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ON L BOUNDEDNESS OF WAVE OPERATORS FOR FOUR
DIMENSIONAL SCHRODINGER OPERATORS WITH
THRESHOLD SINGULARITIES

ARNE JENSEN anp KENJI YAJIMA

ABSTRACT

Let H = —A + V(z) be a Schrédinger operator on L2(R*), Hy = —A. Assume that |V (z)| +
[VV(x)| < C{x)~% for some § > 8. Let Wi = s-limy— 4o, € e~ Ho be the wave operators. It
is known that W4 extend to bounded operators in L?(R#%) for all 1 < p < oo, if 0 is neither an
eigenvalue nor a resonance of H. We show that if 0 is an eigenvalue, but not a resonance of H,
then the W are still bounded in LP(R?) for all p such that 4/3 < p < 4.

1. Introduction

Let V(z) be a real-valued function satisfying [V (z)| < C(z)~° for some § > 2,
where as usual () = (1 4 |2|?)'/2. Then it is well known that the Schrédinger
operator H = —A + V on the Hilbert space H = L2(R™), m > 1, is selfadjoint
with domain D(H) = H?(R™), the Sobolev space of order 2, and C§°(R™) is a
core. The spectrum o(H) of H consists of an absolutely continuous part [0, c0), and
at most a finite number of non-positive eigenvalues {A;} of finite multiplicities. The
singular continuous spectrum and positive eigenvalues are absent from o(H). We
denote the point, the continuous, and the absolutely continuous subspaces for H by
Hp,, He, and H,e, respectively, and the orthogonal projections onto the respective
subspaces by P,, P. and P,.. We have Hyc = He and Py = Pe. Hy = —A is the
free Schrodinger operator. The wave operators W are defined by the strong limits
in 'H:

Wy = s-lim e"He~iHo
t—+too
exist and are complete in the sense that Image Wi = H,.. They satisfy the so called
intertwining property, and the continuous part of H is unitarily equivalent to Hy
via Wy : For Borel functions f on R, we have

J(H)Pac(H) = Wy f(Ho)WZ. (1.1)

It follows that the mapping properties of f(H)Pa.(H) may be deduced from those
of f(Hp), once the corresponding properties of W are known.

The mapping properties of W, have been studied for some time, and the fol-
lowing results have been proved under various smoothness and decay at infinity
assumptions on V, see [14, 15, 16, 13, 1, 3, 18, 5]. We say that 0 is a resonance
of H, if there is a solution ¢(z) of (—A + V(x))p(x) = 0, such that |p(z)| <
Cmin{1, (z)*>"™}, but ¢ ¢ H, and that H is of generic type, if 0 is neither an
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2 ARNE JENSEN AND KENJI YAJIMA

eigenvalue nor a resonance of H, otherwise H is said to be of exceptional type.
Note that there is no zero resonance, if m > 5.
(a) If H is of generic type, the W, are bounded in LP(R™) for all 1 < p < oo,
ifm>3,and forall 1 <p<oo,ifm=1orm=2.
(b) If H is of exceptional type, the W are bounded in LP(R™) for all p between

T and M5 if m>5orm=3,and for all 1 <p < oo, if m=1.

2
Moreover, when H is of exceptional type, the W are not bounded in LP(R™), if
p>m/2and m > 5, or if p > 3 and m = 3. This can be deduced from the results
on the decay in time property of the propagator e =¥ P, in the weighted L? spaces
[11, 7], or in LP spaces [4, 17]. We believe the same is true for p’s on the other side
of the interval given in (b), viz. 1 <p < m/(m—2)if m >5and 1 <p < 3/2if
m = 3, though the proof is missing.

In the case when m = 2 or m = 4, and if 0 is a resonance of H, then the results
of [11] and [7] mentioned above imply that the W4 are not bounded in LP(R™)
for p > 2 and, though proof is missing, we believe that this is the case for all p’s
except p = 2. In this paper we show, however, when m = 4, if 0 is a pure eigenvalue
of H, and not a resonance, the Wy are bounded in LP(R?) for 4/3 < p < 4.

THEOREM 1.1. Let |V (x)| +|VV(z)| < C(:r)ﬂ; for some § > 8. Suppose that
0 is an eigenvalue of H, but not a resonance. Then the W1 extend to bounded
operators in the Sobolev spaces W*P(R?) for any 0 < k < 2 and 4/3 < p < 4:

IWetllwres < Cyllullwrs, e WEP(RY) N LARY). (1.2)

Again, the results [11, 7] imply that the Wy are unbounded in L? for p > 4
under the assumptions in the theorem, and we believe that this is the case also for
1 <p < 4/3, though we do not have proofs.

When f()\) = e, (1.1) and (1.2) imply the so called LP-L9 estimates for the
propagator of the corresponding time dependent Schrodinger equations. The norm
||l Lo (rmy is often abbreviated as ||u|,.

THEOREM 1.2. Let V be as in Theorem 1.1. Then for any p and q such that
4/3 < ¢<2<p<4,and such that 1/p+1/q =1,

— 4_
e tHPcqu < Cp‘ﬂp 2||u||q, (1.3)

for a constant C), depending only on p.

For four dimensional Schrédinger operators H of generic type the estimate (1.3)
has been proved for all 1 < ¢ < 2 < p < oo with 1/p+ 1/q = 1, via the LP-
boundedness of the wave operators ([15]), however, for H of exceptional type, this
is a new result.

The intertwining property (1.1) and the boundedness results (1.2) may be applied
to various other functions f(H)P,. and can provide useful estimates. We shall not
pursue this direction here and proceed directly to the proof of Theorem 1.1. We
prove Theorem 1.1 only for W_, which we denote by W for brevity. We shall mainly
discuss the LP boundedness, since the extension to Sobolev spaces is immediate, as
in the last section of [18].

We write H, = L*(R™, (z)*dz) for the weighted L2 spaces, R(z) = (H — z)~*
and Ro(z) = (Ho — z)~! for the resolvents. We parametrize z € C \ [0,00) by
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z =M\ with A € C* = {z € C: Imz > 0} and define G(\) = R(\?) and Go()\) =
Ro(A\?) for A € CT. They are B(H)-valued meromorphic functions of A € C*, and
the limiting absorption principle asserts that G(A) and Go(A), when considered
as functions with values in B(H,, H_,), o > %, have continuous extentions to
c’ \ {0}, c = {2z : Im z > 0} being the closure of C*.

The proof of the theorem is based on the stationary representation of wave
operators, which expresses W via boundary values of the resolvents, see [9, 10]:

1 o0

W —u— - J GOV (Go(N) — Go(—N))ud, (1.4)
™ Jo

where the integral _fgo -+ +d\ should be understood as the strong limit of Jjo ceedA

in L2(R*) as € | 0. As in [18], we decompose W into the high and the low energy

parts,

W =Ws +W. =WVU(Hp)? + We(Hy)?,
by using cut off functions ®(\) and ¥(A), such that
P2+ T(N)2 =1, ®(\?) =1lnear \=0, ®(\?) =0 for [\ > Ao,

for a small constant Ao > 0 to be specified below.

Singularities at zero energy are irrelevant to the high energy behavior of the
resolvent, and the following theorem has been proved in [18, Section 3.3], also for
dimension four. We define the Fourier transform Fu(£) = 4(&) by

1

Fu(§) = @t JR4 e~ "y(z)dx.

