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ON APPROXIMATION WITH WAVE PACKETS GENERATED
FROM A REFINABLE FUNCTION

LASSE BORUP AND MORTEN NIELSEN

ABSTRACT. We consider best m-term approximation in Lp(R?) with wave
packets generated from a single refinable function. The main examples of
such wave packets are orthonormal wavelets or more generally tight wavelet
frames based on an MRA (so-called framelets). The approximation classes
associated with best m-term approximation in L, (]Rd) with such wave packets
are completely characterized in terms of Besov spaces.

As an application of the main result we show that for m-term approximation
in L (R%) with elements from an oversampled version of a framelet system with
compactly supported generators, the associated approximation classes turn out
to be (essentially) Besov spaces.

1. INTRODUCTION

The standard method used to generate “atoms” such as wavelets or wavelet frames
is to begin with a refinable function ¢ € Li(R%) N Ly(RY) and then construct the
generators {¢*}£ ; of the wavelet or wavelet frame system by applying a filter to

o, i.e.,
(1.1) $'(28) = m'(€)$(€).

Usually m' is a so-called high-pass filter, but this is not important for the results
considered in this paper. We call a function v’ of the type given by (1.1) a wave
packet generated by the refinable function ¢.

The main purpose of this paper is to study approximation of smooth functions with
m-~term approximants formed by dilating and translating one or more wave packets
of the form given by (1.1). More precisely, given a finite collection of wave packets
{¢p'}icr and K € Z, we consider the dictionary

X({Yier) == {27 - —k/25): j € Z,k € Z9,i € F} C Ly(RY),

We notice that K is an oversampling ratio, and for regular wavelet systems one
usually considers K = 1.

The associated (nonlinear) space of all possible m-term expansions by elements
from X ({¢'}icr) is given by

S (X ({$'}ier) = {51 S =Y ajg;, witha; € C,g; € XK({W}ieF)}-

j=1
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We measure the approximation error in the Triebel-Lizorkin norm Fg (Ly(R%)), see
[9]. The error of the best m-term approximation of f from X k(1)) is then given by

Tl Xz = o, B ) M = Sz ia:

We let AZ(FI;Y(LQ(RCI)), Xk (), 0 <t < oo, denote the approximation class of all
functions f such that

) 1/t
i1
(A2) gy o) xuwy = <Z (0o (fs Xue (0)) iy.,)) E) =
m=1

with the usual modification when ¢ = co. Now the fundamental question is whether
it is possible to completely characterize A} (FI;Y (Lq(RY)), Xk (P)) in terms of known
smoothness spaces. When p = 2 and 1 < ¢ < oo For “nice” bi-orthogonal wavelet
systems in Lo(R?) and for parameters v = 0, p = 2, and 1 < ¢ < oo in (1.2)
(we recall: F9(L,(R%) ~ L,(R%)), the approximation classes are known to be
essentially Besov spaces. In the paper [4] it was proved that for tight wavelet frames
based on a spline multiresolution for Ls(R), one obtains the same approximation
classes if we put K = 2.

The main result of this paper is that given one or more compactly supported wave
packets of the form (1.1), based on a compactly supported refinable function, it
is always possible to find Ky € N such that for K > Ky, the approximation class
Ag(Fg(Lq)) is given by (essentially) a Besov space, just like in the orthonormal
wavelet systems. The precise statement (Theorem 3.2) is given in Section 3, and
it is perhaps surprising that the existence of such a Ky does not depend on the
particular form of the filters m® from (1.1).

We use the standard approach to obtain the characterizaion of the approximation
classes. First we prove a Jackson inequality for best m-term approximation with
elements from the dictionary X ({#'};cr) for sufficiently large values of K. The
proof in Section 2 is based on an application of the of ¢-transform machinery by
Frazier and Jawerth [3]. To obtain the characterization of the approximation class,
we establish a Bernstein inequality for m-term expansions from X ({¢*};cr). This
is done in Section 3. Put together, the Jackson and Bernstein inequality leads to
the main result, Theorem 3.2. Our main application of the results is to framalet
systems, i.e., to tight wavelet frames based on an MRA.

2. JACKSON INEQUALITIES FOR GENERAL WAVE PACKETS

In this section we establish a Jackson inequality for best m-term approximation
with elements from the dictionary Xy ({1*}icr) for sufficiently large values of K.
The proof is based on the ¢-transform technique of Frazier and Jawerth. We will
state the result from [3] that is needed below, but first we introduce the following
notation.

