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Preface

This book is intended for use as lecturing material on thdggmée and licentiate level in Civil
Engineering. It contains a general introduction to soilayics and the solution of viscoelastic
wave-propagation problems by means of numerical methotiss ificludes the finite-element
method, the boundary-element method and the domain-tmanafion method. Applications are
ground-borne vibrations from stationary sources such ashimas and pile ramming. Further,
specialised numerical schemes for the analysis of movingees are presented. These methods
are useful for the analysis of road and railway traffic.

The first chapter of the book gives an overview of the basiothef stress waves propa-
gating in viscoelastic media. In particular, the effect mffaces and interfaces in a viscoelastic
material is studied, and different mechanisms influendireggwave propagation are discussed.
This includes dispersion as well as material and geométtissipation of waves in viscoelastic
materials. Finally, brief introduction to wave propagatio saturated porous media is included.
Generally, all mathematical derivations are presenteddex notation. For readers who are un-
familiar with this formulation of partial differential egions, a short introduction is provided in
Appendix A.

Subsequently, Chapter 2 deals with the finite element faatiarl of elastodynamics. The
emphasis of the chapter lies on the discussion of time iat@gr and spatial discretization of
wave-propagation problems. Further, a formulation isgivktransmitting boundary conditions
which must be applied at the artificial boundaries of the micaémodel. Finally, the treatment
of moving sources.g.vehicles, in a finite element model is discussed.

Chapters 3 and 4 deal with the boundary-element methodhvidan alternative to the finite-
element and particularly useful for open or unbounded domai.g. soil. Firstly, Chapter 3
presents the theoretical background in terms of integrahtgns. A key issue in this regard
is the so-called Green’s function which is applied as a wefigihction in the boundary-integral
equations. The Green’s functions and the correspondiegyiiat identities are derived in time
and frequency domain, and special solutions are providepléme strain and antiplane shear.

An introduction to the numerical aspects of the boundaeyreint method is given in Chap-
ter 4. Two- and three-dimensional elastodynamics is censdl and different orders of spatial
interpolation are presented. Only the so-called directhidawy-element method is concerned.
However, both frequency- and time-domain schemes arededlin the presentation. Finally,
different approaches to the coupling of boundary-elemedtfanite-element schemes are dis-
cussed.

The finite-element and boundary-element methods is vemptatke; but the solution of large
soil domains is computationally expensive. Thus, in Chaptean alternative semi-analytic



method is derived, which may be applied for the analysisydied half-spaces subject to mov-
ing or stationary loads. This method is based on the soec@f®mpson—Haskel approach and
involves a double Fourier transformation from the horiabspatial coordinates into the corre-
sponding wavenumber domain. At the end of the chapter, elemnape given of how to apply
the method to the analysis of surface footings.

The discussion of foundation modelling continues in Chatehich deals with the formu-
lation of lumped-parameter models. The main idea of thes#ahsas to reduce a finite-element,
or similar, model to a mechanical system with a few degredseedom. This is ideal in the
case of foundations, since a rigourous modelling of thersaly by very inefficient if only the
structural response is of interest. At the beginning of thepter, simple models for an axisym-
metric footing are presented. Subsequently, the so-cabedistent lumped-parameter model
is discussed, and examples are given in which the modelsatiteated to the response of the
models presented in Chapters 2 and 5.

At the end of the book, a number of exercises are included. eSafnthese exercises pro-
vide “hands-on” examples of the different numerical methadd may be used as mini projects,
e.g.for evaluation of an MSc or PhD course based on these lectiesn

I would like to thank my colleagues, in particular Morten Aindgaard and my former PhD
supervisor Sgren R.K. Nielsen, for their valuable contidns to this book.

Aalborg, December 2006 Lars Andersen
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_ CHAPTER 1
The basics of elastodynamics

In this chapter, the basic theory for waves propagating astal solids is described. Firstly,
the theory for pressure and shear waves propagating thriggblastic body is explained, and
the influence of free surfaces or interfaces is discussed faus on reflection and refraction of
waves. Secondly, the Rayleigh wave propagating on thecidba half-space is considered. Sub-
sequently, the dispersion and dissipation of differentevgipes are discussed. The derivations
and descriptions of elastic waves in this chapter form argteml basis for the formulation of
numerical solutions in the subsequent chapters.

1.1 Introduction

Wave propagation in elastic or viscoelastic media is a moblvhich is encountered in many
fields of engineering, both mechanical and civil enginegeridne of the first fields of application
for the theory of waves in elastic media was earthquaked! eatith tremors are subject to
extensive research, both from an experimental and a thealrapproach. In particular, over
the last decades there has been an increasing interest imad@ ground vibration. Examples
include ramming of sheet piles, traffic induced vibrationl arwise from machine foundation.
Some typical sources to ground borne noise are illustrat&ebi. 1-1.

WAVE Ia
TRANSPORT
( } ( }

- ) N

\NAANNE

e

Figure 1-1 Ground borne vibration from (a) a machine foundation anda(isjoving vehicle.

The reason for the interest in ground vibration is its immatpeople and buildings. At low
frequencies, typically up till 80 Hz, vibrations may be fak whole-body vibrations. Further,
low-frequent waves in soil may cause whole buildings on tiase to vibrate at their lower
eigenfrequencies. Vibrations at higher frequencies, BB64250 Hz, may result in structure
borne noise, which may be heard by people working or livinguidings. Some examples of
ground borne vibration and structure borne noise are showigi 1-2. The resonance frequen-
cies are taken from the work by Jones (1994).

-1 —



2 Chapter 1 — The basics of elastodynamics

Figure 1-2 Ground borne vibration and structure borne noise from a fraa tunnel. Typical resonance frequencies
are given in parentheses..

1.1.1 Wave types in an elastic medium

Measurements of the response of the ground to p S R
earthquakes or man-made vibration sources indi- l l l

cate that three different waves are usually en- ¥ _ [\\ .
countered in the soil. A schematic time series of — w >
the horizontal response at an observation point

on the surface of the ground is illustrated figure 1-3: Schematic time series of horizontal displace-
Fig. 1-3. A qualitative description of the thrggents measured at the surface of the ground. The arrival
waves indicated by P, S and R is given beIOWes of the P-, the S- and the Rayleigh wave are indicated.
while a theoretical explanation of the various wave typeg b@found in Sections 1.2 and 1.4.
A further discussion of some basic properties of wave prapag is carried out in Section 1.6.

The P-waveis the first wave to arrive at an ob- Particle motion
servation point. Hence it is denoted themary
wave The particle motion is pure dilatation, or:-
pressure, and the wave propagates through spac :
with the phase velocityp, cf. Fig. 1-4. The I

. . cp
P-wave corresponds to the acoustic waves in a
fluid, e.g.in air. Figure 1-4: Plane P-wave.

The S-wavearrives after the P-wave and is therefore referred to asdkhendary waveHere
the particle motion happens as equivoluminal shear agrdliesl in Fig. 1-5. Similarly to the
P-wave, the S-wave travels through space. The phase welggits typically about0.5 cp

DCE Lecture Notes No. 3



1.1 Introduction 3

but may be much lower in, for example, o
ganic soils. The S-wave is usually decompos
into two components: the SV-wave and the S :
wave. The H and V denoteorizontalandver- —»Cs
tical, respectively, and refer to the direction or
the particle motion as illustrated in Fig. 1-6. Figure 1-5: Plane S-wave.
It is noted that at a free surface, or at an inter-
face between two materials, a partial transition > 1
from P-waves into S-waves and vice versa may \

Free surface

u
take place. A further discussion of this and other mlisv ZP ’49\

Particle
motion

phenomena may be found in the next section.

The Rayleigh waveruns on the surface of a half:
space,.e. on the ground surface. This wave is
somewhat slower than the S-wave, typically with’
a phase speed of aroung = 0.9¢g. In contrast M
to the P- and S-waves, the Rayleigh wave C@Rjure 1-6: Components of the displacement field in a
tains both pressure and shear components inpthe elastic wave.

displacement field. A derivation of the theory for Rayleigawes may be found in Section 1.4.

r

Wavefront

v

Clay & silt 1 Il B P-wave velocity
Clay, soaked || ] [ S-wave velocity
Sand & gravel || [N
Sand, soaked [ ]
Morain [ [ NN
Morain, soaked — ]
Brittle rock [ |
Limestone & slate ] [ ]
Granite & gneiss ] |
S(I)O IOIOO ISIOO 20I00 25I00 30IOO 35I00 40IO0 45IOO m/s

Figure 1-7 Typical propagation velocities of P- and S-wav8ei( and rock mechanicsThe Royal Swedish Academy
of Engineering Science, Report 225, Stockholm, 1979).

The P-, S- and Rayleigh waves are the waves that were firstv@asén nature, and for
which a theoretical explanation was first given. Other waypes exist, some of which will be
discussed in the following sections and chapters. Howéwvex,given material no wave exists
which is faster than the P-wave. Typical propagation vélesiof P- and S-waves are given in
Fig. 1-7. For comparison, the velocity of acoustic wavesriaad waterj.e.the speed of sound,
is 344 m/s (at 20C) and about 1500 m/s, respectively. It is noted that soakad and clay,
treated as elastic media, have a only one phasdoth the soil and the pore water are treated as
a single material with a Poisson ratio close to 0.5. This@nrglthe great difference between the
P- and S-wave speeds in these materials as will be furthéaiegg in the following sections. On
the other hand, rock and limestone show a high degree of dati@n This results in Poisson
ratios of about 0.15. Finally, drained sandy soil typic&lys a Poisson ratio of 0.2 to 0.3.

Linear Elastodynamic Analysis



4 Chapter 1 — The basics of elastodynamics

Geometrical damping

It has been observed that at great distances from the epagran earthquake, or far away from
a source to man-made ground vibration, the Rayleigh wawslgestrong vibrations, whereas P-
and S-waves vanish. A part of the explanation may be that #jerity of the energy transmitted
to the ground by a surface source leads to the generationytéiBa waves.

Point source " Point source

Rayleigh wavefront

\— P- or S-wavefront

Figure 1-8 Geometrical damping of waves emanating from a point souncthe surface of a half-space: (a) P- and
S-waves, (b) the Rayleigh wave.

However, another reason lies in the fact that the P- and ®swspread over the volume, thus
forming spherical wavefronts, whereas Rayleigh waves aumd to the surface, thus spreading
like “rings on water”, cf. Fig. 1-8. This implies a faster dgmf the energy, and hence the dis-
placement amplitudes, in the P- and S-waves with the distoen the source than is observed
for the Rayleigh wave. The decay of the amplitude of a wavetdspreading of the energy over
a larger area or volume is denotgdometrical dampingObviously, the geometrical damping
of P- and S-waves is stronger than that of Rayleigh waves. At iturn to the discussion of
geometrical damping in Subsection 1.6.2.

1.1.2 The linear (visco)elastic model for stress wave propa  gation

Most materials show a very complex behaviour. Mechanicaperties may vary, both on a
micro and macro scale, and they may change due to the defomaatd load history. Thus, in
nature most materials show some degree of nonliakatoplasticdesponseinhomogeneitand
anisotropy This may be vere pronounce for granular, possibly cememtg@rials such as soil
and rock, whereas many materials show little variation efphoperties with the localization,
level and orientation of deformation.

In order to fully describe the behaviour of a material, a \@sbunt of properties need to
be known. This implies two complications. Firstly, the detaation of the material properties
requires that several field tests and/or laboratory tegtcarried out. Secondly, a humerical
or analytical model facilitating a very complex materiahbgiour may lead to advanced com-
putations, which are very demanding in terms of computagpiower—or they may simply be
impossible. Hence, in the classic elastodynamic theasiesre only concerned with linear ma-
terial behaviour, and most often the materials are assuoeglisotropic and homogeneous. The
shortcomings of this approach are discussed below.

Linear elasticity vs. nonlinear elastoplastic behaviour

Close to the epicentre of earthquakes, very large stramslaserved in the ground. However,
farther away the strains are smaller. This is also the sitm&br ground vibrations due to human

DCE Lecture Notes No. 3



1.1 Introduction 5

activity, e.g.road and railway traffic, and in structural materials suclstasl and concrete, the
strains associated with dynamic loads, structure borne noise and vibration, are often inside
the elastic range.

Hence, even for soil, which is in other fields of engineeriegarded as a strongly nonlinear
material, it may be reasonable to implement a linear modwe. rainge of application of different
material models is illustrated in Fig. 1-9. The linear moaely be a pure elastic model, or
a viscoelastic model may be utilized. The inclusion of v&tgi.e. material damping, in the
model complicates the computations of the response to dignaxuitation but usually provides
a much better description of the material.

. 10 107 10 107 107 107"

Shear strain L L . .

Small Medium Large Failure
(Visco)elastic ——
Elastoplastic — >
Failure —
Effect of load repetition —
Effect of rate of load application —
Model Linear visco- Viscoelasto- Load history

elastic model plastic model model

Figure 1-9 Material behaviour of soil at different magnitudes of theahstrain (Kratzig and Niemann 1996). The
figure indicates whether load repetition and the rate of laaglication are important at different levels of strain and
which kind of model that describes the material with sufficiaccuracy.

Of course, problems exist in which the nonlinear behavidwsodl cannot be disregarded,
i.e.when the excitation leads to large strains. Further, inrs¢ygoblems concerning saturated
soil, e.g.liquefaction, it is necessary to model soil as a two-phastesy with an additional set
of equations describing the pore water.

Inhomogeneous vs. homogeneous materials

Steel and other metals/alloys may be regarc
as homogeneous, even on a microscopic sc
However, concrete and most rocks are clearly
homogeneous. This also applies to soil. He
the particles, whether mineral or organic, m:
vary significantly in size and shape as illustrat
in Fig. 1-10, and the material density on mac
scale varies due to variation of the void ratio. Figure 1-10: Inhomogeneous soil. Note the interface be-
Nevertheless, thiocal variations of the de¥8) Afda¥fESstrength of a material &littie

importance to wave propagation. By local inhomogeneitiesmderstand the variation of ma-
terial properties over a distance that is much smaller tharcharacteristic wave length. Hence,
for low frequencies, only inhomogeneities such as layewdiftérent soil deposits, also known

asstrata, are important. Here is interesting to know that the Rayleigve speed in most soils

is above 100 m/s. Therefore, at 100 Hz the wave lengths are d.mmoce, whereas the grain

Linear Elastodynamic Analysis



6 Chapter 1 — The basics of elastodynamics

size is typically much smaller, around 1 mm. At very high freqgcies, or for coarsely grained
materials, the size and shape of the individual grains méyence the wave propagation; but
here the applicability of a continuum model may in any casddsbtful.

A similar division into local and global inhomogeneitiepéips to the dynamics of structures.
Here, details such as welding seems, joints and bolts havea# influence on the lower eigen-
frequencies and vibration modes. However, the responsmisgty influenced by, for example,
the variations of the bending stiffness of beams.

It is noted that in any real soil deposit, the elastic stremybperties vary over depth due to
prestressing from overlaying soil (or ice etc.). In pragtiwhen dealing with wave propagation,
smooth variations of the strength over depth may be modabestepwise variations by means
of a number of layers. Typically, just one or two layers oagihg a homogeneous half-space are
sufficient for the description of wave propagation in soil.

Anisotropic vs. isotropic materials

Wood is by nature an anisotropic material with very différstnength in the directions paral-
lel and orthogonal to the fibres. This also applies to mangkiof rock and most sedimen-
tary soil. Even sand shows an anisotropic k

haviour, which is a result of the way in whic L1

the grains are initially deposited. In elastod

namics, the main difference between isotroj

and anisotropic materials is the fact that in .

isotropic material, the speed of wave propac

tion is the same in all directions, whereas

anisotropic materials the wave speed varies. Hre 1-11: An anisotropic materialg.g.soil, rock or

anisotropy may influence all, or only some of tl@od. The shear strength is low in the-direction and
wave types in a medium. high in thezs-direction.

In situ stresses in materials

In materials such as soil, nonzero in situ stresses are pftesent due to a prestressing of the
material. However, wave propagation and vibration in gahisr related to stress variations.
Hence, whereas in situ stresses play a significant part ievleation of failure loads, they may
be disregarded in elstodynamics—at least for small varatof the strain.

However, the stiffness of granular soil deposits as welllag lsas been recorded to increase
significantly with the overburden pressure and thus withtlilephis increase of stiffness may
need to be accounted for in a model of the grouad, by treating the soil as a number of
homogeneous layers with different modules of elasticityttirer, field and laboratory test show
that increasing pressure leads to cementation, resultiaglecrease of the Poisson ratio. Hence,
typically the P- and S-wave speeds in deep soil depositslkgively close to each other, whereas
at shallow depths, the P-wave speed may be much higher teeBrtbave speed—in particular
in fully saturated, undrained clayey and sandy soils.

1.2 Volume waves in elastic solids

An infinite elastic domain is considered, and a formulatibthe equations of motion is to be
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1.2 Volume waves in elastic solids 7

given in the Cartesian coordinates= {x1, x>, 23} . A cubic infinitesimal element with the di-
mensionslz, x dzs x das, situated in the interior of the domain, is subject to themod forces
pb and surface traction as illustrated in Fig. 1— 3
12. Here,p = p(x) is the mass density, and A
b = b(x,t) is the vector with the components
bi(x,t), i = 1,2,3, expressing the body forces ps + §otdas
per unit mass. The traction vectpr= p(x,t) A
has the components (x,t) = o;;n;, whereo;; —P1
is theCauchy stress tenspandn;, j = 1,2, 3,
are the components of the outward unit normal dzs
vectorn. The summation convention applies s§” - »
that summation is carried out over repeated in- ; \ > 2,
dices, in this case the index Since the nor- V \
mal vectors on the surfaces of the infinitesimal pb N e FoLdas
element are parallel with the coordinate axes, ¥ \
the traction vectorp; have the components; . p1 + apl da;
The negative sign gb; on three of the surface i in
Fig. 1-12 is due to the direction of the unit nor-
mal on these surfaces. In the genera| case, theFigure 1-12: Forces on infinitesimal element.
full Taylor expansion is employed in order to find the diffiece between the stresses on two
opposing sides of the cube. Here, however, we are only cnadewvith the linear contributions;
hence any higher order terms are disregarded.

Thus summation of the linear contributions from the extefoces in each coordinate di-
rection and use of Newton’s second law yields the equation

—p3

anj+ b— @
ox; T Pa

(1-1)

which is identified as th€auchy equation of motiotdere,u; = u;(x,t) are the components of
the displacement field, and consequently the second pdetiiagdative ofu; with respect to time
is the acceleration at the material coordinatéote that at this stage, no assumptions have been
made with respect to material behaviour.

Assuming that the material is linear elastic, and that onhals deformations are present
in the domain, the stress may be expressed in terms of thasstrecording to thgeneralised
Hooke’s law

oij = Eijrien, (1-2)

whereE;ji,; = Eijrni(x) is theelasticity tensorandey; = e(x,t) is theinfinitesimal strain
tensor in which any higher order terms in the Taylor expansiongHerdisplacements around a
pointx are disregarded,

- 1 Oui(x,t)  Ouj(x,t)
€ij (X7 t) B 2 ( (9$j + (9.%1 ’

Apparently,E;;; has 81 components. However, only 27 of these componentadepéndent,
which is due to the following reasons:

(1-3)

Linear Elastodynamic Analysis



8 Chapter 1 — The basics of elastodynamics

¢ The Cauchy stress tensey; is symmetric in indices and j, because the angular accel-
erations are small of higher order, and therefore the fidéiocontributions to the angular
moments around the centre of the infinitesimal element mast bquilibrium.

¢ The small train tensot; is symmetric in indiceg and!, which follows immediately from
the definition in Eq. (1-3).

¢ It is assumed that a positive definite strain energy functios= U/(e;;) exists, which is
defined so that;; = OU /De;;.

Hence,E;;1; is subject to the symmetry properties
Eijii = Ejin, Eijii = Eijig, Eijri = By (1-4)

Equations (1-1), (1-2) and (1-3) are occasionally refaimess thedynamic the physicaland
thegeometricakonditions, respectively.

Homogeneity of the material implies that the mass densityd the elasticity tensd?;;,; are
independent ok. Further, assuming that the material is isotropic, thesstrstrain relationship
simplifies to

Oij = )\A(Sij + Q,UQJ‘, (1—5)
whereA = A(x, t) is thedilation,

Oug(x,1t)

Ax,t) = 1-6
(x,1) = =5 (1-6)
d;; is theKronecker delta
1 for i=yj
0ij = { 0 for i#j =7

and\ andy are the so-calledamé constantsvhich are related to the Young's modulBsand
the Poisson ratio as

vE E
= — = — l—
A ey s S ) (1-8)
The inverse relationships are given as
(3N +2u) A
p=0x2 T = 1-9
A+ p YT ) (1-9)

Since the material is homogeneodsind . are independent of. The Lamé constant is also
identified as theshear moduluswhich is often denoted.

For the linear elastic homogeneous isotropic medium, thee@aequation of motion reduces
to theNavier equations

32163‘ + 82ui 4 oob = 82ui
Oz;01;  oz0u; T Po

(1-10)

(A+p)
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1.2 Volume waves in elastic solids 9

In the following, it is understood that only the stress d#éwizs from the state of static equilibrium
are considered. These are the stresses that propagatghtineusolid as elastic waves. In this
context, the body forces stemming from gravity are to beetgH.

It is noted that Eq. (1-10) with the Lamé constants defined dpy(E-8) is valid for three-
dimensional wave propagation in elastic solids as well asgktrain. However, in the case of
plane stresshe governing equations of motion achieve a slightly défeérform when expressed
in terms of Young’s modulus and the Poisson ratio. This matrdegted by introduction of the
alternative Lamé constants

- vE _ E
A= m, o= m, (plane Stl’eSS) (1—11)
where the usual definitions @ andv apply, and the Navier equations read:

< 0%u; O*u; %u;

A+ [ J 0 ! b; = L. lane stress 1-12
A +0) giar; T Famam, TP T P o (P ) (1-12)

Equation (1-12) is identical to Eq. (1-10) except for theli@ption of A and# instead of\ and
u. Itis left to the reader to prove this.

1.2.1 Derivation of the P- and S-wave speeds

Two different wave types propagate in an infinite elastic imed These waves are denoted
body waves or volume waves, and the nature of each wave tyvéaled in the following
subsections.

Dilatational waves

In the absence of body forces, the Navier equations read
0%u; 0%u; 0%u;
A J L= <.
A+1) orian, T an,00, ~ o0
Taking the divergence of Eq. (1-13) yields the scalar eqoati
83uj O3, Bu;
+u =p )
8:@896]' ox; 8xj 31:38.%1 ot20z;
which after a substitution and reordering of terms invajviepeated indices yields
83uk 83uk 33uk
A =
P W SN w7 S
In terms of the dilatation, defined in Eq. (1-6), this equat®recast as

9?A 0%’A

9%A 1 92°A A+ 20
re 78 = 2 1-14
Ox;0x; % Ot er P ( )

This equation is recognized as the wave equation in threerions withcp defining the phase
speed of the wave propagation. For the isotropic elastitimamm, the problem defined by
Eq. (1-14) is spherically symmetric.

(1-13)

(A+n)

Linear Elastodynamic Analysis



10 Chapter 1 — The basics of elastodynamics

Rotational waves

Taking the rotation of Eq. (1-13) yields the three equations

0%y Dy, Py,

A ik ik = PEijk s 1-15
(At 1) i 0x1021,0; + Kk 0x10x02; Pk ot?0x; ( )
Heree, ;. is thepermutation symbol

1 if ijk is a subsequence 2312,
ek = § —1 if ijkis a subsequence 82132, (1-16)

0 otherwise.

The termd3w; /0x,0x1,0x ; is symmetric in the indicegsandk, whereas the permutation symbol
€;j% IS antisymmetric. Hence, the first term appearing in Eq. §)vanishes. This corresponds
to the well-known property that the rotation of the divergenf a vector field (and vice versa) is
equal to zero. Making use of this result, Eq. (1-15) reduaes t

82wi 1 82wi M
= =/t 1-17
dujox; ¢ 02 s \/;7 ( )

which is the three-dimensional wave equation with phasedge The quantityw; = w;(x, t)
is the rotation of the displacement field,

1 Ooup 1 1 /0u; Ou;
i = = Eiik—— = = EiikWhi, Wi = = ——2. 1-18
v 2€Jkal‘j 2€Jk ki 2 <8$j 83@) ( )

HereW;; = W;;(x,t) is identified as th&finitesimal rotation tensorNote that the infinitesimal
strain and rotation tensors are actually the symmetric atidyanmetric parts of the gradient of
the displacement field, so that

8ui

373* = ¢;; + Wyj. (1-19)

1.2.2 Naming convention for the volume waves

It is now evident that the displacement may be decomposediimtilatational part.p; and a
rotational part:gs ;, So that the total displacements are given as

U; = Up; + US,;- (1—20)

The two parts of the displacement field propagate as wavésthét phase speeds andcg,
respectively. For any real materials, the Lamé constartdath real positive quantities, and
thereforecp > cg. As a consequence of this, dilatational waves reach andarseefore the
rotational waves, for what reason the denotatjpmmary waves (P-waves) argkcondaryvaves
(S-waves) have been coined. Accordingly,andcg are referred to as the P- and S-wave speed,
respectively.

As already mentioned, the rotation of the divergence of aordield and the divergence of
the rotation of a vector field both vanish. Therefore, thed®afield corresponds iaotational
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1.3 Reflection and transmission of waves 11

@ Particle motion
4+—>r

(b) R S PRSP

Particle | :ciiiiiiiiiiiioiioiiioiiiiliiiiiiiiiiioniioeioil

motion B R R R R SR,

csrg T e

Figure 1-13 The particle motion in (a) P-waves and (b) S-waves. The wttarsr p andrg denote the directions of
P- and S-wave propagation, respectively.

waves, only consisting of changes in the volume. On the dthed, the S-wave field is free of di-
vergence, implying that these waves aqglivoluminalvaves. The two wave types are illustrated
in Fig. 1-13. Alternatively, the two wave types are refeieedspressurgor compressionaland
shearwaves. These names correspond well with the original dénotdescribed above. Note
that the phase speeds are occasionally referreddparsdc, rather tharep andceg, which is the
notation used in this text.

1.3 Reflection and transmission of waves

In the previous section, the basic theory for wave propagati an infinite homogeneous linear
elastic medium has been put forward. It was found that P- awd\&®s propagate independently
of one another in these circumstances. However, most prtilegeodynamics involve bounded
domains and possibly domains with inhomogeneites.soil layers or buried structures. When
waves hit an obstacle or a boundary, full or partial reflectibthe waves will occur. The nature

of reflection is strongly dependent on the boundary conuafitiovhich may be demonstrated by
the following simple example.

Example 1.1 Reflection of one-dimensional waves at a free or a fixed boundary

The one-dimensional wave propagation problem is considdret p denote the mass density of a given
material. The displacement field= u(z, t) is then governed by the wave equation

Pu  pb 1 9%u
e Eor @
whereb = b(x,t) are the body forces applied per unit length in thdirection. Furtherg is the wave
velocity which depends on the mass dengitand some stiffness property of the material. Note that
Eq. (a) is equivalent to Egs. (1-14) and (1-17) for dilatadod shear waves, respectivelycontinued)

Linear Elastodynamic Analysis



12 Chapter 1 — The basics of elastodynamics

The material domain is now defined by> 0. When the waves hit the boundaryzat= 0, reflection
will occur. Thus the total wave field consists of the incidemt/e propagating in the positivedirection
and a reflected wave propagating in the negatidirection. Assuming that the wave does not change
shape or amplitude as it propagates through the materéadlisiplacement field may be written as

u(z,t) =U'f(ct + 2) + U f(ct — x), (b)

whereU® andU™ are the constant amplitudes of the incoming and reflecte@syaespectively. Further,
f is some function describing the shape and propagation of/éves; it should be at least twice differ-
entiable with respect to its argument. Other notations neegdpliede.g. f(ct +z) = g(t +z/c). Only
the sign and the relative scaling of the time and space coates via the wave speedire important. It
is easily verified that the wave field (b) is a valid solutioritie wave equation (a).

Two different kinds of boundary conditions are appliediba

¢ Dirichlet conditionsj.e. natural boundary conditions, of the kind0, ¢) = 0,
4 Neumann conditions,e. mechanical boundary conditions, of the kindu,/dz = 0.

The first case corresponds to a fixed boundary. This may, tonple, represent a soil layer over bedrock.
Here it may be assumed that the soil is completely fixed atritezface. Since the stresses are given in
terms of the spatial derivatives of the displacements, ¢ieersd case corresponds to a free surface with
no traction applied.

Application of the boundary condition(0, ¢) = 0 to the solution given by Eq. (b) provides the result

w(0,t) = U' f(ct) + U" f(ct) = 0. ()
In order for this equation to hold at any instance of timét, follows that
U'+U"=0 = U =CU" where C,=—1. (fixed boundary)  (d)

HereC, is denoted the reflection coefficient. The change in sigrcatds a phase shift afbetween the

incident and the reflected wave. Standing waves occur wéthhplitude2U* a quarter of the wavelength
away from the fixed boundary. At = 0, the amplitude of the total wave fieldGs The incoming waves,

the reflected waves and the total, or resulting, wave fieldlasgrated in Fig. Aa.

II"ICOﬂ']II"Ig= z C |nc0m|ngt T

c  reflected c reflected
» T » T

ENLNENLNLNLNLONLN VAVAVAVAVAV AV VG
\SATASATAS AT AT AT/ 2 A SATASATASATAS
@ (b)
Figure A Reflection of waves at a boundary: (a) fixed and (b) free baynda

Next, when the Neumann condition is applied, the followiaguit is obtained:

ou

ok U f'(ct — x) L ~U"f(ct+z)|,_, =0, (e)

=0

where the prime denotes differentiation with respect taafgeement. Again, in order for this equation to
hold for arbitraryt it follows that (continued)
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1.3 Reflection and transmission of waves 13

U'-U"=0 = U =CU" where C,=1. (free boundary) ~ (f)

Hence, when the boundary is free of traction, the reflectagwsin phase with the incident wave. Con-
sequently, standing waves are generated with the amplitiidetz = 0, while the total displacement is

equal to0 a quarter of the wavelength away from the free boundary. mbening, the reflected and the
total wave fields are shown in Fig. Ab. a

As illustrated by the example above, both a free and a fixeadbany lead to full reflection
of incident waves back into the domain occupied by the mateFhe amplitudes of the resulting
wave field are equal in the two situationg. the only difference lies in the phase shifts. On the
other hand when an an interface between two different nad$as considered.g.between two
soil layers, a part of the energy may be transmitted from oateral to the other and only the
remaining part of the energy is reflected. Furthermore, mgixif different wave types may take
place at a boundary or an interface. This will be discuss&livsections 1.3.2 and 1.3.3. Firstly,
however, the terminologmechanical impedanagill be introduced.

1.3.1 Mechanical impedance and transmission coefficients

In the case of direct electrical current, the relationstépween the voltage/, and the current,
1, is given in terms of Ohm's law/ = RI. HereR is denoted th@hmic resistance When
an alternating current is considered, additional rest&tarises due to the reactangg, In the
frequency domain, the complex notatibn= (R+ iX)f = ZI applies, where the hat indicates
the amplitudes of the respective quantities. The combiesttance” is referred to as the
electrical impedance

Based on similar principles, thecoustic impedance is defined as the ratio between the
pressurep, and the particle velocity;, on an imaginary surface in a sound wave,p = zv.
Acoustic impedance is measuredayls (1 rayl = 1 Ns/n?).

As demonstrated in Example 1.2 below, the acoustic impedne:, wherep is the mass
density of the material andis a characteristic phase velocity of wave propagationémntiate-
rial. Thus, in contrast to the electrical impedance which @mplex quantity in the frequency
domain, the acoustic impedance is real valued.

Example 1.2 Mechanical impedance in one-dimensional wave propagation
Let p denote the mass density of a given material. The stiffneshitoe M is defined so that

c=\M/p = M=:cp. (@)

Herec is the phase velocity of waves propagating through the na@iteh comparison of Eq. (a) with
Egs. (1-14) and (1-17) reveals thdt = \ + 2. for P-waves, whereas! = p for S-waves.

Next, consider a homogeneous half-space defined by 0 and occupied by this material. No loads
are applied in the interior of the domain. However, the Ispifice is subject to the tractip(t), which is
distributed uniformly over the entire surfage= 0 and applied either normal or tangential to the surface.
In any case the problem reduces to one-dimensional wavegatipn governed by the equation

o%u 1 9%u
- Eor (®)

(continued)
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14 Chapter 1 — The basics of elastodynamics

The direction of displacements and the value of the phaseiwgk: depend on the direction, in which
the traction is applied. Thus, if a tangential traction iplagnl, S-waves are generated in the half-space,
whereas a traction in the direction of the normal generatemes. However, in both cases the waves
will propagate in the negative-direction,i.e. into the half-space. Hence, assuming that the amplitude
and the shape of the waves are constant as the waves proffagagh the half-space, the displacement
field may be described agx,t) = U f(ct + «). The particle velocity and the stress related to the wave
propagation are
. ou , ou ,

w(x,t) = — =cUf'(ct +x), o(x,t)=M—-—=MUf (ct+x) (c)

ot ox
where prime denotes differentiation with respect to theiargnt. In the general three-dimensional case,
the tractionp; is defined a®; = oi;n;, wheren; are the components of the outward unit normal, and
oi; is the stress tensor. In the present one-dimensional caseutward normal to the surface = 0
points in the positive:-direction. Hence, the traction jgt) = (0, ¢). Further, defining,(¢) = (0, t)
as the particle velocity at the boundary, this leads to theviing conclusion:

!

;83 _ ]\;g}c,gig } = p(t)= ?v(t) = p(t) =2v(t) where z = pc, (d)
where use has been made of the fact tat= M/p. The quantityz = pc is denoted thenechanical
impedanceand is a fundamental property in the dynamics of materialgravides the particle velocity
which is generated in the material due to a unit tractioniedpiver a surface. Evidently, éfcorresponds
to the phase velocity of sound through the material, the tifyanis identified as thacoustic impedance

Finally it is noted that the result provided in Eq. (d) wouldaabe achieved if the half-space defined by
x > 0 was considered. In this case the displacement field due te p@pagation would be defined as
u(z,t) = U f(ct — x). However, the resulting change of sign on the stress acaptdiEqg. (c), implying
thato (0,t) = —zv(t), would be counteracted by the corresponding change of sitireidirection of the
outward normali.e.p(t) = —o (0, t) on the boundary of the half-space defined:y 0. O

In three-dimensional elastodynamics involving both P-&naves, the mechanical impedance
is a second order tensas;,;, defining the relationship between the tractigfx, t) and the parti-
cle velocityv;(x, t). With S denoting the surface subject to the traction,

pi(x,t) = z;v(x,t), x€S. (1-21)

Thus, the mechanical impedance may be considered a geadiaii of the acoustic impedance.
Obviously, in the case of plane stress or strain, the indices- 1, 2.

The impedance of elastic continua on the particle levelith&r discussed in the next chapter
with regard to the formulation of transmitting boundarie§inite element models. Here, the key
issue is that the impedance mismatch between two matesielissely related to the transmission
of energy via their common interface. This is demonstratatié following example in the case
of one-dimensional wave propagation.

Example 1.3 Reflection and transmission coefficients in one-dimensional wave propagation

Consider two homogeneous half-spaces with the commorfacter = 0. The half-space defined by
x < 0 is occupied by a material with the impedange = pici, and a material with the impedance
2o = pa2ce occupies the half-space definedby> 0. Herep, andp. are the mass densities of the two
materials, whereas andc; are the corresponding phase velocities of wave propagatioftontinued)
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1.3 Reflection and transmission of waves 15

A wave impinges on the interface from the half-spacel 0. A part of the energy in the incoming
wave is transmitted through the interface into the adjabalftspace. The remaining part of the energy
is reflected back into the half-spage< 0. Hence,

o ui(z,t) +u"(z,t) for 2<0
u(@,t) = { ut(x,t) for >0 @)

where the superscripisr andt refer toincoming reflectedandtransmittedwaves, respectively. Assum-
ing that the amplitude and the shape of each wave componemibastant as the waves travel through
the respective materials, the displacement fields may keewri

u'(z,t) =U'f(eat —x), u(x,t) =U"fleit + ), u'(x,t) = U fleat — ). (b)

The incoming and the transmitted wave both travel in thetpesi-direction, whereas Eg. (b) defines a
reflected wave moving in the negativedirection. The situation is shown in Fig. A.

Incoming ~ N ~ " N_ "~ Transmitted
> x
Reflected AN
z=0

Material 1: p1, ¢1 Material 2: p2, c2

Figure A Reflection and transmission of one-dimensional waves attarface.

Continuity of the displacement at the interface= 0 between the two materials involves that
w(0,1) = u*(0,t) +u"(0,t) = u'(0, ). (c)
Likewise, the particle velocity should be continuous astibe interface. This implies that

_ Ou

= %l (d)

V() + 0 () = V' (), ()
=0

Furthermore, since no exterior forces are applied at trefatex = 0, the stress resultant should be
equal to zero. As pointed out in Example 1.2, the stress geavby a wave travelling in the positive
x-direction iso(0,t) = zv(t), whereas a wave travelling in the negativalirection implies the stress
c(0,t) = —zv(t). Therefore,

o (0,8) +0"(0,t) =c'(0,t) = z0'(t) — 210" (1) = 220" (¢), (e)

where use has been made of the fact that the incoming and fteeteel waves both propagate in the
material with the impedance;, = pic1, whereas the transmitted wave propagates in the matettial wi
the impedance, = p2c2. Combination of Egs. (d) and (e) provides the result

a0’ () =z (V) - ') = 20’ () =

v (t) o' () 2z 2 oz ®

vi(t) vi(t) 21tz 140 Q_zl'

HereC, andC; are identified as the reflection and transmission coeffisiaiith regard to the particle

velocities, and therefore also the displacements, in toeailjacent materials. The fraction= 22/z1 is

coined thempedance mismatctObviously, the reflection and transmission coefficienty depend on

the relative values of the impedances of the adjacent nahtiyimains expressed via see Fig. B.
(continued)

C, = =1-C, C =
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16 Chapter 1 — The basics of elastodynamics

Next, no net energy should be generated at the interfaces iffilies that the instantaneous rate of
work, i.e. the power, per unit area of the surface should be equal to zero, thatjs(t) = 0. Hence,
the power generated by the incoming wave should be courderted by the power consumed by the
reflected and the transmitted wave,

o' (0,)0" (1) + o7 (0,0)0"(t) = o' (0, )0 (1) = 2{v' ()} = 21 {" (O} + 2{0' (D} (9)
Division of Eq. (g) byz:1{v’(¢)}* and insertion of Eq. (b) leads to the result:

29 o 42129 40 2o
l=E,+E, E.=C?’=1-E, E =20?= = , 0= —. h
' ' T a T T =2 (02 YT *)

HereE. is theenergy-reflection coefficigrand E; is theenergy-transmission coefficient

2 T T T T T T T T T
\
15- -
\
\
g 1 s~
TNV
< 0.5F > ~ ~ T
K S s
G 01 e e e —
_05 - -
_l 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 1C
Ve
Figure B Velocity-reflection coefficien€,. ( —— ), velocity-transmisson coefficiedt; ( — — ), energy-reflection
coefficientE,. ( =) and energy-transmission coefficiefif ( = =) as functions of the impedance mismatch

It may be interesting to note that the energy-reflectionfa@ent is simply the square of the amplitude-
reflection coefficient. On the other hand, the energy-trassion coefficientE; and the velocity-
transmission coefficient; are different in nature, especially for low valuesgds illustrated in Fig. B.
Evidently, if o = 1 all the energy is transmitted sinég = 1. However, ifo — 0 it follows thatE; — 0.

This situation corresponds to a free boundagy,an interface between a dense solid medium and a very
light and flexible materiale.g.air. Finally, if o — oo, full reflection takes place back into the light and
flexible material, since

4Q 4 22 -
EBi=————-—0 for o== . i
N I T T 0
This corresponds to a fixed boundagyy.between a soil layer and bedrock. d

It is finally noted that the terminology “impedance” is algapéied to structures. Whereas
Eqg. (1-21) suggests a real value of the impedance in frequsgrace on the particle level, the
impedances of, for example, surface footings on an elastfespace are complex. Only in the
high-frequency range does the “impedance” reduce to a mlatanship between the traction
and the velocity. A further discussion may be found in Chate
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1.3 Reflection and transmission of waves 17

1.3.2 Reflection of volume waves at a free surface

At a free surface a coupling, or transformation, takes peteeen P-waves and certain S-waves,
whereas other S-waves are simply reflected at the bounddng isame way as acoustic waves,
i.e.as waves of the same kind. This phenomenon is discussed fllihweing.

The half-space defined by > 0 is considered. Thus, the free surface is situated in the
x1—x2 plane and the outward unit normal vector points in the negatj-direction as illustrated
in Fig. 1-14. Plane waves are assumed to propagate in ttaidirelefined by the unit vectar
and with the phase speedThe particle motion is given as

ui(x,t) = A f(zir; — ct), (1-22)

where A; are the components of the amplitude vector r; are the components af and f

is a continuous function which is assumed to be at least tdifferentiable with respect to
the argument. Insertion of the plane wave field into the hagnegus Navier equations (1-13)
reveals that only the phase speeds cp andc = cg are permissible. For the plane P-wave,
the amplitude vectoA is in the direction of wave propagatioirg. A; = r;|A|. The amplitude
vector for the plane S-wave is orthogonaltoso thatA4; r;, = 0. Further, plane S-waves are
polarized whence it follows thak does not change with time. The S-wave is divided into two
components as shown in Fig. 1-14. The inditeandl” denotehorizontalandvertical motion,
and the corresponding wave components are referred to aargHs\V-waves.

n
N
|T » T
T2 usv " 0 \ Free surface
usH
r
v
x3
Figure 1-14 Components of a plane wave field in a half-space and posifitdredree surface.
The direction of the plane wave propagation is defined by
73 n; = cos rie? =0 (1-23)
vt T 9 () - Y

whereegz) are the components of the unit vector in thedirection and is the angle of inci-

dence, measured in thg —x3-plane. Note that the chosen directionsrofindr simplify the
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computations. However, there is no loss of generality asoéimgr orientation of the free surface
and the incoming wave field may be achieved by a rotation oftteedinate system.

Helmholtz decomposition of a vector field

In order to study the reflection of P- and S-waves at the frefasel of a half-space, it is conve-
nient to apply the concept of Helmholtz decomposition, Whigll be briefly described in this
subsection.

Let f;(x) denote a piecewise continuous vector field defined on thedldemairt2. Any
such field may be decomposed into the gradient of a scalardieddhe rotation, or curl, of a
divergence free vector field,

_09(x) - O0Yk(x) B
fz(x) - 8361 + Eijk 8xj 5 (1 24)
where

OF; OF i
o(x) = — 8333 (jx), W (x) = sijk%jx), Fi(x) = i T )": (_y}),| dQ(y).  (1-25)

The scalar fieldb and the vector field’; are referred to adelmholtz potentialsand the property
that the vector fieldV;(x) is divergence free stems from fact thif(x) is the rotation of the
vector field Fj(x). Further, inserting the scalar and vector fields defined in(Eg25) into

Eqg. (1-24), and making use of thes identity,

€ijkEklm = 0il0jm — OimOji, (1-26)
it becomes clear, that the two fieldgx) and F;(x) are related via the Poisson equation,

0*F;
31‘]‘ 31‘j

=0, (1-27)

A formal proof of the Helmholtz decomposition theorem isegiin Appendix A.

The Helmholtz decomposition theorem stated above is vakuh éor infinite, or open, do-
mains, provided that the vector fiefgdvanishes with a rate of at least|x|? for |x| — oo, where
a 1s a constant. This property ¢f is a necessary condition for the integral in Eq. (1-25) tetexi

Conditions at the free surface

The displacement field is now decomposed by means of Helmtiettomposition,

Op(x,1) - Oe(x,1)
oz om, (1-28)

u;(x,t) =

Since the scalar fieleb(x, ¢) is rotation free, whereas the vector field(x,¢) is divergence
free, it comes as no surprise that insertion of the decontbadisplacement field (1-28) into the
homogeneous Navier equations (1-13) provides the fourtiemsa

Or;0x; & o2 Oz,0m; & O (1-29)

82@ - 1 32<,0 821/% 1 321/)i
27
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1.3 Reflection and transmission of waves 19

Apparently, the Helmholtz potentialsand«); are all decoupled. However, this is only the case
in a infinite medium, whereas a coupling between the respgepbtential fields take place at an
inter face or at the free surface of a half-space.

The boundary conditions at; = 0 are

033 = 013 = 023 = 0. (1-30)

Applying these conditions, insertion of the plane wave figlth the direction of propagation
defined by Eg. (1-23) in the stress—strain relation (1-3jigie

_ Py PPy P

713 = # (23$18x3 + 8%% B 31‘3 ) - O’ (1_31)
(P 0Ps

723 = H ( ox3 B 8x18x3> =0, (1-32)
B Pp | P Po Py \ _

033 = ()\ + 2/1) (8—$% + a—x%> — 2/.L (8—35% — 8x18x3> =0. (1—33)

Any terms involving derivatives in the,-direction vanish because the definition of the plane
wave field implies that the particle motion is constant alang line parallel with thers-axis.

By inspection of Egs. (1-31) to (1-33) it becomes evidertttthere are two uncoupled problems
with respect to wave interference and reflection at the fuekase:

P- and SV-waves, plane straim, = 0, governed by the wave equations

0%p 1 0% 0% 1 0%ty
A = T = 55 (1-34)
Oxj0x; ¢35 Ot Ox;0x; ¢ Ot
and with the boundary conditions given by Egs. (1-31) an@8)—

SH-wavesyu; = ug = 0, governed by the wave equations

2 2 2 2

0%y :%31/;1’ 0% :%aqés’ (1-35)
Ox;0x;  cg Ot Ox;0x; cg Ot

and with the boundary condition given by Eq. (1-32).
The two problems are dealt with in the following subsectidasr simplicity, only the situation
of harmonically varying particle motion is considered.
Reflection of plane harmonic P- and SV-waves
Harmonic variation of the displacement field with time inaglia wave field in the form
wi(x,t) = Us(x, w)e'?, (1-36)

whereU;(x, w) is an amplitude function and = 27 /T is the circular frequency of the variation.
HereT is the period. The wavelength of a wave with the phase spemt the period is
L = ¢T. However, in the case of harmonic waves, the spatial vanatiay advantageously be
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described in terms of the wavenumlies= 27 /L = w/c. Moreover, in order to account for the
direction of wave propagation, a wavenumber vectd& may be defined with the components

(1-37)

w
ki =7r;—
C

With these definitions of the temporal and spatial variegj@rbecomes clear that harmonic plane
waves are given by Eq. (1-22) wifh= e'(kizi—«?) j e,

ui(x,t) = AyelFizi—wt) (1-38)

It is noted that this definition corresponds to Fourier tfarmas of the kind

Ui (k,w) = /// Ui(x,w)e F%idx,  Us(x,w) :/ ui(x, t)ewtdt, (1-39)

with the inverse transforms given as
ui(x,t) = L /OC Ui(x,w)e “idw, Ui(x,w) = S ///OC Ui(k,w)etFi%idk.  (1-40)
(] b 27'{' . K3 b b K3 b) 27T . 3 ) .

Comparison of Egs. (1-38) and (1-39) reveals gk, w) = A; for the harmonically vary-
ing plane wave field. It is noted that the harmonic variatibrype e** is not standard in
Fourier transformation (Eq. (1-39)). However, the tempana spatial transformations defined
by Egs. (1-39) and (1-40) imply the nice property that wawappgation actually occurs in
the positive direction of the wavenumber vector, whereasdsrd Fourier transformation with
respect to time would imply wave propagation in the negaticirection.

In this subsection, the reflection of harmonic P- and SV-wasstudied. The analysis of the
plane strain situation is carried out for two situations:

the incoming wave is a P-wave travelling in the directign

the incoming wave is an S-wave travelling in the directign

Here, the ternincomingrefers to an observer situated at the free surface. Acoglgdiany wave
reflected from the surface is referred tocaggoing It is noted that any mixture of incoming P-
and SV-waves may be treated, simply by summing the outgoage\ields from the incoming
P-wave and the incoming SV-wave. This is due to the fact tmafroblem is linear and that,
furthermore, the P- and S-waves only interact at the boyndar

Incoming P-wavesare described by the wavenumber vedthrwith the components

Koy = rpi—. (1-41)
cp

Similarly, the outgoing P- and SV-waves are defined by theawamber vectork}, andk’ with
the components

w w
k;)i = ’I“pj (51] — anj) ;, kgvz = ’I“sj ((51‘]‘ — Qninj) g, (1—42)
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1.3 Reflection and transmission of waves 21

respectively, where the superscrigtands foreflected The operation in the parenthesis defines
the reflection of the wavenumber vector around the boundéhyautward unit normah;. The
component parallel to the boundary is the same after thefwemation, but the component or-
thogonal to the boundary is mirrored. Sincandn are both unit vectors, it follows immediately
from Eq. (1-42) that

k‘p cp = ks Cg = W, (1_43)

wherekp = ki | = |k} | andks = k%]
The wave equations (1-34) are satisfied by the harmonicatlying fields

(p(X,t) — Azéei(k';jzj—wt) + A;ei(krpjzj—wt)’ ¢2(X, t) — Agei(kgjmj—wt). (1_44)

Here A%, and A%, are the amplitudes of the incoming and the reflected P-wagsgectively, and
A% is the amplitude of the reflected SH-wave.

Insertion of the potentials defined by Eq. (1-44) into theratary conditions (1-31) and
(1-33) forzz = 0 yields

k% (2 sin?0p — a2) (Aﬁ; + A};) glbr (sinfpzi—cpt)
— k sin 205 AgelFs (sinbsm=esh) — g, (1-45)

k3 sin? 20p (Al + Al eihrsimfraizert) _ g2 gin 295 Al elks (infsmi=est) — o (1-46)

wherefp andfs are the angles between the normal veet@nd the reflected P- and S-waves,
respectively, according to the definitions in Fig. 1-15. Phaeametery is the ratio between the
phase speeds> andcg,

oo _ks _ [At+2 (1-47)
cs  kp H

In order for the boundary conditions (1-45) and (1-46) todissed for any instant of time
and for any point on the boundaiye. for any combination of andzx, the phase in the P- and
SV-wave terms must be identical. Making use of Eq. (1-433ddmes evident that this involves
the identitykp sinfp = kg sinfg, or

ks  sinfp

= = = 1-48

ke sinfs (1-48)
which is the equivalent o®nell’'s lawfor elastic waves. It is noticed that the reflected S-wave
leaves the surface at an angle, which is less oblique thaotiize P-wave.

Since the phase of P- and S-waves are identical, they vantkle computation of the ampli-
tudes of the plane reflected wave fields. Hence, for a giveriamde of the incoming P-wave,
the relative amplitudes of the reflected P- and S-waves exettection coefficienfdbecome
A%, sin20p sin20s — o cos® 20g Ay 2sin 20p cos 20g

Al sin20p sin20s + a2 cos? 20g’ Al sin20p sin20s + a2 cos? 20g”

(1-49)
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The angle#ds and the wavenumbéis are de-
termined by Eq. (1-48). Further, from Eq. (1-
49) it follows that an incoming P-wave propagat- P(AL)
ing in the direction perpendicular to the bound-
ary,i.e.rp = n, is reflected as a pure P-wave.
The amplitude of the reflected P-waved$, =
— A%, The negative sign indicates a phase shift T3
of = between the particle motion in the incomi@ure 1-15: Reflection of an incoming P-wave at a free
and the reflected wave field. In Fig. 1-16 the r8pundary. Note thatp > 0.
ative amplitudes of reflected P- and SV-waves are plottedrastibns of the angle of incidence,
0p, and the Poisson ratio for the material in the half-spacee Nt by Egs. (1-8) and (1-47) it
follows that

2—2
o? = i (1-50)

0.5

- -

Relative amplitudes

AR/ ()
osl  AB/AR(- )

0 10 20 30 40 50 60 70 80 90
Angle of incidencefp (deg)

Figure 1-16 Relative amplitudes of reflected waves from a free surfacenfmming P-waves with different angles of
incident, 6 p, and for various Poisson ratiag,

Incoming SV-wavesimpinging on the boudary- > L1
under the anglés are reflected as SV-waves

and possibly also P-waves. The situation is il- SV(
lustrated in Fig. 1-17. For a known amplitude

of the incoming SV-wave, the amplitudes of re-

flected P- and SV-waves may be computed in the

same manner as described for incoming P-waves

in the previous paragraph. Only the main resufigure 1-17: Reflection of an incoming SV-wave at a
are givenj.e. the relative amplitudes, free boundary. Note thatp > 0.
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A sin20p sin20s — a? cos? 20g Ap —2a2sin 20 cos 20
AL sin20p sin20g + a2 cos? 20g’ AL sin20p sin20g + o2 cos? 20g’

(1-51)

which may alternatively be denoted the reflection coeffisielhe anglé» and the wavenumber
kp are defined by Eq. (1-48). In Fig. 1-18 the relative amplisuate plotted as functions of the
angle of incidence]s, and for different Poisson ratio of the half-space material

0 T T T T T T T - 06
pd \
- \
I _w=015 |94
-0.5¢ s 1
-0 - v/ 10.2 <=
< p \ N
\m s/ P | o5
3 .t PR o 3
-1F Yy \ . k]
S % v=0.25 =]
= /s [ =
g | 4 =045 o \l 179%8
& p/AS(—) VT v=015 | s
L -15F oy | 1704 g
i 5/A5 (— =) PSP NN | @
o o s - \ 1-0.6 X
S - | |
oL s V= 0.35 \ | 1
- = - ‘ T _08
_z>= _ wv=045 1, =035 | \
= 4_ — - ~
- = | | \ | | 1 |l ‘ -
0 5 10 15 20 25 30 35 40

Angle of incidenceds (deg)

Figure 1-18 Relative amplitudes of reflected waves from a free surfacenftmming SV-waves with different angles of
incident,f g, and for various Poisson ratiag,

Inspection of Eq. (1-48) reveals that a critical angle~= 0., exists for which the reflected
P-wave propagates parallel with the boundagysinp = « sinf. = 1. Fora = ¢p/cs = 2,
the critical angle become)°. If the incident
SH-wave impinges on the free boundary at 4f’
angleds > 6., only an SV-wave is reflected.
The energy that for smaller angles is reflected as
a P-wave is in stead captured as a surface wave
with exponential decay of the amplitude in the
x3-direction, see Fig. 1-19. The nature of sur-
face waves is further discussed in the next sggure 1-19: Total reflection of SV-wave fofs > 0.
tion with special reference to thiRayleigh wave The P-waves are captured in the surface.

Reflection of harmonic SH-waves

The particle motion in SH-waves is exclusively in thedirection,i.e.in the direction orthogonal
to the plane, in which the plane strain problem is defined.sTBiH-waves do not interact with
P- and SV-waves at a free surface and they may thereforedttedrandependently thereof.
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Plane SH-waves that are solution to the wave equations Jr85dentified as
¢1 (X, t) — Biei(k’gjmj—wt) + B{ei(kgjzj —wt)’ (1_52)

¢2 (X, t) — Béei(kgjxjfwt) + Bgei(kgj:cj- 70.11‘/)’ (1_53)
wherekgj are the components of the wavenumber vector for the inco®kfgvaves, whereas
kg ; are the components of the wavenumber vector for the refl&itediaves.

Apparently, the problem of SH-wave reflection involves famnplitudes,B:, B}, Bi and
BJ. However, by insertion of the solutions (1-52) and (1-58) the condition

o
pra 0, (1-54)

which follows from the fact that the divergence of the raiatiof a vector field vanishes, it
becomes clear that

i (K BY) ks 5mi =0 i (k| BY) el(R5 %=t — g, (1-55)

Equation (1-55) is only satisfied for an arbitrary point oa gurfacers = 0 and for any instant
of timet if

kgl Bi = _k{éQBéa kgl B71” = _kg2B§’ (1_56)

which defines the amplitudes

by =Bl=-D2B,  Aby =B =-122B) (1-57)
S1 S1
Hence, the boundary condition (1-32) yields
{kso}? (Asy + Asp) + {ks1}? (Asy + Aly) =0, (1-58)
where use has been made of the fact fat = —k%, andkl, = k%,. This follows from

Eq. (1-42) withrg denoting the direction of wave propagation of the incomiftv#ave.
The static caségs; = 0 is not of interest. Further, sindg;; defines a real vectofky , }2 +
{k%,}? > 0, and therefore Eq. (1-58) involves that the amplitude of¢flected SH-wave is

Asy = —AgH- (1-59)

Thus, all the energy in the incoming SH-wave is reflected asuagoing SH-wave. The particle
motion in the outgoing wave has a phase shift @élative to that of the incoming wave.

1.3.3 Reflection and refraction at an interface

An interface is defined as the common boundary between tvessay half-spaces with different
material properties. An incoming wave hitting such an ifatee is reflected back into the medium
whence it came as discussed in the previous subsection. govie addition to this the waves
are refracted so that a part of the energy propagates intadjaeent layer. This problem is
treated in the following for harmonic elastic waves with thicular frequencyw. Again, the
problem is divided into the decoupled problems involvingr@ strain and SH-wave propagation,
respectively.

DCE Lecture Notes No. 3



1.3 Reflection and transmission of waves 25

P- and SV-waves

A plane harmonic wave incoming fromy — oo is considered, and with no loss of generality
the interface is situated at = 0. Further, the wave propagation is assumed to take placein th
r1—x3-plane. The wave propagation and the material properti¢serbottommost half-space
defined byzs > 0 are given as\, 1, p, cp, cs, 0i5, @, ¢; andu,. Likewise, the wave propagation
and the material properties in the uppermost half-spaceetbbyz; < 0 are given as\, iy P,

¢p, €3, Gijy @, ; andi;. The solutions to Eq. (1-34) for the lower and upper halfespchieve
the form

(p(X,t) _ Azéei(k;jzj—wt) + A;ei(krpjzj—wt)7 (1—60)
Tl)z(X»t) _ gei(kisja:jfwt) + Arsei(kgjasjfo.n‘/)7 (1—61)
p(x, 1) = ApelFrsmi=ed -y (x, 1) = Agel 5wt (1-62)

It is noticed that there are only refracted waves (denotetthéysuperscript) in the upper half-
space, whereas there are both incoming and reflected wathes limwer half-space. As an alter-
native to the wavenumber vectdes, ki, k', k7, k%, andk’, the direction of wave propagation
may be defined by the anglés, 65, §» anddg, see Fig. 1-20.

(@) ) (b) )
195 95
SV(A%) SV(Ay)
YA, YR,
_ P(A}) . P(A})
PAp) w0 [ NP SV(Ak) g
0s Os | Os
SV(4%) SV(A%)
v v
T3 T3

Figure 1-20 Reflection and refreaction of plane waves at the interface= 0 for (a) P-waves incoming from the lower
half-space and (b) SV-waves incoming from the lower hadfesp

The boundary conditions at the interface are only satisfiecibitraryz;-coordinates and
instants of time if all the incoming and refracted waves piggte in phase. Since the wavenum-
lger satlsfy conditions of the kind (1-43), it follows that sinfp = kg sinfg = kp sinfp =
k‘s sin 95, or

/:J_p B sinfp _cp /::_S B sin fg _Cs (1-63)
kp sin ép ép’ ks sin 55 és’
/::_S _ sinfp cp /:J_p _ sinfls cs (1-64)
kP Sinég éS, kS Sinép éP'

Together, Egs. ((1-63) and (1-64) constitute the Snelldda reflection and refraction of plane
harmonic elastic P- and SV-waves at an interface. In samaenas for the reflection of SV-
waves at a free surface, it is noted that waves may be trappictiinterface. Depending on
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the material properties in the two layers and the nature agteaof incidence of the incoming
wave, this may happen for the reflected and/or refracted\Rand possibly also the refracted
SV-wave. Waves propagating along an interface in the forroaptured body waves with an
exponential decay of the amplitude away from the interfaeeeferred to as Stonely wave.

A computation of the amplitudes of the reflected and refihutave fields that arise when
an incoming P- or SV-wave is considered is based on the ageamipat the displacements are
continuous across the boundary whereas there is equitiofithe forces. This implies that

up = 1y, uz = us, 013 = 013, 033 = 033 for xz3 = 0. (1-65)

The derivation of the relative amplitudes is left to the rerad

SH-waves

In the case of incoming SH-waves the situa- SH(AZ)
tion simplifies significantly as only one reflectett >
and refracted wave is present. The situation SH(A%)

is illustrated in Fig. 1-21. The reflected wavél(4s) Os | 0s

leaves the interface under the angle of inclina-
tion s of the incoming wave. The refracted v

wave leaves the interface under an angle T3
defined by the Snell’s law Figure 1-21: Reflection and refraction of an SH-wave at
an interface.

ks sin 95 (&

(1-66)

% B sin és Cs
The relative amplitudes of the reflected and refracted Skiewavhen compared to that of the
incoming SH-wave will not be derived.

Love wavesmay arise due to multiple reflections of SH-waves betweenimesfaces. Thus, a
stratified medium is considered, and in one of the layers lias@ speeds is lower than that in
the surrounding layers. In geodynamics this may, for exaniyd the case when a soft clay or an
organic soil material overlays limestone or rock. In eitb&se the mass density in the two layers
is of the same order of magnitude whereas the shear stregigdts by may be significantly
different from one another. The layer with the relativelwlphase speeds is denoted thaoft
layer.

An SH-wave source is assumed to be pres
inside the soft layer. The waves propagate awv
from the source and will eventually hit one ¢
the interfaces bounding the layer, one of whi
may be a free surface. This leads to reflecti
and refraction as illustrated in Fig. 1-22. It
noticed that beyond a certain distanéefrom . SR
the source only reflection occurs. This is a res K AR
of the fact thatin s < 1. Thus the soft layelrigure 1-22: Generation of a Love wave in a soft layer.
acts as avave guiddor the SH-waves. The layefhe SH-waves captured in the layer are denoted L.
wave resulting from the SH-waves captured in the layer isrrefl to as théove waveor the
L-wave, and is attributed to A.E.H. Love who put forward thedry in 1911.
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1.4 The Rayleigh wave on a homogeneous half-space 27

1.4 The Rayleigh wave on a homogeneous half-space

In the previous section it has been shown that two differeates may propagate through the
interior of an unbounded elastic domain, namely P- and Sewiadowever, when an interface or
a free surface is present, some mixing of the two wave typks$ake place, and the possibility
of waves being trapped in the surface/interface arisesth€yrobservations of earth tremors
lead to the conclusion that waves may propagate along ttiacguof a half-space other than
the P- and S-waves. These waves were first described by Lof@igain 1885 and they are
accordingly referred to a@Rayleigh wavedn this section we shall prove that Rayleigh waves are
also mathematically permissible solutions to the Navieratigns.

1.4.1 Potential field for plane Rayleigh waves

Consider the homogeneous isotropic linear elastic hal&splefined by; > 0. The particle
motion in plane strain is then given by the previously defiweste equations
0%p 1 0% 0% 1 0%ty

dx;0r; & 02 Or0w; & O (1-34)

given in terms of the potentials ands.

The particle motion is assumed to vary harmonically withetirSince the aim of this analysis
is to prove the existence of a surface wave, no wave promagatiallowed in thers-direction,
i.e. over depth. Moreover, only wave propagation in the positis@irection is allowed; hence,
solutions to the wave equations (1-34) are sought in the form

(1, w3,) = P(a3)erENIPTI=ert) g (21, 23, 1) = Wo(wg)elts (M Ismimest) - (1-67)

Here®(xz3) andW,(x3) are amplitude functions describing the variation of thetipker motion
over depth. These amplitudes must decay with depth so thaita &mount of mechanical
energy is present per unit surface area of the half-spacedhe wave motionkp andkg are
the previously defined wavenumbers of P- and S-wavesfarahdfs are angles of incidence
of the two wave types. Insertion of the potentials (1-67) it). (1-34) leads to two ordinary
differential equations in:s,

0?d

0%V,
o

+ (1 —sin®0p) kp® =0, o2

+ (1 —sin®0g) k3 Wy = 0. (1-68)

Next, the wavenumbérg and the phase speeg for the Rayleigh wave are introduced,
kr = kpsinfp = kg sinfyg, kpcp = kscs = w = kgrcg. (1-69)

The fact thatp sin 0p = kg sin g follows from Eq. (1-48), whereas the definitiongf for a
known value oftr stems from Eq. (1-43). Equation (1-68) may now convenidiglyewritten
as

0?® 9 0%V, 9

423 =0, —= — 120, =0, (1-70)
ox3 P ox? s

where the “reduced wavenumberg> and~yg are introduced,
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62 (32
=i (1-2), B=r(1-2). (1-71)
CP CS
7% and~Z are assumed to be positive real quantities. Physically,itivolves thatr < cg,
i.e. the Rayleigh wave speed is smaller than the S-wave speedharefore also the P-wave
speed. This is in good accordance with observations in theea

Solutions to the homogeneous ordinary differential equmst{1—71) are in the form

B(z3) = Ape 77T 4 Bpe?PT | U(zg) = Age 5™ 4 BgeST, (1-72)

Given the restrictions onp and~g, the A and B terms describe amplitude functions, which
decrease and increase exponentially with depth, respégtihat is forzs — oo. The terms
involving increasing amplitudes with depth a invalid fronphysical point of view. On the
other hand, thel terms make sense, as integration of an exponentially deiogeaunction from
x3 = 0tox3 — oo provides a finite value. Hence, the potential fields (1-6¢pbee

o(z1,23,t) = Ape*VP“:?’eikR(“*th), Yo(x1,x3,1) = Ase*”’”?’eikR(“*CRt), (1-73)

where the wavenumbers are substituted by application of E€9). The fact that? and~2
must be positive real values now becomes evident. Compléxeagative values of?% and~32
correspond to damped and undamped wave propagation i tieection, respectively, and the
definition of the surface wave is that wave propagation igirtsd to the horizontat, -direction.

It is noted that the Rayleigh wave described by these patiids corresponds to the sit-
uation in which both P- and SV-waves are trapped in a smak zothe vicinity of the surface.
The situation of trapped P-waves for grazing SV-waves hagi@usly been discussed.

