)), &, 4 2799 2,)

5 PR (5.47)

0<|BI<SK—1

1 DBf(y x4+ 2799 2,) L
+ Z Bl P2 Z/)'Ba

|Bl=K
where y' is a vector analogous to that in (5.43) and satisfies (5.44), perhaps with
another C.

To deal with the remainder in (5.47), note that the order was chosen to ensure
that, in the powers P(2_ja/z')/3, the I’th factor is the ;’th power of a sum of
terms each containing a factor 27791l with |o/| > 2. Hence each || = K in total
contributes by O(272%0) More precisely, as in Step 2 we obtain

Dﬁ ! n 27-70’" n .
/ ’k(z) ! f(y , L IBT Z ) P(Q*J(I Z’)B‘ dz
SN TS '

< 2j2Kao/<1 \k(z)\dz( Z CW,)K Z/ sup | DPf(y)).

2<[al<2K -1 B|=K lo(@)=vI<C

In view of (5.40), Lemma 5.4 barely also applies to D?f for |3| = K, so the
above gives

|

) DBy, ay + 2 902, o,
25]/ k(z) ! f(yaxﬂ"" < )P(ija z')ﬁ dZ’Lﬁ(gq)H
lz[<1 1Bl=K :
1
o N s—p-3,a
<cf suwp [det T W))" Y IDf IR, T
yekn |8I=K

s,a
| <cll fIF;,

Now it remains to estimate the other terms resulting from (5.47), i.e.

DPf(P (2799 %), @y, + 27997 2, .
! / k(Z) f( 1( Z),fE + Z )P(2—]a Zl)ﬁ dz.

|
0<|8l<K—17 1711 p

/
Using the multinomial formula on P(z’) = Z o< |2k -1 27070’ (x') /! and g, 1y
<hlg2K -

discussed in (5.37), the above task is finally reduced to controlling terms like

Iipn(0'(a), )

;= 27 2|Blao / g(z)DP f(o'(x') + 2799 Jo' (2/) 2!, xp + 277 2,) dz (5.48)
|z]<1
= 272j\ﬁ\a0‘ det A| /d)@ (y)Dﬁf(U,(x/) + 27ja0y/a ZTn + 27janyn) dy.

Note that in g, 1 we have 2 < |y| < |B|(2K — 1) and |B] < K — 1, B, = 0 =,.
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Step 4. Before we estimate (5.48), it is first observed that all previous steps
apply in a similar way to the convolution kg * (f o 0); except in this case there is
no dilation, thus the £;,-norm is omitted and the function vy is replaced by g .

So, when collecting the terms of the form (5.48) with finitely many 8, v in
both cases (omitting remainders from Steps 2-3), we obtain with two changes of
variables and (5.20),

| X 1ot @)
By

Ly

Ly(tq) H

|

29(s=21Blac) /we(y)Dﬂf(w —277%y)dy ‘Lﬁ(fq)

! o)
j(s—2|Blao) L .
<o |1 e s 01} e

Y

. !/
+ |2 Y Lo (@' @) )
By

yERn—1

gczl( sup |detJT/(y)|)%(H/ﬂ)e,o(y)Dﬂf(x_y)dy‘Lﬁ
By (5.49)
+|

)

Jj=0

Here we apply Theorem 5.13 to the family of functions g ¢, 1 with the ¢;
chosen as the Fourier transformed of the system in the Littlewood—Paley decom-
position, cf. (5.3). Estimating ||, the 1y satisfy the moment condition (5.17) with
My, ==2N —1— (K —1)(2K — 1), which fulfils s < (My, + 1)a, because of the
choice of N in Step 1. So, by applying Theorem 5.14 and Lemma 5.3(i), using
s —2|Blag < s — B - d, the above is estimated thus:

H {2js ;/ Ij’ﬂﬁ(al(x/)’xn)}::o ’Lﬁ(gq)

§C(A+B+C'+D)Z/ -
By

/ 5—9 @ @
<c N DAfIES PP <l £IEST
By

‘ {2j(5*2|5|ao)(f*lq)j)*Dﬁf}

Lﬁ(gq)

j=0

This proves the necessary estimate for the given s > s7. O

5.4.2 Groups of bounded diffeomorphisms

It is not difficult to see that the proofs in Section 5.4.1 did not really use that x,
is a single variable. It could just as well have been replaced by a whole group
of variables z”, corresponding to a splitting = (2/,2"), provided o acts as the
identity on z”.

Moreover, =’ could equally well have been ‘embedded’ into z”, that is " could
contain variables xj both with k < jo and with k > j; when o’ = (z,,...,2;,)
(but no interlacing); in particular the changes of variables yielding (5.46) would
carry over to this situation when p;, = ... = p;,. It is also not difficult to see
that Proposition 5.18 extends to this situation when a;, = ... = a;, (perhaps with
several gi-terms, each having a value of p).
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Thus we may generalise Theorem 5.19 to situations with a splitting into m > 2
groups, i.e. R = RM x ... x R¥» where Ny + ...+ N,, = n, namely when

ﬁ: (pla"'7p17p27~~'7p27 1pm7"'7pm)7 (550)
—_——— —— —
Ny N> Ny,
d=(a1,...,01,a2,...,G2, ... yGmy...,0m), (5.51)
o(z) = (01(z(1)), 02(2(2)), -+ O (@(m))) (5.52)

with arbitrary bounded diffeomorphisms a;- on RYi and T(;) € RN:

Indeed, viewing o as a composition of o1 := 0] ® idgn-n; etc. on R™, the above
gives

Theorem 5.20. The map f — f oo is a linear homeomorphism on Fg’g(R”)
when (5.50)—(5.52) hold.

|foo Bl <cll foomo. ool Pyl < .. <cll fIFS

5.5 Derived Results

5.5.1 Diffeomorphisms on Domains

The strategies of Proposition 5.18 and Theorem 5.19 also give the following local
version. E.g., for the paraboloid U = {z | z,, > 27 + ...+ 22_, } we may take o
to consist in a rotation around the x,-axis; cf. (5.29).

Theorem 5.21. Let U,V C R" be open and o U — V a C%®-bijection as
in (5.29). If (5.28) is fulfilled and f € F;:;(V) has compact support, then
fooe F;’;(U) and

| f oo Fy () < el f1F5, (V)| (5.53)
holds for a constant ¢ depending only on o and the set supp f.

Proof. Step 1. Let us consider s > si, cf. (5.38), and adapt the proof of Theo-

rem 5.19 to the local set-up. We shall prove the statement for the f € Fﬁs—,’j (V)
satisfying supp f C K C V for some arbitrary compact set K. First we fix r €]0, 1|
so small that

6r < min (dist(K,R™\ V), dist(c ™' (K),R"\ U)). (5.54)

Then, by Lemma 5.17, we have || f o o [F;; (U)|| = |lev(f o 0) [F5| when
Theorem 5.15 is utilised for ko, k € S, say so that supp ko,suppk C B(0,r); cf.
also (5.34). Extension by 0 outside U of f o ¢ is redundant, for it suffices to
integrate over * € W := supp(f o o) + B(0,7). However, to apply the Mean
Value Theorem, cf. (5.43), we extend f by 0 instead, i.e. we consider (5.41) with
integration over |z| < r and with f replaced by ey f.
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Since ey f inherits the regularity of f (cf. Lemma 5.17) and 9“0 can be esti-
mated on the compact set W, the proof of Theorem 5.19 carries over straightfor-
wardly. E.g. one obtains a variant of (5.46), where |det J7’(2')|'/P° is estimated
over {z' |3z, : (¢',z,) € o(W)}, and the integration is then extended to R™, which
by Lemma 5.17 yields

| sup [Or,ev F@ LARD|| < cllev £ IE3ER)| = c|| f [Fyy (V)

p,q
lz—y|<C

To estimate the first term in (5.43) in this local version, the argumentation
there is modified as above and the index set © is chosen to be the set of all
(n —1) x (n — 1) matrices satisfying (5.35) with infimum over z € W and (5.36)
with Cy = maxi<j<n, sup,cy |[D0j(x)|.

|a]=1

Before applying Theorem 5.13 to the new estimate (5.49), the integration is
extended to R™ (using ey f). Then application of Theorems 5.13 and 5.14 together
with Lemma 5.17 finish the proof for s > s.

Step 2. For s < s; we use Lemma 5.7 to obtain an h € FH'”L(R") such that
ey f = A,h; thus the identity (5.31) holds in D/(R"™) for ey f and h. Applying rv
to both sides and using that it commutes with differentiation on C§°(R™), hence
on D'(R™), we obtain (5.32) as an identity in D’'(V) for the new g := (ryh) oo
and g1 := (ry (1 — 02 )"h) oo.

Composing with o yields an identity in D'(U), when 7y g o o is treated using
cut-off functions. E.g. we can take x,x1 € C§°(U) such that x = 1 on the set
supp(f o o) + B(0,7) =: W, and such that suppx C Wa,, while x; = 1 on W3,
and supp x1 C Wy,-. This entails

dpn—p n—1
x-foo=3 i 0ag)+> Y mseo-xd(ug).  (5.55)
1=0 k=1|p|<2dy

Using ey on both sides, Lemmas 5.17 and 5.12 imply (with R™ omitted),

. dp—p .
1foo Exy@t<e Y |lev (@ (augn)) |Fl|°
=0
+c ZI | e (0° (x190)) F;,’qud-
[B]<2do

As ey and differentiation commute on £'(U) > x19;, Lemma 5.3(i) leads to an
estimate from above. But Lemma 5.17 applies since the supports are in Wy,., so
with X1 := x1 o7 we find that the above is less than or equal to

CH eU(Xlgl) F‘S'Jrh“aHd—l—CH ev(x190) |Ff+r7d||d

=c| (X1 rv(1 =92 )"h) oo |7S+T”’G(U)Hd +c|(X1-rvh)oo|F SJrTa(U)Hd.
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Using Step 1 and Lemmas 5.12, 5.8, 5.7 and 5.17, this entails

75 L s+1,,,d s+r,d
| foa|Fyy (" < el (1 =85 )h|Fg,™ %+ el h|E5 |
_ +r,d —s,d
<ce| A tev FIELT < el fIFR, (DI,

which shows the local theorem for s < s7. O

There is also a local version of Theorem 5.20, with similar proof, namely

Theorem 5.22. Let o; : U; = V; for j = 1,...,m be C*-bijections, where

U;, V; C RYNi are open. When @, p fulfil (5.50)~(5.51) and f € F;’f(Ul XX Up)
has compact support, then (5.53) holds true for U = Uy X -+ x Uy, and V. =
Vix---xVp,.

As a preparation for our upcoming work [30], we include a natural extension
to the case of an infinite cylinder, where supp f is only required to be compact on
cross sections:

Theorem 5.23. Let 0 : U xR — V x R, where U,V C R”flﬁare open, be
a C-bijection on the form (5.29). If (5.28) holds and f € F;)’;(V x R) has
supp f C K xR, whereby K C 'V is compact, then foo € F;:;(U x R) and

I f o0 [Fpy (U xR)| < clsupp f,0)] f|Fq (R)].

Proof. We adapt the proof of Theorem 5.21: in Step 1 we take r €10, 1] so small
that 6r is less than both dist(K,R"*\ V) and dist(c’~"(K),R* 1\ U). Since
the extension by 0 of f, i.e. ey xrf, is well defined, as K C V' is compact, it is an
immediate corollary to the proof of Lemma 5.17 that

1 f B (V X R)|| = [[evxef | Fyy (R)]. (5.56)

Then the rest of ﬁle proof for s > sy follows that of Theorem 5.21, now with
W= (o/"Y(K) + B(0,r)) x R.

For s < s; we have eyyrf = A.h for some h € F;ZT’E(R"); cf. Lemma 5.7.

Hence (5.32) holds as an identity in D'(V x R) for g1 := (rvxe(l =82, )*h) oo
and go := (ryxrh) o o.

The 7y, g oo are controlled using cut-off functions x, x; € C7°_(U) with similar
properties in terms of the sets W, = (¢/~1(K) + B(0,7)) x R. Thus we obtain
(5.55) in D'(U x R).

Now, as in (5.56) it is seen that f oo and eyxr(x - f o o) have identical norms,
so the estimates in Step 2 of the proof of Theorem 5.21 finish the proof, mutatis
mutandis. ]
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5.5.2 Isotropic Spaces

Going to the other extreme, that is when also a, = a¢ and p, = pg, then the
Lizorkin—Triebel spaces are invariant under any bounded diffeomorphism (i.e. with-
out (5.29)), since in this case we can just change variables in all coordinates, in
particular in (5.45)—(5.46).

Moreover, we can adapt Proposition 5.18 by taking d,, = dy and ¢ = 0 in the
proof; and the set-up prior to Theorem 5.19 is also easily modified to the isotropic
situation. Hence we obtain

Corollary 5.24. When o : R™ — R"™ is any bounded diffeomorphism, then the
map f +— f oo is a linear homeomorphism of F,; (R™) onto itself for all s € R.

This is known from work of Triebel [58, Thm. 4.3.2], which also contains a
corresponding result for By . (It is this proof we extended to mixed norms in the
previous section.) The result has also been obtained recently by Scharf [47], who
covered all s € R by means of an extended notion of atomic decompositions.

In an analogous way, we also obtain an isotropic counterpart to Theorem 5.21:

Corollary 5.25. When o : U — V is a C*-bijection between open subsets U,V
of R™, then foo € inq(U) for every f € F;,q(V) having compact support and

1f 00 [F,4(U)II < e(supp f,0) || f[E, ,(V)]

A The Higher-Order Chain Rule

For convenience we give a formula for higher order derivatives of a composite map
R* Lyr™ 9, C.
Namely, when f, g are C*¥ and xy € R™ then for any multi-index v with 1 < || < k,

& (g f)(xo)
B i\ Ngj
= Y ) Y v IT ()™ s

, _ ngs! B9
1<]al <] Vita;=Xng  j=lem P
i 1<1p<
"y:zj.ﬁj ”ﬂjﬁj _‘5 |_|7|
The first sum is over multi-indices o = (a1, ..., @;,), which in the second are split
a1 = E ’rl,gl7 ey Ay, = E ngm
1< < Y] 1< <]

into integers ng; > 0 (parametrised by 87 = ( {, ..., %) € Ng, with upper index j)
that fulfil the constraint

y=3 ngs 3. (5.58)

J=11<]871<]yl
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Formula (5.57) and (5.58) result from Taylor’s limit formula:

9w +y0) = Y cay® +o(lyl").
ol <k

It holds for y — 0 if and only if co = 20%g(yo) for all || < k. (Necessity is seen
recursively for y — 0 along suitable lines; sufficiency from the integral remainder.)

Indeed, k = |v| suffices, and with y = f(z+xzo) — f(z0) Taylor’s formula applies
both to g and to each entry f; (by summing over an auxiliary B’ e Np),

o(F( o) = 30 L g(fo)i -y +ollyl) (559)
lo|<k
m o a;
=Y e [[ (X G ftwo) +ollx) -+ ollyl®)
|| <k =1 i 1<|8i|<k

The first remainder is o(|z|*) as o(|y|*)/|z|* = o(1)(|f(x + z0) — f(z0)|/|z])* — 0.
Using the binomial formula and expanding []- =15 the other remainders are also
seen to contribute by terms that are o(|z|*) or better. Thus a single o(|x|¥) suffices.

Hence we shall expand (...)% using the multinomial formula. So we split
aj = Y mngi, with integers ng; > 0, in the sum over all multi-indices B e NB
with 1 < [87| < k. The corresponding multinomial coefficient is a;!/ []4; (ngs)!,
so (5.59) yields

9(f (@ + o)) (5.60)
i 1 B .
=S oIl X T 5(5 B],a fi@o))™ + ollal").
|| <k J=la;=3"ng; 1<|BI|<k
Calculating these products, of factors having a choice of a; = > ng; for ev-
ery j = 1,...,m, one obtains polynomials z* associated to the multi-indices

W= Z] 1 Zl<|ﬂ]\<k ngi A7
For |w| > k these are o(|x|*), hence contribute to the remainder. Thus modified,

(5.60) is Taylor’s formula of order k for g o f, so that 97(g o f)(x)/4! is given by
the coefficient of z* for w = =y, which yields (5.57)—(5.58).

This concise proof has seemingly not been worked out before, so it should
be interesting in its own right. E.g. the Taylor expansions make the presence
of the §7 obvious, and the condition vy = Zjﬁj ng; (7 is natural. Also the con-
stants !/ [[ngi! and (57)!""#7 lead to easy applications. Clearly 0%g(f(xo)) is
multiplied by a polynomial in the derivatives of fi, ..., fm, which has degree
Z;nzl Zﬁj npi = Zj a; = |al.

The formula (5.57) itself is well known for n = 1 = m as the Faa di Bruno
formula; cf. [33] for its history. For higher dimensions, the formulas seem to have
been less explicit.
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The other contributions we know have been rather less straightforward, because
of reductions, say to f, g being polynomials (or to finite Taylor series), and/or by
use of lengthy combinatorial arguments with recursively given polynomials, which
replace the sum over the 37 in (5.57); such as the Bell polynomials that are used
in e.g. [42, Thm. 4.2.4].