PRrROPOSITION 1.3. Let V satisfy
F((z)*V) € L3(RY)  for some o > 2, (1.5)

and, in addition, |V (z)| < C(x)ﬂs for some § > 6. Let ¥(\) € C*(R) be such
that W(A\?) = 0 for |A\| < Ao for some \g. Then W+ is bounded in LP(R*) for all
1<p<oo

Since [|aflz < Cllullai(ws), (1.5) is satisfied by V' of Theorem 1.1, and W is
bounded in LP(R*) for all 1 < p < co. Thus we only have to study the low energy
part W. = W®(Hy)?. By using the intertwining property, we may write W in the
following form:

1 [ ~
O(H)®(Ho) — EJ B(H)GN)V (Go(A) — Go(—A))®(Ho)B(A) AdA,
0
where ® € C5°(R) satisfies ®(A\?)®(\) = ®(\2). It is obvious that ®(H) is a
convolution with a function in S(R?*), and it is well known (see [15]) that the
integral kernel of ®(H) is bounded by Cy(z — y)~ for any N. Hence ®(H) and
®(Hy) are bounded in LP(R?) for all 1 < p < oo, and we only need to deal with
the operator defined by the integral
W= | BIGOW (GolY) ~ Gol-2) (Ha) () AdA
0

- ro S(H)Go(MV (1 + Go(MV) ™ (Go(A) — Go(—A)) D(Ho)B(X) AdA.
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2. Preliminaries

We collect here some well known results, which will be used in the following
sections. We define operators 1, Qs, ... by

Ot = L | (GoOIV)" (G~ Gol-A)uddA

such that we have at least formally that W =1 — Q; + Qg — ---. The following
lemma is proved for any dimension m > 3. We let m, = m—:;

LEMMA 2.1 [14]. Leto > 1/m., k=0,1,...,and 1 < p < co. Then there exists
a constant C), > 0, which is independent of p, such that

[2ullwer < Ce 3 IF (@ 0V e oy o, (2.1)
la|<k
I@ulrs < C2 (30 IF (R 0V ey Telhwen, n=2,...
lal<k

m(m—23)

rr@®m) < Ol fllar@my, if v > Sim—1) (2.1) implies
120ull 3 gy < CH@V I @y lull o ra)- (2:2)

Since || f|

Since the integral operator may be written in the form
Ku(e) = [K @, y)uty)dy = [ (oo~ y)ute - y)dy = [, @), (o),

where K, () is multiplication by K (x, z—y), and 7, is translation by y, the estimate
(2.2) implies the following result, see [15].

COROLLARY 2.2. Let K be an integral operator with kernel K (x,y) satisfying
1Kl = | 10)7 K o= ) sy < o0 (23)

for some o > 2/3. Then the operator Q(K) defined by

1 o0
QK)u = —J Go(N)K (Go(A) — Go(—A))u AdA
T 0
is bounded in LP(R*) for all 1 < p < co. Moreover,
1K) IB(Lr) < CIK]F,, 1<p<oo,

where the constant C' is independent of p.

DEFINITION 2.3. We say that an operator-valued function E()) defined for
A € (0,\g), and acting on functions on R*, is moderate, if the following condition
is satisfied for a sufficiently small € > 0, and some integer N : For all integers «, 3,7,

with 0 < a+ B+~ < 3, the function X — (z)> TP E@ (X\)(2)?T7 is B(H)-valued
continuous on (0, \g) and satisfies

1) BO ) (@) [m ey < CINP (log ). (2.4)
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DEFINITION 2.4. We say that the integral kernel K(z,y) is admissible, if

supJ |K(x,y)|dy+supj | K (z,y)|dz < oo. (2.5)
z JR4 y JR4

It is a well known fact, due to Schur, that integral operators with admissible
kernels are bounded in LP for any 1 < p < cc.

LEMMA 2.5. Suppose that the operator-valued function E(A) defined on (0, Ao)
is moderate, ®(X\*) € C§°(R) is supported in (—Xo, Ao), and ® € C§°(R) satisfies
®(\2)®(N\) = ®(A\2). Then the operator defined by

= | BH)GANEN) (GoN) ~ Go~X) 2(Ha)B(AuAdX
0
has an admissible integral kernel.

Proof. Write ®(x,y) and ®¢(z,y) for the integral kernels of ®(H) and ®(H)),
respectively, and define Q4 (x,y) by

Qi (z,y) = J:o MENGo(EN o (- y), Go(=A)®(-,2)) B(A)dA. (2.6)

Then Lemma 4.3 of [5] implies that Q4 (z,y) are continuous functions, and that
the integral kernel of € is given by Q4 (z,y) — Q_(z,y). We define

Go(\, - y) = e GNP (-, y), Gor(A, - z) = e~ AM2IGoN)D(-, z), (2.7)
Fi ()‘7 z, y) = /\<E()‘)G0l(i>‘a ) y)7 GOT()\7 ) x)>é()‘)> (28)

and we write (2.6) in the form

Qy(z,y) = J MWDy (X 2, y)d. (2.9)
0
We use the following lemma, which is Lemma 4.4 of [5]. It holds for all m > 4.
We recall from [5] that, for a Banach space-valued function, f € cf (R), 6>0an
integer, means that f is of class C®~! on R, of class C? outside 0 and it satisfies
1PN < Cllog A)N for constants C' > 0 and N > 0, A # 0. Here £ is the 3-th
derivative of f.

LEMMA 2.6. Let v > %, let 3 > 0 be an integer, and let x,y € R™. Then we
have the following results.
(1) As H-valued functions of A\, (- P=7Gy (), -, y) and (-)"P=7Gy, (A, -, x) are of
class CP(R) for 0 < 8 < m — 3, of class C2(R) for 3 = m — 2, and of class
CP(R\ {0}) for any B> m — 1.
(2) For0 < 8 <m-3, G(()?)()\, z,y) Is continuous with respect to A > 0 and satisfies
the estimate
<Z>ﬁ1

(8)
|G, (0,2,9)| < C Z W

B1+pB2=p
(3) Let 0 < \p < 1/2. For any 0 < 3 and € > 0, we have

(2.10)

_m

107726 Oyl < OO ) T o< p < (210)
(4) With obvious modifications Gor (A, z, z) satisfies (2.11) and (2.10).
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_ We continue the proof of Lemma 2.5. Define E()\) = AE()). It is obvious that
E()\) satisfies (2.4) with C|A]2~1*l(log \) in place of C|)\|>~ 1%/ (log \)V on the right.
We have
(E@ NG (EA. - 9), GE A o) < (@) 2B () () g
X026 A I ER O a)

It follows by virtue of Lemma 2.6 that Fy (), z,y) are of class C® with respect to A
on (0, \g), and they satisfies

IFD (A, )| < O (log )N (@) "2 (1) "%, j=0,1,2,
3 3
2 2

IFY (2, y)] < Cllog WY ()2 (y) 2.

It follows that |Q4(x,y)| < C’(:J:)fg (y)fg and for |z| # |y|, we have by integration
by parts with respect to A\ that

_ 1 - ix(|z]£ly]) 7(3)
_3 _3
Clz) 2(y) *
|l = [yl]?

Hence |Q4(z,y)| < C(x>_%<y)_%<|w| + |y[)~® and the Qi (z,y) are admissible
integral kernels. [l

3. Low energy asymptotics
We write Dy = Go(0) and, for 0 < s < ¢, define
N={ueH_s:(1+DoV)u=0}.

It is well known that DyV is a compact operator in H,, the space N is finite
dimensional, and independent of s for 0 < s < ¢ (assuming at least § > 2), see
for example [7]. —(Vu,u) defines an inner product of A/, such that if {p; : j =
1,...,d} is an orthonormal basis of N with respect to this inner product, then Q =
— ijl |p;)(Vp;| is the spectral projection of DoV associated with the eigenvalue
—1. All p € N satisfy the Schrodinger equation —A¢ + V¢ = 0 in the sense of
distributions, and ¢ € L2(R*), if and only if

JV(z)gp(m)daz =0, (3.1)
and in this case actually

lp(@)] + ()| V()] < Cla) . (3:2)

AssumMpTION 3.1. For any ¢ € N (3.1) is satisfied, and N coincides with the
eigenspace of H for the eigenvalue zero.

Thus, in the terminology of [7], we are assuming that 0 is an exceptional point of
the second kind for H. We define @ =1 — @, such that Q(1 + DoV)Q is invertible
in QH_s, 0 < s < J. We write

Ko =[Q(1+ DoV)Q] ™. (3.3)
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We can also view K{ as an operator on H_;. In that case this operator is denoted
by K.
We let 91,...,1%q be an orthonormal basis of A/ with respect to the ordinary
inner product in ‘H and
d
Py=>" |v;) (el

=1

is the orthogonal projection. We use the notation

ﬁj:VlZ)j, jil,...,d, (34)

in the following Lemma.

