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DISTANCES IN GENERALIZED DOUBLE RINGS AND DEGRE THREE
CHORDAL RINGS

Jens M. Pedersen, Tahir M. Riaz and Ole B. Madsen
Center for Network Planning, Center for Tele InFrastructure, Aalborg University, Denmark

email:{jens,tahir,obm}@control.aau.dk

ABSTRACT
Generalized Double Rings (N2R) are compared to Degree
Three Chordal Rings (CR) in terms of average distance, di-
ameter,k-average distance andk-diameter. For each num-
ber of nodes, structures of each class are chosen to mini-
mize diameter and average distance, an approach which is
shown to result in all other parameters being either mini-
mized or nearly minimized. Average distance and diameter
are compared for all structures with up to 1000 nodes, and
k-average distances andk-diameters for all structures with
up to 400-900 nodes.N2R are shown to be superior with
regard to these parameters, especially for large structures.
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1 Introduction

When designing a network or parallel computing system,
interconnection topologies are important. Much research
has been conducted in order to compare different topolo-
gies, in particular for multiprocessor systems[1], but com-
parison parameters have been determined also for large-
scale communication networks[2]. Most of the compared
topologies contain nodes of degree four or more.

In general, it is important to keep the cost and thus the
node degrees as low as possible, and for communication
infrastructures this in particular so; nodes are often placed
in different physical locations, spread over large geograph-
ical areas. Not only node equipment but also digging is
costly and should be kept to a minimum, and a limited set
of potential ducts such as roads often limit the number of
possible physical paths. Therefore it is not surprising that
most communication infrastructures have until now been
based on trees and rings. Trees offer no redundancy, while
rings offer connectivity in case of any one arbitrary failure.
Unfortunately, two failures will split the network, and even
a single failure leads to notably larger distances and thus
higher transmission delays and traffic load. Currently, the
convergence of communications is leading to an increas-
ing dependency on the Internet[3], a trend supported by
the fact that a large number of applications are being de-
veloped requiring both Quality of Service and reliability.
These include home automation[4], tele operations[5] and
tele robotics[6]. These needs for reliability can to some

extent be satisfied by using wireless back-up as a supple-
ment to Fiber To The Home solutions for the last mile
access networks[7], but there is an urgent need for de-
veloping more robust topologies for the higher layers, in
particular local and regional backbones. In order to in-
crease reliability while keeping the costs down, 3-regular3-
connected topologies are interesting. They have the small-
est possible node degree, while still providing connectivity
in case of any two independent failures. Double rings[8]
are simple 3-regular 3-connected topologies, which offer
easy routing, restoration and protection schemes, but suffer
from large distances. Two alternative classes of 3-regular
3-connected topologies are the Generalized Double Rings
also known asN2R[8], which is a subset of the Gener-
alized Petersen Graphs[9], and the Degree Three Chordal
Rings, e.g. [1][10] (for simplicity we writeN2R andCR

throughout the paper).CR andN2R share many proper-
ties: in addition to being 3-regular and 3-connected they
are not in general planar, they can be expanded in similar
ways and they have fairly short diameters[11]. However,
there are also a few important differences:CR are node
symmetric, whileN2R contain either one or two classes
of nodes with symmetry within each class. Another differ-
ence is thatCR are based on one main ring whileN2R

are based on two main rings. Since they perform compa-
rable with regard to those quantitative and qualitative pa-
rameters, the distances are important when selecting which
topology should be used for some network or parallel com-
puting system. In this paper, we compare the two classes
of structures with regard to a number of different distance
parameters. The results apply to physical as well as logical
level networks, making them interesting in a broad context.

2 Preliminaries

A structure is a set of nodes and a set of lines, where each
line interconnects two nodes. Lines are bi-directional, so
if a pair of nodes(u, v) is connected, so is(v, u). A
structure can be considered a model of a network, ab-
stracting from specific physical conditions such as node
equipment, media and wiring, and the definition is sim-
ilar to that of a simple graph: a path between two dis-
tinct nodesu and v is a sequence of nodes and lines:
(u = u0), e1, u1, e2, u2, . . . , un−1, en, (un = v), such that
every lineei connects the nodesui−1 andui. The length
of a path equals the number of lines it contains, so in the



Figure 1.N2R(11; 3) andCR(12; 3)

case above the path is of lengthn. The distance between a
pair of distinct nodes(u, v) equals the length of the shortest
path between them and is writtend(u, v). This paper con-
siders only connected structures, i.e. between every pair
of distinct nodes there exists a path. Two paths between a
pair of nodes(u, v) are said to be independent if they share
no lines or nodes except foru andv, and a set of paths is
said to be independent if the paths are pair wise indepen-
dent. The size of a structure equals the number of nodes it
contains.