Closest to the present approach, we have found the contributions [53] and [13]
in case of one and several variables, respectively.
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Abstract:

This article deals with trace operators on anisotropic Lizorkin—Triebel spaces with
mixed norms over cylindrical domains, where the boundary is sufficiently smooth.
As a preparation we include a rather self-contained exposition of Lizorkin—Triebel
spaces on manifolds and extend these results to mixed-norm Lizorkin—Triebel
spaces on cylinders in Euclidean space.

6.1 Introduction

The present paper departs from the work [29] of the first and third author dealing

with traces on hyperplanes of anisotropic Lizorkin—Triebel spaces F;_’j(R") with
mixed norms.

The application of such spaces to parabolic differential equations is to some
extent known. It was outlined in the introduction to [29] how they apply to fully
inhomogeneous boundary value problems: for such problems the F;,’qd—spaces are
in general inevitable for a correct description of the boundary data.

Previously, a somewhat similar conclusion had been obtained in works of Wei-
demaier [64-66] (and also by Denk, Hieber and Priiss [9]). He discovered the
necessity of isotropic Lizorkin—Triebel spaces (for vector-valued functions) for an
optimal description of the time regularity of the boundary data. However, with
integral exponents p, and p; in the space and time directions, respectively, Wei-
demaier worked under the technical restriction that p, < p;.

For the reader’s sake, it is recalled that the main purpose of [29] was to extend
the classical theory of trace operators to the F5 % gcales. However, because the
mixed norms do not allow a change of integrafion order, this meant that the
techniques had to be worked out both for the ‘inner’ and ‘outer’ traces given on,
say smooth functions as

uw(zy,z”) = u(0,2”), resp. wu(z',z,)— u(z’,0).

When u € F;.’g(]R”), then in the first case the trace was proved to be surjective

on the mixed-norm Lizorkin—Triebel space F;,,_Zi/ PL% (R"=1) having the specific

sum exponent ¢ = p, while in the second case the trace space is (as usual) a Besov

s—an/Pn,a’ myn—1
space, namely B, " (R™1).

As indicated, only traces on hyperplanes were covered in [29]; but the study
included (almost) necessary and sufficient conditions on s in relation to @, p and g,
also in combination with normal derivatives (Cauchy traces), and existence and
continuity of right-inverses. Furthermore, Weidemaier’s restriction on the integral
exponents was never encountered with the framework and methods adopted in [29].

These investigations in [29] are in this work followed up with a general study of
trace operators and their right-inverses in the scales pr’; of anisotropic Lizorkin—
Triebel spaces with mixed norms defined on smooth cylinders €2 x I and their

curved boundaries 92 x I.
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In doing so, it is a main technical question to obtain invariance of the spaces
F;:Z(U) under the map f — foo, when U C R"” is open and ¢ is a C'°°-bijection.
We addressed this question in our joint paper [31], where we proved invariance
e.g. under the restriction that ¢ only affects groups of coordinates z; for which
the corresponding p; are equal in the vector of integral exponents p'= (p1,...,pn);
and similarly for the a;.

This was done by generalising Triebel’s method in [58, 4.3.2]. Indeed, having
reduced to large s using a lift operator, it relies on Taylor expansion of the inner
and outer functions, whereby most terms are manageable when the Fg”g—spaces
are normed via kernels of local means developed in [32]; an underlying parameter-
dependent estimate obtained in [32] finally gives control over the effects of the
Jacobian matrices.

In this paper, we develop the consequences for trace operators. E.g. the trace ro
at {t =0} of u € F;;(Q x I, where I :=]0,T7, is given a meaning in a pedestrian
way using an arbitrary extension of u to R"*! and applying the trace at {t = 0}
from [29]. We obtain, using the splitting p' = (p/,p:) with all entries in p’ being
equal and likewise for @, the following, cf. Theorem 6.36 below:

Theorem. For s sufficiently large (cf. (6.57) below) the operator vy is a bounded
surjection,

—s,d 78_047&/
0: Fpy (QxI) =B, > (Q).
Furthermore, ro has a right-inverse Ky and it is bounded for every s € R,

—s— 2t g —s,d
Ko: B, ' (Q) = F7, (2 x I).

The process of giving meaning to the curved trace -y of u is more involved, since
it requires to first work locally and then observing that the local pieces define a
global trace. After this has been done, we obtain using the splitting g = (p1,p”),

where p; = ... = p, and likewise for @, cf. Theorem 6.44 below:
Theorem. When 02 is compact and s is sufficiently large (cf. (6.72)), the opera-
tor v is a bounded surjection,

Vi FSNQx I) o Fo P (0 1.

p",po

Furthermore, v has a right-inverse K., and it is bounded for every s € R,

—s—ag/po,a’”’ —s,d
Ky Fpope 77 (D) = Fpy (< I).

The right-inverse K, is constructed using the right-inverse in [29, Thm. 2.6] to
the trace at {x; = 0} and Rychkov’s universal extension operator in [45], which is
modified such that it applies to anisotropic, mixed-norm Lizorkin—Triebel spaces
over half-spaces, cf. Section 6.5.

We also give in Theorem 6.43 an explicit construction of a right-inverse Qg
(of 79 on R™*1) having the support preserving property

Qo : B, (Q) = F /(O xR)  forall s € R.

/
sPt
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Finally, we analyse in Section 6.6.4 and 6.6.5 traces at the curved corner I" x {0}
associated to £ x I and follow up by giving the resulting compatibility properties
for solutions of the heat equation.

Contents. Section 6.2 contains a review of our notation and the definition of
anisotropic Lizorkin—Triebel spaces with mixed norms is recalled, together with
some needed properties and a pointwise multiplier assertion. Moreover, a basic
lemma for elements in FI;;1 with compact support on cross sections of the cylin-
drical domain is proved.

In Section 6.3 sufficient conditions for f — f o o to leave the spaces F 2 (R")
invariant for a certain range of the parameters, including negative values of s, are
recalled.

Section 6.4 contains first a preparatory treatment of unmixed Lizorkin-Triebel
spaces on general C'*°-manifolds and these results are then extended to Fg’;—spaces
on the curved boundary of a cylinder.

Rychkov’s universal extension operator in [45] is modified to F = (R”) in Sec-
tion 6.5. Moreover, its properties on temperate distributions are analysed in ad-
dition.

Finally, Section 6.6 contains a discussion of the trace at the flat as well as at
the curved boundary of a cylindrical domain, including some applications to e.g.
the Dirichlet boundary problem for the heat equation.

6.2 Preliminaries

6.2.1 Notation

The Schwartz space S(R™) counsists of the rapidly decreasing C'*°-functions and
it is equipped with the family of seminorms, using D% := (—i0,, )** - -+ (=10, )"
for each multi-index a = (ay,...,a,) with a; € Ny := NU {0}, i = —1 and
(2)? =1+ 2%,

pu () ==sup { (2)M[|D%(z)| |z € R",|a| < M}, M € Ny.
By duality, the Fourier transformation F¢(§) fR" “zlp(r)drforp € S

extends to the dual space S'(R™) of temperate dlstrlbutlons
Throughout, inequalities for vectors p = (p1,...,p,) are understood compo-
nentwise; as are functions, e.g. p! = py!---p,!, while ¢, := max(0,¢) for t € R.
For 0 < p' < oo the space Ly(R™) consists of the Lebesgue measurable functions
such that

lw] LyR™)| := (/R( (/Ru(ml,...,xn)|p1dac1>ﬁ...)pznldacn)pl" < o0;

in case p; = oo, the essential supremum over x; is used. When equipped with this
quasi-norm, Lz(R") is a quasi-Banach space (normed if > 1).
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In addition, we shall for 0 < ¢ < oo denote by Lz(£,)(R™) the space of sequences
(uk)ken, of Lebesgue measurable functions uy : R™ — C such that

< 005

LyR")

e LEAE) @] = | (3 puetr)

with the supremum over k in case ¢ = co. For brevity, || (ux)ren, |Lz({q)(R™)]] is
written || ui |Lp(¢g)|| and when p'= (p,...,p), Ly is simplified to L, etc. We recall
that sequences of C§°-functions are dense in Lz({,) if max(p1,...,pn,q) < co.

Generic constants will be denoted by ¢ or C, with their dependence on certain
parameters explicitly stated when relevant.

Lastly, the closure of an open set U C R" is denoted U and B(0,r) is the ball
centered at 0 with radius r > 0; the dimension of the surrounding Euclidean space
will be clear from the context or otherwise stated explicitly.

6.2.2 Anisotropic, Mixed-Norm Lizorkin—Triebel Spaces

This section only contains the Fourier-analytic definition of the mixed-norm Lizor-
kin—Triebel spaces and a few essential properties used in this paper; for an actual
introduction to these spaces we refer the reader to [28] and [29, Sec. 3].

First we recall the definition of the anisotropic distance function |- |z, where
a= (ai,...,an) € [1,00[™, on R™ and some of its properties. Using the quasi-
homogeneous dilation t%z = (t%2,...,t%x,) for t > 0, the function |z|5 is for
z € R™\ {0} defined as the unique ¢ > 0 such that t~%2 € S"~! (|0]z := 0), i.e.

2

2
7 Ty _
t2a1 +oo Tt 2an L.

For basic properties of | - |z we refer to [28, Sec. 3].

The Fourier-analytic definition also relies on a Littlewood—Paley decomposi-
tion, ie. 1 = Y77 ®;(£), which is based on a (for convenience fixed) ¢ € C§°
such that 0 < 9(€) < 1 for all &, (&) = 1 if |¢la < 1 and (€) = 0 if €]z > 3/2.
Setting ® = 1) — ¢(2%.), we define

Oo(€) =9(), (&) =@277%), j=12... (6.1)

Definition 6.1. The Lizorkin—Triebel space F a(R") withs € R, 0 < p'< o0 and
0 < g < oo consists of the u € S'(R™) such that

1/q

Lﬁ(Rn> < 0.

lulEgg e = | (i2 - @R O )

The number g is called a sum exponent and the entries in p’integral exponents,
while s is a smoothness index. In case @ = (1,...,1), the parameter @ is omitted.
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When studying traces on the flat boundary of a cylinder, Besov spaces are
inevitable:

Definition 6.2. The Besov space B;:g(R”) with s € R and 0 < p, q < oo consists
of the uw € 8'(R™) such that

_ S 1/q
| BIER™) | = (sznrl (@, Fu) |Lﬁ<R”>|q) < o0,
=0

Both F 5,’5 and B;”g are quasi-Banach spaces (normed if min(py,...,pn,¢) > 1) and
the quasi-norm is subadditive when raised to the power d := min(1, p1,...,Dn,q),
lu+olEggll? < lulErg 1+ v [Fyg s uv e Fyy(RY). (6.2)

Different choices of anisotropic decomposition of unity give the same space (with
equivalent quasi-norms) and there are continuous embeddings

S(R") = Fyd(R") — S'(R™),
where S is dense in F pf”g for ¢ < oo.

Lemma 6.3. For A\ > 0 so large that A\d > 1, the spaces B;’g(]R”), Fg’j(R”)

coincide with Bpésq’)‘a(R”), respectively FI;‘Z’)‘E(R”) and the corresponding quasi-
norms are equivalent.

The proof of this lemma for Besov spaces follows that of Lizorkin—Triebel
spaces, which can be found in [29, Lem. 3.24]. Indeed, the only exception is
that [29, Lem. 3.23] needs to be adapted to Besov spaces, but this is easily done
using the modifications indicated just above Lemma 3.21 there.

In view of Lemma 6.3, most results obtained for the scales when @ > 1 can be
extended to the range 0 < @ < oo (for details we refer to Remark 4.7).

The Banach space C},(R™) of continuous, bounded functions is equipped with
the sup-norm, while the subspace L1 1oc(R™) C D'(R™) of locally integrable func-
tions is endowed with the Fréchet space topology defined from the seminorms
u f\w\<j |u(z)|dz, where j € N.

Lemma 6.4 ([31]). Let s € R and a € N be arbitrary.
(i) The differential operator D* is bounded F/(R") — F “"(R").
(ii) For s>, (Z—ﬁ - ag)+ there is an embedding Fﬁgj(R") — L1 10c(R™).

(iii) The embedding Fyg (R™) < Cy(R™) holds for s > % + .- 4 %2
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Next, we recall a paramultiplication result and refer to Section 5.2.4 for details,

Lemma 6.5. Let s € R and take s; > s such that also

” —ag) —s. 6.3
o ; (min(l,q,pl,...,pg) af) 5 (6.3)

Then each u € ng);go (R™) defines a multiplier of F;y’g(R”) and

lw-v gl < cllul BN - v [Fgg 1l v e Fig (R™).

,q ,O0

In particular, it holds for u € C° (R"):={g€ C™|Va e Nj: D% € L}.

The characterisation of F;’f(R”) by kernels of local means as developed in
Theorem 4.24 is utilised below, hence it is included here for convenience, using the
notation

pi(z) = 217p(2%), peS8, jeN (6.4)

Theorem 6.6. Let ko, k° € S(R™) such that [ko(z)dx # 0 # [k°(z)dx and
set k(z) = ANKY(z) for some N € N. When 0 < p' < o0, 0 < q¢ < o0, and
s < 2N min(aq,...,ay), then a distribution f € S'(R™) belongs to F;}’j(R”) if
and only if

LFIES 317 = ko * £ [Lgll + I{299k; % f352y |L(Lg) ]| < oc.

Furthermore, || f |F. 1;7;

‘ *

is an equivalent quasi-norm on F;’;(R”).
7

We also recall the definition of F;’g—spaces over open sets. Here we use the
notation introduced by Hérmander [22, App. B.2] and place a bar over F etc., to
indicate that it is a space of restricted distributions.

Definition 6.7. Let U C R" be open. The space F;’j(U) is defined as the set of
u € D'(U) such that there exists a distribution f € F;y’g(R") satisfying

fle) =ulp) forall ¢ e C5°(U). (6.5)
We equip F;’j (U) with the quotient quasi-norm
lulFg = inf ILfIF55 R,

which is a norm if p,q > 1. (Besov spaces over open sets are defined analogously.)

o L __ =
The space F3(U) consists of the distributions in F2(R"), which are sup-
ported in the closed set U.
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Recall that since Fg”g(Rn) is a quasi-Banach space, E;’; (U) is so too by the
usual arguments for quotient spaces modified to exploit the subadditivity in (6.2).

In (6.5) it is tacitly understood that on the left-hand side ¢ is extended by 0
outside U. For this we henceforth use the operator notation eyp. Likewise ry
denotes restriction to U, whereby u = ry f in (6.5). We shall refer to such f as an
extension of u.

Remark 6.8. Theorem 6.6 induces an equivalent quasi-norm || U|F;75(U)H* on

F;, (U) by taking the infimum of || f \F;;(R”)H* forryf =u.
As a preparation we include a slightly modified version of Lemma 5.17:

Lemma 6.9. Let U C R™ be open. When F;”f(UXR) is normed as in Remark 6.8
using kernels of local means with supp ko,supp k C B(0,r) for anr > 0, and when
K C U is a compact set fulfilling

dist(K,R™ \ U) > 2r, (6.6)
then it holds for every f € F;”j(U x R) with supp f C K x R that

1 f [Py (U x R)I" = |l euxrf [Fyg ®")]".

)

That is, the infimum is for such f attained at eyxrf.

Proof. For an arbitrary extension f of f, it holds for g := f— euyxrf that
supp eyxrf Nsupp g = 0, hence by (6.6),

supp(k; x euxrf) Nsupp(k; xg) =0, j € No.

When g # 0, there exists j € Ny such that supp(k; * g) # 0, thus k; * g(z) # 0
on an open set disjoint from supp(k; * eyxrf). This term therefore effectively
contributes to the Lz-norm in the local means characterisation, yielding

If1Fyy DI > [ evxef |[Fyy (R 0

For temperate distributions vanishing in the time direction, we let e;_, ;- denote
extension by 0 from R®™! x I to R*! x I' for open intervals I C I’. Then we
similarly get
Lemma 6.10. Let I =1b,c[ and I’ =]a,c| where —o0 < a < b < ¢ < oco. When

the space F;:; (R*=1 x I) is normed as in Remark 6.8 using kernels of local means
with supp ko, supp k C B(0,r) for anr > 0, then it holds for all f € F;; (Rt x 1)
satisfying f(-,t) =0 fort €]b,b+ 2r[ that

1 1Fpg R < DI = [lermr f [y R x )" (6.7)

A similar equality holds for extension from I =]a,b] to I', when f(-,t) =0 for
telb—2r..
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Proof. The inequality < follows immediately, since the distributions considered in
the infimum on the right-hand side in (6.7) also are considered on the left-hand
side.
_ To prove equality we assume that < holds. Then there exists an extension
f of f which is not among the distributions considered in the infimum on the
right-hand side, and which, with an infimum over rgn-1,ph = e;_, ;v f, moreover
fulfils - .