LEMMA 3.2. Let |V(z)| < C(z)~° for some § > 8. Suppose that Assumption
3.1 is satisfied. Then there exists Ao, such that for 0 < A < Ag we have as operators
in B(H_s, Hs—s), with s satisfying % <s<d—3,

_ VRV
VA +GoW)V) ™t = SO (log\)Ly + Lo + L_1 + R(N), (3.5)
with operators Lo, L1, L_1, and an operator-valued function R(\) that satisfy the
following properties:

(1) The operator Ly is of finite rank, and for suitable constants aji, we have

d
Ly =Y ajilng)(mel.
k=1
(2) The operator Ly — V has an integral kernel L(x,y), which satisfies (2.3) for
some o > 2/3.
(3) The operator L_; is of finite rank, and, with suitable constants b, and with
functions &1, . ..,&q, which satisfy (x)é_g_gfj(x) € H'(R*) for any € > 0,

we have
d d
Lov=Y bl + > ()€l +1€5) (i)
J.k=1 G k=1

(4) R(X) is moderate on the interval 0 < A < Ag, see Definition 2.3.

The proof of Lemma 3.2 is long and will be given in a series of lemmas. The
assumption § > 8 is used only in the proof of Lemma 3.20 and the other results
hold under the weaker assumption 6 > 7.

3.1. Preliminaries
We use the following elementary lemma from linear algebra.

LEMMA 3.3. Let X = Xy+X, be a direct sum decomposition of a vector space
X. Suppose that a linear operator L in X is written in the form

Loo Lo:
L =
<L10 L11)
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in this decomposition, and that Lgg is invertible. Set C' = L1, — L10L501L01- Then
L is invertible, if and only if C' is invertible. In this case
-1 — Log + Log LorC~ ' LioLgg Lo LorC (3.6)
*C_lLloLaol Cct .
We write M ()\) = 1+ Go(A\)V. Using Q and Q, we decompose H_~, = QH_~+N
as a direct sum. With respect to this decomposition we write
M) = QMMNQ QMMNQ\  [Loo(\) Loi(N)
QMG QMMNQ)  \Liw() Lu®)’
where the right side is the definition.
We define the operator-valued function p(\) for A € R by
1 .
pMNu(w) = a(Mw) = e JR4 e~ PTwy(r)dr, w e Y.

Here ¥ denotes the unit sphere in R*. The Sobolev embedding theorem implies
that p(A) is a B(Haiore(R?*), L?(X))-valued function of class C7 for any o, > 0.
Furthermore, if 0 < o < 2, then A2 p()) is of class C7 as a B(HU+%+E(R4), L2(%))-
valued function, see [10]. We define for A € R

(3.7)

ANu(e) = o' pNu(e) = o || M ulhdydo. (39
(2m)* Js Jra
We have A(—)\) = A()), and Go(\) may be expressed in terms of A(\):
_ 2 < pA(p) +
Go()\) =Dy + A ,[0 /LQ — /\Qdu, AeCT. (39)

The smoothness properties of A(\) are studied in [5]. We state some of the results
from that paper in the case m = 4. Let D1, Do, and D3 be the closed domains
defined by

Dy ={(k,0) : k>0, k+¢<3(<k},
l%:{%lkhﬁz&kggjzkh

l%:{wﬂwhézak+ez&g§k§3}

They have disjoint interiors, and D1 U Do U D3 = {(k,£) : 0 < k < 3,0 < £}. Define
the function og(k, ) for 0 <k <3 and 0 < ¢ by
hril (k,€) € Dy,
oolk, ) = £+ 1, (k,0) € Dy, (3.10)
k‘+€*1, (k,€)€D3.
The function og(k,¢) is continuous, separately increasing with respect to k and ¢

and, on lines k + ¢ = ¢ with fixed ¢, decreases with k. In the following lemma and
below we use the notation (a)_ for any real number a’ < a.

LEMMA 3.4. Let £ > 0 be an integer and let 0 < k < 3. Let 0g = 0¢(k,{) be as
above and o > 0. Then \3~* A ()\) is a B(H,, H_,)-valued function of A € R of
class C(7=70)—
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COROLLARY 3.5. Let o > 1/2. As a B(H,, H_,)-valued function of A € [0, o)
(1) A3A(N) is of class CY, if o > j + 1,

(2) A2A(N ) is of class C°, if ¢ > 1, and of class CV, if 1 < j <o — 3.

(3) () "NADN)(z) 7| < C, foro>2,j=0,1,and foro > j+3%, j=2,3.

Corollary 3.5 (2) has a slight improvement, see Lemma 2.4 of [5].

LEMMA 3.6. Let % <o,7< % be such that o +71 > 2, and define pg = 7+0 — 2.
Then as a B(H,, H_,)-valued function, A2 A()) is of class C” for any p < po in R,
and of class C(™in{o—37—3})-

The following result is Proposition 2.6(2) from [5], in the case of dimension 4.

PROPOSITION 3.7. There exists an operator-valued function F'(\) with the same
smoothness properties as A()), as stated in Lemma 3.4, Corollary 3.5 and Lemma
3.6, such that for A > 0,

Go(N) = Do + A2 (F(X) —log |\ A(N)), (3.11)
where F(\) = F(\) + ZA()).

We also use the following elementary lemma. Here C§,(R), 0 < s < 1, denotes
functions of Holder class C'®, vanishing at zero.

LeMMA 3.8. Suppose f(z) is of class C§,(R), 0 < s < 1, then f(z)log(x) is of
class C(()i)’ (R).
3.2. Estimates for Loo(\)™!

Since Ko = [Q(1 + DoV)Q] ™! exists in B(QH_), 0 < v < §, and since A2F(\)
satisfies Corollary 3.5(2), we can take Ao sufficiently small, such that both
N(A\) = Loo(N)™' and  X(\) = [Q(1 + DoV + N F(\)V)Q)

exist for 0 < A\ < Ag, and are continuous B(QH_A,)-valued functions, for %_ <7<
0 — % In what follows we sometimes omit the variable Aand the operator @, if no
confusion is to be feared.

LEMMA 3.9. Let 2 < 7,0 <d—2% and 0 < j < min{o — 3,7 — 1}. Then the
following results hold.

(1) X(\) — Q is a B(H_s40, H_)-valued function of class C? on [0, \o).
(2) ( ) = Q is a B(H_s44, H_r)-valued function of class C7 on (0, o). For
=0,1, N()\) —Q is of class C7 on [0, \g). For j = 2,3, we have

Cllog\)2, j =2,

3.12
CATL =3 12

)TN () (2)° | < {

Proof. By virtue of Corollary 3.5, the B(H_, )-valued function X (\) is contin-
uous on [0,00). If we write

X(A)=Q— QDo+ NF(\)VQX(\) = Q + X1 (N), (3.13)



10 ARNE JENSEN AND KENJI YAJIMA

then X1(A) is B(H_,, H—7)-valued continuous. We compute the derivative XW@(N)
formally. The result is (omitting several @) factors) a linear combination of

XNNFA)IIVX) ... (AZEW)ID VX (N), (3.14)
where (j1,...,Jq) is such that j1 +---+ j, = j and j1,...,74 > 1. Let o9 = T,
Oqt+1 = 0 — o, and choose o, > ji + %, k =1,...,a, sufficiently close to ji + %

Then, since j = j1 + -+ + jo < min{o — 3,7 — 2} < § — 1, we may assume that
or+opt1 <6, k=1,...,a,and o1 < 0g. We write (3.14) in the form

XA)(@)™ - (@) " WPFA) I (2) ™7 () VX () )
X (@) " (W EN) I (2) "7 - () PV X () )7 -
S () TT (WP F) ) ()T () VX ()
Then the factors
()" NZEON\)UN (@)% k=1,...,a,
and
()P VX (A {2)*, k=0,...,q,

are B(H)-valued continuous functions of A € [0,00). Thus the operator-valued
function (3.14) is B(H_s4+, H_-)-valued continuous, and the proof of the statement
(1) is completed.