N2R structures are defined as follows. Letp andq be
positive integers, such thatp ≥ 3, q < p

2 andgcd(p, q) = 1.
p andq then define a structureN2R(p; q), which consists
of two rings, an outer ring and an inner ring, each con-
taining p nodes. The nodes of the outer ring are labeled
o0, o1, . . . , op−1 and the nodes of the inner ring labeled
i0, i1, . . . , ip−1. Thus, it contains2p nodes. For eachi
such that0 ≤ i ≤ p − 1 there exists a line between each of
the following pairs of nodes:

• (oi, oi+1(mod p)) (lines of the outer ring)

• (ii, ii+q(mod p)) (lines of the inner ring)

• (oi, ii) (lines connecting the two rings)

The classical double ring with2p nodes obviously corre-
sponds toN2R(p; 1). An example of aN2R is shown in
Figure 1. One more restriction toq givenp applies through-
out the paper: givenp, let q1 < q2 fulfill for i = 1, 2
thatqi < p

2 andgcd(qi, p) = 1. ThenN2R(p; q1) is iso-
morphic toN2R(p; q2) if q1q2 = 1(mod p) or q1q2 =
p − 1(mod p). For such two isomorphic structuresq2 is
discarded and onlyq1 considered a permitted value.

CR structures are defined as follows. Letw be an
even integer such thatw ≥ 6, and lets be an odd integer,
such that3 ≤ s ≤ w

2 . w ands then defineCR(w, s) with
w nodes labeledu0, . . . , uw−1. For 0 ≤ i ≤ w − 1 there
exists a line between each of the following pairs of nodes:

• (ui, ui+1(mod w))

• (ui, ui+s(mod w)), for i even.

An example of aCR is shown in Figure 1.

2.1 Evaluation parameters

Widely used distance measures for network topologies are
average distance and diameter, indicating transmission de-
lays as well as traffic load[2].

• Average distance: The average ofd(u, v) taken over
all pairs of distinct nodes.

• Diameter: The maximum ofd(u, v) taken over all
pairs of distinct nodes.

For real-time applications where even short transmis-
sion outages are not acceptable, protection schemes are
used. For this,k paths are established when the connec-
tion is set up. Traffic can be sent simultaneously along all
thesek paths, or along only one path, keeping the lastk−1
path(s) ready for immediate use whenever a failure is de-
tected. In both cases, long restoration times are avoided.
Thek-measuresk-average distance andk-diameter reflect
the considerations of average distance and diameter:

• k-average distance: For every pair of distinct nodes
(u, v), k independent paths betweenu andv are con-
structed such that the sum of the lengths of these paths
is smallest possible. Thek-average distance is the av-
erage of these sums over all pairs of distinct nodes.

• k-diameter: For every pair of distinct nodes(u, v) k

independent paths betweenu and v are constructed
such that the longest of these paths is shortest possible.
The k-diameter is the maximum over the lengths of
these longest paths, over all pairs of distinct nodes.

Since bothN2R andCR are 3-regular, these parame-
ters are considered fork = 2, 3. 1-average distance and
1-diameter equal average distance and diameter. Where
not confusing, we will simply writek-average instead of
k-average distance.

3 Methods

The first step is to determine which structures to compare.
In order to facilitate a comparison it is desirable to have
only oneN2R and oneCR of a given size, or a limited
number with parameters close to each other. This is espe-
cially so for general-purposenetworks where more parame-
ters are used for selection; assume that a network structure
is to be chosen, which should have short average distance
and diameter. It is little interesting if one structure performs
well with regard to average distance and another structure
belonging to the same class performs well with regard to
diameter, if no structure of that class perform satisfactory
with regard to both. For bothCR andN2R there can exist
several structures of the same size. ForN2R a policy was
introduced for selectingq givenp[12]:

• Select the values ofq such that the diameter is mini-
mum.

• Among those values ofq, select those such that the
average distance is smallest possible.

It was shown forp ≤ 2000 that this leads to struc-
tures, which are close to optimal with regard to average
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Figure 2. The difference between minimum average dis-
tances and minimum average distances when diameters are
minimized.

distance, and forp ≤ 82 they were also shown to be op-
timal or close to optimal fork-averages andk-diameters.
k-averages andk-diameters were not evaluated for larger
structures. In this paper, we evaluate the same selec-
tion policy for CR and compare it to the related policy,
where average distance is minimized first, ands then cho-
sen among these possible values to minimize the diame-
ter. For average distance and diameter, this comparison is
performed for all structures withw ≤ 1000. Average dis-
tances and diameters are determined by simply calculating
these values for all structures, using standard shortest-path
algorithms and making use of the symmetries. Since no
efficient algorithms are known for determiningk-average
and k-diameter, they are calculated using brute-force al-
gorithms. Therefore, the policies were only evaluated for
w ≤ 100 with regard to those parameters. Since the poli-
cies result in the same structures forw ≤ 100, no policy
comparison were made here.