1 1F gy R™)|| < inf || 2 [ F50 (R™)]]. (6.8)

Actually it suffices to consider those h for which h =0 on R" "' x | — 00, b + 2r].
Indeed, for any other h the distribution (1 — x(¢))h(-,t), where x € C*°(R) with
x(t) =1 for t €] —oco,a[ and x(t) = 0 for ¢ €]b,00[, has a smaller quasi-norm
than h. This can be verified similarly to the proof of Lemma 6.9, using that the
distance between supph N (R""!x ] — 0o, a]) and supp(1 — x)h is at least 2r.

Now for such h we have supph C R"~1 x [b+ 2r, 00|, and since f(t) # 0 for
a <t < b it is easily seen by the proof strategy of Lemma 6.9 that

71188 /mn $,a (N
1 1 RMIE> ([ 2 [ Fy (R,
which contradicts (6.8). O

For simplicity of notation the * on the quasi-norm is omitted in the following.

6.3 Invariance under Diffeomorphisms

To introduce Lizorkin—Triebel spaces on manifolds, it is essential that the spaces

F;_”; (U) for certain open subsets U C R™ are invariant under suitable C'*°-bijec-
tions 0. An extensive treatment of this subject can be found in [31], but for
convenience we recall the needed results. These hold for 0 < p < o0, 0 < ¢ < c©
and s € R unless additional requirements are specified. First a result pertaining
to isotropic spaces,

Theorem 6.11. Wheno : U — V is a C*-bijection between open sets U,V C R"
and f € F;,q(V) has compact support, then foo € F;,q(U) and
1f o0 [Fy (O] < cll £ [F (V) (6.9)

holds for a constant ¢ depending only on o and the set supp f.

In the anisotropic situation it cannot be expected, e.g. if o is a rotation, that
f oo has the same regularity as f, nor that foo € Ly when f € Lz. We therefore
restrict to

ﬁ:(plv"'7p17"'7p7na"'apm)a N1++Nm:na m227 (610)
N N,
1 m

and @ having the same structure.
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Theorem 6.12. Let o; : U; — V; for j = 1,...,m be C*-bijections, where

U;,V; C RN are open. When @, p fulfil (6.10) and f € F;,’S(Ul X -+ X Upy) has
compact support, then (6.9) holds for U =Uy X +-+ X Up, and V=V X -+ X Vp,.

For traces at the curved boundary of cylinders, the next special case is useful:

Theorem 6.13. Let U,V C R"™! be open and let 0 : U x R — V x R be a
C™> -bijection on the form

o(x) = (o'(x1,...,2n1),x,) forall zeU xR,

When @, p satisfy (6.10) withm =2, Ny =n—1, No=1 and f € F;”E(V x R)

has supp f C K x R, whereby K C V is compact, then foo € F;:q (U xR) and
| foo|Fyy (U xR)| < c(supp f,0)| f[F (R,

The above three theorems can be found with proofs as Theorems 5.21, 5.22
and 5.23, respectively. As needed, we shall tacitly apply these results in situations
with n+1 variables, the last of which is interpreted as time. Then we let ¢t = x,41.

6.4 Function Spaces on Manifolds

To develop Lizorkin—Triebel spaces over cylinders and to settle the necessary no-
tation, we first review distributions on manifolds.

6.4.1 Distributions on Manifolds

To allow comparison with existing literature on partial differential equations, we
follow [17, Sec. 8.2] and [21, Sec. 6.3]. E.g. a diffeomorphism is in the following a
bijective C*°-map between open sets, and we recall

Definition 6.14. An n-dimensional manifold X is a second countable Hausdorff
space which is locally homeomorphic to R™. The manifold X is C*° (or smooth), if
it is equipped with a C*°-structure, i.e. a family F of homeomorphisms k mapping
open sets X,, C X onto open sets X, C R”, with X = UKG]_- X, such that the
maps

kory ' k1 (XeNXy,) = 6(XeNXy,), Kk EF, (6.11)

are diffeomorphisms, and F contains every homeomorphism ko : Xx, — )}KD, for
which the compositions in (6.11) with k = ko are diffeomorphisms.

A subfamily of F where the X, cover X is called a (compatible) atlas, and
F1 C Fa means that every chart k in Fi is also a member of Fa. (The definition
of a C*°-manifold X means that a mazimal atlas has been chosen on the set X.)
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Unless otherwise stated, X denotes an n-dimensional C'°°-manifold and F is
the maximal atlas. A partition of unity 1 = 3,y ¢;(x) with ¢; € C5°(X) and
¥;(x) > 0 for € X is said to be subordinate to F (instead of to the covering
X = U,.cr X«), when for each j € N there exists a chart x(j) € F such that
supp ¥ C Xy ;). It is locally finite, when 1 = ) 4;(x) for every x € X has only
finitely many non-trivial terms in some neighbourhood of z. Note that for each
compact set K C X, this finiteness extends to an open set U D K.

We recall the definition of a distribution on a C*°-manifold, using the notation
w*u for the pullback of a distribution u by a function ¢; when u is a function then

w'u =wuop.
Definition 6.15. The space D'(X) consists of all the families {u,}wcr, where

u, € D'(X,;) and which for all k,k1 € F fulfil
U, = (ko k) ue  on k(XN Xy)). (6.12)

(D'(X) only identifies with the dual of C§°(X) in case there is a positive density
on X; cf. [21, Ch. 6].)

Each u € C*(X), k € Ny, can be identified with the family u, := uw o k™! of
functions in C*(X,), which evidently transform as in (6.12). Thus C*(X) C D'(X)
is obvious. For any u € D'(X), the notation u o k! is also used to denote wu,.

In (6.12) restriction of e.g. u, to k(X N X,,) is tacitly understood. To ease
notation we will in the rest of the paper, when composing with a chart, suppress
such restriction to the chart’s co-domain.

Lemma 6.16 ([21, Thm. 6.3.4]). For any atlas F1 C F, each family {u,}rer, of
elements u,, € D’()?,{) fulfilling (6.12) for k,k1 € F1 is obtained from a unique
v € D'(X) by “restriction” to Fi, i.e. vo k™t =u, for every k € F.

So if an open set U C R™ is seen as a manifold X, then 77 = {idy} at once
gives D'(U) — D'(X); the surjectivity of this map follows by gluing together,
cf. [21, Thm. 2.2.4].

For Y C X open, the restriction of u € D'(X) to Y is ryu := {ry(ynx,)tx}
where x runs through the charts in F for which X, NY # (. If instead of F we
only consider an atlas F; C F, then the corresponding subfamily identifies with
a distribution uy € D'(Y), c¢f. Lemma 6.16, and since this is unique, ryu = uy,
i.e. it is sufficient to consider an arbitrary atlas when determining the restriction
of a distribution.

A distribution v € D’(X) is said to be 0 on an open set Y C X if ryu = 0.
Using this,
suppu::X\U{YCXopen|u:Oon Y}, (6.13)

and it is easily seen that for any atlas F; C F,

suppu = U Ky (supp uy, ). (6.14)
K1EF1
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The space &'(X) consists of the distributions u € D’'(X) having compact support,
while &'(K) for an arbitrary K C X consists of the u € £'(X) with suppu C K.
Any u € £'(Y), where Y C X is open, has an “extension by 0”; even locally:

Corollary 6.17. WhenY C X is open and u € E'(Y"), then there ezxistsv € £'(X)
such that ryv = u and suppv = suppu. Moreover, when given u, € 5’()?,./”) for
a single K € F, then there exists a distribution v € £'(X) such that v, = u, and
suppv = £~ (supp uy).

Proof. In the case that suppu C X, C Y for some k € F, then there exists an
open set U C X such that suppu C U C U C X, (X is normal). The family
Fi = {k}U{k € FIUNX,, = 0} is an atlas, since its domains covers X.
Setting v, = u, and v,, = 0 for the other xk; € F1, the family {v., }x,ex, clearly
transforms as in (6.12), hence defines a v € D’(X), cf. Lemma 6.16. From (6.14)
it is clear that supp v = suppu; and ryv = u is evident in the atlas Fj.

In the general case, we use that any v € £'(Y) can be written as a finite sum
u = Y tju, where 1 = ) 1); is a locally finite partition of unity subordinate
to the atlas {k|lynx,. |k € F: Y NX, # 0} on Y. Since for each summand,
suppyju C Y N X, ;) is compact, the above gives the existence of a v; € D'(X)
such that ryv; = 1¥;u and supp v; = supp ©;u. Because the restriction operator is
linear, taking v = > v; proves the statement.

For the last part, consider X, as a manifold with the atlas containing only the
chart k. Lemma 6.16 gives a w € D’(X) such that w, = u,, hence the special
case above applied to w and Y = X,; gives, that there exists a v € £(X) such
that v, = w,, and suppv = supp w. O]

6.4.2 Isotropic Lizorkin—Triebel Spaces on Manifolds

Since we later need a few isotropic results, and since the proofs are much cleaner
for isotropic spaces, we shall fix ideas in this section by working with arbitrary
seR,0<p<ooand < g < oo. Let us add that most references on isotropic
spaces over manifolds just describe the outcome without referring directly to the
general definitions in [21, Ch. 6], thus being inadequate for our generalisations
here.

Manifolds in General

We first recall that when U C R™ is open, u € D'(U) is said to belong to the
Lizorkin—Triebel space F:vq(U) locally, if pu € F;q(U) for all ¢ € C§°(U); the
set of such elements is denoted F?°_ , (U). Here we use the notation without bar,

p,q;loc
since ¢ has compact support in U. The space can be generalised to

Definition 6.18. The local Lizorkin-Triebel space F; ,.(
u € D'(X) such that u, € F;q;loc()z,i) for every k € F.

X) consists of all the
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For u € D'(X) to belong to Fy . .(X), it suffices that u,, is in F; IOC()Z'M)

for each k1 in an atlas 1 C F. Indeed given ¢ € C§°( ,1), a partition of unity
yields a reduction to the case where supp(¢ o k) C X, N X, , and the transition
rule in (6.12) gives

(5o kT ") (pux) = @o (kory un,.

Since @ o (kory ") is in Cg° (k1 (X, N Xy, )), the product is in F ¢ (F1(Xe N Xy,))
by assumption on Fj; so by Theorem 6.11 one has ¢u, € F (X ).

For example, when X is an open set U C R", the 1dent1ﬁcat10n D'(X) ~
D'(U) implies that FJ ,,.(X) ~ F; . .(U) as it according to the above suffices
to consider the atlas {idy }.

For a partition of unity 1 = 250:1 1; subordinate to F, we use for brevity

ZZJ‘ = 1h; o k()"

The partition is of course already subordinate to F; := {x(j)|j € N}, which by

the above suffices for determining F; ,,.(X). This is moreover true, when the

cut-off functions zpj of a locally finite partition of unity are invoked:

Lemma 6.19. A distribution u € D'(X) belongs to F; 1,.(X) if and only if
bjt) € By o(Xuiy)s JEN. (6.15)

Proof. Since {[;j € C’go( x(j)); this condition is necessary for u to be in F}; X).

D,q; loc(

Conversely, for an arbitrary ¢ € C§°( K) we obtain pu, = Zjel V; ok ou,
with summation over a finite index set I C N, because (¢););en is locally finite. As
supp(1j 0 K1) C k(X N X)), Lemma 5.17 and then Theorem 6.11 applied to
k(j) o k™1 yields, cf. (6.12),

|| PUk |fp,q(XK) H

< e Y95 (om0 k() ey [ Fog (5() (X 0 Xpi))||. - (616)
Jjel

After multiplication with x; € C§° ()Zn(j)) chosen such that x; = 1 on supp Jj, we
obtain by applying Lemma 6.5 with some s; > s satisfying (6.3) and suppressing
extension by 0 to R™ that

| By o (X
SCNZHQOOHOR( ) X |B (Rn)H”¢jun | ( () )” (617)
jel

The right-hand side is by (6.15) finite, hence u,, € F); X,.) for each k € F. O

P,q; loc(
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The space F
seminorms,

(X)) can be topologised through a separating family of quasi-

p,q;loc

w () = [y [Fp o (Xap)ll, G €N (6.18)
Indeed, if u is non-zero in F IOC(X), then there exists k € F and ¢ € Cgo()?,@)
such that ou,, # 0, i.e. || Qu, | p7q( X,))|| > 0. So (6.17) gives that wi(u) > 0 for at
least one j € N.

Going a step further, one obtains an equivalent family of quasi-seminorms even
for a “restricted” family {vy, }x,er:

Lemma 6.20. Let 1 = > @i be a locally finite partition of unity subordinate to
some atlas F1 C F and let o = @y 0 nl(k:)*l. When a family of distributions
Ug, € D'(X,,), k1 € Fi, transforms as in (6.12) and &, PrVs, (k) € F (Xm(k)) for
every k € N, then there exists a unique u € F} X) such that uK1 =y, for all
K1 € F1 and

D,q; loc(

15ty g (X)) < €5 max | Gt vy [Fp g (Xya)l, 5 €N, (6.19)
with mazimum over k € N for which supp v, Nsupp ¢ # 0, cf. (6.13).

Proof. There exists a unique distribution v € D'(X) such that u,, = v,, for all
k1 € Fi, cf. Lemma 6.16, and using (6.17) with ¢ = ¢; and 1 = " ¢ as the
partition of unity readily shows (6.19). Consequently u € F ,.(X). O

The opposite inequality of (6.19) can be shown similarly from (6.16)—(6.17),
hence we obtain

Corollary 6.21. The space F; IOC(X) can be equivalently defined from any atlas
F1 C F. Lemma 6.19 holds for any locally finite partition of unity subordinate
to Fi, and the resulting system of quasi-seminorms is equivalent to (6.18).

As a preparation we include an obvious consequence of the proof of Corollary 6.17:

Corollary 6.22. When given u, € £'(X,) N F;’q(f(,i) for a single k € F, then
there exists v € E'(X)NFS 11,.(X) such that v, = w, and suppv = £~ (Supp uy).

When an open set U C R™ is seen as a manifold X, then F;  (U) obviously
coincides with FJ ,,.(X), since it by Corollary 6.21 suﬁices to consider F; = {idy}
and any partition of unity 1 = Z]oil YjonU. On F} . (U), the family in (6.18)

gives the usual structure of a Fréchet space if p,¢ > 1, and in general we have:

Theorem 6.23. The space F . 10c(X) is a complete topological vector space with
a translation invariant metric; for p,q > 1 it is locally convex, hence a Fréchet
space.

Proof. It follows straightforwardly from [17, Thm. B.5], which is based on a
separating family of seminorms, that the separating family (u?)jem whereby
d := min(1, p, q), of subadditive functionals can be used to construct a topology,
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which turns F 1o (X)) into a topological vector space. Indeed, only a minor modi-

fication in the proof of continuity of scalar multiplication is needed, since the u?
are not positive homogeneous — unless p,qg > 1, and in this case the positive

homogeneity implies that F ,,.(X) is locally convex.
A translation invariant metric can be defined as in [17, Thm. B.9], i.e

oo

, 1 i(u—v)?
d'(u, v) Z;%M (6.20)

and the arguments there yield that d’ defines the same topology as (u;l) jEN.

For an arbitrary Cauchy sequence (u,,) in Fy loc( ), the sequence (Jjumﬁ(j)),
where w, .(j) = U 0 K(j) 71, is Cauchy in F 4 N(j)) for each j € N. Since this
space is complete, there exists v,(;) € F (Xﬁ(j)) such that

|| ’l/)jumﬁ(j) — fﬁﬁ(j) |Fp,q(Xm(j))|| —0 for m — oo. (621)

Clearly Ue(y) € E'( ~,§(j)), hence it follows from Corollary 6.22 that there exists
a v e £(X)N F 110e(X) so that supp v(") = K (5) 7 (supp Uy(j)) C supp;

(r(5)) _
and vﬁ(j; = Uy (j)-

To find a limit for (u,,), we note that u () * =D 1enYa (())) is well defined in

D’ ()?,i(j)), since on every compact set K C X x(j) there are only finitely many non-
trivial terms. This family transforms as in (6.12), for in D' (k(j)(Xx) N Xe(r)))s

(s(1)) o\ — (r(1) _ ~
Un(k) © K(k) Z”mui) LORED BN LE N
l

Since {/ij~,€(j) 2 T,ZJJ (%(l)) has finitely many terms, hence belongs to f;yq ()?H(j)),

existence of u € F} (X) with w,(j) = Uy ;) for all j follows from Lemma 6.20.

p,q;loc
To show the convergence of u, to u in Fy ,  (X), we rely on extra copies of
the locally finite partition of unity to estimate by finitely many terms,

15 (i, — w)? < > |5 (k0 K(5) ™ ey — v ( )))\ X"

supp 9; Nsupp Y 70

For k # j the domains can clearly be changed to #(j)(X(j) N Xx(x)), since p(E(k)
and the 93 have compact support in X, ). Using Theorem 6.11, each term can
then be estimated by,

]| 5 0 (k) (Dt = Teiy) | g (50k) Xy 0 X)) ||

By means of a cut-off function equal to 1 on the compact supports, one can extend
by 0 to R™ and apply Lemmas 6.5 and 5.17, which yields

i (um — u)d <c Z || wkum,n(k) - :Jn(k) |Fp,q(Xn(k))||d‘
supp 1 Nsupp P #0

Each term converges to 0, cf. (6.21), hence F?  (X) is complete. O

p,q;loc
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Compact Manifolds

For trace operators on cylinders, compact manifolds are of special interest, since
the intersection of the curved and the flat boundary is often of such nature.