To prove part (2) we first observe that the operator N(\) is obtained by replacing
F(\) in X (\) with F(\) —log|\|A()). Since these operators have the same smooth-
ness and mapping properties away from a neighborhood of zero, the proof above
implies that N()\) — @ is of class C7 outside 0. The analogue of (3.13) for N(\) — Q
and Lemma 3.8 imply that it is continuous up to 0. When j = 1,2,3, we then
differentiate N (\)—@Q j times, as above, and write it as a linear combination of terms
of the structure (3.14), with X (\) and F()) replaced by N'(\) and F(X\)—log AA()),
respectively. By elementary computations we have

(A?logA) =2Xlog A+ X,  (A%log\)” =2logA+3, (\log\)” =211,
Thus factoring out all logarithmic terms (and A~! when j; = 3), which appear
from (A2(F()\) — log )\il()\)))(jk), k=1,...,a, and estimating as above, we obtain
(3.12). That N(\) — @ is C' on [0, \g), if j = 1, follows since (z)” 7% (A2F()\) —
A2log ANA(N)) (z) ™" is B(H)-continuous up to 0, due to Lemma 3.8. O

LEMMA 3.10. Let Y(X) be either one of
NN -X(\), X\ —-K, N -K.
Then the operator-valued function VY (\) is moderate, see Definition 2.3.
Proof. 1t suffices to prove the lemma for the first two operators. Since the proofs

are similar, we prove the lemma only for N(A) — X (A\). The resolvent equation
implies that

VY () = VN (A2 log \) ANV X ().
It follows by choosing € > 0 such that 0 = § — 5 — & > 2 that

(@)™ VY (W) || < M[log Ml {z) " VN (A) ()7 |
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(@) =7 AN @) ) - (@) TV X () (@) < CAflog A, (3.15)

and (2.4) is satisfied, if « = 0 and 0 < 8+ v < 3. We differentiate a-times VY ()
using Leibniz’ rule. The result is a linear combination of the terms

VNUD(A) (A2 1log \) 92D AUD (VXU (N), i+ 4 ja=a, 0< j1,. ., ja
We show that for 1 <a+6+v<3
Qagy = ()" TV NUI () {(A? log \) I A7 s AU ()1 X 02 () ()27
satisfies ||QapyllB(r) < C|A*~1*I(log A)V for some N. We have
[(A21og A)U2IN733| < CANZ=02H3) (Jog A), A < Ao.
(i) Let j1 = ja =0 and j3 + j3 = o
) VN () )~ < (3.16)
(2) 2 VX (W) (@) < C (3.17)
and, since max{2,jz + 3} < min{é —2— 3,6 —2 —~}
” <x>—5+2+ﬁ+5)\j3A(]‘3) ()\) <x>—5+2+"/+sH S C

by virtue of Corollary 3.5 (3). Thus, the desired estimate holds this case.
(ii) Next consider the case j; > 1 and j4, > 1. Then j; + j5 < 1. Choose € > 0, 01
and o4 such that

§—(248+¢)>j1+1, J1+ 4 <op <d6-max{2js+ 3}, (3.18)
§—(24v+e)>ja+3, ji+ 4 <oy <d—max{2js+ 5} (3.19)
Such a choice is clearly possible and, then, by virtue of Lemma 3.9,
(log\)? ji =2,
N7 =3,
)"~ VX ) @) < ¢ (3:21)

and by virtue of Corollary 3.5(3),

) =" F 7N AT ) ()T < €

[(z)* PV NG () @)~ < © { (3.20)

Thus the desired estimate holds also this case.

(iii) Let 1 > 1 and j4 = 0. We choose € > 0 and o as in (3.18) so that (3.20) is
satisfies. We also have (3.17). Choosing £ > 0 smaller if necessary so that max{2, js+
%} < —2——¢, we obtain that

()~ M AU (W) () O < ©

Hence the desired estimate holds also this case.
(iv) The case 71 = 0 and j4 > 1 may be discussed in a way similar to the previous
case (iii). We omit the details. O

3.3. The behavior of C~1()\)

We next study C(A) = L11(A) — L1g(A)N(A)Lo1 (A). Recall that all ¢ € A satisfy
Vi € Hsr1—c for any € > 0, and that F(V)(0) = 0. It follows that for o > 3 we
have

AO)VQ =QA(0) =0, (z) " A'(0)(x)"" = (&) "F'(0)(x) " =0.  (3.22)
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p(O)VQ =0, Qp*(0)=0, p*(0)p'(0)=0. (3.23)

The identities for the derivatives hold, since A(A) and F'(\) are even functions of
A, and since p'(0)u(w) is an odd function of w € X.

LeMMA 3.11. Let € > 0, and let & = max{2,a}, for 0 < a < 3. Then there
exists a constant C, such that, for o € N,

||<x>7(2+d+€)A(a) ()\)V(PHH < C|)\‘max{2—o¢,0}’ (324)
(V| A (M) ()~ EFEH | < ooty (3.25)
These estimates (3.24) and (3.25) remain true if A()\) is replaced by F(\) — F(0).

Proof. By virtue of (3.22), we have

ANV = (AQ\) — A(0) — AA'(0))Vp = A2 Eu — 9)A" (NI V pdo),

ANV = (AN — A'(0)Ve = A J; A"(NO)V pdf.

Since [[(z) 2T TTA@ M) (@) P gy < C, (3.24) follows. A duality argument
implies the other result. The proof for F(A) — F(0) is similar. O

We define A(\) and Fy(\) by
N2 As(N\) = A(N) — A(0) — XA'(0),  A2E(\) = F(X\) — F(0) — AE'(0).
By virtue of Lemma 3.4, QA3(A\)VQ and QF>(A\)VQ are B(N)-valued C*, since
0 + 1> 8. We may write
L11(A) = N2Q(F(0) + A Fa(A) — A log \M2(M)VQ,
Lot(\) = N2Q(F(X\) —log A\A(N)VQ, (3.26)
Lio(A) = NQ(F(X) — log \MA(W)V Q.
It is well known (see [7] or [5]) that
arov - [~ AT

0
Q(—A)~2VQ is invertible in A,

(Q(=A)2VQ) ' =RV, RVQ=PV, and VQP =VDEP.
We define F5(\) and E3()A) by

dp=Q(-1)7*VQ, (3.27)

Ex(\) = Q(log M2 (N) — F(\)VQ + Es(N), (3.28)
E3(A) = Q(F(X) —log AMA(A\)VON(NQ(F(X) — log AAN)V Q. (3.29)

They are B(N)-valued continuous, and C(\) may be written in the form
C(A) = X (Q(—A)2VQ) (1 — N>RV Es(N)). (3.30)

It follows for small 0 < A < Ag that C'(A) is invertible in A/ and

CO) T =A2(1= NRVEW) 'RV

PV
= % + P\VEy, (N PV
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+ APV E(N)2 (1 = MRV E (V) PyV. (3.31)

LEMMA 3.12. Let K = QKyQ. We have
Ez(\) = Q(F(\) —log \MA(N)V K (F(\) — log \AAA))VQ + Ri(N), (3.32)
where R1(X) is such that V PyV R1()) is moderate.
Proof. Let Y(A\) = N(A\) — Ky and write Y'(\) again for QY (\)Q. It suffices to
show that
VPV (F(X) —log MAA)VY (M) (F(A) — log \MAN)V Q.

is moderate. We expand this and, out of various terms thus produced, we prove
that

(log A2V P VAN VY (NANVQ

is moderate. That other terms are moderate may be proved in a similar fashion. Let
a+ B+~ <3, a=j1+j2+j3 and let € > 0 be sufficiently small. Then <x>2+ﬁ+EVPO
and Q<cc>2+7+6 are bounded in H, and Lemma 3.4 implies VA(jl)(/\)<:c>_(2+j1+6)
and <z>7(2+j‘°’+5)A(j3)()\)V are continuous on R as B(H)-valued functions. Since

1) VY U2 () () 2 FE | < CIAP 2 (log A) 72

by virtue of Lemma 3.10, the lemma follows. [l

LEMMA 3.13. Let Fy = QF(0)VKF(0)VQ. Then
Eg()\) =Fy+ RQ()\), (333)
where Ry () is such that V PyV Ro(X) is moderate.