Based on the results obtained, the policy of selecting
first diameter and then average distance is used in the rest
of the paper, providing a base for comparison of all para-
meters. First, diameter and average distance are compared.
Due to the selection policy, for each number of nodes all
selected structures within each class have the same aver-
age distance and diameter. The results are derived from the
calculations carried out in order to compare the selection
policies.

For thek-measures, the parameters can be determined
for significantly larger structures if they are calculated only
for good values ofq ands rather than for all permitted val-
ues. This also reduces the number of structures for which
thek-measures are evaluated. Therefore, they are for each
value ofp or w determined only for the values ofq or s de-
termined by the selection policy. While it is not guaranteed
for anyk-measure that the minimum value is obtained, any
other choice would imply a trade-off between average dis-
tance/diameter and one or morek-measures. For general
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Figure 3. The difference between minimum diameters
and minimum diameters when average distances are mini-
mized. In these 64 cases, the diameter is either 1 or 2 higher
than minimum.

purpose networks, average distance and diameter would
in many cases be considered most important, and the pre-
sented selection policy therefore used anyway. Given this
selection, 2-average, 3-average, 2-diameter and 3-diameter
were evaluated for structures with up to 900, 500, 800 and
400 nodes respectively. In some cases multipleN2R and
CR exist for each number of nodes, but as thek-measures
for these structures turn out to be close to each other, no
further selection is done.

4 Results

4.1 Selection policies for CR

4.1.1 Average distance and diameter

Two approaches were evaluated for choosings given w.
In the first approach, for every value ofw, all values of
s minimizing the diameter are selected, and among these,
s is chosen to minimize average distance. In the second
approach all values ofs minimizing the average distance
are selected, and among these, the values resulting in the
smallest diameter are selected.

In 434 of the 498 cases, there exist structures mini-
mizing both average distance and diameter. Figures 2-3 il-
lustrate the resulting average distances and diameters com-
pared to the optimal values in the remaining 64 cases. With
minimized diameters, the average distances are on average
over these 64 cases 0.27% higher than minimum, and with
minimized average distances, the diameters are on average
4.90% higher. Over all 498 cases the differences are on
average 0.035% and 0.63%. We choose to use the first ap-
proach for our studies, but both nearly minimize the para-
meters.
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Figure 4. 2-average and 3-average compared to minimum
values in the 12 respectively 10 cases when they are not al-
ways minimized. wc indicates that some but not all choices
of s minimize the parameter.

4.1.2 k-average and k-diameter

We evaluate to what extent the optimalk-average andk-
diameter is obtained when for each value ofw, the values
of s are selected using the chosen selection policy. This is
done for6 ≤ w ≤ 100, a total of 48 values. For 31 of these,
all chosen values ofs minimized all parameters, and for
additionally 5 values ofw, at least one of the chosen values
of s minimizes all parameters. In the remaining cases, the
choices ofs result in structures, which are close to minimal
as can be seen in Figures 4-5. They show how much larger
thek-measures are for the selected values ofs compared to
minimum values. Only values ofw ands not minimizing
the respective parameters are shown; if forw some but not
all selected values ofs minimize a parameter, the values
not minimizings are marked wc (for worst-case).

Over all 48 values ofw, the 2-average is on average
0.19% higher than the minimum values in the best-case and
0.25% higher in the worst-case. For the 3-average the cor-
responding values are 0.027% and 0.091%. For 2-diameter
the values are 0.52% and 1.48%, and for 3-diameter 0.84%
and 1.10%. Forw = 60, the 3-diameter is 2 higher than
the minimum value, but in all other cases the difference in
k-diameter does not exceed one. We conclude that the pro-
posed selection policy nearly minimizes thek-measures,
and so this approach can be used. Through the rest of the
paper, when referring toCR andN2R structures, they are
implicitly assumed to be selected in this manner.

4.2 Comparison of N2R and CR

4.2.1 Average distance and diameter

In generalN2R have lower average distances and diam-
eters thanCR, as can be seen in Figures 6-7. For small
structures the differences are limited, and in 2 cases (12 and
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Figure 5. 2-diameter and 3-diameter compared to mini-
mum values in the 4 respectively 4 cases when they are
not always minimized. wc indicates that some but not all
choices ofs minimize the parameter.
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Figure 8. 2-average ofN2R andCR.
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Figure 9. 3-average ofN2R andCR.