When X is compact there exists a finite atlas Fy and a partition of unity
1= Zne}‘o 1, such that supp vy, C X, is compact for each K € Fy. The space
Fy 110c(X) is in this case just denoted Fj  (X), since the elements satisfy a global
condition according to

Theorem 6.24. When X is a compact C°°-manifold, then Flf,q(X) 1S 6 quasi-
Banach space (normed if p,q > 1) when equipped with

1/d
lulFrg (Ol = (D2 1w [Fp(X7) 7, di=min(l,p,q),  (6.22)

KEFo
and || - |F§)q(X)||d is subadditive.

Proof. Posmve homogeneity and subadditivity are inherited from the quasi-norms
on the F (X,.@) and then the quasi-triangle inequality follows for d < 1 by using
dual exponents é, ild,

1—d s s s
[u+v|Ey (X)) <277 (|u|Fy (Ol + v |Fy(XON), w0 e Fy(X).

For any u € F;  (X) with [|[u|F,; (X)|| = 0, clearly Ypu, = 0 on X, for
every k € JFy. Moreover, 1, o /iflu,{l = 0 for K,k € Fo with X, N X,, # 0,
as (6.12) applies on 1(X, N Xy, ). Therefore u,, =3, 7 (0 w1 Dy, = 0 for
all k1 € Fp, hence u = 0.

Completeness follows from Theorem 6.23, since we for X compact have a par-

tition of unity with only finitely many non-zero elements, hence the topology there
is equal to the one defined from (6.22). O

6.4.3 Isotropic Besov Spaces on Manifolds

For later reference, it is briefly mentioned that all the definitions and results in
Section 6.4.2 can be adapted to Besov spaces B? X). E.g. they are complete,
when endowed with the quasi-seminorms

D,q; loc(

:u( ) = ||wjuK(J |qu( n(]))” j€N7

and for p,q > 1 even Fréchet spaces. Moreover, when X is compact, B, ,(X) is a
quasi-Banach space under the norm

~ s~ 1/d )
Il By o(X) = (D2 s By g(XIY) ", di=min(Lp.q).  (6:23)

KEFo
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Indeed, this results as the arguments in Section 6.4.2 merely rely on Lemma 6.5
and Theorem 6.11. For one thing, the paramultiplication result in the lemma is
simply replaced by a Besov version, cf. [24], [43] or [58, 4.2.2], while we now indicate
the needed modifications of the invariance result in Theorem 6.11:

The proof of Theorem 5.21, i.e. Theorem 6.11, was divided into two steps. For
large s, the arguments carry over to By , using [57, Sec. 2.7.1, Rem. 2] instead
of Lemma 5.3(iii) and also using the characterisation of isotropic Besov spaces by
kernels of local means, cf. [44, Thm. BPT] or [59, Thm. 1.10]. This characterisation
also readily gives a variant of Lemma 5.17 for B, .

Then Lemma 5.4 is replaced by Corollary 4.13 and it is noted that Theo-
rem 5.13, which can be found with proof on page 33, carries over to the quasi-norm
|| - [¢4(Ly)|l- Indeed, the only modification is to apply the inequality in [44, (21)]
instead of Lemma 4.8 in the last line of the proof.

Finally, the reference to Theorem 5.14 is changed to [44, (23)]. However,
Rychkov’s starting point [44, (34)] was flawed, as mentioned in Remark 4.1, but it
can be derived from our anisotropic version in Proposition 4.20, as the elementary
inequality [J(1 4 [27%z|)™ > (14 |27%2|)™ brings us back at once to the isotropic
maximal functions. Our anisotropic dilations by 2/ disappear when invoking the
majorant property of the maximal function (cf. its proof in [54, p. 57]).

For small s, the lift operator
Lu=F ' ({¢)" Fu) (6.24)

is used instead of (5.7), because application of [57, 2.3.8] then readily gives an
h e BZ?;”(R”) for some even integer r > s; — s, such that ey f = I.h. Since

L.h=(1-A)%h,

the rest of the proof is easily carried over to a full proof of the fact that a C*°-
bijection o : U — V sends B;’q(V) boundedly into B;q(U).

6.4.4 Mixed-Norm Lizorkin—Triebel Spaces on Curved
Boundaries

As a motivation, we first note that in case of evolution equations, the function
u(z,t), depending on the location z in space and the time ¢, describes to each ¢
in an open interval I C R the state of a system (as a function of x in an open
subset 2 C R™). Thus solutions are sought in Cy(R, L#(Q2)), say for some 7 > 1,
equipped with the norm

sup || u(z, )| L(Q)].
tel

Thus it should be natural to work in the scale of mixed-norm Lizorkin-Triebel
spaces E;’; (2 I), in which ¢ is taken as the outer integration variable in the norm
of Lz; i.e. we take ¢ = x,41 with associated weight a; and integral exponent p;
(when it eases notation, they will be written with n 4+ 1 as index).
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The results in Section 6.4.2 can be carried over to F~ (Q x I) under the
assumptions that

ag:i=a1=...=a,, Poi=pPL=...= Pn, (6.25)
and that Q is C* in the sense adopted e.g. by [17]:

Definition 6.25. An open set Q C R™ with boundary I' is C* (or smooth), when
for each boundary point x € T" there exists a diffeomorphism A defined on an open
neighbourhood Uy C R™ such that X : Uy — B(0,1) C R" is surjective and

Az) =0,
AUANQ) =B(0,1)NRY,
AMU,NT) = B(0,1) NR"
whereby R := {(z1,...,2,) € R" |z, >0} and R"~! ~R"~1 x {0}.

The unit ball in R will below be denoted by B and in R*~! by B’.

Curved Boundaries in General

Let I C R be an open interval. As I'x [ is a C*-manifold, D'(I'x I) is a special case
of Definition 6.15 and therefore the results regarding distributions on manifolds
in Section 6.4.1 are applicable. The manifold can be equipped with e.g. the atlas
F x N, where F = {k} and N' = {} are maximal atlases on I, respectively on I.

Locally finite partitions of unity 1 = > v;(z) and 1 = )" ¢;(t) subordinate
to F, respectively to V give a locally finite partition of unity 1 = )~ ¢);®¢p; on I'x 1.
Note that we formally should sum with respect to a fixed enumeration of the pairs
(4,1) in N x N, but for simplicity’s sake we avoid this. (The sums are locally finite

anyway.) As above, we use the notation wjé:pl (W @ @) o (k(j)™1 x n()~1).

Since the maximal atlas on I' x I contains charts that do not respect the
splitting into ¢ and the z-variables, it is not obviously useful for the anisotropic
spaces. We have therefore chosen to adopt Lemma 6.19 as our point of departure
for the Fq 7.q -Spaces on the curved boundary. Because I is of dimension n — 1, it is
noted that the parameters @, p' for these spaces only contain n entries.

Definition 6.26. The space Fq I'x I) consists of the w € D'(I' x I) for which

7,q; loc(

—_~—

b @ Prttn(i)xn) € Frg Criy X Inwy)s 4,1 €N.

The family in (6.18) and Corollary 6.21 adapted to this set-up, cf. Theo-
rem 6.12, give that

pja(u) = || % ® ity xn(t) | Fy 5 ( m(g) X fn(z))| , gl eN, (6.26)

is a separating family of quasi-seminorms and that F e 10C(I‘ x I) can be equiva-
lently defined from any atlas F; x A, where F; C F and N7 C N; with the same
topology.
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Theorem 6.27. The space FSSIOC(F x I) is a complete topological vector space
with a translation invariant metric; for po,ps,q > 1 it is locally convex, hence a

Fréchet space.

Proof. For d := min(1, po,pt,q) the separating family ( Djien, cf. (6.26), is
used to construct a topology as in Theorem 6.23. This 1mmed1ately gives that

F;;loc(l" x I) is a topological vector space and even locally convex, when d > 1.

The metric is in this case obtained by letting the p;; enter the summation
formula for d'(u, v), cf. (6.20), as any enumeration of the (j,1) gives the same sum;
adapting the arguments in the proof of [17, Thm. B.9] to two summation indices
is straightforward.

Completeness follows as in the isotropic case, but with application of Theo-
rem 6.12 instead of Theorem 6.11 when showing the convergence. O

Curved Boundaries in the Compact Case

When T is compact, a finite atlas on the boundary can e.g. be obtained from
the composite maps kK = 4o, o A, where 3o ¢ (z1,...,25) = (21,...,25-1,0) in
local coordinates. Indeed, according to Definition 6.25 and the compactness of T’
there exists on I' a finite open cover {U,}, where A runs in an index set A, which
together with € gives an open cover of 2. Each A € A induces a diffeomorphism
k:Tw— B onTl, :=U\NT by k =7y, oA These maps form an atlas Fy on I'
and thereby an atlas {k x idg}er, on I' X R.

A partition of unity is obtained by using a function x € C*°(R"™) such that
x =1 on Q\ U, Ux to slightly generalise [17, Thm. 2.16]. This yields a family
of functions {¥x} U {¢} with ¢y € C§°(Uy,) and ¢ € C*°(R™) with suppy C Q
such that Y, ¢¥a(z) + ¢(x) = 1 for x € Q. (Existence of such x is similar to [17,
Cor. 2.14], where K need not be compact.)

In addition, the functions 1, := ¥a|r € C§°(T'x) constitute a finite partition
of unity of I" subordinate to Fy. Hence 1 = Zne}'o 1, ® 1g, with 1g denoting the
characteristic function of R, is a partition of unity on I' x R.

Recalling that qu 1o (I x I) is equivalently defined from any atlas F; x N,
where F; C F and /\fl C N, we obtain

Theorem 6.28. Let I' be compact and J C R be a compact interval. The space

F33 x J)i={ue F3% (T xR)| suppu C T x J} (6.27)

p,q;loc

is closed and a quasi-Banach space (normed if p,q > 1), when equipped with the
quasi-norm

1/d
JulFgd @ x Dl = (30 [[6n  Tnweia [Fpg (B xB|Y) ", (6.28)
KEFo

o —
where d := min(1, po, pt, q). Furthermore, || - [F; /(T x || is subadditive.
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The support condition in (6.27) means UKG]_-O(,%’1 X 1dR ) (SUpp Uk xiap) C I'x J,
cf. (6.14), hence
SUPD Uy xidy C B’ X J. (6.29)

This implies that each summand in (6.28) is finite, since the factor 1g can be
replaced by some x € C§°(R) where x = 1 on J; and this x can be chosen as a
finite sum of the ¢; from Definition 6.26.

Proof. By the same arguments as in Theorem 6.24, the expression in (6.28) is a

o —
quasi-norm. It gives the same topology on F (I x J) as the family (/’L?,l)j,lENa

since there exist ¢, co > 0 such that for each u € F;’j(l" x J), cf. (6.26),

[e} - !/
crpga(w) < JulFSSC x D4 <ea Y pyear(u)?, (6.30)
§' €N
where the prime indicates that the summation is over finitely many integers.
Indeed, Theorem 6.12 yields that y;;(u)? is bounded from above by

ST (e ® 12) 0 (5G) ™" x 00) "Wy © @rttagiyeno ||

KEFo

< e 3 |9 ® Lr(y ® 1) o (57" X ide)texias | Fyry (T x R)||",
KEFo

where ||-|| is the norm on F; ( (7)) xn()(T 5y T xRyy))) . Using for each x € Fy

some function x, € C7° (R”) chosen such that y, = 1 on supp zbﬁﬂbupp(w] ok 1)
and supp xx C #(Tx(y) nr «), we extend by 0 to R"*! and apply Lemma 6.5 to
obtain the left-hand inequality in (6.30).

The right-hand inequality can be shown similarly by first replacing 1 in (6.28)
with some x € C§°(R) where x =1 on J, as discussed above.

To prove that Fs’a(I‘ x J) is closed, we consider an arbitrary sequence (t, )men,

which belongs to Ff a(F x J) and converges in Fﬁq 1oe(l' x R) to some u. Since
U, s xidy COLVEIZES to Ukxidg I D'(B’ x R) and (6.29) holds for each wm, xxidg, it
follows that supp u,xidg, € B’ x J, whence suppu C T" x J.

Completeness follows immediately, since each Cauchy sequence in F 2 (I‘ x J)

converges to some u in Fﬂq 1oe(I' x R) and closedness of F;;(I‘ x J) then gives
that suppu C T x J. [

6.5 Rychkov’s Universal Extension Operator

A key ingredient in the construction of right-inverses to the trace operators is a
modification of Rychkov’s extension operator, introduced in [45] for bounded or
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special Lipschitz domains 2 C R", cf. Definition 3.7,
Euat Fy o (Q) = Fi (R™). (6.31)

The linear and bounded operator &, o works for all 0 < p < 00,0 < g < 00, s € R,
cf. [45, Thm 4.1]; and it also applies to Besov spaces (p = oo included). Thus it
was termed a universal extension operator.

In Section 6.6.3 below it will be clear that we for = R’} also need an ex-
tension operator for anisotropic spaces with mixed norms. We therefore modify
Eu.q accordingly, relying on the proof strategy in [45], yet we present significant
simplifications in the proof of Proposition 6.30 and add e.g. Proposition 6.31. The
reader may choose to skip the proofs in a first reading.

We take another approach than Rychkov when defining 3/(R1)§ this can be
justified by [45, Prop. 3.1] and the remark prior to it. Similarly to [16, App. A.4]
we use the following distribution spaces:

Definition 6.29. For any open set U C R™, the space SI(U) is defined as the set

of f € D'(U) for which there exists fe S'(R™) such that ry f = f.

The spaces S(U) and S'(U) consist of the functions in S(R™), respectively the
distributions in S'(R™) supported in U.

We define the convolution ¢  f(z) for z € R}, when f € ?(Ri), cf. Defini-
tion 6.29, and when ¢ € S(R™) has its support in the opposite half-space R, that

is ¢ € S(R"). This is done by using an arbitrary extension fe S'(R™) of f, i.e.

p* f(z) = (fop(x—), zeRY, (6.32)

which is well defined, since it as a function on R’} clearly does not depend on the
choice of extension f.

This is used in a variant of Calderén’s reproducing formula (cf. Proposition 6.30
below),

F=> wix(pj*f) in D'(RY) (6.33)
j=0

to give meaning to each v, * (; * f); cf. (6.4) for the subscript notation. Indeed,
;* f € C®°(R")NS'(R™) is an extension of ¢, * f by (6.32), so (6.32) also yields

Vi x (o5 x f)(x) =5 x (5 % f)(z), z€RY. (6.34)

The idea in Rychkov’s extension operator &, is to use another extension of
@; * f, namely

0 formERT_L,

er(pj* f)(x) := {@j « f(z) for x € R7;
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for brevity, we use e, = err and ry = rgn. Indeed, e (p; * f) is C for z,, # 0,
hence measurable, and in Ly joc(R™). Moreover ey (¢, * f) is in §’(R™), because it
is O((1 + |x|?)N) for a large N. Using (6.32), we obtain the alternative formula

b (95 x )(@) = ¥ x e x f)(z), = eRL. (6.35)

Here we can exploit that ¢; * e; (¢; * f) is defined on all of R™, hence by sub-
stituting this into the right-hand side of (6.33), £, is obtained simply by letting x
run through not just R}, but R”, i.e

Elf) = wixer(pjxf) for feS (RY). (6.36)
j=0

To make this description more precise, we first justify (6.33). So we recall that a
function ¢ € S(R™) fulfils moment conditions of order L, when

D*(Fp)(0) =0 for |af < L,.

Proposition 6.30. There exist 4 functions o, @, Yo, ¥ € S(R™) supported in R™
and with L, Ly = oo such that (6.33) holds for all f € SI(RQL_).

Proof. We shall exploit the existence of a real-valued function g € S(R) with

/g(t) dt # 0, /tkg(t) dt=0 forall keN,

and supp g C [1,00[. (This may be obtained as in [45, Thm. 4.1(a)].)
With ¢o(z) := g(—x1) -+ g(—xy)/c" for ¢ = [ gdt, the properties of g imme-
diately give

supppo C {x € R" [z}, <0, k=1,...,n},
/goodle, /xaapo(x)dxzo for |a| > 0.

Thus the support of ¢ := g — 271%p(27%.) lies in R”, and L, = oo since

/xo‘@(x) dx = /xacpo(x) dx — 25"’/:100‘@0(:3) dx =0 forall |a| > 0.
The functions 1,1 € S(R™) are conveniently defined via F,
Yo(€) = Bo(€)(2 — Bo(£)?)
¥(8) = (Bo(€) + B(2%)) (2 - Bo(&)* — Bo(27%€)?).