1.4.2 Particle motion in the Rayleigh wave field

Thewu; andus components of the plane displacement field follow from Eg2@). Subsequently
the stress components on the surfage= 0 may be found by means of Eqg. (1-5). Hence,

up = (ysAse 5% +ikpApe 1779) elkr(@1—crt) (1-74)
Uz = — (,yPAPe*'YPi?» _ ikJRASeM’S”) eikr(@i—crt) (1-75)
ou = n{(v3 -k —293) Ape~77™ — 2iygkpAge 157 } eiknlni—cat), (1-76)
o183 = —41 {217PkRAPe—~,pz3 + (,yg + /4:12%) Ase_"/sf's} eikr(@1—crt), (1-77)
sy =~ {0 + k) Ape 777 4 Diyshp Ase 757 b -ent) a-78)

The boundary conditions at the free surfage= 0 now involves that
o13=o033=0 for xz3=0. (2-79)
Insertion of the stresses given by Eqgs. (1-77) and (1-78Ent (1-79) yields
(V3 + k%) Ap — 2iyskrAs = 0, (1-80)

2iypkrAp + (v + k7,) As = 0. (1-81)
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Equations (1-80) and (1-81) yield the trivial solutidn» = Ag = 0, which is not very in-
teresting since in this casg = us = 0. Non-trivial solutions exist if the determinant of the
coefficient matrix for the system of equations defined by Es30) and (1-81) is equal to zero.
This leads to th&ayleigh wave frequency relation

2
(V3 + k%) — dypysky = 0. (1-82)

The amplitude ratio between the P- and S-wave parts of théelgywave field may be
expressed by means of either Eq. (1-80) or Eq. (1-81),

A 2iysk 2 + k2
£b _ ZSR _ stk (1-83)
Ag vs + kR 2ivpkr
Substitution of Eq. (1-83) into Egs. (1-74) and (1-75) yseld
2 2
Uy = iAp kRe—’yPIg _ Vs + kRe—’ys.’Eg eikR(zl—th)’ (1—84)
2kgr
2 2
us = Ap (—vpe_'“g163 + 25+ R e_'ysm‘?) elkr(@1—crt) (1-85)
2vs
The presence of the imaginary uritin the K— Lp —I ,
expression foru; involves that the horizontal A N
displacement component is/2 out of phase IXLLA7 v
with the vertical displacement componet in T’ Particle ¢
which the imaginary unit does not occur. There- motion
fore the trajectories of the particles are ellipses.
In opposition to gravitation waves on the surface T3

of a fluid, the horizontal displacement amplitudf@ure 1-23: Particle motion and wave propagation in
at any depth is smaller than that of the vertid4f Piane Ravieigh wave.

displacement component. In particulaf, = 0 for x5 = 2§ ~ 0.19Lg, whereLp = 27 /kg is

the Rayleigh wavelength. Furthermore, at shallow deptéasior z3 < x5, the particle motion

in the Rayleigh wave field ieetrograde This means that the particle motion is counterclockwise
for a wave propagating to the right. However, for depths igrethanz§, the particle motion is
reversed. The nature of the wave field is sketched in Fig. 1a@8 Fig. 1-24 shows the rel-
ative amplitudes of the vertical and horizontal displacetador various Poisson ratios. Note
that a computation of the relative amplitudes implies thats known. The phase speed of the
Rayleigh wave is derived in the following subsection.

1.4.3 Derivation of the Rayleigh wave speed

Insertion ofy% and~% as defined by Eq. (1-71) into the frequency relation (1-8@&Yyipies the
so-calledRayleigh equation

: : :
kY _u(1_% G (1-86)
% % cz)

which defines:g for known values ot:p andcg. Equation (1-86) may alternatively be written
as a fourth order polynomial equationdf /c%,
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Figure 1-24 Relative amplitudes of vertical and horizontal displacateén plane Rayleigh wave for various Poisson
ratios,v. L i denotes the Rayleigh wavelength.

A (A e

wherea = cp/cg, cf. Eq. (1-47). The root%/c% = 0 has no physical meaning, since this
would correspond to a case in which the Rayleigh wave doepnopiagate. Thus, Eq. (1-87)
reduces to a third order polynomial equationfyc%,

(C_R>6 -8 (c_R>4 + (24 — 16a7?) (C—R>2 —16(1—a?) =0. (1-88)

(& (& Ccs

Mathematically, Eq. (1-88) has three roafs/c%. However, only one of these is physically
valid. According to Eq. (1-50)x may be expressed in terms of the Poisson ratio, and it turns
out that the number of real and complex roots are:

¢ v > 0.263: 1 real positive root and two complex conjugate roots,
¢ v < 0.263: 3 real positive roots.

Inspection of Eqgs. (1-84) and (1-85) expressing the disptant field reveals that the complex
roots would correspond to a response that is either deageasincreasing with time. However,
a harmonically varying solution is souglg. the amplitudes must be constant in time. Hence,
the complex roots are invalid, and for > 0.263 cr is given as the square root of the real
positive root. Forv < 0.263, three positive roots exist. However, as discussed eaheer
conditioncgr/cs < 1 must be met. Otherwise the Rayleigh wave is not a surface .wage
Poisson ratios on the intervale [0, 0.5], i.e.for any real material, only one of the roots satisfies
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this condition. Hence, the Rayleigh wave speed is uniquefindd for any Poisson ratio and
increases monotonically fromg =~ 0.862cs for v = 0to cg =~ 0.955¢5 for v = 0.5 as illu-
strated in Fig. 1-25.

4

3.5

N
&)l

Relative speeds;/cs
N

1.5 b
S-wave
1
Rayleigh wave
0.5r b
O 1 1 1 1 1 1 1

0 005 01 015 02 025 03 035 04 045 05
Poisson ratioy

Figure 1-25 Relative speeds of P-, S- and Rayleigh waves as functiorfeed?disson ratio.

Finally it is mentioned that a wave similar to the Rayleighvevanay exist at the interface
between two adjacent homogeneous half-spaces. This sal&bnely wavealescribes a dis-
placement field with harmonic variation along the interfane exponential decay of the ampli-
tudes away from the interface. Sometimes this wave is deiw as theyeneralised Rayleigh
wave The displacements must be continuous and the stressedenmséquilibrium across the
interface. This leads to a frequency relation for the Stpmelve that is much more complicated
than Eq. (1-82) for the Rayleigh wave. A full derivation oétBtonely wave field is beyond the
scope of this text. However, it should be noted that the emi#t of the Stonely wave depends
on relative shear strengths and the densities of the twoaniediontact. Thus, only for a certain
interval of the ratiog:/ /i andp/p does the Stonely wave exist.

1.5 Wave propagation in poroelastic materials

In the first sections of this chapter, soil has been treatesl\ascoelastic material, applying a
linear elastic continuum model. This simplified approacly mpeovide results of an acceptable
quality for dry granular materials, which may adequatelylbscribed as a single-phase system,
i.e. wave propagation only takes place as shear and dilatioreiigthin skeleton. However, in
saturated porous materiaks.g.soil, rock or concrete below the phreatic level) the poresguee

in the fluid phase interacts with the stresses carried bydhe ghasej.e. the effective stresses.
This results in a second P-wave in addition to the P-waveithatentified in a single-phase
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elastic material. The influence and importance of the seBewdve are highly dependent on the
frequency of excitation and the permeability of the bulk enia constituted by the grain skeleton
and the pore fluid. Thus, the material may be fully drainedatfrequencies and undrained at
high frequencies, whereas it is partially (un)drained mmiddle frequency range.

In the following, the continuum model for a fully saturateatpus material is presented. The
theory is mainly due to M.A. Biot, who developed the theoryvi@ve propagation in saturated
porous materials in a series of papers (Biot 1941; Biot 1%6t 1956a; Biot 1956¢). This
theory has later been generalised to multi-phase syster@ainfoneet al. (2004). The theory
is applicable to wave propagation at frequencies wherehtenmavelengths are much longer
than the characteristic length of the voids and grains insthieskeleton. For (much) smaller
wavelengths, such phenomena as resonance of the porergressies inside a single void have
to be considered. A theory for wave propagation in the higladiency range was formulated by
Biot (1956b). However, as pointed out by Biot himself, thghfrequency range formulation is
almost solely of academic interest.

Thus, in this section we shall only consider a two-phasesgystonsisting of a solid skele-
ton and a single pore fluice.g. water, and only the low to medium-frequency range will be
considered. Further, the theory is restricted to smallaheédionsj.e.a linear model for a poroe-
lastic medium is described. It is demonstrated that thersbPewave in a fully saturated porous
medium propagates at a speed which is much lower than théRisaad S-wave speeds. Hence,
it is often referred to as theow P-wave Furthermore, the limitations of the single-phase model
described in the previous sections will be outlined, andiglines are given for situations in
which the simple viscoelastic model may be applied.

1.5.1 Basic definitions in poroelasticity

A porous material, or matrix, with the total volunm&is considered. The material is fully sat-
urated and the pores are assumed to be distributed randorspace so that the material on a
macroscopic level may be described as a continuum. The wisigivided into two parts,

V=V, +Vp, (1-89)

whereV is the volume of the solid phaseg. the
grain skeleton, and’; is the volume of fluid.
In geotechnical engineering, the subscripis |
generally substituted by the subscript since
the pore fluid is usually water. In any case,}
is noted that only the volume of interconnect®™= -
pores is included in the definition éf;. In sat- . Solid Fixed fluid |:| Free fluid
urated porous materialg.g. soil, a part of therigyre 1-26: Definition of the porosityn, in a saturated
pore fluid is constrained. For example, a partpofous material. The volume of the free fluid in the inter-
the water in clay is chemically bound to the cl&gnnected pores & = nV’, and the volume of the solid
mineral, and in rock or granular soil, some of t{cluding fixed fluid) iV = (1 —n)V"

water may be trapped in cracks that are not connected toithegyrsystem of pores. This part of
the fluid belongs to the solid phase. to V, since it cannot move relatively to the solid matrix.
Unfortunately, in real soil or concrete etc. it may be diffi¢a determine which part of the pore
fluid that is free to move relatively to the solid skeleton.
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Figure 1-27 Stresses acting on a cross section in a poroelastic medium.

Theporosityof the porous material, or matrix, is defined as
n="Vy/V, (1-90)

i.e. as the volume fraction taken up by interconnected poresas$aaally, in the international
literature on porous materials, the porosity is dengted or 3, but in the Danish geotechnical
literature the symbat is usually applied. Given that the soil is fully saturatdw mass density
of the matrix material constituted by the solid and the fludddimes

p=(1=n)ps+npy, (1-91)

wherep;, is the mass density of the solid phase ands the mass density of the fluid phase. In
standard geotechnical engineerjngs most often the average density of the minerals constitut-
ing the grains in the soil. This is not the case in the presentdlation, since any fluid that is not
allowed to move freely between the grains is consideredgddtte solid phase as illustrated in
Fig. 1-26. In other words; is the volume fraction of interconnected pores. With thirdeon,
n is occasionally referred to as tkeéfective porosity

In the present theory, it is assumed that the pores areldittd randomly, so that the matrix
material may be considered both homogeneous and isotro@awacroscopic level. Hence, for
any cross section with the total arglainside the material, the areq4; = nA will be consti-
tuted by the free pore fluid (see Fig. 1-26), whereas the pblicse (including fixed pore water)
constitutes the ared, = (1 — n)A.

Next, we define the pore pressuper p(x, t), as the pressure which is presentinside the pore
fluid in the interconnected voids. Whereas the mean totessir = o1, is defined as positive
in tension, the pore pressure is positive in compressiotis définition is common practice in
geotechnical engineering. The total stressgsare now divided into two parts,

Oij = Ugj — péij. (1—92)

Herep is the pore pressure in the fluid constituent, agdare referred to as the effective stresses.
While the pore pressure is present in both the fluid and thd pbhse, the effective stresses are
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Figure 1-28 Flow velocity over a cross section in a poroelastic medium.

carried solely by the solid skeleton. Given that the solidgghonly constitutes the fractian- n
of the entire matrix, the total stress in the solid phase fgaly o;; /(1 — n) — pd;;, whereas
the total stress in the pore fluid 4spd;;. In Example 1.4 the definition of the effective stress is
further discussed, in particular with respect to the fomtioh of constitutive laws.

The displacements of the grain skeleton and the fluid in ttezdonnected pores are denoted
u; andv;, respectively. In addition to the full displacement of th@efluid, a relative velocity
is introduced in the form

wl—ﬁ—n(g—ﬁ), wz—n(vl—uz). (l 93)
The quantityw; = w;(x,t) is referred to as theeepage velocityEvidently,w; is the average
relative velocity of the fluid flow in the matrix including bothe fluid and the solid phase. Thus,
in the particular case; = 0 the definitiomy; = ¢; /A applies, where; is the fluid flow, or flux,

through the cross-sectional ardan coordinate direction, cf. Fig. 1-28.

1.5.2 Constitutive laws in poroelasticity

The effective stresses are provided by the constitutiveftavthe porous matrixi.e. the grain
skeleton. Assuming a linear isotropic material behavithe stress—strain relationship is similar
to Eqg. (1-5). However, it must be taken into considerati@t éhchange in the pore pressure will
lead to a change in the volume of the solid constitueatthe grains or the porous solid, which
does not involve a change in the effective stresses. Hence,

1
ol = Mudiy +2uc;, where ¢ = q; — SAT, AL = —Ki. (1-94)
Heree;; are the components of the small strain tensor given by EQ)(lndX andy are the
Lamé constants of the matrix material. Note that these magubstantially different from the
Lamé constants, andu, of the solid material as further discussed below. Finaly,is the
dilation in the solid phase due to the pore pressure (pesitivexpansion) and(, is the bulk
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Table 1-1 Compressibility of soil, rock and concrete.

Bulk Modulus® (MPa)

Material K K B=~1-K/Ky)
Quartzitic Sandstone 17,000 37,000 0.54
Quincy Granite (30 m deep) 13,000 52,000 0.75
Vermont Marble 5,600 71,000 0.92
Concrete (approximately) 5,000 40,000 0.88
Dense Sand 56 36,000 0.9985
Loose Sand 11 36,000 0.9997
London Clay (over consolidated) 13 50,000 0.99975
Gosport Clay (normally consolidated) 1.7 50,000 0.99997

@ Bulk moduli atp = 98 kPa (atmospheric pressure); watéf; = 2040 MPa.

modulus of the solid constituent. The following relatioipsapplies betweer’; and the Lamé
constants\; andu, of the solid constituent.g.the grains or the rock material:

Ko= X+ e (1-95)

In granular materials such as residual sollsand ., are typically much greater thanand
1, €.g.the Lamé constants of sand are much smaller than those okaqurgstal. Hence, the
reduction in the volume of the solid phase resulting from reareéase of the pore pressure is
generally negligible. In this situatioA? may be disregarded and the approximatipn= ¢;;
applies. On the other hand, in concrete, intact rock andl@imemented materials the bulk
modulus of the solid constituenis’;, and that of the matrix material{, are typically of the
same order of magnitude, cf. Table 1-1 (Skempton 1960). €fbes, in these materiald?
becomes significant, and the full definition provided by Eg-94) applies. Finally, it is noted
that in the general nonlinear case, an additional contdhub the total strains;;, but not to; ;,
stems from creep and thermoelastic behaviour. Howevernibrreversible term is disregarded
in the present theory.

For the pore pressure, a constitutive equation equivabtegjt (1-94) is achieved by consid-
eration of the volumetric strain of the matrixg. the dilatation. Making use of Egs. (1-3) and
(1-93), the total dilatation may be expressed as

8uk 8wk 8uk (%k
a=0 n)AS—'—nAf_axk—Faxk’ "oz, T Owy
Defining Ky as the bulk modulus of the fluid, the following constitutiasvis are obtained with
regard to the volumetric strains of the solid and the fluidgghaespectively:

where A, (1-96)

1 o
Av= g — - = AL+ AL where o' =TER A; - F (1-97)

Hereo' is the mean effective stress, and (1 — n) — p is identified as the actual mean stress in
the solid phase, given that the effective stresses aredayi the solid skeleton alone.
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Insertion of Eq. (1-97) into Eq. (1-96) provides a relatidmnch defines the pore pressure in
terms of the matrix displacements and the seepage displacements
~ Oup | Qw0 D D P

A
Note that only the volume straine. the dilation, occurs in Eq. (1-98), that is the constitulaxe
for the pore fluid is independent of any shear deformatiortkénsolid constituent or the fluid.
On the right-hand side of Eq. (1-98) it has been assumedhbatdlumetric strain in the solid
phase is much smaller than the dilatation in the pore fluids @pproximation is valid for most
granular materials such as soil, given th&f, > (1 —n)K ;. This is the case for sand, whete
is typically around 0.2 to 0.3 anfl, ~ 20K (K ~ 2 GPa for water). However, for rock-like
materials: may be close to zero, and in this case the contributions ttothedilatation from the
solid phase and the fluid phase may be of the same order of tudgnor the main contribution
may come from the solid phase.

Example 1.4 Alternative definition of effective stress—Biot theory

The total stresses;;;, may be divided into the pore pressupeand the so-called effective stresses,
According to Eq. (1-92)

ggj = 04 + pdij. (Terzaghi effective stresses)  (a)

This definition of the effective stress was proposed by Kza@ghi, and the components$; are occasion-
ally referred to as th&erzaghi effective stressdsis noted thap is positive in compression, whereas the
stresses are defined as positive in tension.

With the definition given by Eq. (a), the constitutive law fbe effective stresses is given in terms of
“effective strains” according to the relation

1
o1 = Newrlij + 2p€r, where € = €;; — §A§'6ij, Af = _Ig . (1-94)
Equation (1-94) implies that the volumetric strain of théicsskeleton due to a change in the pore
pressure will not provide any change in the effective seess
Alternatively, one may define the effective stress as

sz,';' = Nerrlij + 2165, (b)

i.e.in terms of thetotal strains. However, Eq. (b) implies that in the general eg$e o4; + pdy;, that is
Terzaghi’s definition of effective stresses does not holdmtie constitutive equation is defined in terms
of effective stresses and total strains. In order to proige the mean effective stres$is computed from
Eqg. (1-94). Making use of the fact that, = 3, the following result is obtained:

1 1 2
o = gU;gk = g)\éiékk + g#ﬁ;gk =Ke = K (Gkk + I?s) . ©

Here K and K5 are the bulk moduli of the matrix material and the solid citnsnt, respectively,

K:A—k%u, KS:AS+§MS. (d)

(continued)
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Similarly to Eq. (c), the mean effective stres$is found as

o = %ng = é)\fiiékk + ;llfkk = Keg. (e)

Comparison of Egs. (c) and (e) provides the result #fat o' — (K/K)p, suggesting that

K

ij Zp- U]

ol =04 — 6
Therefore, as an alternative to the Terzaghi effectivessaggiven by Eq. (f), one may apply the definition
oiy = 0ij + Bpdiy,  B=1-K/K,. (Biot effective stresses)  (g)

This formulation was originally proposed by Biot. A compsan of Egs. (1-94) and (b) suggests that the
Biot effective stressdésad to much simpler constitutive models than the Terzaiftve stresses which
must be defined in terms of “effective” strains.

Itis worthwhile to note that for both granular soil and clapsated with water, the bulk modulus of the
minerals constituting the solid part of the material is mgeoeater than the bulk modulus of the matrix,
i.,e. Ks > K. In particular, for normally or under consolidated clay@j svith large water contents
8 ~ 1, see Table 1-1. Hence, the Biot and the Terzaghi effectressts are equivalent.

Finally, in saturated porous rock and concreé,and K are of the same order of magnitude, and
values of3 as low as 0.5 may be expected. This fact is often neglecte@ateghnical engineering
practice. Here Egs. (a) and (b) are usually applied with theneous assumption thaf; = o;;. Itis
noted that the Terzaghi effective normal stresses provigeHq. (a) are smaller than, or equal to, the
Biot effective normal stresses given by Eqg. (g). The diffieeemay be significant in the case of rockl

1.5.3 Quasi-static flow in porous materials—Darcy’s law

As the pore fluid flows through the interconnected voids ofthlal skeleton, the two constituents
interact. In the case of quasi-static flow, the equilibriuifooces for the fluid phase is provided
by the equation

ow; - dp ,
-G =k (G st ) (1-99)

whereb; = b;(x,t) are the specific body forces, angi = k;;(x) are the components of a
second order tensor with the S units*iskg—!) representing the permeability of the material.
In the general cade; is fully populated and asymmetric. However, in orthotrapiaterials only
the diagonal terms have none-zero values. Typically, atifigd soilk,; = koo # k33, i.€.the
vertical permeability is different from the horizontal pegability. In the particularly simple case
of isotropic porous materialg; = J;;k, i.e.the permeability is defined by a single parameter,
Equation (1-99) is identified as the generalised Darcy'stavluid flow in a porous medium.
It is observed that a gradient in the pore presspyevhich is not counterbalanced by external
forces,b;, will lead to seepage with the velocity;. The speed of the fluid flow increases with
the permeability of the matrix. Further, in anisotropic eratls the flow may not necessarily be
in the opposite direction of the gradient. This is evidetttly case for isotropic and orthotropic
materials, sincé;; only contains diagonal terms.
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Table 1-2 Permeability of various soil and rock materials.

Relative Pervious Semi-Pervious Impervious

Permeability

Unconsolidated Well Sorted Well Sorted Sand Very Fine Sand, Silt

Sand & Gravel Gravel or Sand & Gravel Loess, Loam

Unconsolidated Peat Layered Clay Fat / Unweathered Clay

Clay & Organic

Consolidated Highly Fractured Rock Oil Reservoir Fresh Fresh Fresh

Rocks Rocks Sandstone  Limestone, Granite
Dolomite

x (cm?) 103 10* 10° 10° 107 10®% 10° 1070 10! 10" 10 104 10

« (milli-darcies) 108 107  10° 10° 10* 10®* 100 10 1 0.1 0.01 103 10*

In contrast to théwydraulic conductivityy = gp sk, with Sl units (ms~1), the parametet is
independent of the fluid density and the gravitational agegion,g. However, the components
of k;; still depend on the dynamic viscosity of the pore flyig, with the Sl units (kgn—!-s71).
An alternative measure of the permeability that only degemdthe geometry of the soil skeleton
may be defined as

k= prk. (1-100)
This parameter is coined tipermeability coefficiendnd has the Sl units ) but it is usually
measured irdarcy (d), or more commonlynilli-darcy (md) (1 darcy ~ 10~12 m?). Typical
values for soil and rock are listed in Table 1-2 which is takem (?).
In the following we shall restrict ourselves to the case ofrispic materialsi.e. k;; = 0;;k.

Furthermore, disregarding body forces, Eq. (1-99) singdlifo

dp l ow;
8xi k 815

= 0. (1-101)

1.5.4 Governing equations in poroelasticity

When rapid motion is considered, additional terms arisegn(E—101), which account for the
forces of inertia. Thus, in coordinate directibthe balance of forces acting on the fluid part of
a unit volume in a fully saturated porous mediura, a fluid mass with the volume, becomes:

_ 8p _ d)@wl o @ _ 821)i _ 82ui
"oz, ot T "o TP oz T a2 )

In the quasi-static case,= n/k. However, in wave propagation problems it has been fourtd tha
the permeability of soil depends on the frequency of exoitat.e. » = ¢(w). This is similar to

the coefficient of drag forces on immersed bodies being dig@ron Reynold’s numbare. the
flow velocity. The second term on the right-hand side of Eg1(2) accounts for added mass
from the solid skeleton. This term is further addressedweRy use of Eq. (1-93), the balance
of momentum in the pore fluid may conveniently be rewritteio the form

(1-102)

Op ow; 0%u; 0w )
—naxi — ¢ 5 = P am + (pr — p“)W' (fluid momentum)  (1-103)
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In the case of problems involving large displacements, m trthe form(dw; /dx;)w; should
be included on the right-hand side of Eq. (1-103) to accourttie exchange of momentum due
to convection. However, the present formulation in term&rafar wave theory is restricted to
small displacements. Hence, this term is disregarded.

Next, for the solid phase constituting the specific volume n), the balance of forces acting
per unit volume achieves the form:

/
da};

8xj B

8p awi - 82’U,i 82wi
or, T9 (L trgm

(1—n)

(solid momentum)  (1-104)

Here it is noted that the actual stresses in the solid phaxel{stribute over the entire matrix)
areo;; /(1 —n) — pd;;, since the effective stresses are carried solely by the s&kleton. In
accordance with Newton'’s third law, the viscous forces stémg from seepage and the inertia
forces due to added mass enter this equation with the opmigit compared with Eq. (1-103).
With the present sign convention, a positive value of thentjtias ¢ and p, lead to viscous
damping and positive added mass with regard to the motiohe®blid skeleton. However,
Berryman (1980) suggested that = ps(1 — a) with « = (1 + 1/n)/2, which provides a
negative value of,. Further, with this definition the same valuegf is obtained for all soils
with a given effective porosity;—independently of the shape of the interconnected voids.
For the total matrix, including both the solid phase and e fluid, the balance of momen-
tum on a unit volume is obtained by addition of Egs. (1-103) @r-104),
80”- (92Ui (9211)1'

(total momentum)  (1-105)

oz, o TP o
where
p=(1—n)ps +npy, 0ij = 05 — pdij = o5 — Bpdij, B=1-K/K,, (1-106)

with K and K, defining the bulk moduli of the matrix and the solid constitygespectively,
cf. Table 1-1. Itis observed that the viscous forces duedpage and the inertia forces stemming
from the added mass vanish in the total balance of momentheselforces act as internal forces
between the two phasds. the solid and the fluid phase.

The total stresses on the left-hand side of Eq. (1-105) attt@antire matrix, but according
to Eq. (1-106) it may be split into the Terzaghi or Biot effeetstressesi.e. o7, or o}, and
the pore pressure, As suggested by Example 1.4, a formulation in terms of thoe &ffective
stresses may be preferred, since this provides a congtifiativ in terms of the total strains. In
the particular case of isotropic elastic materials,

UZ = )\Ekkéij + 2,ueij, (1—107)

which is much simpler to apply than Eq. (1-94).

Together with Eqg. (1-98), the balance equantions (1-10d)(anr104) (or alternatively
Eqg. (1-105)) form a system of seven coupled equations ofamddir the fully saturated porous
material. The seven unknown quantities are: the total dtgghents of the solidy,(x,t),
1= 1,2, 3, the seepage velocity; (x,t),7 = 1,2, 3, and the pore pressungx, t). However, in
certain situationsg.g.drained or undrained conditions, the system of equatiosisiplified and
the number of unknowns is reduced. This is demonstratectietample below.
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Example 1.5 Wave propagation in perfectly drained or undrained soil

Drained soll

In a perfectly drained material, the average velocity of phee fluid is equal to zero. The pore fluid
simply moves around the grains, but there is no net flow of flaidugh the matrix. Thus, the average
total displacement of the fluid is = 0, i.e.

awi aui 82wi 82114'

at ot = oz~ o

Furthermore, the coefficient of permeability, and tkus assumed to approach infinity. In this case, the
equation of motion for the fluid phasiee. Eq. (1-103), reduces to

@

w; = —Nu; =

— 0 for k— oo. (b)

ot n 0t?

Op n Ou; (82ui n 82ui> n Ou;
— ps _

dr: kot kot

This result was to be expected. Since both viscous andarferties are disregarded, the pore fluid cannot
sustain a gradient in the pore pressiue,the pore water is immediately drained away.

Making use of the result given by Eq. (b), and further makisg af Eq. (1-91), the equation of motion
for the total matrix (1-105) reduces to

80% - 9%u,;
ar; 4o

pa = (1—n)ps. ©

Thus, in perfectly drained porous materials, the interoatds provided by the effective stresses are
counterbalanced by the inertia of the solid skeleton. Irtegmical engineering, is usually referred to
as thedrained mass density

Undrained soil

Next, in all situations involving rapid transient or cycl@ading,i.e. including wave propagation prob-
lems, clay acts as an undrained material. In this case thedbnistituent cannot move relatively to the
solid skeleton, which implies that

awi 82wi

w; =0 = % o 0. (d)
Insertion of this result into Eq. (1-103) provides the pamespure gradient
op d%u;

The equation of motion for the total matrix follows by ingert of Egs. (d) and (e) into Eq. (1-105),

’
80’ij o 82ui 80’ij . ,82ui

oz, o < o, P oy P TP ®)

In geotechnical engineering is referred to as theeduced or effective mass density of the soil. As
indicated by Eq. (f), the dynamic equilibrium for a fully seated and perfectly undrained porous material
may be expressed in terms of either full or effective streskethe first case, a constitutive law providing
the relationship betweet;; ande;; must be applied, whereas in the second case Eq. (1-94) sipplie
an isotropic elastic solid material. Typically, for undrad clay the governing equation is expressed in
terms of total stresses and densities. O
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1.6 Dispersion and dissipation of elastic waves

In order to fully describe elastic wave propagation, thengdlispersionanddissipationneed to
be defined. A lookup in the dictionary may lead to the condughat the words are synony-
mous, both meaning “spreading”. However, in the context afevpropagation dispersion and
dissipation describe two very different characteristicthe displacement field.

Dispersion— Waves propagate with different phase speeds for differanenumbers.e. for
different frequencies. Therefore, a short broad bandeskpeanating from a source point
will not arrive as a short pulse at an observation far awagtelad the pulse will be spread
over time since the waves with different frequencies trawth different speeds.

Dissipation— Waves are attenuatete. damped, over time and/or space. This may be due to
a combination ofjeometrical dissipatiofspreading of the energy over a larger volume) and
material dissipatior{local damping due to a conversion from mechanical energytirat).

In the subsections below, the phenomena of dispersion anueteical/material dissipation are
discussed in detail.

1.6.1 Dispersion

If the phase speed of wave depends on the wavenumber, thesagsfined aslispersive On the
other hand, if the phase speed is not dependent of the wa\ETuthe wave ison-dispersive

Equations (1-14) and (1-17) state that the phase speegisdcgs are functions of the mate-
rial properties\,  andp, i.e.the stiffness and the mass density of the material. Thesatitjea
are not frequency dependent, and hence it is concluded tlaaidPS-waves in an elastic contin-
uum are non-dispersive.

From the Rayleigh equation (1-86) it is observed thais independent of the wavenumber,
both explicitly and implicitly as neither ofp andcg are wavenumber dependent. Therefore it
is concluded that the Rayleigh wave is non-dispersive. imda manner it may be shown that
also the Stonely wave at an interface between two elastiespakes is non-dispersive.

Whereas the volume and the surface waves in a homogeneatis elaterial are all non-
dispersive, this is generally not the case for waves prapagia a stratumi.e.a layered medium.
For example it has been observed that only vibrations wite@ufency above a certain frequency,
we, give rise to wave propagation in a soft soil layer over bekroDifferent authors refer to
this frequency is either theut-on frequencyr the cut-off frequency It is noted that whereas
wavefronts propagate with the previously defipddse speed

c(k) = % (1-108)
the energy propagates with the so-caligdup velocity

Ow
cq(k) = o (1-109)

The name “group velocity” originates from studies of suefacaves on water. Here it has been
observed that waves form groups travelling along the sarfeach individual wave travels with
a speedg(k), which is faster than the speed of the grogp,Hence, apparently the waves rise at
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the tail of the group and diminish at the head of the group.il8irobservations can be made for
waves travelling along a wave guide in elastic medig,the Love wave. The fact that the energy
travels at the group velocity will not be proved here. A dethderivation of the group velocity,
or the speed of energy propagation, may be found, for exgimglee book by Achenbach (1973)
for different wave types including SH-waves trapped in daste layer. As a result of the fact
that waves with different wavenumbers propagate with tifiéspeeds, the shape of a pulse will
change as the pulse propagates through a medium. This hadlbsgated in Fig. 1-29.

u(ri,
' AN -
w0y A~
| »
u(rs, t)
t T -

Figure 1-29 Pulse propagating along a bar—change of the shape due &rsimp. Displacement time series at three
distances from a source; < ro < r3.

The number and nature of waves propagating in a medium, ostruature, may advanta-
geously be illustrated in dispersion diagranor aslowness diagram

The dispersion diagram— The quantitiest andw are plotted along the axes of the diagram,
typically with w along the abscissa. P-, S- and Rayleigh waves are non-silepand there-
fore they form straight lines in the dispersion diagram vétklope equal ta;', c5' and
cj%l, respectively. On the other hand, dispersive waves formetltines as illustrated in

Fig. 1-30a. At any point the slope of the tangent is equaléatioup velocity:,.

The slowness diagram— Here the quantities plotted along the axes are the frequerayd
theslownesss = ¢! = k/w. Hence a curve in a slowness diagram depicts the slope of a
curve in the corresponding dispersion diagram. A non-dpe wave results in a straight
line with slopes equal to zero, since the phase velacigyconstantj.e. independent of the
wavenumber. The slowness diagram is sketched in Fig. 1-30b.

It is noted that for non-dispersive waves = ¢, so that the energy propagates at the same
speed as the wavefronts. However, for dispersive wavegthpgelocity and the phase velocity
are generally different. In Fig. 1-30 the dashed curve spres a dispersive wave which is only
present in the system for frequencies beyand The group velocity of this wave goes to zero
in the limit asw — w,.. The group and phase velocities become identical in the fnégjuency
limit. Here they asymptotically approach a value betwegrandcg. In Chapter 5 we shall
return to the dispersion diagram and its use for the degenijpf waves in a stratum.

1.6.2 Geometrical dissipation of waves

When a wave propagates through an elastic medium it may dreuated due to spreading of the
mechanical energy over a larger volume. This mechanismasvkrasgeometrical dissipation
or geometrical dampinglt is noted that the geometrical damping of the mechanicalgy is
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Figure 1-30 Different ways of illustrating dispersion of waves: @$persion diagranand (b)slowness diagramThe
dashed lines represent a dispersive wave.

proportional to the square of the damping of the displacemeplitudes. This is due to the fact
the the mechanical energy is defined as

H=U+K, (1-110)
wherel/ is the potential energy.e. the strain energy, and is the kinetic energy,

U = %O’ijfij = %Eijkﬁkl@‘j, K= %pf)a?_;]% (1—111)
For a given shape of the displacement figldy.a plane P-wave field, both the strain and the
particle velocity are proportional to the displacement.

The degree of geometrical damping depends on the “geomfeting avavefronts”. Thus the
essential property of the waves is whether they spread intaeeor three dimensions. The
following possibilities exist:

“Three-dimensional waves™— P- and S-waves emanating from a point source spread in three
dimensions. They form spherical wavefronts with the swfaceadnr?, wherer is the
distance from the source to the observer. Since the samgyenarst be present in the
wavefront, independently of the distance from the souleeehergy per unit volume spreads
as1/r?, and the displacement amplitudes decreasg/asvith the distance.

“Two-dimensional waves™— P- and S-waves emanating from a line source spread as dylindr
cal wavefronts with the surface ar2ar per unit length of the source. Hence, in plane strain
the P- and S-wave energy at a given distanfrem the line source is proportional tg'r, and
the amplitude of the displacement amplitudes are propuatito /1/r. The same degree
of geometrical dissipation applies to the Rayleigh waveegated by a point source on the
surface of a half-space. Here the energy is contaminatdtkinitinity of the surface, thus
forming circular wavefronts with the circumferenZer. In the same way it may be reasoned
that the displacement amplitudes in layer waves generatgaint sources decay W
due to geometrical damping.

“One-dimensional waves™— Plane P- or S-waves propagate as one-dimensional waves in a
well-defined direction. The purely elastic waves are defisedhat the amplitudes do not
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change as the waves propagate through the medium. Theth&yreare not subject to ge-
ometrical damping. This also applies to the plane Rayleighiepi.e. the Rayleigh wave
emanating from a line load. This is due to the fact that thehaeical energy in the Rayleigh
wave is bound to the surface, and in the case of plane straispreading is possible in the
out-of-the-plane direction. Similarly, layer waves inmdsstrain, or waves travelling along a
one-dimensional wave guide, are not damped geometrically.

The degree of geometrical damping of the various wave typesitical in the design of
numerical models which may be used for the analysis of, farmgde, dynamic soil-structure
interaction. This will be further discussed in the next dieap

Example 1.6 Geometrical damping of P- and S-waves from a harmonic point source

As an example of geometrical damping, let us consider theasjing of P- and S-waves from a unit
amplitude harmonic point source. The load is applied atsti@rce pointy and acting in coordinate
directionl, and we seek the response at the receivabservation poini in directioni. According to
the discussion above, we expect a displacement amplitudgy gigoportional td /r, wherer = |x — y]|
is the distance between the observation point and the spoiog

A description of the point force in terms of a distributeddahat may be integrated over space is
achieved by utilization of the three-dimensional Diradaélinctions (x),

6(x) = 0(z1) 0(z2) 6(3), /jo 6(x —y)f(y)dy = f(x), @)

where 6(x) is the Dirac delta function in one dimension. In the time domahe harmonic point
source may now be described aki(x,t) = pBj(x,w;y)e“", where the amplitude is given as
pBji(x,w;y) = 8(x — y)d.

In the steady state, the influence of initial conditions shas, and hence the displacement field varies
harmonically with time as;(x,t) = Ujj(x,w;y)e“". Inserting the displacement field and the body
forces corresponding to the harmonic point source into theiét equations (1-10), and skipping the
exponential terme!**, we arrive at the partial differential equations

A a U, ; a Ui ; b o = U ; b

A+ p) D207, 1%, wiy) 'Hlm (X, wiy) +6(x — y)du = —pw Ui (x,w;y). (b)
The subscript indicates that there is not one, ihteetimes three equations of motione. three for
eachl = 1,2, 3. We bear in mind that the subscripindicates the coordinate direction of the harmonic
point force. The amplitude functioli;;(x,w;y) is denoted the frequency-domaBreen’s functioror
fundamental solutioffior the elastic full-space. It may be regarded as a genethlignamic influence
function since the response to any other excitation may bedde linear superposition of a number of
(read integration over infinitely many) point sources. Idearto find the displacement Green’s function,
the principle of Helmholtz decomposition is utilized, clit&ection 1.3.2. This implies that each of the
fields B} (x,w;y) andU;;(x,w;y), defined on the domaif», may be written as the sum of the gradient
to a scalar field and the rotation of a vector field,

x 0P (x, w; OV (%, w;
Bi(x,w;y) = l(gxw y) +eijn klé); .w }’)7 (©
7 J
. 0 s Wi 0 , W3
Ua(x,w;y) = w%{; Y) + ik wkl(a); = y)7 (d)
2 J

(continued)
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wheree, ;. is the permutation symbol, cf. Eq. (1-16). The three scaddddi®, (x,w;y) (one for each
coordinate direction of the load), and the vector field¥;; (x,w; y) are derived from the load field as

10 - 109 (1

Pi(x,w;y) = “irom ), mBiz(Z,W,Y)dZ = Inom (r> ; (e)
1 0 1 1 0 1

Va(x,wy) = E”kaxj = Z|Bkl(z w;y)dz = E”laﬂc (r> . 0]

Taking the dlvergence and rotation, respectively, of E()|.tl(1la following inhomogeneous frequency-
domain equivalents of the wave equation are produced,

28@1_Li 1y _ 2 2% 10 (1N _

81: dp Oz \ 1) w e s 81:]2 * 47rp8”l81:j r) - it @
Next, the substitutions

(%, w; )*—i (x,w;y), Yulx,w;y)=¢ 0 s(x,w;y) (h)
2)) ,WiY) = 8.’1‘[ Wi Y), il y)= zglaxj Yy

are introduced. Furthermore, making use of the factthat= w/cp andks = w/cs, Eq. (g) may be
written as

82p 1 2 825 1 2 .
PP, ox3 + dmpcr % @

Ox3  4mpcpr

Noting thatc3k%» = cik% = w?, the particular solutions to Eq. (i) both becomg(x,w;y) =
sp(x,w;y) = —1/ (4mpw?r), whereas the complimentary solutions gréx, w;y) = c1 (1/r) e*P" +
c2 (1/7) e P so(x,w;y) = di (1/r)e*s™ 4 dy (1/r) e~ #s™, With the given definition of the har-
monic time variationi.e. a variation of the kind'*, the first term of each of the complimentary solutions
corresponds to waves coming in from infinity. We recall thet that P- and S-waves are non-dispersive,
so that the energy propagates in the direction of the wavemfpfrequency. Hence, for physical reasons
c¢1 = d1 = 0, since energy must propagate away from the source.

Subsequently, as the solution must be finiterfer 0, the full solutions are derived as:

b
47 pw?r

p(x,w;y) = (efikpr — 1) , s(x,wyy) = ! (efikST - 1) . 0)

47 pw?3r

By differentiation of the solutions (j) as defined by Eq. (hilaubsequently Egs. (c) and (d), the following
Green’s function is finally obtained for the amplitudes af time-harmonic displacements,

1 or Or
i — oar K
Uit.wiy) = s (a0 -0 o) ®)
wheredr /0x; are identified as the direction cosines of the veeter x — y, and
1 1 1 —ikgr Cs 1 1 —ikpr

= — - — - |
¢ (r + iksr2 k%r“) ¢ 2 (1kpr2 k2pr3> ¢ ’ O

(Y, 3 3 N\ ciker_Cs (13 3\ ikpr
p= (7’ + iksr? k§r3> ¢ & \r + ikpr?  k&rd ¢ ’ (m)
Clearly, the term with the lowest degree of geometrical damp either ofa and has a decay propor-
tional to1/r as initially proposed. a
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1.6.3 Material dissipation of waves

By the notion “material damping” we understand the transftion of mechanical energy into
thermic energyi.e. heat. From thermodynamics this transition is known to be eway pro-
cess. The nature of material damping is closely related¢b suechanisms as friction between
particles or grains, molecular collisions or irreversiliercrystal heat flux. In the continuum
model, this involves that material damping is related torttwtion at material points.

Experiments have shown that the energy dissipation in soaterials is strongly depen-
dent of the frequency and the temperature. A linear vanatiith the frequency is observed for
fluids. However, for most solid materials, a linear viscousdel overestimates the frequency
dependence. For example, for polymers and elastomershwhécoften used in absorbers and
resilient mounts, a dependency with the square root of #guincy has been found to be de-
scriptive (Gaul 1999), and in many kinds of soil the dampmglmost independent of the fre-
guency in the frequency range relevant to ground-borneen@iki and Richards 1980). Thus,
there is a need of material dissipation models that are abpedvide different degrees of fre-
guency dependence. Such models are discussed below

Before we turn to the discussion of how a material model wirichudes damping is formu-
lated, it should be realized that a material model must posge key features.

¢ The model must beausal This means that a disturbance is not recorded before tldeidoa
applied.

¢ The model must not provide negative material damping.

These requirements may seem trivial, but actually they atemet by some material models
which are often applied in engineering.

Hereditary versus differential approach

By the so-callechereditary approachany linear viscoelastic material model may be written in
terms of an integral relationship between the stress andtthn. In the one-dimensional case
the relationship reads

o(t) = /_ Glt— ) de(r),  e(t) = / J(t — 7)do(r), (1-112)

— 0o

where the upper integration limits are due to the requirdrokoausality.G(t) is known as the
relaxation moduluswhereas/(t) is denoted thereep complianceA physical interpretation of
G(t) andJ(t) is given below. The relations (1-112) allow jumps, discontinuities, in the stress
and stain histories. Further(¢) ande(¢) need not be differentiable. Therefore the integrals in
Eqg. (1-112) are so-callestieltjesintegrals.

In the general three-dimensional case, the relaxation faedund the creep compliance are
replaced with the fourth order tensags;; (t) and J;;x; (t), respectively. Thus, the hereditary
approach yields the three-dimensional equivalent of EgL{2),

t

0i(t) = /t Gijri(t — 1) deg (1), €;(t) = / Jijr1(t — 7) dog (7). (1-113)

— 00
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If the stress and strain histories are both assumed to beteBmaoatinuous functions, the
one-dimensional viscoelastic stress—strain relatignghi112) may alternatively be written

de(r)

(T
dr

dr,  e(t) = / t J(t—T)dZS_T) dr. (1-114)

o(t) = /_ ; G(t—7)

— 00

Here the integrals are identified Remannintegrals. Other names aBuhamelintegrals and
convolutionintegrals. Evidently there must exist a unique relatiop&igtweerG(¢) and.J(t) in
order for Eq. (1-114) to be satisfied. Thus it may be showntti@two functions must satisfy
the integral relationship

[ awe-nar=1. (1-115)

A proof of Eqg. (1-115) will not be given here. However, it wile shown that the rule applies
to some of the standard viscoelastic models that are apipligae analysis og.g.soil dynam-
ics. For the three-dimensional case, an integral idenitityla to Eq. (1-115) defines a unique
relationship betweet; ;x; (t) and.J;;x; ().

In order to provide a physical interpretation of the creemplance, let us consider the case
of a constant stress applied at the titne 1. Given that no stress has previously been applied to
the material, the stress history is givervds) = oy H(t), whereH (¢) is theHeaviside function

H(t) =

{O for t<0 (1-116)

1 for t>0

It is noted that formally, derivation of the Heaviside fuinctwith respect to time yields the Dirac
delta functionj.e. oo dH(t)/dt = o d(t). Insertion of this result into Eq. (1-114) leads to the
conclusion that(t) = o J(¢) for a constant stress, applied att = 0. Therefore we get the
following definition.

Definition 1.1 Creep compliance
J(t) is the development of the strain over time for a unit strepdieg at time zero.

Next, if a constant strain is applied to a one-dimensionahiver at the time = 0,i.e.¢(t) =
eoH (t). Hence, from Eq. (1-114) it follows that the stress will vaxer time asr (¢) = ¢y G(t).
The relaxation modulus may thus be given the following ptgisinterpretation.

Definition 1.2 Relaxation modulus
G(t) is the development of the stress over time for a unit strapliegh at time zero.

Whereas the hereditary approach is very adaptable in thee gbat any material behaviour
can be modelled, it is not very convenient from a computatipoint of view. Thus we would
like a material model that works locally in time, so that tfeeolution may be avoided. An
introduction to the formulation of such models is providethe following examples. As we shall
see, the findings in Examples 1.7 and 1.8 hint that for cesmnple choices of the relaxation
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modulus and the creep compliance, the hereditary form magfoemulated in terms of local
time derivatives. In the general case we refer to this asdlifferential approach

Example 1.7 One-dimensional linear elasticity

We assume that the relaxation modulus is givetr&g = E, and that the strain vanishes in the limit as
t — —oo. Hence, the stress—strain relationship in Eq. (1-114}igiel

olt) = /_ E% dr = E{e(t) — e(—o0)} = Ee(t). @)

This is the Hooke'’s law for one-dimensional elasticifymay be the Young’s modulus of a bar. If a bar
with the lengthZ and the cross section arglais consideredE A/ L is the “spring stiffness”. Similarly,
Gijri(t) = Eij yields the pure elastic relationship provided by the gdissd Hooke’s law (1-2).
Alternatively, Eq. (@) may be writter(t) = E~'o(t), which yields the creep compliancét) = E~".
Itis evident thaG(t) = E andJ(t) = E~' fulfill Eq. (1-115). O

Example 1.8 One-dimensional linear viscosity

Let us assume that the relaxation modulus is givelwély = 7 d(t). Then Eq. (1-114) provides the
stress—strain relationship

— 00

Thus, we get a relationship betwee(¥) ande(t) which islocal in time, i.e. no convolution is necessary
in order to compute the stress for a given instantaneou® \@lthe strain. Whem is a real positive
guantity, the model leads to linear viscous dampingaisldenoted the viscous damping constant. This
model is descriptive for many fluids and the damping has afidependency of the frequency. Thus, in
the frequency domain, assuming a harmonic variation of ihe &, we gets(w) = iwé(w). Here the
hat denotes Fourier transformation with respect to time.

In order to find the creep compliance corresponding to theexegion modulus(t) = n d(t), we first
rewrite the stress—strain relationship as

de(t) 1
T OF (0)

Integration over time provides the hereditary form

e(t) = [ ; d;(:) dr = [ ; # dr = [ ; t‘TT d‘;(:) dr. ©

which in contrast to Eq. (a) iglobalin time. That the last reformulation is valid may easily becked,

[wt;TdZS_T)dT:t;TU(T)_OO—F/foo?dﬂ (d)

which follows by the rule of partial integration. We now &tdhato (¢) should vanish in the limit as

t — —oo. Further, since the stress must be finite for the time ¢, the first term of the right hand side
of Eq. (d) becomes zero. Hence we have proved that the creepliamce for the linear viscous damping
model isJ(t) = t/n. Finally, the following integral identity is achieved, (continued)
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d [t t—r d
Hence G(t) = nd(t) andJ(t) = t/n fulfill the condition (1-115). O

In order to provide more complex models, a combination oflithear elastic “spring” and
the linear viscous “dashpot” models may be proposed. Thesimplest combination of a spring
and a dashpot are shown in Fig. 1-31. M@xwell modetonsists of a spring and a dashpot in
series, whereas the tielvin modelssumes a parallel coupling of a spring and a dashpot.

e e
(b)

@)

Figure 1-31 Simple viscoelastic models: (a) thaxwell modebnd (b) theKelvin model

In the Maxwell model, it is evident that the total straiand the total stress are given as
€ = € + €, 0 =0, =0y, (Maxwell ~ series coupling)  (1-117)

wheree, ande, are the strains in the elastic part and the viscous part cfytbiem, respectively.
Likewise o, ando, are stresses in the elastic and the viscous parts of thexsysspectively.
On the other hand, in the Kelvin model, the stress and stedoine

€= €c = €, o =0+ o0y, (Kelvin ~ parallel coupling)  (1-118)

A comparison of Egs. (1-114) and (1-117) reveals that thepccempliance of the Maxwell
model is achieved as the sum of the creep compliances foutheystemsi.e. J(t) = J.(¢) +
Jy(t). Analogously, for the Kelvin model Eg. (1-118) involvesttlize relaxation modulus is
given as the sum of the relaxation moduli of the subsystems7(t) = G.(t) + G,(t). Hence,
making use of the results in Examples 1.7 and 1.8, the foligwjuantities are identified:

J(t) = Je(t) + Ju(t) =

+ -, (Maxwell ~ series coupling)  (1-119)

&=l -
= |

G(t) = Ge(t) + Gu(t) = E + nd(t), (Kelvin ~ parallel coupling)  (1-120)

These results may be generalised as follows:

Definition 1.3 Series coupling
For two models placed in serie$(t) = J1(t) + J2(t) holds.

Definition 1.4 Parallel coupling
For two models placed in parallek(t) = G1(t) + Gz(t) holds.

Linear Elastodynamic Analysis



50 Chapter 1 — The basics of elastodynamics

In hereditary form, the stress—strain relationships ferNaxwell and Kelvin models read

t p—
e(t) = / (l + ! T) do(r) dr, (Maxwell ~ series coupling)  (1-121)
Ceo \E n dr
¢ de(T) . .
o(t) = (E 4+ ndé(t—m1)) 3 dr, (Kelvin ~ parallel coupling) (1-122)
oo T

In terms of local time derivatives, this is equivalent to fbemulations

de(t) _ 1 do(t)

1
dt E dt n

de(t)

de ’
The reformulation of Egs. (1-121) and (1-122) into Eqgs. €BYand (1-124) holds if the stress
and strain, and their temporal derivatives, respectiath vanish in the limit ag — —oc.

a(t), (Maxwell ~ series coupling) (1-123)

o(t) = Fe+n

(Kelvin ~ parallel coupling) (1-124)

Rational approximations to viscoelasticity

Inspection of the stress—strain relationships for the Malkand the Kelvin models, given in
differential operator form, suggests that a class of viEsie models may be achieved in the
form of therational approximation

S a da(t) _ i p; Lelt). (1-125)

This class of damping models work locally in time, which doms a good model in terms of
computation speed. However, the restriction to relaxatmduli and creep compliances that
result in the local time dependence betwegt) ande(t) may lead to the necessity of several
termsn andm in order to achieve a useful model for a given material.

In Eq. (1-125)a;, i = 0,1,...,n andb;, j = 0,1, ...m, are material constants which are
all real quantities. For the Maxwell model we identify thegraetersiy/b; =7 anda; /by =
E, which are definitely real, given thai is selected as an arbitrary real number. All other
parameters;;, b; in the Maxwell model are equal to zero. Likewise, in the Kelmodel the
nonzero parameters abig/ao = F andb; /ag = n with ag chosen as an arbitrary real number.

In the general case, we would like to know thet m + 2 parameters in Eq. (1-125) for a
material. These should be determined from a number of l&tyrar field tests. However, the
time-domain approach leads to a complicated calibratiom; &ndb;. Hence, in practice the
calibration is carried out in the frequency domain. Here (#g125) yields

zn: a; (i)' 6(w) = i b (iw)? é(w), (1-126)
i=0 j=0

which may alternatively be written as

6(w)=GCGw)éw), Gw)= % (1-127)
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The functionG(w) is denoted aational filter, and it is realized tha®(w) is the Fourier transform
of the relaxation modulué/(t) with respect to time for a harmonic variation of the kield".

G(w) may be interpreted as a complex frequency dependent siffmedulus of the material.
We may write this complex stiffness as

Gw) =Gw){l1+inw)}, (1-128)

where the real pai®(w) is the stiffness, whereas the imaginary paftv) G(w) should define
material dissipation. This prohibits certain combinasi@f the values of the parametersand
b;. Thus, if the measured frequency spectrum is fitted unatiyidy a rational filter of the kind
(1-127), a “viscoelastic” model may be obtained that inicebs negative material damping.
Further, as noted in the previous subsection the ratiortat 8hould provide a material model
that is causal. A further discussion hereof is beyond thpeod these course notes.

Fractional time derivatives in viscoelasticity

In the previous subsection we confined ourselves to ratiaptoximations of the stress-strain
relationship. This has the advantage that the governingtams in the time domain become
partial differential equations which are local in time. Hower, a great number of parameters
may be needed in a model in order to get a satisfactory fit terxgntal results. We might
suspect that this is due to the fact that the viscoelastiaWiebr that is modelled with the rational
approach does not correspond to the real behaviour of a ialat&hus, for some polymers it
has been found that the stiffness and damping of the matifand on the square root of the
frequency. Evidently this frequency dependence is notyepiivided by a rational filter.

A greater degree of freedom in fitting viscoelastic modeksdperimental results is achieved
if we allow the utilization of so-calledractional time derivativeso appear in the differential
equations stating the stress—strain relationship. Theeratbstract notion of a fractional time
derivative of the ordetv involves the application of a differential operator in tloerh

wpy dYf@) 1 d [t ()
DUf(t) = _r(1—a)&/a:0(t—7)ad7’ aelo 1], (1-129)

which is nonlocal in timel'(1 — «) is the gamma function,
N'l—-a)= / e T %dr. (1-130)
0

For integer argument$;(n) = (n — 1)!. The fractional derivativd® f(¢) of any noninteger
order may be computed &*(D? f(t)), wheren € N andg € ]0, 1[ so thate = n + 3.

The time-domain formulation provided by Eq. (1-129) isibtited to Riemann and Liouville
(Oldham and Spanier 1974). Due to its complexity, the camiah operator is not suited for
application to practical problems. Instead, a solutiomisght in Laplace domain, employing the
principle of elastic—viscoelastic correspondence. Thaldee transform oD f () is found as

LD f()} =5 f(s),  f(s)=L{F(B)}, (1-131)

where/ is the Laplace operator, and the Laplace transform is defised

C{A(0) = / " ftyetar. (1-132)
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Alternatively, for the evaluation of harmonic vibration wave propagation, a change of the
lower integration limit in Eq. (1-129) to = —oc provides the Fourier transformation over time

FDUf(O)} = (w)" fw),  flw)=F{f®)} (1-133)
The Fourier transformation, here denoted®{ }, is defined as

Flwy= [ T f(t) et e, (1-134)

With this definition of the fractional time derivative in thiene and frequency domains, a gene-
ralization of Egs. (1-125) and (1-126) yields

D aiDo(t) = by DYe(t), (1-135)
i=0 j=0

Z a; (iw)* o Z bj (iw)? é(w (1-136)
=0 7=0

respectively, where it is understood that= 3y = 0.

Example 1.9 A fractional derivative model with four parametres

A relatively simple, but quite adaptable viscoelastic miaslachieved by inclusion of a single fractional

time derivative on either side of Eq. (1-135). Letting = 1, bop = Fo, a1 = 75, b1 = 7& and
= (1 = «, the model may be written

(1+7,D%o(t)— (1+7-D") Ege(t) =0. (@)

Here Ey is the static stiffness modulus, whit¢' and& may be interpreted as time scales for the stress
and strain, respectively.
In the frequency domain, Eq. (a) yields

. _ . _ 1+ (Telw)®

o) =EW)éw),  Bw)=E o~ (i) (b)
The low and high frequency limits of the stiffneB%w) are, respectively,

E(0)=Eo, Ee = lim E(w)=Eo (;) 7 ©

where it has been found that most materials become stiffér iwcreasing frequency.e. E/Eo > 1
orr. > 7,. We may say that a material “better remembers the strainttieastress”.

It is evident that the low and high frequency limits Bi{w) provided by Eg. (b) are purely elastic.
Thus, material damping is only present in the medium frequeange. The variation of the complex
stiffness with the frequency is illustrated in Fig. A for éerdifferent values ok and forE. / Eo = 2.

(continued)
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Figure A Frequency dependent elastic modulBs, / Ey = 2.

Whena = 1, we obtain a viscoelastic behaviour resembling that of atioed Maxwell and Kelvin
model. This follows from a comparison of Eq. (a) with Egs.X22) and (1-123). On the other hand,
whena approaches 0, the model approachedysteretic material modgin which the imaginary term,
i.e.the damping, is represented by the step functign(w). The sign of the frequency is important when
the time domain solution is established by means of douliedsnverse Fourier transformation. O

Dispersion related to dissipation

Material dissipation implies that the phase velocities af@s propagation are different from the
values in a perfectly elastic material as illustrated byfthlewing example.

Example 1.10 Dispersion in a one-dimensional viscoelastic model

Let us consider the propagation of viscoelastic waves ineaddmensional model. This may correspond
to the case of elongation waves propagating through a bhe@ropagation of plane P-waves in an elastic
continuum along the-axis. In the absence of body forces, the problem is defingtldogne-dimensional

homogeneous Cauchy equation,

Oo(z,t)  Ou(z,t)
Pl e voa (a)
A viscoelastic stress—strain relationship is now assumée form
6(w) = E(w) é(w). (b)
Since the strain in one dimensioneis= Ou/dx, Eq. (a) may be rewritten in the frequency domain as
0%z, w) 9 .
E(w)w = —wpi(z,w) =
0%z, w) w\2 _ _ | E(w)
o2 T (z) i(z,w) =0, c=c(w)= Y (c)

(continued)
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wherei(z, w) is the Fourier transform of the displacement with respetinte andc(w) is identified as
the phase velocity of the waves. Evidently, the phase vgliefrequency dependent when the complex
stiffness modulugZ(w) is frequency dependent. Therefore, a viscoelastic modélfrgquency depen-
dent stiffness and/or material damping leads to dispergaxe propagation, and further in the frequency
domain the phase velocity is generally a complex quantity.

Since the waves are dispersive we may suspect that the gebaigity of the waves is no longer equal
to the phase velocity. In order to show that this is actualyge first establish the solution to Eq. (c),

Az, w) = A1 (W) T 4 Ay(w)e Tk =k(w) = % = w \/L, (d)

Herek(w) is the wavenumber. The imaginary partiofiue to a complex stiffness moduli§w) leads
to attenuation of the waves which comes as no surprise siecare/ dealing with a model that con-
tains material dissipation. With a harmonic time variatidrihe kinde'“*, the two terms describe wave
propagation in the negative and positixalirection, respectively.

From the definition of the wavenumber in Eq. (d), the groupoeiy of the waves in the one-
dimensional viscoelastic model is found as

_dw w dE(w) -t
caw) = dk clw) (1 C 2B(w)  dw ) ’ ()

It is observed that, (0) = ¢(0). Further, if the stiffness modulus approaches a constdin zsymptot-
ically in the high frequency limitv — oo, we find thatcy (c0) = ¢(o0). However, for any intermediate
frequency, the group and phase velocities may be different. a

From Eq. (d) of Example 1.10 it is noted that the wavenumbeobees complex in the
presence of material dissipation. Therefore, materiaipiion in the frequency domain for-
mulation leads to an exponential decay of the displacenmaptiaudes with the distance from
a given source. Herein lies a difference when compared vatmngetrical damping, which im-
plies an amplitude decrease with distance defined be soreatftfunction. Consequently, in
the near-field the geometrical damping is more important thaterial damping, whereas in the
far-field the material damping becomes the more significantce to wave dissipation.

Further, in Example 1.10 we find that the group velocity isjfrency dependent for all fre-
guenciesv # 0 unless the complex stiffness modulus is independent ofrdwuéncy. This is
the situation in the so-calledysteretic material modglvhich is defined by the complex stiffness
modulus

E(w) = Ep (1 +insign(w)), (Hysteretic damping) (1-137)

wheren is denoted théoss factor The frequency dependence is only present via the signibtmct
sign(w). However, it may be shown that the hysteretic model is nosaad herefore, use of this
model should generally be avoided. Nevertheless, utitinatf this model is quite widespread.
The main reason is that the model provides a simple meangroflircing material damping.

Often, the wave speeds in a material have been measured keltable information exist about
the energy loss. It may then be convenient to estimate adossrfof, for example, 10%. Further,
in soil the frequency dependency of the material dampingstiffdess is very small, and it may
be shown that the non-causal response appearing beforgpheagion of a load is very small

when the damping is low. However, the material behavioureiselb modelled in a physically
sound manner by the application of a fractional derivatiwelei of low order.
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1.7 Summary

In this chapter, the basic theory for wave propagation inog$astic media has been discussed.
The analysis has been confined to the case of homogeneousarapic materials, and the
continuum model has been adopted. The main results of thetateare listed below.

P-waves(primary/compression/dilational/rotation free waves)gagate through an elastic medium
with the phase velocityp. The particle motion is in the same direction as the wave grop
gation. In a linear elastic medium the P-waves are non-tsgpee

S-waves(secondary/shear/rotarional/equivoluminal) waves agagpe through an elastic medium
with the phase velocitys < cp. The particle motion is orthogonal to the direction of wave
propagation. Like the P-waves, the S-waves are non-dispénsa linear elastic material.

SH-wavesare “horizontally” polarized shear wavess. S-waves with particle motion parallel
to a free surface or layer interface.

SV-wavesare “vertically” polarized shear waves. They describe #maining part of the S-
wave field not accounted for in the SH-wave.

Rayleigh wavestravel on the surface of a homogeneous linear elastic palfes with the fre-
guency independent phase velocity ~ 0.9 ¢s. The particle motion is elliptical and retro-
grade near the surface.

Mechanical impedanceis the ratio of traction over a surface and the particle vigfatgener-
ates. The terminology is borrowed from acoustics, whereeilapce provides the particle
velocity due to an applied pressure over a given surface.

Impedance mismatchbetween two adjacent materials is the key issue with regaehergy
reflection and transmission. If the impedance of two mateaige identical, all energy will be
transmitted through their common interface. On the othadhithere is a strong impedance
mismatch, almost all the energy is reflected.

Reflection and conversiorof P- and S-waves takes place at a free surface of a half-sjpaee
P- and SV-waves are coupled, whereas an SH-wave is reflectad @H-wave.

Reflection, refraction and conversiorf P- and S-waves happens at an interface between two
half-spaces or layers. Again, only the P- and SV-parts ofitnee field are coupled.

Love wavesmay travel along a soft layer over a half-space. They con$iSH-waves trapped
within the layer because refraction into the adjacent lgyeannot take place.

Porous mediaconsist of two or more phases. In a fully saturated porousnate.g.soil below
the phreatic level, the pore pressure in the fluid phasedotemwith the stresses in the solid
phase. In the general case, this results in seven equatitnsaven unknowns.

Effective stressesre carried solely by the solid skeleton in a porous mateifar rock and
concrete, the effective stress measure proposed by Biatigl® applied instead of the
Terzaghi effective stresses to obtain a simpler formutadioconstitutive equations.
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Pore pressuresn fully saturated porous materials are carried by the paie fand the solid
skeletonj.e.the same pore pressure is present in both constituents.

Dispersion of waves involve that waves travel with a phase velocity th&iequency dependent.
This may happen due to geometrical or material reasons., Thaw@s travelling in a wave
guide, or a layer, are dispersive because certain fregelead to “eigenmodes” in the layer.
Material dissipation generally leads to dispersion.

Geometrical dissipationor damping takes place due to the spreading of the energya®ueface
or a volume. P- and S-waves spread in three dimensions frooird gource. They are
therefore subject to stronger geometrical damping thamdRgywaves or Love waves, which
only spread in two dimensions. Geometrical damping is dlesdby a potential function of
the distance from a source.

Material dissipation or damping exists in all real materials. The material dampsrelated to
particle motion and is therefore frequency dependent. Ngd@amping leads to exponential
decay of the displacement amplitudes over distance.

Causality involves that there will be no response before a load has égglied. In order to en-
sure that this will be the case in a mathematical model, oneldtbe careful when selecting
a material model. It is noted that the hysteretic materiatleh@ not causal. Yet it remains
one of the “most popular” models for soil and some other nigter

As stated in the introduction, the theory explained in thiapter will serve as a foundation
for the numerical and analytic framework in the subsequkeapters.
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CHAPTER 2
Finite-element analysis of
elastodynamic problems

The finite-element method is a powerful numerical solutiechnique for problems governed
by differential equations within a bounded region. In pardr the method is advantageous in
the analysis of problems involving local inhomogeneitiad aonlinearities. However, in order to
formulate a finite element solution for an unbounded domsecial care must be shown at the
artificial boundaries that arise in the numerical model ideorto ensure, for example, radiation
of waves or heat into the infinite region. Different ways affmilating radiating, or transmitting,
boundary conditions are discussed in this chapter with gohesis on wave propagation in elas-
tic media. Firstly, however, a short introduction is giventtie formulation of the finite-element
method in time and frequency domain.

2.1 Introduction to the finite-element method

The finite-element methoFEM) is well-suited for the analysis of finite structuresiatiosed
interior domains. However, in the analysis of open, or itdindomains, the problem arises that
only a finite part can be modelled with the finite-element radtirherefore, artificial boundaries
must be introduced at a given distance from the area of isttefidhe use of Dirichlet and Neu-
mann boundary conditions at the artificial boundaries iexodi reflection of the outgoing waves
back into the computational domain, or the FEM model. Irste@&called transmitting bound-
ary conditions (TBCs) should be implemented, which ensiia¢ the energy leaves the model
through the artificial boundary. Various formulations otkuransmitting boundary conditions
for both elastic wave propagation and wave propagatiorrircgiral elements will be discussed
in Section 2.5.

Firstly, however, the formulation of the FEM for a closedeindr domain will be resumed
in the next section. In particular, the various steps in te®&Formulation will be described.
Examples will be given of the finite element analysis of pewl involving stationary sources,
such as machine foundations. In Section 2.4, it will be dised how an FEM model should be
adjusted in order to compute the steady state response twiagremurcege.g.a vehicle moving
on the surface of a road. Further, before the discussioraosinitting boundary conditions in
Section 2.5, the FEM solution of elastodynamic problemgietand frequency domain will be
discussed in Sections 2.2 and 2.3.
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2.1.1 The basic steps of the finite-element method

The offset of the finite-element method is the so-callexhk formulationof a problem. The
weak formulation is obtained from thstrong formulatior—i.e. the original partial or ordinary
differential equation—by multiplication with an arbitsavirtual field and integration over the
volume (in three-dimensional continuum problems), theadie two-dimensional continuum
problems, plate and shell problems) or the length (beam addroblems). Afterwards the
continuous physical field is discretized into the valuesfatite number of points in the interior
and on the surface of the considered bounded domain. Théags pee referred to asodes This
means that all the spatial dimensions are kept in the digatitn process. This is an essential
difference from théboundary element methd8EM) formulation, in which only the boundary
of the domain is discretized. A description of the BEM is begohe scope of these notes. The
formulation and several examples of application of the BEMIastodynamics may be found in
the book by Dominguez (1993).

In elastostatic problems, the finite element mesh is usuvefiged—t.e. smaller elements are
used—in the vicinity of an applied force and in other regianswhich large gradients of the
stress are expected. In wave propagation problems, howéeeregions with large gradients
will change over time. Therefore the elements have to bdivela small in the entire model.
Furthermore, the elements have to be able to describe dlimngwwave. This puts an upper
limit on the size of the elements. The number of elementsatetequired per wavelength as a
minimum depends on the kind of elements being used as willdmrigised later.