Proof. By Lemma 3.12 it suffices to prove that
VP V{(F(A) —log \MAN)V K (F(X\) —log AMA(\)) — F(O)VKF(0)}VQ

is moderate. Note that F(0) may be replaced by F(0), due to (3.22). We expand
this expression

VPV (F(A) = F(0))VKF(A\VQ+ VPR VFO)VK(F(A) — F(0)VQ

— (log VP VFNVEANVQ — (log )V Po VANV EF\)VQ
+ (log M) > PBB VAN VKQANV Q.

We only prove that (log \)V PoVE(N)VEKA(ANVQ is moderate, since the proof for

other terms is similar. As in the proof of the previous lemma, (z)*""T*V P, and
Q(av)yrwrE are bounded in H, and it suffices to show for 0 < a < 3 that

[Qog M) PoVEMNV KAV Q]| < CIAP~*(log A).

Differentiate using Leibniz’s formula. We estimate for 0 < oo = j; + ja + j3 < 3 the
norm

R = |(log \)9) RyVEUD (N VK AW (\)V Q).
Consider first j3 = a = 3. Then, since § — 2 — & > 5 + ¢ for small £ > 0,

R < Cllog N[V (@)™~ [(2) > * FO) @)~
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@) EVE @)™ - ()T AP VO < Cllog A (3.34)

Next let 0 < js < 2. We have ||(z) " °AU) (A\)V Q|| < C|A]2775 as a consequence
of (3.24). Thus

R < O (log N[ () #7727 FUD (\) ) 7227 () TRV R ()7
i) AT )V Q| < CIAPTE T (log A) < AP (log A)
for |A| < 1. This completes the proof. [l

LEMMA 3.14. We have
(log AM2(\) — F5(\))VQ = 1 (log AA"(0) — F"(0))VQ + R3(\),
where R3()) is such that V PyV R3()\) is moderate.

Proof. It suffices to show that for 0 < o < 3 we have
1PV (A2 (A) = 3A"(0) V|| < CIAP, (3.35)
1PV (Fo(A) = $E7(0) V|| < AP, (3.36)

when ¢ € N. We only prove (3.35). We have Vi € Hs_.. We have for a = 2,3,
||(x)7(4+a+6)14(2+°‘)(A)(x)7(4+a+6)|| < C for any € > 0, and (3.35) follows. Since
A()) is even, and A" (0)V ¢ = 0, we have
1
(A2(X) = 2A47(0)) Ve = J (1—0)(A"(X0) — A"(0) — A0A"(0)) Vpdo.
0

Now the estimates
() =075 (A" (A0) — A”(0) = AOA" (0)) ()"~ < CIN,
) ™05 (A" (A0) = A™(0)) ()" < €A,
imply (3.35) for a = 0, and for o = 1, respectively. O

Combining Lemma 3.12 ~ Lemma 3.14, we obtain the following lemma.
LEMMA 3.15. We have

E>(\) = QF(0)VKF(0)VQ + 2Q(log \NA"(0) — F"(0))VQ + Ra(\),  (3.37)
where R4(X) is such that V PyV R4(X) is moderate.

LEMMA 3.16. Let Rs5(\) = A2 (PyVE>(\)?(1 — A2POVE2(A))*1P0V. Then
V Rs(\) is moderate.

Before giving the proof we introduce the following definition.

DEFINITION 3.17. We say a function p(X) defined on (0, Ao), Ao < 1, is scalar-
moderate (or, for brevity, s-moderate), if it satisfies

105p(N)| < CIAP~*(log W)Y, 0< a <3, (3.38)

for some N. Here the N may depend on the function.



MAPPING PROPERTIES OF WAVE OPERATORS 15

Proof. Note that finite sums and products of s-moderate functions are again
s-moderate. Since R4(A) in (3.37) may be replaced by QR4(\)Q, we have

PyVE;(\) =Y dieWle)(Veorl,  dj(N) = ajx + (log Mbjx + cji(N),

with s-moderate cjx (). Let €5 (A) = A2d;(\). Then these functions are s-moderate,
and

NV (PVE (V) = firW V) Vel

with s-moderate functions f;;()). Since VRéO‘)()\) is a linear combination of terms
of the form

£ ) L NIV W (Vir, [(1 = NPV Es(A) g (V|
i) Veor (1= A2 PV Es(A) " ee) (V|

with @ = a3 + - -+ + @4, and since sums and products of s-moderate functions are
again s-moderate, the Lemma follows. [l

Combining Lemma 3.15 and Lemma 3.16 with (3.31), we obtain the following
lemma.

LEMMA 3.18. There exists A\g, 0 < A\g < 1, such that for A € (0, Xg), C(A) is
invertible in N, and C(\)~! may be written in the form

PV

ot Lo+ (log MLy + Z e (M) (Veprl, (3.39)

Jik=1
where the cji(\) are s-moderate functions, and L_, and L, are given by
L1 =RV(F0O)VKF(0) - LF"(0))VRV,
Ly = LRVA"(0)VRV.

3.4. Other entries in M ~*())
We now fix the constant Ag > 0 as in Lemma 3.18. We write C,.(\) for C(A)~! —
A"2P,V. We have
d

Cr(N) = Y (aji + (log Mbji + ¢ju (V) o) (Veprl, (3.40)
j,k=1

where the aji, b;, are constants, and the c;;()\) are s-moderate functions.

LeMMA 3.19. Both VN(A)Lp1(A)Cr(X) and VC(A)L1o(A)N(N) are moderate
operator-valued functions.

Proof. We prove the lemma for VN(X)Lg1(A)C;(N). The proof for the other
operator is similar. We substitute (3.40) for C,()\). Then VN(A)Lp1(A)C-(A) is a
linear combination of operator-valued functions of the form

A= pik(WNV NN EN)V ;) Ve,
B =pjr(MVNN ANV ;) {(Verl,
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where pji;(A) and pjr(A) are s-moderate functions and we have omitted harmless Q
in front of A(A) and F'(X\). We write A = Cq + C3 by inserting N(\) = Q + Z(\)
on the right in A. For 0 < a+ 6+ v < 3,
(@) PEVQE N Vi) (Vipr| () "7
= (@) IV Q)T ()T BRI O () Vi (Vg ()T
is bounded, since § > 7 implies (z)>? T VQ(z)*"* " € B(H). Hence C, is moder-
ate. To prove that Csy is also moderate, we prove that
VZAENIVe;) (Ve

is moderate. If « = j; + jo and a + 8+ v < 3, then jl—ﬁ—% <min{éd — (24 6+
€),0 — (2 + j2 +¢)}, and Lemma 3.9 implies that

@544V 260 () @) 2| < ofaminEin o),
Since ||(z)” 2T RGNV, (Veor () Iy < C, the estimate above
implies that VZ(X)F(A\)|V;){(Veg| is moderate. Thus A has been shown to be
moderate. U
We then consider

ATZN(A)Lo1 (N PV = N(A) (F(A) — log NA(N)) VPV,

AT2RVLig(WN(A) = BV (F(\) —log AA(N)) VN ())
To prove the next lemma we remark that (3.9), (3.11) and (3.27) imply that

JN) = (F(\) —log AA(\) — F(0))V P,

is the boundary value from the upper half plane of

J “(uz;lgu_)iifo B A(uLVPo) du

0

2 ([TAVR,  [AGVE,

2\, 2™, (M+A)u2dﬂ)' (3.41)

2

We define p1(A\) and p2(\) by
1

(V) — p(0) = A jo §(N0)d8 = Apy (M),

1
p) = p(0) = X/ (0) = X | (1= 0)0" ()8 = X2pa()
0
and, using (3.23), for ¢ € N write

AV = p? (p(1)* pa () + pr(p)*p'(0)) Vep.