Since @;(&) = P(277%¢) = $o(277%¢) — o (217)4¢) for j > 1, we obtain by basic
algebraic rules,

(6.37)

o~

¥;(€

(2 — Bo(2799¢)? — 3o (21 79)2) (B0 (2777€)? — G (211 77)7¢)?)
= 2(Po(279%)% — o (21 7DTE)2) — (Fo(279%)" — Go (21 ~DTe)Y).
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This gives a telescopic sum:

> 0i(©)%;(€) =2 lim Zo(2”V%)* — lim G2 N =1, (6.38)

. N—o0
j=0

using that Po(0) = 1. As the convergence is in S'(R™), the inverse Fourier trans-
formation yields

D ik =4. (6.39)
=0

The fact that Ly = oo is obvious from (6.37), since D*®(0) = 0 for all o € Nj.
The inclusion supp )9 C R™ is clear, because ¥y = pg * (20 — g * ¢g). Similarly
supp ¢ C R™, since 9 is a sum of convolutions of functions with such support.

To show (6.33), we note that when f € &'(R™) fulfils r,. f = f, then by (6.39),
F=Y wix(p;xf) in SR (6.40)

More precisely, to circumvent that the summands in (6.39) need not have com-

pact supports, one can show that >,y chpj}'f converges to Ff in S'(R™) by
using (6.38) and a test function in S(R”) Then (6.34) gives,

f=rif=> (v (p;* ij ;) in D'(RY),
=0
in view of the continuity of r : D'(R™) — D'(R%). O

As a novelty, one can now show directly that £, has nice properties on the
space ?(Rﬁ) of restricted temperate distributions:

Proposition 6.31. The series for £,(f) in (6.36) converges in S'(R™) when-
ever f € g/(Rﬁ), and the induced map &, :?(Rﬁ) — §'(R™) is w*-continuous.
Remark 6.32. The space EI(R;‘) is endowed with the seminorms f — |(f, )| for

p € S(Ri) and r4f = f, using the well-known fact that it is the dual of S(Ri).
(Ie. f, — 0 means that for some (hence every) net f, of extensions, one has

(fur0) =0 for all o € S(RY).)

Proof. 1t suffices according to the limit theorem for &’ to obtain convergence of
> les 1) for n € S(R™), (6.41)
7=0

where 9)(z) = ¢(—x) as usual.
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Since Ly, = o0, it follows at once from Lemma 4.16 that the second entry tends
rapidly to zero, i.e. for any seminorm pj,; one has

pa(j xm) = O27N)  for every N > 0. (6.42)

For the first entries, a test against an arbitrary ¢ € S(R™) gives, for some M,

estes < D0l = [1Fw).es(o = p)ay (2)6(o) do

= |(Iry ® f(z,2 — ), ® @;))rn xmn| (6.43)
< epu (9 ® ;) < 'pu(P)pa ().
Here par(p;) = par (271310(279)) = O(24a@+Ma®)y grows at a fixed rate. Therefore

the choice ¢ = v; * n shows via (6.42) that the series has rapidly decaying terms,
hence converges.

To obtain continuity of &,, it suffices to show that Tn := 372 @ (Lrx (%))

defines a transformation T : S(R™) — S (@i) satisfying

(Eu(f)im) = (f,Tn) for all n € S(R™). (6.44)

To this end we may let 1g» act first in (6.43), which via (6.41) gives

) =S (F, / By () T ()05 (x — ) da). (6.45)
§j=0

The integral is in S(R™) as a function of y (cf. the theory of tensor products), and
N
since suppy; C R_ it is only non-zero for y,, > z, > 0. Hence the summands

o __
in Tn belong to S(Ri), so T has range in this subspace, if its series converges
in S(R™). But by the completeness, this follows since any seminorm pj; applied

to [1h; * n(z)Lrn ()p;(z — y) do is estimated by eprr (P7)Par4nt1 (W * 1), which
tends rapidly to 0 as above.

Finally, (6.45) now yields (6.44) by summation in the second entry. O

In the next convergence result, the familiar dyadic corona condition, cf. e.g. [29,
Lem. 3.20], has been weakened to one involving convolution with a function 1
satisfying a moment condition of infinite order. It appeared implicitly in [45].

Lemma 6.33. Let (gj)jeNO be a sequence of measurable functions on R™ such that
() I := 122G |L(ly) | < oo,

where for some ¥ > 0,

Gj(x) = sup |gj(y)‘

- , xeR™
yerr [y (14272 — |
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When g, € S(R™) with Ly = oo, then Z;io ¥; x g7 converges in S'(R™) for
any such (¢7)jen, and

sl (6.46)

|2

with a constant cq s independent of (g7);en, -

Proof. By assumption || (¢7) || < oo, hence G?(Z) < oo for an 7 € R", j € Ny, im-
plying |¢7(z)| < G7 () [T}, (1 +2J‘“|xl xy|)". Thereby, g’ belongs to L1 10c(R™)
and grows at most polynomially, thus ¢’ and therefore also 1 * g/ are in S’'(R").

Using ®; from (6.1), the following estimate holds for [ € Ny, z € R",
F e e g @] < [ 1700 @l - Al ds < Ly Gila), (647

where
n

= / 15 0 (2)| T (1 + 27 ] de.
=1

Since Ly = 00 = Lx-14, a straightforward application of Lemma 4.19 yields the
following estimate of the anisotropic dilations in I;;: for every M > 0 there is
some Cjp; > 0 such that

Iy < Cp27 59 for all 4,1 € Ny.
For M = ¢ + |s|, where € > 0 is arbitrary, we obtain from (6.47),
2| F71d; % ap; * ¢ ()] < ¢,27°27 1771 GI (1), (6.48)

which implies, using [j — | > j — I,
507 15727 < e 3201717202 | 96 L] < 27 () L.
1=0
This yields for d := min(1,p1,...,pn),

lewg*g |52 < el (o) 11 22 750 < oo,

. . , —2¢,@ :
hence Z;'io 1, * g7 converges in the quasi-Banach space F ;71 ©% and thus in S'.

Finally, by (6.48) and Lemma 4.8 applied to (27°G7);en,,

oo (o)
) ( 2—|l—j|€2jSGj)
7=0 7=0

< cq,l1 27°G7 L€y,

Lﬁ(gq)

7aH

which shows (6.46). O
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We recall a variant goj of the Peetre-Fefferman—Stein maximal operators in-

duced by (¢;)jen,, with ¢g,¢ € S supported in R”; ie. for f € ?(Ri) and
7 >0,

Sﬁj_f(fﬂ) = sup lpj * f (W)l

. ] ’ ERna j € Np. 6.49
perr [y (L4 2atfay —yyrn 0500 I 500 (6.49)

Now we are ready to state the main theorem of this section:

Theorem 6.34. When o, ¢, %o, ¥ € S(R™) are as in Proposition 6.30, then

Eulf) =D Wi xer(p; f) (6.50)

Jj=0

is a linear extension operator from ?(Rﬁ) to S'(R™), i.e. r.Ef = f in R} for

every f € ?(R:ﬁ). Moreover, &, :F;”Z(Ri) — F;”j(R”) is bounded for all s € R,
0<p<ooand0<qg<oo.

Proof. First it is shown using (6.49) that for an arbitrary f € Fgﬁ’j (R%) and
F> min(qvplv e ,pn)ila

1276 £ ILp(t) R < el £ [Fg (Rl (6.51)

Besides go;r [, we shall use the well-known maximal operator ¢} f, where the supre-

mum in (6.49) is replaced by supremum over R™. Hence for every g € F pf”g(R”)
such that ryg = f, we get from (6.32) that

F ) = sup — 15 *9W)]
% /@) yern [Lmq (1 +27% o — yy

This yields (6.51) when combined with the following, obtained from techniques
behind Theorem 4.23:

*

int 1275 |La(6) )] < int g |Fyg (R =l f [Fry (R (652

p,q

More precisely, since we only have L, = oo available, it is perhaps simplest to
exploit that the Tauberian conditions are fulfilled by the functions F 1oy, Flo
appearing in the definition of pr’;, cf. (6.1). Then Theorem 4.18 yields that the

quasi-norm on the left-hand side in (6.52) is estimated by || 27¢(F~1®;)*g |Ly(¢,)|.

which in turn is estimated by || g |Fp§j

To apply Lemma 6.33, we estimate || (e4 (@, f)) || using the extension of (6.49)
to R™, that is

|| using Theorem 4.22.

yerr [T, (1+ 209z —yi)”
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with which it is immediate to see that

(e (o5 % I 1T = 127285 F1L5(Lo)]-

A splitting of the integral on the right-hand side in one over R, respectively
one over R” yields, using the obvious inequality @] T, x,) < ©; f (2, —xy,) for
x € R™ and (6.51), cf. Lemma 6.33,

| €uf IFEIN < el (e (5 % £ | < 2] 27°0F FILs(€) R < 2¢]| £ [Fg (R

Finally, continuity of ry : D'(R™) — D'(R"}) together with (6.35) and Propo-
sition 6.30 give

re(€uf) =D re(ixer(pix ) =Y bix(ei*f) =1,
Jj=0 j=0
hence &, f is an extension of f. O

In the study of trace operators, it will be necessary to extend from more general
domains. Indeed, using the splitting = (2/, z,,) on R™ and writing f(2',C — z;,)
as f(-,C—"-), the fact that x — (2’,C' —z,,) is an involution easily gives a universal
extension from the half-line | — oo, C[:

Corollary 6.35. For any C' € R, the operator
Su,Cf(x) = gu(f(a C - '))(‘r/a C - ZL‘n)
is a linear and bounded extension from F~ (R" Ix] —00,C) to Fgﬁ’j(R”).

Proof. The quasi-norm on Fq (R”) is invariant under translations 7,u = u(- — h),
cf. [29, Prop. 3.3], and under the reflection Ru = u(-, —-), when ®q, ® are invariant
under R, as we may assume up to equivalence. So, clearly u(z’,C — z,,) belongs
to prf(]R") and has the same quasi-norm as u.

By Definition 6. 7, this readily implies that the change of coordinates is also
continuous from Fﬂ (R" Ix] — o0, C) to Fa (R” 1x]0, 00[). Thus

| €ucf |Fgg (RN < cll Eu(F(,C =) |Fa (R™)]
< ol £,.C =) [Fy (R0, 50])|
< el F [Fyg (R"~x] = 00, C|
and the linearity of &, ¢ follows directly from the linearity of &,. O

In comparison with the well-known half-space extension by Seeley [52], we note
that the above construction is applicable for all s € R, even in the mixed-norm
case. Also it has the advantage that several results from [32] can be utilised,
making the argumentation less cumbersome.
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6.6 Trace Operators

Under the assumption in (6.25), we study the trace at the flat boundary of a
cylinder © x I, where Q@ C R™ is C* and I :=]0,T[, possibly T = co. The
trace at the curved boundary is studied only for T" < co and under the additional
assumption that 0f) is compact. The associated operators are

ro: f(x1, . @, t)— f(x1,...,20,0),
v f(x1,. . xn,t) = f(ar, ., T, ).
As a preparation (for a discussion of compatibility conditions), the chapter ends

with a discussion of traces on both the flat and the curved boundary at the corner
00 x {0} of the cylinder.

For the reader’s sake, we recall some notation from [29], namely that the trace
at the hyperplane where x;, = 0 is denoted by v x:

BONE f(xlr--axnat) = f(xla"'aor"axnat)' (653)
It will be convenient for us to use p’ := (p1,...,Pk-1), "' = Pk+1s--+Pn,Pt),
analogously for d, and r; := max(1,p;). Furthermore, we recall that x,.1 = t,

Gpt1 = at, Pnt1 = Pt, hence we shall work with @, 7 of the form, cf. (6.25),

a::(a07"'7a07at)7 ﬁ: (pOa"'7p07pt> < 00, (654)

where the finiteness of p'is assumed in order to apply the results in [29].

6.6.1 The Trace at the Flat Boundary

The trace rs, defined by evaluation at t = s, is for each s € I well defined on the

subspace,
C(I,D'(Q) cD'(Qx1), (6.55)

where the embedding can be seen by modifying the proof of [26, Prop. 3.5]. On
the smaller subspace C(I,D’(f2)) consisting of the elements having a continuous
extension in ¢ to R, even the trace rg is well defined (and it induces a similar
operator also denoted 7). Indeed, for u € C(I,D’'(f)) all extensions f are equal
in © x I and by continuity therefore also at t = 0, hence

rou := f(-,0). (6.56)
Now, it was shown in [29, Thm. 2.4] that

SORH (R G20
Fyd(R™) < Cy(R, L (R"))  when s>pt+n(min(1’p0) a), (6.57)

and this induces an embedding F;:j(Q x I) — O(I, L,/ (£2)), so the trace o can
be applied to u € F;:; (Q x I), i.e. for an arbitrary extension f in Fg’g(R”“),

rou =rqof(-,0). (6.58)
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To define a right-inverse of rg when applied to E;’j (Q x I), we recall that
a bounded right-inverse K, of the analogous trace vy 41 on Euclidean space,
cf. [29, Thm. 2.6],

A _%7‘1/ $,d +1
Kop1: By 20" (R?) = FEER™Y), s eR, (6.59)

j

is given by the following, where ¢ € C°°(R) so that ¢(0) = 1 and SuppIZ C[1,2],
Kpv(@) =Y (27" a, ) FH@,(,00Fu(€)(@').  (6.60)
7=0

Theorem 6.36. When a,p fulfil (6.54) and s satisfies the inequality in (6.57),
then

p’ pf (Q)

s a bounded surjection and it has a right-inverse Ko More precisely, the operator

ag 7

¢ Q) — F~ (Q x I) is bounded for all s € R.

Fyi(@x1) =B,

Ko can be chosen so that K : E;, ppt"

Proof. The analogue of this theorem on Euclidean spaces, cf. [29, Thm. 2.5], yields

for any f € F;f(R"“) the existence of a constant ¢ (only depending on s, P, ¢, @)
such that

[ Yoms1f |B,, TR < o £ IFSE R,

Choosing f in (6.58) so the right-hand side is bounded by 2¢|| u |F;S(Q x I)||, we
obtain boundedness of r¢, since rq(yo n+1f) = rou, cf. (6.53).

A right-inverse Ky is constructed using K41 in (6.59) and Rychkov’s extension
operator in (6.31):

Ko :=raxroKni10&u0: E;:f)a Q) — F* (Q x I). (6.61)

(Since (6.31) applies only to isotropic spaces over @ C R™, one can exploit (6.54)
to make rescalings (s,a’) <> s/ag, cf. Lemma 6.3.)

It is bounded for all s € R, because K41 and &, o are so. Finally, (6.58) yields

a’

for any v € Bp (),
ro 0 Kov = rq(Kpt1 0 Eu0v) (21, -, 5, 0) =1 0 Y0 nt1 © Kpg1 0 €y v =0,

hence K| is a right-inverse of rg. O]

6.6.2 A Support Preserving Right-Inverse

As a further preparation for a discussion of parabolic boundary problems, we now
present a support preserving right-inverse to the trace at {t = 0}. It is useful in
reduction to problems with homogeneous boundary conditions. At no extra cost,
general @ and p are treated in most of this section.
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It is known from [29] that whenever s > %—’_Zkgn (m—ak), then rq

is bounded,
ro : Ffa(R” x R) — Bp o et (R™).

The particular right-inverse in (6.60) shall now be replaced by a finer construc-
tion of a right-inverse @) having the useful property that

suppu C @:L_ = supp Qu C Ej_ x R. (6.62)

Roughly speaking the idea is to replace the use of Littlewood—Paley decompositions
by kernels of local means (k;);en,. That is, we tentatively take @) of the form

= 02" t)k; * u(z). (6.63)
7=0

Hereby the auxiliary function n € S(R) is again chosen with 7(0) = 1 and such
that supp 7 C [1,2].

The main reason for this choice of Qu is that the property (6.62) will eventually
result when the kernels k; are so chosen that

suppu C Ri = suppk; xu C Ri. (6.64)

By the support rule for convolutions, this follows if supp k; C Ri. However, in
order to choose the kj;, we shall first take functions g, ¢, %0,? in S(R™) with
support in @i and satisfying

/(podaczlz/wodx, L, =00 = Ly, (6.65)

in such a way that by setting e.g. ¥;(x) = 27191¢)(27x), one has Calderon’s repro-
ducing formula
u= Zq/)j xpjxu  for ueS'(R"). (6.66)
3=0
Existence of these functions may be obtained as in the proof of Proposition 6.30,

simply by omitting the reflection in the definition of ¢y and proceeding with the
argument for formula (6.40) in the proof there.

Now we can simply obtain supp k; C Ki by choosing

=1bg x o, k=1xp.

Then (6.66) states that u = >~ kj*u, which together with the condition n(0) = 1
will imply that @ is a right-inverse of rg.

Since the supports of the k; are only confined to be in the half-space @i, we
refer to the k; as kernels of localised means. (Triebel termed them local in case
the supports are compact.)
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In addition, we need to recall an S’-version of [26, Prop. 3.5]:

Lemma 6.37. There is an (algebraic) embedding Cy(R,S'(R™)) C §'(R™ x R)
given by

(70) = [ 0 )
for each continuous, bounded map f: R — S’'(R™) and ¢ € S(R™ x R).