In the FEM, the field quantities at any point inside the donudirer than the nodes are found
by interpolation between the nodal values. The interpotetunctions are selected on a local
basis, so that contributions are only present from the nadgscent to the point in question.
This procedure differs from the Rayleigh-Ritz Method, inigthapproximative shape functions
are identified for the entire domain, and from the BEM, in whtbe fundamental solutions
are used as the influence functions. For the three-dimealsédastodynamic harmonic wave
propagation problem, the Green'’s function was derived iarfple 1.6. Consequently, in the
FEM the original domainp, is transformed into a number of small sub-domains, referred
to asfinite elementssee Fig. 2—1. The geometry of these elements is defined hyotthes and
the interpolation, or shape, functions, which are also is@dmpute field quantities at interior
points in the elements. Usually, polynomial functions asedias shape functions. Depending
on the degree of the polynomials, the interpolation is refto as linear, quadratic or cubic,
etcetera. In any case, the spatial shape functions mudt hficriterion that the FEM solution
convergesThis means that the approximative FEM solution must bedofiretely close to the
exact solution as the element size goes to zero. Convergeassured if the requirements of
completenesandcompatibility(or theconforming requiremehtire met:

Completeness— The approximation must be able to describe arbitrary constalues of the
field quantity €.g.the displacements) and the spatial derivatives theregf the strains),
which are present in the weak formulation of the problem.

Compatibility— The shape functions must provide a continuous, non-oveirigmpproxima-
tion of the field quantity and possibly also the derivatiasthat each integral in the weak
formulation is well defined, not only in each individual elem, but also over the boundaries.

Compatibility involves that the same shape functions aegldsr contiguous elements so
that, for example, the displacements are not only idenéitie common nodes, but also along
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Figure 2-1 Discretization of the domain into finite elements, eachespnting the sub-domaif;.

the common element surface. However, it turns out that resse results may in some cases be
achieved in FEM codes, where non-conforming elements @& Ushis is, for example, the case
in most FEM analysis of plates.

After the discretization of the integral equation corresiog to the weak formulation, the
volume and surface integrals for the entire domain/suréaeedivided into sub-integrals over
each finite element. Each of these integrals over a finite @¢onstitutes aslement matrix
or anelement vector Examples include the mass and stiffness matrices for raumtn finite
elements in linear elasticity or acoustics. It is noted thahis process, the traction applied to
the surface of an element is transformed into equivaledal forces

After the matrices for the individual elements have beenmated, they arassemblednto
a global system of equations—one equation for each degrigeafom. In three-dimensional
elasticity there are typicallthreedegrees of freedom per node,. the displacement in each spa-
tial coordinate direction. In a plane SH-wave propagatiéMproblem, there is only one degree
of freedom at each node, namely the out-of-plane displaneommponent. In the assembly of
the system matrices, contributions from all elements ttsamgle node are added. This implies
that adjacent elements have common nodes.

As afinal step in the FEM, the boundary conditions for thererdbmain are introduced via
nodal forces or forced nodal displacements. The matrixesysif equations is then solved either
in frequency domain or in time domain. A frequency-domaiuson is straight forward, while
time-domain solutions demand the useiofe-integration algorithmsSome of these are briefly
discussed in the next section. Finally, based on the shamidns, interior values of the field
guantity, or the strains/stresses, can be found insideaaatent. Thus, to summarize, the usual
steps in the finite element formulation of a problem are tiieviong:

establish the strong formulation of the problem,
establish the weak formulation of the problem,
discretize the continuous field into a finite number of noddlies,

select the shape functions for the physical and the virtak fi

BoBAaN

compute the element matrices,
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E assemble the element matrices into a global system of eqsati
apply nodal forces and introduce boundary conditions,

E solve global system of equations in matrix form,

E compute, if necessary, interior values or gradients byratation.

Rather than discussing the various steps of the FEM anyduittbm a general point of view,
a few examples will be given in the following subsections idey to illustrate the formulation
of the method.

2.1.2 Finite element formulation of an elastic continuum

Consider the elastic body having the surfacé = Sy U S; with the outward unit normal vector
n with components;. With reference to Section 1.2, tiserong formulatiorof the problem is
given by the Cauchy equation of motion (1-1), which is repédiere for convenience

0%u;(x,t)
otz -

80”- (X, t)

o0, T p(x) bi(x,t) = p(x) (1-1)
oi;(x,t) is the Cauchy stress tensag(x, t) is the displacement fielgh(x) is the mass density
andb; (x, t) is the load per unit mass. Vectriis the position in space ands the time. Equation

(1-1) is subject to the boundary and initial conditions

uj(x,t) = u;(x,t) for xe Sy and p,(x,t) =p;(x,t) for xe S, (2-1)
uj(x,0) = u;(x) for xe D and %uj(x,m —=v;(x) for xeD, (2-2)

i.e.geometrical boundary conditions are prescribed alongdhetaryS, and mechanical bound-
ary conditions are provided fdf;, wherep;(x,t) = 0;;(x, t) n; is the surface traction.

In what follows, engineering strainise. linear deformations, are assumed, but the material is
allowed to be inhomogeneous and anisotropic. This meanh#gthanaterial density is generally
a function of the spatial coordinates, whereas the stresg-selationshipj.e. the constitutive
relationship, is given by the generalized Hooke’s law, Be2y).

Theweak formulatiorof the field equations for the continuum is obtained by miittgiion of
Eq. (1-1) with the virtual fieldu;(x, t) and integration over the voluméu;(x, t) is a variation
of the displacement field and must fulfill the geometric baamycdtonditions along the boundary
Sp. Otherwise it is arbitrary. Applying Green’s theorem andking use of the fact thaiu
vanishes along), the following integral equation is obtained for the domAin

/ dgij(x,t)045(x,t)dV (x / oui(x,t)p u(‘;gc .Y dV (x)
= ou; (%, t)pi(x, t)dS(x / dui(x,1)p(x)b; (x,1)dV (x). (2-3)
S

Herede;;(x,t) is the strain related to the virtual fietd:; (x, t), and use has been made of the
fact thatUij (X, t) = 0ji (X, t) SO that(aui (X, t)/afl,‘j)aij (X, t) = (auj (X, t)/axi)aij (X, t).
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The next step in the FE approach igdiscretizethe domain into a number of finite elements
as illustrated in Fig. 2-1. Let.(¢) anddu.(t) be two (3n. x 1) vectors storing the nodal
displacements in the physical and the variational fieldyeesvely, for then. nodes in element
e. Further, defining. as the(3n. x 1) coordinate vector for the element nodes, the displacement
field and the virtual field over the element voluriie may be described in vector form,

u(x,t) = ®.(x)uc(t), ou(x,t) = U(x)du.(t), (2-4)

wherex is a point(zy, x2, x3) in the interiorD, of the element an@®. (x), ¥.(x) are two(3 x
3n.) matrices storing thehape functionand theweight functiongor the element, respectively.
Note that summation convention does not apply with regardpeated indices on vectors and
matrices. This index simply indicates the number of the eletm question.

For the physical field quantities, the following definitioppdies:

$pr 0 0 ¢ 0O O -+ ¢, O 0
®;(x)=|0 ¢ 0 0 ¢ 0O -~ 0 ¢ 0 |. (2-5)
0 0 ¢ O 0 ¢o --- 0 0 On.

Each of the components,, n = 1,2, ..., n., is the shape function belonging to th#h element
node and depends on the positiwmnside the elementy,, = ¢, (x). The shape functions are
selected so that the total contributions from all nodeg/stianctions of an element add up to a
total of 1 at any given point interior to the element. In pautar, the shape functiop, should
be equal to 1 at node and achieve the value 0 at any other node. Further, the shaptdns
should be selected so that neighbouring elements are cilnlepd&xamples are given below.

When selecting the weight functions, which may be consitlasgthe shape functions for the
virtual field, one may either use the shape functions whiehadso used for the physical field,
or other interpolation functions may be used. Here,@aderkin methods used, implying that
the weight and shape functions are identicel,¥. (x) = ®.(x). Later, the use of other weight
functions will be discussed.

For the individual element, the material is described byniass density® and the elasticity
tensorEs,,, .. These properties may, or may not, vary over the elemennweluln any case,
the properties may be selected differently for adjacennelds in order to model local inho-
mogeneities. The resulting discretized equation of motirelemente may conveniently be
written in the form

2y,
{5ue(t)}T (/ {vq)j(x)}TEevq:'E(x)dV u(t) + /D {QE(X)}TPECI)E(X)dV s dtQ(t)>

e

— (bu.(t))" ( | @0y oo nas+ [ {«be<x>}Tpeb<x,t>dv), (2-6)

wherep(x, t) andb(x, t) are the surface traction and the body force with the compispe(x, ¢)
andb;(x,t), i = 1,2, 3, respectivelyV is a matrix differential operator defined as

T
a0 0 g gm0
A 15 15 15 _
V=10 & 0o & o0 Z | . (2-7)
o o 0
0 3 0 aor 5a
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andE. is the elasticity tensor rearranged in matrix form,

E{lll E{122 E{133 E{IIQ E{113 E{123
E%Qll E;222 E%233 E%212 E;213 E%223
E§311 E§322 E§333 E§312 E§313 E§323
E{211 E{222 E{233 E{212 E{213 E{223
E{Sll E{322 E{333 E{312 E{313 E{323
E%Sll E%322 E%S?)S E%SIQ E%Sl?) E%323

(2-8)

Here, use has been made of the symmetry conditions (1—4articplar, for a locally homoge-
neous and isotropic material with the Young’s modulifsand the Poisson ratie® occupying
element, the rearranged elasticity tensor is given as

1—v° Ve Ve 0 0 0

Ve 1—v° Ve 0 0 0

k€ Ve v¢  1-v° 0 0 0
E. = 2-9
Ar9a=25| 0 0 0 (-9 0 0 (2-9)

0 0 0 0 (1-v°) 0

0 0 0 0 0 (3-v9)

In this case, the Cauchy equations of motion reduce to théeNaguations, Eq. (1-10).
The stationarity condition implies that Eq. (2—6) must himidany du. (¢). This leads to the
final FE form of the equation of motion for a single finite elethe

d?u,(t
K.u.(t) + M, :11152( ) _ e, (2-10)

K. andM. are theelement static stiffness matiaxd theelement mass matrixespectively, and
f.(t) represents the nodal forces applied to elemerithe definitions oK., M. andf.(t) are
readily determined by a comparison of Egs. (2—6) and (2—IDaddition to the stiffness and
mass matrices, damping may be accounted for in the systemeat viscous damping implies
the introduction of an additional term proportional to tteatizle velocity,.e.

du,(t) 02

K.u.(t) + C. & + Me@ue(t) =f.(t), (2-11)

whereC,. is referred to as thelement damping matrixUsually, proportional damping is as-
sumed, meaning that. is introduced a<C. = n°K.. This corresponds to a Kelvin model,
cf. Eq. (1-122). In structural dynamics, material dampingynalternatively be applied as
Rayleigh dampingC. = a.K. + 6.M.. A model of this kind may not always be physically
reasonable, but it provides a means of calibration to measeints.

The assemblyof the local systems of equations is carried out by addingctiveributions
from all elements sharing the same degrees of freedom. Tadupes the system matricks
C andM for the entire domainD. Thus, for a domain discretized with finite elements, the
equation of motion reads

Ku(t) + Cu(t) + Mii(t) = £(t), u(0) =up, u(0) = w1, (2-12)
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whereu(t) = du(t)/0t andii(t) = 9*u(t)/0t* are the global velocity and acceleration vectors
with the dimensiongndof x 1). The global system matrices and the load vector have the
dimensiongndof xndof) and(ndof x 1), respectively, witmdo f representing the total number
of degrees of freedom in the discretized domain. As a res$tiiecGalerkin approach, the system
matrices become symmetric. Furthermore, since only elesraajacent to a node give any
contributions to the equations for the degrees of freeddata® to the node, the system matrices
in an FEM scheme become sparse. Preferably the element imesll e constructed.e. the
nodes should be numbered, so that the bandwidi,af andM is reduced to a minimum.

The surface traction and the body forces applied to the baniesland the interior of the finite
continuum elements are transformed into nodal forces byfifee shape functions. Contribu-
tions from adjacent elements are added to the common nodigshIBt boundary conditions of
the kindu,;(x,t) = 0 may be introduced in two different ways:

¢ Inthe stiffness matrix, the diagonal term correspondintpéoconstrained degree of freedom
can be set to a very high valueg.10° times the larger value of the diagonal terms.

¢ The degree of freedomis removed from the system of equatiwaiss rowndo f and column
ndof are eliminated.

Generally the second approach provides the better accufayermore, the first approach has
the disadvantage that it leads to very high eigenvalueseosyistem. This is a problem in the

time integration, which is subsequently used in order to mate the displacement time series,
see discussion later. The reason why the first approach istsoss taken in the analysis of

static problems is that the bookkeeping of the degrees eflfren is somewhat easier than in the
second approach since all the original degrees of freederkegt in the system.

Three-dimensional continuum finite elements

For the purpose of modelling structures with an arbitrargrgetry, isoparametric continuum
elements are well suited. Fbexahedralor brick, elements, the shape functions are defined
in a local, or “homogeneous’({s, &2, {3)-coordinate system with origin at the centre of the
element and the dimensioisx 2 x 2. Concerning the requirement obmpleteness study

8 07 24 23 )
/E / 235" 026 A
5 T 6 18 T 20
Y | 7Y
t 160 t ol5 14
I 5 51 | 70 I 9 El ol3
| 10 | 110 12
gL I
/ / 5 °9 /Z
18 5 16 < 3

(@) (b)

Figure 2—2 Hexahedral element with (a) 8 nodes and (b) 26 nodes.
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of the integrals defining the element matrices indicatestti@displacement should at least be
approximated linearly. This provides a presentation oftamt values of the strains within each
element. Linear variation of the displacements also falftleconforming requiremensince
linear interpolation of the displacement from both sidea bbundary, which is common to two
elements, provides a well-defined integration of the gradiever the boundary. Continuum
finite elements with linear and quadratic interpolation idustrated in Fig. 2—-2, and the shape
functions for the two finite element types are given in Exampll and 2.2, respectively. In
theory, at least four nodes should be used to describe eaeh Wewever, in order to achieve
satisfactory results with linear elements, at least 104é@hents i.e. 10-12 nodes) should be
used per wave length in practice. With quadratic interpatatthe minimum requirement is
approximately 4-5 elements (8-10 nodes) per wavelengththieuaccuracy is usually much
higher with quadratic elements than that of linear elemesisn the same number of nodes is
used in the computation grid.

A mapping from the homogeneous coordinates into the phiySardesian space is carried out
by means of the so-calleldicobian the determinant of the matrikthat relates local derivatives
to global derivatives,

Oxy 9wy Oz
061 0&  0&s

dV =dzy degdas = det (J) d&; déadés, J = g—g g—g g% . (2-13)
Oz vz Qus
061 0§ 0&s
For the isoparametric element, the integrals over the shaymions are usually carried out
by means of a Gauss-Legendre quadrature rule. The numbeuss®oints in each of the local
coordinate directions should be sufficiently high to enghed the polynomials that are used as
the shape functions are integrated accurately. It is reg¢@iiat a Gauss quadrature witlpoints
is accurate for polynomials of ordérn — 1. However, more Gauss points may be required in
each direction than are necessary due to this conditiordierdo prevent spurious energy modes
in the elements—the so-callbédur-glass effegsee Fig. 2-3.

Example 2.1 Hexahedron with 8 nodes

The simplest possible hexahedral element that may be uséidife element analysis is the eight-noded
element, which has linear interpolation of the geometry eradisplacement field in all three local
directions £, &2 and&s. The shape functions for such linear elements are listemhbigr the node order
given in Fig. 2-2a.

p1=5(1-6)1—E&)1—E), ¢2=3(1+E&)1—E&)(1 &),
¢s =1+ &)1 +&)1— &), da=31—-E&)(1+&)(1 - &),
b5 =3(1—&)1— &)1 +&), ¢ =3(1+&)(1—E&)(1+ &),
pr =51+ &)+ &)1 +E), ¢s=3(1—&)(1+E)(1+&).

Two Gauss points are used in each direction, even if a singles§&point at the centre of the element
would be sufficient to provide an accurate integration ofst-farder polynomial. The reason is that two
Gauss points are needed to prevent the hour-glass effedtige2—3a. d
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Figure 2—-3 Spurious energy modes (hour-glass effect) in (a) planafieéement with one Gauss point and (b) plane
quadratic element with four Gauss points. The Gauss poiajsdp not move in the deformed state{ — ) when
compared with their position in the undeformed state< ).

Example 2.2 Hexahedron with 26 nodes

Continuum finite elements with quadratic interpolation lindirections generally provide better results
than can be achieved with linear elements using the same enofildegrees of freedom in the global
system. In particular it is noted that in finite-element noetlanalysis of elastic continua, only the dis-
placement field is modelled. The stresses are computed freisttains, which are found as the gradients
of the displacements. This means that linear interpolaifdhe displacements over an element implies a
constant stress over the element. Therefore linear elempentide poor results in bending problems and
related problems, in which the stress variation is of gregtartance, unless several elements are used
over, for example, the thickness.

Often elements are used, which have 20 nodes—eight nodescbrsilej.e. one at each corner and
12 mid-edge nodes. Here, however, an alternative elemg@mesented which has nine nodes on either
side,i.e.including six mid-side nodes. The shape functions are detietow for the node order given in
Fig. 2—2b. In order to prevent the existence of spuriousgneiodes, three Gauss points have to be used
in each direction, see Fig. 2—3b.

p1=—%(& —€7) (& —&)(& — &), pa= 2(1—E&1)(&—E&)(E— &),
p3= (& +E)(&—8)(&—8), ¢ a=—36+E)1— &) — &),
¢s5=—3E +E)(E+E)(E -8, ¢6=—3(1-¢&D)(E+8)(&—E3),
pr= (& —ED)(E+3)(E& —&D), ps= (6 —ED)(1—&3)(& —£3),
po= s(1—E)(1 -2 -36+1), do= (6 —ED)(6—E)(1—&3),
¢ = F(1-€)(263 -3+ 1)(1-€&), d12=—5(& +&)(&—E)(1-&),
s = (26T +36+ D1 -E)(1-€5), b= (& +ED)(6+E)(1—&D),
5= +(1—-EDQRE+3L+1)(1—E3), ds=—3(& — &) (& +8)(1 - &),
7= (2 =36 +1)1-E)1-8), ds= (& —E&)(&—-E)(E+E),
p19 = —3(1 = &7) (&2 — €3) (& + €3), d20 = —5(&1 +£1) (&2 — 63)(&3 + £3),
do1 = (& +E0)(1—E)(E+E3), G2 = (&1 4+E7)(E+8) (& +ED),
pos = (1 —E&)(&+83)(&+&D), $2a = —3(& — 1) (&4 863)(& + £3),
pos = —3(& — €D (1 — ) (& + &3), da6 = g(1—€D)(1—&3)(263 + 3¢ +1). O
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2.1.3 Finite element formulation of beams

In the analysis of structures composed of beam and plagestituctural elements, continuum
finite elements are inefficient because a huge number of elsnage required due to the fact
that a discretization in all three spatial coordinate ditets is necessary. Therefore, elements
are used which reduce the problems to two-dimensionaljsia¢ll) or one-dimensional (beam)
problems with respect to the discretization. The mategldviour in the directions, which are
not modelled, is described in terms of forces and momertterdhan stresses.

Here, an example will be given for the simplest possible bdwaary, which is due to Euler
and Bernoulli (E-B beam theory). The example only serves gside to the finite element
formulation of structural elements, well knowing that th@Bbeam theory is not well suited for
the analysis of dynamic problems, as will be discussed. later

The finite element formulation will be given for an E-B bearstiieg on a so-calle#elvin-
Pasternak foundatian A linear Pasternak foundation, which is considered hereludes the
linear shear stiffnes& (x) in addition to the linear vertical stiffnesgx) that is present in a
linear Winkler foundation. The Kelvin part refers to the tfdlcat damping is present in the
support, in this case both vertical dampifng:) and shear damping/(x), both of which are
assumed to be linear viscous. The model is shown in Fig. 2kdrew = w(z, t) is the vertical
displacement field relative to the state of static equilibwjt is time, m(z) is the mass per unit
length andf = f(x,t) is the additive load. Further, with the directions defineétig. 2—4, the
rotation, the moment and the shear force are defined as

ow(z,t) B 0?w(z,t) B OPw(z,t)

Normal forces and axial displacements are not considei@dhE vertical motioni.e. bend-
ing, thestrong formulatioris given as

02 0?w(x,t) 0 0?w(z, ) 0 ow(x,t)
e (EI @) =52 ) T oz (G(x) 9ot ) "o (K @)=z )
2w X w\xr
+ m(x)% + W(x)% + r(@)w(,t) = f(@,t). (2-17)

Oz, t) =

The derivation of Eq. (2-17) is based on a dynamic equiliarin the vertical directioni,e. per-
pendicular to the beam axis, of an infinitesimal element efibam. The mechanical system
described by Eqg. (2-17) may be applied as a simple modeloéx@mple, a road or a track.

) K G
SR ) PEMSpEn ) SPEps.
i 77

Figure 2—4 Euler-Bernoulli beam on a Kelvin-Pasternak foundation.
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The weak formulationof the problem is reached by multiplication of Eq. (2—17)hwin
arbitrary weight function, or virtual fieldiw = dw(x,t), and integration over the length of the
beam. Denoting the endpoints of the beamxyandz;", and integrating the first term by parts,
this provides

(926w Pw  dw ow i
/x; {—W Bl 5 + 5 (K(x)% 4 G(x)%>

e, ) e, 0) (0 )— o ) Yo [ (628 4 22 )]

Ty

o

_ / " bl ), e + {m@,ﬂ@(x,t) - ‘9;_;” M(x,t)] " (2-18)

Ty

wherew = w(x,t) andw = w(x,t) denote the first and second derivative of the displacement
with respect to timei,e. the velocity and acceleration.

Next, the physical and the virtual displacement fields aserétized. For an element with the
end pointse; andz an approximation is introduced via the shape and weighttioms, ®.. ()
and¥.(z),

w(z,t) = ®e(2)2e(t), Sw(z,t) = Vo(x)dzc(t), w€ |2, ,2]]. (2-19)

Vectorsz, (t) anddz. (t) store the degrees of freedom for the element. Equation {2s-t8erted
into Eq. (2-18) on an element basis. The stationarity canddf the variation principle implies
that the integral equation must hold for any choice of théusirfield satisfying the essential
boundary conditions and therefore for an arbitrary veéi(t). Thus, the finite element form
of the equation of motion for a single finite element becomes

M, % + Coze + Koz, = £, + b, (2-20)

where the element matricd4., C., K., and the elementload vectdis= f.(¢) andb, = b, (t)
are defined as

al
M, = / UI'm®, dz, (2-21)
@l 4w’ 4% a®, 1"
C. = / vry®, 4+ —< ¢tder— |®Tg—| (2-22)
v ° de — dzx Codw |-
K, = " dQ‘I'ZEId%e + 9l k®, + de, 42, dr — w7 3% - (2-23)
“ Ja da? da? cTTC T 9z do ¢ de |,
= 0w’ "
f. = / \IIZf(xv t)d.]j, b, = |“I’ZQ(J), t) - d[L‘p M(JJ, t)‘| . (2_24)

The completeness criteriodemands that thehape functiongor the displacements should
be selected so that at least an arbitrary constant strassrsebeam element can be described.
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A translation or a rotation of a beam element will not giveerie any internal deformation of
the element. Thus the description of an arbitrary constmess state requires that a constant
curvature can be modelled over each elemiemtthe displacement should at least be described
by a second-order polynomial inside each element.

However, a further study of the weak formulatiore. Eq. (2—18), shows that the integral
of the second derivative of the displacement must be wdihee over the element boundaries.
This can only be achieved if not only the displacements, lsatthe rotationsif(e. the first-order
derivatives) are continuous over the element boundaribis requires that the shape functions
are at least polynomials of the order threéz, t) = po(t) + p1(t)z + po(t)z2 + ps(t)z®. The
calibration of the four coefficients;, i = 0,1, 2,3, requires the presence of four degrees of
freedom, or unknowns, in each element. A natural choiceesetid-displacements, (t) =
w(zF,t), wr(t) = w(z; ,t) and the end-rotatiorts (t) = 0(x ,t), 03 (t) = 0(xF, 1), since in
this way the requirements of continuous displacementsatations over the element boundaries
can easily be enforced. With the definitien, = w. (), ze2 = 0. (t), 23 = wt(¢) and
zeqa = 07 (t), the shape functions become

x? 23 72
¢e,1(xe) =1- 3—6 + QL—Z, QSBVQ(LU@) = Te (1 — 2L— L—;) (2—25)
xz e xi Te
Ge, 3(we) = Lg (3 - 2L_> ) ¢e,4(xe) = I (L_ — 1) (2-26)

whereL. = |z} — z_| is the element length and. = = — z_ is a local coordinate ranging
betweer) andL.. The integrals defining the system matrices can now be eeal@enalytically.
The Hermite shape functions given by Egs. (2—25) and (2-26) are cubiais,Tgenerally the
number of Euler beam elements required per wave length i in@n compared to the required
number of linear or quadratic elements used in continuunadyes. Three elementsd. six
nodes) are in most cases sufficient.

Example 2.3 Wave components in an Euler-Bernoulli beam on a Kelvin-Pasternak foundation

An analytical solution for the wave propagation in an Elernoulli beam on a Kelvin-Pasternak foun-
dation is to be established in the frequency—wavenumbeiadorkor this purpose, the following defini-
tion of the Fourier transforms with respect to space and tiifidoe used:

Ak, w) = / Alz,w)e *de, A(z,w) = / a(x, t)etdt, (@)
where, with reference to Eq. (2-1%)~= w ora = f. The inverse transforms are given as
= i/ Az, w)e ' dw, (z,w) / Ak, w)e k. (b)
7T — 00

As discussed in Subsection 1.3.2 the harmonic variatioyps ¢+1“* is not standard in Fourier trans-
formation. However, a positive real wavenumbdeads to wave propagation in the positivalirection,
since the circular frequency is supposed to be real and positive.

Carrying out the Fourier transform with respect to time oty equation of motion for the beam is
reduced to an ordinary differential equatiomin (continued)
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atU y U . 40
E'I@ —mw?U - K 12 + iwG 2
In the following, the solution will be established for a poiiarce, which is assumed to vary harmonically
with time at the circular frequenay, thereby giving rise to bending waves in the beam that may, or
may not, propagate as travelling waves into the far-fieldbther words, we are aiming at tfrequency-
domain Green'’s functiofor the beam on the viscoelastic foundation, similar to thee@’s function for
the elastic half-space derived in Example 1.6. The solutora distributed load may easily be derived
by an integration over the length of the loaded region. Likewif the load is periodic with more than
one frequency, a solution may be derived by means of Fouarstormation. Without loss of generality,
the load is assumed to be locatedjat 0, i.e. f(z,t) = Pé(z)e ! or F(z,w) = P§(x).

A fundamental solution set to the homogeneous part of Egqnég) be found in the form

—iwyU + kU = F. (c)

Un(z,w) = Upe™*  n=1,234. (d)

HereU, = U,(w) are the amplitudes of the wave components at 0 (which in the homogeneous
equation are arbitrary integration constants) &pd= k., (w) are the corresponding wavenumbers. Both
U,, andk,, are generally complex. Since the excitation, and therefts@the response, is assumed to be
harmonic, the corresponding solutions to Eq. (2—17) arergin the form

Un (z,t) = Upelhne=wt) n=1,23,4. (e)
Note that only the real part af, (z, t) is interpreted as the physical displacement field.
Insertion of a solution component of type (d) into Eq. (c)de#o the characteristic polynomial

G_ikai—F K — mw? — iwy _
ET ET
from which the four wavenumbers,, n = 1,2, 3, 4, are determined. Evidently, the wavenumbers form

two pairs of complex conjugates.
Alternatively, the complex wavenumbers are written in eohtheir real and imaginary parts,

kn =k +ikn,  ky=R(kn),  kn=S(kn), n=123/4, ()

kn + 0, ®

whereR(-) and<¥(-) denote the real and imaginary part of the argument, reseéctiwith the chosen
definition of the wave fieldk!, represents propagation a®{] represent attenuation of theh wave
component. It turns out that one of the wavenumbers alwagsahaonpositive imaginary part. This
wavenumber will be referred to &s. Another wavenumbe¥;z, has either a negative imaginary part or
is positive and real. More interestingly, howevgs, is a monotone decreasing functionwf A third
wavenumber always has a nonnegative imaginary part. Thisnenber will be addressdd. Finally

k4 has either a positive imaginary part or is a positive realmodotone increasing function af. The
nature of the wavenumbers is further discussed below.

Physically, only solutions with finite displacement amyudies in the far-field are acceptable. Further,
waves without attenuation, or rather the energy contaiheckin, must propagate away from the source.
The direction of energy transportation is dictated by theated group velocity, ,, and not by the phase
velocity ¢,,. With reference to Egs. (1-108) and (1-109), the followie{jrdtions apply:

w Ow
:E7 CQ":W3 TL:17273,4. (h)

It is noted that, in the case of the beam on the elastic foiuonlathe phase velocities are frequency
dependenti.e. the waves are dispersive, and the phase and group velomitggenerally not identical.
This is expected since the beam serves as a wave guide inrfereanner as an elastic layer over
bedrock. Further similarities exist between the two modslwill be discussed below.  (continued)

Cn
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Given the requirements on the wavenumbers, the displaddialels on either side of the source contain
two of the mathematically valid solutions,

Ul(w)e—k‘fz+i(kf:r—wt) _’_UQ(w)e—kgz—Q—i(kgl‘—wt) for = < 0 .
u(w,t) = 0]

Us(w)e7k§z+i(k§“”7‘*’t) + U4(w)e7kzz+i(ksz‘“t) for z>0

where, to summarize, the following characteristics apply:

, ki <0V kg_o,k§<0} 0

<0
k3 >0, ki>0 V ki=0k >0

Alternatively the 3rd and 4th wave component could be usedcfe= y. A summation of all four
components is inappropriate, since this would imply a disionity of the displacement field under the
load. Once the wave components, which are present on eitheios the load, have been identified,
the amplituded/,, (w), n = 1,2, 3,4, can be determined. The displacement fie(d, ¢), the rotation
0(x,t) and the momend/ (x, t) must be continuous across the source pgirat 0, whereas a jump of
the magnitude P must be present in the shear f@te t). With the definitions given by Eq. 2-16, the
requirements formulated above may be written as

-1 -1 1 1 Ui 0
—ik1 —iky iks iky Uz | _ 0 . ®
—(ik1)?  —(ik2)? (iks)? (ika)? Us 0
—(ik1)?  —(ik2)®  (iks)® (ika)? Us P/EI

With the amplitudes defined by Eq. (k), the full solution givie Eq. (i) satisfies the inhomogeneous
equation of motion. O

One of the main results of the analytic solution for a poimtéoon a beam system given in
Ex. 2.3 is the fact that waves in an Euler-Bernoulli beam éspeatsive. A further study of the
special case with no material dissipation indicates theguree of two characteristic frequencies,

K K
Wen = -

) c:cn1_27 = .
G =we (12X X =

(2-28)

Herew,, is identified as theut-on frequencyOnly for excitation with a frequency higher than
wen do travelling waves exist which, in the case of no materiasighation, propagate into the
far field without attenuation. As discussed in Subsectidghll.such a cut-on frequency has
also been identified for an elastic layer over bedrock. Alévely,w., may be regarded as a
critical frequency since the amplitude of the total response becomes infiigEnwthe excitation

is applied with a frequency equal ta.,,. w.s serves as aut-off frequencyvhich is lower than
wen When shear stiffness is present in the foundation. Foratiait with a frequency lower than
w.f, the waves will be evanescent waves, but with wavenumbaeitsiting a real part. However,
for an excitation frequenay.; < w < w., the wavenumbers are purely imaginary. Note that
the cut-on frequency only depends on the vertical stiffeéske Pasternak foundation, whereas
the cut-off frequency also depends on the shear stiffness.

DCE Lecture Notes No. 3



2.2 Solution in the time domain 71

2.2 Solution in the time domain

Transient dynamic problems are either solved directly anttme domain, or an indirect solu-
tion is carried out in the frequency domain by means of Fourénsformation of the governing
equation of motion. The latter technique implies that theethistory of the displacements must
be found subsequently be inverse Fourier transformatiothis section, only time-domain so-
lutions are discussed, while the second approach involaisglution in frequency domain is
treated in the next section.

The finite element formulation of a dynamic system with méesar viscous damping and
linear stiffness may be written as:

Mi(t) + Ca(t) + Kz(t) = £(t), 2(0) =20, (0) = o, (2-29)

whereM, C andK denote the mass, damping and stiffness matrices, wlii)e z(¢) andz(t)
are the displacement, velocity and acceleration vectay@ndz, are the initial conditions for
the displacements and velocities, respectively. Thesé baugiven for each degree of freedom
in the system. Equation (2—29) represents a static equilibof the inertia forces, the viscous
forces, the elastic forces (which are all internal forces) the additive, or external, forces.

In a continuum problem, the degrees of freedom are typitladithree displacements at each
node. Thus, in this cas€t) = u(t) etcetera. On the other hand, in analyses involving strattur
elements such as beam elements) may also store rotations in addition to the displacements
at each node. For this reaseart) will be referred to as thgeneralizedisplacements.

In the finite element formulation of the equation of motiowegi by Eq. (2—29), the contin-
uous field has been discretized in spa,and approximation of the field quantities is carried
out over the spatial coordinates by means of shape, or mitgipn, functions. The idea of a
time-domain solution by means of numerical time integrai® to further discretize the dis-
placements etc. in time. Thus, in addition to the elemenedisionsAx (which in the FE beam
model is equal to the element length), a temporal increnzenis introduced. Subsequently, the
generalized displacements and velocities are computedextain time step;; from the dis-
placements and velocities at the previous time step(s)hahnhe displacements and velocities
are known.

When performing the time integration over the time interxalfrom the timet; to the suc-
ceeding timet;, 1, the variation ofZ(t) may be selected in different ways. This is analogous
to the fact that different shape function may be used in tlaigipdiscretization process. De-
pending on the choice of “temporal shape function”, difféiiategration schemes are produced,
which give different approximations of the Taylor expamsiof the generalized acceleration and
velocity vectors. The integration scheme is referred to as

4 anexplicitscheme if only previous values of the displacements, viédscind external loads
are required for the computation of the similar quantities subsequent time step,

¢ animplicit scheme if the degrees of freedom at a given time step depeeaabnother.

Further, the terminologgirect time integration is used when Eq. (2-29) is solved in itsiogf
form, whileindirecttime integration implies that Eq. (2—29) has to be transtatinto the state-
space equivalent. A number of integration schemes will lesgmted below. Firstly, however,
some general considerations in time integration will beassed.
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2.2.1 Selecting the time step

In the same way that a finite element scheme for static asafysvides an exact solution in
the limit asAx — 0, any dynamic FEM scheme leads to an accurate solutios\for— 0
and At — 0. The challenge is to formulate a time integration schemewlilastill provide
an accurate solution when a large time step is used. In thpent, a number of considerations
should be made with concern to both the physics of the problleirithe numerical solution.

Accuracy of a numerical integration scheme

As the ratioAt/T (T being the characteristic wave period) increases, the acgaf a numerical
integration scheme decreases. In particular, two phenongmay be observed:

4 Period elongatiorinvolves that the numerical scheme predicts a wave periddhail too
long when compared to the wave period in the exact solution.

4 Numerical dissipatioimvolves that the amplitudes of the response predictedégtimerical
scheme decay with time, even if no material dissipationés@nt in the physical problem.

These numerical errors are quite pronounced in some schieenesth certain choices of the
temporal shape functions, whereas other schemes will tesihaller numerical errorse. larger
time steps can be used with the same accuracy.

The Courant condition

In order to ensure an accurate and stable solution in waveagaiion problemsA¢ must be
sufficiently small to ensure that a wave does not move thramgglement without being noticed.
For wave propagation in a given direction, the largest adlole time step is provided by the
Courant condition

%‘t =C, C<1, (2-30)
wherec andh represent a characteristic set of wave propagation speddtial increment
(i.e. element size), and' is the Courant number In acoustics, only a single wave type exists.
Hence, Eq. (2-30) is uniquely defined. In problems involdiferent wave types, such as the
P- and S-waves in elastic media, the time step is dictatetidhighest wave velocity, whereas
the element size depends on the lowest wave velocity, shecerave length is given as = ¢T'.
Consequently, if there is a great difference between thbdsigand the lowest velocity of the
waves in a given problem, the numerical solution in time dionbg means of time integration
requires relatively small element sizes and small timesstejpwever, depending on the kind of
numerical integration being used, further requirementg beput on the time step in order to
achieve a stable and accurate solution.

2.2.2 Indirect time integration

Standard numerical solvers for differential equationshsas the Euler method, may be used for
the time integration in dynamic finite-element analysiswidwer, this involves a reformulation
of the original system of ordinary second-order differah@quations in time into first-order
differential equations. Thus, defining the state vedé¢r) = [z(t) z(¢)]”, Eq. (2-29) for a
system withV degrees of freedom may be rewritten in the form
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Z(t) = AZ(t) + BF(1), (=31)

where

A | O Lovxw F(t) = Ovx1) | (2-32)
~M~'K -M~-'C M~ (1)

Here Oy n) andI vy are the zero matrix and identity matrix, respectively, & game
dimensions ad, C andK. 0y 1) is the zero vector of the same dimensiorz&g andf(t).
Thus the subscripts in the parentheses indicate dimensfdhe matrices/vectors.

Low-order explicit time integration methods such as thesEniethod (based on a rectangular
rule) necessitate the use of an extremely small time stepdier@o achieve a stable and accurate
solution. Therefore, only higher-order explicit solutsoand implicit solutions are of practical
interest from a computational point of view. In the follogintwo examples will be given of
indirect time integration techniques in order to illustrétte explicit and implicit methods.

The Runge-Kutta fourth order algorithm

A fourth-order integration technique based on the Simpsia was suggested by Runge and
Kutta (Kreyszig 1999) and provides an integration schemiehvis explicit in time. For each
time step¢ = t;, the following vectorial quantities are computed:

= ALZ(t, Z(t)) = AZ(t;, Z;), (2-33)
AtZ(t + 0.5AL, Z(t) + 0.5k ) = AtZ(t; + 0.5AL, Z; + 0.5k, ), (2-34)

AtZ(t + 0.5AL, Z(t) + 0.5k) = AtZ(t; + 0.5AL, Z; + 0.5ks), (2-35)

k4 = AtZ(t + At, Z; + k) = AtZ(t;41,Z; + k), (2-36)

whereZ; = Z(t;). Next, the (generalized) displacement vector for time sfep is found as
Z(tj+1) =Zjy1=7Z; + 6 (k1 + 2ky + 2ks + ky) . (2-37)

The primary disadvantage of the Runge-Kutta scheme islieaidmerical solution is onlgon-
ditionally stable This implies that the time step has to be selected smaber dhcertain critical
value depending on the smallest eigenperiod of the system\t < At.,.. If atime step larger
than the critical time step is used, an unstable solutiortisezed. Unfortunately the critical
time step in a conditionally stable integration scheme isallg much smaller than the time step
dictated by the Courant condition.

The Crank-Nicolson scheme

Another approach to the indirect time integration is to fatate a numerical solution as a Taylor
series expansion of an analytic solution. This leads toatisol, which is implicit in time,

Zjv1=DzZ; +Dp(F; +F;11), (2-38)

Dy — (21— AAY) "' 21+ AAL), Dy — % (21— AAY) ' (61 4+ AAH)BAL  (2-39)

A derivation of this so-calle€rank-Nicolsorscheme is given in Example 2.4.
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The integration scheme defined by Eq. (2—-38) implies thagxiternal forces must be known,
not only at the current time step, but also at the succeeding time step; at which the state is
to be found. In practice, this means that the entire histbth@ additive load has to be known
beforehand. The Crank-Nicolson scheme has the advantagye wampared to the Runge-Kutta
method that it is unconditionally stable. Therefore theetistep only has to satisfy the Courant
condition. However, a large time step will still lead to amd@eurate numerical solution. One of
the reasons is the increasing period elongation with irstngaime step.

Example 2.4 Derivation of the Crank-Nicolson scheme

Let\; andv;, j = 1,2,...,2N, denote th&N eigenvalues and the corresponding eigenvectors of the
system matrixA.. It then follows that
AT
1 n )\g
AV = VA s V = |:V1 Vo2 -+ VanN| > A" = . ? (a)

N
from which it is readily seen thaA = VAV !, Thus, the product of system matrices becomes

;?:1 A = VA"V~! Next, the matrix exponential functiarf*? is defined in terms of its Maclaurin
expansion,

A =T+ At + %AAtQ + %AAAt3 +...=V (1 + At + %AQtQ + %A3t3 +.. ) vV, (b

from which it follows thate®* = VeV !, wheree®! is a diagonal matrix with the components?,

j = 1,2,...,2N, along the diagonal. The commutative rule applies to thelywbof two diagonal
matrices. HenceAe®t = VAe V™! = VeAAV ™! = ¢A A Further, from Eq. (b) it may easily be
proved thatl(e®!) /dt = Ae®! and thaie®1eA?2 = ¢2(11712)  Consequently, an analytical solution to
the state-space form of the equation of motios,Eq. (2—31), is given as

t
Z(t) = At 7, +/ AUTTIBFR(T)dr,  Zo = Z(to). ()
to

Heret, denotes a time at which the state veddt) is known. This solution is easily verified by differen-
tiation with respect to the time and subsequent insertiothereft side of Eq. (2—31).

In Eq. (c), lett = t;41 andto = t;. A time-stepping algorithm, which can be used to determiige t
state vecto ;1 = Z(t¢;+1) from the previous state vectd; = Z(t;), is then expressed as

Zo o — oABtZ bit A(tjp1—)
i1 =e™MZ; 4 el BF(7)dr = (d)
t

j
—iant LTAAt A ar
e 207 =e2 Z; + e “"BF(t; + T)dT ¢, (e)
0

whereAt = ¢;41 — t; is the time step, and it has been used tfft! = e2A2e2A%!  Next, the load
function is approximated over the interval between the $imendt¢;. Linear variation is assumed,

F(t;+7) = (1— (/AL) F; + (r/ADF, 1. ®

The integration from = 0 to 7 = At is then carried out analytically. (continued)

DCE Lecture Notes No. 3



2.2 Solution in the time domain 75

Subsequently the matrix exponential functions are wrigtettheir Maclaurin expansions. The follow-
ing truncated series are used:

3ABE (I+ %AAt) e 3AAl (1 - %AAt) , ©)

o AA & (1 — AAt+ %AAAtQ - %AAAM*’) ) (h)

Third- and higher-order terms with respectio are discarded in the approximate solution. This provides
the implicit solution given by Eg. (2—-38). O

2.2.3 Direct time integration

The main disadvantage of the indirect time integration méshis the demand of array storage
space because of the fact that the system matrices are tethirego the form given by Eq. 2—31.
A solution algorithm that requires much less computer mgnean be formulated if the nature
of the system matrices in the FEM form of the governing eaumastis utilized. This leads to a
direct integration schemehich works on the original FEM form of the governing equato

An integration scheme may be derived by means of centrareéiffces for the acceleration
and the velocity vectors in time. However, this provides ktson which is only condition-
ally stable. On the other hand, the Houbolt and Wilsanethods, which are both widely used
in commercial FEM codes, may be calibrated to be unconditipistable. However, both the
unconditionally stable Houbolt and Wilsghmethods provide a solution with numerical dissi-
pation, which is not present in the direct integration schgmoposed by Newmark (1959). At
the same time, the Newmark method leads to a smaller degpeiofl elongation than the two
other methods. Therefore, only the Newmark method will becdbed in the following. The
other methods are described in, for example, (Bathe 1996).

The Newmark method

The following variations of the velocity and displacemeettors are introduced (Bathe 1996):
Zjp1 = zj + [(1 =) Zj + 7Z;j+1] At, (2-41)

Zj+1 = Zj + ZjAt + [(1/2 — ﬁ) ZJ + ﬁij+1] AtQ, (2-42)

where and~ are weight functions. These parameters determine how ttedexation is ap-
proximated within each time step. The combinatigh= 1/6,v = 1/2) corresponds to linear
variation of the acceleration over the time st&p In this case the Newmark scheme is identical
to the Wilsonf scheme with the parametér= 1—seee.g.(Bathe 1996)—and a solution is
provided, which becomes unstable wh&n is too large. On the other hand, an uncondition-
ally stable numerical solution is provided when the acedien is assumed to be constant and
equal toz = (%; + Z;11)/2. This approximation, which is also referred to as a trapgeoi
rule, is obtained with the weightg? = 1/4,+ = 1/2), and it may be shown that is this case
the eigenvibration part of the Newmark scheme becomesiaid the eigenvibration part of
the Crank-Nicolson scheme when the original discretizachéqgns are rewritten in state-space
form. However, the additive load part is different in the teahemes.

Linear Elastodynamic Analysis



76 Chapter 2 — Finite-element analysis of elastodynamic probl ems

It is noted that the Newmark method is implicit. In partiauléne acceleration vector for
the time stepr; 11 enters the right-hand sides of Egs. (2-41) and (2-42). Thtiso for the
new time step therefore requires an additional matrix egnatvhich is obtained from the FEM
equation of motioni.e. Eq. (2—31), at time step+ 1,

Mz +Czjp1 +Kzj =1f41. (2-43)

Together with Egs. (2—41) and (2—42), Eq. (2—43) forms eesysif equations which can be used
to find the three unknown states, ,, z;+1 andz;,. After a few manipulations, the following
scheme is achieved:

ij+1 = Z] + 1\/[_1 (fj+1 — Ci;+1 — KZ;+1) 5 (2—44)
zjp1 = 25+ (241 — 25) At, (2-45)
zji1 =75 + B (441 — %) AL, (2-46)
where

— 1
M =M + yCAt + SKAL®,  Z5,, =2; +#;At, 27, =z +2;At+ EZJAtQ' (2-47)

It is noted thatz},, andz;,, are predicted values of the velocity and displacement vecto
respectively. Hence, the Newmark may be interpreted astigboe—corrector method analogous
to the Adams-Moulton-Bashforth method, cf. (Kreyszig 199

2.3 Frequency-domain solution

Alternatively to the solution of linear transient respodgectly in the time domain, the solution
may be found indirectly in the frequency domain. The procedhas the following steps:

The discrete time series of additive load vectors is Fotmggrsformed, preferably utilizing
the Fast Fourier Transformation (FFT) algorithm.

The frequency-domain equivalent of the FEM equation of omtEq. (2-31), is solved
for each of the circular frequencies = 27 (j — 1) /T, j = 1,2,...,J, whereJ is the
number of time steps arifl is the total “integration time”.

The time-domain solution is found by inverse Fourier transfation of the frequency-
domain solution.

The Fourier transforms of the discrete time series of thelatement and the additive load
vectors are denoted; andF;, respectively. Hence, for each of the frequencies, Eq.1Pis3
reduced to a matrix equation in the form

K;Z; =F;, K;=-w’M+iv;C+K. (2-48)

ﬁj may be interpreted as a dynamic stiffness matrix for theutardrequency ;. Consequently,
the computation effort in the frequency-domain solutioa afynamic problem corresponds.to
times the static solution, one time for each frequency oe tatep.
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Thus, the analysis of dynamic and acoustic problems in thguncy domain may seem
appealing. However, there are a few considerations that tmbe made in order to achieve
satisfactory results:

When a dynamic problem is solved in frequency domain, theetd size must be suffi-
ciently small so that an accurate solution is provided fbfraguencies. In elastodynamics, the
wavenumbers depend linearly on the frequency, whereasim Ipeoblems the waves are disper-
sive, see Example 2.3. In any case, the smaller wavelendgtichwictate the element size occur
for the highest frequency.

If the steady-state response to a periodic excitation ityaed, there are no problems in-
volved in the Fourier—inverse-Fourier-transformationqass. However, if the transient response
to, for example, a pulse load is to be identified, it must baiststhat the “integration time” is
sufficiently long so that there is no response after the im®therwise a non-causal response
is observed in the time domain after the inverse Fouriesfamation.

It is noted that the Fourier transformation of the excitatione series will produce a fre-
quency spectrum which is symmetric around dhyauist frequencyw,,, = 7 (J — 1) /7. Only
the wave propagation related to frequencies belgy has physical meaning. However, the
frequency-domain analysis must be carried out for all feggpies in order to be able to perform
the inverse Fourier transformation, which provides thpoese time series.

2.4 Steady state analysis of moving loads

Convection is present in a variety of problems related talfiiand acoustics. However, con-
vection will also arise in an elastic medium if we apply a fotation in the local frame of
reference following a moving source. This kind of model isattageous for the analysis of the
steady state response to a vehielg.a train. The analysis of such problems in a fixed-frame-
of-reference description requires the use of an extrenaefielelement grid, unless the velocity
of the source is low and the duration of the transient phas# the same time, short. However,
the formulation in the moving frame of reference is resticto the analysis of problems, in
which the geometry is constant along the direction of theatieg convection. This implies that
an infinite domain, or structure, is considered, which agaicessitates the use of transmitting
boundary conditions in the FEM formulation of the problerhisTproblem will be returned to in
Section 2.5.

€3

Figure 2-5 The Galilean transformation from fixed Cartesiém , z2, x3)-coordinates into moving co-directional
(%1, T2, ¥3)-coordinates.

In the following, it will be assumed that the load is movinghwihe constant velocity with
components; and magnitud¢v| = v. A transformation from the fixed Cartesigm, , 2, 23)-
coordinate system into the co-directional conve¢iad i, Z3)-coordinate system following the
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load is then carried out by means of the three-dimensiGatilean transformation
X=x—-v(t—"1). (2-49)

The two coordinate systems coincide at T as illustrated in Fig. 2-5. Partial derivatives in the
two coordinate systems are related in the following manner:

0 7 0

o0, " 95, o

_9
ot

0

~Vigg (2-50)

‘z]‘ litj
This implies that convection gives rise to additional teimshe governing partial differential
equations. Hence, the system matrices of the finite elencbethse—and possibly also the nodal
force vectors—will change. The convection terms are, irtremt to the terms which are usually
present in the FEM formulation of a problem, not symmetnglaén standard Galerkin variation
is used. In other words, the differential operators in theegoing equations are not self-adjoint.
As a consequence of this, the convection may lead to an Uastatnerical solution—in particu-
lar when the analysis is carried out directly in the time domusing low-order spatial interpola-
tion functionse.g.linear elements, and large time steps. This calls for a tianal approach, in
which the shape functions for the virtual fields. the weight functions, are changed, or another
means of counteracting the instability has to be provideflei2nt methods of counteracting the
instabilities due to convection are discussed in Subsetié.1.

Furthermore, due to thBobbler effectthe propagation velocity will be different in various
directions. The degree of distortion of the wavefronts whempared to a stationary source
depend on the convection speed relative to the wave speed sifittation for the elastic full-
space is illustrated in Fig. 2—6, and here three differdnations can be identified:

Subsonic motion— v < ¢g, implying that the source remains within the S-wavefrostsvall
as the P-wavefronts, cf. Fig. 2—6a.

Transonic motion— c¢s < v < cp, Whereby the source passes through the S-wavefronts but
remains within the P-wavefronts, cf. Fig. 2—6b.

Supersonic motion— cp < v, and the source passes both wavefront systems, cf. Fig. 2—-6¢

Passage of the vibration source through one of the wavelypes generates a corresponding
Mach-cone, the angle of which is determined by

s = 2asin(c—s>, pp = 2asin<C—P>. (2-51)
v v

As the wavefronts line up along Mach cones, large responsgpscted along these. In the
general case, in which interfaces and surfaces are prakensjtuation is more complicated.
Here several transonic cases exist, since the load spekdunilass one phase speed in the
system at a time. Even for a single layer over a half-spacéil rock, infinitely many wave
types exist, so there is no real supersonic case.

Note that for optimal performance of the FEM scheme, theatiam of wavelengths with
different directions necessitates the use of elementsdiffdrent sizes depending on the position
of the element relative to the source. A further discusssagivien in Subsection 2.4.2
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Figure 2—6 Propagation of P- and S-wavefronts from a moving point sefwc (a) subsonic, (b) transsonic and (c) su-
personic convection.

2.4.1 Stabilization of finite element schemes with convecti on

The problem of unstable numerical solutions for problenwsliving convection was first en-
countered in the finite difference solution of the transgaopation. The various methods that
have been proposed for the stabilization of this and relptetllems are covered, for example,
in the work by Zienkiewicz and Taylor (2000).

As a first illustration of the problems arising in systemsjeabto convection, consider the
idealized one-dimensional diffusion—convection prob(emthe dispersion—transport problem),
dp dp 0 de B
5t +U(9x o (kax +Q=0, (2-52)
wherev is the convection velocity; is the conductivity and) is a source term. In the steady
state, the weak formulation reads

L L
1 dp  0dp ¢ . Dp 1 dp
— | dpv— — — —k—+0 d —dpp —opk—| =0. (2-53
/0{2(<'0v8x 8xv<p>+8x 8x+<pQ x—f—zgogo <p8x0 0- )
Linear weight and shape functions are assumed inthe¥orm® = [1 — ¢ ], & = (z—z;)/h.
Herex; is the coordinate of the first node in the element, arislthe element length. Thus the
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contribution to the system of equations from a sirigternal element is given as

v 01 k 1 -1 Qh |1
Kep, =1, K.== - — , fo=—— ) 2-54
Assembling two neighbouring elements provides the egundtioa singlenternal nodey,
Qh? vh
Pe(pjrr = pj-1) = (0jr1 = 20 + ¢j-1) + == =0, Pe= . (2-55)

Pe is the so-calledPecletnumber for the element, indicating the relative amount aiveation.

If Pe = 0, the problem is purely diffusive, where&® = oo corresponds to pure convection.
It is immediately seen that Eq. (2-55) obtained by lineatdieiement discretization is identical
to the equations that would be achieved using a finite diffegeapproximation with central

differences for both the first and second order derivatives o

In the formulation provided by Eq. (2-55), the weight,of, ; is not negative for all Peclet
numbers. Thus, wheRe > 1, the weight ofp;,; becomes positive. This induces an instability
of the numerical solution that has an oscillating naturepacg. For high Peclet numbers, the
solution provided by the numerical scheme becomes purelllasry, i.e. all information about
the physical problem is lost.

The idea in a finite difference scheme would be to approxirttadirst derivative with a
backwards difference rather than the central differenee us Eq. (2-55). Assuming thatis
positive, this provides the difference approximation foda; given by

Qn?
2Pe () = ¢j1) = (9541 = 205 +9j-1) + = — = 0. (2-56)
Clearly, now the sign of the weight for all discrete valygsoccurring in the equation for node
Jj are constant independent of the Peclet number. This prewdstable algorithm. However,
the question arises as to whether the formulation given by{Ze6) produces accurate results.
Unfortunately it turns out that not only the oscillatoryrtes, but also the physical response is
damped in the backward-difference scheme, an thereforjita interesting to find a weighting
somewhere between the weighting corresponding to theatearid the backwards difference.
This is achieved, if the following interpretation of the ficrder derivative is used:

Oy Pi+1 — Pji—1 L Pi+1 — 205 + i1
— = Ah . 2-57
Ox i 2h + h? ( )

Hereh' is a spatial increment in the upwind directid., in the opposite direction of convection,
and X is theupwind parameter A natural choice i$i' = —hv/|v|. With this definition, the
central difference approximation is obtained with= 0, whereas\ = 1/2 corresponds to the
backwards difference, also referred tofalé upwind differencingor full upwinding

In the finite-element method, the weighting given by Eq. (26 achieved by using different
shape functions for the virtual field and the physical fieldovitded that linear shape functions
are used forp, the weight functionsi,.e. the shape functions farp, must satisfy the condition
that

1
T =&+ A\, /1¢mgzpn'm, W= pca<
0

: (2-58)
[l

N =
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This alternative to standard Galerkin variation is refétieasPetrov-Galerkinvariation and is a
standard method in stationary fluid dynamics. A simple apgheatisfying Eq. (2-58) is to used
a discontinuous weight function including the asymmetoistcibution achieved as the derivative
of the shape function,e.
,0P
=&+ \—. (2-59)
Ox

For relatively simple problems, such as the problem defiyelidh (2—-52), an optimal value
of A can be found analytically. In more involved problems, antthatwo- and three-dimensional
cases is usually a heuristic parameter. Further, in a two- or thdieensional problem, the
same technique implies that this difference has to be taksmga streamline, hence the name
upwind differencing along a streamlin@ detailed description of the various approaches to the
stabilization of two- and three-dimensional scalar andafefield problems involving convec-
tion, namely in the time domain, is beyond the scope of thit t& further explanation can be
found, for example, in the book by Zienkiewicz and Taylor@D However, the treatment of
elastic waves subject to convection in three dimensionseibiven below, cf. Example 2.5.

A closer look at Eq. (2-57) reveals that the correction ishiced via the the second term on
the right hand side does in fact correspond to the inclusianaadditional term in the Taylor
expansion used to approximatep; = ¢;11 — ¢; over elemeny. Linear Galerkin variation
corresponds, approximately, to a truncated Taylor expargi the kind

Ap ~ %Ax, (2-60)
Ox

whereAx = h, while Eq. (2-57) corresponds to the approximation
de 10% ,

where the spatial increment is replaced wifH.

In the wave equation, a term of the kim(-g% arises when convection is introduced. This
term is similar to the problematic term in the diffusion-gention problem, except that the po-
tential velocity, rather than the potential itself, is indéd. A stable solution may be achieve by
application of a method similar to the Petrov-Galerkin noetliKrenket al. 1999; Kirkegaard
et al. 1999), see Example 2.5, or alternatively the so-call@glor-Galerkinapproach may be
applied. Here the idea is to get a better approximation ofntipeed derivative by including
more terms in the Taylor expansion with respect to time iadtef expanding the Taylor se-
ries with respect to space with one additional term. For aikbet description of the method,
cf. (Zienkiewicz and Taylor 2000).

Example 2.5 Elastodynamics in a moving frame of reference

The strong formulation for wave propagation in elastic mats is achieved by means of the Galerkin
coordinate transformation (2—49). This way, ttwvective Navier equatiorsse established in the form

0%a;(%,t) 0% (%, t)
W+ 705, 105,03,

92 52 0> .
=p (aT ~ i 5,01 *W) e, ©

(continued)
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whereii; (%,t) = ui(x 4+ v (t — 7) , t) andb; (%, t) are the displacements in the moving frame of refer-
ence, respectively. Here (x, ¢) is the displacement field in the fixed frame of reference gwe by the
usual Navier equations (1-10). It is noted that the coneacirising in the moving-frame-of-reference
description is in the opposite direction of the velocity b&tmoving loadj.e. the convection velocity
is —v; when the velocity the moving source, or vehiclepjs In order to achieve a stable numerical
scheme, the original partial differential equation givenHy. (a) is modified. In particular, the mixed
temporal-spatial derivative term appearing on the rigiiehside of the equation is replaced, based on a
Taylor expansion including the second-order teirm,

Ot 1 0%

NN AF;AG
R e AN TN, R ®)

wheretilde signifies quantities related to the local frame of referefidgs involves the substitution

i i 8%, i \h 0%,
200 g2t O 205t vy st A = 200 gt o B v g
J J J

(©

Linear Galerkin variation is used, defined in terms of thebgll” shape functions, which in the case
of the elastic medium are defined for each of the spatial ¢oatel directions,

u;(%,t) = ®;(x)u(t), ou;(x,t) =®,(x)ou(t). (d)

The convection velocity is assumed to be constant in tireep; = 0. Thus, insertion of Eq. (c) into
Eq. (a), the finite element solution becomes

Mu(t) + Cu(t) + Ka(t) = f(t), (e)

where the following system matrices and load vectors caxdetified:

M = / p®T®;dV, ®
Vv
o®! 7 0®; v, 0BT 0®;
C= P, — P Ap— = dv
/vaj { Ox; ascj + v 0x; 81:k}
- 7 OB,
L Pu n; ®; ®; + \hn; @Z o [ 95 (9)
Tk
K — / odT 9®,, _0®] 0%, dV+/ T 0P o ")
Bigi g Oz; Oz T PUIk Oz Oz, Spnﬂ}ﬂ}k Y Ox,
t) = / &7 fi(x,t)dV + / &) 7 (x,t)dS. 0]
\%2 S

7;(x, t) is the surface traction from exterior, or added, load. Bhéholume and the surface integral in
vectorf (¢) reduce to nodal forces which are applied at the inner nod:thersurface nodes, respectively.
It is noted that an anisotropic term arises in the stiffnesdrim due to convection. This is in good
correspondence with the fact that the wavelengths in theingoivame of reference are different in
different directions.

In practice, Eq. (e) is formulated for a single finite elemanta time, and the element matrices and
load vectors are subsequently assembled into the systertesadnd load vectors. In the 3-D case, and
assuming linear isotropic material behaviour, the eleretasticity tensoE; given by Eq. (2-9) is used.
The 2-D formulation involves the equivalent matrix with dinsiong4 x 4). O
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2.4.2 Choosing the mesh size in convection-dominated probl ems

As already discussed in Section 2.1.2, a certain numbeeofahts are required per wavelength
in order to achieve an accurate numerical solution. In cotrwe dominated problems, the exam-
ple above illustrate that the stiffness matrix in the FEMiasf the equation of motion becomes
anisotropic. As a result of this, wave propagation in défrdirections takes place with different
phase velocities and therefore with different wavelengtience, the allowable element size in
a given region depends on the directions, in which wavegavelting in that particular region.

In the interior of an elastic plane subject to out-of-plaxeitation, only SH-waves are
present. The relative velocity of the convection with resfe the S-wave speed may conve-
niently be expressed in terms of tMach number) = v/cg. The convection is referred to as
subsonic if¢ < 1, and supersonic i > 1. When the motion of the source is subsonic, the
wavelengths in front of the source relative to the directidbmotion will be shorter than in the
situation of a stationary source, whereas longer wavelsngte present behind the source. If
the motion is supersonic, but with a Mach number close to Maamaller elements have to be
used behind the source in the moving frame of reference tleanexessary when no convection
is present. This is a result of the fact that two waves profedgehind the source with the phase
velocitiescs, rost = v + ¢ andces si0w = v — cg, respectively. The element size is dictated by
¢s,slow, Since this phase velocity involves the shortest wavelendi/hen the convection veloc-
ity becomes sufficiently high, that is when> 2¢, elements of the same or even a greater size
can be used behind the source, since in this easg., > cg. In any case, in SH-wave prop-
agation problems involving supersonic convection, no 8gu®pagate in front of the moving
source. Therefore, this part of the domain should not be tfremtieHowever, it should be noted
that in practice it may be a difficult task to produce a finiteneént scheme, which is stable for
high Mach numbers.

In plane strain or three-dimensional elastodynamics, ithatson is a bit more complicated
since both P- and S-waves are present. Thus two Mach numlagrberdefined, namely the P-
wave Mach numbef p = v/cp and the S-wave Mach numbég = v/cg. As discussed in the
beginning of this section, the convection is subsonitdf< ¥g < 1, transonicifdp < 1 < g,
and supersonic it < ¥p < ¥g. In the subsonic velocity range, the S-wavelength defines th
element size at all points. In the transonic range, only Pesg@ropagate in front of the source.
Thus the P-wavelength defines the element size in this red@ehind the source, the element
size depends on the phase velocity of the “slow S-waw€3i.,, = v — cs.

When the convection speed is close to Mach 1, problems anse lhoth a physical and a
computational point of view. Physically, the problem istttiee response in the undamped case
will go towards infinity in the limit as the convection speeakg to Mach 1—at least in the case
of a homogeneous half-space. Computationally, the proldeimat extremely small elements
should be used in parts of the model or, possibly, in the @miodel, depending on the position
of sources. It has to be noted that it is always the smalleeleagth at a given point that dictates
the element size. For example, if several sources are pfriese FEM model subject to subsonic
convection, small elements have to be used in any part of théehthat lies in the upwind
direction from just one of the sources. If a free surface oind@rface between two regions
consisting of different fluids, is present, surface, orrifstee, waves are also present. Further, in
stratified media, layer waves, such as Love waves, shoulddemtinto consideration when the
mesh size is selected. This requires a good understandihg ghysics in the problem, or the
mesh size must be selected heuristically.
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Example 2.6 Simple Euler-Bernoullibeam track model in moving coordinates

As discussed in Subsection 2.1.3, two wave components @xistther side of a point load applied to
an Euler-Bernoulli (E-B) beam on a Kelvin-Pasternak fouima When non-moving load is considered
in the fixed frame of reference, the wave propagation is sytmen@round the point force. Thus, in this
case, the four wave components will be defined by wavenundrasamplitudes forming x 2 pairs
of complex conjugates. When defining the element size ireidifft parts of the FEM model, the wave
components which are present in that part of the model shmitdken into consideration.

When a moving force is applied on the beam, a descriptioreimtbving frame of reference is adequate
for analysis of the response in the steady state. The Galitaasformation implies that the equation of
motion for the E-B beam on the viscoelastic foundation inrtteving frame of reference reads

a_Q(E[w> 0 (G(aQa(:z,t)_UaQa(:z,t)D 5} (KM>+na(:z,t)

02 o2 -0z Oxot 02 -0z oi
O%u(x,t) O%u(z,t) o 0%u(a,t) ou(z,t)  ou(@,t)\ ..
+m( ETD —2v EFEn +v 92 + v %V oz =94(z,1). @)

wherez is the local spatial coordinate aids the displacement field, both defined in the moving frame of
reference following the load, see Fig. A. Following the sareeedure as in Example 2.3, the wavenum-
bers are the solutions to the characteristic polynomiahgon

. ~ s _ 2~ . _ _ 2_.
lg—;)ki—l—K iwG — mv ki_?wmv+1vvkn+m mw” —iwy

fen —
" ET ET ET

0, (b)

wherek,,, n = 1,2, 3,4, are the wavenumbers as seen in the moving frame of reference

L

EENELELE

y+o(t—r)
| » x

Figure A The Galilean coordinate transformation in one dimension.

____![§%
—

> T

The wavenumbers in the moving frame of reference are retatdte wavenumbers in the fixed frame
of reference via

Fo= (bt =k k=2 n=1234. ©
Correspondingly, the phase velocities in the two coordisgstems are related as

Cn = Cp — 0, (d)

from which it is obvious that the speed of travelling wabehindthe load will increase with increas-
ing convection. On the other hand, wave components that dgasitive phase velocity for low con-
vection will eventually get a negative phase velocity. Imtigalar it is noted that the wave compo-
nent that propagates as a travelling wéweront of the load foro = 0, and forw > wen, Where
(continued)
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wen is the cut-on frequency, will have a phase velocity equakto Zor a certain convection speed. This
is a problem from a computational point of view when the figitement method is used, since a phase
velocity equal to zero involves a wavelength equal to zerowéler, Andersen (2002) showed that the
wave component witik = 0 may simply be disregarded when determining the element 3izis does
not deteriorate the accuracy of the numerical solution.