D denotes the set of dyadic cubes Q = Q,x = 277([0,1]* + k), v € Z, k € Z%.
We will use two index notations in this paper; {(/)Q}Qe p will denote a sequence of
functions indexed by the dyadic cubes while ¢g(z) := 2774/2¢(2V2x — k).

ForyeR,0<p< oo, and 0 < g < oo, we let f;q(D) respectively bg7q(D) be the
collection of all complex-valued sequences s = {sg}gep such that

1
Il = [ (32 0@ *1salxe)?) ||

QeD

< 00,
p
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respectively
1

sl = (o270 ( 3 1sal)")" < oo

VEZ QeD,

We recall the following result given by Frazier and Jawerth in [3]. For x € R we let
|z] denote the integer satisfying x — 1 < |z]| < z.

Theorem 2.1. Let s > 0,0 < ¢ < 00, 0 < p < o0, J = d/min(1,p,q), and
N = max(|J — d — s|,—1). Suppose 0 satisfies s — |s|] < & < 1, and suppose
M > J. Let u be a function satisfying the four conditions:

(2.1) @) >e>0 if2 < [¢) <2,
(2.2) /:ﬂu(x) de =0 il <N,

(23) 07u(2)] < (1 + )~ il < Ls+1),
04)  [Pul) - i) < sp 12U il = s +1).

2l<ly—a| (1 + |2 —2[)M

Given p € Z, let g(z) = 2Mu(24x). Then there is a pg < 0 with the property
that if 1 < po, there exists a family of functions {G9}qep, such that for all f €
F3(Ly(RY)), we have

= (3%

QeD

with |[{(f,39)}!

i, S cllf] Es(Ly)? and for any sequence s = {sQ}gep, we have

|37 sa90l
QeD

Remark 2.2. If (2.3) and (2.4) are substituted by the condition

< is -
Fy(Ly) ~ elisls;

|z —yl°
(2.5) lu(z) —u(y)| < sup —,
121<|y—z| (14 |2 — 2])M=3

Theorem 2.1 holds true for s < 0.

Remark 2.3. 1t is easy to verify that exactly the same result as given in The-
orem 2.1 holds true if the Besov space Bg(Ly,(R?)) is considered instead of the
Triebel-Lizorkin space.

Theorem 2.1 gives sufficient conditions for a function g to generate an atomic decom-
position of the Triebel-Lizorkin and Besov spaces. However, many interesting func-
tions do not satisfy the conditions (2.1) and (2.2). For example, whenever [ # 0
then (2.2) clearly fails, but in the paper [8] it was shown how to build appropriate
wave packets from such functions with the required number of vanishing moments.
The wave packets then form atomic decompositions of the Triebel-Lizorkin and
Besov spaces. Another type of function often encountered in applications is one
that is very smooth, but with a comparatively small number of vanishing moments.
Often generators of tight wavelet frames will have these characteristics. We can
apply Theorem 2.1 directly to such functions, but we will only get atomic decom-
positions valid for a more restricted range of smoothness parameters than one would
expect from the smoothness of the generator. Inspired by [8], we now show how to
create wave packets from a function which does not satisfy the conditions (2.1) and
(2.2).
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Proposition 2.4. Given s > 0, let ¢ € C*(RY) be a compactly supported function
with (5(0) # 0 and let ¢ be any fized function in span{p(2 - —k): k € Z}. Then for
N € Ny there exists a J € N and a finite set of coefficients {ci}}_,, n < 2N +1,
such that the function uw=3;_, ck(27(- —k)) satisfies the conditions (2.1)~(2.4).

Proof. Since ¢ has compact support we have that both ¢ and v satisfy (2.3) and
(2.4) for any M € N. Thus, it suffices to prove that u satisfies (2.1) and (2.2).
Since ¢ € span{¢(- — k): k € Z}, there exists a trigonometric polynomial 7 such
that (&) = 7(£)$(€). In particular, there exists an r > 0 such that 7(£) # 0 for
0 < |€] < r. Likewise there exists an ' > 0 such that ¢(&) # 0 for €| < . Now, if

we choose J € N such that 27 > 1/ min(r,7’), then @ = 1(2”7) satisfies (2.1).

In order to obtain N vanishing moments, we simply apply a high-pass filter with
symbol m(§) which has a zero of order N at £ = 0 and no zeros on K := {£ €
RY: 1/2 < |¢| < 2}. For example, let u = (Z?Zl(Aej +A_, ))Na, where A, is the
difference operator in the direction e € R%, A, f(z) = f(z+e)— f(z), and e; is a unit
vector in the j-th direction. Then it is easy to see that u satisfies (2.2). Moreover,
since F(Ae, +A_¢;) f(§) = 2(cos(§-e5)—1) f and | Z;l:l cos(§-ej)—1| > 1—cos(1/2)
on K, u satisfies (2.1) too. O

By Proposition 2.4 there exists a Ky € Z such that if K > K then span X (¢) is
dense in the Triebel-Lizorkin and Besov spaces provided that each generator 1 is
itself contained in that particular space (which clearly is not always satisfied). In
the remaining of this paper we will fix such a K and consider approximation using
m-term expansions with elements from the dictionaries X g (¢).