Proof. By the boundedness, the family {f(t)}+er is equicontinuous, so for some
M > 0 we have |[(f(t),d)| < cpm(p) for all t € R and ¢ € S(R™). Hence the
integrand is continuous and estimated crudely by cpasi2(¥)/(1+t?), so Ay makes
sense and [(Af, ¥)| < emprri2(¥). O

Using this lemma, we can now improve on (6.63) by giving Qu a more precise
meaning as an element of C, (R, S'(RY)). Namely, Qu(-,t) is the distribution
given on ¢ € S(R™) by

(Qu = (20 t) (k; * u, §). (6.67)

7=0
This will be clear from the proof of

Proposition 6.38. The operator Q is a well-defined w*-continuous linear map
S'(R") — S'(R™ x R) havmg range in Cp(Ry, S'(RZ)). It is a right-inverse of ro
preserving supports in R’ 1 in the strong form

suppu C @i = Vt e R: supp Qu(-,t) C K?_. (6.68)

In particular, Q : g/(ﬁi) — S’(@i x R), ¢f. Definition 6.29.

Remark 6.39. We can of course add that (6.68) = (6.62), for we may apply
Lemma 6.37 to f = Qu and consider the ¢ (z,t) that vanish for x, > 0: when
(6.68) holds, the integrand is identically 0. (Unlike (6.68), property (6.62) is mean-
ingful also without continuity of Qu with respect to t.)

Proof. It is first noted that ) (k; *u, ¢) converges absolutely for each test function
¢ € §'(R™). In fact, using the notation k;(z) = k;(—x), the estimate

[(u, iy * d)| < epar(ky * §) < 277

holds for any IV > 0; this follows from the infinitely many vanishing moments, i.e.
Ly, = oo, cf. Lemma 4.16.

Hence >~ (k; = u, ¢)n(279¢) is a Cauchy series for each ¢ € S(R™) as n(279t)
is a bounded sequence for fixed t. Since it converges, Qu is defined in S’'(R™) for
each t.

The convergence is absolute and uniform in ¢, so t — (Qu(t), ¢) is continuous;
and bounded by ¢ [(k; * u, ¢)|. Therefore Qu is in the subspace Cy,(R¢, S'(RY)),
cf. Lemma 6.37.
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Consequently roQu is defined by evaluation at ¢ = 0 and therefore equals
>~ 1(0)k; * u(z), hence gives back u because of (6.66). Using the convergence in
S’'(R™), the support preservation in (6.68) is immediate from (6.64) by test against
any ¢ € C§°(R™) vanishing for x,, > 0.

Finally, continuity of @ follows at once if (Qu,) = (u, T%) for 1 € S(R* 1),
i.e. if Q is the transpose of T': S(R"*!) — S(R™) given by

= / Z Ej % 4 (x, t)n(27%t) dt.
R o

This series is Cauchy in S(R™*!), for a seminorm py; applied to the general term
is less than ppr(n(27tt)) = O(27%M) times pas(k; * ¢), which decays rapidly as
Ly, = co. Denoting the sum by S(z,t), also z — [ S(z,t) dt is a Schwartz function,
so T is well defined and by the definition of tensor products we get, using (6.67)
and Lemma 6.37,

(w.TY) = (w@1,5) = / (u, (-, 1)) dt = / (Qui- 1), (- 1) dt = (Qu,v). D

Before we go deeper into the boundedness of @ in the scales of Lizorkin—Triebel
spaces, we first sum up the fundamental estimate in the next result. In the isotropic
case it goes back at least to the trace investigations of Triebel [57, p. 136].

Proposition 6.40. For 5= (p1,...,pn,r) in ]0,00[" "L, a real number a > 0 and
0 < g < 0o there is a constant ¢ with the property that

[ {vs ®27% F(27)} 2, | Lol R™)| |<C(Z||vJ|L @),

whenever (vj) is a sequence of measurable functions on R™ and f € C(R) is such
that tN f(t) is bounded for some N > 0 satisfying Nr > 1.

Proof. To save a page of repetition from [29, Sec. 4.2.3], we leave it to the reader
to carry over the proof given there with a few notational changes. (Note that f
itself is bounded, so the arguments there extend to our case without any Schwartz
class assumptions on f.) O

Theorem 6.41. The operator Q is for 0 < p < 00, 0 < ¢ < oo a bounded map

Q: B3 (R") = Fo " "(R" xR) for all s € R.

Proof. By means of an auxiliary function F77 € C§°(R) fixed such that 77 =1 on
[1,2] D supp 7 and supp F1 C |0, 00[, we may rewrite Qu in terms of convolutions

on R™! as follows, using that k; = 1; * ¢; and with the understanding that for
j = 0 the first factor is ¥y ® 7,

QU:ZﬁJ*T/(ZJ%)(t)k‘j*’U/ Z’[b@n *u®n(2]at))
j=0

=0
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Now we may invoke Lemma 6.33 as the function ¥ ® 1 has all its moments
equal to 0, because its Fourier transformed function is supported in a half-plane
disjoint from the origin in R**!. This gives an estimate of the Lizorkin-Triebel
norm as follows,

| QulFgy " TRI| < el {2045 (g 5w (2 )); 2 [Lat) R

Here the maximal function (-)%

; considered in the lemma allow us to estimate the

7t term by

n+1

sup 295 u(y)2' 7 (27 y,)| [T (1427 e — wil) ™ < vj(2)2 7 f(27%),
Y:Ye =1

if we set
n
v = sup |27 u(y)| [T + 27, — wil) ™"
y =1
f(t) =sup [n(ys)|(1+ [t —ye) 7.
Yt

To invoke Proposition 6.40, we note that v;, f are continuous (by an argument
similar to e.g. [27, (6)—(7)]) and, moreover, sup [tV f(t)| < co for 0 < N < r;. We
therefore apply the proposition for r = p;, a = a; and note that if we fix the above
parameter r; such that ryp; > 1, then Np; > 1 is fulfilled at least for N = r;. This
gives

| @ulFsy ™ R )| < el {uy ® 275 F29 )} | Eplty) R
<e( Xl Ly @)
j=0

So by writing v; in terms of the Peetre—Fefferman—Stein maximal function ¢ju(x),
S+%7d n+1 G sj * NI 1/p: s,a n
|QulFyy ™ "R < o 12 fulLy RM™) T < el ulByS, (R™)].
§=0

The last inequality is essentially known from [44, (4)], but to account for effects
of the flaws pointed out in Remark 4.1, let us briefly note the following: if we
apply [44, (21)] to the very last formula in the proof of Theorem 4.18, then we
get an estimate of the above sum by [|2%7(F~'®)%u ¢y, (L, )|. This can be con-
trolled by the £, (Lp,)-norm of the convolutions 257 F~1®; x u (i.e. by the stated

| w|B,", , ((R™)||) by following the argument for [44, (23)], after the remedy dis-
cussed 1n Sectlon 6.4.3, say for simplicity with ro :=r; = ... =7, and ropg > n.[J

Remark 6.42. By combining Proposition 6.38 and Theorem 6.41, one directly

obtains
T

Q: By (Ry) = Fyi(R) xR) forall s € R.
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The operator @ is now used to replace the particular right-inverse to r¢ in (6.61)
by an operator Qq that preserves support in Q.

The construction uses the partition of unity 1 =", ¥\ +1 on Q constructed
in Section 6.4.4 as well as cut-off functions 7y € C§°(R™), A € A, chosen such that
supp ) C B and 1) = 1 on supp 1%\. Moreover, ng € Cz°_(R™), cf. Lemma 6.5 for
the definition of C7°_, and suppnq C {2 with no =1 on supp ¢.

Theorem 6.43. When a,p satisfy (6.54), 0 < ¢ < 0o and s € R, then the opera-
tor Qq defined by

Qou =Y ey, xr((mQua) o (A x idr)) + noQ(vu), wu € B3" (R™), (6.69)
A

where uy := GB((’(/J,\U) o /\_1), 18 bounded,

Qo : By, (R") = Fry /P o),

p’,pt

and roQqu = u whenever u € B;}i;t (R™) fulfils suppu C €.

Moreover, Qq has range in C(R;, D' (R?)) and preserves supports in 0 in the
strong form

suppu C = Vt € R: supp Qqu(-,t) C Q. (6.70)

Proof. For the terms in the sum over A in (6.69), we note that the multiplication
result in [58, 4.2.2] together with the Besov version of Theorem 6.11, cf. Sec-
tion 6.4.3, imply

uy = e ((Pau) o A1) € B (R™). (6.71)

p'.pt
(These results apply to isotropic Besov spaces, so we use Lemma 6.3 to make
rescalings (s,a’) < s/ag, cf. (6.54).)
Theorem 6.41 and the paramultiplication result in Lemma 5.12 now gives that

MQuy € F;J(;a‘/IJ"E(R”‘“)7 hence according to Theorem 5.23,

(mQua) o (A x idg) € Fat ™" (U x R).

As suppny C B, Lemma 6.9 gives that extension of this composition by 0 belongs
s+at/pt,d (ryn4-1
to F, (R™+1).
For the last term in (6.69), it is an immediate consequence of [58, 4.2.2] that
Yu € By (R™), since ¢ € C7°_ (as =137, ¥x on Q and 9 is compact).

»Pt

This shows that Qqu € pr:a"/p"’a(R”“) and by applying the quasi-norm
estimates in the theorems and lemmas referred to above, we obtain

s+a¢/pe,ad n s,a’ n
| Qou [F /P IR < cf u | By, (R)]).
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Furthermore, it follows from Proposition 6.38 that Qqu € C(Ry, D'(R%)) and
therefore the effect of g on Qqu is simply restriction to ¢t = 0, cf. (6.56). Hence

for u € By, (R”)

roQQufZGUA (mQur)(A(), 0)) + neQ(wu)(-, 0).

Since @) according to Proposition 6.38 is a right-inverse of rg, this sum equals the
following, by using (6.71) as well as the properties of 7, 7q, and in the final step
that suppu C €,

ZeUA((UAUA)O)\) +1/Ju:ZeUA(77)\O)\~1/)>\u) +1/Ju:21/1)\u+1/1u:u.
h ) h\

Finally, the support preserving property in (6.70) follows from (6. 68) In-
deed, when suppu C €, then the support of each uy is contained in R’ 4 and
therefore supp(naQux)(A(+),t) C Q for all t € R, which immediately gives that
supp Qqu(-,t) C Q. O

6.6.3 The Trace at the Curved Boundary

We now address the trace v of distributions in F;,’j (Q x I), where for simplicity
I=]0,T[, T < oo, and § is smooth as in Definition 6.25 with compact boundary T'.

Preliminaries

The trace is first worked out locally and then it is observed that the local pieces
define a global trace. In this process we use that the trace 7 is a bounded
surjection, cf. [29, Thm. 2.2],

agQ 1

Yo : F;“(R”“) — F w0 (R™)

a (6.72)

ap
for s>f+ n—1 (.7_@)4_(.——@).
Do ( ) min(1, po, q) 0 min(1, po,pt, q) !

This is also valid for 7o, in view of (6.54) and we prefer to work with this, for
locally the boundary T' is defined by the equation x,, = 0, as usual. For the s
n (6.72), we have by [29, Thm. 2.1], since 7 := max(1, px),

Foi(R™Y) < Cu(R, Ly (R™)) < L joc(R™H). (6.73)

So when u € F - (Q x I) for such s, an extension f in the corresponding space
on R" is a functlon and for this we right away get

fo (At xidg) € Ly 10e(B x R). (6.74)
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Moreover, if we work locally with cut-off functions ¢ € C5°(U,), ¢ € C§°(R),
then Lemma 6.5 yields @ ¢ f € Fj G(R"“) Changlng coordinates, Theorem 6.13
implies that (¢ @ pf) o (A™! x idg) is in F~ (B x R), hence it extends by 0 to
Fy9(R™1). By (6.72),

Yo (0 ® @f) o A1 x idr)) € Fi ;g/w (R™).

Strictly speaking, we should have inserted the extension by 0, namely egxgr, be-
fore applying 7o, but we have chosen not to burden notation with this. Now

restriction to B’ x R gives an element in F é// ao/posa’ (B’ x R), and since it is easily

seen using (6.73) that restriction to {x,, = 0} and epxr can be interchanged, we
obtain

(W@ pf) o (A1 0) x idg) € Fo /7" (B x R). (6.75)

Furthermore, to describe the range of v, we introduce for an open interval
I’ O I the restriction (with notation as in Section 6.4.4)

rp i PSS (DxI') — Fof

P,q;loc

qloc( (FXI)a

which for any v € F’ e 1OC(I‘ x I') is defined as the distribution arising from the fam-
ily {rB/x1Vexid, trer, of distributions on B’ x I, cf. the paragraph on restriction
just below Lemma 6.16.

Using ry, we also introduce a space of restricted distributions (in the time
variable only),

Fy (D xI):=rFy8 ([ xR)=rF3i(T x J) (6.76)

o —
valid for any compact interval J D I. Since F s’a(F x J) is a quasi-Banach space,

cf. Theorem 6.28, the space F~ (I‘ x I) is so too when equipped with

lulFyy (C x 1) = inf [vlE5a (0 x D) (6.77)

The Definition

To give sense to yu in D'(T' x I), it is first observed that (6.74) induces invariantly
defined functions. Indeed, in view of the identity x=1(-) = A71(+,0), we set

fe=Fo(A'(-,0) x idg) € Ly 0c(B" X R)
and as distributions they transform as in (6.12), since
feo(rkory! xidg) = fi, on k1(Tk, NT,) xR, (6.78)
Hence by Lemma 6.16 there exists a unique v € D'(I" x R) with

Vi xidg = fﬁ' (679)
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That v is in F5, %0/Poa” (T' x R) is a special case of (6.75), cf. Definition 6.26.

p"’,po;loc
Note that the distribution v does not depend on the atlas Fy, for when another
atlas 1 in the same way induces a distribution vy, then formula (6.78) read with
running through Fy and x; running through F; implies that both v and v; result
by “restriction” from the distribution w induced by Fy U Fj.

Now we define the trace yu in D'(T" x I) by
yu = 0. (6.80)

Indeed, to verify that yu is independent of the chosen f, it suffices to derive that
for any two extensions f1, fo € F (R"*+1), the following identity holds for each
A€ Aand (2/,t) e B x I

fl © (}\71(.70) X idR)(x/vt) = f2 © (}\71(.70) X idR)(x/at)' (681)

To do so, we choose ¥ € C$°(Uy), ¢ € C°(R) such that ¥(A~1(2,0)) # 0 and
©(t) # 0. Since f1, fo coincide in Q x I, the functions

enxr((¥ @ ¢f;) o (A xide))(z,t), j=1,2,

are identical for (z,t) € B x I with z, > 0. Letting x,, — 07 therefore gives the
same limits in L,.»(R"~! x I), cf. (6.73), in particular they coincide in L, (B’ x I).
As (Y @) o (A7L(-,0) x idr)(a’,t) # 0, this yields (6.81).

Furthermore, (6.81) can be used to show that v does not depend on the
Lizorkin—Triebel space satisfying (6.72). For when u belongs to two different
Lizorkin—Triebel spaces, we can take f; above to be an extension in one of the
spaces and f> to be an extension in the other. The identity in (6.81) then gives
that yu belongs to the intersection of the corresponding Lizorkin—Triebel spaces
over the curved boundary.

We also note that the trace v has the natural property that ry oy =~yor; on
F5, (Q x I') for any open interval I" O I.

Finally, v applied to any u € rqx;C(R"1) gives the expected, namely rry i
for any extension u € C(R"*!) of u. Indeed using (6.80),

(VW) kxid; = rpxi(Uo (AL, 0) x idg))

= (rexqu) o (k71 x idr) = (Prxr)mxid; s

which shows that yu equals a restriction, rr i, of the continuous function .

The Theorem

To construct a right-inverse of vy, we use a bounded right-inverse K,, of vy ,,, where
because of (6.54) we may refer to [29, Thm. 2.6] for a right-inverse of the similar
trace 70,1 in (6.72),

. ms—ao/po,a’’ s,d@ +1
K, : Fp,,’p0 (R™) — Fﬁ’q (R™™), seR, (6.82)
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given by, cf. just above (6.60) for the v,
= (@) FHD;(E,0,6041) Fu(€ 1)) (@ wngn).
§=0

Hereby we have set p” = (po,...,po,pt) €]0,00[™, which results when p,, = pg is
left out; cf. (6.54).

Theorem 6.44. When T' is compact, a,p satisfy (6.54) and (s, q) fulfils the in-
equality in (6.72), then

Y FRT QX 1) = P (0 x 1)

p”Po
is a bounded surjection, which has a right- inverse K.,. More precisely, the opera-

tor K., can be chosen such that K., F; C;Do/pm TxI)— F;:z(ﬁ x I) is bounded
for every s € R.

Proof. Since the space Fp C;:;/pu’ (I' x I), cf. (6.76), does not depend on how the

compact interval J D I is chosen, it is fixed in the following. Moreover, yu does
not depend on the extension f of u, thus we take f such that supp f C R™ x J.

By (6.79) and (6.76), yu = ryv is in F), ;ao/po’ (T x I).