It is noted that the phase velocities of the four wave comptmim the E-B beam are not finite in the
limit as the frequency goes to infinity. This follows from tfaet that the wavenumbers are proportional
to /& in the high-frequency limit. Thus the phase velocitigs= w/k,, become infinite as) — ooc.
From a physical point of view, this does not make sense. A eoi®pn with the beam theory proposed
by Timoshenko (1921) indicates, that the infinite phaseorgés in the high-frequency limit are a result
of the fact that the shear deformation of the beam is not dfezuin the E-B beam theory. Therefore it
may be concluded that the E-B beam theory is only applicabilee low-frequency range.

Similar to the fixed-frame-of-reference formulation preteel in Subsection 2.1.3, the finite element
formulation in the moving frame of reference reads

Mi + Cz + Kz = f + f, (e)
where the system matrices and the boundary load vector are@iined as
& - }
M = U'medz, )
Ty
i 0%\ 0 0% Rk
_ T _ v= il il s~ TH~Y™®
C= - {\Il (W(I' 2mv85~c>+85~608i}dx [‘I’ Gai}ib_, (9)
z+
o (0PwT 0P T 0P
K— - {WEIW_F‘P (K@-WU&)
#+
ow o OB P . o 0B
+%((K—mv)%+v6’8‘%2>}da¢—[\1’ K% 5%_7 (h)
ib+ Tz TA a\I’T ~ i;r )
ft)= [ W@ 5 =60 = ¥ - S| 0
& Zy

Here® and ¥ are the “global” shape and weight functions assembled flwrdcal element-wise Her-
mite shape functions defined in (2—25) and (2-26). Substriptlicates the global boundaryg. the
endpoints of the FEM model. Only the mass matrix is unchariged the situation in the fixed frame
of reference. Convection terms enter both the damping amétifiness matrix. However, it is noted that
there has not been introduced any additional terms in ordstabilize the numerical solution. This is
due to the fact that the finite element scheme defined by {eJgifand (h) has been found to be stable
for relatively high convection speeds (Andersen 2002).

As mentioned in Subsection 2.1.3, the system matrices céounel analytically when the cubic Her-
mite shape functions are used, both for the interpolati@r each element and as the weight functions.
Thus, using the Galerkin approach, the following matrigesobtained for a single element of the length
L. and withz. denoting a local coordinate ranging betweéesnd L.:

156 22 L. 54  —13L.

Le 2 _a72

/ &7 do, — Le | 220, 4L? 13L. 312

0 420 | 54 13L. 156 —22L.
—13L. —-3L%2 —22L. 4L?

0

(continued)
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-30 6L. 30 —6Le
_ _ 2

/ @Tgé _1 6L. 0O 6 Le L ®
Te -30 —6L. 30 6L

6 L. L?  —6L. 0

36 3L —36 3L

/LF 0®" 0% dp. — L [BLe 4L -3L. -—L? 0
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6 3L —6 3Le
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7 Pz 0% = T3 ’ "
o Ox2 OxZ L¥| -6 —-3L. 6 —3L.

3L. L? —3L. 2L?

Naturally, if the material properties are not constant,@anbgeneous, inside each element, the matrices
defined in (j)—(n) do not apply. However, it is usually a res@ude assumption, that the material is
homogeneous over each element, since small elements dfeused in any case if local inhomogeneities
are of importance. a

2.5 Transmitting boundary conditions

As stated in the introduction, the FEM is a convenient wayobfiag PDEs describing a physi-
cal problem in a finite domain bounded with an arbitrary sh#dso exterior domain problems
related to radiation problems can be handled by the FEM whprogriate boundary conditions
are included at the artificial boundaries delimiting the eltetl domain. Provided that there
is no reflection from the surrounding domain back into the potation domain these artificial
boundaries should simulate outward radiation of energg féHowing section will outline dif-
ferent approaches to the formulation of absorbing bouncdamgitions for FEM computations of
infinite domains and structures with an emphasis on elas&rdics and beams.

Figure 2—7 shows a structure interacting with a half-spaadarup of a nonlinear or linear
elastic nonhomogeneous or anisotropic near figld, and a linear elastic, homogeneous and
isotropic exterior domain)) —, defined by the Lamé constants, .~ and the mass density .
The nonlinearities in the near field may be due to large streftused by heavy reaction forces
from the structure or by pore pressure build-up in the sigjl@faction). Linear nonhomogeneous
or anisotropic response in the near field may be caused byesldgtructure of the sediments.

The structure itself is usually analysed by the FEM. In casethe one indicated, where the
domainD* may not be homogeneous and isotropic linear elastic (anevafleer cases) the
FEM is also the most useful method for numerical analysishi part of the subsoil. In any
case, the finite element mesh must be of limited extensionveder, since the subsoil is taken
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Figure 2—7 Finite domain interacting with an infinite surrounding medi

as an infinite half space, boundary conditions must be spddifiong the interfacé, which
give a correct representation of the interaction forcesséeh the modelled regioP™ and the
surrounding infinite domaii —.

The nodal displacements of the finite element scheme al@ngtérfaceS, are assembled in
the vectoru;” (¢) of dimensionn,,. The suffixb stands for “boundary” and refers to the common
interfaceS, betweenD™ andD~. The parts of the surface @™ and D~ not belonging taSy
are denoted ™ andS~, respectively. The conjugated nodal forces are dengtéd. f," () and
u; (t) are related to the reaction forc&s(¢) and the corresponding nodal displacemext$t)
on the part of the boundary, belonging toD~ as follows, see Fig. 2—7,

£,(t) =15 (1), u, (1) =u (t). (2-64)

Temporarily, the material of the exterior domdi is merely assumed to be linear elastic as
defined by the generalized Hooke’s law. The assumption ofdg@meous and isotropic material
within D~ is not necessary for the validity of the following statenserithen, if the fieldD~ is
not subject to any body forces and the surfaceis free from surface traction, the forcgs(¢)
may be related to the time history of the nodal displacemeptg) by the convolution integral,

£ (1) = / g (t — T)u (r)dr. (2-65)

— 00

The upper integration limit™ indicates that summation is performed up to and includiedithe

t to include an instantaneous response comporgpit) represents a kind of impulse response
matrix function of dimensions; x n; for the forced,” (¢). It has a slight resemblance of a relax-
ation modulus, cf. Section 1.6.3, but it provides a heregitelationship between the interaction
forces and the interface displacements rather than th&sssend the strains. Causality requires
thatg,, (t) = 0 for t < 0, and thatg,,(t) is absolutely integrable on the interVl o). g, ()
only depends on the mechanical properties of the doainIf body loads are applied i,
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or surface traction is applied &1, an additional memory integral must be included in Eq. (2—
65) that represents the contributionfio(¢) from these forces. From Egs. (2—-64) and (2-65)
the following boundary condition for the nodal forc&s(¢) in terms of the nodal displacements
u; (t) is obtained:

t+

£ (1) = — [ g (1 — T)u (r)dr. (2-66)

Sy is referred to as thiteraction boundaryf; (t) andf; (¢) are termed thénteraction forces
and Eq. (2-66) is denoted ti@eraction boundary conditian

If the boundary conditions are specified otherwise thanrgyeEq. (2—66), partial reflection
of stress waves back into the computation dondaintakes place. Hence, to the level of errors
related to the spatial discretization, correctly specifigdraction forces make the interaction
boundary transparent for any stress wave propagatingfin For this reason the boundary
condition (2—66) is synonymously denotetlansmittingor atransparent boundary conditiorn
some applications the domaihs™ andD~ are made up of the same material, so the bounéiary
merely represents a more or less arbitrary limitation oRE® mesh. In these casSg is known
as arartificial boundaryand Eq. (2—66) is called attificial boundary conditionSince a perfect
specification of the interaction forces insures that allevamergy is radiated into the surrounding
continuum, the nameadiation boundary conditiomas also been coined. Finally, since Eq. (2—
66) shifts known values of displacements;, (¢), to nodal forcesf;" (¢), Eq. (2—-66) represents a
general form of a Dirichlet to Neumann condition (DtN coralif) in discretized elastodynamics.
Here it is recalled that Dirichlet conditions prescribe fieéd quantity itself, whereas Neumann
conditions prescribe its spatial derivative in the directdf the outward normal to the surface.

The boundary condition provided by Eq. (2-66pisbal in spaceandglobal in time This
means that the interaction forces at a given node depenceatighlacements at all nodes on the
boundary (the global in space part) to all instants of timthapast and the present (the global
in time part). A boundary condition of this type may be ackiby a coupling of the local FE
scheme with a so-calldzbundary elemenBE) scheme for the surrounding infinite domain (An-
dersen 2002). This provides a boundary condition of a vegi hiccuracy, but computationally
this is a very expensive solution. In particular, the hasegliapproach involves that matrices
of the same dimensions gg, () must be stored for all instants of time in the entire diszesti
time history. Therefore it may be interesting to apply a ltany condition which idocal in
timeandlocal in spaceeven if this comes at the cost that the accuracy is redudads, Various
approximate but numerically faster alternatives to the BieMevaluating the interaction forces
f,”(t) are available, as described in the following. Due to thefreient approximate nature,
these methods all lead to a partial reflection of waves back/in™ as stated above.

2.5.1 Rational approximations to transmitting boundary co nditions

The frequency response matii;, (iw) related to the impulse response maigjx(t) is deter-
mined by the Fourier transform,,

G,,(iw) = / g, (t)e “hdt. (2-67)
Assume that the system is under steady state harmonic tixeit&hen
£ (t) = afe(F;(w)eiwt), u; () = §R<U,j (w)ei“’t>, (2-68)
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where the complex amplitud® (w) andU, (w) are related by
F, (w) = G, (iw)U, (w). (2-69)

More generally, lef, (w) andU, (w) signify the Fourier transforms df (¢) andu, (t).
Then these are equally related by (2—69), as follows frontieggpn of the convolution theorem
of Fourier transformation to Eq. (265, ,(2) is assumed to be analytic in the entirglane,

wherez = z+iw, save at a discrete number of poles j = 1,..., s, wheredet (G, (z;)) = 0.
Then, the followind_aurent seriesapplies outside the singular points of thglane:
3 S o0 &
Gu(2) =Y > (2—2) Gy (2-70)
j=1k=—o00

In order that Eq. (2—70) represents a real impulse respamszion in the time domain, it can
be shown that the poles and their related Laurent expansion matriGeg must either be real
or appear as pairwise complex conjugates. Further, in ahdeithe frequency response matrix
g, (t) is causalj.e. zero for negative time arguments, all poles must have negegal parts. In
what follows, only the terms withh = —1,0, 1,2 are withhold in the expansion. Then, upon
assemblage of terms of equal poweidrthe following approximation is obtained

L i) G7, (2-71)

Gy (iw) = Ky, + (i) Cyy + (iw) My, + Y (i — + =
SNz

where the coefficient matricds,,, C,,, andM,, are real matrices of the dimensiapx n;, and

G, = Gj _1. The expansion (2-71) is only valid at small circular fremgies. As indicated by

Eqg. (2-75), the expansion at large circular frequenciesah@smpletely different form. Below,

the matriceK,,, C,, andM,, defining the first three terms of the expansion will be given a

physical interpretation. Equation (2—71) correspondsiefollowing differential relationships

in the time domain,

£ (t) = (Kbb +>° Z%Gj>ub (t) + Cyu; (1) + My, ii; (t) + E:l G v;(t), (2-72)
=

where the auxiliary filter variables; (¢) of dimensionn, are determined by the 1st order filter
differential equations

v =i =, =15 =73

Evidently, the boundary condition provided by Egs. (2—72) §2—73) is local in time. This
comes partly at the expense of loss of accuracy due to thedtiom of the series expansion (2—
70), and partly at the extra computation effort brought fardvby the augmentation of the state
vector of the solution domai®* with the filter variablesy;(¢). Further, if the matrice¥,,,
Cy, My, G; are (tri)diagonal (or at most contain coupling to the nemiting nodes ors)
the boundary condition (2—72) is local in space.

In general the poles; of G, (z) are complex, for which reason the filter variablgdecome
complex as well. Equation (2—73) is integrated along withFIEM equations by the degrees of
freedomu;’ (¢) for the interior domainD*, and the degrees of freedomj (t) = u, (t) on the
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interface Sy, see Fig. 2—7. As seen from Eq. (2-71) the interaction foirceke static case,
i.e.forw =0, become

£ (t) = Kyu, (t). (2-74)

Hence K,, may be interpreted as the stiffness matrix of the interadtioces under quasi-static
motions of the interface nodes.

The second term on the right hand side of Eq. (2—72) detesrihminteraction force due
to interface nodal velocitieg, (¢). In Example 2.8 it will be shown that an interaction force
of the formf, (¢t) = C,,u, (¢t) appears in the case of plane wave propagation in a linear elas
tic medium. Here the matri&,, represents a linear viscous damping matrix of the inteacti
forces. Adopting the designation used in electronics, vedl gienerally refer to boundary con-
ditions of the kindf, (t) = C,, 1, (t) asimpedance boundary conditian$n electronics the
impedance defines the amount of voltage that is needed im trgwoduce a unit current. In
elastodynamics it defines the stress to particle velocttg+aor the nodal force to nodal veloc-
ity ratio in the discrete FEM description.

The third term indicates the interaction forces from indliceertial forces in the domaibp—
adjacent to the boundasy due to nodal acceleratiotiig (¢). M,, may thus be interpreted as a
kind of added mass matrix, similar to the added mass cotititsiin incompressible fluids.

The approximate frequency response matiy (iw) as given by Eq. (2-71) is denoted ra-
tional, similar to the approximate version of the viscottastress—strain relation ship provided
by Eq. (1-125). The determination K, C,,, M, G, andz; from given input—output data
of u, (t) andf, () in the time or frequency domain has been considered by We#1h).

As the frequencw increases, the corresponding wavelength decreases. daignre part
of D—, which influences the interaction forces, has an extent pf@gmately one wavelength.
Hence, asv — oo the interaction tends to become more and more local in spatginvolving
a small sub-domain ifD~ adjacent toSy. Further, waves propagating from sourceslirt
placed a few wavelengths from the interaction boundary noaglly be considered as plane
waves impinging onSy. As shown in Example 2.8, the interaction forces from planari
S-waves can be represented by impedance boundary corditiothe same way, surface and
interface waves (Rayleigh-, Love- and Stonely waves) wiliydave local influence as — oc.
Consequently, the frequency response magjx(iw) has the following asymptotic behaviour
asw — 00.

G, (iw) = (iw)Cyy. (2-75)

For ease, the same symbol has been applied for the expanaitox @,, in Egs. (2-70) and
(2-75), although these matrices are generally differentesthe expansions are performed at
different extremes. ActuallyC,, in Eq. (2-75) is local in space, which is not the case for the
corresponding matrix in Eq. (2—70). Wolf and Song (1996)ehanggested the following so-
calleddouble asymptotic expansiéor the interaction forces:

Gy, (iw) = K, + (iw)Cyy, (2-76)

whereK,, is the stiffness matrix in Eq. (2-70), aqg], is the damping matrix matrix in Eq. (2—
75). Hence, Eq. (2—76) will be correct at very small circdtaguencies, where the first term in
Eqg. (2—76) dominates, and at very large circular frequeneibere the second term dominates.
In the following, various approaches for approximate claliton of the interaction forces in a
finite element formulation will be demonstrated.
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Example 2.7 Similarity-based forecasting calculation of interaction forces

As demonstrated in Chapter 4, the boundary-element metlaydba applied for the establishment of
a transmitting boundary condition in an FE based analysisfafite domains. However, this is fairly
cumbersome, since a fundamental solution for the matefidieoouter domain must be available. To
circumvent these problems, Wolf and Song (1996) have stegjeeveral methods for calculating the
interaction forces based on the concepsiafilarity, which they explain in the following way, see Fig. A.
A so-calledsimilarity centreO is defined on the ground surface Bf". All nodes on the interaction
surfaceS, then have a certain distaneg from O. Next, in D~ a FEM mesh is defined with a node
pattern, which is affine to the node pattern &n with respect toO, i.e. the position of the nodes in
a certain layer is in the same angular direction as the quoreing nodes orb,, and the distance is
obtained by multiplication of the distance of the nodeSrby a factor% > 1, which is common to all
nodes of the layer. Only a few element layers are normallyleée The value of for the outer nodal
layer is denoted;. Generally, quantities referring to the inner and outerahdalyers are indicated by
the indices 0 and 1, respectively, whereas quantitiesriefeto the interior nodes of the element mesh
are referred to by the index In a similarity based formulation, inhomogeneity or atispy in D~ can
only be taken into consideration in the form of piecewise bgeneous or isotropic angular sectors as
shown in Fig. A. Based on the similarity principle, the sdlexhforecasting methodas devised by Wolf
and Song (1996) for calculating the impulse response mattixe interaction forces in the time-domain.
Instead, in what follows the principle will be used for cdéting the corresponding frequency response
matrix G, (iw).

L2
) O B s o

T3
Ab My, Py
Aps b, P
Ao e Pg
Figure A Similarity-based formulation. Definition of parameters.
The equations of motion for the modelled part/of read
Miui +Cu +Ku =1 (1), (a)

whereu™ (¢) is the displacement vectdi; (¢) is the load vector, andI~, C~ andK ™~ are the mass-,
damping- and stiffness matrices. In this case(t) is partitioned into sub-vectonsy () = u; (¢) and
u; (t) of the dimensiom; belonging to the inner and outer nodal layers, and into theveatoru; (¢) of
the dimensiom; for the internal nodes of the mesh. Similar partitioningshef system matrices and the
load vector are performed as follows:

(continued)
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uo(t) fo(t) Mo Mo1 Mo,
u (t) = ui(t)| () = fi(t)| s M~ =My My My
u;(t) 0 Mo M My (b)
Coo Co1 Co: Koo Koi Ko
C"=|Cyp Cuin Cu| K =Ko K Ky
Cio Cia Ci Kio Ki Ki
Then, in the frequency domain, (a) obtains the form
Fo Doo Do1 Doi| |Uo
Fi| = |Dio D11 Dui| [Us}, (©
0 Do Diai D] LU;

where uppercase symbols represent the amplitudes of ponéisg lowercase quantities under harmonic
response, and where

Doo Do1 Do Moo Mo1 Mo; Coo Co1 Coi Koo Ko1 Ko

. \2 .
Dio D1 Dy | = (W) Mig M1y My | + (W) Cio Cii Cui| + |Kio Kin Ky |- (d)
Dio D1 Dy Mo Mia My Cio Ci1 Cu Ko Kia Ki

From the matrix equation in the lowest row of (&, can be expressed in terms©h andU;. U;
can then be condensed from the first two rows leading to

Fo| _ |Loo Loi| |Uo @)
Fy Lio Li:| | U 7

Loo Lo: Doy — Do;D};'Dio Do1 — Do;D;;' Dy )
Lio L Dio — Dy;D;;'D;o D1y — Dy;D;;'Dyy .

The amplitudes of the forces and displacements on the imakwater interfaces are related as, cf. Egs. (2—
64) and (2-69),

Fo(w) = GU (iw)Uo(w), (g)

Fi(w) = —G1(iw)U; (w), (h)

whereGy (iw) = G, (iw), andG1 (iw) is the corresponding frequency response matrix for thednte
tion forces on the outer periphery. Based on dimensiondysisaWolf and Song (1996) have derived
the following relation betweefs: (iw) andGo (iw):

. (" d-1 T1. .
G (iw) = (E> Go (Elw) 0
d signifies the spatial dimension of the probletin=€ 2 or d = 3). Insertion of (h) into the lower matrix
equation of (e) provides an expression 135 in terms of Uy and G;. Condensation otJ; from the
upper matrix equation (e) and use of (i) then provides thieviohg expression for the determination of
Go(iw) = G;b(iw)I

Go(iw) = Loo(iw) — Loy (iw) ((T_l)d“c,o (—11w> + Lu(iw)> - Lio(iw). )

T
T0 T0

(continued)
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Assume that an approximate value@f (iw) is known for some high frequency = wo, which may be
taken as the asymptotic impedance solution (2—75). Nekigsaat the lower frequencies= woro /71,
w = worg /ri, ... can be calculated recursively from Eq. (j). By varying arbitrarily many frequencies
can be considered. O

Example 2.8 Impedance boundary conditions in elastodynamics

The elastic P- and S-waves from a given point source willllpdsehave as plane waves as the distance
to the artificial boundary increases. In practice, adjustnte this condition is already achieved at a
distance of a few wavelengths between the source and oliserpaint. This forms the background for
a local radiation boundary condition of the impedance typ&/6) formulated by Krenk and Kirkegaard
(2001), which will be indicated below. Krenk and Kirkegaaketived their boundary condition in a fixed
coordinate system. Using an identical approach, the radi@oundary condition will here be derived
for P- and S-wave propagation in(&:, 2, £3)-coordinate system moving with the constant velocity
v; relative to a fixed(z1, 22, z3)-coordinate system. The original solution by Krenk and Kgaard is
obtained for the special choice of = 0.

The material of the surrounding mediuin™ is assumed to be homogeneous, isotropic and linear elastic
with the Lamé constants\~, .~ ) and the mass densipy” . With the constant convection velocity of
the moving coordinate system, the convective Navier eqadtr the domainD~ reads

_ L 0%y _ 9w _ 9%y 0?1 0?1,
W) mer TR aman, P (5 __2v]8ij8t_%lbvk8ijaik> =0 @)
Consider the following plane P- and S-waves, propagatitierdirection®;, p andp;, s, and with the
amplitude vectorsi; p and A;, s,
ﬁiyp(f(, t) = Ai,pfp (\I/p) ) \pr = i‘jpjyp — (Cp — Ujpjyp)t } (b)

is(%,t) = Aisfs(Vs) , s =2aZ;pjs — (cs —vipss)t

It should be noticed that the componeptsr andp;, s denote the directional cosines of the propaga-
tion directions as seen in the fixed coordinate system. Akl later, the corresponding directional
cosines as seen in the moving coordinate system are diffecgnand cs denote the phase velocities
corresponding to the Lamé constas , ™) in a fixed coordinate system. Following the approach of
Subsection 1.3.2, it may relatively easily be shown thatlibplacement fields defined in Eq. (b) are both
solutions to the convective Navier equation (a).

The total displacement is assumed to consist of plane P- amal& components only, so

Uj (5(, t) = ﬂgp(f(, t) + ﬂi,s(f(, t). (c)

Since,u;, p is parallel top;, p, andi;, s is orthogonal t@;, s, it follows from (c) that

.P Pi,P Pk,S ~
U = iy, (d)
Pm,PPm,S
- - . i,P Pk,S \ -~
Ui, § = Ui — Ui, P = (&;k — M) Uk . (e)
Pm,PPm,S

The small strain tensors corresponding to the displacefr@ds u; » anda;, s become, cf. Egs. (1-3),
(d) and (e),

(continued)
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- 1
€ij,p = E(Ai,P pi,p+ Ajp pi,P) f}g(\I/P)
1 1 0
= (A i A;ppip)=—fr(¥
p— 5 (Aip pip + Ajp pip) 5, /P (Vr)
1 1 P P 7 ] A
= S (fp pir + e pip) =~ PE PR PES 0
¢p — vipip (CP — Ulpz,P>pm,Ppm,s
- 1 1,. -
€ijs = ——— - = (Ui,S Pj,s + Uj,s pi,s)

cs —upLs 2
1 1 i,P Dk,S \ + i.P Pk,S\ =
=—— = ((&k - M)“kpj,s + <5jk — M)“kpi,s
cs —upls 2 PL,PDL,S P1,PDL,S

i,P Pj,s + Pj,PPi,s <
Di,P Dj Pj,PPi pk,s> . Q)
P1,P DL,S

= QCS —uipLs Pi,S0jk Pj,S0ik

The corresponding stress tensors become, cf. Eq. (1-5),

_ 1 _ _ B

Gijp = — (A 8ij + 21" pi,p ij)Pk,SUk, (h)
(cP - Ulpl,P)pm,Ppm,S

- N i, P Pj,S + Pj,P Pi,S i .

Gijs = ———— (pi,s5jk + pj 50y, — P PSS TR P pk,s) k. (i)
cs —uipL,s PL,PPLS

The total stress tensor is obtained as the sum of (h) and (i),

- 1 _ _
Oij = —[ <)\ 0ij + 20" pip pj,P>pk,S
(cP - Ulpl,P)pm,Ppm,S
N 0 j + j 0 pa .
+ B (pi,s5jk + pj,sdik — PP PS5 T Pj.P P ’Spk,s> ]uk 0)
cs —vipL,s pi,PpL,S

The surface tractiong~ and7;" on the parts of the interfac, belonging toD~ and D" become

T, = 5'”71; ®)
7t =7 = —&yn; =suynt |’
i T i iglty = Giglty

wheren; andn; = —n; signify the outward directed normal unit vectors to the dmsa~ and

D™ at the same position ofls. From (j) and (k) it follows that the surface tractiofi$ is given by the
following impedance boundary condition, which is local pase,

T = =Gy, 0
- 1 _ _
i = ()\ nipss + 20" nf prp pip P;;S)

(CP - Ulpl,P)pm,ij,S

K
Ccs — uipL,s

Pk,s Pi,p + Pk,P Pi,S
nt mg. (m)

(pi,snj+ +nf pr,sdi; —
pi,PpPL,S

So far the directional cosines of the propagation direstign » and p; s, in the fixed coordinate
system have not been specified. In what follows these willdierchined for a certain observation point

(continued)
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X, (1=0) | T2 (T=T) | 25 (t=1t)

!

Figure A Determination of propagation directions in fixed coordinsystem.

Vg (Zf *T)

with the moving coordinates;. As seen in Fig. A, a wave reaching the observation point thi¢hmoving
coordinatest; at the timet is generated by the force at a previous instant of ttim®uring the elapsed
time intervalt — 7 the wave has moved the distange — 7) in the fixed directiorp;, and the force has
movedv; (¢ — 7). Then, the following relation is established:

i = pic(t — 1) —vi(t — 7). (n)

From (n) the following relation is derived for the elapseddiinterval

t—7= %] : ()
V2 = 2uipic + v?
wherev = |v|. From (n) and (0) the following expression is obtained fa determination op;:
_ Vi v\2 v ~ T
Pi = Di 1—2—pi+(—> +— , pPi= = p)
c c c |%|

Equation (p) can be solved analytically in two dimensionbgrep; = [cos 6, sin 6] is defined by
the angle of inclinationd. This is not possible in three dimensions, where cycliatien must be used.
The impedance boundary condition (I), (m) will make the iif&tee Sy transparent to plane P- and S-
waves only. All other wave types,g.Rayleigh waves, Stonely waves, Love waves or non-plane ¢- an
S-waves, will be partly reflected at the boundary.

Upon discretization of Eq. (I) by means of FE-interpolatiogiween nodal values of the interface
surface tractions and velocities, the following impedabeendary condition is obtained, cf. Eq. (2-75):

£ (1) = —Cpuy (1). @
In the special case af, = 0, one hag; s = p;,» = p;, and Eq. (m) reduces to

Cij = i (Yﬂjpg‘ + 2M7nzpkpipj> + i—s (piny + ni prdi; — 203 prpip;) - 0]
Equation (r) is the solution derived by Krenk and Kirkegag@01). The marked difference between the
tensor expressions (m) and (r) is that the former contaigugarities in the denominators, which become
increasingly important as the convection velocity apphesche phase velocities. Kreakal.(1999) for-
mulated a transmitting boundary condition in moving coonaties based on the fixed coordinate solution
(r), merely by changing the fixed coordinates of the velodity /9t of a moving point of the interphase
into the corresponding total time derivative coordinabés /0t — v, d1; /0%, cf. EQ. (2-50). This is
believed to be admissible as long as the convection velacgynall compared to the phase velocities, but
may give problems at larger convection velocities. O
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Example 2.9 Transmitting boundary conditions for Euler-Bernoulli beams

In Example 2.3 the analytic solution for the Euler-Bernolodlam on a Kelvin-Pasternak foundation was
derived in the fixed frame of reference, based on the assangpthat the response is linear and that the
beam is homogeneous. The wavenumbers in the moving franeéesénce were derived in Example 2.6,
and the corresponding amplitudes of the four wave compsraarhprising the total displacement field
in the beam are obtained by insertion of these wavenumbétg.i(k) of Example 2.3. Then,

(7, 1) U1(w)e—12‘faz+i(léfi—wt) +U2(w)e—12§i+i(zégi—wt) for %<0 ()
ul\zx, = B e R o a
U3(w)e7k31+1(k§z7wt) 4 U4(w)e7k4z+1(k2z7wt) for 7 > 0

In order to analyse problems involving, for example, lochldmogeneities along the track or nonlinear
response in the vicinity of a vehicle or moving load, a nuedrsolution is needed. A finite element
scheme combined with transparent boundary conditionsdbaséhe analytic solution may be applied.
The idea is that at a certain distance from the loaded regi@parameters of the track may be replaced
by their mean values without significant loss of accuracy e response in the far-field is linear, as
discussed in introduction to this section.

Transparent boundary conditions for Euler-Bernoulli beamere derived by Wang and Lai (2000).
However, the authors did not base the transmitting boundamnglitions on the entire analytic solution,
but only on the wave components corresponding to the tiagellaves. Therefore the artificial ends
of the track had to be placed far from the source of vibratibhis is not the case for the transmitting
boundary conditions derived below.

Subsequently a finite part of an infinite bedrs,in the intervalz, , #;"], will be considered. Transmit-
ting boundary conditions are to be derived for the artifib@lindariest, andz;", which will constitute
the end points of the FEM model. The idea is to apply a momént(t) and a shear foro@, (t) at,
which correspond exactly to the forces that would be preehe FE modelled part of the track was
connected to a semi-infinite beamigt, see Fig. A. Likewise, the moment and shear fakég (¢) and
Q; (t) are applied ag, . If the correct reactions are established at the interfahesoundaries become
perfectly transparent.

--------------------------------------- )

WEREREnEn o mEnZnEns e
= 7 7
ST S B

Figure A Infinite beam on Kelvin-Pasternak foundation and equivdligite beam with moments and shear forces
applied at the artificial boundaries.

As discussed in Subsection 2.1.3, the degrees of freedoimeifiriite element model of the beam
are the displacement and the rotations at each node, siedéeitmite shape functions are used for the
interpolation of the field quantities. Hence, the unknowniakdes at the artificial boundaries are the
displacementsi, and,” and the rotationg, andd, . Transparent boundary conditions, which are
automatically updated with time, can be achieved by a foatmuh of the moment and the shear force at
the artificial boundaries in terms of the boundary displaeet:and rotations. (continued)
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Formulation in the frequency domain

With the definitions of the rotation, the moment and the sfaae given in Eq. (2-16) and the displace-
ment fields given by Eq. (a), the following relationships giken in the frequency domain for a boundary
located at positive abscissas:

(%);(w) =L qd R kg —ikh kg —ikh 7 o
Uy (w) Ua 1 1
L I B . ©
% @) Ui (kg —ik5)* (kg — ikp)®
The amplitude function®," (w), ©; (w), Q; (w) and M, (w) are defined by
iy (t) = U, (w)e ™ 6 (t) = 6 (w)e ™, “
Qz_(t) = Q;(w)efiwt’ Mlj-(t) _ Ml—)o—(w)efiwt.

The interface parameters at negative abscissas are esgriesa similar manner. In this case the
and U, terms are included and the signs on the interface reactienshenged in accordance with the
definitions in Fig. A.

From Egs. (b) and (c) it follows that the interface reactiortés can be formulated as functions of the
displacement and rotation. Hence, the following frequemsponse relation arises:

{/\:@(w) } B | @@ } Be _{ Li(Lg) ™ for #u<j

(e)
Qp(w) Up(w) LE(LH)™ for @ >4

The coefficients of the frequency response malify), are generally complex. Subsequently, Eq. (e) is
approximated in the following manner:
6y (w) } ' o

Mb(w) ~ w1 ﬂ% w1
{ Qb(w)] (%(B( N+ Lo ))) o

For harmonic excitation with the circular frequengy = w1, Eq. (f) represents a set of completely

transparent boundary conditions in the frequency donarfor a single-frequency signal no reflection

occurs. However, when the response is not purely harmorticangingle frequency, some reflection takes
place at the interfaces.

Formulation in the time domain
Introducing the matrices
1
K, = R(B(w1))), Cp= —w—lg(B(wl))% )

Eq. (f) may be formulated as the following transmitting bdary conditions in the time domain:

{ Iy (1) } X [ (1) 20 } | -
Q(t) U (t) (1)

The components;; andc;;, {i,j} € {1, 2}, of the matriceK, andC, may be interpreted as a system
of springs and dashpots as illustrated in Fig. B. For exayigle = I3k, + 13k, , k1, = l2k; and
ks, = k5 . Itis noted that the model suggested by Wang and Lai (200@)inecludes the vertical spring
and dashpot. These are calibrated to the wave componenthvgi travelling wave in the case of
9=¢(=&=x=0andQ > 1. (continued)

+ Cy
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N

=

N
T »

lo >

8
o
<+
8
o

Figure B Interpretation of transmitting boundary conditions imterof springs and dashpots.

Nevertheless, combinations of the material propertiesthadoading frequency exist where Eq. (h)
will not be physically correct. The problem is that in orderabtain a stable FEM scheme, the system
matrices have to be positive definite. This means that thgodi terms as well as the determinants of
the boundary condition matrices must be positive. No prokégeises in the imaginary part &, i.e. the
damping matrix. However, for frequencies above some fatypically in the range 1.1-2.6) times the
cut-on frequency, in the absence of shear stiffnesshtheomponent ofB relatingc}b(t) to sy (t) will
have negative real part. A solution to the problem is obthibg replacing the first-order boundary
condition by an equivalent second-order boundary conditidence, if and only ik22 < 0, Eq. (h) is

modified to
MO Zay | MOy | O g | 0O 0
Qs(t) Up(t) up(t ap (t
where
2k 0.5k 1 —k 0.5k .
Kf, _ 11 12 7 Mf, == 11 2 0
0.5 k‘21 —k‘zz wl 0.5 k’21 2 k‘22

The mass terms correspond to point masses and inertial snasse mechanical systems applied to the
artificial boundaries in Fig. B.

Similar to Eq. (f), Egs. (h) and (i) will only be exact for hammic variation at the circular frequency
w1. When the excitation frequenay diverges fromw:, the performance of the boundary conditions
decreases correspondingly.

One idea of how to overcome the problem with frequency degrecelis simply to use a higher order
approximation of Eq. (e) ifw corresponding to a transmitting boundary condition in trer,

|: ]\?b(t) :| = Go |: ?b(t)) éi(;j)(t) :| , (k)

++Gp | b
Qu(t) a (t)

with él(,j) and aéj) denoting thejth derivatives off, and @, with respect to time. Note that rational
filters like (k) can still only be valid for in a confined interval since it does not provide the correct
asymptotic behaviour. Moreover it has not been possiblalibrate Eq. (k) to get a stable FE scheme
(i.e. a differential filter with all eigenvalues having nonpositireal parts) that provides a more accurate
solution than is obtained from Egs. (h) and (i)—even withimearow frequency band. O
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2.5.2 FEM implementation of artificial boundary conditions

In the previous section, a number of examples have been giteansmitting, or partially trans-
mitting, boundary conditions for acoustic and elastic raeatid for structural elements in the
form of Euler-Bernoulli beams. In most cases the idea is tmfdate the pressure, the traction
or the generalized interface forces at the artificial boupdaterms of the interface displace-
ments and time-derivatives thereof. A special case is tipedtance boundary condition, which
related the pressure, or traction, to the interface ve&scinly. In the examples given below, it
will be illustrated how the boundary conditions are appliedn FEM scheme, and some of the
shortcomings of the suggested boundary conditions williseugsed.
The discretized equations of motion for the modelled donfizinread

M*it + Ctat + Ktut = £ (1), (2-80)

whereu™ (¢) is the displacement vectof; (¢) is the load vector, and1™, C* and K™ are
the mass-, damping- and stiffness matrices. The componénts(¢) are partitioned into sub-
vector components; (¢) of the dimensiom;", andu,’ (¢) of the dimensiom, with components
belonging to the interior oD+ and to the interfacé), see Fig. 2—7. Similar partitionings of the
system matrices and the load vector are performed as fgllows

) = [u{(t)] ) = [ff(t)]

u, (t) f7 ()
(2-81)
+ N + ot + ot
v R e I ]
Mbi Mbb Cbi Cbb Kbi Kbb

Assume, that the interaction forces are given by the ratiapproximation (2—72), (2—73).
Then, from (2-80) and (2—-81) the following system of equatiof motion, corrected for the
transmitting boundary conditiorf§ (t) = —f, (¢) andu; (t) = u, () at the interfaces,, are
obtained:

Mtit + Ctat + Ktut + Zl G,v, = ft(t)
iz

: (2-82)
vi(t) —zjvi(t)=Tut(t) , j=1,...,s
where
ar— (M MG & |G CL | G -|°
M, M} +M;, C), Ci+Cy, G;
(2-83)

i i s £t (1) I=[0 I
K" K;+Kgb+zlzijc;; ’ “lo |7 T
=
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Equation (2-82) may be written in terms of the following ctagpsystem of 1st order differ-
ential equations on state vector form:

d
22(t) = Az() + F(1), (2-84)
[t (1)] 0 ]
at(t) £+(1)
2(t) = [vit)| , Py =M")""| o |,
_Vs.(t)_ . 0
[ 0 I 0 0 |
~() TR () e~y e ()G,
A= I 0 21 0 ) (2-85)
B 0 o

Next, assume that the interaction forces are given by andampee boundary condition.
Then, only the damping matrix in Eq. (2—83) is modified, résglin the equations of motion

M*it + Crat + Krut = f(1). (2-86)

Letug (t) be any stiff-body motion of the volum@™ (or any other displacement in external
guasi-static equilibrium). Since, the stiffness matrix Immt been modified for support condi-
tions, it follows thatKtug () = 0. Then, integration of Eq. (2-86) provides the following
result for the permanent displacement of the bagj/((—oc) = ud (—o0) = g (c0) = 0):

g (00) = (CT) ! / £ (t)dt. (2-87)
If a netimpulse is applied to the body, f(f)ooc f*(t)dt # 0, permanent stiff-body displacements
of the calculation domain appears. Hence, in order to pitesterh offsets, the impedance bound-
ary condition should only be used for loads with zero net ite@uOf course static loads cannot
be supported by impedance boundary conditions at all.

Next, assume that the system is under stationary harmoai@ggn. Then
£ () = R(FF @), ut(t) = R(UT@)e"). (2-88)

Use of the boundary condition (2—69) provides the followfiregjuency response soluti®ft (w)
of the systems (2—80):

Ut(w) = ((iw)2M+ +iwCt + K+(w))_ Ft(w), (2-89)
+ KZ K;Z e _ F;r(w) N
K*(w) = [Kbt K+ Frw) =" (2-90)
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Example 2.10 Impedance boundary conditions in elastodynamics

As illustrated in Example 2.8, a relationship between théahdorces and the nodal velocities can be
established on a local-in-time, local-in-space basisHerntodes along the artificial boundary in an FEM
scheme for an infinite elastic domain. This elastic impedamundary condition may be introduced
in the FEM formulation given in Example 2.5. Thus, the bougydaad vector along the interaction
boundarySo,

(1) = /S ®T# (1) dS, @)

is replaced by the product
fi (1) = —Cyiy (1) (b)

Subsequently, the “load” from the surrounding dom&in is moved to the right-hand side of Eq. (e)
of Example 2.5 by adding the components of the impedancexm@fy, into the positions of matrixC
corresponding to the degrees of freedon@jf(t).

t:Tc/Q t="Tc t=2T¢ t=31T¢

T RREW T T EETaa;
T I
T

e

w/o TBCs w/ TBCs

Figure A Finite element model of plane elastic wave propagation. efttamain solutiorwith (top) andwithout
(bottom) transmitting boundary conditions.

f=2Hz f=4Hz f=8Hz f=16Hz

w/o TBCs w/ TBCs

Figure B Finite element model of plane elastic wave propagationqi&acy-domain solutiowith (top) andwithout
(bottom) transmitting boundary conditions.

In order to test the transmitting boundary condition, thepoase has been computed of a half-plane to
a point force moving along its surface with subsonic spedtk [dad is applied as a vertical pulse with
no net impulse, and the results are indicated in Fig. A. Gletire implementation of TBCs provides an
efficient means of avoiding reflection of waves back into thmputation domain. The accuracy of the
TBCs becomes evident when a frequency-domain analysisriedaut, cf. Fig. B. Here any reflection
of waves would lead to an accumulation of energy in the model. a
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2.6 Summary

In this chapter, the formulation of finite element modelsdtastic wave propagation problems
has been discussed. Both the case of P- and S-waves praoggaiged continuum and flexu-
ral waves travelling along a beam have been studied, andbtiheufation in a local frame of
reference following a moving load or vehicle has been given.

The main points in the formulation and application of the FiEMelastodynamics problems
may be summarized in the following points, which may be addeithe list given in Subsec-
tion 2.1.1.

Element size— The spatial increment,e. the element size, is defined by the shortest wave-
length in the system. The number of elements that is requezdvavelength in order to
ensure a satisfactory accuracy of the numerical resultsriepn the order of interpolation.
Thus, if linear shape/weight functions are applied, apjpnaxely 10 elements are needed,
whereas only 3—4 elements are necessary per wavelengthauberelements are utilized.

Time step— The Courant condition determines the maximum time steprttagt be utilized in
a time-marching algorithm. If the time step becomes toodavgaves cannot propagate in
the numerical model. In time integration schemes that ateinconditionally stable, much
smaller time steps should be used than are given by the Cozoadition.

Moving loads— The steady state response to moving loads or vehicles magdigsad in a
local frame of reference following the wave source. Thiiwes the introduction of nega-
tive convection in the wave field that tends to destabilizerthmerical solution in the time
domain. The problem may be treated in different wasg, by the Petrov-Galerkin or the
Taylor-Galerkin methods.

Artificial boundaries— Wave propagation problems usually deal with (semi-)indidibmains,
e.g.an elastic half-space. In the FEM this involves that artfiodr interaction, boundaries
are introduced at the edges of the computation mesh.

Transmitting boundary conditions— In order to ensure radiation of waves through the artificial
boundaries, transmitting boundary conditions (TBCs) rbesmplemented. These boundary
conditions can be local or global in time and space. The [d8&s are the most efficient
from a computational point of view. However, the global TB®Zevide the higher accuracy.

Impedance conditions— The transmission of P- and S-waves from an FE model of anielast
medium into the surrounding infinite medium may be establishy means of impedance
conditions. Since the impedance describes a relationsitipden interaction forces and
particle velocities, this kind of TBCs cannot be appliedha static case.

The finite-element method is considered the state of theoarthe numerical analysis of
problems involving local nonlinearities, inhomogeneitend complex geometries. However,
since a discretization over the volume is required, it isdfess to say that three-dimensional
FE models of wave propagation require huge amount of computay storage space, and the
solution time may be very long. In Chapter 5, an alternatiethad is described, which is much
more efficient than the FEM. However, it is restricted to timalgsis of horizontally layered
strata.
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CHAPTER 3

Boundary-integral equations in
elastodynamics

Boundary-integral equations are a useful mathematicalftsc¢he analytic solution of wave
propagation problems. Further, they form the basis for thendary-element method (BEM) pre-
sented in the next chapter. In the following, a number of tbes are derived with regard to
the reciprocity of two states governed by the Cauchy egnatighe scalar wave equation. Subse-
quently, the Green’s functions are presented for a varigtyablems. Only the so-called full-space
solution is concerned; however, this solution is derivattiioee-dimensional as well as plane and
anti-plane wave propagation problems in time and frequelmeyain. Finally, the Green'’s func-
tions and the reciprocity theorems are combined to formdheadled Somigliana identity which is
the starting point for discretization in the BEM.

3.1 Introduction

The starting point of the finite-element method is the weaknfdation of the governing partial
differential equation which, in the case of elastodynarig®btained by multiplication of the
Cauchy equation with a weight function in terms of a variadibdisplacement field and subse-
guent integration by parts over the considered domain. @hatonal field must conform to the
Dirichlet boundary conditions,e. the variational field vanishes on parts of the boundary with
prescribed displacements. However, in the interior of raain the weight function is arbitrary.
Following the standard procedure of displacement-baséd-&tement discretization presented
in Chapter 2, only the displacements are directly represkint the numerical model. Hence,
stresses are derived by partial differentiation of therpaéated displacement field.

Now, in this chapter an alternative approach is taken, irctvhivo states are defined on the
same domain but with different boundary and initial corudtisi. Instead of applying an arbitrary
weight function, the two states are then applied as weighttfans in the governing equation
for the other state. In this case, integration by parts dwedbmain forms a mutual relationship
between the two states known aseaiprocity relation In particular, if one of the two states is
selected as the Green’s function, or fundamental solutiemple integral equation is obtained.
This may be used for an analytical solution of certain protdénvolving a simple geometry
and boundary conditions of the physical problem—or it maytiesed as the starting point for
discretization, leading to the boundary-element methadiileed in the next chapter.
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104 Chapter 3 — Boundary-integral equations in elastodynamics

3.2 Dynamic reciprocity theorems in elasticity

Firstly, in this section the so-called dynamic reciprotitgorem is derived for three-dimensional
elastic wave propagation as well as plane and antiplan&.shea

3.2.1 Three-dimensional wave propagation

Consider an elastic bod{ which has the surfac€ with outward unit normal vecton, see
Fig. 3—1. In fixed Cartesian coordinates j = 1, 2, 3, the time-domain equation of motion for
a three-dimensional elastic continuum with mass densitay be written

2
a%jaij(x, t) + pbi(x,t) = p%ui(x, t) = pi;(x,t), 1, =1,2,3, (1-1)
whereo;; (x, t) are the Cartesian components of the Cauchy stress tenseyf) are the com-
ponents of the displacement field ahydx, ¢) is the load per unit mass in coordinate direction
i. Vectorx is the position in space ands the time. Finally,i,;(x,t) is the second local time
derivative of the displacemeritg. the local acceleration. The summation convention applies,
i.e.summation is performed over repeated indices.

Figure 3-1 Elastic body2 bounded by the surfade with the outward unit normal vectat.
Equation (1-1) is subject to the boundary and initial candg

i(x,t) =u;(x,t) for el
uj(x,t) = u;(x,t) X 1 }7 [ =T, UT,, (3-1a)

pi(x,t) = pj(x,t) for x €Ty

ui(x,0) = v;(x) for x€Q } (3-1b)

4;(x,0) =vj(x) for xeQ
Hereu;(x, t) is the first local time derivative of the displacemerg, the local velocity. Further,
pi(x,t) = 045(x,t)n;(x) are the components of the surface traction, which is defimethe

surfacel’ in terms of the Cauchy stress tensor and the outward unit aamfx) having the
components;(x). The boundary conditions are illustrated in Fig. 3-2.
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3.2 Dynamic reciprocity theorems in elasticity 105

I, (traction known

T"y (displacement known)

L]l

Figure 3—-2 Boundary conditions for the elastic bo

Next, on the domaif2 with boundaryl’, let two states be given which satisfy the Cauchy
equation (1-1) at the times= ¢, andt = t,, respectively. For any point, the following
identities apply:

20 x,) + ot 1) = i x, 1), (3-22)
€L
aio—sz) (X7 t2) + pbgz) (X7 t2) = pu£2) (X7 t2)’ (3_2b)
€L

Multiplication of Eq. (3—2a) withu? (x, t,), multiplication of Eq. (3-2b) with:{" (x, ;) and
integration over the volume lead to the equations

/ (x, t1)ul? (x, t2)dQ + / pbY (x, t1)u'? (x, 2)dQ
830] Q

/ pitd (x, t1)ul® (x, £2)dQ = 0, (3-32)
Q
/ (x,12) ()(X,tl)dQ+/prQ)(X,tQ)ugl)(X,tl)dQ
Q
_ = (2) (1) _ _
/pui (x,t2)u; ' (x,t1)dQ2 = 0. (3-3b)
Q

With E;;i,;(x) denoting the components or the fourth-order elasticitgaenct. Eq. (1-2),
the Cauchy stress tensor is writtena@s(x,t) = Ejjn(x) Our(x,t) /Ox;. Application of the
divergence theorem (see Appendix A) to the first term in Eg&;s3é) and (3—3b) then provides

/ (x,t1) ( )(X,tg)dQ = /pgl)(x,tl)ugz)(x,tg)dr
T
0 0
- / o —ulM(x,11) Eijra(x) 8_%ug2> (x,t2) dC, (3-4a)

Linear Elastodynamic Analysis



106 Chapter 3 — Boundary-integral equations in elastodynamics

/ 3 (x,t2) (1)(X t1)dQ = /pgz)(x,tg)ugl)(x,tl)dr
r
(2 0 1
— /Q 8_xluk )(X,tQ)Eijkl(X) a—xjug )(x, t1)dQ, (3-4b)
where it has been utilised that the surface traction is defasp;(x,t) = 0;;(x,t) n;(x). As
discussed in Section 1.2, the elasticity tensor is symmigtthe sense thdf; j; (x) = Exij(x).

Hence, a subtraction of Eq. (3—3a) from Eq. (3—3b) with thesttutions defined in Egs. (3—4a)
and (3—4b) leads to the dynanBetti reciprocal theorem

/ pgl)(x, tl) u£2) (X, t2) dI’ + / p (bgl) (x’ tl) - UEI)(X, tl)) U'Ez) (X, t2) dQ2
T Q
= [Pt ) ar+ [ (0 xote) — i 1) 0 o) 40 (35)
Q
also known as thBetti-Rayleigh theorerfAchenbach 1973).

So far the instants of timg andt, have not been specified. Now, let= 7 andt, =t — 7.
Then, by integration over time with respecttoEq. (3-5) obtains the alternative form

//pl X, T) U, Xt—T dFdT—//pl (x,t— 7)1 (»(X,T)drdT
//pb(l)XT 4(Xt—T deT—//pb(Q) —7) 51)(x 7)dQdr

= [ o {600 60 = ) 60} a2
+ [ o {60700 = 02 (x,1) V) } a2 (3-6)

where use has been made of the fact that

t
/ (i u® et =) =i (xt = 1) ulP (x,7) f dr
0
" (2) @) (1)
:/ — {uz (x,7)u; (%, t —7)+ 4,7 (x,t —T) u; (X,T)}dT
0 8’7—
= at" (x, 1) 0 (3) + 617 (x) ulM (¢, £) — 0 () ud? (x, 1) — ) (x, 1) 0l ().

Equation (3—6) provides a reciprocal theorem which inchutthe influence of initial conditions,
i.e.the displacemen@(l)(x) andvz@) (x), and the velocitiesgl)(x) andfizl(z)(x).

3.2.2 Plane and antiplane elastic wave propagation

The wave-propagation problem related to plane strain,axdtiSn 1.3.2, may be represented by
a governing equation identical to Eq. (1-1) but with indite® rather thani, 2, 3. On the other
hand, the equation of motion simplifies to a scalar wave éguathen the so-called antiplane
wave-propagation problem is considered.
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3.2 Dynamic reciprocity theorems in elasticity 107

Plane elastic wave propagation (P- and SV-waves)

In the case of plane strain in tl{e, z2)-plane, the displacement componentis identically
equal to zero. Further, any partial derivatives with respee; vanish and Eq. (1-1) reduces to

0 0? .
%Uaﬁ(x, t) + pba(x,t) = pwua(x,t) = plia(x,1), a,B=1,2, (3-7)

with the boundary and initial conditions

a(X,t) = uo(x,t) for el
ua(%,t) = ta(x,t) * 1}, [ =T, UT,, (3-8a)

Pa(X,t) = pa(x,t) for xeTy

Ua(x,0) = va(x)  for xeQ } (3-8b)

Ua(x,0) =0,(x) for xeQ

wherep, (x,t) = gas(x,t)ng(x) are the components of the surface traction vector related to
plane strain, and the summation convention applies with 1,2. Accordingly, the reciprocal
theorems for plane strain are identical to the reciproesdtems (3-5) and (3—-6) but with the in-
dexi replaced by the index ranging ovenl and2. Furtherf2 andI" represent a two-dimensional
domain and its boundary. It is noted that the dynamic pldrersproblem corresponds to the
propagation of P- and SV-waves as discussed in Section. 1.3.2

Antiplane elastic wave propagation (SH-waves)

Similarly to plane strain, we now define antiplane shearagthblem in which the displacement
components:; andus are identically equal to zero and partial derivatives wigbpect tars
vanish,i.e. only the displacement componen in the direction out of théz, x5 )-plane exists

and it is constant in along the;-direction. In the case of elastodynamics this corresptmtise
propagation of SH-waves in thie, , 22 )-plane, and as described in Section 1.3.2 these waves are
completely decoupled from the P- and SV-waves propagatitige same plane. In the particular
case of SH-waves propagating in an isotropic linear elastiterial, the governing equation reads

0%usz(x,t) 0%uz(x,t)
H 02,024 ot?
whereus(x, t) is the displacement field arid(x, ¢) is the load per unit mass related to the SH-

wave field. Finallyx is a point in thg(z1, x2)-plane, and. is the shear modulus of the material.
Equation (3-9) is subject to the boundary and initial caodg

+ pbs(x,t) =p = pls(x,t), a=1,2, (3-9)

3(x,t) = us(x,t) for xeT
ua(x, 1) = ta(x, 1) e } [ =T, UT,, (3-10a)
p3(x,t) = p3(x,t) for xeTy

uz(x,0) =wv3(x) for xe€Q } 7 (3-10b)

us(x,0) =v3(x) for xe€Q

whereps(x,t) = pnqa (x)0us(x,t)/0rq = na(x)o34 (X, t) is the surface traction corresponding
to antiplane shear, and the summation convention applidsan 1, 2.
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108 Chapter 3 — Boundary-integral equations in elastodynamics

Since we are dealing with scalar wave field, Eq. (3-5) singdifo

[ e etyar+ [ p (67 t) — il o)) uf? () a2
r Q
_ / p® (x, t2) uf) (x, 1) dI" + / p (57 G 2) = i (x, 12) ) s (x, 1) 4. (3-11)
T Q

Likewise, the reciprocal theorem including the influencenifial conditions,i.e. Eq. (3-6),
enters the scalar form

/ / x, ) ud (x,t— 7 dFdT—/ / 3 (x,t — ) ul) (x,7) dTdr
—|—/0 /Qpbgl)(x,r) ugz)(x,t—T) deT—/ /png)(X,t—T)ugl)(X,T) dQdr
= [ {2 x 00?0 — 0 x.0)3 () } a
Q
+ /Q {ug J(x,1) 0P (x) — 0l (x, 1) vg”(x)}da. (3-12)

Equations (3—6) and (3—12) are identical to the reciprdeabitems for an acoustic field, given
that the scalar quantity; is interpreted as the acoustic presspre,

3.3 The Green’s function

A cornerstone in the further development of boundary-irgkgquations is the so-callddn-
damental solutioror Green’s function In the time domain and Cartesian spatial coordinates,
the Green'’s function for a scalar field is of the general forr, t;y, 7). It provides the re-
sponse at thebservation poink and observation timedue to a unit magnitude load acting at
the source pointy and emission time. Typically, the load is applied as a concentrated force
d(x —y)d(t — 7) acting aty an timer. However, the it is possible to derive a Green’s function
for a load which is distributed in time and space. We shallrreto this in Chapter 5. However,
only concentrated forces are considered in this chapter.

@ (b)

Figure 3-3 lllustration of the Green’s functiop;; (x, ¢; y, 7) which provides the response in directibat pointx to a
load in direction/ at pointy. In the full space (a), a wave is observed after the timer = r/c, wherer = |x — y| is
the distance between the two points ang |c| is the wave speed with denoting the wave velocity. In a half-space (b)
a second contribution is observed due to a reflection of theesvat the poing on the free boundary.
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3.3 The Green’s function 109

The Green'’s function is strongly dependent on the boundanglitions. For example, the
Green'’s function for the displacement in a half-space ifedkht from the corresponding func-
tion for the displacement in a full spades. an unbounded domain. This problem is illustrated
in Fig. 3-3. Whereas the full-space solution is relativedgily obtained in time—space domain,
a fundamental solution for a layered half-spagg(soil) can only be derived in the frequency—
wavenumber domain. A further introduction to the solutinrfrequency—wavenumber domain
is given in Chapter 5. Here we shall focus on the much simpiléspace solution for elastody-
namic problems. However, in Chapter 4 the discussion of @sdenctions is briefly revisited.

Now, in the case of general three-dimensional elastic waopggation (or coupled P- and
SV-waves propagating in a plane) we are dealing with veattddiwith regard to displacements,
body forces and surface traction. The Green'’s function fegcor field is a second-order tensor
with the componentg;; (x,¢;y, 7) which provides the response at the painand timet in
coordinate directior due to a unit magnitude concentrated force acting at thet goamd time
7 in coordinate directior, see Fig. 3-3. Hence, whereas the displacement fiéd¢) is a
vector field with the components (x, ¢), the corresponding Green'’s function is a tensor field
u*(x,t;y, 7) with the doubly indexed component§ (x, t;y, 7).

3.3.1 Reciprocity relations for the Green'’s function

In the case of wave propagation in a homogeneous elasticumdied domain, the full-space
Green'’s function for the displacement in time-domain isnfdwas the solution to the Cauchy
equation

o . 9%
a—l‘jo—ijl (X7 t; Yy, T) + pbil (X7 t; Yy, T) = pwuzl (Xv t; Yy, 7)7 (3_13a)

where the body forces per unit volume are given as
pby (%, 1y, 7) = dud(x — y)o(t — 7). (3-13b)

Note that in three dimensions we are actually dealing witle giquations, one for each combina-
tion of the free indices andl. However, the equations for each valué afe decoupled form the
equations for the two other coordinate direction in whidh ibadb}, (x, ¢; y, 7) may be applied,
i.e.only three equations are considered at a time.

Evidently, the response; (x, t; y, 7) must fulfill the causality condition that the medium has
a quiescent pasige.

0
ufl(yvt;va) = 07 aufl(y,t;xm) =0 for t < T, (3_14)
since no load is applied before the occurrence of the Dirlia dpiked(t — 7) at the timel = 7.
Further, the load in the fundamental-solution state onpyetiels on the argumeritandr through
the differenceg — 7, and the response is linear. Consequently, the fundamsuitdlon is also
invariant to time translation,e.

uy(x, 6y, 7) = uh(x,0;y, 7 —t) = ul(x,t —7;y,0) = uj(x,—T;y,—1). (3-15)

This equation forms a puretgmporal reciprocity relatiotior the displacement Green'’s function.
Obviously, a similar statement applies to the fundamemtaition for the stress tensor, that is

*

o5 (X, 5y, 7) = 0} (%, =Ty, —1).
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110 Chapter 3 — Boundary-integral equations in elastodynamics

Next, let us consider the unbounded linear elastic dofaimwo states are now defined on
this domain withpb" (x, 1) = 6ird(x — y1)8(t — 71), pb'> (x,1) = 6ud(x — y2)8(t — 72).
Accordingly,ul™ (x,t) = ¥, (x, t;y1,71) andu? (x, ) = u(x, t; y2,72). Since the domain
is unbounded and has a quiescent past, the integrald’auedt any influence of initial conditions
vanish. Hence, the Betti-Rayleigh theorem (3-6) reduces to

t ¢
/ /pbgl)(x,T) ul@(x,t —7)dQdr :/ /prQ)(X,t—T) ’U,El)(X,T) dQdr =
0 Ja 0 Ja
t
/ / 0id(x —y1)0(T — m)ujy(x,t — T3 y2, 72) dQdT
0o Ja

t
:/ /(51‘1(5(X—y2)(5(t—T—Tg)u;kk(X,T;yl,Tl)deT =
0 Ja

U (y1,t = 115y2,72) = upp (Yo, t — 723y1,71) -

Exploiting the fact that}, is invariant to time translation, we may addto the time arguments
on the left-hand side of this equation. Similarty,is added to the time arguments on the right-
hand side. Then, introducing the substitutions- 71 + 7, y; = x andy, = y, we obtain a
purelyspatial reciprocity relation

u;::l (Xa t7 Yy, 7-) = ul*k (Ya ty X, T) . (3_16)

In particular, if the material is homogeneous in the di@etprovided by the unit vectar =
x —y/|x —y|, the spatial reciprocity

Ukl (Xv t7 Yy, T) = Ukl (X -y ta 07 T) = ulk(ov t7 X—-Yy, T) = Uk (yv t7 X, T) (3_17)

applies. Thus, the Green'’s function is invariant to a spa@aslation in any direction in which
the material is homogeneous. Obviously, in the homogen&dlispace, this applies to any
direction,r.

Finally, Egs. (3—15) and (3—-16) may be combined to formgpatial-temporal reciprocity
relation

uy (X, 6y, 7) = u(y, —7; %, —1) . (3-18)
The reciprocity relations play an important part in the dation of the Green'’s functions and the
development of boundary integral equations discusseceifoifthcoming sections.

Reciprocity relations for a scalar field (SH-waves)

In the case of antiplane shear, we consider the scalar waxaieq with respect to the displace-
ment in the direction out of the plane. In this case, the recipy relations simplify to

uzs(x, 6y, 7) = uzs(x, =73y, —t), (3-19a)
uzs(x, 6y, 7) = uzs(y, 1%, 7), (3-19b)
uszs(X,t;y,7) = uss(y, —7; %, —1), (3-19¢)
uss (X, 4y, 7) = uzs(x —y,t —71;0,0), (3-19d)

where Eq. (3—19d) only applies to a material which is homeges in the direction defined by
the unit vectorr = (x —y)/|x — y/.
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3.3 The Green’s function 111

3.3.2 Green’s functions for three-dimensional elastodyna mics

For a homogeneous isotropic linear elastic material, tireigdised Hooke's law (1-2) forming
the relation between stresses;(x, t), and strainsg;; (x, t), simplifies to

oij(x,t) = AA(x, 1)di5 + 2peij (x, 1), (1-5)

where) andp are the Lamé constants, cf. Section 1.2, &, ) = e,i(x,t) is the dilation.

Hence, wave propagation in the full space is governed bithaer equations

0?uji(x,t) 0%u;(x,t) 0%u;(x,t)
O0x;0x; K Ox;0x; ot?

(A4 n) + pbi(x,t) = p = pii;(x, ). (1-10)
No boundary conditions apply, as we are dealing with an irgfidomain. However, it should
be evident that waves may only propagate away from a giverceplikewise, according to
Section 1.6.2, the magnitude of the displacement field shdiahinish with increasing distance
from the source. This constitutes a radiation conditiot thplaces the boundary conditions in

the case of an unbounded domain.

Governing equations for the Green'’s functions in time and fr equency domain

Inserting the specific body forcé$ (x, ¢; y, 7) defined by Eq. (3—13Db) into the Navier equations
(1-10), we arrive at the expression

0%ut,(x, by, T 2ut (%, by, T .
vy DA P EST) 5t y)5( 1) = pi . 53.7) (320
that defines a governing equation for the time-domain Gssfeinictionu}; (x, t; y, 7). The solu-
tion for a concentrated force applied continuously oveetimestablished by convolution.

On the other hand, if the specific body forces are replacediayraonically varying function
of the kind B;; (x,w; y)e! = §;;0(x — y)e'“?, it should be evident that the response will also
vary harmonically at the same circular frequengyThus, the displacement in time domain may
be written adJ}; (x, w; y)e'*?, whereU;; (x, w; y) is a complex amplitude field identified as the
frequency-domain Green’s function. Accordingly, aftéméhation of the termel*, we arrive at
the governing equation

02 ;l(X>WQY) 02U (x,wsy)
8xi8xj H 8xj8xj

A+ p) +0ud(x—y) = —prUﬁ(X,w; y). (3-21)

In this case, the solution for a concentrated force thaesgaarbitrarily with time may be found
by Fourier transformation/inverse Fourier transformatg discussed in Section 2.3 with regard
to the finite-element method.

Solution for a concentrated force with arbitrary variation over time

Before we return to the Green'’s functions in time and fregyetomain, we will pay attention
to the Navier equation with the inhomogeneity; (x,t) = ;0 (x)h(t),

82ujl(x, t) 0u(x,1)

()‘"'_/1') (9.%1(9.%] H 8xj8xj

+ 0ud(X)h(t) = pii(x, t) (3-22)
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wherew;; (x,t) corresponds ta);(x,¢;0,0) if A(t) = 6(¢). Likewise, the frequency-domain
solution is obtained via the relation; (x, t) = U} (x,w; 0)e'? if h(t) is set toe'“. Hence, the
solutions to Egs. (3—20) and (3—21) may be established byplsisubstitution of variables and
utilisation of the reciprocity relations of Section 3.3glyen that we are able to solve the slightly
more general equation (3—22). As discussed in the folloytimg can be done by application of
the Helmholtz decomposition theorem (cf. Sections 1.3RAR2).

Firstly, the functionB;;(x, t) is defined by

pBatxt) = = [ Phaly:1) g y) = L / WD 5 a0 =

S A g Ix -yl s A Jo x -yl
1 h(t) 1 h(t)
Bu(x,t) = — 5. — s — x|, 3-23
pBa(x,t) 4 x| P A e r=lx] ( )

The Helmholtz potentials for the loa;; (x, t) = 0;;0(x)h(t) are then given as

OBji(x,t) 1 0 h(t)
C dx;  Ampdm v (3-24a)

] o aBkl(X,t) o 1 8 h(t)
\I/ll(X,t) = Eijk axj —6”1471_[) (%cj o (3-24b)

(I)I(X, t) =

Secondly, it may be proved that the Helmholtz potential, ¢) and;;(x, t) for the dis-
placement field:;; (x, t) are solutions to the inhomogeneous scalar wave equations

ci% b odi(x,t) = W, 2 = At)?“, (3-25a)
S LR -2
which, after insertion of Eq. (3—24), may be recast as

ci% - ﬁ(‘%@ = L%g 2 (3-26a)
C%% + siﬂﬁp%@ = %. (3—26b)

Now, to solve these equations we introduce the auxiliargtions fp(x, t) and fs(x, t),

0 0
oi(x,t) = —a—xlfP(X, t), Ya(x,t) = €ij187jfs(x,t)~ (3-27)

It then follows thaty; (x, t) andy;; (x, t) are the solutions to Eq. (3—26) given that the auxiliary
functionsfp(x,t) andfs(x, t) fulfill the equations

2 afP(X7t) + L@ _ anP(X7t)

P Oz ;0x; dwp 7 o2 7 (3-28a)
8fS(X7t) 1 h(t) 82f5(X,t)
20/sx,t) L hlt)  O07)s(X 1) _
5 0x;0x, * dwp 7 oz (3-28D)
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3.3 The Green’s function 113

Next, the Laplace operator is rewritten in spherical cawaiths. In the general case

O*f 0*f  20f 1 8 19°f  cotddf

0z,00; O 7 Or  2snlg 002 120 | 1% a0’

vif = (3-29)

wherer is the distance from the origin, where@sand 9 are the azimuthal and polar angle,
respectively. The Cartesian coordinates are related tsgtherical coordinates via the relation

x1 = rsind cos b, To = rsindsinb, T3 = 1 Ccos . (3-30)

However, since the problem defined by Eq. (3—-28) is sphdyisginmetrical, the solution is
independent of and, and only the derivatives with respectitoemain,i.e.