As a consequence of Proposition 2.4 we have the following Jackson inequality.

Proposition 2.5. Given s > 0, let ¢ € C*(R?) be a compactly supported refinable
function and let 1 € span{¢(2 - —k): k € Z}. Suppose 0 < p < o0, 0 < t < o0,
0<B<y<sand € Ff(Lp(Rd)), and define 1/7 := (y — 8)/d + 1/p. Then
there exists a finite constant C' such that

o (fs X)) o,y < Cm™ O fllgnp ) YmeN, f € BY(L-(RY)).

Proof. By Proposition 2.4, we can construct a function g € X, (Xk(¢)) for some
finite n, and a sequence {§%}gep, such that

= (£3%90
QeD
for every f € BY(Lr(R9), with [ {(£.59} 1 < Clfll g s Fix f € B2 (L, (RY)),
and let 7 be one of the 2¢ — 1 orthonormal Meyer wavelets on R?. We notice
that the function h := > 5 p(f, G9)no belongs to BY (L. (R%)) with 1”522y <
Cllfllgz(r,y- From [7], we have

(2.6) am(h {na}Q)ps () < Cm™ O Rl gy ), meEN.

Let hy, € 2,,({ng}q) be a sequence that realizes (2.6) up to the relaxed constant
2C. We want to map h,, to an element of f,, € X,,({90}q). To accomplish this,
we consider the operator T" with kernel

K(z,y):= Y go(@)nq(y).
QeD
The matrix of this operator in the Meyer wavelet basis is M = [(gp, Q)| r,0eD-

It is easy to verify that M € ad”

p,t» Where adgjt is the algebra of almost diagonal
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matrices, see [3, Sec. 9]. We notice that f,, := Thy, € £,,({90}¢), and moreover,
f = fm = T(h — hy,). However, the matrix representation of T' shows that T is

bounded on F}’ (Ly(RY)) so
||f - fm”Ff(Lp) < Cth - hmHFE(L,)
<2C,Cm”~ O] o
<C'm= Y gy

Hence, we have the wanted Jackson inequality for the dictionary {gg}oep, and
thus for X g (¢). O

3. APPROXIMATION WITH FRAMELET SYSTEMS

In this section we derive a fairly general Bernstein inequality for the system X i ({¢'}),

and then using the Jackson inequality for such systems, valid for large K, we give a

complete characterization of A?/d (Lp(R?), Xk (1)) for 1 < p < co. The Bernstein

inequality for X ({¢'}) is given by the following proposition.

Proposition 3.1. Given s > 0, let ¢ € W*(Loo(R?)) be a compactly supported
refinable function and let ¢ € span{¢(- — k): k € Z}. If d > 1 we suppose {¢(- —
k)}reza is a locally linearly independent set (this condition is void if d =1). Then
for each 0 < v < s and K > 1, the Bernstein inequality

(3.1) 11531, ey < CmYSIlp, ey, VS € Bm(Xk (1)),

1/7:=~/d+1/p, 0 <p < oo, holds true.

Proof. In the case d = 1, if the integer shifts of the function ¢ are not already
linearly independent, we can always find a perfect generator ¢ for the shift invariant
space Sy := span{¢(-—k): k € Z}, i.e., ¢ is a compactly supported refinable function
with linearly independent shifts that generates Sp, see [6]. In the arguments below
we may use ¢ in place of ¢.

By the result of Jia [5], for each 0 < v < s, the Bernstein inequality
|S|BJ(LT(R¢1)) < Cm"’/d||S||Lp(Rd), VS € X (X(9)),
1/7:=~/d+1/p, 0 < p < oo, holds true for the system

X(¢) == {o(2x — k)}jez keza-
By assumption there is a finite mask {by }; such that

U(x) =Y bigla —0),

Leza

and since ¢ is compactly supported and refinable there is another finite mask {ay}
such that

dla) = > arp(2x — ).