Now p2(p)V e is a L2(X)-valued function of class C2=37¢ and (x) >~ % py(u)* is
a B(L?(X), H)-valued function of A € [0, 00) of class C. It follows from the proof
of Proposition 3.7 (see [5]) that J(\) may be written in the form

J(A) = A2 (J1(A) —log A2 (X))

with J; (A) and J(A) such that () =T 1 (A) and (z) "G 1y (\) are BV, H)-
valued functions of class C? on [0, Ag) as long as ¢ < § — 3. Thus, as was in the
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proof of Lemma 3.19, we see that, because § > 8,
VN (F(A) —log \A(\) — F(0))V PV
and

VPV (E(X) —log AA(\) — F(0))VN(X)

are moderate.

LEMMA 3.20. We have the following equations:

N\ Loy (AM)CN) ™t = KF(0)VP,V + Es(\)VP,V, (3.42)
C(A\) " Lo AN (\) = PoVF(0)VK + PyVEg(N), (3.43)
where VEg(\)V PyV and V PyV Eg()\) are moderate.

Proof. By Lemma 3.19 and the argument above, it suffices to show that V' (N(X)—
K)F(0)VPyV and VP VF(0)V (N (X) — K) are moderate. But this follows imme-
diately from Lemma 3.10. O

LEMMA 3.21. The operator-valued function

VN(A) Lot (M C(A) ' Lio(AN ()

is moderate.

Proof. Using equation (3.43), we may write the operator in the form
NVN)(FN) —1log AA(N)) (VR VE(0)VK + VPV Eg(N).

An argument similar to the one above shows that it is moderate. [l

3.5. Completion of the proof of Lemma 3.2

We combine Lemma 3.10, Lemma 3.18, Lemma 3.20, and Lemma 3.21 by means
of Lemma 3.3. The result is that

RV - .
1+ GoWV) =2+ Ly + (log Ny + K

N2
— KF(0)VP)WV — BVF(0)VK + R,()\), (3.44)
where V R,.()\) is moderate. We define R(\) = VR, () and
Ly =VLi(\) = VPR VA" (0)VPV,
Lo=VK,
Ly =V(L_y - KF(0O)VRV - RVF(0)VK).
Then statements (1), (3), and (4) in Lemma 3.2 follow, if we define aj; and bj, by
ajr = 5(Vi;, A"(0)Viby),
bk = (Vib, (F(0)VKF(0) — $F"(0)) V),
and the functions ; by

&i(x)=(VKFO)V;)(z), j=1,...,d.
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We remark that <x>5727€§j € H'(R*) because 1+D,V is invertible also in H! (R*) =
()" H*(R*) forany 0 < 0 < §

We now prove statement (2). Recall that K = QK(Q, considered as an operator
in H_,. Define T'= QDo V(Q, and consider it as an operator on H_. Since QH_;
is DoV-invariant, QQ = 0, and DoV Q = —Q, we have

(DoV)" =T" + (~1)"Q, n=1,2,..., (3.45)

such that Ko+Q = 1+ T) ' =1 —-T+ T2 - T3+ T2(1 + T)"'T2 Thus K =
(1+T)"! —Q, and then
Li-V=V(K-1)=-V[Q+T-T*+T*-T*(1+1)"'T?]
3
= —4VQ+ > V(-1)/(DeV)
j=1

+V((DoV)? = Q)(1+T)'((DeV)? = Q). (3.46)
The integral kernel ko(x,y) of @ is given by

d
ko(z,y) = — Z V(y)e;()e;(y),

and the integral kernel of —4V Q, V(x)ko(z,y), satisfies the condition (2.3) for some
o > 2/3, since ¢ € N satisfies (3.2).
The operator DoV has the integral kernel

1 V)
(2m)? |z — y|?
and, as || ()7 V (2)V (z—y)|| ;. < (y) "°"7, the integral kernel of VDoV, V (2)k1 (2, y),
also satisfies the property (2.3) for some o > 2/3.

The integral kernels of (Do V')? and (Do V')? are given, respectively, by ka(x,y)V (y)
and ks(z,y)V (y), where

kl(xay) =

1 V(z)dz
k =
2(1?7?/) (27T)4 JR“‘ |.Z'_Z|2|Z_y|2’
1 V(z1)V(z2)dz1dz2
k3(x,y) = (2m)6 HRS |z — 21|2|21 — 22|2|22 — y|?”

3
The kernel of T2(1 + T)~1T? is given by ky(z,y) = Z k4 ;(x,y), where
§=0
kao(x,y) = (ka(2, )V (), (1 + 1) o, 9)V (9), (3.47)
ka1(x,y) and k4 2(x, y) are obtained from (3.47) by replacing ko (z, <)V (-) by —ko(x, -)

and ka(-,y)V(y) by —ko(-,y) respectively, and k4 3(x,y) is obtained by performing
both replacements.

LEMMA 3.22. The functions ko (z,y) and ks(z,y) satisty

O([logzz,y]2—>7 Yoy = |z -y
()" (y) (@) (y)
ks (z,y)| < Cla) " (y) ™%, (3.49)

ka2 (z, y)| < : (3.48)
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where [a]- = max{—a, 0}, and their derivatives satisfy
Clx —vy) (—y)
Voka(z,y)| < —oo Y Vyka(z,y)| <~ Y (350
| (y”<<wémx—m | (y”<<wéwx—y .
Vaks(z,y)| T Vyks(z,y)] %) (3.51)

Proof.  Since kj(z,y) = k;(y,x), j = 2,3, we may assume that |y| < |z|. We first
prove (3.48). Let |z| > 10. We have

[V (2)ld=
ko(z,y)| < J J — = koi(x,y) + koa(z,y).
‘ 2( )| ( |mfz|2|%" \xfz\<‘%|) |I - Z|2‘Z - y|2 21( ) 22( )
It is obvious that have
PRSP (LTS
(@) Jrs 2=yl = (2)*(y)
If |z —z| < ‘Z—I, then |z] > %, and koo (z,y) is bounded by
C(:E)*édz C(z)f‘sdw
s | O]
lmaj<lzl [z — 2|z —y2 T )<tz P lw — (2 — y)[?
C J d¢ T—y
<= . a= . (3.52)
(z)° i< €121 — al? ||

If [a| > §, viz. if [z — y| > $|z], it follows that
kaa(,y) < Cla) ™ < Cla) > (y) >

If |a] < %, then % < % <1, hence |y| > 5, and

dC dC ~ a
ICRIC—al2 — o < C ), a=2
J'Cﬁi ICI?I¢ = af? chsm e —ae < Clloglell)a=1g

Since 15 < |al/ve,y < 10, we obtain (3.48) for |z| > 10. Next, let |y| < |z| < 10.
Then

kool <C+ | Cd:

|z]<20 |z — 2*|z — y|?