Po

To prove boundedness, note that v according to (6.14) belongs to F;,’ff;(l“ x J),
since
suppv C | J (A7'(,0) xidg ) (B’ x J) =T x J. (6.83)
AEA
Hence it can be inferred from Theorem 6.28 that

| yu B ao/P (1 1) (6.84)
< inf ) |[(a®@1rf) o (AT(-,0) x idg) |F5,,“°/”°’ (B’xR)Hd.

roxrf=u
supp fCR"™ x J AEA

By choosing first a cut-off function on R, we can use the infimum norm to fix f
. 5. (nt1 o g o

such that [| f[F2H (R )] < 2[|u|F5, (@ x I). Using the arguments leading up
to (6.75) and the boundedness of g ., cf. (6.72), each summand in (6.84) can be
estimated by

ol (Wr ® Irf) o (AN x id) [Fy, (B x R)||%.
Finally, applying Theorem 6.13 and Lemma 6.5, since ¢, ® 1g € C7°_ (R™+1), we
obtain

—s—ag/po,a’’ $,@ (mpn —s,d
[y Epr e " (D x D < el| f1Fyg (R < 2¢l| u [Fy (@ x D).

The construction of a right—inverse K, uses that for any w € Fé ao/po’ (I‘ xI)

there exists v € FS ao/po’ (F x J) such that rjv = w. It is easily Verlﬁed that

K

W = TRe-1 xl(eB'xR("Zn ® LRVkxidg)) (6.85)
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is independent of the extension v; and clearly w* is in F;/?Zz/po’a (R"=1 x I) with

support in B’ x I. For x1, x2 € C§°(R) such that x1 + x2 = 1 on a neighbourhood
of I and such that 7, x2 vanish before the right, respective the left end point of I,
we let, cf. Theorem 6.34 and Corollary 6.35,

ngt = gu(Xle) + €U7T(X2wl€)7

where extension by 0 to R} and R"~*x] — oo, T'[ before application of &,, respec-
tively &, 7 is understood. Lemma 6.10 gives that this extension does not change

belongs to F;/:;g/po,a” (R™); and

K

the regularity of the distributions, hence w,

INOTEOVEr TRn—1 5 [Weyy = W,
Now using K, in (6.82) and functions ny € C3P(R™), A € A, such that
suppny C B and 7, = 1 on supp ¢, we define (using the v-independence of w¥,,)

ext

Kvw =TrQxI Z €U, XR(”/\K’ﬂngt) o ()\ X ldR)
AEA

Boundedness of K is a consequence of first using Lemma 6.9 together with
Theorem 6.13, d := min(1, pg, pt, q),

1K yw [Fyg (@ x DI < D i Knwliy) o (A x ide) [Fyy (Ux x R)|1
AEA

< ey Il [Fyg (R™H]4,
AEA

and then Lemmas 6.5 and 6.10 as well as the mapping properties of K,,, &,, &, 1,

—s,d K |555—0a0 /P a’’ n—
| Kyw[Fyy (@x D[4 <e > [Ixgw® [Fp o™ (R x 1)|?

KEFo
j=1,2
<e 3 [ (e ® Irv) o (k71 x idg) [Fo ™ (B x R)|.
KEFo
o "
The extension v is chosen arbitrarily among those in F;,,_Zg/ Po-% (T x J) satisfying

ryv = w, thus taking the infimum over all such v yields’ the boundedness of K,
cf. (6.77) and (6.28).

To verify that K is indeed a right-inverse, we use that an extension of K, w is

F=" v, xrmEnwhiy) o (A x idg).
AEA

Hence the definition of v, cf. (6.80), gives that v(K,w) = rrh, where hy, xid, =
fo ()\1_1(-,0) x idg). We shall now prove that rp/xrhu, xidy = Wk, xid; for each
K1 € Fo. Indeed,

rarxih xids = Tixr Y (MEKnwhi) o (Ao AT (-,0) X idg), (6.86)
AEA
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where extension by 0 from (s, NT) x R to B’ x R in each term is understood.
Using that K, is a right-inverse of v, and that wf, = w" on x(I'y, NT,) x I,
each summand in (6.86) equals, cf. also (6.85), (6.12),

(mw™) o (Ao ATL(+,0) x idg) = (x 0 A - 1 @ 1g) 0 (ATL(+,0) X idg ) Vs, xids -

AsnyoX =1 onsupp ), and > ¢, =1 on T, we finally obtain, using that rrv = w,

B xrh, xide = 7"fo1r(’0x1 xidg Z(lﬁn ® 1r) o (A7 '(+,0) x idR)) = W, xid; »
AeA

hence K, is a right-inverse of +. O

6.6.4 The Traces at the Corner

The trace from either the flat or the curved boundary to the corner I' x {0} ~ T’
cannot simply be obtained by applying r¢ and then -y, or vice versa, since these
operators are defined on spaces over the whole cylinder.

In the following, under the assumptions that I =10, 77 is finite and T" compact,
the trace operators ro r, yr will therefore be introduced (the subscript I' indicates
that we end up at the manifold ' x {0} ~ I"). We note that focus will not be on
optimality regarding the co-domains, since the purpose of this section merely is to
prepare for a discussion of compatibility conditions in connection with PDEs; and
from this point of view the interesting question is whether the following identity
holds in D/(T),

7oL © YU = v O ToU. (6.87)

Recall that when working with spaces on the boundary, the anisotropy and the
vector of integral exponents only have n entries. Since it is different entries that
need to be left out, depending on whether we are studying I" x I or €2, it will in the
following be convenient to use a” = (a1,...,an_1,a¢) as well as a’ = (a1, ..., a,);
and likewise for p’, p”. Moreover, (6.54) is a standing assumption on @, p.

We assume that s satisfies the inequality in (6.57) adapted to vectors of n
entries, i.e. for the trace from the curved boundary I" x I,

Q¢ aon
5>E+m_ngﬁﬁgg—%) (6.88)

and for the trace from the flat boundary €2,

ag ao
5> p—0+(n—1)(mfao). (6.89)

1"

Remark 6.45. When v € F;,’,?q (T' x J) for a compact interval J and s ful-
fils (6.88), then for each k € Fo,

Vxide € Cb(Ry, L1,10¢(B")).
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This follows if for every compact set K C B’, the map t — vz (-, ) is continuous
with values in L1 (K). In Theorem 6.28 we may, if necessary, change the partition
of unity (using some @ € CO (B') equalling 1 on K ) such that 1, =1 on k™ (K).

Then wnv,mdm 18 in F (B' x R), which because of (6.57) in view of (6.88) is
contained in Cp(Ry, Ll(B )) Hence vgxid, 15 in L1(K), continuously in time.

The Curved Boundary

For w € F " (I‘ x I) there exists a v € FS,,a (I‘ x J), where J D I is any compact
interval, such that rjv = w, cf. (6.76). By exploiting that v.xiq, is continuous
with respect to t, cf. Remark 6.45, we define for z € T,

ro,rw(x) = Z Vi () Vi xidg (K(2), 0) (6.90)

KEFo

with the understanding that the product ¢, (z)v.xia, (k(z),0) is defined to be 0
outside I';. On I',; the product is meaningful, since vy xid, is in Cp(R, L1 10c(B’)).
o "

The trace ro,r in (6.90) is independent of the chosen v € F;° (I' x J), since
for any two extensions vy, vo in this space, {/;K “TB/xIVjrxides J = 1,2, coincide on
B’ x I, hence by continuity also on B’ x {0}.

Moreover, the trace depends neither on the atlas nor on the subordinate par-
tition of unity. Indeed, considering another atlas F; with a subordinate partition
of unity 1 =37,z ¢x,, we have on I, cf. (6.12) for the atlas Fo U F7,

Zwmvnxdm 7 Z wn%alvm ><1d]R ’{1 250511}%1 Xidg Kfl( ) O)

K,R1

at
In the following theorem the co-domain of the trace is Bp0 or 0 (T"); the defini-
tion and properties of this space follow from Section 6.4.3, since it coincides with
an isotropic space in view of (6.54) and Lemma 6.3. Note that we have abbreviated
the (n — 1)-vector (ao,...,ap) to ag, and similarly for po.

Theorem 6.46. When a”,p” are as above with 0 < p’’ < oo and s satisfies (6.88),
then o is a bounded operator,

To,r : F;;/qu (F X I) — Bp0717t (F)

Proof. From Remark 6.45 we have that v, xid, is in Cp(R, Ly 10c(B’)), hence using
the bounded trace operator, cf. [29, Thm. 2.5] and (6.88),

=t ag

Fs/'a (Rn) - Bpomf (R™), (6.91)
it is readily seen that

YrUexidg (- 0) = 7B Y0,n€B xR (VrVkxidg )-
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Since Jnvm]dk e Fs,,a (B’ x R), we therefore have by (6.91) that vanxidm(-,O)

belongs to Bpo ;’f’ “(B'). Now Corollary 6.22 adapted to Besov spaces, cf. Sec-

_ar
tion 6.4.3, implies that rorw € Bpg 4t ().

To prove that r r is bounded, we use (6.23) to estimate || ro rw \Bpo S 0(F) 4,
where d := min(1, pg, p¢), by

Z H Py, © k1 .qzﬁvmxidm(m ok (- ’Bpo’pt 0(,%(1",i N FKI))Hd.

K,k1E€Fo

After a change of coordinates = +— rok] ' (x) and a slight restriction of the domain
to a suitable open subset W such that W C sy (I'x, NT), and finally multiplication
by a xx, € C§°(B’) where x,, =1 on supp 1;,{1, this can be estimated by, cf. [58,
4.2.2] for an s; large enough,

d ~
e 3 (3 lem o ni ) 1Eocl) e (G, v xias (0D ||

K,k1E€EFo  |a|<s1

Here || - || is the qua51 norm on Bpo,pt 0(IR"’l) and the constant ¢ contains
supyr| det J(k o k71)|? as a finite factor (J denotes the Jacobian matrix). Now
boundedness of 7o, in (6.91) gives

,a d ~ —s,a’’
||7'O Fw‘BpU Dt U(F)H <c Z Hwﬁlvl<&1><idne|Fp”,q(B/ XR)”d7
K1 EFo

hence taking the infimum over all admissible v (as we may since 7o r is independent
of the extension) proves that ro r is bounded. O

The Flat Boundary

In this section we consider the trace operator ~r, which simply is the trace at T’
of distributions defined on 2. In view of (6.87) and Theorem 6.36, the domain of

interest for vy is the unmixed Besov space E;Z?q (©), which according to Lemma 6.3
even equals an isotropic space, cf. (6.54).

The operator is defined by carrying over the definition and results for ~ in
Section 6.6.3. Indeed, we remove the time dependence and use the Besov space
result in [11, Thm. 1] for 49 ,. An embedding similar to (6.73) also holds in the
case of Besov spaces, cf. [11, Prop. 1] and (6.89), and Theorems 6.28 and 6.13
are replaced by the Besov versions, cf. Section 6.4.3, of Theorems 6.24 and 6.11
respectively. Recalling that the (n — 1)-vector (ao, ..., ao) is abbreviated ag, and
likewise for pg, this yields

Theorem 6.47. When o’ = (ag,...,a9) € [1,00[", p" = (po,-.-,p0) €]0,00["
and s satisfies (6.89), then yr is a bounded operator,

v By (Q) — Barao/voeo(T),
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We note that, as usual for Besov spaces, the sum exponent is not changed and,
moreover, a formula similar to the one in (6.90) for ro r holds for 4r. Le. for any

extension f of w € E;’/?q(Q), with (6.79)—(6.80) adapted to 4r for the f,, we have
when extension by 0 outside I',; is suppressed,

rw = Z Uy + fr 0 K. (6.92)

KEFo

Indeed, (X cr, ¥n - fu©K), = Duer Yn 0 K1 - frr = frr = (rw)s, for cach
k1 € Fp. This formula is convenient in a discussion of compatibility conditions,
cf. the next section.

6.6.5 Applications

Without proof, we now indicate, by merely adapting [18, Ch. 6] to the present
set-up, what the above considerations yield in a study of e.g. the heat equation.
That is, for A =02 + ...+ 02 we consider

Ou—Au=g in QxI, (6.93)
yu=¢ on I xI, (6.94)
rou =ug on  x {0}. (6.95)

Under the assumption that @ = (1,...,1,2) and § = (po, ..., po,pt) < 00, we
give in the theorem below necessary conditions for the existence of a solution w in

FE?(Q x I), when 7 and r¢ in (6.94), (6.95) make sense, i.e. when s fulfils the two
conditions

1
s> —+(n—1) (7 a0 - ao) + (— a - at) and
Po mln(17p07Q) mln(lﬁpOaptvq) (6 96)

1
> 2oa(- L)
pe i1, po)
Theorem 6.48. Let @, p and s fulfil the requirements above. When the boundary

value problem in (6.93)—(6.95) has a solution u € F;(Z(Q x I), then the data
(g, p,ug) necessarily satisfy

" 2

—s—2,da —s—-L.a 5" 3
€ly, (QxI), pek,, 0 (I'xI), wuy€ B, p(Q).
Moreover, for all | € Ny fulfilling both
1
Ne<s— —— = (n—1) (7) - 1) (6.97)

and

1 ag Qg
2l<s———n—1(_7—a)—(,——a), 6.98
Do ( ) min(1, po, q) 0 min(1, po, pt, q) ' ( )
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the data are compatible in the sense that

-1

ro.rdie = e (Alug + 3 Aro(9]~ ), (6.99)

j=0
which reduces to ro re = yrug for 1 =0 (the sum is void).

We note that the corrections containing the minima in (6.96) and (6.97)—(6.98)
amount to 0 in the classical case in which p, ¢ > 1.

Remark 6.49. In the construction of solutions to e.g. (6.93)—(6.95), it is well
known from [18, Thm. 6.3] that the problem for pg = 2 = p; is solvable, when the
data (g, ¢, up) are subjected to the compatibility conditions in (6.99). For general
Do, Pt @ first step could be to reduce to the case in which ¢ =0, ug = 0. This can
be achieved by combining the surjectivity of v in Theorem 6.44 with the support
preserving right-inverse Qq (of ro) analysed in Theorem 6.43.



CHAPTER [

Applications to the Heat Equation

In this chapter we apply the trace results from Chapter 6 to the boundary value
problem,

Ou—Au=g in QxI, (7.1)
yu=¢ on I'xI, (7.2)
rou =wup on  x {0}, (7.3)

where € is C° with compact boundary I' and I :=]0,T[, T < 0.
More precisely, we deduce necessary conditions for the existence of a solution
. —=s,d
win F5° (€2 x I), where

6:(1,...,1,2)7 ﬁ:(p(),...,po,pt)<007 (74)

and conclude with a few observations regarding sufficient conditions.

Grubb and Solonnikov [18] studied, as mentioned in Section 3.1, necessary
and sufficient conditions for the solvability of parabolic pseudo-differential boun-
dary value problems in the framework of Sobolev spaces with different smoothness
in space and time, but with Lo-integrability in all directions. Later Grubb [15]
generalised this to Ly-integrability for 1 < p < oo.

Both articles include a thorough discussion of compatibility conditions and
treat the question of higher regularity of solutions. It will, however, be too far-
reaching to review the results in [15, 18] in details due to the heavy machinery
involved.

As briefly mentioned in Section 1.1, Weidemaier was one of the first to study
inhomogeneous, parabolic boundary value problems in the set-up of different in-
tegrability properties in space and time.
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For second order parabolic equations of the form,

Oy — Z 0,0z, u =g in Qx I, (7.5)

i,j=1
where (a;;); ; is positive definite, he proved the following result:

Theorem 7.1 ([64, Thm. 1.3]). Let Q C R™ be bounded and C**¢ for some e > 0.
Assume that

(i
(ii) g € Ly(0,T;5 L,y(S2)),

) 1<p<g<oo, lJr%#Q,
)

(i) @ € Lg(0, 75 Wy~ P (D)) N Fy P 20,75 Ly (1)),
)
)

(iv) uo € B2 7(9),
(v) uo() = ¢(-,0) on T when%+%<2.

Then there exists a unique solution u € W;’ql(QT) to (7.5) with boundary condi-
tions (7.2)~(7.3). Moreover,

lu Wy (@ x DI < elp, ¢, T)(uo | + Lg [ + T2 [ ),

where the norms are those from the spaces in (ii)—(iv).

We refer to (3.1)—(3.2) and (3.4) for the function spaces used in the theorem.
Moreover, C**¢-domains are recalled in Definition 3.5, and the norm in (iii) can be
found in Theorem 3.1. In (iv) notation is chosen without bars as in [64], because
Weidemaier seemingly did not recall the definition of these spaces.

Denk, Hieber and Priiss [9] also worked on parabolic boundary problems with
inhomogeneous data in the mixed-norm framework. However, since their set-up
has many features, only the essence of their main results will be given here (using
our notation). Indeed, they studied equations of the type

Ou + A(t,z, D)u = g(t, x),

where A(t, z, D) is a differential operator of order 2m with coefficients taking values
in the space of bounded operators on a Banach space E. The equation is considered
together with similarly general boundary conditions, where the coefficients also
take values in this space.