Lezd
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Thus, for j € Z and k € Z%, we have
Y(2x — k/2%)
- Z beyd (272 — k /25 — 1)

égEZd
= > bran e — k2K =200 — 1)
EU,€1€Zd
= > bgag ragd(2Ka — k- 257 — 25720 — o — 1),

£o,01,..., L €LY

That is to say ¢(2/x — k/25) € X1 (X (¢)) for some uniform L depending only on
K and the length of the finite masks used above. Take any S € X, (X (%)), then
S € Yrm(X(¢)). Using the Bernstein inequality for X (¢) we obtain the wanted
inequality,

|S|BJ(LT(]R<1)) < C(Lm)W/dHSHLP(Rd)
< Cm"| S| 1, may, VS € T (XK (V).
O

We can now apply the Jackson and Bernstein inequalities obtained so far to get the
main result of this paper.

Theorem 3.2. Given s > 0, let ¢ € W*(Loo(RY)) be a compactly supported refin-
able function and let 1 € span{p(-—k): k € Z}. If d > 1 we suppose {d(- — k) } pega
is a locally linearly independent set (condition is void if d = 1). Then there exists
Ky € N such that for K > K,

A (Ly(RY), X (1) = (Lp(RY), BY(L-(R) o

forl<p<oo,0<a<~vy<s, andl/7:=~/d+1/p.

Proof. By Proposition 3.1, we have the Bernstein inequality
|S|BJ(LT(]R<1)) < de’Y/d”S”LP(]Rd)v VS € Em(XK(ﬂ)))v v <Ss.

Using Proposition 2.5, there is a K > 1 such that the Jackson inequality
om(f, Xx ()1, ey < Om ™ fll gzp,y  YmeEN, f e BY(Ly),

holds for v < s. Hence, the result follows by the well known theorem of DeVore
and Popov [2]. O

Remark 3.3. For p < 1, we cannot get a Bernstein inequality valid for H,(R?) using
the techniques of this paper. This is due to the fact that the refinable function ¢ is
not contained in H,(R?). Indeed, whether A5/ (Hp(RY), Xk (1)) is even defined

depends on the properties of filters m® from (1.1).

Clearly, Proposition 3.2 also characterize the approximation classes associated with
the oversampled scaling system X i (¢). However, since ¢ is a refinable function we
can actually do much better. We have the following result.

Proposition 3.4. Consider an oversampled system X i (¢) for which the following
Jackson inequality holds

on Xk (@) gy < Om= O fl gy ¥m e N, f € BUL(RY),
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where 1/7:= (y—=)/d+1/p and 0 < t < co. Suppose ¢ is refinable and compactly
supported. Then the Jackson inequality (with the same parameters as above)

on(fs X (@) po 1,y < Cm™ "D fllga iy, VmeN, f € BI(L(R),
holds for the non-oversampled system X (o).

Proof. We notice that it suffice to prove that %, (X (4)) C Zrm(X(¢)) for some
uniform constant L, since then we would obtain the estimate

ULm(fa X(Qb))pf(Lp) < Um(fa XK(@)F{’(LP)-
Using the refinement relation
$x) =Y arp(2x — )
tezd
successively, we notice that
o(2x — k/2¥)
- Z agl¢(2j+1x — /{:/2K71 — fl)

élezd
= Z agla¢2¢(2j+2$ — k:/2K72 — 20y — @2)
él,ézezd
= > anan-and(2Te -k 257 — 28720 — ).

£1,02,... L €LY

It follows that ¢(27x — k/2K) € £1(X(¢)), where L only depends on the length of
the mask {ay}r and on K. This proves the claim. O

We easily deduce the following result which concludes the paper

Corollary 3.5. Let ¢ € W*¥(Lo(R%)), s > 0, be a compactly supported refinable
function. Then we have the Jackson inequality

(3:2) 0ulf. X (@) 50,y < Om~ O fllga ), VmeN,f € BYL(RY),

where 1 <p<oo,0<y<s, and 1/7:=(y—6)/d+1/p.

Moreover, if for d > 1 {¢(- — k) }rege is a locally linearly independent set (the

condition is void if d = 1), then we have for each K > 1,
A/ (Ly(RY), X (¢)) = (Lp(RY), B (L+(RY)))

a/v,q’

forl<p<oo,0<a<~vy<s, andl/7:=~/d+1/p.

Proof. The Jackson inequality for X i (¢) (for large K) follows from Proposition 2.5,
and then the Jackson inequality for smaller K can be deduced from Proposition
3.4. The Bernstein inequality for X (¢) follows from the same string of arguments
as used in the proof of Proposition 3.1. O

Remark 3.6. The Jackson inequality (3.2) given by Corollary 3.5 generalizes [1,
Theorem 2.1] to the case where the approximation errors is measured on the full
scale of Triebel-Lizorkin spaces and not just in the L,-spaces.
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