Cdw

|w|<30 lwl?|w — (z — y)|

3

<c+|
If we write b=z — y and b = b/|b|, then the integral may be estimated by
dw
| M < c{log b)),
lwl<s0/[p| |w]*[w — ]
and (3.48) is satisfied also when |z| < 10. By differentiation,
(x — 2)V(2)dz
Veko(z,y) =C| ——5——>
e =[G

B (y — 2)V(2)V(y)dz
Vyka(z,y) = CJR4 |z — 2|22 — y|4

)

and an estimate somewhat simpler than the one for ks (z,y) yields (3.50). We omit
the details.
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We break up the integral for k3(z,y) as follows

k(e y) = J +J ka@ DVAE) 4 s () + k().
t<itl<e JHerl g |z =yl

E

If 1—2‘ ¢ [3,2], then |v,.| > C > 0. Thus (3.48) implies

V(z C
et <o w2
Rt (2)7(2)"[z — 9] ()" (y)
If2-t < % <2, and if |z| < 5, then |z| < 10 and |y, .| < C(log |z — z|). Hence, for

El
|z <5,

(3.53)

C(log|z — = C
k31 (2, )| gJ Lﬂdz <= (3.54)
<10 12—l (y)
If |x| > 5, then on the domain of integration of ks1(z,y),
log ¥z,-| < C(1 + [log|z — z|]— + log|z| + log|z]).
Then for any ¢ > 0,
Ce |V (2)|d=
ksi(z,y)| < — J
| 31( )| <.’L’>4 R4 |Z _y|2
C. |V (2)||log|z — z||d= C
+ 4J = < —5—. (3.55)
(@)" Jjz—z1<1 |z =yl ()" (y)
Combining (3.53), (3.54), and (3.55), we obtain (3.49). The proof of (3.51) for the
derivatives is similar, and we omit it. O

We continue the the proof of Lemma 3.2. Lemma 3.22 clearly implies that
V(x)ka(z,y)V (y) and V (z)ks(x,y)V (y) satisfy the property (2.3) for some o > 2/3.
Applying the estimates (3.48) and (3.50), and the fact that (1 +7)~! € B(L2,)
for s > 1/2, it is easy to see that V(z)ks(x,y)V (y) also satisfies the property (2.3)
for some ¢ > 2/3. This completes the proof of Lemma 3.2.

4. Low energy estimate

In this section we show that the operator W defined by
| eV L+ o) (Goh) ~ Ga(-N)B(HDBNAN  (4.1)
0
is bounded in LP(R?), if 3/4 < p < 4. We take Ao > 0 as in Lemma 3.2 and
substitute (3.5) for V(1 + Go(\)V)~! in (4.1). This yields
W:WS—W1+W0+W_1+WT,
where W, Wi, Wy, W_1, and W,., respectively, are the terms obtained from (4.1),

when replacing V(1 + Go(A\)V)~™! by PVy/N%, (log ALy, Lo, L_1, and R(N),
respectively.

LEMMA 4.1. The operators Wy, W_1, and W, are bounded in LP(R*) for all
1<p<oo
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Proof. The integral kernels of Ly —V and L satisfy the estimate (2.3) for some
o > 2/3 by Lemma 3.2(2) and (3). Hence Lemma 2.1 and Corollary 2.2 imply that
Wo and W_; are bounded in LP(R4) for all 1 < p < oo. The same holds for W,
because R(A) is moderate by Lemma 3.2(4), see Lemma 2.5. O

Next we study the operator
W, = ®(H) (Eo Go(NV PRV (Go(N) — Go(—A))é(A)xldA)@(ﬂo).
By computing both sides using the Parseval identity, we have
(u, (Go(N) = Go(=X)(X)v) = (u, (Go(A) = Go(=A))A(|Dl)v) (4.2)
for u,v € S(R*) and A > 0, where h(|D|) is the Fourier multiplier given by
R e G GE S

In what follows we ignore ®(H) and ®(Hp) and denote ®(\) by ®()):

d o0
Ws = 2_:1 L Go(N(Vh; © Vih;) (Go(A) — Go(—X)) @(A)A™HdA

=3[ G0 @ D1V (@) ~ Gol-X) 20

Jj=1
We recall that G(A) is the convolution with
Cei)\\.ﬂ

|22

Go(\ z) = J e~M3 (¢ — 2i\|z|) 2 dt, (4.3)
0

where the branch of the square root is such that 27 > 0, when z > 0. For a function
u on R*, we define
1
M(r,u) = —J u(rw)dw, reR.
%] s

It is an even function of r € R. The following lemma is Lemma 5.3 from [5].

LEMMA 4.2. Let f € LY(R*) be real-valued, and let u € S(R*). Then
(f,(Go(A) = Go(=A))u)

= CJ et (J e (b + 2iXr)Tr M (r, f * a)dr) dt, (4.4)
0 R

where (x) = u(—x) and Re(t + 2iAr)? > 0 for t > 0 and \ € R..

Thus, if we define M;(r) = M(r,|D|~'V); * @) and

)= [ e[| errtst
0 0o Jo

x (s — 2iAp)? (J

P (= 2i)\r)%er (r)dr) dtds}d)\, (4.5)
R
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we have as in lemma 5.4 of [5] that
v i(y) (K —
Woute) 0| VOROUGGE =,
R4 |z -yl
We remark that the integrand of (4.5) is integrable with respect to the variables
t,s,r, A, and that the order of the integrations may be freely changed.

In what follows we omit the index j, and we prove Wy € B(LP(R*)), whenever
4/3 < p < 4. We use the following two lemmas. The first one may be found in [12].

(4.6)

LeMMA 4.3. (1) The function |r|* on R is an (A), weight, if and only if —1 <
a < p — 1. The Hilbert transform H, and the Hardy-Littlewood maximal operator
M, are bounded in LP(R, w(r)dr) for (A), weights w(r).
(2) Let a function h(xz) on R™ have a spherically symmetric decreasing integrable
majorant, then

|(h*g)(z)| < CMg(z), xeR™

for a constant depending only on h.

LEMMA 4.4. (1) The function (|D|=*V)(z) is of C? class, and for large x we
have

(DI Ve)@) - 3 E| < o).

x|?

1<p<oo.

Proof. We have

DI V) =c | S0,

Since
V(@) ()| + (@) V (Vi) ()] < C(z)

by (3.2), and since [V (y)¢(y) = 0 by Assumption 3.1, (1) follows immediately.
Statement (2) is a consequence of (1) and the Calderén-Zygmund theory. |

In definition (4.5) we substitute
(s — 2iAp) 2 (t + 2iAr)?
=717 + ((s — 2i>\p)% — s%)t% + (s — 2i>\p)%((t + 2@')\1”)% — t%)

and write S;(A) for the function produced by the j-th summand, such that K (p) =
S1(p) + Sa2(p) + S3(p). We then let W, = Z; + Zs + Z3 be the corresponding
decomposition of W.

LEMMA 4.5. Let 4/3 < p < 4. Then Z is bounded in LP(R*).

Proof. Integrating out with respect to t and s, we obtain

S0 = | e

. J:O e (t+3)tg (JR e_i)‘TTM(r)dr) dtds}d)\
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= J e d(N) (J eiiATrM(r)dr) d\=H(D* (rM(r))(p) (4.7)
0 R

where H = ¢(1 + H)/2 with H the Hilbert transform and ¢ a constant.
First consider 4/3 < p < 2. Then |r|>~% is an (A), weight, and by Lemma 4.3
we have, with f(z) = (|D|~'V4)(z), that

Zualy < CIVolls ([ 52151001 dn)”
<cvuls(| r#rnpar)’
<cpvul(| 0O

[P

The last integral may be split into the parts |z| < 1 and || > 1 and estimated by

NVl (el 1 Fs oy ey I % lloe + 11 % ully) < Clull

where in the last step we estimated || f * u||, < C|lul|, by using Lemma 4.4(2) and
1 *ulloo < fllyllullp, by Holder's mequality, where p' = p/p 1.