Under the assumption that € is a connected C?™-domain with compact boun-
dary, they treated necessary and sufficient conditions for the existence and unique-
ness of a solution in W, (I; L, (Q; E)) N Ly(1; W2™(Q; E)). Among the conditions

are that ug € Bzm(1 1/p)(Q;E) and g € Ly(I; L,(%; E)) as well as compatibility
conditions on these data.
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7.1 Necessary Compatibility Properties

This section is based on [18, Ch. 6]; we merely concretise and adapt the general
arguments there to the case of integral exponent p instead of 2.

(7 2)—(7.3) the traces v, 7o are according to Theorems 6.44 and 6.36 defined
on F~ (Q x I) when

1 1 2
S S Y R ) QY
Po ( ) min(1, po, q) min(1, po, pt, q)

> 24 ( ! 1)
—+nl—— —1).
pe min(1, po)

From Lemma 5.3(i) and the above-mentioned theorems, it is clear that the data
must satisfy

(7.6)

5—2,8 —s—p—a”
Fy,@xI), pekl, o (I'xI), u€ Bp0 4 (Q) (7.7)
After application of 7y to u, one can apply the trace «r in Theorem 6.47, when
1 2 1
s>t == 1), 7.8
Po Dt ( ) min(1, po) (78)
Using (6.58), (6.92) for an arbitrary extension f of u, we obtain
Yr(rou) = vr(raf(z,0)) Z Y f(-,0) = f(-,0). (7.9)
KEFo

According to Theorem 6.46, the assumption on s in (7.8) also makes it well defined
to apply the trace ror to yu. This gives, cf. (6.80), (6.90),

ro,r (Yu) Z Ve f(-,0) = f(-,0), (7.10)
KEFo
thus
Yr(rou) = ro,r(yu). (7.11)

Analysing the compositions vr o rg, o r 0, it is obvious that

1 2

r(row), ror(yu) € By " ().

However, when s is sufficiently large, then (7.11) may be supplemented by
higher order compatibility properties involving e.g. time derivatives 0, | € N.
To prepare for a discussion of these, we first need to define 9. on distributions
v in D'(T" x I). Indeed, since it by Lemma 6.16 suffices to consider the atlas
{k xids}ker,, where Fy is defined just above Theorem 6.28, it is easily seen that
{0, xid; }ner, defines a distribution in D'(I" x I), which we denote dlv. Utilising
that the charts in Fj are just the identity in the time direction, it is straightforward
to verify that 0! is bounded,

s—a¢l,a’”

aﬁ-Fp,,q(er)%F,/ (T x I).
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As a further preparation, we also include

Lemma 7.2. The space rqxS(R™"1Y) is dense in E;Z(Q x I) for ¢ < 0.

This follows straightforwardly from the denseness of S(R"*1) in F;}’j(R"“),
cf. Lemma 4.5, and the continuity of rox; : Fg’g(R”H) — F;j(fl x I).

We now apply the distributional derivative 9 followed by 7o 1 to ¢, i.e.

ro,rdip = 0,08 (vu), (7.12)
for the [ € N satisfying
1 2 1
A< s——— — — n—l(.i—l), 7.13
Po Dt ( ) min(1, po) ( )

where we recall that 0, has weight 2, cf. (7.4).

In the following, we rewrite the expression on the right-hand side in (7.12) to
obtain a property involving only the data (g, ¢, up). The first step is to interchange
0! and v, which requires that y9lu is well defined, i.e.

1 1 2
PSS S YY (R ) N N S R
Do mm(1>p07Q) mln(17p07pt7q)
It is easily seen that the operators can be interchanged on rqx;S(R"*1), by ex-
ploiting that the effect of v on this space is simply restriction to the boundary, cf.
Section 6.6.3. Due to Lemma 7.2 as well as the continuity of 9! and v, it there-

fore also holds true on F;”; (€2 x I); in case ¢ = oo, we rely on the denseness of
—s—e,d

raxtS(R™ 1) in Fiz 7 (2 x 1), where € > 0 is chosen so small that ~ can still be
applied (possible since all inequalities are strict). Hence

Olyu = yolu.

Now the arguments in (7.9)—(7.10) are applied to diu instead of u, as we may
—s—2l,a

in view of (7.13)—(7.14) since Olu € Fg, " (2 x I). This gives

ro,r (Y9;u) = r (rodyu).
By induction, using that u solves the heat equation,

-1
Ofu=Au+> Ao~ "9 1eN,
j=0
and since a denseness argument as above gives that rg and A can be interchanged,
we obtain from (7.12) and the rewritings thereof,

-1
ro,rdip = r (Aluo + Z Aj?"o(ai_l_]g))-
=0
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These are properties involving only the data (g, ¢, up). Using matrix notation,
where the number of rows is the maximal [ satisfying (7.13)—(7.14), we have

0 0 —To,r YT
0 rro —ror0: A g

0| = |yrro(0r +A) —rordf ~ArAZ| | ¢ - (7.15)
. . . . Ug

From (7.15) it is immediately clear that the triples (g, ¢, up) having the com-
patibility properties form a closed, linear subspace. Moreover, e.g. ug only enters
via yrAFug, while ¢ only appears with its traces ro,pafcp at I' x {0}.

The above proves

Theorem 7.3. Let a,p fulfil (7.4). When the boundary value problem (7.1)—(7.3)
has a solution u in F;:;(Q x I) with (s,q) satisfying (7.6), then the data must be
specified as in (7.7).

Moreover, for all | € Ny satisfying both (7.13) and (7.14), the data (g, p, uo)
are compatible in the sense that

-1
7000 = r (Aluo +y Ajro(aéflﬂg))»
=0

which for 1 =0 reduces to (the sum is void)
To,r¥ = YrUo-

Comparing Theorem 7.1 and [9, Thm. 2.3] on one hand with Theorem 7.3 on the
other, it is clear that the latter offers more flexibilty when it comes to the function
spaces. Weidemaier’s and Denk, Hieber and Priiss’ results on the other hand work
for less regular domains; and in some respects give more complete answers to the
existence and uniqueness of solutions to the boundary value problems they studied.

7.2 On Sufficient Conditions

The purpose of this section is to reduce the problem of finding a solution u in

F;;L(Q x I) to (7.1)—(7.3) to a problem concerning a PDE with homogeneous
boundary conditions. In the following we shall for brevity denote the unit ball in
R™ by B and x := lRi' Moreover, we shall use the partition of unity 1 =, ¥x+1

on ) constructed in Section 6.4.4.
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We let s satisfy (7.6), (7.8) and assume for simplicity that s — @ - « for any
« # 0 fails to fulfil at least one of the conditions. Furthermore, we simplify to

DPo,Pt,q 2 17 (716)
hence, since @ - « > 1, the requirements on s reduce to
1 2 1 2
— 4+ —<s<—+—+1 (7.17)
Po Pt Po Pt

Furthermore, it is assumed that the data belong to the spaces given in (7.7) and
that o, ug are compatible, i.e. they satisfy (7.11).

In case we can prove the existence of a w € F;:; (€2 x I) such that yw = ¢ and

row = ug, then solving (7.1)—(7.3) reduces to finding a solution v € fg?(@ x I) to

Ov—Av=g— (0 —A)w in Qx1I, (7.18)
yv =10 on I' x I, (7.19)
rov =0 on Q x {0}, (7.20)

since v + w then solves (7.1)—(7.3). This homogeneous problem can probably be
studied using semigroup methods as in e.g. [64, Thm. 1.3] and [9]. However, due
to time constraints such a study has not been possible in this PhD project.

The surjectivity of v, cf. Theorem 6.44, gives the existence of a wy € F;:; (Qx1I)
such that yw; = ¢. In the following we construct

u e Fﬁgj(ﬂ x I) with v =0 and rou = ug — row; =: us. (7.21)

Then w can be taken as u + w;.

For such a u to even exist, we first note that u; and 0 are compatible. Indeed,
by repeating the calculations in (7.9)—(7.10) for w; instead of u and using (7.11),
we obtain

Yrur = rug — rorywr = 0. (7.22)

To construct u we first need an operator, which maps u; to an element of the
same Besov space, but over R", in such a way that the support is contained in €2:

Proposition 7.4. When 1 <p < oo, 0< ¢ < oo and
1 1
—<s<-—+1, (7.23)
p p
then for any u € E;,q(Q) with ypu = 0, the operator
Kou:=> ey, (xoX-af) + ¥ f, (7.24)
A
s well defined. Moreover, Kq is bounded,
Ko:{u€eB, (Q)|ywu=0}— B (R"),

and has the properties that raKou = u and supp Kqu C Q for such u.
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Before proving the proposition, we first recall a paramultiplication result:

Lemma 7.5 ([25, (2.55)]). When 0 < p,q < o0 and
1
max <7—1,7—n) <s < -, (7.25)
p p p
then x is a multiplier for By (R™).
The proof of Proposition 7.4 also utilises a characterisation of Besov spaces

involving all derivatives up to a certain order:

Lemma 7.6. Let 0 < p,q < oo and s € R. For any m € Ny,

we By (R") <= Y || D|By ™ (R")|| < oo (7.26)
la|<m

and the sum is an equivalent quasi-norm on By (R™).

Proof. For the implication from right to left we recall, cf. e.g. [17, (5.2)], that
1=(g)—2m Z|a|§m Cim.o&2%, hence using the lift operator in (6.24) gives

u=1_o9p Z Cm,aDzau-
la|<m
Now the lifting property in [57, 2.3.8] yields
lulB ll <c > Coal D**ulBy | < ¢ Y Crmall D*u|Bi"|| < oo
[a|<m |a|]<m

The other implication is trivial. O

We shall apply this lemma to x f, where f € B, (R") with 7o, f = 0. Hence

we must verify that x f and D, (xf) belong to B;;l(R”) for j =1,...,n. Since x

has a singularity at z,, = 0, the derivative for j = n is considered separately:

Lemma 7.7. Let 1 <p < oo and 0 < g < co. When
1 1
—-<s< —+41,
p p
then D, (xf) = xDa, [ in B;;l(R") for every f € B, ,(R"™) with v, f = 0.

Proof. The space § is dense in B, , by [29, Lem. 3.5] because p,q < oo, hence
there exists a sequence (fx)ren, C S converging to f in B, . Since multiplication
with x is readily seen to be continuous on L, and B, <> L,, we have that
limy 00 (xfx) = Xf in L. Thus by Leibniz’ rule we have in D',

Dy, (xf) = klggo (D2, X) fx + XD, [r)

] "o , (7.27)
= lim (= Tgn-1(2') @ 18o(2a) fi(2’,0) + XD, fi).
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The embedding B; ,(R") € C(R,D'(R*"')) and the continuity of the trace
Yon : By ,(R") — B;;l/p(R"_l), cf. [26, Thm. 1.4, resp. Thm. 1.1], yield,

lim fx(-,0) = lm vonfk = Yonf-
k—oo k— o0

By the assumption that vy ,f = 0 and the continuity of the tensor product in
the second entry (which without difficulty is seen from its definition, cf. e.g. [21,
Thm. 5.1.1]), the first term on the right-hand side in (7.27) therefore equals 0.

For the second term, Lemma 7.5 can be applied as D, fi € B;;Il(R"). Hence
we obtain D,, (xf) = XD, f in By '(R™). O

With the above three lemmas, we now give a

Proof of Proposition 7.4. Each term in (7.24) is treated separately. That the last
term ¢ f is in B, , follows from the same arguments as for ¢u in Theorem 6.43.

For the other terms, repeating the arguments for (6.71) gives
fr=ep((@rf)o A7) € By (R"). (7.28)

Now we use Lemma 7.6 with m = 1 to verify that x f\ € B, ,(R"). First the deriva-
tive D, (xfx) is treated by exploiting that ypu =0 1mphes (1/)>\f)o)\ 1(-,0) =0 on
{z € B |xn = 0}, cf. Section 6.6.4 and (6.79)—(6.80). Since supp )y o A~ C B, we
therefore have that vo,fx = 0, hence D, (xfr) belongs to B;;Jl by Lemma 7.7.

The other derivatives D, (xf), j = 1,...,n—1, are straightforward, because x
for fixed z,, is either 1dentlcally 0 or 1 and therefore D, (xfx) either equals 0 or
Dy, fx. Thus Lemma 7.5 yields that D, (xfx) = XDa:J fr € B ql, and it also
readily gives that x fy itself belongs to thls space, hence xfy € B 5.q follows from
Lemma 7.6.

By the isotropic Besov versions of Theorem 6.11 and Lemma 5.17, cf. Sec-
tion 6.4.3, this implies that the terms ey, (x o A - ¥\ f) in (7.24) are in B, ,. So
Kqu € B, ,(R"), and since A maps Uy N to BNRY we have

TszKQUZTsz((Zt/J,\—Fw)f) =u
)

whereas outside €2, Kqu is 0 due to the supports of x,x,9. This shows that
supp Kqu C Q and that Kqu is independent of the chosen extension f.

Boundedness of K¢, follows using once again the Besov versions of Lemma 5.17
and Theorem 6.11, which for d := min(1, ¢, p) yields,

| Kqu| By (R[4 < e lIx- (af o A By (B + [0 1By 4 (R™)]1%.
A

Since Ef,,q (B) is equipped with the quotient quasi-norm and x fx € B, ,(R"), each
term in the sum over A can be estimated by, cf. also Lemmas 7.6 and 7 5,

XA 1By g1 < e D7 XD fa By gHI* < ell fa 1By gl

laf<1
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Therefore the multiplication result [58, 4.2.2] for Besov spaces gives

I Kqu By I* < e 1 af 1By I F + 10 1By gll* < ell £1B; 1%,
A

hence taking the infimum over all admissible f (as we may, since K, is independent
of the extension) proves the boundedness of K. O

Finally, returning to (7.21), we verify that @ := rox;(QaKqu1) first of all

belongs to F;,’; (Qx I) and secondly fulfils the needed boundary conditions, namely
rou = u; and yu = 0. In our treatment of Qg it will be crucial that we have
Theorem 6.43.

Since u; is in E;mpt
and Theorem 6.43 that u € F];:;(Q x I). Moreover, the definition of ry in (6.58)

immediately implies, when choosing Qo Kqu; as the extension of u,

72/1”(9), it follows straightforwardly from Proposition 7.4

rou = ro(Kqui) = ug.

Also in the definition of ~, cf. (6.79)—(6.80), the extension QqKquy of u is
considered. Since yru; = 0 by (7.22), Proposition 7.4 and (6.70) yield the decisive
property that

supp Qo Kouy(,t) CQ forallt € R.

Hence Qo Kqui(A\~1(z),t) = 0 for x € B with x,, < 0, and by (6.73) it is therefore
also 0 on B’ ~ BN {z, = 0}. This shows that yu = 0.

To sum up, we have by the construction of % reduced the fully inhomogeneous
problem in (7.1)—(7.3) to the one in (7.18)—(7.20), where both boundary conditions
are homogeneous.






CHAPTER 8

Final Remarks

In this short chapter we draw attention to the PhD thesis [40] by S. Mayboroda,
since this is a recent, and to some extend related, work.

S. Mayboroda extended in her PhD thesis, cf. [40], results from [23], where
D. Jerison and C. Kenig studied the inhomogeneous Poisson equation on Lipschitz
domains with homogeneous Dirichlet boundary conditions. The focus in [40] was
well-posedness of this problem for inhomogeneous Dirichlet or Neumann boun-
dary conditions. To treat this question, she developed a trace theory in Lipschitz
domains, which will be briefly outlined below.

We refer to [40, Sec. 3.4] for a definition of Besov and Lizorkin-Triebel spaces
over the boundary of a Lipschitz domain and to (2.6) here for the spaces over a
Lipschitz domain. Using these definitions, Mayboroda proved

Theorem 8.1 ([40, Thm. 1.1.3]). Let Q C R™ be Lipschitz. When

0 < q< oo, L<p§oo and (n—l)max((l/p—l),0)<s<l,
n

then the restriction to the boundary extends to a linear, bounded operator

Tr: B P (0) - B3 (09),

b,q

which furthermore has a linear, bounded right-inverse.

The theorem contains a similar statement for Lizorkin—Triebel spaces (¢ = oo is
understood when p = c0), but in this case existence of a linear, bounded right-
inverse relies on an additional assumption on the parameters, cf. [40, (1.1.11)].

123
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Boundedness of Tr and that it is at all well defined was established there using
non-smooth atomic decompositions of Bj ,(R") and afterwards interpolation to
cover the whole range of parameters. The construction of a right-inverse was based
on Rychkov’s extension operator in (3.9) and so-called layer potentials associated
with 99, cf. [40, Sec. 2.3] for a short introduction to these.

In comparision, our proof of boundedness of v in Theorem 6.44, where 2 is C*°,
relies on the characterisation by kernels of local means in Theorem 4.24, while the
right-inverse is constructed using our mixed-norm version of Rychkov’s extension
operator and a right-inverse to the trace 7 ,, cf. Theorem 6.34, respectively (6.82).

The work of Mayboroda is not directly related to our work, since she treated
Lipschitz domains, whereas we focus on C'°°-domains. However, it indicates that
the development of a systematic trace theory in different contexts is of a wider
interest.
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