2fp  20fs Lont) 2 fp
2 — - 7 —= —
P ( oz 7 or ) * dmtp 7 o2’ (3-312)
D*fs  20fs 1 h(t)  9*fs
2 _ 7= - 7 — —
Cs ( or? + r 87‘) + dwp 7 o2’ (3-31b)

These equations may be further simplified by introductiothefquantities”» andFs,

Fp(r,t Fg(r,t
foiet) = TEOD gy = B0D, (3-32)
Thus, Eq. (3-31) is rewritten in the form
o O?Fp(r,t) h(t) 0?Fp(rt) o O?Fs(r,t)  h(t) 0%*Fs(rt)
Pz T, o2 0 ST T, oz (3-33)
or d7tp ot or d7tp ot

Except for the phase velocities of P- and S-waves¢p andcg, these equations are identical.
Skipping the indice$® and.S, a particular solution to Eq. (3—-33) is found as

1 t
~amp )y

F,(t) (t — s) h(t) ds. (3-34)

To prove this, we integrate Eq. (3—34) by parts,

Fy(t) = ﬁ [(t —5) B(s)}z + ﬁ 0 h(s)ds = 471r—p {l:z(t) — h(0) - tﬁ(O)}, (3-35)

whereh(t) is the antiderivative of(t). Accordingly,i:z(t) is the antiderivative of(t). Then, by
insertion of F,, into Eq. (3—33) and skipping the indicésand.S, we get the result

9s2 oz 47p

OPF, LF, 1 (0® L8\ (: . = SV 1 8h(s)  h(s)
{@‘Cw}{h@)‘h@)—sh(‘))}—m 957~ dmp’

where it has been utilised thaft) is independent of and/(0) is constant with regard to

It is readily proved by insertion that the solution to the loganeous part of Eq. (3—33) has
the general forn¥}, (t — r/cp) for the first equation and}, (¢t — r/cp) for the second equation,
whereF}, is an arbitrary function. Note that terms with the arguments-/cp andt + r/cg are
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114 Chapter 3 — Boundary-integral equations in elastodynamics

physically invalid, since they correspond to waves profiagaowards the source point. Thus,
again skipping the indice® and S, the full solution to any of the equations achieves the form
F(r,t) = Fu(t —r/c) + Fy(1).
Evidently, a physically valid solution is only obtainedlifet auxiliary functionsr(x, ¢t) and
fs(x,t) are finite at- = 0. This is only the case if'p(0,t) = Fs(0,t) =0, i.e.
t
F(0,t) = Fp(t) + Fp(t) =0 = Fn(t) = _471T_p (t — s) h(s)ds. (3-36)
0

It the follows that the full solutior'(r, t) may be written in the form

t 1 t—r/c

(t — s) h(s)ds — — (t - 2 - s) h(s) ds, (3-37)

F(rt) = —
(1) 4mp Jo dmp Jo

and by a simple rearrangement of the teris(r, t) andFs(r, t)0 are obtained as

1 ¢ r t=tp T
F t) = — t—s)h(s)ds — h(s)d tp=— 3-38
ot =g [ e on@ds - [ s =D -3
1 ¢ t—tg
Fs(rit) = g [ (t=s)hs)ds - 4W;CS /0 hs)ds,  ts=—, (3-38h)
t—ts

wheret p andtg are identified as the arrival times of the P- and S-wavesgesly.
The next step is to employ the variable substitutions (3a8#) subsequently, (3—27). Thus,
the Helmholtz potentials are achieved as

o (Fp(r,t
wl(x,t):_a_xl( Psnr )

) ) Ya(x,t) = gijli (Fs(rr, t)

= ) ek G

which, by insertion oft'p (r, t) and Fs(r, t) from Eq. (3—38), provides the result

(xt)= —— (! / ’ h(t —7)d (3-40a)
wi1(x,1) = dmp 0z \ 7 ; T T)dT,

1 0 [1) [
Ya(x,t) —lem%j (;)/0 Th(t — 7)dr, (3-40b)

where the substitution = ¢ — s has been employed.
Finally, the displacement field;; (x, t) is obtained as

0 t 0 t
o) = w0+ ) = 2, ST, o
where the contributions from the P- and S-waves are given as
1 0 (o [1\ [
P _ - —
wi (1) = dmp Ox; { Oy (7“) /0 Tt =) dT} ~
1 rr 1 0; T tp
P il il Tl
t —h(t—t — = - h(t—7)d 3-42
Uiy (X7 ) 47‘(’,06?3 r3 ( P) + 47'(',0 (’/‘3 3 5 )/0 T ( T) T, ( a)
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3.3 The Green’s function 115

P 1 0 (o [1\ [
up(x,t) = EijmsmklﬁaTj a—xk - /0 Th(t —T1)dr p = (5il§jk — 5ik5ﬂ)

1 ryrg 1 Ojk Tk /ts
——h(t—1t — = - h(t —7)d
% {47rpc% r3 ( s)+ dmp <r3 3 o 0 Th{t —7)dr -

. . . . ts
uS(x,1) = — (ﬁ - ””) Bt — tg) — — (@ - 3“”) / Th(t — 7)dr, (3-42b)
0

dmper \ r 73 dmp \ r3 rd

where thej— identity (A—6) has been employed. Further, the substitutijo= z; has been
introduced, and use has been made of the factih&ldz; = x;/r = r;/r. Then, by insertion of
Eqg. (3—42) into Eq. (3—41) we get the total displacement field

1 mn 1 0y Ty
a(x,t) = ——— LRt — ¢ Sl Rt —t
uit(x,?) 4rpcd, 13 ( P)+ 4mpc ( r 73 ) ( s)
1 dil T ts
_ (% _ghin —7)dr. 4
I (7"3 3 . )/tp Th(t —7)dr (3-43)

Thus, we have established the solution to the Navier equésie22) with the body force speci-
fied aspbi(x,t) = d;10(x)h(t).

Time-domain Green’s function

Firstly, we establish the fundamental solutiofi(x,¢;0,0) by insertion ofh(t) = §(t) into
Eqg. (3-43). WithH (t) denoting the Heaviside unit step function, cf. Eq. (1-148),get the
result

1 rmn 1 0 TiTy
5 (x,450,0) = — s —ppy 4 — (2 S(t—t
uin(%:1;0,0) 4rpcd, 13 ( p)+ 47rpc% (7‘ 73 ( s)
1 5il Tl
- (3 t(H(t —tp) — H(t —tg)).
dmp <r3 o ) (H(t = tp) (t=ts))

Secondly, we replaceby ¢t — 7 andr = x with r = x — y. Exploiting the spatial-temporal
reciprocity of the Green’s functiony};,(x — y,t — 7;0,0) = uj;(x,t;y,7), the time-domain
Green'’s function for the displacement in an unbounded h@megus and isotropic elastic do-
main achieves the form

L rin 1 du  mim
A0 Y, T) = T =50t — tp - O 5(t —ts —
vty dmpch 13 E=tr T)+47rpC§ (r r3> (f=ts =)
1 5il TiTl
_Kp(ﬁ_gﬁ)(t_T)(H(t_tP—T)—H(t—ts—T))7 (3-44)

wheretp =r/cp,ts =r/cs,r = |x—y|, andr; = z; —y;, i = 1,2, 3.
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116 Chapter 3 — Boundary-integral equations in elastodynamics

Frequency-domain Green’s function

The fundamental solution in the frequency domain may bedadnidifferent ways. One approach
is to replaceh(t) in Eq. (3—43) with the complex exponential harmonic functid!. This
provides the solution

1 7Tl eiwte—ikpr + 1 % _ Tl eiwte—iksr
drpct, 13 4mpck

r 73
(b g g [T
dmp \ r3 70 w? .
»

1 i Ol v\ 1+ikpr | sor —i
i )= —— = - _3 s iw ikpr
wit(%,1) 4 pc, { r3 + (7‘3 70 k% ¢

1 {% _mr (% _ 3””) 1 +iks7‘}eiwte—iksr_

2 3 3 5 2
dmpee | 7 r r ro kg

ui(x,t) =

Herekp = w/cp andks = w/cg are identified as the wavenumbers of the P- and S-waves,
respectively. The frequency-domain Green'’s functianthe solution to Eq. (3—21), is obtained
by division ofu;;(x, ) by e“! and replacement af = x with r = x — y. Hence, by utilisation

of the spatial reciprocity/;j(x — y,w; 0) = U} (x,w;y), we find

1 ; 0; ; 1+ik ik
G wiy) = —— {ﬂ - (_” - 3“”) 7212 Pr}e‘l’“’r
P

 dwpcd | 3 r3 r5
1 dil 7] dil rir\ 1+ ikgr ik
Qu Tl (0 _ g S TINST L kst 3-45
47rpc% { r 73 <r3 7o k‘% ¢ ( )

Alternatively, the frequency-domain Green’s function43)-can be derived by Fourier trans-
formation of the time-domain Green'’s functidre.

[ee]

Uj(x,w;y) = / ul(x,t;y,0)ewtdt. (3—-46)
It is left as an exercise to the reader to prove this. Fintilly,Green’s functiod/}; (x, w; y) may
be found directly as the solution to Eq. (3—21) by utilisatmf the Helmholtz decomposition
theorem. This approach has been illustrated in Example 1.6.

3.3.3 Green’s functions for elastic waves in plane strain

Consider a homogeneous isotropic linear elastic full sgadgect to a line load acting along
the x3-axis. If the body forces only act in the - or zo-directions,i.e. with no excitation in
the z3-direction, and the body forces along the given line act iagghand with a homogeneous
magnitude, it should be evident that no response is gemknatthe z3-direction. Thus, the
applied body forces give rise to a state of plane strain, Wwincthe case of elastodynamics
corresponds to the problem of combined P- and SV-wave patdjmg Hence, wave propagation
in the full space is governed by the plane-strain Navier éqoa

0?ua(x,1)
ot?

0up(x,t) 0?un(x,1)
0z 0xg Oxg0xg

(A+n) + pba(x,t) = p = piia(x,1), (3-47)
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3.3 The Green’s function 117

wherea, 5 = 1,2 andx = (x1,22). Equation (3—47) is obtained directly from its three-
dimensional counterpart Eq. (1-10) by letting = 0. The Lamé constants and . are given
by Eq. (1-5),i.e. the Lamé constants in the plane-strain problem are idérticthose in the
three-dimensional problem.

Governing equations for the Green'’s functions in time and fr equency domain

In the governing equation for the Green’s function, the nda#fierence from the three-dimensional
case is the definition of the specific body forces. More pedgishe concentrated force with unit
magnitude is replaced by a line load with unit intensity peit ilength along thers-axis. This
corresponding to a reinterpretation of the Dirac delta fioman vector form leading to the equa-
tion

82“25(&75;}’»7') O*uls(x,t;y,T)
0xq0xg Oxglxg

(A+n) + pbys(x, 5y, T) = piigs(x,t;y,7), (3-48a)

Pbas(X, 1Y, T) = asd(x — y)o(t — 7) = dasd(z1 — y1)d(z2 — Y2)0(t — 7). (3—48b)

All Greek indices range over, 2, i.e. the Green’s function ;(x, ¢;y, 7) has four components
in contrast to the nine components of the Green’s functiothiee-dimensional elastodynamics.

Similarly to the three-dimensional case, the Green’s fioncin the frequency domain is
governed by the equation that is obtained by replacing theiip body forces by a harmonically
varying function of the kindB; s (x, w; y)el“! = 6,60(x—y)e™! = §050(21—y1)d (22 —y2)e“.
Again, after elimination of the termi“?, we arrive at the governing equation

P?Ujs(x,w;y) L82U§5(x,w;y)
Oz Oz N or502,

(A+p) +6as0(x —y) = —pw’Ults(x,w;y).  (3-49)

Time-domain solution

In order to obtain the Green'’s function for the plane-stgaioblem in the time domain, we need
to determine the response in thg-direction at the time and at theobservation linewith the

(y1,92,93)

observation lin

€3

Figure 3—4 Definition of source and receiver lines in plane and stramedration is performed over the contributions
along the source line with and o denoting the distance vectors in two and three dimensiespgctively.
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118 Chapter 3 — Boundary-integral equations in elastodynamics

plane coordinates = (x1, x2) to a line load applied in the;s-direction at the time- and at the
source linewith the plane coordinates= (y1, y2), see Fig. 3—4. To do this, we interpret the line
source as the superposition of infinitely many point soueaimg along the line with the plane
coordinateyy = (y1,y2). Then, the plane-strain Green’s function may be found begiattion
of the three-dimensional Green'’s function (3—44) with Bzdfio theys-coordinate.

Especially, if we consider the response in thie, z2 )-plane;i.e. the plane defined hys; = 0,
to a line load acting at time = 0 andy = 0, i.e. (y1,y2) = (0,0), we get

1 1 0005 T das Qa95 r
ua5(xv ’ 70) 47’1'/)/ {C%;. ,,,3 ( CP) ( r3 3 cp &
1 (1 [, o 0as o
L {_2 <—5—Q§6>6(t—L>+(_3_3Q Qé)tH(t—L”dyg,
dmp J_» L cg r T Cs r s

whereg, = 1o = o, 0 = V07 + 035 andr = /02 + y3, i.e. o denotes the distance in the
(21, z2)-plane whereas is the distance in the three-dimensiofal, z, x3)-space.

Now, instead ofj; we applyr as the integration variable. With= 1/¢? + yZ, we get that

dys v T ys  /r2— o2

where it has been utilised thet = ¢%+ 3, i.e.y3 = r? — 2. Furthermore, the integration limits
must be changed tso andp. The upper limit for- is obtained for botly; — —oo andys — oo,
whereas the lower limit = g is achieved wher; = 0. Thus, the problem is symmetric around
the (x4, z2)-plane and the contributions from each value should be counted twice—once for
positiveys and once for negativg;. The Green’s function for plane strain may then be found as

1 (1 0005 r Oas Qagg r dr
* (%, 1:0,0) = — st - —) - (-3 tH( t — — ) b ———
’U,a(s(x ) 271'%7/9 {C%; r2 ( CP) ( 7"2 cp /TQ—Q2
1 [ef1 0005 r das gaga r dr
— = (605 — §(t—— 03 tH( t — — ) p ————.
+27rp 0 {c% ( TR ) ( cs> T ( r? cs /r2— g2

It should be clear that no contributions arise in the twograds fort < o/cp andt < o/cs,
respectively. Likewise, at the timeno contributions exist from source points that are farther
away thanr = cpt andr = cgt, respectively. Waves emanating from such points have rtot ye
reached the observation point with the coordinéigsx-, 0). Thus, making use of the results

ct
c P B /12 = g2 B /22 — g2 -
W R 5 = > (3-50a)
o TNTF—p ro 0 co

dr Ys N % _dr dr

¢ tdr 2r2 4 021 2622 + o2
—t 2 _ 2 _ 2| =22 -2 = 3-50b
/@ N [ BT } IR (3-500)
/°° 6(25 3 f) dr _ 1 dt-s)ds c (3-50¢)
0 c) 212 =02 2 [y s2\/s2 — 02/ 242\/t2 — 0?2’
/C>C 6(25 3 f) dr _ 1 st=s)ds c (3-50d)
o c)ri/r2 =02 Jye st\s2— 02/ cAth\/c2t2 — o2
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3.3 The Green’s function 119

the Green'’s function for plane strain in the time domain Inees:

H(cp(t—7)—0) | 0aos 2¢% (t—T)2 — 0% bas 5

. 2
uaé(xat;YaT) = TR Ver (t a T) - QQ
2 : ?
TpCp 0 2 (t - 7_)2 — 02 1%
2
C H(es(t—=7)—0) ) 0a0s 2¢5(t—7)" = 0° 50 (t—7) (3-51)
2
mocs ¢k (t—7)° — o2 (t—7)" = o?

wherep,, has been replaced by, = z, — y., t has been replaced by 7, and use has been
made of the temporal reciprocity relation (3—15). Furtkieg,Heaviside unit step functions have
been included to ensure that the terms are all real. Phijsitta corresponds to the fact that no
response is observed at the patrtbefore the arrival of the first P- and S-waves.

Frequency-domain solution

As in the three-dimensional case, different possibiligieist for the development of the frequency-
domain Green’s function for plane-strain. Thus,

o0 o0
Uks(x,w;y) z/ Fs(X, 1y, 0)e W dt = / Uks(x,w;z)dzs, (3-52)
— 00 —00

corresponding to either a Fourier transformation of thestahomain solution or integration of
the three-dimensional Frequency-domain solution aloeg:thaxis. Again, in the plane-strain
problem,x = (z1,z2) andy = (y1,y2) are points in the plane. Howeverjs a point in three-
dimensional space with, = y., a = 1, 2. Proceeding by the first of these methaids,Fourier
transformation of the time-domain solution, we get the fi@cy-domain solution

1 o Oar 20q
U2s(x, w5 y) = {Q 25 1) (1pg) + (—“ _2e Q“)H@(fcpg)}

41,0(’13 % kpg /CPQ?’
1 0005 \ ,,(2) das 20005\ 1 (2)
(605 - H — (2 ! -
+4ip0?q{(6 e ) (kse) kso  ksod (hse) 1 (3-53)

wherekp = w/cp andks = w/cg are the P- and S-wavenumbers, respectively,fdbgd is the
Hankel function of the second kind and orderurther, the following results have been used:

: 1
e s = - %Hg% (ko). (3-54a)

> 1
/Q /12 — 2
oo . 2 1
212 _ 2wty = 2T T @) 3-54b
| Ve St ko) (3-54b)
[e’¢) 262t2 _ Q2

0 /22 — o2

wherec is equal tacp or cg, andk is eitherkp or kg. Finally, exploiting the fact that

2
emwtdt = %% (k‘QHéz)(k‘Q) —2H 1(2)(1%))) : (3-54c)

koHS (ko) — 2H™ (ko) = —koH (ko),
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120 Chapter 3 — Boundary-integral equations in elastodynamics

and making use of the relationd7.>) (r) = 2i"*1 K, (iz), whereK,, (z) is the modified Bessel
function of the second kind and ordey Dominguez (1993) gave the alternative formulation

. o ‘ ar Or
Uil (Xvwa y) - 277,0(325 (aézl ﬂal’z (9.13[) (3 55a.)
with
o = Ko(iksr) + —— (Kl(iksr) _ Sk, (ikpr)) , (3-55h)
ikgr cp
2
B = Ks(iksr) — <2 Ky(ikpr). (3-55¢)
Cp

This formulation may be preferred, since the complex argusiépo andikse are similar to
those in the exponential functions appearing in the thigesdsional Green’s function (3—-45).

3.3.4 Green’s functions for elastic waves in antiplane shea r

As already discussed, the antiplane shear problem comdspgo SH-wave propagation in the
plane. This, withx andy denoting two points in the considered plane, the governijggon in
time domain is simply the plane scalar wave equation,

O?uls(x, 1y, T)

02307, +d(x—y)o(t —T) = pliss(x,t;y,7), (3-56)

where the body forces are now applied as a line load actinggatloe z3-axis and in thers-
direction. Similarly, after a Fourier transformation, theverning equation in the frequency
domain obtains the form

0%Uss(x, w3 y)

— _ — 2 *‘ . —
3&053105 + 6(X Y) pw U33 (X, ws Y)a (3 57)

which is identified as the two-dimensional Helmholtz equatiin accordance with the previous
subsection, the natural approach is to find the two-dimeasisolution by integration of the
three-dimensional solution. Unfortunately, this regsiieepreliminary study in which the full-
space Green'’s function for the scalar wave equation is étied in the time domain.

Green'’s function for the three-dimensional wave equation

The time-domain Green'’s function for scalar wave propageati a homogeneous isotropic full
space is defined by the equation

, 0%t (x,ty,T) O*u*(x,t;y,7)
Bx;0u; NP TE
wherec is the phase velocity of the waves spreading from the corateat load applied at the
pointy and timer, andp is the mass density of the material. Now, similarly to theidegion

of the fundamental solution for the elastodynamic problemstart by assuming that the load is
applied at the origin,e.y = 0, and consider the slightly more general scalar wave equatio

2 0%u(x,t)
8xj8xj

+i(x—y)o(t—71) = = pi*(x,t;y,7), (3-58)

+ O(X)h(t) = ii(x,t). (3-59)
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3.3 The Green’s function 121

The Laplace operator may advantageously be recast by appiioof Eq. (3—-29). Further,
exploiting the spherical symmetry of the problem, Eq. (3-é&#ters the form

2’LU r w(r
¢ (8 aiz’t) + ga gr’ t)) +0(r)h(t) = w(r, 1), (3-60)

wherer = |x| is the distance from the source pojnt= 0 to the receiver poink, andw(r,t) =
w(|x],t) = u(x,t). This equation may be further simplified by introduction loé tscalar field
(r,t) = rw(r,t), which provides the one-dimensional wave equation

62 aQQO(’/‘, t)

52 T O)h(t) = ¢(r,t). (3-61)

The homogeneous part of this equation has the solytiont) = f(t —r/c) + g(t +r/c), where
f andg are continuous and differentiable functions of their resige arguments. However, the
second term corresponds to waves propagating towardstineespoint and must be disregarded
for physical reasons. Hence, the solution to the homogenpart of Eq. (3—60) reduces to
w(r,t) = f(t —r/c)/r,i.e.the solution to Eq. (3-59) is given a$x,t) = f(t — |x|/c)/|x].

Next, in order to determing(t — r/c) we integrate Eq. (3—59) over a sphé&rewith radiuse
and centre at the origin. Then, by utilisation of the diverggestheorem and insertion of(r, t) =

ft—r/c)/r we get

0%u(x,t)

2 . ..
c 0. 92,01, dQ —|—/ 0(x)h(t)dQ2e /QE ii(x,t)dQe =
e / n; 0 225 gr 4 g = / ii(x, 1)d9. N

r. O Q.
c2/ 0wl t) gp 4 e = / i(r, ). =

. 87" Q.
Ame?c? Lw(r, 2 + h(t) :/ i(r, £)dQ, =

8T r=¢ QE

22 f1 (€ L / Lo, 1 _ _

ncte { 1(1=2) + 20 (1= 2) f=ho+ [ (1= H)ann o, (3-62)

wherel'. signifies the boundary of the spheee andn;(x) denote the components of the unit
outward normal td".. It has been used that the outward normal at a given pointe@sutface
I'. points in the direction defined by the coordinatén the limite — 0, Eq. (3—62) reads

lim (W%Q{; f(t——) + f (t——)}—h(t)—k/gs %f”(t—%)d()g) —0 -

2 _ _ _ 1 _ry_ 1 _r
drf(t) —h(H+0=0 = f(t)=5h(t) = f(t C) = h(t C).
Hence, by the definition(r, t) = f(t — r/c)/r we arrive at the result

1 r 1 r
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Finally, in the particular casph(t) = 4(t), substitutingt with ¢ — 7 and replacing = |x| by
r = |x — y| leads to the Green'’s function

u(x,ty,T) = (5(25 -7 - g), r=|x—yl, (3-64)

A pc3r
where the time—space reciprocal relation (3—19d) has bapioged.

Time-domain solution

After this small sidestep, we are ready to proceed with thizvalion of the Green’s function for
the antiplane shear problem. The time-domain solutioro¥alimmediately by integration of
Eqg. (3—64) along thes-axis and inserting = cg:

o r [
uis(x,ty,7) = 5<t_7__>d d M
ety = [ )W s | gt 669

where it is understood that= (z1, 22) andy = (y1, y2) are two points in the considered plane.
Further, with reference to Fig. 3—4,= |g| = |x — y| signifies the distance between the source
and receiver points in the plane, whereas |r| = \/0? + v2 is a distance in three-dimensional
space. Finally, the substitution= cgs has been employed, and in the change of integration
variable it has been utilised that

d ‘ d d d d
anr Y3 N Y3 ro r csds

dys 7 T ys _\/TQ—QQ_\/C%SQ—QQ.
As in the case of the plane-strain problem, the lower limthwespect to- is ¢ corresponding
to the limits = p/cs—and as a result of the symmetry around the plane defined by 0, the

upper limits = oo corresponds to botls = co andys = —oo.
Evaluation of Eq. (3—65) provides the Green'’s function fatiglane strain,

1 1 0
H(f—T——), o=Ix—yl 3-66
2mpes A/t — 7)2 — 02 cs Ix -yl ( )

uis(x,ty,7) =

where the Heaviside unit step function ensures that a réag¢va obtained. Physically, this is
justified by the fact that no waves arrive at the source pofior ¢ — 7 < o/cs which is the time
it takes the wave to travel along the direct path from the @®pointy to the receiver point.

Frequency-domain solution

The frequency-domain Green’s function for the antiplaneastproblem is obtained by Fourier
transformation of the equivalent time-domain solution@@ywith7 = 0, i.e.

o 1 o0 1 .
Ui (x,w;y :/ uiq(x,t;y,0)e W dt = e whde,
33( ) . 33( ) 27TPCS o/cs \/m

which provides the fundamental solution

. 1 1 .
Uss(x,w;y) = Tipcl H(gQ)(kSQ) = mKo(lst)y (3-67)
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whereHéQ) is the Hankel function of the second kind and order zero, @&k, is the modified

Bessel function of order zero. It is noted thd%fé”(x) = 21K (iz).

Thus, we have derived the Green'’s function for general tdieensional elastodynamics in
time and frequency domain, and subsequently the time- aqdéncy-domain Green’s functions
have been established for plane strain as well as antipleesr.sThese fundamental solutions
will be applied as the second state in the integral idestiieSection 3.2 to establish a pure
boundary-integral formulation.

3.4 Somigliana’s identity

The fundamental equation in the direct boundary-elemettiogedescribed in the next chapter is
the so-calledGomigliana identityln this section, we shall derive this boundary-integraiattpn
for the general three-dimensional case as well as plania sind antiplane shear. The identity is
presented in both the time and the frequency domain.

3.4.1 Somigliana’s identity for three-dimensional elasto dynamics

In Section 3.2, dynamic reciprocity theorems were deriardifave propagation in elastic ma-
terials. So far, the two elastodynamic staf ,pll) b(l)} and {U(Q),plQ) b(z)} have not
been specified. However, we now define the first state as the atgphysical displacements,
u;, specific body forcesh;, and surface tractiongs;, whereas the second state is chosen as
the fundamental-solution state for a load applied at time- 0. Thus, in the general three-
dimensional case, and with reference to Eq. (3—6), we have:

uV ) = wilxt), ulP (x0) = uj(x, 5y, 0), (3-68a)
pgl) (X7 t) = DPi (X7 t) ) pEQ) (X7 t) = p;kl (Xv t; Yy, 0) ) (3_68b)
bV (x,t) = bi(x, 1), b\ (x,t) = b4 (x, £y, 0) . (3-68¢)

Then Eq. (3—6) may be rewritten as

/Ot/pi(X,T)u;kl(X,t—T;y,O)dF(X)dT—/t/p;kl(x,t—T;y,O)ui(X,T)dF(X)dT
//pb X, T)uj; (X, t—7;y,0)dQ(x)dT — //pbllxt 7;¥,0)u; (x, 7)dQ(x)dT
= [ oo i o0 = i, 113,005, 0)a2)
—|—/Qp{ui(x,t)i/fl(x)—1Zfl(x,t;y,O)vi(X)}dQ(X), (3-69)

wheredI'(x) andd2(x) indicate that the integration variable is actually the Epabordinates
x on the boundary and in the domain, respectively.

Now, utilising the first integral term in Eq. (3—69) as an exdenit should be evident that the
following rearrangements may be applied:
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t ¢
/ /pi(X,T)uj;l(X,t—T;y,O)dF(X)dTZ/ /pi(y,T)ufl(y,t;x,T)dF(y)dT:
o Jr 0o Jr
t t
| [ty mity tixnarwar = [ [ vty ity nar()dr,
o Jr o Jr

Firstly, the coordinates have been renamed (not changedgl)aasx — y andy — x, and the
temporal reciprocity relation (3—-15)e. v} (x,t — 7;y,0) = u};(x,t;y, 7), has been employed.
Secondly, the indices have been renamed as [ and! — i, so that the free index is now
i. Finally, use has been made of the spatial reciprocity icela3—-16),i.e. u};(x,t;y,7) =
uj;(y, t;x, 7). Proceeding in a similar manner for the remaining terms of(Bg69), we arrive
at the integral identity

/ t [ it iy Ity arar - [ t [ pitxty. Pyuty. D)

/ /u x,t;y,7)pb (y, 7)dQ(y dT—/ /pbll x, 6y, T)u(y, 7)dQ(y)dr
= [ ofvitayyinty.) = vix. 3,000 (v) }a2y)
+ [ p{iixsyuty. ) = ity 0 () Jao). (3-70)

Thus, the integration over the domdinand its boundary' is now carried out with respect §o
instead ofx.

Subsequently, it is recalled that the body forces in the &umental-solution state take the
form of a Dirac delta spikey; (x,t;y, 7) = d;0(x — y)d(t — 7). This makes integration over
terms involvingd}; (x, t; y, 7) particularly simple. Further, since no load is applied beftne
time, the initial-condition terms involving}; (x; y) and its temporal derivativé; (x; y) vanish.
Hence, Eq. (3—70) simplifies to

x)ui(x, 1) + / / ph(x, s Py, )T (y)dr

tt tt
:/ /uz‘l(x,t;y,T)pl(y,T)dF(y)dT+/ /ujl(x,t;y,T)pbl(y,T)dQ(y)dT
o Jr 0o Ja

+/ p{U?z(X,t;y,O)éz(y) +ﬂi‘z(xyt;y,O)vz(y)}dQ(Y), (3-71)
Q

where the upper integration limit™ indicates that the delta spike at the integration time ¢

must be included. Furthe€/(x) is a scalar constant that only depends on the local geometry
at the receiver poink. In particular, for any interior point within the domain, the constant
takes the valu€’'(x) = 1. Actually, the value ofC(x) simply corresponds to the part of the
point that is included in the domain. Hence,C(x) = 0 at an exterior point, and'(x) = 3
for a point on a smooth part of the bounddrysee Fig. 3—5. Further, at the apex of a cone or
pyramid with the internal solid anglé, the geometry constant §(x) = % and at a wedge
point with the internal angl@, C(x) = . The latter value of’(x) also refers to a corner
in two dimensions. A mathematically sound proof regardimg values ofC(x) for different
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P
@ (b) (©)
Figure 3-5 Geometry constant at different parts of a surface: (a) a gmmeface withC'(x) = %; (b) a wedge point

with C(x) = %; (c) an apex point withC'(x) = ﬁ.

geometries of the surface is beyond the scope of the prementA detailed derivation for a
smooth part of a surface can be found in the work by DomingDeminguez 1993). Finally, in
the general case, findin@(x) may be difficult—especially at the intersection of multipleved
surfaces. A practical way of dealing with this is discussethe next chapter.

The integral equation (3—71) is known &smigliana’s identityand is the starting point for
the boundary-element method, much in the same way that tak fwemulation of the governing
equation is the basis of the finite-element method. Instéad arbitrary variation field, we may
argue that the Green'’s function is applied as weight functibis noted that Eq. (3—71) contains
boundary integrals as well as volume integrals. Howevdy, e boundary integrals depend on
the unknown field quantities; (x, t) andp; (x, t), i.e.the displacements and the traction. On the
other hand, the volume integrals evaluate the influenceitiéliconditions and external body
forces, both of which are known.

Unfortunately, inspection of Eq. (3—44) reveals that thedars function for the displace-
ment,u},(x,t;y, 7), is singular at the point = y. Therefore, a special treatment is necessary
for source points near the receiver point when the first term on the right-hand side of Eq. (3—
71) is evaluated by numerical integration. A similar prablrises with regard to the second term
on the left-hand side of the equation, since the Green'sioméor the tractionp}; (x, t;y, 7), is
strongly singularity ak = y. We shall return to this discussion in Chapter 4.

Next, assume that the physical state is observed at thettinfmitely long after the initial
values were applied. Then any influence of the initial caad# has diminished and the lower
integration limit on the time may be changed-tec. Accordingly, Eq. (3—71) simplifies to

C(x)ui(x, 1) + / / Ph(x, ty, Ty, 7) dT(y)dr
- / / Wi, £y, Ipiy, 7) A0 (y)dr

t+
+ / / (%, £y, T)pba (v, 7) dQ(y)dr (3-72)
—o00 JQ

Further, assume that the field and surface quantities inhifisigal state vary harmonically with
at the circular frequenay, i.e.

w(x,t) = Uilx,w)e™’,  pi(x,t) = P(x,w)e’,  bi(x,1) = Bi(x,w)e". (3-73)
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Then the first integral term on the right-hand side of Eq. G-+ay be rewritten as

tt +t
/ / (%, 1y, )y, 7) AT (y)dr = / / Wit — 71y, 0) Py, w) 7 drdT(y)
_ I'J —c0

/ / (%, 15y, 0) e dt Py (y, w) AT (y), (3-74)

where it has been take into account thj{x, ¢; y, 0) = 0 for ¢t < 0 so that it makes no difference
whether the lower integration limit is taken @s or —oco. Further, use has been made of the fact
thato/ot = —0/0r.

Carrying out the procedure in Eq. (3—74) for the remainingtein Eq. (3—72), and disre-
garding the termei“~ which will appear in front of all integrals, the followingeiquency-domain
version of Somigliana’s identity is obtained:

C’(X)Uz-(x,u))—i-/F (%, w; y)Ui(y,w) dT(y)

— [ Vilx ey Pl d0() + | Uil wiy)oBuly. ) a2, (3-75)
I Q
where
Uj(x,w;y) = / uj(x, t;y,0)e " dt, (3-76a)
P(x,w;y) =/ ph(x,ty,0)e " dt. (3-76b)

These are identified as the Fourier transformspfx, ¢;y,0) andp},(x,t;y, 0), respectively.
As discussed in Section 3.3.2 this is actually the Greemistfans for the displacements and the
surface traction in the frequency domain.

3.4.2 Somigliana’s identity for plane strain

In the case of plane strain, the third component of the phaydisplacement field is equal to zero.
The same applies to the third component of the displacenldtifi the fundamental-solution
state, and therefore Somigliana’s identity is simply aiedi by skipping the third component in
the summation. Consequently, with3 = 1, 2, Egs. (3—71) and (3-75) reduce to

x)ua(x,t)—i—/ /pzﬂ(x,t;y,T)ug(y,T)dF(y)dT

:/0 / (x,t;y,7)ps(y, 7)dl (y d7+/ / (x, 85y, 7)pba(y, 7)d(y)dT

+ / p{u:;ﬁ(xv Ly, O)Uﬁ (Y) + u;ﬂ(xv Ly, 0)7}5 (y)}dﬂ(y)7 (3_77)
Q

DCE Lecture Notes No. 3



3.4 Somigliana’s identity 127

in the time domain, and
CO0Ua(x) + [ Piplx,iy)Us(3,) dT(y)

= [ Vs3I Patty) AU) + [ Uialoc)oBoly, ) 49A), (3-78)
in the frequency domain, respectively. The Green’s fumﬁiﬂ;ﬂ(x,t;y,r) andU;ﬂ(x,w;y)

are defined by Eq. (3-51) and Eq. (3-55), respectively, am&itieen’s functions for the surface
traction follow by application of the constitutive equatio

3.4.3 Somigliana’s identity for antiplane shear

When antiplane shear is considered, only the third companfethe displacement field is dif-
ferent from zero. This holds for both the physical field and @reen’s function. Hence,
Somigliana’s identity simplifies to a scalar integral edprat In the time-domain

C(x)us(x, 1) + / / Pi(x, £y, TYus(y, )L (y)dr

+ +
= [ [istety i narmar + [ [ sty oty naatyr
+ [ {3 000 (3) + 6500ty O)es(y) fay). (3-79)
and in the frequency domain
COOV(x.w) + [ Pilocwiy)Us(y ) dT(y)
= [ Ui )Py, ) aT) + [ Ugsxwiy)oBaly. ) 40, (3-80)
The Green’s functions};(x,¢;y, 7) andUj;(x,w;y) are defined by Eq. (3—66) and (3-67),

respectively, and again the Green'’s functions for the serfeaction follow by application of the
constitutive equation.

Example 3.1 Solution for an infinite cylinder

Consider an elastic full-space with material dengitgnd shear modulug. As depicted on Fig. A the
full-space is divided into two domains by an infinitely lonigcalar cylinder, the centre axis of which
coincides with thers-axis. The interior domain is coined;, and the remaining part of the full-space,
i.e.the exterior domain, is coin&d.. The boundary of?; is denoted™; and has the outward unit normal
1 (x), whereas the boundary 6% is denoted’> and has the outward unit normii (x). Evidently,T'y
coalesces witli'z, andn; (x) = —n2(x) along the cylindrical interface, cf. Fig. A.

The cylindrical interface between; and(; is subject to a harmonically varying forced displacement
with the cyclic frequencw and applied in the:s-direction,i.e. along the centre axis. This leads to pure
antiplane shear wave propagation (SH-waves) in the elastterial,i.e. there is no displacement in the
x1- Or xo-direction. Depending ow, the geometry of the cylinder and the wave propagation vtgloc
cs = +/1/p, the excitation may lead to resonance or antiresonanckiagaled in Fig. A. (continued)
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C? €3 T2 IAll §
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Mode of \y
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@) ' (b)

Figure A Geometry of infinite cylinder and definition of polar coordies: (a)¢, ¢)-plane and (b)¢, 6)-plane. An
observation poink with the plane coordinatgs:1, z2) = (—1, 0) is considered, and material is present on both sides
of the cylindrical interface.

Further, since the surface is smooth along the entire aterfthe boundary integral equations (3—80)
for the two domains are reduced to

1 * *

U0+ [ Pabxwy)U ety = [ Uilxwiy) POy, (@)
T I

1 * *

5 U7 () + | Pis(xwiy)Us? (v, w)dly = / Uss (x, w; y) Py (y, w)dTy, (b
T2 T2

whereUél)(xw) and U§2> (x,w) are the displacements in thg-direction along the boundarids;
and T, respectively, whereaggfl)(x, w) and P:,fQ) (x,w) are the corresponding surface tractions. In
the derivation of Egs. (a) and (b) it has been utilised thatsiirface of the circular cylinder is smooth,
i.e.C(x) = 1/2 at all points on the surface.

Obviously, sincepc? = 1, Eq. (3-67) may be rewritten in terms of the shear modylugjence, the
fundamental solutions for the antiplane displacementssanfdce shear stresses become
Uil wiy) = g Koikso), Pi(xwiy) = ~55 52KiGkso), e =[x~ ], ©
where K, is the modified Bessel function of the second kind and ordewhereas)p/on defines the
partial derivative of the distancebetween the source and observation poirtandy, in the direction
of the outward normal.

With the definitions given on Fig. A, and further introducingy) = ni(y) = —n2(y), it becomes
evident that

do { o(x,y) -n(y) = cos(p) for xeT) R Xx—y
5. = where o(x,y) = ——. (d)
on | —o(x,y) a(y) = —cos(p) for x €I’y x—y]

=

=

Herey is the angle between the distance ve@os pp and the normal vectai. Finally, in Egs. (a) and
(b), ks is the wavenumber of S-waves.

In the case of hysteretic material damping with the losofagtthe wavenumber and the phase velocity
of the shear waves become complex, according to the defisitio (continued)
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v 2 i B
ks—cS7 Cs (1+177)p~ O
Now, the forced displacement is applied with constant amnﬂiUg(w) and in phase along the cylin-
drical interfacel” = I'y. Accordingly, the traction on either side of the interfaddl e uniform and in
phase. Continuity of the displacements across the ineitfan provides the result:

U (x,w) = Us? (x,w) = Us(w), PV (x,w) =PV (w), PP (xw)=PPw), xel. ()
Hence, Egs. (a) and (b) may be rewritten as

05(0) (5 + [ Piabrwsypary ) = PV) [ Uixwsyparsy, ©

0360 (5 - [ Piabrwsyary ) = BP) [ Uixwsyparsy, (v

where use has been made of Eq. (d). Addition of Egs. (g) angr@vides a measure of the dynamic
stiffness per unit surface of the interface related to dispinent along the cylinder axis. The stiffness per
unit length of the infinite cylinder then becomes

_ P3(w)_LF A _1l/xa ~ (2 .
Sgg(w) =2Lr Us(w) = E, PJ(LU) = § (PSE )(w) + P?E )(w)> , (I)

whereLr is the length of the interface, measured in thér1, z2)-plane, and

Ja(w) _ / U3 (x, w; y)dTy. 0)

Equations (i)—(j) hold for arbitrary geometries of the iiténcylinder. However, in what follows, a re-
striction is made to an infinite circular cylinder with thedias R, that is withLr = 27 R. In order to
computea, the cylindrical polar coordinates, 0, ¢) are introduced (see Fig. A) such that

1 =E&cosl, xo=¢Esinf, x3=C(. (k)

In these coordinates, the boundatys defined byt = R, 0 < 6 < 27, —00 < ( < co.

In particular, when an observation poktvith the plane coordinates::, z2) = (—1, 0) is considered
(see Fig. A), the distancebetween the source and observation point becomes
sin 2¢

o=R = 2Rcos . 0]

sin ¢

Making use of the fact that = 2y, Eq. (j) may then be evaluated as

27 T
o= [ Kolikso)rdo = LB / Ko(2iks Reos p)dp = — 2 Jo (ks RYKo(iksR).  (m)
2mp Jo ™K Jo H
Here Jy is the Bessel function of the first kind and ordet is noted thaty (iks R) — oo for ks — 0.
Hence,S33(w) — 0 for w — 0. FurthermoreJy (ks R) has a number of zeros for= 0 andks > 0.
At the corresponding frequenciesss (w) becomes singular as reported by Kitahara (1984).

In the high-frequency limit, the complex stiffness becomegure impedance. In accordance with
Section??, the impedance at a point on the inside or the outside of thedey isz = pcs. Integrating
over the area of the cylinder, including the interior as veslithe exterior surface, the impedance of the
cylinder per unit length in the axial direction beconi¢s= 2Lz = 47 Rpcs. (continued)
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Figure B Dynamic stiffness per unit length of an infinite cylinder gdbed to dynamic vertical excitation in the axial
direction.

The dynamic stiffness in the high-frequency limit is dedvieom the definition of the impedance. In
the time domain, the surface traction is related to the glartielocity agp° (¢) = —za5° (t), where the
superscripto indicates that we consider the limit — oo. Accordingly, in the frequency domain the
relationship becomeBs® (w) = —iwzUs° (w). Hence, including the contributions from both sides of the
cylinder,i.e.fromI'; as well ad'2, the dynamic stiffness may be written as

P3®(w)

S33(w) = 2Lr = = —iwZ = —4iwT Rpcs. (n)
Us®(w)

The general solution provided by Egs. (i) and (m) is plotteBlig. B as function of the non-dimensional
frequencyao = wR/cs for different values of the loss facto, For comparison, the high-frequency
solution is included in the figure. It is noted that the phasgle of the dynamic stiffness is always
negative. Hence;- arg(Ss3(w)) has been plotted in the figure. Finally, the absolute valugsefw) has
been normalised with respect to the impedafce

From Fig. B it is observed that the dynamic stiffnéss (w) approaches the high-frequency solution
S35 (w) forw — oo and increasing values of the loss factor. Hence, when0.1 the dynamic stiffness is
almost identical t&553 (w)—even at relatively low values of the non-dimensional fregy ao. Further,
it is clearly seen that the solution fgr= 0 is singular at a number of frequencies within the considered
frequency interval. As mentioned above, these singudariticcur at the roots ofy (ks R), indicated by
the vertical lines (— - — - ) in the figure. a
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3.5 Summary

In the present chapter, a presentation has been given gfrahtmdenties for elastodynamic
problems. The main results are listed below.

Betti's reciprocal theoremforms an integral relationship between two elastodynamaies that
are defined on the same domain, but with different boundadyratial conditions.

Green'’s functions are the fundamental solutions obtained for a particularypte geometry
and load. In this chapter, the Green’s functions for elagtadchic wave propagation in a
linear elastic isotropic homogeneous full space have beeneatl. The load has been ap-
plied as a concentrated force—or as a line load acting aloagst-axis and in the direction
perpendicular to this axis (plane strain) or parallel tothexis (antiplane shear).

Reciprocity relationshave been derived for the different Green’s functions. mttime domain
as well as the frequency domain, a purely spatial recipytes been demonstrated. Further-
more, purely temporal and mixed spatial/temporal recipyaelations have been found in
the time domain. These reciprocity relations provide ihsigto the physics of the Green'’s
functions and they are useful in the derivation of boundatggral equations.

Somigliana’s identity is obtained by application of the Green'’s function and theesponding
body forces and surface tractions as one of the states irsBettiprocal theorem. This takes
the integral to the boundary and forms the basis for the bayrelement method, treated in
the next chapter.

Plane strain in elastodynamics corresponds to the propagation of P- ¥ncdes. The Green's
function for plane strain is obtained by integration of these-dimensional solution along
the axis normal to the considered plane. In other wordseasaurce is regarded as the sum
of infinitely many point sources.

Antiplane strain in elastodynamics corresponds to the propagation of SHeswahich are fully
decoupled from the P- and SV-waves. The Green'’s functiomfdiplane strain is obtained
by integration of the three-dimensional wave equation Withwave speeds along the axis
normal to the considered plane.

Finally it is noted that results have been provided for fgry-domain as well as time-
domain analysis, and in addition to the general three-da&o@al problem, integral identities
and Green’s functions have been presented for plane stidiargiplane shear.
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CHAPTER 4
Boundary-element analysis of

elastodynamic problems

In Chapter 3, the formulation of boundary-integral equati(BIESs) for the solution of elastody-
namic problems was discussed. Tdmindary-element methdBEM) is in essence the discretized
version of the BIE. The aim of this chapter is to give a brieéwew of the formulation of the
BEM. A limitation to the so-called direct formulation is madThis formulation is based on the
Somigliana identity derived in the previous chapter for mbar of problems. The formulation will
be given in both the frequency and the time domain and foredasterior and exterior as well as
open domains.

4.1 Introduction to the boundary-element method

The boundary-element method (BEM) is a discretized versfdhe boundary-integral-equation
method. Basically, the idea of the BEM is to partition the hdaryI" of the domain into a
number of sub-boundarid;, referred to adoundary elementsee Fig. 4-1. Parallel to this,
the continuous fields on the boundary are discretized irgw thalues at a finite number of so-
calledcollocation nodesThese nodes may, or may not, coincide with éreme pointsf the
elements. The field quantities on each of the boundary elenaea interpolated with the use of
shape functions, employing a technique similar to that effthite-element method. However,
the weight functions are not selected on a local, elemes¢-Wwasis as it is custom in the FEM.
Instead, an adequate fundament solutian,Green'’s function, is used for the weighting. As it
will be explained below, the choice of Green'’s function dedinvhich part of the boundary that
has to be discretized, and thus the size of the numerical inbelehe number of degrees of
freedom.

Obviously, if there are any body forces, an integration dliervolume) has to be carried
out in excess to that over the bound&ryNumerically this problem is treated by a discretization
of 2 into a number of sub-domains, which in the context of the BEMraferred to amterior
cells Itis noted that the interior cells should not be mistakerfifate elements, as the Green’s
functions are also used as weight functions in the interidhe domain. Further, the interior
cells are only used for the evaluation of the contributiaosfloads applied inside the domain
and as such they do not involve the introduction of additiciegrees of freedom in the system.
Anyway, in this chapter it shall be assumed that there areontributions in the interior of the
domain. Moreover, in the time-domain solutions that willgresented, zero initial conditions
are assumed. A study of the boundary-integral equation)(®iEnulations in Chapter 3 reveals
that this reduces the problems to pure boundary integral@nos.
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134 Chapter 4 — Boundary-element analysis of elastodynamic problems

element

—

Figure 4-1 Discretization of the boundary into boundary elementsesgnting the surfade; with outward unit normal
vectorn;.

4.1.1 Direct formulation in the frequency domain

In the absence of body forces, the frequency-domain boyridgggral equation (3—75) for the
general three-dimensional elastodynamic problem may kitewin the form

Cu(x)Uj(x,w) + /FP;Z(X,UJ; y)Ui(y,w)dl'(y) = /I‘U;;(x,w;y)Pl(y,w)dF(y). (4-1)
HereU,(x, w) andU}; (x, w; y) signify the displacements in the physical state and thedoehtal-
solution state, respectively. Likewis®;(y,w) and P;;(x,w;y) are the surface traction in the
physical state and the Green’s function for the surfaceitnacrespectively. Furthet}; (x) =
C(x)d; is a doubly indexed scalar. As discussed in Section @(4%) depends solely on the
geometry of the surfack at the pointx. In particular,C;; (x) = %51'1 if the surface is smooth at
x. As discussed in Section 3.4, other value€gk), an therefore’;;(x), are obtained for any
other configuration of the surface geometry at the obsemwatoint.

A discretization of Eq. (4-1) provides the following equatior a single collocation node

C(xi)U(xi,w +Z{/ P (xi,w;y)®;(y)dl;(y )}Uj(w)
_Z{/ U (xi, w; y) @5 (y)dl; (y )}Pj(w), (4-2)

whereNE is the number of boundary elements in the domain, &naontains the shape func-
tions used to interpolate the fields over the sub-bounddiyettby element,

Ux,w) =2;(x)Uj(w), Pxw)=2;x)P;Ww). (4-3)

In Egs. (4-2) and (4-3)U,(w) andP;(w) are vectors storing all displacement and surface-
traction degrees of freedom for elemgntespectively.

As indicated by Eq. (4-2), the discretized form of the BIE #&osingle collocation nodé
on the surface of the domain involves two sums of integrals over the boundary elemerts. F
convenience, the element matrices defined by these bouakisngnt integrals are denoted
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4.1 Introduction to the boundary-element method 135

/rv P (x;,w;y)®;(y)dl;(y) = Hyj, s U (x;,w;y)®;(y)dl; (y) = Gij- (4-4)

Subsequently, let an element matkis; be defined so that

B _ I:IZJ(OJ)—FC(XZ) for =7 B
H, () {HJ - ol (4-5)

It then follows that Eq. (4—2) may be rewritten as

NE NE

Y Hy (@)U (w) = Y Gij(w)P;(w). (4-6)
j=1 j=1

The equations for each collocation node may be assembled igibbal system of equations for
the entire domain,

H(w)U(w) = G(w)P(w). (4-7)

Here,U(w) andP(w) are vectors storing all nodal values of the displacemerdsfamtraction.

As it will be discussed late®(w) may have more components thBHw), since the traction
may be discontinuous over element borderg,at corners, whereas the displacement is discon-
tinuous. AccordinglyG(w) may be a rectangular rather than a square matrix.

The boundary conditions in a physical problem are usuallgrgin terms of Dirichlet cond-
tions along one part of the boundary and Neumann conditiotis@remaining part of the bound-
ary. Denoting the quantities belonging to the two parts efiitbundary with the subscriptsand
2, respectively, it is obvious that the vectdds (w) andP2(w) are known. Therefore, the system
of equations as given by Eq. (4-7) may be written as

A(w)Z(w) = F(w), (4-8a)

where

Alw) = -G Hyp  Z(w) = P, . Flw) = -H;; G| |Uy (4-8b)
-G Ha U, —Hy Goo| P2

Once the BIE is discretized, the solution of the boundanpbleim reduces to the problem of
applying spatial shape functions providing a suitable podénterpolation and then computing
the integrals over each element, either analytically or exically.

In most problem, the formulation of the system of equationthie form (4-8) requires a
reordering of the degrees of freedom on the boundary. How#his is merely a bookkeeping
problem. Further it is noted that any contributions from ypéafces would enter Eq. (4-8) as a
second term on the right-hand side.

The linear system of equations given by Eq. (4-8) is diffefeam the system of equations
obtained in the frequency domain for a finite-element domaiparticular it is noted thad (w)
is nonsymmetric and fully populated. Furthermore, the mébe of A (w) requires much more
computation time than is the case for the system matricégiREM. This is in fact the case, even
if only the surface has to be discretized, mainly due to tbetfeat the fundamental solutions are
used as weight functions. A glance at Section 3.3 revealshibae are much more complicated
than the polynomial interpolation functions usually apglin the FEM.

Linear Elastodynamic Analysis
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4.1.2 Direct formulation in the time domain

Similarly to Eq. (4-1), the time-domain formulation of théE3(3—71) for a three-dimensional
elastic domain with a quiescent past becomes

Culx)ur(x, 1) + / / P4, £y, Py, )AL (y) dr

- / / ul(x, £y, D)y, AT (y) dr, (4-9)

assuming that no body forces are applied in the physical.stireu,; (x, w) andp;(x, w) are the
physical displacement and surface traction, respectivaigreas.; (x, t; y, 7) andp};(x,w;y)
are the corresponding Green'’s functions.

A discretization in space and time is carried out. Thus tha&tinaous fieldsu,(x,w) and
pi(x,w) are discretized into their values at the nodal potitsj = 1,2,..., NN, and at the
equally spaced discrete time instatits= kAt, k = 1,2,..., NT. An interpolation over space
and time is applied in the form

et {/r </Am P, s T>T’”d7) <I>k<y>drk<y>} u!

{ /F j ( /A B u*(Xi,tj;y,T)deT> wk(y)drk(y)} Py (4-10)

whereu;”’, pj* are vectors storing all displacement and traction degregs@dom for element
k at time stepmn, respectively. Furthe®(y), ¥, (y) are the spatial shape functions for ele-
mentk related to the displacement and the traction, respectiZ&hand7 are temporal shape
functions for time step for the same physical quantities. Usually, the spatial stiapctions are
selected so thab, (y) = ¥, (y), whereas the temporal shape functions may advantageaaisly b
different. It should be noted that the local integrals oaatetime step may actually be computed
analytically. However this involves a reformulation of tinéegral over the traction fundamental
solution. It is evident, that the accuracy and stabilityhaf humerical solution is highly depen-
dent on the time step\¢. The evaluation of the integrals and the criteria for sabgcthe time
step and the temporal shape functions will be discussed late

Analogously to Eq. (4-6), the equation for a single coll@ranode; for the time up till time
stepy may be written

NE

NE j ‘ NE j ‘
SN HP g =YY G (w)ph (4-11)
k=1m=1 k=1m=1

where the subscripts relate to space and the supersciigitis te time. Similar to the case of the
frequency-domain solution, the geometry constants coedbin the matrixC(x;) are absorbed
into H?. The total system of equations, equivalent to the frequetmyain solution given by
Eq. (4-7), then becomes

J J
m=1 m=1
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whereU™ andP™ are vectors storing all values of the displacement anditmaatespectively,
for the entire surfacg, i.e. for all collocation nodes, at time step.

At any given time step, the values of all components @™ andP™ will be known for
m = 1,2,...,5 — 1. Thus, for the evaluation of the unknowns at time sfefgq. (4-12) is
solved in the form

Jj—1
H/IU = GVPI - Y {H/"U™ - GImP™}, (4-13)

m=1

which, after a reordering of vectot$’ andP’ into known and unknown quantities, may again
be written in the form

AVZ7 = FI, (4-14)

Evidently, the solution in time domain by means of the prarediescribed above is very ex-
pensive in terms of both computation time and memory consiempas Eq. (4—14) must be
evaluated several times per period of the wave componehttigt highest frequency.

4.1.3 Choice of Green’s function

The boundary integral equations presented in Chapter 3ldvaseed on the assumption that the
fundamental solution for the full space (in three dimens)an the full plane (in two dimensions)
is used. However, it is possible to formulate a BIE, in whipeaalised fundamental solutions
are applied. These Green'’s functions may, for exampleudethe influence of a free surface
at a given location, or they may take into account that theinmeds stratified. This may have
the advantage that a smaller part of the boundaries preséme iphysical problem needs to be
described in the BIE. Hence, in the BEM, fewer degrees ofifverare necessary. The drawback
of a BEM formulation with a specialised fundamental solatis that the evaluation of each of
the components in the system matrices becomes a time camgyorgcess, since fundamental
solutions like, for example, the one for an elastic halfegpeannot be formulated in closed form.
One of the classical examples is the difference betweeiéhén andMindlin solutions in

elastostatics:

¢ TheKelvinsolution is the Green’s function for the elastic full-spaoject to static loading.
In order to evaluate the response due to a load on a half spiiteam excavation and a
cavity, see Fig. 4-2, the entire surface must be includetérBIE. Therefore the surface
I't UT, UT'3 UT'y must be discretized in the BEM.

¢ The Mindlin solution is the Green'’s function for an elastalfrspace under static loading.
Therefore the Mindlin solution takes into account the stefd’; andI's, and as a result of
this onlyI’s U T, should be discretized.

A half-space is an example of an open domain, in the sensehbaurface does not form a
closed boundary. This, of course, is a problem when a fudksgsolution is applied, since the
free surface can only be discretized to a certaindistarara the region of interest. However,
accurate results are usually obtained, except for in a egithn close to the artificial edge.

Linear Elastodynamic Analysis
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Iy a » I's

Figure 4-2 Half-space with excavation and cavity.

4.1.4 Boundary element types

In the FEM for elastodynamics, only the displacement is diesd directly. Hence, the compu-
tation of the stresses or the gradients of the displacemmpites that the spatial derivatives of
the shape functions should exist and be different from zErcontrario, in the BEM for elasto-
dynamics, the displacement field as well as the surfacedraate discretized. Consequently, in
the BEM, the lowest possible order of spatial shape funstisizero-order interpolationg. the
field quantity over each element is assumed to be constanicatly described by the value at
the centre of the element.

Due to the fact that the traction is described independattifie displacement, and further
since the fundamental solutions are used as weight furssteomery high accuracy is achieved
in the BEM when compared with a FEM analysis based on the sadeyr of interpolation.
Therefore, interpolation with an order higher than quadiatunusual in BEM analysis. Thus,
the following three types of elements are usually applied:

¢ Constant elementd he displacement and the traction are constant over tlve entface’;
of elementj, which is taken as the flat surface between the extreme poliis reference
point,i.e.the collocation node, is placed in the middle of the elemsag, Fig. 4-3.

¢ Linear elementThe element surface is again assumed to be flat. Howevexxtreme points
of the element are now also used as the collocation nodes. Mi&ans that the collocation
nodes may lie at a corner, or on an edge, see Fig. 4—4.

4 Quadratic elementsin addition to the nodes in the linear element, nodes areeplat the
middle of the element. Further, nodes are placed on the minfdthe element edges. This
allows elements to be curved, see Fig. 4-5.

The constant and quadratic shape functions, which are asele interpolation of the field
guantities as well as the geometry over each element in twidtaee dimensions, will be de-
scribed in the sections below in the discussion of the nurakiinplementation of the BEM in
elastodynamics. Linear elements will not be treated siheequality of the solution obtained
with linear elements is usually much lower than the qualftthe solution with quadratic inter-
polation. However, the programming effort in the implenaion of quadratic elements is not
much bigger than that in the implementation of linear eletsien
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element

Figure 4-3 Discretization of the boundary iniwonstantboundary elements representing the surfégavith outward
unit normaln;. Circles ©) indicate collocation points and linef (ndicate extreme points of the element.

element

Figure 4-4 Discretization of the boundary intmear boundary elements representing the surfagevith outward unit
normaln;. Circles () indicate collocation points and line (ndicate extreme points of the element.

element

Figure 4-5 Discretization of the boundary inguadraticboundary elements representing the surfagevith outward
unit normaln;. Circles ) indicate collocation points and linef (ndicate extreme points of the element.
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4.2 Frequency-domain solution in two dimensions

In this section, the boundary-element method in the frequeiomain and in two dimensions is

explained in detail. Firstly, the formulation for scaladdiguantities is discussed. This formu-
lation applies to horizontally polarized shear waves in-tlimensional elastodynamics and may
alternatively be applied in acoustics. Secondly, the fdation for plane strain is given, whereas
a treatment of the equivalent problems in three dimensianshye found in the next section.

4.2.1 Constant boundary elements in antiplane shear

In the frequency domain, the propagation of horizontalllapgeed shear waves is governed by
the two-dimensional Helmholtz equation, Eq. (3-57). Thedamental solution is given by
Eqg. (3—67) and repeated here for convenience,

Uy (x,wy) = %ﬂKo(iksr), ks = % r=x—yl (4-15)
where it has been utilised that% = 4.

The antiplane shear-wave propagation is described by ardigald. Further, when constant
elements are used, the shape functions are simpler the entire surface of the element, given
that the field quantities at any point in the element are talestine value at the collocation node
placed at the middle of the element. Therefore the matrisendpy Eq. (4—4) reduce to scalars,

P33 (xi,w; y)dT; (y) = Hij, / Uss(xs,w;y)dl(y) = Gij, (4-16)

r; T,
where Pj5(x,w;y) is the fundamental solution for the traction, which is fowas}, times the
spatial derivative ot/55(x, w; y) in the direction of the outward unit norméak.

Py (x,w;y) = _7_nK1(ikST)~ (4-17)

As pointed outin Subsection 4.1.1, the remaining task ifidhaulation of the BEM solution lies
in the evaluation of the integrals (4—16), so that the sysitaguations (4—7) can be assembled.

Contribution from elements, i # j

The contributions from any element to which the collocatimae does not belonge. i # 7,
can be found by numerical integration. For this purposeaadstrd Gauss quadrature rule can
be used. In this respect, the basic difference from the cafieed~EM is that, in the BEM,
the fundamental solution is used as the weight function.c&the fundamental solutions are
definitely not polynomials, additional accuracy will alvgale obtained by using more Gauss
points in the integration over each element. However, aoregdy high accuracy is usually
provided with 10 Gauss points per element in a two dimensisfeme.

The main difficulty in the evaluation of the contributionsrin elements defined by # j
consists in an accurate computation of the modified Bessetifuns, K (iksr) and K (ikgsr).
Dominguez (1993) pointed out that this demands the use fefr€ift series expansions for dif-
ferent arguments. Thus, for argumeljiks;r| < 5, Maclaurin expansions in the form

Ko(z) = —ln<§> Io(2) — 7 + (i!/);l) (1—9)+ (2(22{)42)2 (1 + % - v) - (4-18)
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K1(Z)=%<§)_ +ln( )Il() 1( )Z{ﬁn—f—l +19(n+2)}((2/74)n (4-19)

s + 1)

m—1
m)=-y+ Yy n', (4-20)

are used. Here = 0.577215664 ... is Euler's constant, and,(z), I;(z) are two functions
defined by the series expansions

24 (22/4)? z o~ (ar
IL(z) =1+ e @ T L(z) =3 1+n§::Om : (4-21)
For|iksr| > 5, the following expansions are used (Dominguez 1993):
[T (m=1)  (m-1})(m -3
K,(z) = 2 © {l—i- 8o + 3 (52)2 +...0, (4-22)
wherem = 4n? andn = 1,2,.. ., etc.

Contribution from elements, @ =j

Wheni = j, i.e.when the collocation node belongs to the element over whielirtegration is
carried out, the Gauss quadrature rule does not providésedwan acceptable accuracy. This is
due to the fact that the fundamental solutions are singoléne limit asr — 0. In the case of
constant elements, the evaluation of the singular termewseber relatively easy. In particular,
H;; = 0, which follows from the fact that the normal vector is ortlbogl to the distance vector,
so thatdr /On = 0. Further, since a collocation point at the middle of a camtstéement belongs
to a smooth, flat part of the surface, the geometry const&estthe valueC(x;) = 0.5 at
all points on the surface. On the other hand, the displace@esen’s function needs special
treatment when = j.

When constant elements are used for the discretizatiomianmam of six elements per wave-
length . should be used in order to get results that have any physitidity. Therefore, de-
noting the element length., any point belonging to elemeitshould lie within the distance
r = L./2 = L/12 from the collocation node. Given that= 27/ L, this means that the small-
argument expansion df given by Eq. (4—18) is valid on the entire element. Consetiyien
using the symmetry df/s;(x;, w; y) with respect tar, G;; is found as

o= [ 1 {<>}2%

(z2/4)" "1
+ZZ (nh2(2n +1)2 +ZZ 2n+1 (ZE) (4-23)

=1

In practice, only a finite number of terms are included in tades expansions listed in this
section. The expansions are all convergent, so that aftérem glumber of terms have been
included in the approximation, additional terms will onlyntribute a very little.
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Usual steps in a frequency-domain boundary element code

At this point it should be clear, that the computation of tbenplex amplitude spectres of the re-
sponsei.e. the Fourier transforms of the unknown displacements arfdsgitractions, involves
a number of steps. Thus, a computer code for the frequeneaitioBEM should contain the
following procedures:

An input procedure reading the geometry, the material pt@seand the boundary condi-
tions defining the problem.

A procedure utilised for the assembly of the matri@andH, or ratherA andF, for the
domain(2.

N

Subroutines for the computation of the element contrimgifor the case # j.
Subroutines for the computation of the element contrilmgior the case = j.

A solver that computes the unknowns from the global systeayahtions.

BEEA

A routine which can be used for the computation of field queastiat interior points of the
domain.

An output procedure which saves the results for further use.

In the frequency domain, the computation of the responsenidtiple frequencies requires a
global loop over the procedures listed above.

Evaluation of quantities at internal points

Concerning item 6 of the list of procedures given in the pyasisubsection, the computation of
field quantities at interior points,e. points within the domaiii2, may be considered postpro-
cessing of the data provided by the BEM model. Thus, once ¢ diuantities are known for
all nodes on the boundary, the displacement at a pgiathich is interior to2 may be found as

3(xi,w ZGU w)Us j(w ZHU w) Py (), (4-24)

whereUs ; (w) andPs j(w) are the nodal values of the antiplane displacements and sinesses,
respectively. Note, that additional contributions mustim&uded if body forces are applied
within the domain. A similar procedure may be utilised to fihd stresses at interior points.

Numbering convention for two-dimensional boundary elemen ts

In the BEM, the direction of the normal vector is crucial i tevaluation of the integrals over the
traction fundamental solutions. A simple means of making #liat the normal vector is always
pointing out from the considered domain, is to number theeex¢ points of an element in the
direction indicated on Fig. 4—6. Thus, in a two-dimensidnalindary element scheme for an
interior domain, the extreme points of an element are nuethelockwise when looking in the

direction of the out-of-plane coordinate axis. By contrést an exterior domain, the extreme
points are numbered counterclockwise. In other words, thenal is always on the left when

you ‘walk along the boundary’.
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(b)

Figure 4—6 Numbering of the extreme points in two-dimensional boupddement analysis with constant elements
for: (a) interior domains and (b) exterior domains.
4.2.2 Constant boundary elements in plane strain

The Green'’s function tensor for the displacements in pkEtrain elastodynamics was derived in
Section 3.3.3 and repeated here for convenience:

. 1 o or ﬁ

Uil (Xvwa y) - 27'(',0025 (aézl ﬂaxl (9.13[) ) (3 55a)

where

o = Ko(iksr) + 1% (Kl(lk‘sr) -2k (lkpr)) (3-55h)

ST

CQ

B = Ko(iksr) — C—QSKQ(ikpr). (3-55c¢)
P

Herekp = w/cp, ks = w/cg are the wavenumbers for the- and S-waves. Similarly, the
traction Green’s function tensor is given as

. ) 1 % oo 0B 20 oo ([ Or or
Pil(x7w7y) 271_ |:(_S_2> (87‘ _a__> 8.13[ (X)+ or (8 lnl(x)"_%ézl)

8 [ or or or or Or or op or or or
_Z 0422 I IN) P T 4-2
(axi mx) + gpou+ 2o () — g e an> dr dx; O, 871] (4-262)
where
da 2
= = ikg K1 (iksr) ( ) +K1(1kpr) r?
c 1
(Ko(lkgr) > Kg(lkjpr)> o (4—26b)
cp
g el e
— = —iks K (iksr) — —Kg(lks?") + 1ka1(1kp7") ——Kg(lkp?") (4-26¢)
d’l“ P CP
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In the case of two-dimensional elastodynamics, the frequelomain BEM is given by
Eq. (4-7), where the submatrices given by Eq. (4—4) now hlagedimensions x 2). The
evaluation ofG;; andeij, i # j, is straightforward and may be carried out using a standard
Gauss quadrature rule. The series expansions for the mibB#igsel functions given in Subsec-
tion 4.2.1 can be used in the computation. Concerning the afthe traction Green’s function,
the fact thator/on = 0 along the element to which the collocation node belongs mésat
componentk of H;, is given as

. 1 d 1 0 20
unm e [ (22 200,
r;

2 dr r 8xk r Oz
2
ch da dB
=5 -2)——-———=) =—ng o dl. 4-27
(c% ) (dr dr r (%clnk d ( )
Sincedr/dx; = r/r, itis evident that;; ; = 0. In this case, the dot product between two

orthogonal vectors is taken. Whén [, the contributions from the two halves of the element,
that is on either side of the collocation node, will be of thene magnitude, but with opposite

sign. Thus, in this case the integral also becomes zeroeldrer, similar to the case in constant-
element BEM analysis of antiplane sheHr,; = 0.