Next consider 2 < p < 4. We take % < ¢ < 2 such that % — % < i and then r

such that % < % =1- (% — %) < 1. Using Young’s inequality and the weighted

inequality we get
1Zally < VOl (| ISP 20d0)”
0
1 q 1

<c|v =9\ M (r)|?dr)" < C||V @)y

<cpvul(| s o) < el (| )
Let = p/q and 6" = p/(p — q), such that g8’ > 4 by the choice of ¢, and estimate
the right hand side by

Ol gy 1 * oo + el g (oI # lly) < Clly

Thus || Zyu|l, < C|lul|, also for 2 < p < 4, and the lemma follows by interpolation.
O

To deal with Zou and Zsu, we need to estimate Sa(p) and Ss(p). We write them
in the following form:

56 = G | Tytprinatodr, =23
R
where T5(p,r) and T5(p,r) are given by

2(p, 1) = e %52 e sf2ip%fs% S .8

T. s Ae=m) (A A d\)d 4
0 0

and

T3(P,T):J J e~ ()3 67 %
o Jo

x (J:O NPT B(N) (s — 20Ap) % ((t + 2iNr)E — t%)dA) dtds. (4.9)
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LEMMA 4.6. There exist constants Cy and C3 such that

|To(r, p)| < <p(’12i>2, (4.10)
|T3(r, p)| < W. (4.11)

Proof. First we estimate Ts(p,7). Since Re(s — 2iAp)z > 0 for s > 0, we have

20 2
|(s —2iAp)z + 52|~ s2
and then |T5(p, p)| < Cop. Therefore (4.10) holds for |p —r| < 1. When |p —r| > 1,

we apply integration by parts twice to the inner integral in (4.8). The boundary
term yields the term

(s = 2iAp)? — 57| <

, (4.12)

7 Joo —s g p
e *pds = ,
(p—7)%Jo (p—1)?
and the other terms yield

-1 > iX(p—r
721) et p )(I)H()\)(J

(p—r) 0
—9 oo Ap—1) J'°° —ieSs7p
+ MNP P! () —— P ds)dA
(p—1)? JO ( )( 0o (s—2i\p)2 )
1™ - ro e 557 p?
+ ——— | P ma(n ————ds)d\.
(p_T)Z JO ( )( 0 (S—ZZAP)% )

The first two terms are bounded in modulus by Cp/|p — r|?> due to (4.12) and
[(s — 2Mp)é| > s2. Let

oo

efss%((s - QiAp)% — s%)ds)d/\

) = L mds. (4.13)

Fubini’s theorem implies that ¢ is integrable, and then the third term above is
bounded by

Cp2 e8] Cp2 o CpQ
e |, ORI < 2 [ e <

Thus (4.10) is satisfied. We next prove (4.11). For |p — r| < 1 we have
oo o0 1 1
IT5(p, )| < J J e o)tz g0
o Jo

< (| OVt + o0 4 i) ards < ClpEn,

and (4.11) is satisfies, when |p — r| < 1. When |p — r| > 1, we apply integration by
parts twice to the inner integral in (4.9). Then T3(p,r) is the sum of

r [ —(t+s) d - r
—_— e sdtds = —,
(p—r)? Jo Jo (p—r)?

which comes from the boundary term, and —(p — r)~2 times the sum

3 o0 o0
ZT&J‘(P’ )= ZJ J e*(Hs)t%s%Jj(t,s,r, p)dtds, (4.14)
j=1 j=1 0
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where the J;(t, s, r, p) are given by

Jy = J MNP (N) (s — 2iAp) 3 ((t + 2iAr)T — t2)dA,
0

Jy = ZJ eI (V) (5 — 20Mp) 2 (¢ + 2inr)E — £2)) d),
0

Js = J M= B(N) (s — 2iAp)E((t + 2iAr) — 7)) d,
0
Tt is obvious that |J;| < C(s% —Q—p%)(t% + r%) and

Ts.1(r, p)| < C(r)% (p)3.

The derivative ((s — 2iAp)2 ((t + 2iAr)z — t%))/ is computed and estimated on the
support of ® as follows:

—ip N1 1 AN w
———((t+2i\r)2 —t2) + (s — 2iNp)2 ———
(s — 2i\p)2 (« ) )+ 2 (t 4 2iAr)2

p 1 1T
<CO(—L—(@t+r2+(s+p?——
((s—Fp)?( ) ( ) (t—i—r)i)

< C(p§(t+’f’)% +(s+p)2re).

Thus we again obtain
[Ts2(r, )| < ()% (p) .
Finally, we compute ((s — 2iAp)? ((t + 2i\r)? — t%))”. The result is
(sr +pt)® pit>
(s —2iAp)3(t+2ir)3 (s — 2iMp)E
which is bounded in modulus by a constant times

s2r2 4 p22 th% 52 th%
(sHAD)FE+A)T  (s+Ap) — (t4+ )2 (s+Ap)2

If we integrate with respect to t, s first, we have

j:

o0 oo 1 1~
J J e~ U352 J(t, s, A\, 1, p)dt ds
o Jo

<] et T | e ) + ), (415)

0 (t+ Ar) 0 (s + )\p)g
where £ is defined by (4.13) and is integrable, as was seen previously. It follows that
|T5.3(r, p)| < C(r+ p), and the proof of the lemma is completed. O

LEMMA 4.7. Let 4/3 < p < 4. Then Zy and Z3 are bounded in LP(R*).

Proof.  Due to the estimates (4.10) and (4.11) it suffices to show that

[ V¥ @ISz —yl)
Zu(z) —JR4 P dy

satisfies || Zul|, < Cp|lullp, where M(r) = M(r, f xa), f(x) = (|D|7'V¢)(x), and

S() = | A orar i, Arp) = P (4.16)
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We decompose Zu(z) into two terms:

(L <1 +J| |>1) V(Iﬁ/f(@'yQy)S(dey = ZWu(z) + Z2Pu(x),

and estimate ||ZWul|, first. As A(r, p) < C(r)~" for 0 < p < 1, we have

s [ o o< Dl (4.17)

Let ¢ = p/p — 1. We estimate the right hand side of (4.17) by
{ll(x)_lwlzllqllf 0l p < Cllullp, when 2 < p <4,
1y _ y
)™ |22 1pll.f * dllg < Cllfllellullp, when 4/3 <p <2,

where 0 < % =14+ (% — %) < 1. Tt follows that for any 4/3 < p < 4, p # 2,

S(|y !
1Z2Mul|, < \|v¢||pj sl g, CJ pS(p)dp < Cllullp,

<1 [yl 0

and by interpolation for p = 2 as well.
We next estimate ||Z2)u)|,, first for 4/3 < p < 2. Take € > 0 such that

3p—4
O<e< p2 ,

which implies that |r|>~2” and |r[3~(2~9)? both are one dimensional (A), weights.
Since (r — p) < (r) + (p), we have
W) 2 1
A(r,p) = < + = B(r,p).
A= S T o - P

It follows that

)+ 0 07 )

A(h p) < AS(T7 p)Blff(T, ,0) < C( <7" — p>2 <7, — p>1+5

and if we use this estimate, we have
S(p)| < CM((r)rM)(p) + C(p)° M((r)'~=rM)(p).

Then the weighted inequality for the maximal functions implies

1

12l < Vela(] - 1S rdp)’

<c(["prriropas) + ([ 9 s orap)’

[P

<c(| WY L g wall, < Ayl + ul,). (418)
|z|<1

where ¢ is the dual exponent of p.
We next let 2 < p < 4 and take € > 0, such that e < (4 — p)/4, which implies
that |r[3~7 and |r|>~(1+2)? both are (A), weights. We then estimate

1
(r—p)

A(r, p) < 2(p)

<’I“7p> :B(T,p),

2

and therefore

(o) + (1) (o)~
R

A(r,p) < A%(r, p)B' % (r, p) < C(
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If A(r,p) in (4.16) is estimated by this right hand side, we have
|S(p)| < C{L)M(rM)(p) + C{p)' = M(r(r)®)(p)-
We then proceed as before. Since 3 — p and 3 — (1 + €)p both are (A4), weights,

12l < 1Vl (| #1S()1de)’
1

<c([ puteras) o] T rd)”
(@

lx|<1 ‘xlpe

<cifvull,+ (| )" < Cllullp + 1 flalluly). (4.19)

This completes the proof. [l
LEMMA 4.8. The operator Wi is bounded in LP(R*) for all 4/3 < p < 4.

Proof. Due to (4.2) Wi is a linear combination of terms of the form
‘I’(H)J Go(\)(Vepj) @ (®(Ho)|D|log|DIVir)(Go(A) — Go(=A))@(N)dA.
0

This is identical to W;, if ®(Ho)|D|log|D|V 4y is replaced by |D|~'V;. Since
F(Vpr)(0) = 0, it is easy to see that f(z) = ®(Hy)|D|log|D|V () is integrable
on R*. Thus we may proceed as in the proof for W, by applying the obvious L?
boundedness of convolution operators with integrable functions, instead of applying
Lemma 4.4(2), and show that W is bounded in L? for 4/3 < p < 4. We may safely
omit the details. O
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