20 nodes),CR are better thanN2R with regard to both
average distance and diameter. In all other cases,N2R

are better than or equal toCR with regard to both parame-
ters. The differences generally increase with the size of the
structures, but are significant even for some rather small
structures. For example, average distances and diameters
of N2R(25; 7) andCR(50; 9), both minimizing both para-
meters within each class of structures, are 3.49 respectively
5 for the former and 3.94 respectively 7 for the latter. For
N2R(400; 91)andCR(800; 109) the average distances are
10.9 respectively 15.5, and the diameters 17 respectively
25. Thus, usingN2R instead ofCR in these cases reduces
the average distance by 29.4% and the diameter by 32.0%.

4.2.2 k-average and k-diameter

Figures 8-11 show thek-averages andk-diameters of all
selectedCR compared to all selectedN2R. The chosen
selection policy can result in several different structures of
the same size, in which case they are all shown in the plots.
Forw ≤ 900 there are on average 1.91CR and 1.23N2R

 0

 5

 10

 15

 20

 25

 30

 0  100  200  300  400  500  600  700  800

2-
di

am
et

er

Number of nodes

 CR
 N2R

Figure 10. 2-diameters ofN2R andCR.
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Figure 11. 3-diameters ofN2R andCR.

for each number of nodes, but thek-measures only differ
slightly. Over all considered values ofw andp, the maxi-
mum k-measures are on average 0.0078% - 0.17% larger
than the minimum forCR and 0.0024%-0.078% larger
than the minimum forN2R. The highest differences are
found for thek-diameters.

N2R structures are in general superior with respect
to all four parameters. For all structures with 44 or more
nodes,N2R are better thanCR in terms of at least one pa-
rameter, and equal to or better thanCR with respect to all
parameters. For structures with fewer than 44 nodes, the
picture is more mixed, and the differences generally small:
in 8 casesN2R are better with regard to at least one pa-
rameter and better than or equal with regard to all other
parameters. In 2 casesN2R andCR are equal in terms
of all parameters, and in 7 casesN2R are best with regard
to some parameters andCR best with regard to others. 2
cases remain. In each of these there exist oneN2R but
multipleCR. Forw = 32, s = 13 implies that all parame-
ters are equal, while fors = 7 ands = 9 CR have slightly
lower 2-average thanN2R. This choice does not affect the



other parameters. Forw = 40, CR(40; 9) has the same
2-average asN2R, but is better in terms of all other pa-
rameters.CR(40; 11) has 2-average slightly higher, but is
also superior to theN2R in terms of all other parameters.

As for the average distance and diameter, the differ-
ences increase with the size of the structures. For 400
nodes,CR(400; 47) andN2R(200; 19) minimize both av-
erage distance and diameter within each class of structures.
CR has 2-average 23.72, 3-average 39.5, 2-diameter 18
and 3-diameter 20. The corresponding values forN2R are
17.56, 30.2, 14 and 15. Thus, choosingN2R instead of
CR in this case reduces the parameters by 26.0%, 23.6%,
22.2% and 25.0% respectively.

5 Conclusion and Discussion

Two important results were obtained. First, a policy for se-
lecting the best Degree Three Chordal Rings (CR) given
the number of nodes was devised and evaluated. It was
shown that selectings to minimize diameter and to the
largest possible extent also average distance leads to struc-
tures, which are close to optimal with regard to average
distance,k-average distance andk-diameter,k = 1, 2. This
selection policy facilitates the comparison ofCR to other
structures, and this was applied to obtain the most interest-
ing result, namely the comparison ofCR to Generalized
Double Rings(N2R), which share many properties with
CR. As the selection policy was previously shown to be
good also forN2R, they are selected in the same way.

Average distance and diameter were compared for
structures with up to 1000 nodes. For 2 small structures,
CR performed better thanN2R with regard to both of
these parameters, but for large structuresN2R performed
considerably better thanCR. For structures with 800 nodes
the average distance ofN2R is 29.4% and the diameter
32.0% lower than forCR. 2-average distance, 3-average
distance, 2-diameter and 3-diameter were calculated for
all structures with up to 900, 500, 800 and 400 nodes re-
spectively. For structures with less than 44 nodes, the dif-
ferences betweenN2R andCR were small, even though
N2R generally performed better thanCR. For structures
with 44 or more nodes,N2R performed better in all cases,
with the differences between each of the four parameters
generally increasing with the size of the structures. For in-
stance, for structures with 400 nodes the four parameters
are 22.2-26.0% lower forN2R than forCR.

UsingN2R instead ofCR in logical or physical net-
works may require more careful planning because simple
rings are so easily extended toCR, but if this careful plan-
ning is done, the perspectives are promising and facili-
tate the design of networks with shorter distances and thus
shorter transmission delays as well as lower traffic loads.
While our results indicate thatN2R are superior toCR,
it must also be taken into consideration thatCR are more
extensively studied with regard to routing and transmission
abilities. Therefore, we would like to encourage further re-
search to deal with these aspects ofN2R.
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