A local coordinate system is now introduced, in which theredat lies along the, -axis and
with the normal vector pointing in the,-direction. In this frame of reference, the components
Glo<il of the element matrixGioe*! are zero wher # k, sincery’** = 0. However, nonzero
values are obtained for the dlagonal terms in the local-¢rafireference description. With
reference to Eq. (3-55), the following values@f<! are achieved:

1 z 1 % 1

local . . .

Gl = 71'[)0% {/0 Ko(iksr) dr + @Kl(lk‘sz) — Ti—k 1(1kpz)} , (4-28a)
oca . 02 .

Gloegh = s { / Ko(ikpr) dr — T (Kl(lksz) — él{l(lkpz)», (4—28b)

wherez = L./2 with L. denoting the element length. The evaluation of the modifiedsBl
function K'; and the integration ok’ are carried out numerically by means of the series expan-
sions given in Subsection 4.2.1. Finally, in the global climate systemGx;; is found as

Gi = TGlocaloT T = (4-29)

cosf) —sin 9]

sin 6 cos

T is the transformation matrix from the local to the global @binate system witl# denoting the
angle between the two systems, measured positive from tfaligio the local system.

4.2.3 Quadratic boundary elements in antiplane shear

In two-dimensional boundary-element analysis, the quadsaape functions for a scalar field
are given as

€)= 36E-1), HEO=0-O1+, d()=1EE+1D), (4-30)
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in a local coordinate system with varying between-1 and 1 along the piece of boundary
defined by an element. In the frequency domain, the displaneend traction fields on element
j are then given as

Us(x,w) = (€)U;(w), Ps(x,w) = BE)P;(w), x(&) =x]B(¢), (4-31)

whereU; (w) andP;(w) are column vectors of lengthstoring the nodal values of the displace-
ment and traction for elemepit respectively, while® (&) is a row vector with the same length
storing the shape functions defined by Eq. (4—-3R).is a matrix of the dimension& x 2)
storing the(z1, 22 )-coordinates for each of the three nodes in elerjeahe node in each row.

Due to the coordinate transformation from the physjeal 2 )-coordinate system into the
so-called homogeneoyscoordinate system, the length of an element will not berpreted
correctly. A correction of the integrals over each elemsrdarried out by multiplication with
the JacobianJ| of the mappingi.e.

dr = <%>2 + <@>2d§ = |J| dé¢ (4-32)
B d¢ d¢ B '

Insertion of Eq. (4-30) into Eq. (4-32) provides the result

|J| = ({ (xg3) — 2$§2) + x§1)> &+ % (xg3) — x§1)> }2

1/2
1 2
+ {(xég) - 2xé2) + xg1)> &+ 3 (xég) — xé1)>} > , (4-33)

where(x&"),xgn)) are the coordinates of element naden = 1,2, 3. Thus, similar to Eq. (4—
16), the contributions to the system matrices from each ef¢ipecome

1 1
H;; = /1P§3(xi,w;y(f))tﬁj(f)\ﬂdf, Gij = /1U§3(Xi,W;Y(§))<I’j(f)u|d§~ (4-34)
Here,G;; andH;; are row vectors with the length 3.

Treatment of corners

When linear or quadratic elements are used in the BEM, theilpiis/ arises that nodes may be
placed at a corner. This means that a collocation node witinggto two parts of the boundary
that will be defined by different normal vectors. As a restilihis, the traction on either side of
the corner will in general have different directions and miagle. This may even be the case for
nodes belonging to two different elements on a smooth paheosurface when, for example, a
nonzero traction is applied to one of the elements, whehsasdighbouring element is free. The
fact that the traction need not be the same on adjacent etemmans that the system traction
vectorP will have the lengtt8 N E in a BEM scheme for plane strain when quadratic elements
are utilised. In this vector, the traction for each node twexd separately for each element.
Correspondingly(z has the dimensionsVN x 3N E), whereN N is the number of nodes. By
contrastH is still a square matrix with the dimensiof® N x N N), because the displacements
are continuous at the nodes.
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Thus, when the constant elements are abandoned, a measatofgrdiscontinuous tractions
at the nodes should be provided. The following situationg heve to be accounted for:

The traction is known on either side of the node. Therefoeeuthknown is the displace-
ment.

The traction on one side of the node and the displacementargrk Thus, the unknown
is the traction on the other side of the node.

Only the displacement is known. In this case the traction ath kides of the node are
unknown.

In the first two cases listed above, there is only one unknavmpde. Therefore, the system of
equations may be rearranged into the form (4—8) without arthér problems. In the third case,
however, the problem arises that the formulation (4—7) @nbvides a single equation for two
unknowns. Therefore, an auxiliary equation is requireds thase shall not be discussed in detall
in the present work. Note that it is not possible that bothdisplacement and the traction on
one side of the node are unknown, since this would corresptite situation in which neither
Dirichlet nor Neumann conditions are specified on that pathe boundary. Further, note that
the discussion of discontinuities does also apply to pldrensand three-dimensional elasto-
dynamics. In this case the situation is slightly more coogtéid, since each component of the
displacements and tractioig. in each of the coordinate directions, must be treated seghara

Naturally, in the constant element model, both the tractind the displacements will be
discontinuous. Since the field quantities are assumed toohstant over each element, the
discontinuities will however arise between the elementss provides a very poor model from
a physical point of view, which explains that the constdetreent BEM is unusable in many
situations. Actually, it turns out that the analysis of, é@ample, problems involving bending,
requires the use of elements with quadratic interpolatiarder to get a model with a reasonably
low amount of degrees of freedom. The fact that linear elésnare associated with almost the
same amount of work from a programming point of view, whettbay are still not appropriate
for all kinds of analysis, explains why the very simple camstboundary elements or the more
adaptable quadratic boundary elements are usually impleEte

The evaluation of the terms far#£ j is straightforward—here a Gauss quadrature rule may
be applied. However, as usual a special treatment of thestexmequired for = j. A way
of dealing with the singularities of the displacement areltitaction Green'’s functions will be
presented in the following subsections.

Evaluation of the singular terms in the fundamental solutio n for the displacement

The fundamental solution for the displacement containsakweegularity of the kind-Inr in

the limit asr — 0. This allows a numerical evaluation &f;;, given that a further mapping of
the localé-coordinate system into apcoordinate system is performed, such that the Jacobian
of the mapping cancels out the singularity.

(1) When the collocation node is the first node out of the threeesdnl the quadratic element,
the fundamental solution for the displacement becomesi&ndpr» — 0, wherer is now the
distance given as

r= \/($1 - xil))z + <$2 - xél)>27 (4-35)
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where(xgl), xgl)) are the coordinates of the collocation node. Alternativitly distance may

be written as

1
r=nA n=1it A= o/@E b+ (et +bo)” (4-36)
1/ 2 2 1/ 2 2
a1:§(rg)—2r§)>, blzrg), a2=§<ré)—2ré)>, bg:ré). (4-37)

Hererﬁ[") = x%m) — x%l), n=12m=2,3.
In the limit asr — 0, the fundamental solution for the displacement becomes

1 1 1 1
lim — K (i =———1In(i = ——1In(iksgAd) — —1 . 4—
lim 5 Ka(iksr) =~ Infiksr) = — 5 In(iksA) ~ 5 n() (4-38)

The term—In(iksA) is nonsingular with the definition aft given in Eq. (4-36). Thus the
entire singularity is contained in the termln(n). Therefore, the integral over elemenmay
advantageously be split into two contributions,

1 1
6l = [ g {motiksrte) + (55 ) fas@ltae + [ 5L (L) 1fan. 4-39

1 2mp

where the Jacobian of the mapping into theoordinate system is given as

2 2
Ty = Jy(n) = 2\/ (4@177 ~ a1 + 0.5r§3)) + <4a277 —ay + 0.5r§3)) . (4-40)

The first integral in Eq. (4—39) may be evaluated with the usa standard Gauss quadrature
rule, while the second integral may be evaluated with theofisespecialised Gauss quadrature
rule, cf. (Dominguez 1993).

(2) When the collocation node is node 2 of the elemeatthe centre node, a subdivision of the
element is carried out into the part between nodes 1 and 2hengiart between nodes 2 and 3.
Accordingly, the integral over the boundary is evaluated as

1
G = / Uiy sy (€) 561
0

=/ U§‘3(Xi,w;y(§))<1’j(£)\Jld£+/0 Uss (xi, w; y(€))®;(§)|J]dS. (4-41)

A mapping into am-coordinate system is now carried out over each of the stdo=s. In the
interval between nodes 1 and 2, the transformagien—¢ is applied, whereas the transformation
n = £ is used in the interval between nodes 2 and 3.

(3) Finally, when the collocation point lies at node 3 of the edaihy the logarithmic integration

variable is chosen ag = (1 — £)/2. In this case the procedure for the computatiomlﬁf) is
otherwise equivalent to the procedure for the collocatiodenlying at node 1.
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Evaluation of the singular terms in the the fundamental solu tion for the traction

A study of Eq. (4-19) reveals that the traction fundamerghlt®on has a strong singularity of
the orderl/r in the limit asr — 0. In principle, the integrals leading to the matridds; may
be found by application of a mapping into a local coordingtemm which is associated with a
Jacobian of the order. However, when quadratic interpolation is used, the probieuld still
remain that the geometry constants had to be computed.

Alternatively, a method may be applied, in which the singtéams ofH;; and the geometry
constantdC(x;) are found simultaneously. The method is based on the fatthkasingular-
ity of the traction in the dynamic state governed by the Halltthequation is the same as the
singularity in the static caség. for w = 0, which is governed by the Poisson equation. This
follows immediately by a comparison of Egs. (4-17) and (4-i¢éh the fundamental solution
for the traction in the static casg;; ¢ (r), which is found ag: times the normal derivative of the
Green’s function for the two-dimensional Poisson equafiGi ¢ (r) = In(r)/(27p), i.e.

1 0r 0 1 or

* a * _ _
Py 5(r) = nja—ij:z:ss(T) = %8_715111“) = T oaron (4-42)

Now, in the static case, consider a state in which the tradcsiaero along the entire boundary
T of the interior domaimn2. In this case, the displacement is constant over the entimeadhs?,
i.e.Us s(x) = Uy, and the equation for the boundary-element domain, thadi¢4=7), reduces
to

HsU, = 0. (4-43)

In particular, the equation for a single collocation nodg, &-6), becomes

NN NN
(C(Xi)ﬁ-Zﬁs’ij)Uo:O = HsyiiZC(Xi)-f—HS,ii:— Z ]ffs’ij, (4—44)
Jj=1 J=1,j#i

where, for exampleHs ;; is component; of the global matrixHg. Addition of H;; and
subtraction of g ;; on both sides of the equation leads to the formulation

NN
Hy=C(x;)+ Hyy=— Y Hgij+ <Hu‘ - HS,ii) ~ (4-45)
J=1,j#i
Since the singularities aP;; ¢ (r) andP;5(r) are the same, the matrix defined by the difference
H; — ﬁIs’ i 1S nonsingular. The appropriate way to compute this nondarderm is to evaluate
the element-wise surface integrals over the series expa(%i19) minus the term corresponding
to the static solution.

Hence, a direct evaluation of the singular terms of the imacGreen’s function can be
avoided. However, the procedure described above is onlg f@ an interior domain. If an
exterior domain is considered, it may be argued that in tagef is bounded by the surface
I' UTw, wherel', is the radiation boundary lying at an infinite distance frdma tollocation
node. Since the Green'’s function provides a traction of tagmitude 1 at the collocation node,
this is the traction that should ‘radiate’ throubh,, meaning that

| Pistxyary) = -1 (4-46)
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Therefore, for an exterior domain, Eq. (4-45) reads

NN
Hy=C(x;) + Hy =1— Z Hs ij + (ﬁu - f{5u> . (4-47)
=1, i

In practice, since the terml;; is never evaluated directly, only the vect@y; is computed in
the subroutine used to evaluate the singular terms. The wtatipn of H,; is better included in
the global routine used to assemble the system matriceldarttire domain, while each of the
nonsingular terms in Egs. (4—45) and (4—47) may be calalilatde subroutine used to compute
the nonsingular contributions, which should for this puepalso be called for the case- j.

Unfortunately, neither Eq. (4—45) nor Eq. (4—47) can be tigethe evaluation of the singular
traction fundamental solution terms in apendomain,i.e. a domain where only a part of the
boundary can be discretized due to the fact that the surdgseimi-)infinite. Here an alternative
procedure is necessary. This will be further discusseds&ction 4.3.2. In any case it is evident
that a boundary element code for quadratic interpolatiemehts is much more complicated
than that for constant elements, the main reasons beingistatntinuities at corners have to be
accounted for and that the singularities of the fundamesotations need a numerical treatment.

4.2.4 Quadratic boundary elements in plane strain

When quadratic interpolation is used in the boundary-etgmealysis of plane P- and SV-waves,
it is convenient to order the degrees of freedom for elenjgsb that the following definitions
apply for the displacement, the traction and the global dioate at a point on the subsurface
defined by the element:

U(x,w) =

i) _for 0 6 0 0 0] [UP| _ ooy 4-48
U2<x,w>] [O Voo %] OU@),  (4-49)

Pixw)| _ |61 0 d2 0 65 0 |\PVfpon 4-49
PQ(X’W)] [O ¢ 0 ¢2 0 ¢>3] ©P;(w). ( )
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oY
o

(2)
X:M:VH R 8 I (4-50)

9 0 ¢1 0 92 0 ¢3 9552)
L®)
1
(3)

T2

-7

HereU\™ = U™ (w), P™ = P{™(w), andém, = ¢m(€). Indexn = 1,2 denotes the
components in the two coordinate directions, while= 1, 2, 3 refers to the local node number
in the element. Obviously, with the definitions given in E4—48) and (4-49), the element
matrices computed in Eq. (4-4) now have the dimens{@ns6).

When compared to the two-dimensional analysis of acoustiblems in frequency domain
using quadratic interpolation, the main difference lieshia fact that the scalar terms related to
each node are now matrices of the dimengibr 2). Accordingly, the routines used to compute
the singular terms of the traction fundament solution masibecome

NN
H;; = C(x;) + H; = — Z I:IS, i+ (Hiy —Hg i) (4-51)
=1, j#i

for aninterior domain, and

NN
H,, = C(Xi) + I:Iii =I- Z I:Is’ij + (Hii — HS,ii) (4-52)
J=1, j#i

for anexteriordomain. Herd is the identity matrix with the dimensiof2 x 2). In this case the
idea behind the indirect evaluation of the terHig is the a rigid-body displacement (translation)
is associated with zero traction on the entire boundaryt was$ also the case in plane acoustics,
the nonsingular terril;; — Hg ;; is computed from the series expansion of the traction Gseen
function minus the term corresponding to the static sotutio

The singular terms of the displacement fundamental soiwie found by a mapping into a
local n-coordinate system that involves a Jacobian that canceltheweak singularity. With
reference to Eq. (3-55), the fundamental solution for tispldcement may be divided into two
parts. Thes-part contains no singularities, whereas the singulafith@a-part is given as

. 3 —4v
}1_{1(1) o = — m In r, (4—53)

wherev is the Poisson ratio for the material. Evidently, a strateguivalent to that for the
singular terms ot/j; may be used,e. the specialized Gauss quadrature may be applied to the
singular term in they-coordinate description, while a standard Gauss quadratie is used for

the nonsingular part. The procedure will not be describgdanther in the present work. Details

on the method can be found in the book by Dominguez (1993).
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4.3 Frequency-domain solution in three dimensions

In a three-dimensional problem analysed with the BEM, twoehsional elements are used for
the discretization of the surface. In principle, any geagnef the boundary elements can be
used, but usually isoparametric triangular or quadritdtelements are used. Analogous to the
case of two-dimensional analysis, elements with consliaear or quadratic interpolation are
typically applied. Here, however, we shall concentratetmndonstant and quadratic elements,
since linear interpolation is much more complicated to Iheridan constant elements from a
computational point of view, whereas they are far less addptthan the quadratic elements
which may be implemented in a computer code with little addal effort.

4.3.1 Constant boundary elements in three dimensions

When constant interpolation is used in three-dimensionahdary element analyses, the col-
location nodes are placed at the centres of the quadrilatetdangular elements as illustrated
in Fig. 4—7. The assembly procedure in three dimensionsastgxthe same as that in two di-
mensions. Thus, the only difference lies in the evaluatioihe element-wise surface integrals
defined by Eq. (4—4). Again, a numerical integration in teoha standard Gauss quadrature
rule may be applied to the nonsingular terms, which arisermthe collocation node does not
belong to the element, whereas the singular terms arisitigeicontributions from a collocation
node to itself have to be determined in a different manner.

elements

Figure 4-7 Surface of a three-dimensional domain discretized intaglageral and triangular boundary elements with
constant interpolation. The collocation nodesdre placed at the centres of the elements.

Evaluation of nonsingular integrals

When a numerical integration by means of a standard Gaussatueae must be carried out over

an element, in which constant interpolation is used for tgsjral displacement and traction, a
mapping into a homogeneous , &2 )-coordinate system is necessary, see Fig. 4-8. In the case
of the quadrilateral element, the four extreme points oflleenents lie at the coordinates

§=(1,-1), &=0,-1), &=(11), &=(-11) (4-54)

Likewise, the three extreme points for the triangular elenhave the positions

& = (1’0)7 &= (Oa 1)’ 53 = (O’O) (4-55)
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Figure 4-8 Mapping from global Cartesian coordinates into local hoemapus coordinates for constant elements. The
extreme points are indicated with circleg,(while the collocation nodes are marked with stafs (

The coordinates in the physical space are found as

0]
o)
i
o

1 0 0 ¢ 0 0 -+ ¢, 0 O (2)
X=10 ¢1 0 0 ¢2 0 -~ 0 ¢ O[] (2

0 0 ¢ 0 0 ¢2 -~ 0 0 oy

()% (w), (4-56)

J
wheren is the number of extreme points in an elemard, 3 or 4 depending on whether a
triangular or a quadrilateral element is considered. Abtuahen constant interpolation is used

for the field quantities, linear interpolation is used foe teometry. With the local coordinates
defined in Fig. 4-8, the linear shape functions for a quaerié element are:

(1+&)(1=&), (4-57a)

INQIS

Gil6n6) =1(1-6)(1-8),  Gal6,&) =
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G366 = T+ E)(14&),  Gal6n&) = {(1-&)(1+&), (4-57b)
and the shape functions for a triangular element are:
#1(61,&2) = &1, $2(&1,&2) = &2, $3(61,82) =1 — & — & = &3, (4-58)

where¢s is a dependent coordinate that has only been introducedfwenience.
The mapping into the local homogeneous coordinate systeamsrtbat a differential area of
the element surface is evaluated as

or or

d&dé, = |I|d&dE, r=[z; zy x3]", (4-59)

wherelJ is the reduced Jacobian of the mapping &Hds its magnitude, which is actually equal
to the length of the normal vector (not the unit outward ndjratithe pointx. After a bit of
work, the following results is obtained:

Qll QlQ e an
x[5[Q - Q"] x5 » |
1= |xlQ-Qix, | a= |9 O g B0 e
X1 Q- Q'] x;2 Q. Q. ' Q.
nl n2 nn

wherex; ., m = 1,2, 3, are three vectors of lengihstoring the Cartesian coordinates for the
extreme points of elemerjit Subsequently, the integrals over the element surfacesec

i, = / / P* (x;, i y (€)1 |deades, Gy = / [ U sy @) iagae, @61

where¢ = [& §Q]T. In particular, for a quadrilateral element, the integmatiimits become
& € [—-1,1], & € [—1, 1], while the integration limits for the triangular elemené&r < [0, 1],
& € 10,1 — &), where it is assumed that the integration in §hedirection is carried out before
the integration in th&; -direction as indicated by Eq. (4-61).

It is noted that in three-dimensional BEM codes for elastayics, the Green’s functions
in the frequency domain include the exponential functiom.céontrast to the modified Bessel
functions, the exponential function is generally compuagth satisfactory accuracy in most
programming languages.

Evaluation of singular integrals

As it was also the case in two dimensions, the singular terintiseotraction Green'’s function
vanish in the three-dimensional model with constant elémenhis is due to the fact that each
collocation node lies on a flat part of the surface, and tloeeethe normal derivative of the
distance vector to an integration point is zero on the entire element. Comsetly, H,, = %I
for all nodes, wheré is the identity matrix of dimension 3.

Contrarily, the singularities of the fundamental solutfonthe displacement do not cancel
out. Thus, with reference to Eq. (3—45), a singularity of tinder1/r has to be treated. In
Section 4.3.2 a method of dealing with the singularitiesrespnted, in which a standard Gauss
guadrature rule may be used for the integration.
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4.3.2 Quadratic boundary elements in three dimensions

Rather than going through the theory for constant elementisree-dimensional elastodynam-
ics and quadratic elements for three-dimensional acajstie shall skip directly to quadratic
elements for three-dimensional elastodynamics.

The frequency-domain Green'’s function for the propagatifomaves in the elastic full space
was derived in Section 3.3.2 and, by a slightly differentrapgh, in Example 1.6. Instead
of applying Eq. (3—45) directly as it is, we shall write thethundamental solutions for the
displacement and the traction in three-dimensional edigstamics is a form similar to Egs. (3—
55) and (4—26a) for the plane straire,.

ar Or
e oy PP AN 4-62
il (X,w,y) 47'(',0025 (a l ﬂaxz (9.%[) ( a)
. 1 3 Oa 0B 28 Oa [ Or or
Pil(xan’)—E [(%—2> (87‘ S (%l n;i(x) + - 5 \ Bz lnl(X)—F%&l)
B [ Or or or or Or Or ap or Or or
—— i1 +2— —4 — | —2— —_— 4-62b
; (axi”“x)*‘a 2 8xi8x18n> araxiaxlan] (4-620)
where
(Y1 LN e B (L 1N i
“= (r + ikgr? k%r3> ¢ ¢t \ikpr? k%3 ¢ ’ (4-62c)
(1 3 3 Ciker €3 (1 3 3 Zikpr
p= (r + ikgr? k§r3> ¢ ct \r + ikpr?  k%r3 ¢ ’ (4-62d)
da ikg 2 3 3 ks C% 1 3 3 ik
e 2 iksr | ©S [ = _ ikpr (462
or ( ror2  ikgrd - k%r‘*) ¢ +c% o ikprd k%t ¢ » (4-62¢)
08 _ (ks A4 9 9 N\ e (e 4 9 9N ke
or r 2 ikgrd  kZrd ¢ A\ r r2 ikprd k%t ¢ '

(4-62f)

In the case of quadratic interpolation, the quadrilatemdl@iangular elements are described
by nine and six nodes, respectively, as illustrated in Fig. &ince the displacement and traction
over each elementis now weighted between the values-a¢ orn = 6 nodes, an interpolation
in the form (4-56) introduced for the geometry of the coniséd@ment should also be used for
U(x,w) andP(x,w). However, the shape functions now refer to the nodes of traeht rather
than the extreme points.

In the local, homogeneous coordinate system, see Fig. 4h@ahape functions related to
each of the nodes in the quadrilateral element are:

(51 &) (&8 -&). o (1—51)(53—52), ¢3 =
G+ (1-63), ds==(a+&) (L+€), ¢6 =
(E-&a)(&L+8), ds==(1-6&)(1-€). ¢

“+8) (B -&),
(1-6) (&L+8),

1
1
1
2
(1-¢)(1-¢). 4-63)

p7 =

»-lkll—‘l\DIP—‘»-lkI
l\DIP—‘»JkIP—‘l\DI
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Figure 4-9 Mapping from three-dimensional Cartesian coordinate egag, z2, z3) into plane local coordinates
(&1,&2): (a) nine-noded quadrilateral element with biquadratiterpolation, (b) six-noded triangular element with
guadratic interpolation. The normal vectarsare pointing out from the domain.

Similarly, for the triangular elements the six quadratie functions are defined for a local
plane coordinate system as illustrated in Fig. 4-9b. Thels&pe functions are:

$1 =626 1), ¢p2=6(252—1), #3=E(26—-1),
¢a = 46162, o5 = 48283, de = 48381, (4-64)

where0 < & < 1and0 < & < 1—¢&;. Thethird local coordinatg; = 1 —¢&; — & is dependent
on the first two coordinates and has been introduced for coemee only.

For the main part of the numerical integration, a six-poiaiu€s quadrature rule provides
results of satisfactory accuracy for the quadrilaterainglets, while a total of 16 Gauss points
should be used per triangular element. Thus, only smalldvgments in the numerical inte-
gration are achieved if more Gauss points are used; the datmgoutime is however increased
dramatically. As usual, when the collocation node is onéefrtodes in the element, over which
the integration is carried out, the standard integratiamissatisfactory as singularities arise in
the Green'’s functions for the displacement and the tracfitrerefore, a specialized integration
method must be used as will be discussed in the following.

Singularities of the displacement fundamental solution

As mentioned in the previous subsection, the diagonal t&f@ containweak singularities
of the kind1/r. To carry out the numerical integration using a standardsGawadrature over
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an element where the collocation node is one of the elemeatgsydominguez (1993) used a
coordinate-transformation method proposed by Lachatf)L9%he main steps are:

The element is divided into a number of triangles, each ttpeime of the corners at the
collocation node (see Fig. 4-10). In the case of triangul@ments, no subdivision is
necessary.

The integral over each of the triangles is performed usirtgredard Gauss quadrature rule
over an equivalertollapsed quadratic elemeriut only for the shape function belonging
to the element node which is also the collocation node. Ttletigue is further explained
below.

For all other shape functions, an integration is carriedmtiie same way that is used for
elements, in which the collocation node is not one of the elgmodes.

The collapsed quadrilateral elements are quadrilateeahehts where two of the corner
nodes coincide so that one of the element sides has a lengtbrof see Fig. 4-11. When
performing the numerical integration over an element witbhsa geometry, the Jacobian of the
mapping will tend to zero with asr — 0. This zero of the order cancels out the singularity of
the orderl /r. Hence the accuracy of the Gauss quadrature is satisfactory

It is clear that a procedure of the same kind is applicabléa¢éobioundary element scheme
with constant elements. In that case, however, the colmtabde can only take the position of
the centre node in the quadrilateral element, and thus thei\asion shown in Fig. 4-10c should
be used. For the triangular element, the situation is a biercomplicated than in the case of
guadratic interpolation, since the collocation node is m&ced at the centre of the element.
Therefore, a subdivision similar to that of the quadrilatetement is required.

7 6 5 7 6 5 7 6 5
8 9° 4 S 9° 4 8 9* 4
1 2 3 1 2 3 1 2 3
3 @ 2 3 Jl 2 3 @ 2
3 3 2 3
b,
1 1
I
1 % *H 2 3 2
2 3 2 3

@ (b) (©

Figure 4-10 Sub-division of a quadrilateral element when (a) the callimn node is at a corner, (b) the collocation
node is at a side and (c) the collocation node is at the cehthe@lement.
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Figure 4-11 Sub-element for integration df/r singularities: (a) triangular sub-element and (b) eqentkollapsed
quadrilateral element.

Singularities of the traction fundamental solution

The traction Green’s function contaisgong singularitiesf the kind1 /r? when the observation
point coincides with the integration point. Therefore thetnod proposed by Lachat does not
provide a means of dealing with the diagonal terms of theimad. To treat singularities of
higher order thari /r an alternative method has to be used. In the present workmemcal
method is proposed, based on static equilibrium considesfor the surface traction, which
normally only apply to closed domains (Dominguez 1993). &negalize the method to cover
open domains, in which parts of the boundary are not diga@tia modified version of the
enclosing elementechnique proposed by Ahmad and Banerjee (1988) is dewtlope

As discussed in Subsections 4.2.3 and 4.2.4, a numerichbahetay be applied to any closed
interior or exterior domain, building on the fact that thaggilarity in the dynamic frequency
domain solution is the same as that of the static solutionnceEewriting the total dynamic
Green’s function matrifl for the stress as the sum of the static Higtand the dynamic residue
matrixHpg,

H = Hs + Hp, (4-65)

only the singularities of the static pdffs need to be treated in a special way. The remainder
Hpz may be determined using a standard Gauss quadrature, siometains no singularities.
In the three-dimensional case the rest term is derived biingrthe exponential terms of the
full elastodynamic solution as series expansions and actirig the terms corresponding to the
elastostatic Green’s function (Dominguez 1993).

The three-dimensional elastostatic traction Green’stfands the special case of the elasto-
dynamic fundamental solution given by Eq. (4-62b) that imivied for the frequency = 0.
After rearranging the terms, the following solution is dbéa:

. L 1 1 (or _ or Or
Péi(x,wy) = TS {8_71 ((1 —2v) 6y +38xi 330;)
or or
+(1-2v) (”ia_xl _ma_xz)}’ (4-66)

Here %, (x,w;y) is expressed in terms of the Poisson ratioThe singularity of ordet /r*
is obvious in the static Green’s function. As the static g is constant, regardless of the
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frequency, it may be evaluated once and for all and addedea@yiamic residue terrbl g,
which is calculated for each individual frequency.

For an open domain the method described in Subsectionsah@.8.2.4 for scalar and vec-
torial fields, respectively, obviously makes no sense as péthe boundary are not described in
the model. To overcome this problem, Ahmad and Banerjeeg)L@®posed that an artificial,
enclosing boundary is constructed, merely for the evalnatif the singular diagonal terms of
Hy and the geometry constants. This is plausible because timeadgy constants only depend
on the local geometry of the surface. This also applies tsitihgularities offl s since they arise
in the contributions from a node to itself. Hence, ahysedregion which has the correct local
geometry for the true surface may be used instead of thenatigpenregion for the purpose of
determiningH s ;;. Any shape of the domain will do for the evaluation of the diagl terms of
Hg, given that the following requirements are met:

The distance between original elements and new, opposémgegits must be at least one
element length to ensure sufficient precision. Otherwingudarities may arise in the
contributions from new nodes to existing nodes and viceavers

The original geometry is modelled correctly at the nodeswioich theH g ;; terms are to
be found. In principle this only requires that the elemexijaeent to the node in question
are taken from the original model.

The first point is a general rule of thumb for BE discretizatand hence does not impose
any restrictions that are not already there. From the sepoird, it may be concluded that it is
not necessary to model the entire original open region aewl dld a number of extra elements
to establish a single, global closed domain. Instead thmasdor each node may be evaluated
by creating a small closed domain around that specific nodés Mmethod oflocal enclosing
elementswhich was first proposed by Jones and Thompson (1999) fawihdimensional case,
has the following advantages compared to the original fiiglosing elements technique:

¢ It may be faster/more efficient to find the solution to numearsmall systems of equations
than to a single big system of equations.

¢ Alocal geometry for enclosing elements may easily be eistaddl automatically, whereas the
construction of an enclosing boundary for the entire domay require an extensive amount
of error checking to ensure that the enclosing elements timtewsect the true surface.

¢ The method may be applied to closed domains as well as opeaidsnT his simplifies the
programming of a general routine to find thg; ;; terms.

Several ways to pick out a local part of the entire surface beguggested. The method
implemented in the program BEASTS (Andersen and Jones 20@%ahe following steps:

A loop is performed over all nodes,= 1, ..., N, disregarding nodes that are not at the
corner of an element.

The NE; elements in the original model to which the selected coroeen belongs are
identified.

A copy of the original elements adjacent to the corner nodéset a distance of approxi-
mately one element length in the direction of the inward radrfthat is—n).
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Figure 4-12 Construction of a false surface for a closed local domairstllyj a corner node on the original surface is
picked (eft); secondly, the local domain is formedght).

The gap between the original surface elements and the cdiypiswith NE,; elements,
thereby producing a closed domain.

Hg ;; is calculated using Eq. (4-51) for the corner nodad the neighbouring mid-side or
centre nodes. These nodes are all on a part of the surface tgegeometry is unchanged
from the original open domain and will thus be determinedexity.

The method has been illustrated in Fig. 4—12 and the five poirthe procedure will be explained
in the following.

Ad. 1 Generally corner nodes are identified as nodes that belotigrée or more elements.
A centre node of a nine-noded quadrilateral element beltmgmly one element, and a
mid-side node of either a six-noded triangular element dna-noded quadrilateral element
belongs to two elements. Only at the edge, where the model of the open domain ends,
does special care have to be shown.

Ad. 2 When identifying the elements to which the selected nodertgs, it should be checked
if the node is not a corner node in one/some of the elementéni2éy the node should not
be the centre-node of a quadrilateral element, but alsdadsdiscretization practice to join
side-nodes with corner nodes. This would mean that theatisphents along the element
junctions are inconsistent as the shape functions for c@mme side-nodes are not the same.

Ad. 3 By copying the original elements in the direction of the imdvaormal vector it is assured
that the local closed domain is on the correct side of theswitace. When the surface is not
flat at the selected corner node, the normal vector at theisaliféerent for each element. To
ensure that the projection vector points away from all agljpelements and into the domain,
the projection vector may be taken as a weighted average afitvard normal vectors.

Ad. 4 The distance between the two parts of the local surface stimgiof the originalNVE;
elements and the copy thereof need only be of the same ordke astance across these
two surfaces. Hence, one element in tha direction should be sufficient to fill in the gap.
By experiment it has been shown that adding another “laykeel@ements will not improve
the accuracy significantly, whereas the calculation timiedeeased significantly.
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Ad. 5 Hg;; is determined twice for mid-side nodes, and for centre ndlles may be deter-
mined multiple times. To reduce computation time it is adsgrous to keep track of nodes
which have already been analysed. However, the methodidedognsures thdts ;; is
determined for each node at least once.

For some geometries of the surface in the model of the ofigipan domain, the method
described above may lead to significant errors in the detextion of Hg,;; and thus in the
solution to the entire problem. Generally, to get an aceusatution the following conditions
should apply:

¢ all sides of an element should have lengths of the same ofdeagnitude,
4 contiguous elements must be of similar size,

4 the angle between two elements should not be cloge to

4 only slightly curved elements should be used.

In any case these conditions represent good practice fomBlysis of wave propagation prob-
lem. Hence, the fact that the method will only produce adeurasults in these circumstances
should not cause a difficulty in practice.

As an alternative to the described method, a bigger parteolbttundaryi(e. more elements)
may be picked out at a time, meaning that the local closed dowauld consist of more ele-
ments and that thEls ;; terms would be determined for more nodes simultaneouslyveder,
this would complicate the construction of the false surfsinee a general means of establishing
the projection vector cannot be found. Moreover the desdribethod has been tested for several
different geometries and has been found to work satisfiictor

4.4 Coupling of boundary and finite element domains

This section describes how multiple boundary element dosnand a finite element region may
be coupled to form a global system of equations represettimgntire model for a given fre-
qguency. The coupling is established on the basis of conyimdithe displacement and equilib-
rium of the forces at the interfaces. The main problem ingrenfng the coupling of a boundary
element domain and finite element domain is that the forcéiseainterface in the boundary-
element method are described in term&rattionsdistributed over the element surface, whereas
a description in terms afodal forcesis used in the finite element method. This leads to three
approaches to the coupling of BE and FE matrices. In any tesaddes of the neighbouring
BE and/or FE sub-domains are assumed to coincide, see Hig. 4—

The coupling may be carried out in the finite element sensednstorming each of the
boundary element domains tongacro finite elemeni.e. a large multi-noded finite ele-
ment. An equivalent dynamic finite element stiffness magkerived from the BE system
matricesG.,.q andH .4, and the surface tractions are transformed into nodal $orce

The coupling may be carried out on the basis of equilibriurtheftractions on the inter-
faces. For this purpose, the FE dynamic stiffness matrixtiegransformed to one in
terms of tractions on the boundary.
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Figure 4-13 Coupled boundary element-finite element model.

The coupling may be carried out as an iterative process, inhathe interaction forces or
tractions are kept in their original form in the FE and BE paftthe model. An iteration
is then performed until a satisfactory equilibrium of thaibhdary forces is reached.

The first of these options seems to be the most popular. Thyshmalue to the fact that
it allows the resulting dynamic stiffness matrices for thdividual BE domains to be coupled
in the finite element sense and for the response of the whotiehto applied nodal forces to
be calculated. The method is described in Subsection 4T4d second approach has computa-
tional advantages but does not provide a simple means dhdenith the problem of coupling at
points where the implied tractions are discontinuous. Tiivd imethodj.e. the iterative coupling
procedure, may be efficient for the coupling of a single BE dimmvith an FE region. However,

a generalization of the method to multi-domain BE—FE mayrtm®mvenient. A further argu-
mentation is given below.

4.4.1 Coupling in a finite-element sense

In the time domain, the work done by the surface tractip(s, ¢) at a partl’, of the boundary
in applying a virtual displacement fieldx(x, ¢) is given as

sw= [ {su(x,t)}" p(x,t)dr. (4-67)
Ty

The vectors describing the traction and virtual displacerfields are column vectors with the
three components; (x, ¢t) andu;(x,t), j = 1, 2, 3, respectively.

Consider a single finite, or boundary, element on which itbastare applied at the boundary
I'; € T',. The nodal displacements and tractions may be stacked indluonn vectors; (¢) and
p;(t). Using the element shape functions to interpolate the aligwhents and the tractions, the
field quantities at any point on the element surface becefret) = ®;(x)u,(t) andp(x,t) =
®;(x)p;(t), respectively. Thus the work done for elemgmhay be written

sy = (w0} [ {2,00)" 2,600 1) (4-68)
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The work done by the surface tractions is equal to the worledgnthe equivalent nodal forces
f;(t) that would imply the same virtual displacement valuas;(t), at the nodes, that is,

w; = {ou;(t)}" £5(t). (4-69)

Combining Egs. (4-68) and (4—69), the following relatidpsk derived,
f;(t) = /F {®,(x)}" ®,(x)dT p;(t). (4-70)

This provides a matrix expression where the shape functomsised to transform the surface
tractionsp;(¢) on elemen into the equivalent nodal forcés(t). In the frequency domain the
transformation process becomes

Fi@) = [ {300} #6000 P, (w), (@-71)

whereF,(w) andP,(w) are the complex amplitudes of the nodal forces and tracti@spec-
tively.

Calculating the element transformation matrices reptesdoy the integral in Eq. (4—71) for
all elementsj = 1,2,...,J in BE domainibed and assembling them into a global system for
the domain yields a transformation matfi,.,; such that

Fivea = TiveaPived- (4-72)

Here F;,.q is a vector of nodal forces equivalent to the nodal tractiBis, applied on the
domain. The dimension of the systene(the number of rows i ;;cq, Tipeq ANAP 54 as well
as the number of columns iR;,.4) is equal to the number of degrees of freedom in the domain.
For a three-dimensional, elastodynamic BE domain thatrieetiimes the number of nodes in
the domain. The transformation matflx;.q is sparse. Due to the nature of the element shape
function matricegp; two out of three components are in all cases equal to zerduatheérmore
only parts of the matrif;;.q that belong to nodes of the same element will be filled.

Now consider the frequency-domain boundary element equédr a single domain,e.Eq. (4—
7) with subscriptibed on each of the matrices and vectors. Premultiplication with matrix
Tipea {Giea} " leads to the formulation

[Tivea{Giveat " Hived| Uivea = TiveaPived = Fivea- (4-73)

This defines|Tipca{Gibea} Hived| = Kirea as the dynamic stiffness matrix for boundary
element domairibed. The matrixK;,.q relates the nodal displacements to the nodal forces
applied to the domain instead of the nodal tractions, agisaise in the original BE formulation.
For a number of BE domains thiéed = 1,2,..., nbed stiffness matrice¥X;,.q may therefore

be assembled in the FE sense along with any finite elememtsaigtobal stiffness matri¥
representing the entire model.

As already mentioned, the present transformation metho teach boundary element do-
main into a kind of macro finite element, that is a finite eletweith as many nodes as are used
in the BE domain. Since the Green’s functions are used ashitefgfunctions, all degrees of
freedom in the individual BE domains are coupled, meanirag the matriceX ;.4 are full.
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However, the global system matd& will only have a limited bandwidth, as is common for FE
matrices, given that only some of the nodes are coupled attidace.

Another thing worth mentioning is that the BE stiffness nuats produced in this way do
not have the usual FE property of symmetry, which is a disaidege with respect to memory
storage space. Mustoe (1980) suggested a method by whicmmetyic boundary element
stiffness matrix can be produced. The method is howevehntsfignore complicated than the
method presented in this section, and furthermore the siaerof a matrix twice the size of
K,,.q has to be carried out. This is a major disadvantage as inggtieG ;. matrix is already
a time consuming process.

Tullberg and Bolteus (1982) conducted a study of sevenréiffiestiffness matrices for a BE
domain, including the original non-symmetric stiffnesstrixaand six symmetric matrices. The
main conclusions from their study is:

The direct non-symmetric stiffness matrixg. the matrix derived above, is the best in
terms of accuracy.

The direct non-symmetric stiffness matrix is as good as,ettieb than, a stiffness matrix
based on a finite element discretization with the same nuoflgrees of freedom. The
same conclusion was drawn by Joeesl. (1999).

The manipulated methods involving symmetric matrices shawry poor rate of conver-
gence compared to the direct BE.

Therefore it is advisable to implement the non-symmetiiftngtss matrix, the derivation of
which has been given in this section, in a BEM code.

4.4.2 Coupling in a boundary-element sense

Instead of transforming the BE system matrices to an eqindtE stiffness matrix and per-
forming the coupling in a finite element sense, the boundyent method formulation may
be used. This means that equilibrium of the tractions hagterisured on the interface, rather
than equilibrium of nodal forces. For a coupling with finiterents, this implies that a refor-
mulation of the FE system matrices has to be carried out vaut for a pure BE model problems
arise in this method as will be described in the next subsecti

First, consider a single boundary element doméiag. Reordering the rows and columns
into components belonging to the interface (superséjipnd the rest of the domain (superscript
R) the matrix equation (4-7) takes the form

HE H] Ulha| _ [G Ght,] [Pl sy
_HiIbIgd HzIbIed UiIbed Gzlbljd GzIbIed PZ‘Ibed

Next, for a finite element domain, similarly the system of &tipns becomes

i <) [Uk) _[Ph) _[TRE TR PR w7s)
(Kii Kigl Ukel  |Fhpl [T Tipl [Pl

where the transformation matriRzz has been defined on the finite element domain.
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The conditions of continuity of the displacements and eloiiilm of the tractions at the
interface between the BE and FE domains are now satisfied by

UiIbed = U{PE = U17 Pz'Ibed = _P{PE =P’ (4-76)

Thus, Equations (4-74) and (4-75) can be rearranged in thesfo

.
'HRR HRI —GRI Uibed RR

iy | K0 B s [ )
_Hibed Hibed _Gibed PI Gibed

R

(KRR KRL mRI Urg [MmRR

FE FE FE ;| _ |tFE R R

IR 11 i1 T | IR [PFE}’ (4-78)
| K%w; Kie Trg p! LT re

which may eventually be written together to form one sing&nir equation,

HiY HEL -Gl 0 | |Ufly Gy O

HIf, HY, ~Gl, 0 || U | |GiE o Phal (a9
0 Kip Tip K| | P! 0 T Py

0 Kip Tip KiE] Ul 0 T

(Ng + Np) x (Ng + Np) (Ng + Np) x (NE+NE)

The first column of matrices on the left hand side consist®ohs from the BE domain only,
the second and third column consist of terms for the interfaart of both domains and the
fourth column has terms which solely relate the displacegmand tractions in the FE domain
to one another. The dimensions of the matrices on the lefrightthand sides of the equation
are indicated using the symba¥ér, N, NE and N%, to represent the number of degrees of
freedom of the finite element domain, of the boundary elendentain, of the non-interface
part of the finite element domain and the non-interface plath® boundary element domain,
respectively. If the tractions are known (notice that fiats may not be applied at the interface)
Eqg. (4-79) may be solved to find the displacements.

4.4.3 lIterative coupling

Alternatively to any of the methods described in the presisubsections, Elleithgt al. (2001)
proposed the use of an iterative coupling procedure hahniedallowing steps:

Initial values of the displacements at the common interéesset.

The equations for the boundary element domain are solveddier @o find the interface
traction.

The traction at the interface is converted to nodal forcebthe equations for the finite
element region are solved to find the interface displacesnent
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If the differences between the initial displacements aediibplacements found in the FE
analysis are below a certain level, convergence has beehagaOtherwise the process is
repeated with revised initial values of the interface dispiments.

The procedure suggested by Elleithiyal. (2001) seems quite awkward, since several iterations
may be necessary before convergence is achieved. Howevémyersion of the BE system
matrices is involved, and the system matrices for the BE dioarad the FE region may be stored
separately. This, combined with the fact that two smallsteayps of equations are solved in stead
of one larger system of equations, is an advantage in termgwfory consumption and, possibly,
computation time. The main drawback of the technique isdtggneralization to the analysis of
problems involving multiple BE domains may be unattragtsiace the equilibrium of tractions
has to be reached simultaneous for multiple interfacesdsivthe individual domains, but only

a single interface can be treated at a time. Thus the iterptiocess for the global system may
become very time consuming.

4.4.4 Discussion of coupling method

The equivalent BE matrix method has been developed for the ahcoupling a single FE and
single BE domain (Subsection 4.4.2). The complexity in iempénting the method in a computer
program is greater where an arbitrary number of boundamei¢ domains is involved. So is
the required effort in data preparation, since the interfared non-interface nodes of the FE and
BE domains must be identified, and the matrices repartitidgaéntroduce each new domain.

The BE matrix method has the advantage over the FE matrixquivaent-nodal-forces,
method that there is no matrix inversion involved in prodgdhe global system of equations.
This is the step (Eq. (4—73)) which, for most practical peoh$, takes the greatest amount of
computing time. Thus, for problems involving a single BE damwith almost as many degrees
of freedom as the global system, the solution time may be lédulirhe equivalent BE matrix
method is therefore considerably more time efficient. Ha@vdkom Eq. (4—79), it is seen that
the equivalent BE matrix method requires more computelyastarage space and thus is less
memory efficient. It also carries the minor disbenefit thattions cannot be applied at the
interfaces of the domains.

No method has been developed here to solve the problem afrdisaous tractions in the
BE coupling method. One way to overcome this problem is taegfiultiple coincident nodes
where the discontinuities are present, hereby adding deigeees of freedom to the global sys-
tem of equations. Alternatively extra equations may be @am@nted to ensure equilibrium of the
surface tractions (Stamos and Beskos 1995).

For a coupling with FE regions, extra terms would have to bived. Mustoe (1980) outlines
four methods of dealing with this problem in two dimensiorihis would add considerable
complexity to the implementation of this method as well asige. The method of expressing the
BE matrices in terms of nodal forces on a finite element basiigla having to allow for traction
discontinuities at corners as well as at any point on smoattsf the surface of the boundary
element domains. It has been found that this does not genemnatneous results compared to
those obtained by a pure BE scheme where discontinuoumtiactre allowed (Andersen 2002).

Finally, a judgement also arises as to whether it is preferabapply the loads in terms
of tractions over finite areas of boundary element (or finieanent) surfaces or if it is more
convenient to specify the load in terms of nodal forces.
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Regarding the iterative process, it seems unlikely that thateof coupling multiple bound-
ary element domains and finite element regions can be fotatula a simple manner, which
provides an efficient coupling in terms of computation tirfiéwe reasons given above may ex-
plain why the coupling in a finite element sense is usuallygured.

4.5 Boundary element analysis of symmetric structures

Many problems of wave propagation through soil and solid®lire structures and layered
ground that have at least one plane of geometric symmetramigles include tunnels, tracks
and many types of foundations. When the geometry is symatétiload and the corresponding
response may, in any case, be split into a symmetric and @yamhetric part. The total dis-
placements may then be found as a linear combination of #atiements obtained by the two
analyses involving, respectively:

symmetry of the load and response around the plane of geicragtnmetry,
antisymmetry of the load and response around the plane ofiggizc symmetry.

Since the size of the system matrices depends on the numbegudes of freedom squared, the
demand for computer memory is quartered when a symmetrarigéen is used. Furthermore
it is often much faster to make the two analyses for the redlsgstem than one analysis for the
original (the full) system. Naturally, if the load is puredymmetric/antisymmetric the benefit
from a symmetric description is even more pronounced.

In a finite element scheme only half the model needs to be sedlyhen a plane of symmetry
exists. Usually the degrees of freedom which are known todoe at the plane of symmetry
are eliminated in the system of equations to satisfy the itiong at the interface between the
modelled and the non-modelled part. Alternatively a veghhstiffness (orders of magnitude
higher than the average stiffness of the system) may beeapfuli those degrees of freedom so
that the displacements here become insignificant relatiee displacements elsewhere. The
second approach has the advantage that no reordering oégiiees of freedom is necessary.
However, it is not physically correct, and numerically thstfimethod is more efficient.

The introduction of a plane of symmetry in a boundary elensetieme is slightly more
complicated than the implementation in a finite element isehe One way to proceed is to
discretize the plane of symmetry so that the conditionsdpaty here can be introduced in the
same way as it is usually done in a FE scheme. However, thigdgthe introduction of degrees
of freedom that are not present in the original model. Thagé#sults may be less accurate and,
depending on the geometry of the model, there may be no oratitile net reduction of the
number of unknowns in the system of equations. Especiéliyhialf-space is considered, only
half the surface has to be discretized. However, the interéa the plane of symmetry has to be
discretized a similar distance into the soil to obtain theesalegree of accuracy in the model,
see Fig. 4-14.

Instead, a method has to be developed where a discretizatittre plane of symmetry is
not necessary. For that purpose, consider the original BEesyof equations for a single do-
main with identical, but mirrored discretizations of thefage on either side of the plane of
geometrical symmetry, = 0,

HtT Ht— Ut Gttt Gt-
H+ H-||U | |G+ G-

P+

b (4-80)
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Symmetric part Modelled part

Figure 4-14 Original boundary element model (left) and use of symmeitiout loss of accuracy (right).

Superscriptst and — denote terms belonging to the half-spaces definedoby 0 andzy <
0, respectively. Subsequent superscripts, for instance, indicate the influence to degrees of
freedom atz, > 0 from degrees of freedom at, < 0. It is assumed that all sub-matrices are
square (which disallows discontinuous tractions) and M#t nodes are located on either side
of the plane of symmetry.

When the load, and thus also the response, is symmetric @grhenr, = 0 plane, the
following conditions apply for the displacements and thdaste traction:

Ur(z1, —22,23,w) = Ui(x1,22,23,w), Pi(xr, —22,23,w) = Pi(x1,22,23,w),
Uz(xl, —xg,xg,w) = _UQ(xlaanxSaw)a Pz(l“h —352,333700) = —Pg(xl,xg,xg,w), (4-81)
Us(1, —22,23,w) = Us(x1,22,23,w), P3(x1,—22,23,w) = P3(x1,22,23,w).

Thus the displacements and tractions inih@ndzxs directions are the same on both sides of the
xo = 0 plane of symmetry, whereas thg components are reflected. The degrees of freedom
are now assumed to be ordered so that the “mirror image” ofegegf freedony appears as
degree of freedom + N /2. Furthermore rows and columns are reordered so that alegrees

of freedom appear first, and all degrees of freedom appear last on either side ofrthe- 0
plane. The arrays storing the displacements and tractmnthé part of the model located at
o < 0 may then be written as:

I 00
U =RsU", P =RsP", Rs=|0 -I 0. (4-82)
0 0 I

HerelI is the identity matrix with dimensiongV/6 x N/6) andO0 is the null matrix with the
same dimensionR s is denotedhe reflection matriXor symmetric load/response. In the case
of antisymmetric load and response, the reflection matroobees

-1 0 0
Ry = 0I o0]|=-Rs. (4-83)
0 0 -1
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With the assumed order of the degrees of freedom, the otigirsiem of equations may
eventually be reduced to:

(H** + RH*") UT = (G + RG*") P*. (4-84)

The reflection matrixR is equal toRgs andR. 4 in case of symmetric and antisymmetric load
and response, respectively, and only the first row of subicestin Eq. (4-80) is taken into
account. Thus the system of equations may be halved in sizadoljng” the contributions from
the reflected part of the model to the part which is kept in kerdtization.

In the present case only the part of the model present incthe 0 half-space has to be
modelled, and the following steps have to be carried outénrtegration process:

The influence from integration points on the part of the stgfatz, > 0 to collocation
points atzs > 0 are found in the usual manner.

The influence from the “mirror images” of the integrationmisito the collocation points
are found by evaluating the same elements again, but withaagehof sign on the
coordinates for the nodes. The contributions are then ddsenmto the existing system
matrices.

Since the elements, and thus the local node order, will beoneid in the process, a reordering of
the nodes in each of the elements produced in this manner &t0 is necessary to ensure the
correct direction of the normal vector. Alternatively, tmedel may be reduced to only include
the part of the domain presentat < 0. In that case the reduced system is established from the
second line of sub-matrices in Eq. (4—80). The reflectiorrimeg¢mains the same.

So far it has been assumed that half of the nodes are preseithen side of the plane of
symmetry. This may be the case when constant elements atganskis even possible with linear
elements. However, when quadratic interpolation is usamiesof the nodes will definitely have
an zo-coordinate equal to zero when the discretization is $riegmmetric around the plane
defined byx, = 0. This leads to some numerical problems which will be disedsselow.

For the nodes on the plane of symmetry the contributions fxarade and its “mirror image”
are exactly the same. However, depending on the kind of symintbe sign on either the
x4 degree of freedom or the;, and thexs degrees of freedom will be opposite. Since the
contributions are added intmecomponent in th& andH matrices, not stored separately (as
they are in the original description), this eventually metrat some of the rows in the reduced
system matrices contain nothing but zeros. Notice that thgothal term is zero, even if it
only stores the influence from a single node, namely the ntsd#.i The reason is that half the
influence is obtained from one sideof = 0 and the other half is obtained by integration over
elements on the other side of = 0 to which the node also belongs. For the same reason,
the contribution to other degrees of freedom will also beywenall. The terms in the columns
corresponding to the problematic degrees of freedom may beezero if the other degree of
freedom belongs to a node which is also on the plane of syrgmetr

As explained in the previous subsection, the solution forudtidomain BEM model, or a
coupled BEM—FEM model, is often carried out in a finite eletmeanner. This implies that each
boundary element domain is transformed into a macro finémeht described by an equivalent
stiffness matrix, the derivation of which involves an irsien of theG matrix. When some of
the rows contain nothing but zeros, the system is ill-caodéd. In theory, the inversion of such
a system is impossible. However, due to the small errorsditced in the numerical integration,
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the terms in the problematic columns are not identicallyattpi zero. Hence, a solution of the
system of equations is still possible in practice; but thietsm algorithm is unstable and the
results produced are erroneous unless the zero-termsame ior another way removed/avoided
in the G matrix.

To obtain a stable system of equations, the following apgitea may be suggested:

A certain amount of asymmetry is introduced so that the doutipns from the original
and the reflected elements are not exactly the same.

The rows and columns corresponding to the degrees of freeduoh are known to be
zero are eliminated.

Of these two method, the second approach is preferable dbe teasons that are given below.

Ad. 1 One way of introducing asymmetry is to disregard some of ties or elements in the
reflected part of the model. However the major problem is sbate of the diagonal terms
become zero. Since these terms are calculated entirely thienelements adjacent to the
plane of symmetry, it is these elements (or the nodes of aleshthat have to be disregarded
to avoid the problematic zeros in the diagonalGf Just disregarding the elements/nodes
that are farthest away from the plane of symmetry, as it ismompractice when the entire
model is considered, will not stabilize the solution. Aftatively the asymmetry may be
introduced in an arbitrary way, simply buy adding small nengtto the zero-terms in tHg
matrix. Mathematically this may be as good as leaving ounhelgs or nodes in the reflected
part of the domain. However, it is impossible to give any ptgidnterpretation of the error
which is introduced in this manner. The conclusion is thatfitst approach cannot be used,
since the changes that are necessary to produce a stal@ism st conflicting with the initial
assumption that the model should be symmetric (or antisyinch&vith respect to thers-
coordinate, at least in the vicinity of the plane definedrby= 0.

Ad. 2 The rows that contain values which are infinite to workinggsi®n in all columns may be
eliminated in the equivalent stiffness matrix. In this whg tinfinite” stiffness terms associ-
ated with the degrees of freedom that are known to be zerovaréesl. However, even if the
system of equations is, in this way, not badly scaled, ewosaeesults will still be produced.
The reason is that the remaining stiffness terms for allratlegrees of freedom are already
determined inaccurately because tBematrix is ill-conditioned. Actually the inversion is
only possible in the first place because a small numerical éras been introduced in the
Gauss integration process. Therefore the reduction ofytsters must be applied before the
matrix inversion. This implies a bit more bookkeeping, esplly as it has to be ensured that
the same degrees of freedom are removed from all sub-doiahesentire model. However
this should not be a problem. Finally it should be noticed thiaen the degrees of freedom
are removed before the matrix inversion, the calculatioretmay be reduced significantly if
a large fraction of the nodes are on the plane of symmetry.

Hisatakeet al. (1983) proposed an alternative method which may be useddid aw ill-
conditioned matrix for inversion. Basically, their ideasv@ establish the equivalent stiffness
matrix from the full system of equations, where the rows witthing but zeros do not occur.
However this requires the assembly of the double amountiofsén G andH and a matrix of
the quadruple size has to be stored and inverted. Hence,dtfethsuggested by Hisatake
al. is not as efficient as the second method, which has been mdpothis section.
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The method of dealing with symmetric structures that has lwseloped in the present
section may easily be generalised to the case where moretiggplane of symmetry exist, or a
formulation may be given where the plane of symmetry has hitrary position and orientation.
However, for most practical purposes it is sufficient withaale that allows the utilisation of
symmetry around two predefined planes, say(thexs)-plane and théz,, 2:3)-plane.

4.6 Boundary element solution in the time domain

The direct time-domain formulation of the BEM was introdd@ethe introduction to the chapter.
Here, the method will be further discussed, and an altemapproach, namely the so-called
dual reciprocity boundary-element methedll be presented.

4.6.1 Direct time-domain formulation

The direct time-domain boundary-element method is a venypdex computation method. We
shall therefore restrict ourselves to looking at the sirsigb®ssible case, namely the two-dimen-
sional scalar problem, concerning antiplane shear witlstamt-spatial-interpolation elements.

The fundamental solution to the displacement in the antgphear wave problem was found
in Eq. (3—66) and is repeated here for convenience. We cengié slightly different case, in
which a unit impulse of the kind*(x, t;y, 7) = ¢%d(x — y)d(t — 7), rather than a load of the
typepb* (x,t;y,7) = 6(x —y)o(t — 1), is applied. Then,

cs Hics (t—7)—1)

27‘!’(6% (t— 7')2 — 7‘2)1/27

uss(x, 6y, 7) = r=|x—-yl, (4-85)

wherex andy are points in the plane, arfd(-) is the Heaviside unit step function. The Green’s
function for the traction is defined as the normal derivatife’,(x, t;y, 7),

33 (X, 1 )—iu* (x,1; )—@gu* (x,t;y,7)
p33 9 ava - an 33 9 ava - 877,(97‘ 33 9 ava
_ Or csrH(es(t—7)—1) QCS%H(CS@—T)_T)
on 2#(025 (t — 7')2 - 7‘2)3/2 on 2%(025 (t — 7')2 — r2)1/2.

(4-86)

Making use of the fact the spatial and temporal derivatiiethe Heaviside function are
related as

%H(cs (t—71)—r)= %;—TH(CS (t—71)—r), (4-87)

a reformulation of the time integral over the prodptt(x,¢;y, 7)us(y, ) may be carried out.
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Thus, by means of partial integration, it becomes evideatt th

T

/ us(y,7) cs or 0
3\ a. .
0 2m(c (t —7)° — r2)1/2 On or

H(cg(t—7)—r)dr

or / 1 0
= — uz(y, ) - H(cs(t—7)—r)dr
I Jo 2 (c (t —7)° - 7"2)1/2 or
or /“ 1 0
=—— ~—u3(y,7) H(cs (t —7) —r) dr
I Jo 2 (c% (t — ) — )1/2 or
or /t+ c(t— 7')2
- us(y, 7) — H(cs (t—71) —r)dr, (4-88)
n Jo 2 (cd (t —7)° - 7"2)3/2

where use has been made of the assumption that the domaimgbheeseent past,e. us(y,0) =
0. With these reformulations, the reciprocal relation gibgrEq. (4—9) instead becomes

t+
O Jua(x, £) = / / w5, 7, 7) paly, ) dD(y) dr
0 N

i
-/ t J At s (3.0) = w0 it ) ) T () (4-89)
where
2 ity 7) = o . CS{; —es(t=m) ) o Hies (t—7) =), (4-90)
m(ck (t—7)° —r?)
w* (X, 1y, T) = 27‘ ;1 u3s(Xi, 1y, 7). (4-91)

This equation is known as Volterra’s integral relationshis already discussed, the primary
difference from the equivalent three-dimensional bouyndtategral identity for acoustics is that
contributions from a given point will continue to arrive atallocation point at all time steps
after the first perturbation arrives at the time: r/cg. This is due to the fact that the Heaviside
step functions replace the Dirac delta functions. As a tesfuthis, the data must be kept for
all previous time steps. It is noted that this also applietheoplane-strain problem and three-
dimensional elastodynamics.

As usual, the next step in the boundary element formulasibmdliscretize the field quantities
on the surface and introduce an interpolation. In the timexain BEM, the interpolation is
carried out both in space and time using the following apjpnations for the displacement and
the traction at the time < jAt:

N J
uz(x,t) Z Z G ()T (g, pa(x,t) = > Y ve(X)T™()p5, (4-92)

k=1m=1 k=1m=1

whereu?’, andpy’. store the displacement and the traction, respectivelypdéeh and at the
time ¢, = mAt. ¢,(x) andyy(x) are the spatial shape functions for the displacement and the
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traction, respectively. Usually the same shape functioesiaed for the spatial interpolation of
us(x,t) andps(x,t), i.e. or(x) = ¥, (x), as it is also the case in the frequency-domain BEM.
On the contrary, it has been found that the temporal shapsifurs 7" () and7™ (t) may ad-
vantageously be selected differently for the displaceraadtthe traction. Thus, piecewise con-
stant temporal interpolation of the traction and piecewis=ar interpolation of the displacement
seems to provide both stable and accurate results. If lineznpolation is used for the traction,
the integration over time tends to be unstable, and a caristarpolation of both the traction and
the displacement provides results that are less accuantdhbse of the constant/linear temporal
interpolation scheme. In essence, the problems relatée tine integration in the time-domain
BEM are equivalent to those in the time-integration schedigsussed in Section 2.2.

With the spatial-temporal interpolation defined by Eq. @-the boundary element equation
following from Eq. (4—89) becomes

C i) (s, ) = Z %_j ({ [ ( | u;,g(xi,tj;ym)Tm(T)dr) ¢k<y>drk<y>}p?k
S /A ety )
0y 7) ()T AT ) ) (4-93)

N E is the number of elements, which in the case of constant eiesigethe same as the number
of nodes,N. Here the order of integration has been reversed, whichheasason that for local
linear or constant temporal shape functions over each tieps & closed-form analytic evaluation
of the integrals

™ (i y) = / Wi, sy, 7)™ (7)dr, (4-94)
At™

X (xi5y) =/ (2" (i, B3y, 7) T™(7) — w* (xi, /5y, 7) T™(r))dr, (4-95)
At?n

may be carried out. Insertion into Eq. (4—93) provides thenfdation

oty = 33 ({ [ ooty o

m=1 k=1
- { [ vy aro o ). (4-96)
Ly
This equation is easily rewritten into the standard BEM form
NE j ‘ NE j )
oY HIWuE =Y > GR(W)pF (4-97)
k=1m=1 k=1m=1

where the subscripts relate to space and the supersciigtis te@ time, and where the geometry
constants contained in the matfiXx;) are absorbed inté}/. The equations for each of thé
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nodes may be assembled into the global system of equations

J J
S Hag = Y Gy, (4-98)
m=1

5 =
m=1

which must be solved at each time step.

When the local integrals over time are carried out, the méfitudlty lies in the tracking of
the wavefronts. In particular, there is no reason to inciatigration points, from which the first
perturbation has still not reached the collocation nodeusThssuming constant temporal shape
functions, integrals over the time stéyg™ fall in three categories:

¢ whencg (#/ — 7™~ 1) < r the first perturbation has not yeat arrived. Therefore gtlage no
contributions. With reference to Eq. (4-9%)" (x;;y) = 0.

¢ whencg (7 —7™) <r < ¢g (#/ — 7™~ 1) the first perturbation will arrive during the time
step At™. The integration should only be carried out for the time rvak after the first
arrival,i.e. aftert = t/ — r/cs.

¢ whenr < ¢g (#/ — 7™) the perturbation has arrived before the beginning of the titep.
Hence the integral should be performed over the entire tiege s

In the case of linear interpolation, the bookkeeping is anfte complex. The details of the
evaluation of the local integrals over time will not be dissed here. A reference is given to the
book by Dominguez (1993).

As a last notice, it is mentioned that the choice of the tinep & crucial for the accuracy and
the stability of the BEM solution. Dominguez (1993) carr@d a study of the two-dimensional
elastodynamic response of a rectangular domain with @iffietime steps, measured in terms of
the Courant number relative to the-wave speed. It turns out that numerical damping tends
to arise when a courant number larger than 1 is used, whicbtigary strange as some of the
energy cannot propagate in the numerical model. HowevarCburant number smaller than 1
is used, the solution is destabilized. Thus, for very smallt@nt numbers, the solution becomes
purely oscillatory. This problem only seems to get worseemvuadratic spatial interpolation is
used.

4.6.2 The dual reciprocity boundary-element method

The main disadvantage of the direct time-domain formutatb the BEM is that the system
matrices for each time step have to be stored since a coimolier the entire time history has
to be be carried out at each time step. This has to do with ttelfiat the reciprocal relation
given by Eq. (4-9) uses a time-dependent Green'’s functidineaweight function.

A different approach would be to use the Green’s functiortierstatic problem. The inertia
forces should in this context be treated as body forces. ahuitegral identity is obtained
which is local in time. Unfortunately, this comes at the dbst volume integrals enter the BEM
formulation. However, as it shall be shown below, it is pbksto reduce the problem to a pure
boundary problem by application of the reciprocal theoreseeond time. This leads to the
formulation known as the dual reciprocity boundary-elethmeethod.

Linear Elastodynamic Analysis



174 Chapter 4 — Boundary-element analysis of elastodynamic problems

Approximate reciprocal relation

The starting point of the dual reciprocity BEM for elastodymics is the variational formulation
of the Cauchy equation of motion. However, in stead of thieeaarbitrary virtual field applied
in the FEM, an elastostatic staig(x) is used as the weighting function,

/ €ij(x)oi;(x,1)dQ(x) + / s (x) piii (x, £)dQU(x)
Q

Q

_ / s (x)ps(x, £)d0(x) + / 13 (x) i (, £)dQ(x). (4-99)
I

Q

Sinceé;j(x)oi;(x,t) = 7;5(x)es;(x,t), and since the elastostatic state is the solution to the
equation
Eq. (4-99) may alternatively be written

/ 53 (x)pi (x, )0 (x) + / piis () (bi (. ) — s (x, £)) dOx)
I Q

z/;ﬁi(x)ui(x, t)dI'(x) —l—/ pb; (x)ui(x,1)dQ(x). (4-100)
r Q

This equation forms an approximate reciprocal relationyliich the inertia terms are treated as
body forces.

Next, the elastostatic state is taken as the fundamentai@ofor a load applied to an infinite
domain at the poiny in the direction, i.e. the following substitutions are applied:

i(x) ~uf(x—y), Pi(%) ~pi(x—y), pbi(x) ~ 5(x —y)d;. (4-101)

Assuming that there are no body forces in the physical statei;(x,t) = 0, and utilising the
spatial reciprocity (3—16) of the Green’s function, theegrial identity becomes

Ca(X)ur(x, 1) + / Pl (x — y)ui(y, ) (y)

- / ul(x — y)pi(y, )d0(y) — / oy (x — y)iia(y, 1)ADAy). (4-102)
T Q

whereC;; (x) is the geometry constant as defined previously. In particataa smooth part of
the surface(;;(x) = d;1/2.

Transformation of the volume integral

The following approximations of the displacements and leca&ons in the physical state are
introduced:

M M
ui(x,t) = Y o' (" (%), i(xt) = Y 67" (x), (4-103)
m=1 m=1

which is very similar to the method that is usually appliedhie Ritz method. The volume
integral may now be written as

M

[ i = y)inty.0a0y) = p 30 0) [ wix =) (9)a0). (4-104)

m=1
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The idea is subsequently to establish a second reciprdasibre For this purpose, an elas-
tic state is considered, in which the body forceg™ (x) are applied to an infinite domain in
directionk, i.e.

pbi*(x) = — ™ (x)dik- (4-105)

The resulting displacement and traction fields are repteders

ui" (%) = i (x)er, pi"(x) = nig(x)e, (4-106)

whereey, is the unit vector in the direction of the body forces. Theépeacal between this new
state and the state corresponding to the static fundansaitaion may be written:

Ca ()i} (%) + / PL(x — Y)YR)A0(y)
= / uiy(x = y)nie (y)dl(y) — / ujy(x —y) f™ (y) 0k dQy). (4-107)
I Q

A comparison of Eq. (4-107) with Eq. (4-104) reveals thatubkime integral may now be
transformed into the sum @ff surface integrals,

M
[ puitx = yyinty.na0) - Py {—cmx)wzz(x)

+ [y are) - / p(x ywzz(y)dr(y)}. (4-108)

This result may be inserted into the original “reciprocalation for the physical and the static
fundamental solution states. Thereby a pure boundaryritegrsion of the reciprocal relation
is achieved,

Ca(x)u(x. 1) + / ph(x — y)urly, )T (y)

:/Ful( y)pi(y,t) +PZO% { x) i (x)
- [t = o) + [ pite- y>wzz<y>dr<y>}. (4-109)
I I

Combining the equations for all two, or three, load diretsicthe following matrix equation
is achieved for a collocation point placed at the positign

Clxi)ulxi, ) + / p*(xi — y)u(y, )l (y)

g M
= [~ ¥pty0arty) 4 Y- {etx)wm )
- [t =y ar) + [ ot - y>¢m<y>dr<y>}dm<t>. (4-110)
T T
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This equation forms the basis for the boundary element ftatin. After discretization of the
physical field quantities on the boundary and interpolabiegr each element by means of spatial
shape functions, the equation for each collocation nodaimbthe form

N N M N
S Hiui(t) = Giipi(t)+p > Y (Hy ] — Gy mf') &™ (). (4-111)
j=1 j=1

m=1 j=1

Here N is the number of nodes on the entire surface, waile andH;; are the submatrices of
dimension(3 x 3) in three dimensions, an@ x 2) in two dimensions, relating nodeo node;.
Since the static fundamental solution is employed, thedeicea are independent of time.

The M vectorsa™ (t), which all have the length 3 in three dimensions, and 2 in tined-
sions, can be combined into a single row vecigt) with the lenght3)/ in three dimensions,
or 2M in two dimensions. Further, with reference to Eq. (4-108),dlobal acceleration vector
with the length3 NV, or 2N, for the entire surfacE may be expressed as

ii(t) = Fé(t), (4-112)

whereF is a matrix of the dimensio8N x 3M), or (2N x 2M ), which is assembled from the
functionsf™ (x) evaluated at the nodes with the coordinatesj = 1,2,..., N.

After assembly of théV equations of the kind (4—111), insertion of the inversetieteship
of the one defined by Eq. (4-112) provides the global systeegoétions

Hu(t) = Gp(t) + p (Hy — Gn) Fii(t). (4-113)
This equation may alternatively be written
Mii(t) + Hu(t) = Gp(t), M= p(Hy — Gn)F!, (4-114)

which has a clear similarity with the equation of motion dh¢al in dynamic finite-element
analysis. In fact, if Neumann conditions are given on thérertoundary, the left-hand side
reduces to a known load vector, and in this cBéeandH take the form of mass and stiffness
matrices. Contrary to the system matrices in FENl,andH are however fully populated. In
any case, a direct time integration scheme like the Newnwdrérae may be used to compute the
values of the displacement and the accelerations at theetiésimet ;, once the states are known
at the timet;_;. This is a great advantage when compared to the direct fationlof the BEM

in the time domain. However, the accuracy of the dual recipydEM is highly dependent of
the approximation over the volume introduced via the shapetfons stored inp) andn. The
choice ofy]}(x) andn;} (x) shall not be discussed here. It shall only be mentioned tiets
been found in several cases that for a suitable choice ofdhane shape functions, the dual
reciprocity BEM provides results of an accuracy which is panable to that of the standard
time-domain BEM, but with a much smaller computation time.

4.7 Summary

The boundary-element method has been presented for apafielastodynamic problems with
focus on the discretization procedure. Some of the mainlasions are:
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Boundary elementsare used to discretize the surface of a given domain. Botllig@ace-
ment and the surface traction is represented directly, lan@Gteen’s functions are applied as
weight functions.

Spatial discretizationcan be carried out with constant, linear or higher-orderplation. For
some problems, constant elements will suffice, whereasraiecuesults in, for example,
problems involving bending demand the use of quadraticpatation.

System matricesn the boundary-elementmethod are fully populated andtgféat is required
in their assembly, since the Green’s functions are much wamgplex from a computational
point of view than the interpolation functions in the fingeement method.

Singularities arise in the Green’s function when the contributions fronolocation node to
itself are to be determined. This is only a minor problem wébard to the weakly singular
displacement Green'’s function, but evaluation of the gflhpsingular Greens’ function for
the surface traction requires special care. Use can be niidlde fact that the singularities of
the elastodynamic Green'’s function and its static couaiigre identical.

Coupling of boundary elements and finite elementan be performed in different ways. The
main problem in this regard is that loads are applied as niode¢s in the FEM, whereas
surface traction is applied in the BEM. The coupling in tewhsodal forces is particularly
simple and allows the boundary-element domains to be ttesenacro-finite elements.

Symmetry of boundary-element domairmsay be exploited to reduce the numerical model sig-
nificantly. Half the model may simply be removed. Howeveg, ithifluence from the elements
in this part of the model to the elements in the other half efrttodel must be included. Thus,
for each element the contributions to the system matricalsisfound for the “mirror image”
of the element.

Time-domain boundary-element analysis extremely expensive in terms of computer time and
memory. Hence, frequency-domain analysis is generalffiemed.

The dual-reciprocity methodis an alternative to the direct boundary-element methdddrime
domain. It produces a numerical scheme in which temporalaation is avoided, and the
system of equations is very similar to the algebraic systeagoations obtained in the finite-
element method for elastodynamics.
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CHAPTER 5
The domain-transformation
method for a layered half-space

In this chapter, a semi-analytical solution for the analysfia horizontally stratified medium
is established. The main idea is to transform the origimaktispace domain problem into the
frequency—wavenumber domain, however only with respetheadorizontal spatial coordinates.
This leaves a set of equations that may be dealt with indaligand analytically in a computation-
ally efficient manner. This is the great advantage of the ntethhen compared to, for example,
the finite element method, in which a large system of equationst be solved simultaneously.
However, the method only applies to media with horizonttdrifaces and surfaces.

5.1 Introduction

The finite element method with transmitting boundary cdaondg may be applied for the elas-
todynamic analysis of a layered half-space. However, aeligation over a large volume may
be necessary in order to describe wave propagation in tireensions—in particular if the far-
field response of, for example, a ground surface is of intecgdf interfaces are present deep
in the ground. Likewise, if a Green’s function is appliedfe tboundary element method which
does not account for the presence of interfaces, all irdesfanust be discretized, thus leading to
a large numerical model. In both the FEM and the BEM, the mdisadvantage, seen from a
computational point of view, lies in the fact that the globgstem of equations must be solved
simultaneously.

If a linear viscoelastic half-space with only horizontalkirfaces is considered, the compu-
tations are simplified significantly when a formulation ire thorizontal wavenumber domain is
adopted. Here it turns out that an analytical Green'’s famctian be found, and once the solu-
tion has been established in the wavenumber domain, atramafion back into Cartesian space
is readily achieved by inverse Fourier transformation.tf@nmore, the formulation provides a
straight forward means of dealing with moving loads.

In the present chapter, a model is considered that congiatlagered medium—a so-called
stratum—overlaying a rigid foundation or a homogeneous half-spaga illustration of the
situation with three layers over a half-space is given in Bigl, in which a definition of the
Cartesian(zy, z2, x3)-coordinate system is provided. The theory is due to Sketrad. (1999a,
1999b).
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Free surface
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Figure 5-1 Model with three layers overlaying a half-space.

5.2 Response of a layered half-space

The surface displacement in time domain and in Cartesiacesjgadenoted:}® (1, z2,t) =
u;(z1,22,0,t). Likewise the surface traction, or the load on the free srfavill be denoted
piO(xy,22,t) = pi(21, 22,0,t). An explanation of the double superscriptwill be given in the
next section. In this section it is just noted that supepsaf refers to the top of the half-space.
Further, letg;;(z1 — y1,x2 — y2,t — 7) be the Green’s function relating the displacement
at the observation poirftr;, z2, 0) to the traction applied at the source poipt, y2,0). Both
points are situated on the surface of a stratified half-spéitehorizontal interfaces. The total
displacement at the poilit,, z2, 0) on the surface of the half-space is then found as

t o] o]
u(z1, 0, t) = / / / gij (1 — Y1, T2 — Yo, t — T)p}o(yl, ya,7) dyrdyedr.  (5-1)
—00 J —o0 J —o0

The displacement at any point on the surface of the halfespad at any instant of time may be
evaluated by means of Eq. (5-1) given tha{z —y1, x2 —y2, t — 7), which may be interpreted
as the dynamic flexibility, is available. However, an anahitsolution cannot be established;
therefore, in practice, the temporal—spatial solutiorregped by Eq. (5-1) is inadequate.

Assuming that the response of the stratum is linear, theysisainay be carried out in the
frequency domain. The Fourier transformation of the swrfdisplacements with respect to time
is defined as

Uilo(xl,xg,w) = / u}o(xl,xg,t)efmdt, (5-2)

with the inverse Fourier transformation given as
1 o0 )

u} %z, 2a,t) = 2—/ U (x1, 20, w)e dw. (5-3)
71— —00

Similar definitions apply to the surface loade. between the quantities!®(zy,x2,t) and
P!(x1,29,w), and to the Green’s function,e. betweeng;;(z1 — y1,22 — y2,t — 7) and

DCE Lecture Notes No. 3



5.3 Flexibility matrix for a layered half-space 181

Gij(x1 — y1, 72 — yo,w). It then follows that

U (21, 20,w / / Gij(x1 — y1, 22 — Y2, w) P} (y1, Y2, w)dy1dya. (5-4)

Thus, in the frequency domain, the temporal—spatial cartiai is reduced to a purely spatial
convolution.

Next, a transformation is carried out from the Cartesiarcgpdomain description into a
horizontal wavenumber domain. The following definitiongtod double Fourier transformation
and inverse Fourier transformation over space apply,

Uilo(kl,k‘%w):/ / U (21, 29, w)e Fr121+k222) ey dipy, (5-5)

U (21, 29, w) / / UM (ky, ko, w)elFrorth2m2) 4k, dfy. (5-6)

Defining similar transformations for the surface tractiord ahe Green’s function, Eq. (5-4)
achieves the form

U% (ks k2, w) = Gij(ky, ko, w) PO (K1, ko, w). (5-7)

This equation has the advantage when compared to the psefdouulation in space and time
domain, that no convolution has to be carried out. Thus, thglacement amplitudes in the
frequency—wavenumber domain are related directly to thetion amplitudes for a given set
of the circular freqeuncyw and the horizontal wavenumbeks and k5 via the Green’s func-
tion tensorG;; (k1, k2,w). When the load in the time domain varies harmonically in tbrenf
piO(x1,32,t) = P;(z1,22)e'?, the solution simplifies, since no inverse Fourier tranmstation
over the frequency is necessafy;; (k1, k2, w) needs only be evaluated for a single frequency.

5.3 Flexibility matrix for a layered half-space

The main advantage of the description in the frequency doara in the horizontal wavenumber
domain is that a solution for the stratum may be found ar@ili. In this section, the derivation
of Gij(kl, ko, w) is described. The derivation is based on the assumptiothdabaterial within
each individual layer is linear elastic, homogeneous aotidpic. Further, material dissipation
is confined to hysteretic damping, which has been found to teasonably accurate model for
materials such as soil, even if the model is invalid from agi¢gl point of view.

5.3.1 Solution for a single layer

The stratum consists of horizontally bounded layers, each defined by the Young’'suhwsd

E’, the Poisson ratie’, the mass density’ and the loss facton’. Further, the layers have
the depthgi/, j = 1,2, ..., J. Thus, the equations of motion for each layer may advantagjgo
be established in a coordinate system with the lagatoordinater?, defined with the positive
direction downwards so that, € [0, k7], see Fig. 5-2.
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0]
= T
ol
.-~ Layerj h?
T2 /’/ /”
X3, T}

Figure 5-2 Definition of the global and local coordinates for layewith the depthhs. The(z1, 22, x3)-coordinate
system has the origi®, whereas the locdlr;, 2, 2} )-coordinate system has the origiv .

Boundary conditions

In the frequency domain, and in terms of the horizontal wavelpers, the displacements at the
top and at the bottom of thgh layer are given, respectively, as

U7° (ky, ko, w) = U (ky, ko, 2 = 0,w), U7 (ky, ko, w) = Uy (ky, ko, ) = B, w). (5-8)

The meaning of the double superscriptapplied in the definition of the flexibility or Green’s
function in the previous section now becomes somewhatele@husl!* are the displacement
components at the top of the uppermost layer which coingidlsthe surface of the half-space.
The remaining layers are counted downwards with J referring to the bottommost layer.

Similar to Eq. (5-8) for the displacements, the tractiorhattbp and bottom of layer are
given as

POk, ko, w) = Py(k1, ko) = 0,w),  PM (k1 ko,w) = Py(k1, ko, ) = B w).  (5-9)
The quantities defined in Egs. (5—8) and (5-9) may advantesiygbe stored in vector form as

0l
pil

0
pio

S0 = , Sit = , (5-10)

whereU? = U7 (ky, ko, w) is the column vector with the componeBtg’, i = 1,2, 3, etcetera.

Equations of motion

In the time domain, and in terms of Cartesian coordinatesetjuations of motion for the layer
are given in terms of the Cauchy equations, which in the afesehbody forces read
0 0?

a—l,ko-gk(x17x27x?’)7t) :pjwug(xlvx%x%vt)? (5_11)
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whereafk(xl, 29, x%, t) is the Cauchy stress tensor. On any part of the boundergn the top
and bottom of the layer, Dirichlet or Neumann conditionslg@s defined by Egs. (5-8) and
(5-9), respectively. Initial conditions are of no interesthe present case, since the steady state
solution is to be found.

The dynamic stiffness of the homogeneous and isotropicnmataay conveniently be de-
scribed in terms of complex Lamé constants defined as

VIET (1+isign(w)n) ;B (1+isign(w)y)))

N = ,
’ 2(1+vd)

(T 7) (1 — 209) (5-12)

Subsequently, the stress amplitudépﬁ(xl, Zo, x%, w) may be expressed in terms of the dilation
amplitudesA’ (x1, 22, 2}, w), and the infinitesimal strain tensor amplitudés(x1, z2, 23, w),
&l (21, 22, 2%, w) = NAI (21, 29, 24, 0)is, + 207 ), (21, 22, 75, w), (5-13)

whered;; is the Kronecker delta and the following definitions apply:

Aj(xlvx%x%?w) = %Ug(xhx27$§7w)7 (5_14)
&l (1, 29,25, w) By Ul (21, 22, 23, w) + iU-j(:c T, 2h W) (5-15)
ik \ L1, L2, L3, 9 8.131 L1, L2, L3, 8xk i 1,42,43, .

It is noted thatd/dz} = /03 as the local}-axes have the same positive direction as the
globalzs-axis.

Inserting Egs. (5—12) to (5—15) into the Fourier transfaroreof the Cauchy equation given
by Eg. (5-11), the Navier equations in the frequency domiaraehieved,

S AN 92U

Y J J ?

( T ) ox; T Ox 0y,
Applying the double Fourier transformation over the honitzd Cartesian coordinates as defined
by Eg. (5-5), the Navier equations in the frequency—wavérardomain are established,

= —w?pUY. (5-16)

) ) . ./ d2 _ .
(N + ) ik A + 1! (@ — k7 - k%) Ul = -0}, i=1,2, (5-17a)
3
) . dA7 ./ d? _ . .
W +w) o+ (g — ki - k2) U3 = —w*p'U3, (5-17b)
3

whereAd = A7 (ky, ky, 2%, w) is the double Fourier transform @€/ (z, o, %, w) with respect
to the horizontal Cartesian coordinatgsandx,. Obviously,

AT (ky, ko, 2, w)
d!l?3

N (ky, by, 2%, w) = k1 U (K1, ko, 24, w) + ko U (K1, ko, 74, w) + . (5-18)
Equations (5—-17a) and (5-17b) are ordinary differentialatigns inz3. When the boundary
values at the top and the bottom of the layer expressed in(Bg8) and (5—-9) are known, an
analytical solution may be found as will be discussed below.
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The solution for compression waves

The phase velocities of compression and shear waves, odRs-araves, are identified as

W, j
Py T =y (5-19)

respectively. Accordingly, when the response varies harcadly with time with the circular
frequencyw, P- and S-waves in laygrare associated with the Wavenumbkﬁsandkj , respec-
tively, defined as

jy2_ Y jy2 _ W _
U= o Y- (5-20)
Introducing the parameteoéjg andozf.'g as the larger of the roots to
{op}? =k + k3 — {kp}?,  {ok)}® =K1 + 43 — (K3}, (5-21)
Egs. (5-17a) and (5—-17b) may conveniently be recast as
(N + 1) ik AT + ( o ; - {a{g}zUZ?) =0, i=1,2, (5—-22a)
L3
; das o d2Ud 12715
(N + ) =— G 2 loslUs ) =0 (5-22b)
3

Eq. (5—22a) is now multiplied withk; and Eq. (5-22b) is differentiated with respectitp
Adding the three resulting equations and making use of E¢L&h an equation for the dilation
is obtained in the form

) ) d2 9 2\ x . d2 TP
(A]-F/J/j)(d—?)—k kQ)AJ—FMJ(d—x%—{OKJS})A]:O =

2 . _ .
()\j+2uj)<dd— K2 >N+u (k2+k2 {ag}Q)AJ:o =

2 S
(N +2p7) (% — k2 - k§> AT+ I {KLY2AT = 0. (5-23)
T3
The last derivation follows from Eq. (5-21). Further, Eds-19) and (5—20) involve that
pH{EGY? = (N +207) {kp 2. (5-24)

Inserting this result into Eq. (5-23), and once again makisgof Eq. (5-21), we finally arrive
at the ordinary homogenous differential equation

d? : -

o }2> i =0, (5-25)
(1o
which has the full solution
Aj — ajl'ea-;)m-é + a%e—agzé. (5—26)

Herea{ andag are integration constants that follow from the boundaryditions. Physically,
the two parts of the solution (5-26) describe the decay ofiRew travelling in the negative and
positivexs-direction, respectively.
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The solution for compression and shear waves

Insertion of the solution (5—26) into Egs. (5—-22a) and (3)322ads to three equations for the
displacement amplitudes,

d2 J )\j L . P
dg — {20 = (ﬁ + 1) ik (a{e“’ﬂ% +a§e*“’ﬂé) . =12, (5-27a)
Q207 N . i . i g
da(c] —a S}ng = (.U_J + 1) aj (ajeaPIé - aée*afﬂé) . (5-27b)

Solutions to Egs. (5—27a) and (5-27b) are found in the form

_ _ . i S id Lo i

Ul = U] .+ U{, =bje™s™ + bhe *s™ 4 bhe™r™s 4 bje™ *P7s, (5-28a)
_ _ S S i i i

Us =Us .+ U3, = c1e™s™s + che™ ¥s™s 4 che™P™s 4 cje™ *P5, (5-28h)

Ui = +Uj = ol & —alaz) & ol & —ad,z} 5-28
3 =Usz, 3p = (1€ + dje + dze + dye ) (5-28c)

where the subscriptsandp denote the complimentary and the particular solutionpeaetively.
These include S- and P-wave terms, respectively. kikandal, ¢/, ¢}, etc. are integration
constants given by the boundary conditions at the top anddttem of layer;.

Apparently, the full solution has fourteen integration stamts. However, a comparison of
Egs. (5—-18) and (5-26) reveals that

N (ky, ko, 2, w) = iky U7 + ikoUd + i% = a]e"PT 4 ale™ 0PI, (5-29)
By insertion of the complementary solution, the first two terms in Egs. (5—28a) to (5-28c),
into Eq. (5-29) it immediately follows that

ik b] +ikoc] +akd] =0 = 4 =-— (fl f%ﬂ) (5-30a)
S S
ik b)) +ikoc) —akd) =0 = = fl b+ ffc% (5-30b)
S S

Here use has been made of the fact that the exponentialdasaif different powers are orthog-
onal. A further reduction of the number of integration camsés is achieved by insertion of the
particular solutions into the respective differential atjons (5—27a) and (5-27b). Thus, after a
few manipulations it may be shown that

. . . . J .
b = lkl al, d = 1k2 al, & = Yp al, (5-31a)
k) k) RCAE
; 'k‘l ; ik‘Q ; ; Oéj
b] — ! i aﬂ) Cj = — . aJ7 dj =+ P R 5-31b
CTERE® T TR T e o=31b)
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where use has been made of the fact that
N i BN (5 S () R U ) ik () S W
w ({ody2 = foh2) b1 (kb1 — (1432) (kb2 ((Rp)2 — ()2) (kb)Y

which follows from the definitions given in Egs. (5-19) to &). Thus, eventually only six
of the original fourteen integration constants are indejee, namely:?, a}, b7, b}, ¢/ andcl.
As already mentioned, the terms mcludlm{g anda2 represent P-waves moving up and down
in layer ;. Inspection of Egs. (5-28a) to (5—28c) reveals thatbﬁhandbg terms represent S-
waves that are polarized in the-direction and which are moving up and down in the layer,
respectively. Similarly, the] andc, terms describe the contributions from S-waves polarized in
thex,-direction and travelling up and down in the layer, respedyi It becomes evident that the
previously defined quantities,, anda, may be interpreted as exponential decay coefficients of
P- and S-waves, respectively. Obviously, witgrandk, are both smalqu;, andag turns into
“wavenumbers”, as they become imaginary, cf. Eq. (5-21).

Once the displacement field is known, the stress componardayplane orthogonal to the
x3 axis may be found from Eq. (5-13) by letting index= 3. The full solution for displace-
ments, U7, and tractionP?, may then be written in matrix form as

5 _ |V | _ Aigips bl v g g o ] 5-32
T pil ’ =la boq oa by oo (5-32)

whereE/ is a matrix of dimensiori6 x 6), which has the diagonal terms
Bl =e®r® El = El, =%, Ej, =e "% El = El = e 575, (5-33)

and is otherwise emptyA7 is a matrix of dimensiori6 x 6), the components of which follow
from Egs. (5-28a) to (5-31b) and (5-13). The computation atrim A7 is further discussed
below. Finally, the displacements and the traction at the beundaries of layej may be
expressed as

§I0 — AIOBI A0 = AT (5-34a)
Sil = eobh ATLpI AdL = ATODY, (5-34b)
D/ is the matrixe~»*5 B/ evaluated at} = h;,i.e.a(6 x 6) matrix with the diagonal terms
Dil =1, D%z = Dgs = e(agiaé)hja Di4 = eimjéhja Dg5 = DéG = ef(ajé+aé)hja (5-35)

and zeros at all other positions. Equations (5—34a) and4(p-~3ay be combined in order to
eliminate vectorb? which contains unknown integration constants. This presid transfer
matrix for the layer as proposed by Thomson (1950) and H&l@$3),

S = bt ATL[AO]1S0, (5-36)

forming a relationship between the displacements and #ietidin at the top and the bottom of a
single layer.
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5.3.2 Solution for a static force

When a static load is applied, the circular frequency isfidatly equal to zerow = 0. As a
consequence of this, the wavenumbers for P- and S- waeek,{, andkj defined by Eq. (5-

20), become zero and the integration constaﬁltetc. given in Egs. (5-31a) and (5-31b) are
undefined. Hence, the solution given in the previous secto@ms not apply in the static case.
The solution for the dilatational part of the displacements

Similar to the solution for the dynamic case# 0, a solution for the dilatation is first derived.
Analogous to Eq. (5-21), the quantityis defined as

o =k + k2. (5-37)

Forw = 0, Egs. (5-17a) and (5-17b) may then be rewritten as

, , _ Q2 ,
(N + 1) ik A + 1i? W; —a?Ul | =0, i=1,2, (5-38a)
3
AJ 2777 )
(N +7) da’ + dUs _ Q?Uj | =0. (5-38b)
dxs da?

Proceeding in the same manner as before, we arrive at theaoydhomogenous differential
equation

d? =
(— -« ) Al =0 (5-39)
da3

defining the dilatation. The full solution reads
Al =d) jeowh 4 a;e*w%, (5-40)

wherea] anda’, are integration constants that follow from the boundaryditions.

The total displacement field

Insertion of the solution (5—-40) into Eqgs. (5—38a) and (3)38ads to the following three inho-
mogeneous equations for the displacement amplitudes,

42U} p N

U= (u_ >lk (afers +afemerd),i=12, (5-4a)
CO g (M aw) _ ol e—orh 5-41b
qm U= () o (ke - akee). (o740

The solutions to the homogeneous parts of Egs. (5—41a) add i) are in the same form as
the complimentary solutions to Eqgs. (5-27a) and (5-271) thi¢ exception that the exponential
terms depend on rather tham},. However, smceﬁg = o = «aforw = 0, the particular
solutions suggested in Egs. (5— 28a) to (5—-28c) fulfil the bgemeous equations, and hence they
are invalid. Instead the full solutions are sought in therfor
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0] = U], + 07, = bje™™ + bhe " 4 blage™ + bjade o, (5-42a)
U3 = U3+ U3, = cle™™ + cje" + chae™™ + clafe", (5-42b)
U = U3, + U3, = dje + dje™ % + dafe™™ + djajeoh, (5-42c)

Again, apparently there are fourteen integration constaHbwever, insertion oﬁ{,p and
U3, into Eq. (5-41a) and insertion of Ejj , into Eq. (5-41b) provide the identities

1A+M1]€2 j

bé:_ETjal, C%:—§T o Cll, d%:—ﬁTal, (5—433)
i 1A+ piky ; IA+piky ; IA+p
bi:+573a§, ciz+§7?a§, di:—57a§. (5—43b)

Similarly, a reduction in the number of independent cortstanachieved by a comparison
of Egs. (5—18) and (5-40),

UJ

N (ky, by, @, w) = ik U7 + iko U3 + = ™™ + ale™75. (5-44)
By insertion of the full solutions given by Egs. (5—-42a) te42c) into Eq. (5—44), it follows that
ik1b] + ikoc] + ad] + ik x4} + ikoxlch + (1 + axg) d3 = a1, (5-45a)
ikybd + kol — ad) + kbl + ikaadc] + (1 - axg) ds = as, (5-45b)

which involves a relationship between the integration tams in the form
ik b] +ikocd +adl +d = al,  ikibl + ikedd — adl + &) = al. (5-46)

Inserting the definitions oj‘g andd’, given by Egs. (5-43a) and (5-43b), respectively, into Eq. (5
46), the equivalents of Egs. (5—30a) and (5—-30b) in thecstase read

i_ 1k:1 1k52 A+3p j_lk‘l . ko A+3p 47
di = ( " H) o aj, A b - =2 - o ab. (5-47)

The stress components on a horizontal plane are found frartbE#3) withk = 3, and the
full solution for displacements and traction is then giverthe form provided by Egs. (5-32)
and (5-33). However, in the static casrg = ol = «a, and the matrixA7 is replaced by an

equivalent matrix denoteAJ. Since the solution in the static case contains terms indha f
x}e®*s andae**3, and since only the exponential functions are accounteihftre matrix
E/, it is evident that the matriA?, depends on:}. Consequently, the displacements and the
traction at the two boundaries of laygbecome

g0 _ A%‘Obj ’ A%o - Ag(xg =0), (5-48a)
gl — a-;;hJ'Ajlbj Ajl — AJ (xj — hj)Dj (5-48b)

The definition of D7 given in Eq. (5-35) applies with?/, = aS = «, and analogous to the
dynamic case, Egs. (5—-48a) and (5—48b) may be combinedrtotha layer transfer matrix

Sit = et AMAY) 1S, (5-49)
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5.3.3 Assembly of multiple layers

At an interface between two layers, the displacements ghmibontinuous and there should be
equilibrium of the traction. This may be expressedsds = S/—%1 j = 2,3,...,J, i.e. the
guantities at the top of laygrare equal to those at the bottom of layer 1. Proceeding in this
manner, Eq. (5-36) for the single layer may be rewritten feysiem of/ layers,

§J1 eaéh"AJl[AJO]—lsJO _ eathAJ1[AJ0]—1SJ—1,1

a'};h‘]eaf;lhj_lAJl[AJO}flAJfl,l[AJfl,O}flstl,O N

=e€
J .
SJl — eZO‘AJl[Alo]_lAJ_l’l[AJ_l’O]_l . 'All[Alo]—lslo’ Yo = Zagghj (5_50)

j=1
Introducing the transfer matriX defined as
_ T11 T12 _ AJl [AJO]flAJfl,l[AJfl,O]fl . All[AIO}fl’ (5_51)
Tor Tao

Eq. (5-50) may in turn be written &’' = TS, or

1 110 S

Ul meme | T Tu2 U o - S ol (5-52)

PJ! Ty Top| [P j=1

This formulation is due to Thomson (1950) and Haskell (1943 establishes a relationship
between the traction and the displacements at the freecewfdhe half-space and the equivalent
quantities at the bottom of the stratum. For the frequeaney0, Egs. (5-50) to (5-52) still apply,
but the matricesA’® and A7 are replaced witA?° andA}', respectively, and’, = a.

5.3.4 The solution for a stratum over a rigid foundation

A rigid foundation may underlay the stratum. This model mayapplied, for example, in the
analysis of a stratified ground consisting of multiple saydrs overlaying bedrock. On the
surface of the rigid foundation, the displacements aretidalty equal to zero and thus, by
insertion into Eq. (5-52),

Ut 1 0| _ s |Tu Tiof [UY (5-53)
f)Jl f)Jl T21 T22 1510

The first three rows of this matrix equation provide the idgnt

U =GP, Gy =TT (5-54)

Grr = Gye(k1, k2, w) is the flexibility matrix for a stratum over a rigid foundariolt is observed
that the exponential function of the powet, defined in Eq. (5-52), vanishes in the formulation
provided by Eq. (5-54). This is a great advantage from a caatipnal point of view, since>®
becomes very large for strata of great depths, which mayttepcbblems on a computer—even
when double precision complex variables are employed.

Linear Elastodynamic Analysis



190 Chapter 5 — The domain-transformation method for a layer ed half-space

5.3.5 The solution for a homogeneous or stratified half-spac e

A half-space may be present underneath the stratum caowsisti/ layers. In this context, the
material properties etc. of the half-space will be assigheduperscripf + 1. The main differ-
ence between a semi-infinite half-space and a layer of firjpthdis that only an upper boundary
is presentj.e. the boundary situated at, ** = 0. Since the material is assumed to be homo-
geneous, no reflection of waves will take place inside théspdce. Further assuming that no
sources are present in the interior of the half-space, amigaing,i.e. downwards propagating,
waves can be present. Dividing the matriégg’sandE’ for a layer of finite depth, cf. Eq. (5-32),
into four quadrants, and the column vecdkgrinto two sub-vectors,

Al [Ad AL g B Eh bi — |Pi (5-55)
Ay A E; Ej b3
it is evident that only half of the solution applies to thefkepacej.e.
_ UJ+t A T
R I e L & R
22

The terms including the integration constamfs !, b/ ** andc; ** are physically invalid as they
correspond to waves incoming frarf ' = oo, i.e. from infinite depth.

From Eq. (5-56), the traction on the interface between thbunost layer and the half-
space may be expressed in terms of the corresponding dispéants,

U7 = A A TP (5-57)
The matrixE;,™ reduces to the identity matrix of order 3, since all the exgial terms are
equal to 1 forz; ™' = 0.

Flexibility of a homogeneous half-space

If no layers are present in the model of the stratuh—= 0 and it immediately follows from
Eq. (5-57) that Eq. (5-7), written in matrix form, becomes

U = thpw’ th = A%g[A%g]_l, (5-58)

where it is noted that the flexibility matrix for the homogens half-spac&nn = Gnn(k1, k2, w)
is given in the horizontal wavenumber—frequency domain.

Flexibility of a stratum over a half-space

WhenJ layers overlay a homogeneous half-space, continuity oflifglacements, equilibrium
of the traction and application of Eq. (5-57) provides

U/l — g/+o — Ai];l[Aélerl]—lpJJrl,O _ Ai];l[Aéljl}qpn. (5-59)

Insertion of this result into Eq. (5-52) leads to system afagipns

_ lAa’;l[Aa’Jl]*Pﬂ
PJl

ﬁlO
1310

ﬁJl
PJl

Ti1 Tio
Ty Too

B (5-60)

From the bottommost three rows of the matrix equation, amesgion ofP’! is obtained which
may be inserted into the first three equations. This leadsatadlution
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U™ = GuP®, (5-61)
where the flexibility matrix for the layered half-spagy, = G (k1, k2, w) is given by

~ —1

Gm = (A AL 1Ty — Tuy)  (Tr2 — AY AL Ta) (5-62)

where again the exponential function disappears.

5.4 Optimising the numerical computations

In this section, a few methods will be described that may leel ts speed up the computations.

5.4.1 Computation of the matrices A7° and AJ!

The computation of the transfer matfixinvolves inversion of the matrice&’?, j = 1,2, ..., J.
Further, the flexibility matrixG (k1 , k2, w) has to be evaluated for all combinatioits, k2) be-
fore the transformation given by Eq. (5—6) may be appliedveler, as pointed out by Shepy

al. (1999a), the evaluation &, and therefore also the Green’s function ma@ixis particularly
simple along the line defined iy = 0. To take advantage of this, a coordinate transformation
is introduced in the form

k1 y sing cosp 0
k| =R(p) ||, R(p)=|-cosp sing 0f- (5-63)
3 T3 0 0 1

This corresponds to a rotation @f;, k2, x3)-basis by the angle — 7/2 around thers-axis as
illustrated in Fig. 5-4. It follows from Eq. (5-63) th&;; (¢) = R;i(m — ¢), which in matrix—
vector notation corresponds {®(¢)}7 = R(r — ¢).

For any combination of; andks, the anglep is now defined so that = 0. The relationship
between the coordinates in the two systems of referenceisgiven by

k
k1 = acos @, ko = asin g, a=\/k?+ k2, tanp = k—Q, v=0. (5-64)
1

€3

Figure 5-3 Definition of the(k1, k2, z3)- and(v, «, z3)-coordinate systems.
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The computational advantage of this particular orientetibthe(-y, v, 23 )-coordinate system is
twofold. Firstly, the flexibility matrix may be evaluatedalg a line rather than over an area, and
for any other combination of the wavenumbers, the Greemstfan matrix can be computed as

Gk, ko, w) = R(@)G{R(0)}T  or  Gunlkr, ko, w) = Ri(¢)GimRim(@).  (5-65)

HereG = G(a,w) = G(0,a,w). Secondly, the matrice’® and A7'—and therefore also
A{jl andAgjl—simplify significantly when one of the wavenumbers is eqoaero. Thus,
whenk; =~ =0, ks = aandw # 0,

(0 1 0 0 1 0]
170 270
A0 0 1 AY o 1
o , 470 450 440 440
A0 — AJO(O,(x,w) — A31 AO‘O A33 A31 AOO A33 ; (5—663)
0 A o 0 —A% 0
170 270 270 270
AL 0 Al Ay 0 —Af
170 270 270 270
Az 0 A AR 0 Agg
where
A = —ia/{kpY?, AR = —ah/{kp)?, Afy = —ia/ad,
A =olyd, A = —-2ipdoda/{kp)?, AL =i (0?/ad + af),
A = =1 ({REY? + 200 }?) JkEYS,  ALS = —2a (5-66b)

At the bottom of the layer, the corresponding matrix is eatéd asA’/! = A/°DJ, where the
components of the matri®’ are given by Eq. (5-35)

Whenk; = v = 0, k; = o andw = 0 (i.e. the static case)A?" is replaced byA}’. The
structure ofA’ is identical to that ofA7° given by Eq. (5-66a), but the nonzero components are
different. Thus, forr}, = 0,

-0 -0 ) , , 0 ) -0 ,
Ag),zl =0, Ag).ﬁl = ()\J + 3Nj) / (QN]@) ) Ag),33 =L A%AQ =ap’,
/16?51 = i,uj, A6?53 = 2uja, A%,Om =N+ 2,uj, Ag?% = —Zi,ujoz. (5-67)

However, at the bottom of a layere. for = = h7, the structure of the matriA?’ to be applied
in the operatiorA?' = A?°D/ is different from that ofA7° provided by Eq. (5-66a). Hence,
instead

0 1 0 0 1 0
Ay 0 1 =AY, 0 1
Aél _ /1%?31 v(')o /1{)?33 A%?M v(')o _A%?% Dj’ (5-68a)
0 Ay 0 0 —A, 0
T U e N e
A 0 Afls Al 0 A,
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where

Aoy = (N i) 1) i), Ay = (W +37) / (20a) — (W + ) 17/ (207)

A%?% =—i, A%??A =— (N +3¢7) / (2w a) — (N + 1) W/ (207) /1%?42 = o,

/1%051 =i (.Uj — (N +p)ahd), /1%?53 =21, A%?EM =i ('“j + (N +p)ak’),
Af)om (N +207) = (M + ) al?, A%%S = —2ip/a,

Afos = (W +207) + (N + ) al. (5-68b)

Inversion of the matrices  A7° and A}’

A result of the many zeros iA7° and A}’ is that the matrices can be inverted analytically. This
may reduce computation time significantly. F&#°, the inverted matrix becomes

(o0 BS BS o B Bl
BY o0 0 By 0 0

550 30 -1 0 ng ng 0 ng ng

B = [A (O,a,w)] = A0 A0 0 a0l W £ 0, (5-69a)

AO‘ BlQ _B13 9 ) _315 Blﬁ
BY o o =B o o0

70 70 70 70

| 0 B3 —Byy 0 —Bi; By

where
B0 _ 1{k Pa B {k1}2(0® + a3) B 1{k Pa B0 {k}}2
12 Cl ’ 13 20&]302 ’ 157 2ap,uJC'2 16 uJCl
N kL}? + 202 . iaga N as . i
Biy=— 7{ S, Bjy= , BJ=- . Bl = —n,
32 201 33 02 35 202/j'j 36 QMJ Cl
Ny 1 Ny 1
BYY = 3 B = Znias’ C1 =202 — ki(j) — 203, Co=a®—a2. (5-69Db)
Similarly, in the case 0A?", the inverted matrix reads
M 70 50 70 530 ]
Q B(j),12 Bé,w O‘ B(j),15 Bé,w
Bé?ﬂ 0 0 38?24 0 0
70 50 70
0 _ [AjO(O a O)]A _ 0 B(j),m 33,33 0 B(j),35 0 (5-70a)
» & 750 750 750 S
Q B(j),12 _B(j),13 O‘ _33,15 Bé,w
Bé?ﬂ 0 0 —38?24 0 0
70 70 HJ0
L 0 B(j),21 _B(j),33 0 _33,35 0 |
where
L il o . 1 i . 1 .
B0 e pio - po L B0 b pio 1
0,12 C.3’ 0,13 WaCs’ 0,15 — 205" 0,16 — 205 021~ o

530 1 350 S R e

- — )\ J —
Blos = g Bl =300 Bl =T ac Co=N+2, (5-70b)
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Matrices for a homogeneous half-space
The matricesA 7, "* and A7, "° are readily obtained from the leftmost three columngét,
whereasA’! is obtained as

At = AIODY (5-71)

in accordance with Eq. (5—34b). Similar computations |eeith¢ equivalent matrices far = 0.
Note thatD/ is symmetric in the(ks, k2)-plane and that therefod®’ = D7. This property
follows from the definition of the exponential decay coeéfitisa, and o, given in Eq. (5—
21), or the definition ot given by Egs. (5-37) and (5-64), along with the definitionDf,
cf. Eq. (5-35). In other words it may be stated that and«, are invariant to rotation around
the zz-axis.

Similarly to the case of the matrices for a stratum, the isizgrof the matrixAz‘];’l"0 can be
expressed analytically. This mathematical exercise tgdethe reader.

5.4.2 Numerical procedure

As mentioned above, a direct evaluation@finvolves a computation over the entife; , k- )-
space. Making use of the coordinate transformation, thblpno is reduced by one dimension

sinceG needs only be evaluated along thexis. The following procedure is suggested:

Gis computed forw = 0, Aq, 2Aq, ..., NAa. Here Aa must be sufficiently small to
ensure that local peaks in the Green’s function are degtrifemust be sufficiently large

so thatG (a, w) =~ 0 for a > NAa.

The values of}(a,w) for « = \/k? + k3 are computed by linear interpolation between
values at theV + 1 discrete points.

Before the double Fourier transformation given by Eq. (Gs@parried out, the coordinate
transformation is applied.

In order to provide a fast computation of the inverse Four@nsformation it may be ad-
vantageous to us® = 2" wavenumbers in either direction so that that an inverseHastier
transformation (iFFT) procedure may be applied. The iFFdvjales an efficient transformation
of the entire discrete field}° (k1, k2, w) into the entire discrete field }*(x1, 22, w). Given that
the wavenumber step &«, the area covered in Cartesian space becdmgda x 27w /Aa.
Since the number of points on the surface in either coordidagction in the Cartesian space
is identical to the number of poinf§ in the wavenumber domain, the spatial incremént =
21/ (NAa).

In numerical methods based on a spatial discretizaog.,the FEM, the BEM or finite
differences, at least 5-10 points should be present perlemyth in order to provide an accurate
solution. However, in the domain transformation methoe, thquirement is that the fourier
transformed field is described with satisfactory accuracyhie wavenumber domain. If the
results in Cartesian coordinates are subsequently onlyateal at a few points per wavelength,
this will only mean that the wave field does not become visitlee few responses that are
computed will still be accurate. This is a great advantagernndealing with high frequencies. It
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has been found thad48 x 2048 wavenumbers are required in order to give a sufficiently esteu
description of the response (Sheatal. 1999a). On the other hand, if the displacements are only
to be computed over an area which is much smaller than thespegmed by the wavenumbers,
say at a few points, it may be more efficient to use the diszdtiersion of Eq. (5—6) directly.

5.4.3 Evaluation of the response in cylindrical coordinate S

As discussed on p. 186, the matrick%’ andA7! define a relationship between the tractions and
displacements at the top and the bottom of a viscoelastar.laghe six columns/rows of these
matrices correspond to a decomposition of the displacerfiddtinto P-waves and S-waves
polarized in ther, - andz,-directions, respectively, and moving up and down throtnghayer.

Some notes on the Green'’s function tensor

Consider a vertical source or a horizontal source actingpéntdirection,i.e. along the axis
forming the angler — 7/2 with the k; -axis around the:s-axis, see Fig. 5-3. In accordance with
the discussion in Section 1.3.2 this source produces P- ¥ntlaS8es. Secondly, if a source is
applied in the transverse directiore. the~-direction, only SH-waves are generated. These prop-
agate in a stratum independently of the two other wave typbsrefore, the Green'’s function

G (a,w) should simplify to the form

) G 00
Gla,w)=1] 0 Go G (5-72)
0 Gz Gs3

with the zeros indicating the missing interaction betweklvé&ves and P- and SV-waves. This
is exactly the result provided by Egs. (5-58) and (5-62) fbomogeneous and stratified half-
space, respectively, after insertion of the matride§, Af)l, etc.. Further, due to reciprocity

the matrixG (o, w) is generally antisymmetric.e. Gso = —Ga3 (Auersch 1988). As discussed

above,G = RGRT, whereR = R(y) is the transformation matrix defined in Eq. (5-63).
Hence, the displacement response in the horizontal waveeudomain may be found as

U® = Rij () Gjr(a,w) Ruc(9) P, (5-73)

wherelU0 = U!0(ky, ko, w) = U}°(a cos g, asin p, w) and a similar definition applies t8'°.

Rotation of the Cartesian coordinate frame of reference

Similarly to the transformation of the horizontal wavenwerfrom (1, ko) into (v, «), the
Cartesian coordinate system is rotated around:thaxis according to transformation

1 q sinf cosf 0
x| =R |r|, R=R(0) = |—cosf sinf 0f. (5-74)
T3 T3 0 0 1

The displacement amplitude vector (i 7, z3)-coordinates is denoted (¢, 7, z3) and has the
component$l,, U,, Us). Likewise, the load amplitudes are represented by the v&ig r, 3)
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with components P,, P,, P5). According to Eq. (5-74) the corresponding amplitudes & th
Cartesianz1, x2, x3)-coordinates are given as

U(z1, 22, 23) = R(0)U(q,7,23), P(x1,22,23) = R(O)P(q,7, x3). (5-75)

For a given observation poifit, z2, 0) on the surface of the half-space, the arggle now
selected so that = 0, i.e.the point lies on the-axis. Hence, the response to a load applied over
an area of rotational symmetry around theaxis may be evaluated in cylindrical coordinates,

x
21 = rcosf, Ty = rsind, r=/a? + 23, tanf = —=. (5-76)
T

Thus, at any given poiriffr(o,r, x3) is the radial displacement amplitude wheréa,go,r, x3)
is the amplitude of the displacement in the tangential dimac

The coordinate transformations (5-63) and (5-74) are difigewo angles:p defines the
rotation of the wavenumbefk,, k2) aligned with the Cartesiati, 22)-coordinates into the
rotated wavenumbelrgy, ). Likewise, a transformation of the Cartesian coordindigsxs)
into the rotatedgq, r)-coordinate frame is provided by the angleHowever, in order to simplify
the analysis in cylindrical coordinates, it is convenienitttroduce the angle

V=n/24¢p—0 (5-77)

defining the rotation of the wavenumbeérs «) relative to the spatial coordinatég, ). The
transformation is illustrated in Fig. 5-4. Eviden/(y) = R(6) R(¢), and the wavenumbers
(k1, k2) in the original Cartesian frame of reference may be obtaireed the rotated wavenum-
bers(v, «) by either of the transformations

k1 ol ~y sind cos?d 0
k| =R(¢) |a| =RORO) | a|. R(¥) = | —cos? sind 0] - (5-78)
T3 T3 T3 0 0 1

This identity is easily proved by combination of Egs. (5-8)-74), (5-77) and (5-78).

T2, k’z

"k A

° = T, k?l
€3

Figure 5-4 Definition of the three angleg, 6 and¥.
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Firstly, by application of the coordinate transformati@-74) in Eq. (5-6), the response
at the surface of the stratum may be evaluated by a doubleseFourier transform in polar
coordinates, here given in matrix form:

27
= 2/ / R(Y) G {R(9)}T P10 eorsin? 4y o da. (5-79)
s

wherearsind = kjx; + koxs is identified as the dot product of the two-dimensional vec-
tors with lengthsy andr, respectively, and/2 — ¥ is the plane angle between these vectors
as given by Eq. (5-77). In accordance with Eq. (5-75), thd Eraplitudes given in terms of
x3 and the horizontal wavenumbe(s,, k) are found from the corresponding load amplitudes
in (ki1, k2, z3)-space by means of the transformatiBtk,, k,, z3) = {R(0)}TP(k1, ko, x3).
Furthermore, transformation of the displacement ampdisuttom (g, r, x3)-coordinates into
(1, z2, x3)-coordinates provide the double inverse Fourier transétion

21 . B . .
Ul = 4% R(6) / R(¥) G {R(9¥)}T {R(0)}T POeiosnYqy o da. (5-80)
0 0 Jo
The component form of Eq. (5—80) reads
R (0)

472

27
Ul = /0 i Ryt (9) G (0, @, w) Ry (9) Ry (0) PO €75 d adar. (5-81)
If summation is skipped over indek this defines the displacement in directibat a point
(z1,x2,0) on the surface of the stratified or homogeneous ground duadaapplied in direc-
tion j over an area of rotational symmetry and centred argan@ 0). In the general cas®!°
depends on both the angfeand the wavenumber. However, if the complex amplitudes of the
load are independent df, i.e. if the load is applied with rotational symmetry around thénpo
(0,0,0), the vectorP'® may be taken outside the integral ovein Eq. (5-80), thus reducing
computation time in numerical algorithms considerably:

o _ 1 R(0) / e R(0)]" P ada, (5-82a)
2 0

27 . . .
G = 2i R(®) G [R(0)]T elorsin?qy, (5-82b)
™ Jo

Examples of the analytical evaluation of axisymmetric acke given in Subsection 5.4.4.

Evaluation by means of Hankel transforms

Apparently Eq. (5-81) seems more complicated than the sporeding inverse Fourier transform
in Cartesian coordinates given by Eq. (5-6). However, ttegirals over each of the components
with respect ta), i.e.the nine integrals involved in the computation(®f, («, 7, w) are identified
as Hankel transforms which may be evaluated by means of Besstions:

1 27 ) - 1 27 ) ) - 1
eIy = Jo(ar), 2—/ sin® 9"V dY = Jo(ar) — — J1(ar),
0 ar

21 J s

1 2 ) ) 1 2m . . 1
sind el s YdY =i J; (ar), Py / cos? ) elorsin?qy — e Ji(ar). (5-83)
0

21 J T
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Here, J,,(ar) is the Bessel function of the first kind and order Series expansions of these
functions were given by Abramowitz and Stegun (1972), andimes for their evaluation are
available in MATLAB and FORTRAN. Alternatively, the integrals may be given in terms of mod-
ified Bessel functions or Hankel functions. Note that theaimmg kernels of the integrals in
Eq. (5-82b) are odd functions gfon the interva[—m; 7]. Therefore these integrals vanish.

Application of the Bessel functions in accordance with E&-83) and further taking into
account that the Green’s function tensor is skew symmeitic@,, = G153 = G2 = G3; = 0,
see Eq. (5—-72), the components of the integral in Eq. (5-82tdme

~ 1 2 ]_ 2~
Gu(a,r,w) = (Jo(Oé?") — —Jl(Oﬂ")> G11 + th(a’r') GQQ,

ar

- 1 IS 1 2
Goa(a,r,w) = s Ji(ar)Gi1 + (Jo(()(’/‘) o Jl(()(’/‘)) Glag,

GIQ(CVy T, W) = GIS(ay T, W) = é?l(a7 T, W) = é?)l (Ck, T, W) = 07
éQg(Oé,’/‘,Q)) = —égg((x,r,w) =1iJ1(ar) égg, égg(()(,’l“,w) = Jo(ar) égg. (5-84)

Hence, the numerical integration involved in the doublesinse Fourier transformation (5—-82a)
is reduced to a line integral with respecttoThe relations listed in Eq. (5-84) were established
by Auersch (1994). Asrr — 0 the termsy; (o, 7, w) andGaa (a, r,w) approach the limit

én + ézz

. (5-85)

lim0 Gri(a,rw) = limO Goz(a,mw) =

ar— ar—

5.4.4 Analytical evaluation of loads in the Fourier domain

In order to establish the solution for the displacementhi@vwavenumber domain, the surface
load must first be Fourier transformed over the horizontaté3ian coordinates. This may be
done numerically by application of, for example, an FFT alfpon. However, computation speed

my be improved if the Fourier transformations are carrietbmalytically. In this subsection, the

load spectrum in wavenumber domain is derived for a numbsuidéce load distributions.

Example 5.1 A vertical rectangular surface load

In Cartesian coordinates, a vertical surface load is aplier a rectangular area with the dimensions
2a x 2b, see Fig. A. Given that the load is in phase, the amplitudetion P;° (1, z2,w) may be
expressed as

Py/(4ab) for —a<zi <a, -b<z2<b
0 else.

Ps% (21, m2,w) = {
Double Fourier transformation with respect to the horiabnbordinates yields,

]5310(1431, k27w) _ / / 13310(3:17 l’z,w) e—i(k111+k2z2) dzydze =

(continued)
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Figure A Rectangular surface load.

b a
Pglo(k17k2,w) = % eﬂk””/ e R Qg dao

elf1e _ gmikia o=ikob _ oikab sinkia sin k2b
= P = F
2k1a kab k1a kgb

A key feature 01‘_15;;10(1@1, k2,w) is the inverse proportionality witk; andk. which means that also
the displacement&'° (k1, k2, w) will be small, given that just a small amount of material damgpis
present in the layered ground as will be the case for anystaainhaterials. A similar behaviour is found
for a load applied over a circular area, see below. Howef/an undamped stratum is considered, the
response may “blow up” for certain wavenumbers correspanth layer waves like the Love wavell

Example 5.2 A vertical circular surface load

A vertical surface load is applied over a circular area wattlinsr, and centred at the origin of a cylin-
drical frame of reference. The load is applied axisymmaliycand in phase with the amplitude function
P3%(r,w) given as

2
P(r,w) = { Pftsrd) o v <ro

Double Fourier transformation with respect to the polardomtes(r, 0) yields

Pgw(a,w) = / / Pdw (r w)eﬂm“nﬂdﬂrdr

2 —1o<'r sin ¥ 2 PO
= dd rdr 27rJ0(a7’) rdr = =— Ji(aro).
nre aro

Here, « is the radlal wavenumber, antl = /2 + ¢ — 9 is the angle between the wavenumber and
the radius vectors in polar coordinatés, ) and (r, 6), respectively. As discussed abovey; sin ¢
corresponds to the scalar product between the two vecttingheé lengthe andr, respectively.

Clearly, the load spectrum decays rapidly withwhich is present both in the denominator of the
fraction and in the argument of the Bessel function of the fired and order 1. The decay rate increases
if the load is distributed over a large area in spatial domiainif r( is large. However, atv = 0, the
spectrum has a strong singularity. a
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Example 5.3 A vertical point force on the ground surface

The load on the surface of the half-space is applied as aakpoint force with the magnitudg, and
acting at the origin of the frame of reference. The amplitiudection may be expressed in Cartesian
coordinates as

P310(w17 Zx2, u.)) = Po 5(1‘1) 5(1‘2)

Double Fourier transformation with respect to the horiabobordinates provides the load spectrum in
wavenumber domain:

Pslo(k17 ko, w) = / / Pglo(xl, 22, w) e~ i(k1z1+k2w2) day das

- PO/ / 6(x1)5($2)e_i(klzl+kgz2)dxl dz2 = K.

Thus, the load simply reduces to a constant in the wavenuddieain. While this load spectrum is very
simple, itis not very useful seen in a perspective of nunaédomputation. This will be discussed in the
following.

A decrease in the kernel of the plane integral with respedét tand k- is present due to the nature
of the Green'’s function tensor. The previous examples shaiva distributed load applied over a finite
area leads to a further decrease of the integrand with thedmal wavenumber. However, this is not the
situation in the present case. Thus, when a point force ibeapwith magnitudeP,, the load spectrum
has infinite band width in wavenumber domain with the unifamtensity Py. This is a great disadvantage
in numerical computations, since the double inverse Fotraasformation involved in the computation
of the response must be carried out over a large intervalofvdvenumbers. a

Example 5.4 A vertical “bell-shaped” surface load
The application of a Gaussian distribution Bf°(r, w) leads to a “bell-shaped” load on the surface of
the half-space. In polar coordinates, a vertical load «f kinid is expressed as
P ~(=5)",
dmrd

P (r,w) =

A small value ofrq (the standard deviation) defines a concentrated force ratie ilimit asro — 0, the
“bell-shaped” load approaches the delta spike discussegtiprevious example.
Double Fourier transformation @3 (r, w) with respect to the polar coordinates ) yields:

[e%S) 27
P{%(a,w) = / P;;lo(nw)eﬂmsmﬂdﬂrdr
0

Py
T A4

0
oo 2m 2
—( 52— )" —iarsin? —a?r2
/ e (=75) ddrdr = Pye™“ "0,
0 0

where the usual interpretation af sin ¥ as a scalar product between two vectors applies. The definiti
of the angley is given in Fig. 5-4.

Hence, in the spatial domain, the “bell-shaped” load isestttjo an exponential decay with increasing
radiusr and decreasing standard deviatign In the wavenumber domain, there is an exponential decay
of P;%(,w), both with respect tec andr, squared. This results in a load that is adequate for nunierica
evaluation of the inverse Fourier transform of the respamseavenumber domain. a
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5.5 Analysis of moving sources

The domain-transformation method described in the prevsmctions for the analysis of fixed
sources acting on the surface of a half-space is easily @steto the analysis of moving sources.
In the fixed frame of reference, a point source moving on thtase of the half-space along the
x1-axis with the velocity is identified as

i’ (w1, w3, 1) = 8(z1 — vt)8(w2)pj (1), (5-102)

where it has been assumed that the source is situated atatdiratey z1, z2, z3) = (0,0,0)
at the timet = 0. When the load varies harmonically with the frequengyit follows that
pj(t) — Pi*eiwt.

____________________

____________________

x3

Figure 5-5 Definition of the moving(#1, Z2, 3)-coordinate frame.

A formulation in the fixed frame of reference becomes conapéid since the Fourier trans-
formation over time does not account for the fact that the isanoving. A great simplification
of the solution is achieved if a moving frame of referencedig@ed which is defined by

(.fl,.fQ,.fg) = (xl - Ut,$2,$3). (5—103)

This relation is identified as a special case of the Galilesrdinate transformation (2—49), and
applies for any load speed. The transformation is illusttah Fig. 5-5. Note that; = x; for

t = 0. Further, partial derivatives in the two systems are rdlate

o _90 9y _9p _ 0

o0x; o 8.%1" Ot |z, ot T4 011 '
In the moving frame of reference, the response at any dints, Z3) varies harmonically with
the circular frequency of the moving load. This means that the local partial derreatvith

respect to time correspondsito. The time derivative at a material point then becomes

% ~dw ~ i —vi (5-105)

X 8'%1 '
Hence, in the movindgz,, 2, £3)-coordinate frame and in the frequency domain, the Navier
equations (5-16) yield

(5-104)

- OAI 92U } ) 92\ -~
J J J i J 52 iy 2 2 J _
(N + 1) %, + p FE P (w + 2ivD e (%%)UZ. (5-106)
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Further, applying the double Fourier transform over thazumtal coordinates, the Navier
equations enter the form

~ = . . 2 ~ ~ =~ - .= .
(N + 1) ik; AT + 11 (% . k§> 7= WU/, i=1,2, (5-107a)
L3
O dAY A2 L N = ey
(Aj + /tj) d—.’ig + ,UJ (@ - k% - k%) Ug = —prJUg, (5—107b)
3

Here,w = & — kyv is identified as the circular frequency of vibration at a miatepoint. A
comparison of Egs. (5—107a) and (5—-107b) with Eqgs. (5—1"@j&-17Db) leads to the conclusion
that the solution in the moving frame of reference denotetllthg is identical to the solution in
the fixed frame of reference except for the fact that the trduequencyw is now wavenumber
dependent. Unfortunately the asymmetryw.oin the (151, 152)—plane implies that the numerical
approach suggested in Subsection 5.7.1 is not applicabtaveter, it may still be useful to
evaluate all quantities along theaxis and then transform them back into tie, k2 )-plane; but
now the computation must be repeated for each valueg .of

5.6 Dispersion of waves in viscoelastic strata

The domain-transformation method is well-suited for thalgsis of dispersion in stratified vis-
coelastic media. In the following, an example is given, inichithe dispersion in half-spaces
with different numbers of layers are examined.

Example 5.5 Dispersion in a layered half-space

In Figs. A and B, the dispersion diagrams are plotted for fdifferent half-spaces built up by three
materials with the following properties:

Material 1: F = 50 MPa v = 0.25, p = 1500 kg/m®
Material 2:  E = 100 MPa, v = 0.20, p = 2000 kg/m®

Material 3:  E = 200 MPa, v =0.15, p = 2500 kg/m®

An increase of the stiffness and density is usually encoadtéor increasing depths of a deposit. Low
Poisson ratios are descriptive of soils with a high degrezenfentation.

The plots in Fig. A represent the dispersion in two layerdéi$zaces. In the first model, a single layer
of material 1 and with a depth of 2 m overlays a homogeneousshate of material 3. In the second
model, two layers of depth 1 m overlay the homogenous hatspf material 3. The top layer consists
of material 1, while the bottom layer is made of material 2e Blark shades indicate that a great response
is produced for a given combination of the frequency and taeanumber, whereas light shades indicate
a low response. The curves representing P-, S- and Rayleigé propagation are included in the figure.
In accordance with the discussion in Subsection 1.6.1etHispersion curves are straight lines.

(continued)
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Figure A Dispersion diagrams for layered half-spaces: one layét) @ad two layers (right). The straight lines
represent the Rayleigh waves{— ), the S-waves (~ — ) and the P-waves (- - ) in the indicated materials.
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Dispersion diagrams for homogeneous half-spaces: sdfspate (left) and stiff half-space (right).
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Figure A clearly shows that the dispersion in the two différiayered half-spaces is very different,
though some common observations can be made. Thus, in bo#tiens a surface wave with a strong
response is identified. In the low-frequency limit, the @isgpon curve of this wave defines a phase speed
which goes towards the Rayleigh wave speed of the half-splacthe high-frequency limit, the wave
travels with a speed that goes asymptotically towards thaelRgn wave speed of the surface layer. A
rapid shift between the two limits is observed for the sirigiger over the half-space, whereas a slow
shift is noticed for the two-layer model.

In addition to the surface wave, several other waves maydsified in the dispersion diagrams for the
layered half-spaces. These wave run along the layers ofdoés and are associated with a much smaller
response than the surface wave. The layer waves are ideiuyfi@ cut-on frequency, cf. Subsection 1.6.1,
and evidently they bifurcate from the faster P-wave in th&tay. Thus, no waves exist with a speed
higher than the P-wave speed in material 3, and no wavesl tnatfea speed that is lower than the
Rayleigh speed in material 1. The dispersion curves for gmmus layer and interface waves lie inside
the angle space provided by the lines representing thesedawes. It is noted that if the stratum overlays
bedrock,i.e. a half-space with infinite stiffness, the lower bound defibgdhe fast P-wave lies at the
frequency axis.

Finally, the dispersion for two different homogeneous Isalices has been illustrated in Fig. B in
order to examine whether such models are able to descrilaytteanic behaviour of a real soil deposit.
Clearly, the analysis indicates that neither of the homegas half-space models are able to describe the
complicated dispersion of waves in a soil deposit with evaingle layer. Thus soil should at least be
modelled as a single layer over a half-space. In many sitasithis rather simple model has been found
to provide useful results. a

5.7 Impedance of rigid foundations

Arrigid footing has three translational and three rotatlalegrees of freedom as shown in Fig. 5—
6. In the frequency domain, these are related to the cornelipg forces and moments via the
impedance matriZ(w),

Z(w)V(w) = F(w), (5-112a)
V@ =W % e 6 6] (5-112b)
F(w) :{Pl P, P3 M, M, Mg]T. (5-112c)

(@) (b)

Figure 5-6 Degrees of freedom for a rigid surface footing: (a) disptaents and rotations, and (b) forces and moments.
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In the most general case, the impedance m&(ix) is full, i.e. all the rigid-body motions of
the footing are interrelated. However, in the present cheefdoting rests on the surface of
a horizontally layered stratum. Further, assuming thatsthess resultants act at the centre of
the soil-foundation interface, the torsional and vertiigplacements are completely decoupled
from the remaining degrees of freedom. Thus, the impedartexisimplifies to

(5-113)

o
o
&
]
o
o
o O O o O

0 0 0 0 0 Ze6

A further simplification ofZ(w) is obtained if the moment of inertia around a given horizbnta
axis is invariant to a rotation of the footing around thexis. This is the case for the gravitation
foundations that are typically utilised for wind turbines, circular, square, hexagonal and octag-
onal footings. With reference to Fig. 5-7, the moments atiaarel,, = I,, = I = I¢, where

¢ is an arbitrary horizontal axis. As a result of thi&,; = Zss, Z44 = Zs5 andZy5 = —Zoy,
and the coupling between sliding in the-direction and rocking in the-direction (and vice
versa) vanishes.e.

AT 0 0 —Zyu

0 Zay 0 Loy 0

0 0 Zsz 0 0

0 Zoyg 0O Za4 0
—Zos 0 0 0 Zss

0 0 0 0 0 Zeg

(5-114)

o O o o O

In order to compute the nonzero components of the impedaat(w), the distribution
of the contact stresses at the interface between the foatidghe ground due to given rigid body
displacements has to be determined. However, Eq. (5-80)de®the displacement field for a
known stress distribution. Generally this implies that pneblem takes the form of an integral
equation. For the particular case of a circular footing omabgeneous half-space, Krenk and
Schmidt (1981) derived a closed-form solution for the waltimpedance. Yongt al. (1997)
proposed that the total contact stress be decomposed intmban of simple distributions ob-
tained by a Fourier series with respect to the azimuthaleaagtl a polynomial in the radial
direction,e.g.

M N
PX(r,9,w) Z A" cos(mid) (5-115)

m=1n

for the component in the-direction and a symmetric contact stress distributiomifar expres-
sions were given for the components in th€or 9-) andxzs-direction and for the antisymmetric
case. The response to each of the contact stress distributan be computed, and the coeffi-
cientsa,,,, are determined so that the prescribed rigid body displan&ee obtained.

Linear Elastodynamic Analysis



206 Chapter 5 — The domain-transformation method for a layer ed half-space
1 NI ¢
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‘ Z1 o 1
@ (b)
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Figure 5-7 Definition of axes for different geometries of a footing: cular, (b) square, (c) hexagonal, and (d) oc-
tagonal footing. The horizontal plane is considered, ahthalfootings have the same characteristic lengtf,

However, for arbitrary shapes of the footing it may be diffi¢a follow this idea. Hence, in

this study a different approach is taken which has the faligusteps:

The displacement corresponding to each rigid body modeescpibed atV points dis-
tributed uniformly at the interface between the footing #melground.

The Green'’s function matrix is evaluated in the wavenumbenain along thev-axis, and
Eqg. (5-82b) is evaluated by application of Eq. (5-84).

The wavenumber spectrum for a simple distributed load withraagnitude and rotational
symmetry around a point on the ground surface is computedisisissed in Example 5.4,
a “bell-shaped” load based on a double Gaussian distribdtas the advantage that the
wavenumber spectrum is a monotonic decreasing functien of

The response at pointto a load centred at point is calculated for all combinations of
n,m = 1,2, ..., N. This provides a flexibility matrix for the footing.

The unknown magnitudes of the loads applied around eachegpdimts are computed.
Integration over the contact area provides the impedance.

In particular, if the surface traction vector in the wavertem-frequency domain takes the

form PO(ky, ko, w) = D(k1, ko) Pi(w), i = 1,2,3, whereD(ki, k) is a stress distribution
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with unit magnitude and’, (w) is an amplitude, Eq. (5—82a) may be computed as

U = R() G [R(0)]T P, (5-116a)
G=G(rw) = % /Oo G Dada. (5-116b)
0

Here it is noted thaD = D(a) = D(0,«), since an axisymmetric distribution is assumed.
The choice of contact stress distribution and various ditzation aspects are discussed below.
Alternatively, a boundary element model based on the Gsdanttion for the layered half-space
may be employed. However, this involves some additionakveince the Green'’s function for
traction has to be evaluated.

5.7.1 Discretization considerations

In order to achieve an accurate and efficient computatiohefrhpedance matrix for a footing
with the present method, a number of issues need considlerati

Equation (5-116) has to be evaluated numerically. Thisirega computation of («, w)
for a number of discrete wavenumbers. All peaks in the wandrar spectrum must be
represented well, demanding a fine discretization in theMawvenumber range—in par-
ticular for a half-space with little material damping.

No significant contributions may exist from the produétsa) éij (,w), i, = 1,2,3,
for wavenumbers beyond the truncation point in the numeeicauation of the integral in
Eqg. (5-116).

Enough points should be employed at the soil-structurefate in order to provide a
good approximation of the contact stress distribution.

Concerning item 1 it is of paramount importance to deterrttieevavenumber below which
the wavenumber spectrum may have narrow-banded peaksubteoan be made of the fact that
the longest wave present in a homogeneous half-space isayleigh wave. An approximate
upper limit for the Rayleigh wavenumber is provided by thegualityar = w/cr < 1.2w/cs
for v € [0;0.5]. For a stratum with/ layers overlaying a homogeneous half-space, the idea is
now to determine the quantity

o1 = 2w/ min {cg, c3, ...,cé“} . (5-117)

where indexJ + 1 refers to the underlying homogeneous half-space. In austravaves with
wavenumbers higher than are generally subject to strong material dissipation siheg arise
from P- or S-waves being reflected multiple times at the fatas between layers. Only if the
loss factor isp? = 0 for all layers, undamped Love waves may exist; but this fiitnais not
likely to appear in real soils.

Concerning item 2 it has been found by numerical experimiatisthe integral of Eq. (5—
116) may be truncated beyond the wavenumbetetermined as

as =max{5a1,20a0}, «ag=27/Ry. (5-118)
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Here Ry is a characteristic length of the foundatieng.the diameter of a circular footing. For
strata withn/ > 0.01 for all layers it has been found that accurate results aredifp obtained
by Simpson integration with 2000 points in the wavenumbegeax € [0; a;] and 500 points
in the rangea € [ay;az]. As discussed above, the numerical evaluation of the iategr
the rangen € [aq; o] is particularly efficient for the “bell-shaped” load didtition, since
D(a)Gij(a,w), i, j = 1,2, 3, are allmonotone functions beyongin this case as demonstrated
in the example below.

Finally, concerning item 3J'° must be evaluated for all combinations of receiver and sourc
points. In the present analyse@(r,w) is computed at 250 points on theaxis fromr = 0 to
r = 2Ry, whereR, is the radius of a circular footing. Subsequel¥’ is found by Eq. (5-116)
using linear interpolation ofi(r,w). This provides a fast solution of satisfactory accuracy.

Example 5.6 A circular footing on a homogeneous half-space

The impedance of a circular footing with radil = 5 m is computed. The footing rests on a homo-
geneous linear viscoelastic half-space consisting of dieeomaterials listed in Table A. Hel® is the
shear modulusy is the Poisson ratiq; is the mass density, angis the loss factor. Note th&t is a real
number in contrast tp = (1 + in)G which defines the complex shear stiffness, cf. Eq. (5—-12¢ thtee
materials may resemble very soft rock, drained sandy sdilaudlrained soil, respectively.

P"D(xz1 — 27", x2 — x*)

- - Footin \\
e S
S5O0

2

3
@ (b)
Figure A Models used for computation of the impedance: (a) Presetitadevith “bell-shaped” loads applied 3t
points under the footing, and (b) boundary element modél guiadratic interpolation. The shaded elements comprise
the footing.

1 s
N P U
0.8 G:“/GO H
— = = G22/Go
Gs3/Go
— = G23/Go

Normalized amplitude
Phase angle (rad)

5 10 15 20 5 10 15 20
Normalized wavenumbety/ag Normalized wavenumbety /g

Figure B Wavenumber spectra for the “bell-shaped” load and the compts of the Green’s function matrix for
Material 1 (see Table A) and far = 6wo. The vertical lines indicater/ g, whereag = 27/ Rg.

(continued)

DCE Lecture Notes No. 3



5.7 Impedance of rigid foundations 209

A model with N = 91 uniformly distributed points under the footing has been leygd in the present
method, and the contact stress is discretized into “belpst” loads applied at thes€ points with
r1 = Ro/V/4N, cf. Example 5.4. Alternative, for a load applied over awiac areaj.e. according to
Example 5.2, the natural choicersis = Ro/+v/N, implying that the areas over which thé loads act
add up to the total area of the footing. In any case, for pointhe the contribution in direction is
P"D(x1 — 2, zo —x3). The principle has been illustrated in Fig. Aa for a vertitmll-shaped” load,
however for a model with only 37 points.

The results of the present method are compared with those¢hwséa-dimensional boundary element
(BE) model employing the full-space Green’s function (Dnguiez 1993; Andersen and Jones 2001a)
and quadrilateral elements with biquadratic interpotatibthe displacement and traction fields. Use has
been made of the fact that the contact stress distributieri@a rigid body motion of the circular footing
is either symmetric or antisymmetric. Thus, only half thetfiog is included in the model, see Fig. Ab.

The circular frequency of the excitation is normalized wieispect to the quantityo = cs/Ro,
wherecs is the shear wave velocity in the half-space computed aswprid Eq. (5-19). Figure B
shows the wavenumber spectra for the “bell-shaped” loadtleadomponents of the Green’s function
matrix for Material 1 in terms of the normalized wavenumber = 27 /R, at the circular frequency
w = 6wo. Similar results are obtained at other frequencies anchioother materials listed in Table A.
The components o (c, w) have all been normalized with respect to the quartity= G35 (0, w).

Pronounced peaks are present in the wavenumber spectragfien’&function components in Fig. B at
the P-wavenumber and, in particular, at the Rayleigh wawvdraun. However, as indicated in the previous
subsection, both the load and the Green’s function compsra@a monotone functions for wavenumbers
beyond the Rayleigh wavenumber. Hence, only a few pointeecessary in order to obtain an accurate
discrete inverse Fourier transformation of the wavenurmdege beyondy; .

Table A Material properties for homogeneous half-space.

Material no. G (MPa) v p (kg/m?) n
Material 1 50 0.250 2000 0.05
Material 2 50 0.400 2000 0.05
Material 3 50 0.495 2000 0.05
10 ™
. Zs3/Zo
o 8 X Zss/ZoRo )</ _
2 O  Zxn/Z -‘3
o O ~
x g
b g
N o
< 4
E ) £
o
= 2
q
0 N N N N N N N N N N N
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Normalized frequencyy /wo Normalized frequencyy /wo

Figure C Impedance of a circular footing on a homogeneous half-spabtaterial 1 (see Table A): present method
( — ) and boundary element solution — ).
(continued)
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NE]

Normalized amplitude
Phase angle (rad)

0 1 2 3 4 5 6 0 1 2 3 4 5 6
Normalized frequencyy /wo Normalized frequencyy /wo

Figure D Impedance of a circular footing on a homogeneous half-spabtaterial 2 (see Table A): present method
( — ) and boundary element solution{ — ).
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g— O Zaa/ZoRo E
< =
g 3
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©
£ 8
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P

0 1 2 3 4 5 6 0 1 2 3 4 5 6
Normalized frequencyy /wo Normalized frequencyy /wo

Figure E Impedance of a circular footing on a homogeneous half-spaMaterial 3 (see Table A): present method
( — ) and boundary element solution{ — ).

Pronounced peaks are present in the wavenumber spectragfen’&function components in Fig. B at
the P-wavenumber and, in particular, at the Rayleigh wawvdraun. However, as indicated in the previous
subsection, both the load and the Green’s function compsia@a monotone functions for wavenumbers
beyond the Rayleigh wavenumber. Hence, only a few pointeecessary in order to obtain an accurate
discrete inverse Fourier transformation of the wavenumdege beyondy; .

Next, the impedance matri&(w), cf. Eq. (5—113), is computed for a number of frequenciebérange
wo € [0; 6]. All components are normalized with respect to the statiticad stiffnessZ, = Zs3(0), and
the results are plotted in Figs. C to E for the materialsdisteTable A. It is noted that the impedances
for rocking and torsioni.e. Z44 and Zss, have been divided byr, in order to get results of the same
order of magnitude for all components &fw). Further, since the circular footing is doubly symmetric,
Zh1 = Zas andZys = Zss.

(continued)
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From Figs. C to E it is concluded that the present method gesviesults of great accuracy for the
componentsZ;; and Zss, i.e. horizontal and vertical translation. On the other handdfeee some dis-
crepancies in the rocking and torsion impedances predigtddthe two methods. Whereas the same
phase angle is achieved with the two methods, the amplitueldiqgted by the present method is ap-
proximately 10% smaller than the amplitude obtained withBft model. However, it is worthwhile to
mention that the present method generally provides stiffes that are too small, whereas the opposite is
the case for the BE solution. A convergence study indicdigsa better agreement between the present
method and the BE model is achieved when more degrees obfreace used in both models.

In addition to this, the BE solution took about 100 s per fiegy on a 1.6 GHz P4 laptop computer,
whereas the computation time for 121 frequencies is 52 s thvétpresent method. For a layered half-
space the difference becomes more pronounced. Andersedioard (2001b) concluded that the BE
computation mesh must be truncated farther away from the floan is necessary in the case of the
homogeneous half-space. Further, compared to the modéladf-apace, a better discretization is needed
due to the existence of waves propagating in the layers. ,‘The®mparison to the model illustrated in
Fig. Ab, a BE model with more than twice as many degrees ofifreehas to be applied for the analysis
when a half-space overlaid by a single layer. As the systemnicea in the BE formulation are fully
populated (Dominguez 1993) this leads to a significant as@eén computation time. On the other hand,
with the present model the computation time only increasss 52 s to 60 si,.e. by about 15%. a

Example 5.7 Example: A wind turbine foundation on a layered ground

In this example, the impedance of a wind turbine foundatgostudied for frequencies in the range 0—
3 Hz. This frequency range is relevant for the first vibratinades of both the tower and the wings,
which are typically close to 0.25 Hz and 1.0 Hz, respectivielya 3 GW wind turbine. The foundation
is modelled as a circular footing with the radils = 10 m resting on a subsoil with a single layer over
a homogeneous half-space. The top layer is assumed to tohsat undrained soil, and the underlying
half-space consists of a stiffer material. The materiapproes of the top layer and the half-space are
listed in Table A. These properties may be representativdoofexample, a sandy or clayey deposit
overlaying limestone or bedrock.

The results of the analyses are shown in Figs. A to D, and akivéeresting observations can be made.
The main conclusions are given in the following.

Firstly, a comparison of Figs. C to E in Example 5.6 with Fig.iDthis example shows that the
impedance of the footing on the 80 m deep layer over the Ipalfes resembles that of a footing on a
homogeneous half-space, in particular at the higher fregjas. This was to be expected, since the top
layer in this situation is deep compared to the radius of dwtifig. Thus, the normalized frequency
w/wo = 6 corresponds to an S-wavelength less than 1/10 of the lay¢hde

As an exception to the general observation that a deep lagembles a half-space, it is noticed that the
vertical impedance does not increase monotonously at hégfuéncies. Local tips and dips continue to
be present in both the normalized amplitude and the phade-amegen in the case of the 80 m deep layer,

Table A Material properties for layered half-space.

Layer no. h (m) u (MPa) v p (kg/m?) n
Layer 1 20-80 5 0.497 2000 0.05
Half-space 0 500 0.250 2500 0.01

(continued)
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Figure A Impedance of a circular footing on a subsoil with soft sanoly ®verlaying a stiffer homogeneous half-
space:h! = 20 m.
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Figure B Impedance of a circular footing on a subsoil with soft sanoly ®verlaying a stiffer homogeneous half-
space:h! = 40 m.

cf. Fig. D. These tips and dips correspond to negative andiy@énterference, respectively, between
the outgoing SH-waves generated at the footing and the imgp8H-waves reflected from the interface
between the layer and the underlying half-space.

For a homogeneous half-space with a Poisson ratio lowerapproximately 0.4, the phase angles of
all impedance components are monotone increasing fursctibthe frequency with the limit /2 as the
frequency goes to infinity, cf. Fig. C in Example 5.6. For l@gRoisson ratios, the phase angles associ-
ated with vertical motion and rocking increase to a globakimam and then decrease to the asymptotic
valuer /2, cf. Figs. D and E in Example 5.6. The maximum value of the etssft approaches for
Poisson ratios nedr/2, since in this case the half-space becomes infinitely stiff vegard to the propa-
gation of P-waves. On the other hand, for the layered haésphe phase angle varies significantly with
the frequency. As the depth of the top layer is increaseds siwei number of tips and dips in the phase
angles of the impedance components within the consideeggiéncy range.

(continued)
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Figure C Impedance of a circular footing on a subsoil with soft sanoly ®verlaying a stiffer homogeneous half-
space:h! = 60 m.
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Figure D Impedance of a circular footing on a subsoil with soft sanoly @verlaying a stiffer homogeneous half-
space:h! = 80 m.

With increasing layer depth, the static stiffness relatexbtking and torsion increases relatively more
than those related to vertical or horizontal translation.

The magnitude of the translation impedances of a footing drormogeneous half-space increase
monotonously with increasing frequency. Figures A to D shbat this is not the case for a footing
on a layered half-space. In particular it is noted that theu6® 80 m deep layers give rise to a decrease
in the impedance of about 30% at 0.20 to 0.30 iz close to the first resonance frequency of a modern
wind turbine.

In the case of a homogeneous half-space, there is a slighgatexof the rotational impedances with
frequency for low frequencies, cf. Figs. C to E in Example T.bis decrease is more pronounced when
the half-space is overlaid by a layer with = 20 or 40 metres, in particular with respect to the rocking
impedance. Fokh' = 20 m the decrease is most significant. However,/fbr= 40 m the dip is located
at a lower frequency, which may be critical for the resporfsewind turbine.

(continued)
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Based on these findings it is concluded that stratificaticthefsubsoil may lead to decreases of both
translation and rotation impedances of a wind turbine fatiod in the frequency range that is critical to
the structural response. a

5.8 Summary

This chapter contains a derivation of the domain-transétion metho, which may be applied
for the analysis of a stratum overlaying bedrock or a homegas half-space. The method relies
on an analytical solution for the wave propagation over kdeahd this provides a much faster
evaluation of the response to a load on the surface of thengrthan may be achieved with
the finite element method and other numerical methods. Hervéwe horizontal wavenumber—
frequency domain model is confined to the analysis of strétfa orizontal interfaces. It has
been demonstrated that the method is useful for the exaiminaitdispersion in such deposits.

In the general case, the Fourier transformation and inveéoseier transformation in space
involves the evaluation of double integrals over spatiardmates and wavenumbers. However,
the evaluation of the response to a fixed load applied ovekagrametric area may be carried
out by means of Hankel transforms. Hence, only a line integtest be computed.

Finally, the domain-transformation method is easily addpd moving sources. The govern-
ing equations are unchanged from the situation in case oéd foad. However, the computation
of the response becomes slightly more complicated sinceittaar frequency of vibration at a
material point depends on both the frequency of the moviag l@s seen in the moving frame
of reference) and the wavenumber in the direction of comwect

Since the response is computed in the frequency—wavenuwtobaain, the method is ideal
for the analysis of wave propagation in viscoelastic medta wdvanced material models such
as fractional time-derivative models. In particular sucit@nial models cannot be adapted in the
finite element method in convective coordinates, since tnewumbers for the waves at a given
point are unknown.

Finally, examples have been given, in which the domainsfiamation method is employed
to the analysis of rigid footings. The impedance matricesated in this way may subsequently
be approximated by means of consistent lumped-parame@els(Nolf 1991b) which can be
used in time- or frequency-domain analysis of structureschSsimple models are extremely
useful in, for example, aero-elastic codes for wind turbine
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CHAPTER 6
Lumped-parameter models

A lumped-parameter model is a simple physical system withdegrees of freedom that may
represent the dynamic response of a structure or substeu@uch a model is ideal for the macro
modelling of foundations in soil-structure interactioolplems, or lumped-parameter models may
be fitted to the measured dynamic response of a structuréhidrchapter, the main steps of es-
tablishing a lumped-parameter model are presented. ¥itlsél main reasons for the utilization of
lumped-parameter models are discussed. Secondly, simpfeeld-parameter models for a founda-
tion are presented, and finally the guidelines for the foatioh of advanced higher-order lumped-
parameter models are given. Examples are presented in wiedomped-parameter models are
applied to the analysis of surface footings or embeddeddllexoundations.

6.1 Introduction

As discussed in the previous chapters, dynamic soil-streatteraction may be analysed by the
finite-element method (FEM), the boundary-element metB&i) or the domain-transformation
method (DTM), or any combination thereof. These methodshagely adaptable and may be
applied to the analysis of wave-propagation problems irimgl stratified soil, embedded foun-
dations and inclusions or inhomogeneities in the groundweéer, this comes at the cost of
great computation times, in particular in the case of timeidin analysis of transient structural
response over large periods of time. Thus, rigourous nualemodels based on the FEM, the
BEM, or the DTM, are not useful for real-time simulations @rgmetric studies in situation
where only the structural response is of interest. Altévebt, soil-structure interaction may
be analysed by experimental methods. However, the moddlga@umipment required for such
analyses are expensive and this approach is not very usedydriedesign phase.

Similarly, in many situations the dynamic response of a subsire €.g.a wall, a floor
or a machine part) has to be examined, whereas the respotise fmaining structure is of
no particular interest. Under such circumstances the neseksafor a computationally efficient
model which accounts for the interaction with the surroangdinderlying soil or the adjacent
substructures. A fairly general solution is the so-calladped-parameter modeihich may be
applied to the analysis in both frequency and time domaine dévelopment of the lumped-
parameter model has been reported by Wolf (1991a), Wolf andrfeésso (1991), Wolf (1991b),
Wolf and Paronesso (1992), Wolf (1994), Wolf (1997), Wu aret1(2002), and Wu and Lee
(2004). The present chapter is, to a great extent, basedsowahk.

The basic concept of a lumped-parameter model is to représerriginal problem by a
simple mechanical system consisting of a few so-caliedrete elementsThis may be springs,
dashpots and point masses which are easily implementeahidatd finite-element models. This
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Figure 6-1 From prototype to computational model: Wind turbine on stitum (left); rigorous model of the layered
half-space (centre); lumped-parameter model of the saipleal with finite-element model of the structure (right).

is illustrated in Figure 6—1 for a wind turbine on a layeredugrd. The computational model con-
sists of two parts: a model of the structueeq.a finite-element model) and a lumped-parameter
model (LPM) of the foundation and the subsoil. The formalatf the model has three steps:

A rigorous frequency-domain model is applied for the fourata(in this case a footing on
a soil stratum) and the frequency response is evaluatedushber of discrete frequencies.

A Lumped-parameter model providing approximately the s&eguency response is cal-
ibrated to the results of the rigorous model.

The structure itself (in this case the wind turbine) is repreed by a finite-element model
(or similar) and soil-structure interaction is accountddy a coupling with the LPM.

Whereas the application of rigorous models like the BEM oiDiE often restricted to the
analysis in the frequency domain—at least for any practioghoses—the LPM may be applied
in the fregeuncy domain as well as the time domain. This ialitte problems involving linear
response in the ground and nonlinear behaviour of a streictur

Actually, the transmitting boundary conditions preseriteGhapter 2 for wave propagation
in an elastic continuum or a beam on a Kelvin foundation magdmsidered a lumped-parameter
model, since the original mechanical system is represdmedmped springs, dashpots and
masses. In this regard it should be noted that the geomlediacaping present in the original
wave-propagation problem is represented as material denipithe discrete-element model.
Thus, no distinction is made between material and geonag¢tilissipation in the final lumped-
parameter model—they both contribute to the same parasjetedamping coefficients.

Generally, if only few discrete elements are included inltheped-parameter model, it can
only reproduce a simple frequency resporise,a response with no resonance peaks. This is

DCE Lecture Notes No. 3



6.2 Simple lumped-parameter models for foundations 217

useful for homogeneous (semi-)infinite structures and dédwever, inhomogeneous or finite
structures and stratified soil have a frequency responsedhaot be represented by a model with
a few degrees of freedom. Here, a lumped-parameter modeintérnal degrees of freedom is
required. When the number of internal degrees of freedomcieased, so is the computation
time. However, so is the quality of the fit to the original fuespcy response. This is the idea of the
so-callecconsistent lumped-parameter moddlich is presented in Section 6.3. However, before
a discussion of consistent lumped-parameter models bastitbse concepts, in Section 6.2 we
shall go through the theory for some particularly simple eledhat have been developed for the
analysis of soil-structure interaction.

6.2 Simple lumped-parameter models for foundations

In many engineering problems, the dynamic response oftstiechas to be determined and the
influence of the underlying soil in this regard has to be qifiadt One approach to the analysis
of dynamic soil-structure interaction is to model the costgplcomposite soil-structure system
by application of, for example, the finite-element methodlssussed in Chapter 2. Such an
approach is, however, both inconvenient and inefficientiost practical purposes. Instead, a
solution may be preferred in which a macro-model of the faitioh is applied by means of a
lumped-parameter system. The interactions between thed&iion and the structure are then
expressed purely in terms of force and moment resultandsthesir conjugate displacements and
rotations, see Fig. 6-2.

In the following subsections, guidelines are given for tl@struction of simple lumped-
parameter models of axisymmetric foundations. These rsaday, to some extent, account for
the frequency dependency of the foundation stiffness—itiquéar in the low-frequency range
which is relevant to such structures as wind turbines, cbyanhigh-rise buildings and bridge
pylons. Two models are considered: The standard lumpeahpeter model and the fundamental
lumped-parameter model. The presentation of the modelasedon Wolf (1994), and the
theory applies to both surface footings and structures lwaie embedded in a half-space. In
both models, the soil is idealized as a homogeneous, isotaop linear elastic half-spadeg. no
stratification or inelastic behaviour of the soil is accathtor in the models. In order to model
the behaviour of foundations under such conditions, ad@rfconsistent) lumped-parameter
models may be applied as described in Section 6.3.

- -

> = T > = I
‘/2 A V3 91 P2 v P3 Ml
T2 O @3%) T2 M, MsL‘i)
(a) x3 (b) T3

Figure 6-2 Degrees of freedom for a rigid surface footing: (a) disptaests and rotations, and (b) forces and moments.
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218 Chapter 6 — Lumped-parameter models

6.2.1 Static stiffness of axisymmetric foundations

The elastic static stiffness of a foundation can be exptebgedimensionless elastic stiffness
coefficients corresponding to vertica{;), horizontal ¢, = Z3,), rocking 3, = Z%) and
torsional ;) degrees of freedom. As discussed in Section 5.7, the aégtitd torsional mo-
tion of axisymmetric footings are completely decoupleahrfrime remaining degrees of freedom.
However, cross-coupling exists between horizontal ankingcmotion; hence, additional terms
(2% = 720, = —Z79, = —Z3,) are necessary, where the change of sign is a result of the dis
placement and rotation directions defined in Fig. 6-2.

Under general (combined) static loading (see Fig. 6-2) lgnsie stiffness of the foundation
system can be expressed as

Py /uR? 2 0 0 0 -2 0 Vi/Ro
Py/uR? o 2% 0o 2% 0 0 Va/Ro
P3/uRg | _ 0 0 Z3 0 0 0 V3/Ro 7 (6-1)
M, /iR o 29 0o 2% 0 0 0.
Ma/uR? 2% o0 0 0 2% o0 0,
 MypR ] | 0 0 0 0 0 Z% ]| es |

where Ry is the radius of the foundation andis the shear modulus of the homogeneous half-
space, which is related to Young’s modulus, and Poisson’s ratiay, as given by Eq. (1-8).
Obviously, the components of the normalised static stiffmaatrix are related to the components
the impedance matrix evaluated at the circular frequency 0. With reference to Eq. (5—
114), evidentlyZ; = uRoZ33(0) and similar relationships hold for the remaining non-zero
components oZ° andZ(0). The main reason for the normalisation provided in Eq. (6s-fhat

Z° only depends on the shear modules of the grounde. it is independent of Poisson’s ratio,
v. By contrastZ(0) depends on both andv. However, it is noted that a simple normalisation of
this kind is only possible for an isotropic homogenous &dstlf-space. In the case of stratified
soils, the material properties of all materials presenhadround influence the static stiffness.
Thus, the choice of normalisation stiffness is not strdayiatard.

6.2.2 Dynamic stiffness of axisymmetric foundations

It is assumed that the foundation is excited with a harmoiticating force with the circular
frequencyw. The dynamic system for a vertical vibrating surface foptivith no mass is shown

in Fig. 6-3(a). For each degree of freedom the dynamic st#rof the system can be represented
by a frequency dependent spring and dashpot, as shown i6-F¢b).

A massless axisymmetric rigid foundation has six degreefsegfdom: one vertical, two
horizontal, two rocking and one torsional. The six degrdefsedom and the corresponding
forces and moments are shown in Fig. 6-2. The normalisedigrsdiffness matri¥Z is related
to the vector of forces and momeiit@nd the vector of displacements and rotati®has follows:

F(w) = Z(w)V(w) (6-2)
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6.2 Simple lumped-parameter models for foundations 219

The component form of Eq. (6—2) can be written as

P /uR? Zn 0 0 0 —Zoy 0 |[W/Ro]

Py/uR? 0 Zyy 0  Zyy 0 0 Va/Ro

Ps/uRg | _ | 0 0  Zsm O 0 0 Vs/Ro | (6-3)
M, /uR3 0 Zsy O Zu 0 0 01

Ms/uR} ~Zsy 0 0 0 Zss 0 O
 My/pR3| | 0 0 0 0 0 Ze || ©5 |

whereR) is the radius of the foundation apds the shear modulus of the soil. The components
in Z = Z(w) are functions of the cyclic frequeneyand they reflect the dynamic stiffness of the
soil for a given shape of the foundation. The componentsehtirmalised dynamic stiffness (or
impedance) matrix can be written as

Zij (w) = K’LJ (OJ) + lwclj (OJ), Z?] = 17 2a s 76a (6_4)

where;; andC;; are the dynamic stiffness and damping coefficients witheessjpw, respec-
tively. These coefficients are both real.

It is convenient to introduce the dimensionless frequency- wRy/cs that is normalised
by the ratio of the foundation radiug, and the shear wave velocity of the sail as defined by
Eqg. (1-17). The dynamic stiffness components can then lastrato the form

Zij(ao) = 2% Tkij(ao) +iaocij(ao)l, 4,5 =1,2,...,6, (6-5)

whereZ;;(ao) = Zij(csao/Ro) = Zij(w), and Z)) is the static value dijth stiffness compo-
nent, cf. Eq. (6-1). Finally;; andc;; are the dynamic stiffness and damping coefficients with
respect tazg, respectively. Likei;; andC;;, the coefficients:;; andc;; are both real. Further,
it is noted that geometrical dampinigg. the radiation of waves into the subsoil, as well as any
material damping contribute t9;.

In some situations it is useful to examine the magnitude &ad@ angle of Eq. (6-5) in addi-
tion to the real and imaginary parts of the dynamic stiffn@$se magnitude (complex modulus)

of Zj is given by

|Zij| = | Z% 1 (kig)? + (aociz)?, (6-6a)

FSEth VB elut

Elastic soil: E, v, p

CY (b)
Figure 6-3 Vertical vibration of a massless rigid footing on a homogerreehalf-space: (a) continuum model of the
soil; (b) analogous frequency-dependent discrete-elemedel.
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and the phase anglg; of Zj is given as

¢;; = atan (CL;&) . (6—6b)

ij

Like the components of the normalised static stiffnessimatre components i are functions
of Poisson’s ratia, wherea<Z is independent of the shear modulus of the groyndAgain

it is noted that a normalisation of the stiffness is only flussin the case of footings on a
homogeneous half-space. For layered or inhomogeneousiksudshange i implies a change
in the resonance frequencies of the ground, see Sectiofigprohibits a simple normalisation
like the one suggested by Eq. (6-3).

6.2.3 Standard lumped-parameter models

The standard lumped-parameter model contains three deatfigk’, C and M, for each degree
of freedom, see Fig. 6—4. The spring stiffne&s, is equal to the static stiffness related to the
degree of freedom in question. Thus,is given by the expressions in Subsection 6.2.1. The
dashpot and mass coefficients,and M, do not have physical meaning but are solely curve
fitting parameters, used to reproduce the dynamic stiffoéfge foundation.

For a foundation(’ and M are given in terms of the non-dimensional coefficientadp,

2

C= &'yK, M = R—QOQK, (6-7)
Co Co
whereRy andcg are a characteristic length of the foundation and a chaistitevave speed. In
the case of circular footings on a homogeneous elasticdpaite R, andc, are chosen as the
radius of the footing and the shear wave veloejy cf. Subsection 1.2.1. Further, the values of
K, v andp for a circular disc without mass on an elastic half-spaceaen in Table 6—1 which
is reproduced from Wolf (1994). Note that the inertia of thekdn (mass moment of inertia for
rocking vibrations) enters the expressions+awith respect to rocking and torsional vibrations
in the expressions given by Wolf (1994). However, it is pbkesto construct the parameters for
a massless foundation.

Based on the three coefficient&,, C' and M, the dynamic stiffness for a each degree of
freedom can be formulated as

Z(w) = K —w*M +iwC. (6-8)

K c

v

Figure 6—4 Standard lumped-parameter model for translational motion

DCE Lecture Notes No. 3
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Table 6-1 Non-dimensional coefficients for the standard lumped+peatar model. The coefficients corresponds to a
circular disc with mass on an elastic half-space.

Static stiffnesgy Dashpot coefficient Mass coefficienp
Horizontal foflo 0.58 0.095
Vertical 2oty 0.85 0.27
Rocking % H—S’?ﬁ 0.24
SRg P
Torsional @ 1&% Rigp 0.045
0
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Figure 6-5 Vertical dynamic stiffness of a massless circular footingaa elastic half-space. The rigourous solution is
compared with the approximation provided by a standard kdvparameter model.

This dynamic stiffness can be rewritten in terms of the noneshsional frequency, as

Z(agp) = K [k(ap) + iaoc(ag)] - (6-9)

By comparing Egs. (6—7) and (6—8) with Eq. (6-9) it becomédent that the spring and damp-
ing coefficientsk(ag) ande(ag) can be written as

k(ao) =1 — gag, c(ag) = 1. (6-10)

It turns out that the damping terafa,) of the standard lumped-parameter model is constant.
This behaviour is not well-suited to represent the geomatdamping of a footing, in particular
with respect to the torsional and rocking vibrations. Fertthe normalised real part of Eq. (6—
9) given byk(aop) in Eq. (6-10) describes a parabolic shape of the dynamfoesi§. This may
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represent the actual dynamic stiffness of a given foundatidow frequencies, but is inadequate
for modelling the dynamic stiffness at intermediate anchHigquencies where it provides an
extremely poor representation of the dynamic response. iShiliustrated in Fig. 6-5, where the

standard lumped-parameter approximation of the vertipadahic stiffness of a massless circular
rigid footing is compared with a rigourous solution prouidey Veletsos and Tang (1987).

6.2.4 Fundamental lumped-parameter models

The fundamental lumped-parameter model consists of ottie stidfness parameter and four
free parameters, found by curve fitting. As opposed to thedsta lumped-parameter model,
this type of model contains one additional internal degféeeedom. The fundamental lumped-
parameter model may be assembled in several ways by corglsipiings, dashpots and masses.
Two examples are shown in Fig. 6—6.

The spring stiffnesd( is equal to the static stiffness coefficient for the elasttf-bpace,
given by the expressions in Section 6.2.1. The remainingffee parameterare obtained by
curve fitting. The spring-dashpot model in Fig. 6—6a is repntéed by the parametets,, Co,
K, and(C4, whereas the monkey-tail model in Fig. 6-6b is represenyetthié parameters/,
Co, M, andC1. For the monkey-tail model, the four free parametels Cy, My andC; can be
formulated by means of the non-dimensional coefficiegtsyy, o1 andy; as

2

T T T
My = JoK, Co=—"yK, M=ok, C=—=mnkK. (6-11)
CS Ccs cs

ﬁ
c§
The values ofK, o9, 70, 01 and; for a circular disk on an elastic half-space are given in
Table 6-2 which is reproduced from (Wolf 1994). Most of thefticients, except for torsional

vibrations, depend on. Note that some of the non-dimensional coefficients may ssing for
some of the vibration modes.

The dynamic stiffnesg (w) of the fundamental lumped-parameter model (for harmoridio
ing) can be established by formulating the equilibrium diguafor each of the two degrees of
freedom,Vy(w) andV; (w) in Fig. 6-6b. The two equilibrium equations are

—W M Vi (W) + iwCy [Vi(w) — Vo(w)] = 0, (6-12a)
—w? MoV (w) +iw (Co + C1) Vo(w) — iwCi Vi (w) + KVo(w) = Po(w), (6-12b)

whereV,(w) is the displacement amplitude related to the applied loadliae Py(w). By
eliminatingV; (w) in Egs. (6—12a) and (6—12b) the relation betwégfw) andVj (w) is given as

.Y (R 9.V =" (o
Po(w) = K 1-— 1 uzl\/ff — K —+ 1w a]‘m + f ‘/0((4)) (6—13)
o2 T
Z(w)
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Table 6—2 Non-dimensional coefficients for the fundamental lumpeadameter model. The coefficients correspond to
a circular disc on an elastic half-space.

Stiffness Dashpots Masses
K Yo T 00 01
Horizontal % 0.78-0.4 — — —
Vertical — 0.8 0.34-4.3 vl 0 0.4-4/*
v > % 0.9w — %)
Rockin Bl — 0.42-0.37 <1 0 0.34-0.2
g 3(1—1/) " - v 3 . .
v>3  0.16@ -3
. lﬁuRS
Torsional —5 0.017 0.291 — 0.171
P T Vo Py | Vo
K Vi
K Co 1 K Co Vl

i

@) (b)

Figure 6-6 Fundamental lumped-parameter models: (a) spring-dashpdel; (b) monkey-tail model.
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Figure 6—7 Vertical dynamic stiffness of a massless circular footingaa elastic half-space. The rigourous solution is
compared with the approximation provided by a fundamentalpled-parameter model.
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Figure 6-8 Vertical dynamic stiffness of a massless circular footingaa elastic half-space. The rigourous solution is
compared with the approximation of both the standard anduthéamental lumped-parameter model.

The dynamic stiffness in Eq. (6—13) can be rewritten in teaithe non-dimensional fre-
guencyag as stated in Eq. (6-9). By substituting Eq. (6-11) into Eg1@®, the spring and
damping coefficients(ag) ande(ap) of the fundamental lumped-parameter model (monkey-tail
version) can be determined as

2 2
o1a 01  01aG
k(ap) =1 — 79202 — 0oag, c(aop) = —7920 5 o (6-14)
1+ T%QO 7114 7—%%

Note that the procedure for establishing the formulatiarsfring-dashpot model is similar to
that of the monkey-tail model. The only difference is therelateristics of the non-dimensional
coefficients. Further, as opposed to the standard lumpeiveder model, the fundamental
lumped-parameter model is double-asymptotic, meanirnghiesapproximation o (ay) is ex-
act for the static limitay — 0, and for the high-frequency limit, far, — oc.

The fundamental lumped-parameter approximation of théicatrdynamic stiffness of a
massless circular rigid footing is illustrated in Fig. 6-Tthe approximation is compared with
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a rigorous solution provided by Veletsos and Tang (1987). ofgarison of Fig. 6—7 with
Fig. 6-5 reveals that the inclusion of an internal degreereédom improves the quality of
lumped-parameter model significantly. Hence, in the higlitfiency range the fundamental
lumped-parameter model provides a much better fit to theuriggs solution than the standard
lumped-parameter model presented in the previous section.

The approximation of the fundamental lumped-parametem@hisdompared with that of the
standard lumped-parameter model in Fig. 6-8. The apprdianmare shown for the real and
imaginary part of the dynamic stiffness, as well as for thgniimde and phase angle.

6.3 Consistent lumped-parameter models

As discussed in Subsection 1.6.3, a fairly general visstielanodel may be obtained by appli-
cation of a rational filter approximation, cf. Eq. (1-125)kdéwise, Subsection 2.5.1 concerns
the formulation of transmitting boundary conditions inntesrof rational approximations. In the
case of a structure interacting with soil, a similar relasibip may be established between a
generalised force resultant(t), acting at the foundation—soil interface and the corredpan
generalised displacement componei(t):

i l

k
& f(t)
Z i dtl ZB] dei (6-15)
7=0

i=0

Here,A;,7 =1,2,...,k,andB;, j = 1,2,...,1, are real coefficients found by curve fitting to
the exact analytical solution or the results obtained byesnomerical method or measurements.

The rational approximation (6—15) suggests a model, in whigher-order temporal deriva-
tives of both the forces and the displacements occur. Thisdssired from a computational point
of view. However, a much more elegant model only involving zieroth, the first and the second
temporal derivatives may be achieved by a rearrangemehedfifferential operators. This op-
eration is simple to carry out in the frequency domain; hetieefirst step in the formulation of
a rational approximation is a Fourier transformation of (e:15), which provides:

k l
Z ZBJ iw) jP =
7=0

=0

Pw) = Z(w)V (W), Z(iw)= M (6-16)

> j=0 Bj(iw)?
whereV (w) and F'(w) denote the complex amplitudes of the generalized displané&rand
forces, respectively. It is noted that in Eq. (6—16) it hasrbassumed that the reaction force
F(w) stems from the response to a single displacement degreeexfdm. This is generally
not the case. For example, as discussed in Subsection &rg, itha coupling between the
rocking moment—rotation and the horizontal force—traitseof a rigid footing. However, the
model (6-16) is easily generalised to account for such bebaby an extension in the form
Fi(w) = Z;(iw)V;(w), where summation is carried out over md;axequal to the degrees of
freedom contributing to the response. Each of the compiiesss termsZ; ; (iw), is given by a
polynomial fraction as illustrated by Eq. (6—16) fﬁ(iw). This forms the basis for the derivation
of so-called consistent lumped-parameter models.
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6.3.1 Polynomial-fraction form of a rational filter

In the frequency domain, the dynamic stiffness related tegrek of freedom, or to the inter-
action between two degrees of freedamandj, is given byZij(ao) = Z%Si i(ap) (o sum on
i,7). Here,Z?j = Z;;(0) denotes the static stiffness related to the interactiohetwo degrees
of freedom, andyy = wRy/co is a dimensionless frequency wifky andc, denoting a charac-
teristic length and wave velocity, respectively. For exéamfor a circular footing with the radius
Ry on an elastic half-space with the S-wave veloelyay, = wRy/cs may be chosen. With the
given normalisation of the frequency it is noted tiaf(ao) = Zi;(coan/Ro) = Zij(w).

For simplicity, any indices indicating the degrees of fre®dn question are omitted in the
following sectionsg.g.Z(ag) ~ Zij(ao). The frequency-dependent stiffness coefficigfi)
for a given degree of freedom is then decomposed into a singalt,S;(ap), and a regular part,
Sr(ao), i.e.

Z(ao) = Z2°S(ag),  S(ao) = Ss(ag) + S, (ao), (6-17)
whereZ° is the static stiffness, and the singular part has the form
Ss(ag) = k> +iagc™. (6-18)

In this expressionk> andc> are two real-valued constants which are selected sdthgit(a)
provides the entire stiffness in the high-frequency limjt— oco. Typically, the stiffness term
Z9k> vanishes and the complex stiffness in the high-frequermyedecomes a pure mechan-
ical impedanceij.e. Ss(ap) = iapc™. This is demonstrated below for a number of example
structures interacting with soil.

The regular parb,.(ag) accounts for the remaining part of the stiffness. Generalbfosed-
form solution forS,.(ao) is unavailable. Hence, the regular part of the complex®#§ is usually
obtained by the fitting of a rational filter to the results dbea in a numerical or semi-analytical
model by the finite-element method (FEM), the boundary-eletmethod (BEM) or the domain-
transformation method (DTM). These methods have beensssclin the previous chapters, and
further below in this chapter examples are given of theiliappion to the calibration of lumped-
parameter models.

Whether an analytical or a numerical solution is estabtishbe output of a frequency-
domain analysis is the complex dynamic stiffné?s(&o). This is taken as the “exact” solution,
and the regular part of the stiffness coefficient is foundbasi) = Z(ao)/Z° — S.(ao). A
rational approximation, or filter, is now introduced in thoerh

P(iag) _ po+pi(iao) + pa(iag)® + ... + pn (iag)™
Q(iag)  qo+ q1(iag) + g2(iag)? + . .. + qar(iag)™”
The orders N and M, and the coefficients,, (n = 0,1,..., N) andg,, (m = 0,1,..., M),

of the numerator and denominator polynomiBI8a,) andQ(iap) are chosen according to the
following criteria:

(6-19)

S, (ao) ~ Sy(iag) =

To obtain a unique definition of the filter, one of the coefintgin eitherP (iag) or Q(iao)
has to be given a fixed value. For convenienges 1 is chosen.

Since part of the static stiffness is already represented ) = £°°, this part of the
stiffness should not be provided I8} (ay) as well. Thereforepy/qo = po = 1 — k.
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In the high-frequency limit,S(ag) = Ss(ap). Thus, the regular part must satisfy the
condition thatST(iao) — 0 for ag — oo. Hence,N < M, i.e.the numerator polynomial
P(iag) is at least one order lower than the denominator polynorfigh ).

Based on these criteria, Eq. (6—20) may advantageouslyftemelated as

P(iag) _ 1k + p1(iag) + pa(iao)? + ... + par—1(iag)™~

1
Q(iagp) 1+ q1(iao) + q2(iag)? + - . . + qus (iag)™ . (6-20)

S, (ao) ~ Sy(iag) =

Evidently, the polynomial coefficients in Eq. (6—20) mustyade a physically meaningful filter.

By a comparison with Egs. (6-15) and (6-16) it follows that(n = 1,2,..., M — 1) andg;

(m = 1,2,... M) must all be real. Furthermore, no poles should appear dlengositive real

axis as this will lead to an unstable solution in the time diomahis issue is discussed below.
The total approximation of(a) is found by an addition of Egs. (6—18) and (6—20) as stated

in Eq. (6—17). The approximation 6f(ay) has two important characteristics:

4 Itis exactin the static limit, sinc8(ag) ~ S(iag) + Ss(ag) — 1 forag — 0.

¢ It is exact in the high-frequency limit. Here&(ag) — Ss(ag) for ap — oo, because

Sy(iap) — 0forag — oo.

Hence, the approximation is double-asymptotic. For intatiate frequencies, the quality of the
fit depends on the order of the rational filter and the naturhefphysical problem. Thus, in
some situations a low-order filter may provide a very gooddfithte exact solution, whereas
other problems may require a high-order filter to ensure @uyaate match—even over a short
range of frequencies. This topic is further discussed irettaamples at the end of this chapter.

6.3.2 Partial-fraction form of a rational filter

Whereas the polynomial-fraction form is well-suited foneifitting to measured or computed
responses, it provides little insight into the physics @& groblem. To a limited extent, such
information is gained by a recasting of Eq. (6—20) into @éufiiaction form,

MR
S, (iag) = Z r— (6-21)
wheres,,, m = 1,2,..., M are the poles oﬁr(iao) (i.e. the roots ofQ(iap)), and R; are the
corresponding residues. The conversion of the originalmahial-fraction form into the partial-
fraction expansion form may be carried out imM.AB with the inbuilt functionr esi due.

The poless,,, are generally complex. However, as discussed above théaeefsq,, must
be real in order to provide a rational approximation thathggically meaningful in the time
domain. To ensure this, any complex poles,, and the corresponding residuds,,, must
appear as conjugate pairs. When two such terms are addetidéoge second-order term with
real coefficients appears. Thus, withconjugate pairs, Eq. (6—21) can be rewritten as

N

S, (iag) = Z Bon + Biniag

Qon + alniao + (ia0)2

M—N

S Bo 9N <wm (6-22)
iag — Sy,
n=N+1

n=1
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The coefficientsvy,, a1, Bon andB1,, n =N +1, N +2,..., M — N, are given by
aon = {sTY2 +{s7}2, a1n = —25%, fBon = —2(REs® + R3sD), B, = 2RY, (6-23)

wheres? = R(s,) andsy = 3(s,,) are the real and imaginary parts of the complex conjugate
poles, respectively. Similarly, the real and imaginantpaf the complex conjugate residues are
denoted byR” = R(R,,) andR> = 3(R,,), respectively.

By adding the singular term in Eq. (6—18) to the expressidagn(6—21), the total approxi-
mation of the dynamic stiffness coefficie$itay) can be written as

. M—N
Bon + Biniag R,

S Y
aon + aipiag + (iag) W Ha0 = sn

N
S(iag) = k> +iagc™ + > (6—24)
n=1

The total approximation of the dynamic stiffness in Eq. @)y-2onsists of three characteristic
types of terms, namely a constant/linear tefh,— 2N first-order terms and&v second-order
terms. These terms are given as:

Constant/linear term: £ + iagc™ (6—25a)
First-order term: i (6—25b)

lag — S
Second-order term: Priao + Bo (6-25c¢)

ap + ajiag + (iag)?’

6.3.3 Physical interpretation of a rational filter

Now, each term in Eq. (6—25) may be identified as the frequeesyonse function for a simple
dynamic system similar to those in Figures 6—4 and &eByith no or only few internal degrees
of freedom. Physically, the summation of terms (6—24) magnthe interpreted as a parallel
coupling of M — N + 1 of these so-called discrete-element models, and the irgltmped-
parameter model provides a frequency-response functiitasito that of the original continuous
system. In the subsections below, the calibration of thereie-element models is discussed.

Constant/linear term

The constant/linear term given by Eq. (6—25a) consists ofkmown parameters;> andc®,
that represent the singular part of the dynamic stiffnese discrete-element model for the
constant/linear term is shown in Fig. 6-9.

Figure 6-9 The discrete-element model for the constant/linear term.
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The equilibrium formulation of Node (for harmonic loading) is as follows:
. R
kUp(w) + 1w'yC—U0(w) = Py(w) (6-26)
0

Recalling that the dimensionless frequency is introdusad,a= wRy/co, the equilibrium for-
mulation in Eq. (6—26) results in a force—displacementiabegiven by

Py(ao) = (x +iagy) Uo(ao). (6-27)

By a comparison of Egs. (6—25a) and (6—27) it becomes evitlahthe non-dimensional coef-
ficientsk and~ are equal td:>° andc>, respectively.

First-order term

The first-order term given by Equation (6—25b) has two patarsgR ands. The layout of the
discrete-element model is shown in Fig. 6-10(a). The madebnstructed by a spring-¢) in
parallel with another springs§ and dashpotq(RO) in series. The serial connection between the

spring ) and the dashpoty(RO) results in an internal node (internal degree of freedonte T
equilibrium formulations for Node@ and1 (for harmonic loading) are as follows:

Node O: k(Up(w) = Ur(w)) — kUp(w) = Po(w) (6—28a)
Node 1: k(U1 (w) = Up(w)) + iwv?Ul (w) =0. (6—28b)
0

After elimination ofU; (w) in Egs. (6—28a) and (6—28b), it becomes clear that the foisplacement
relation of the first-order model is given as

52

Py(ao) = Uo(ao). (6-29)

3 K
iag + 2
0+7

By comparing Egs. (6—25b) and (6—28)and~ are identified as
p=2 = f (6-30)

It should be noted that the first-order term could also beasgmted by a monkey-tail model,
see Fig. 6-10(b). This turns out to be advantageous in gihsivheres andy in Eq. (6—30) are

(b)

Figure 6-10 The discrete-element model for the first-order term: (ajrgpdashpot model; (b) monkey-tail model.
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negative, which may be the case whieiis positive ¢ is negative). To avoid negative coefficients
of springs and dashpots, the monkey-tail model is applied, tae resulting coefficients are
positive. By inspecting the equilibrium formulations footles0 and1, see Fig. 6-10(b), the
coefficients can be identified as

R R
1=3  e=— (6-31)

Second-order term

The second-orderterm given by Eq. (6—25c) has four parametg a1, 5y ands;. An example
of a second-order discrete-element model is shown in Figjl@). This particular model has
two internal nodes. The equilibrium formulations for Nodkdl and 2 (for harmonic loading)
are as follows:

Node O: k1 (Up(w) — Ur(w)) — k1Uo(w) = Po(w) (6-32a)

Node 1: k1 (U1(w) — Up(w)) + iw’ylf—OO(Ul (w) = Ua(w)) =0 (6-32b)

Node 2: IigUQ(W) + iw'yg?Ug(w) + iwwl? (Ug(w) - Uy (w)) = 0. (6—32C)
0 0

After some rearrangement and elimination of the interngreles of freedom, the force-
displacement relation of the second-order model is given by

2
o, - s
Po(ao) = ; FTT— — Uo(ao). (6-33)

: K2\ : 1K2
(1a0) + (Kl Y172 + ’Yz) lag + Y172

By a comparison of Egs. (6—25c) and (6—33), the four coefitsien Eq. (6—33) are identified as
b _ @b —afo

Rl = s Y1 = 5 s (6—343)
(7)) Olo
~ Bo (—aoBi +aif)? B —aofi+aif 6-34b
- 2 2 _ 2 V2= 5 5 - (6— )
af agffy — a1 BB + B ag agffi — a1 + B35
Po TU() P() TUO
0 0
1 I Uz K1 I_L e
2
o Us T =% @ to
2 K2 oL |==| 7%
Z L
@) (b)

Figure 6-11 The discrete-element model for the second-order term:gan&dashpot model with two internal degrees
of freedom; (b) spring-dashpot-mass model with one intetegree of freedom.
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Alternatively, introducing a second-order model with sgs, dampers and a point mass, it is
possible to construct a second-order model with only orexiratl degree of freedom. The model
is sketched in Fig. 6-11(b). The force—displacement @latif the alternative second-order
model is given by

3 2 2
K . K K1+K2)Y
2 <—;V + —22) lag — _01 + (matrea)y” 2 )

Po(ao) = Uo(ao)- (6-35)

(ia0)2 + Q%iao + _161;'%2

By equating the coefficients in Eq. (6—35) to the terms of #wad-order model in Eq. (6—25¢),
the four parametersy, x2, v and ¢ can be determined. In order to calculatea quadratic
equation has to be solved. The quadratic equation fer

ao® +bo+c=0 where a=aj—4apal, b= -8+ 166y, c=16 5
aj

(6-36)

Equation (6—-36) results in two solutions for To ensure real values @f b*> — 4ac > 0 or
aof? — a1PoB1 + 32 > 0. Whenp has been determined, the three remaining coefficients can be
calculated by

2
&—&, K2 =000 — K1, 7= ok, (6-37)
4 (65} 2

K1 =

6.3.4 Fitting of a rational filter

In order to get a stable solution in the time domain, the pofes, (iaq) should all reside in
the second and third quadrant of the complex plaeethe real parts of the poles must all be
negative. Due to the fact that computers only have a finiteigian, this requirement may have
to be adjusted te,,, < —¢, m = 1,2,..., M, wherezs is a small numbeg.g.0.01.

The rational approximation may now be obtained by curvetbf the rational fiIteST(iao)
to the regular part of the dynamic stiffnes$ao), by a least-squares technique. In this process,
it should be observed that:

The response should be accurately described by the lumgredrgter model in the fre-
guency range that is important for the physical problem dpénvestigated. For soil—
structure interaction of buildings, bridges, wind turtinehimneys, etc., this is typically
the low-frequency range, whereas the analysis of machined@tions may require an
accurate lumped-parameter model at higher frequencies.

The “exact” values 0f5,.(ag) are only measured—or computed—over a finite range of
frequencies, typically foty € [0; agmaz] With agmae = 2 ~ 10. Further, the values of
Sr(ap) are typically only known at a number of discrete frequencies

Outside the frequency range, in whiSh(ag) has been provided, the singular part of the
dynamic stiffness,Ss(ag), should govern the response. Hence, no additional tips and
dips should appear in the frequency response provided byatimnal filter beyond the
dimensionless frequeney,,q .
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Firstly, this implies that the order of the filte¥/, should not be too high. Experience shows
that orders aboul/ = 2 ~ 8 are adequate for most physical problems. Higher-orderdilte
than this are not easily fitted, and lower-order filters pdewva poor match to the “exact” results.
Secondly, in order to ensure a good fit$f(iag) to S, (ag) in the low-frequency range, it is rec-
ommended to employ a higher weight on the squared errorgilow-frequency ranges.g.for
ap < 0.2 ~ 2, compared with the weights in the medium-to-high-freqyeange. Obviously,
the definition of low, medium and high frequencies is strgndgpendent on the problem in
qguestion. For example, frequencies that are considerddfbigan offshore wind turbine, may
be considered low for a diesel power generator.

For soil-structure interaction of foundations, Wolf (19%tiggested to employ a weight of
w(ag) = 10® ~ 10° at low frequencies and unit weight at higher frequenciess $hould lead
to a good approximation in most cases. However, numerigamxent indicates that the fitting
goodness of the rational filter is highly sensitive to theich@f the weight functionv(ag), and
the guidelines provided by Wolf (1994) are not useful in @llaions. Hence, as an alternative,
the following fairly general weight function is proposed:

b
(1 + (§1a0)§2)§3 :

The coefficients, ¢; andgs are heuristic parameters. Experience shows that valuesoaft a
¢1 = ¢2 = ¢3 = 2 provide an adequate solution for most foundations in thefleguency range
ap € [0;2]. This recommendation is justified by the examples given aetid of the chapter.
For analyses involving high-frequency excitation, lowalues ofs;, ¢; and¢s may have to be
employed.

Hence, final result is the optimisation problem defined in Bdx However, the requirement
of all poles lying in the second and third quadrant of the clemplane is not easily fulfilled when
an optimisation is carried out by least-squares (or sitndarve fitting of S, (iag) to S, (ag) as
suggested in Box 6.1. Specifically, the choice of the polyiabovefficientsy;, j = 1,2,...,m,
as the optimisation variables is unsuitable, since thetcainsthat all poles o, (ia ) must have
negative real parts is not easily incorporated in the ogttion problem. Therefore, instead of
the interpretation

w(ag) = (6-38)

Q(iao) =1+q (iao) + QQ(ia0)2 + ...+ qM(iao)M, (6—39)
an alternative approach is considered, in which the denatmitis expressed as

M
Q(iag) = (iag — s1)(iao — $2) -+~ (iag — snr) = [ (lao — sm). (6-40)

m=1

In this representation,,,, m = 1,2, ..., M, are the roots of)(iap). In particular, if there arév
complex conjugate pairs, the denominator polynomial masaathgeously be expressed as

N M—N
Q(iao) = [[ Gao = sn) (ag —s3) - [ (a0 — sn)- (6-41)
n=1 n=N+1

where an asterisk«J denotes the complex conjugate. Thus, instead of the poljadaoeffi-
cients, the roots,, are identified as the optimisation variables.
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Accordingly, in addition to the coefficients of the numergiolynomial P(ia), the variables
in the optimisation problem are the real and imaginary pdjts- %(s,,) ands,’ = 3(s,,) of the
complexroots,,,n = 1,2,..., N, and the real roots,,n =N +1,N+2,...,M — N.

Box 6.1 Fitting of rational filter by optimisation of polynomial coefficients
A rational filter for the regular part of the dynamic stiffisaés defined in the form:
P(iao) _ 1 — koo +p1(ia0) —|—p2(ia0)2 —|— e —|—pM_1(ia0)M_1

Srlao) ~ Sr(iao) = Q(iao) 1+ qi(iao) + g2(ia0)? + ... + qu (iao)™M . (@)

Find the optimal polynomial coefficients, andg.. which minimize the object functio®’(p,, gm ) in
a weighted-least-squares sense subject to the consttaits , ¢m ), G2(Prs gm); - - - Gr (P, Gm)-

Input: M : order of the filter
2, n=1,2...,M—1,
q?m m=1,2,..., M,
aoj, _7':1727...,{]7
Sw(aoj), j:1,2,...,J,
w(aoj), j:1,2,...,J.
Variables: Dns n=12...,.M—1,
qm, m=1,2, , M.
J N 2
Object function: F(pn,am) = 3 w(ag,) ( (iag;) — ST(aoJ)>
j=1
Constraints: G1(Pnsgm) = R(s1) < —¢,

GI\J(pruQm) = %(81\4) < —e.

Output: Dn, n=12,...,M—1,
qm, m=1,2,..., M.

Here,p? andq’, are the initial values of the polynomial coefficieptsandg.,, whereasS,.(ao; ) are the
“exact” value of the dynamic stiffness evaluated at.fhéiscrete dimensionless frequencies. These
are either measured or calculated by rigourous numericahalytical methods. Furthe$, (iao,) are
the values of the rational filter (a) at the same discreteueagies, andv(ao) is a weight function,
e.g.as defined by Eq. (6-38) with = ¢» = ¢3 = 2. Finally, s,,, are the poles of the rational filte

Sr(iao), i.e. the roots of the denominator polynomidliao ), ande is a small number.g.c = 0.01.

=
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Box 6.2 Fitting of rational filter by optimisation of the poles
A rational filter for the regular part of the dynamic stiffisas defined in the form:

. e . . \2 C o \M-—1
Si(ao) ~ S (iao) = P(iao) _1-k + p1(iao) + p2(iao) + ... + par—1(iao)

Q(iao) HTJZ:1 (iao — sm) (iao — sin) - HTJZ;JJ\Y+1 (iao — sm) .

Find the optimal polynomial coefficients, and the poles,,, which minimize theF'(p, s ) subject
to the constraint&o (pn, 5m ), G1(Prns Sm)s - -+, Grr(Pr, Sm).

@

Input: M : order of the filter
N : number of complex conjugate paigsV < M
Y, n=1,2...,M—1,
s m=1,2,...,N,
530, m=1,2,...,N,
sy,  m=N+1,2...,M—N,
aoy, j=1,2,...,J,
Sr(aoj), 1=12,...,J,
w(aoy), j=12...,J
Variables: Dns n=12,...,M—1,
823“ m=1,2,...,N, si<—€,
sffl, m=1,2,...,N, s,"z>+a,
Sm, m=N+1,2,....,.M — N, Sm < —€.

J N 2
Object function:  F(pn, sm) = 3 w(ao,) (ST(iaoj) - ST(aoj)) .

Constraints: Go(pnysm) =1—[[ (=sm) = 0,
1
Gr(Pnysm) = sk < —¢, k=1,2,...,N,
Gr(pn,sm) = (s +sp < 0, k=N-+1,2,...,2N,
Gi(pn, sm) = R(sk) < —¢, k=2N+1,..., M.
Output: Dn, n=12...,M—1,
R

Smy, m=12 ..., N,
Sm, m=N+1,2,...,M — N.

Here, superscrifi indicates initial values of the respective variables, 8n@a;) are the values of thg
rational filter (a) at the same discrete frequencies. Furthe: 10 ~ 100 ande ~ 0.01 are two real
parameters. Note that the initial values of the poles musfiocm with the constrain€o (pn, sm ). For
additional information, see Box 6.1.

h
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The great advantage of the representation (6—41) is thaiathstraints on the poles are de-
fined directly on each individual variable, whereas the traists in the formulation witl§) (ia)
defined by Eq. (6—39), the constraints are given on funcksoofathe variables. Hence, the so-
lution is much more efficient and straightforward. Howesy, (6—41) has two disadvantages
when compared with Eq. (6—39):

4 The number of complex conjugate pairs has to be estimatedet#yr, experience shows that
as many as possible of the roots should appear as complexgates—e.g.if M is even,
N = M/2 should be utilized. This provides a good fit in most situagiamd may, at the
same time, generate the lumped-parameter model with fgyessible internal degrees of
freedom.

¢ In the representation provided by Eq. (6—39), the correghasotic behaviour is automati-
cally ensured in the limitay — 0, i.e. the static case, sineg = 1. Unfortunately, in the
representation given by Eq. (6—41) an additional equabtystraint has to be implemented
to ensure this behaviour. However, this condition is mudiezamplemented than the con-
straints which are necessary in the case of Eq. (6—39) irr togwevent the real parts of the
roots from being positive.

Eventually, instead of the problem defined in Box 6.1, it mayniore efficient to solve the
optimisation problem given in Box 6.2. It is noted that addial constraints are suggested,
which prevent the imaginary parts of the complex poles tobemuch €.g.10 times) bigger
than the real parts. This is due to the following reason: & thal part of the complex pole
sy, vanishesi.e. s® = 0, this results in a second order pofe,’ }2, which is real and positive.
Evidently, this will lead to instability in the time domaifince the computer precision is limited,
a real part of a certain size compared to the imaginary pattepole is necessary to ensure a
stable solution.

Finally, as an alternative to the optimisation problemsrafiin Box 6.1 and Box 6.2, the
function S(iap) may be expressed by Eq. (6—2Rg. in partial-fraction form. In this case, the
variables in the optimization problem are the poles anddtes ofS(iag). In the case of the
second-order terms, these quantities are replacedawithy, 5y and3;. At a first glance, this
choice of optimisation variable seems more natural thamands,,, as suggested in Box 6.2.
However, from a computational point of view, the mathenwtimperations involved in the
polynomial-fraction form are more efficient than those & ffolynomial-fraction form. Hence,
the scheme provided in Box 6.2 is recommended.

6.4 Time-domain analysis of soil-structure interaction

In this section, two examples are given in which consist@mided-parameter models are applied
to the analysis of foundations and soil-structure intéoactThe first example concerns a rigid
hexagonal footing on a homogeneous or layered ground. Hugiéncy-domain solution ob-
tained by the domain-transformation method (DTM) of Cheptss fitted by lumped-parameter
models (LPMs) of different orders. Subsequently, the raspaf the original model and the
LPMs are compared in frequency and time domain.

In the second example, LPMs are fitted to the frequency-domeailts of a coupled boundary-
element/finite-element model (see Chapter 4) of a flexiblbezided foundation. As part of the
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examples, the complex stiffness of the foundation in tha{iigquency limit is discussede. the
coefficientsk>™ andc™ in Eq. (6—18) are determined for each component of trasiatnd ro-
tation of the foundation. Whereas no coupling exists betwemizontal sliding and rocking of
surface footings in the high-frequency limit, coupled islgh-rocking is present in the case of
embedded foundation—even at high frequencies.

6.4.1 A footing on a homogeneous or layered ground

The foundation is modelled as a regular hexagonal rigidifigowvith the side lengthry, height
ho and mass densityy. This geometry is typical for offshore wind turbine founidat. As
illustrated in Fig. 6-12, the centre of the soil-foundatinterface coincides with the origin
of the Cartesian coordinate system. The mass of the fourdatid the corresponding mass
moments of inertia with respect to the three coordinate thessbecome:

1
My = pohoAo, T = J2 = pohoZo + gpothoy J3 = 2pohoZo, (6-42a)

where Ay is the area of the horizontal cross-section &gds the corresponding geometrical
moment of inertia,

3v3

Ay = —\/_7“(2), Iy =
2

Itis noted thatZ,, is invariant to rotation of the foundation around theaxis. This property also

applies to circular or quadratic foundations as discuss&kction 5.7.

5V3
ST (6-42b)

_____________________________________

_____________________________________

Half-space

Figure 6-12 Hexagonal footing on a stratum with three layers over a $yaéfee.

A footing on a homogeneous ground

Firstly, we consider a hexagonal footing on a homogene@tovelastic half-space. The footing
has the side length, = 10 m, the height,; = 10 m and the mass density = 2000 kg/m?, and
the mass and mass moments of inertia are computed by Eq.)(6F4& properties of the soil
arep! = 2000 kg/m?, B! = 10* kPa,v! = 0.25 andn' = 0.03. However, in the static limit,
i.e.for w — 0, the hysteretic damping model leads to a complex impedanteei frequency
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domain. By contrast, the lumped-parameter model provideslkimpedance, since it is based
on viscous dashpots. This discrepancy leads to numerifigudties in the fitting procedure and
to overcome this, the hysteretic damping model for the saiéplaced by a linear viscous model
at low frequencies, in this case below 1 Hz.

In principle, the time-domain solution for the displacertseand rotations of the rigid footing
is found by inverse Fourier transformatiorm,

1 [ ; 1 o ;
vi(t) = %/ Vi(w)e dw, 0;(t) = %/ 0;(w)e“'dw, i=1,2,3. (6-43)

In the numerical computations, the frequency responsergpeds discretized and accordingly,
the time-domain solution is found by a Fourier series.

According to Egs. (5-112a) and (5-114), the vertical motigft) as well as the torsional
motionfs(t) (see Fig. 6—2) are decoupled from the remaining degreesed@m of the hexago-
nal footing. Thusys(t) andfs(t) may be fitted by independent lumped-parameter models. In the
following, the quality of lumped-parameter models basedaiional filters of different orders
are tested for vertical and torsional excitation.

For the footing on the homogeneous half-space, rationatdilbf the order 2—6 are tested.
Firstly, the impedance components are determined in theguénecy-domain by the domain-
transformation method presented in Section 5. The lumpedrpeter models are then fitted
by application of the procedure described in Section 6.3samdmarised in Box 6.2. The two
components of the normalised impedangg; and Sggs, are shown in Figs. 6-13 and 6-15 as
functions of the physical frequency, It is noted that all the LPMs are based on second-order
discrete-element models including a point mass, see Figl®). Hence, the LPM for each
individual component of the impedance mat#@(w), has 1, 2 or 3 internal degrees of freedom.

With reference to Fig. 6-13, a poor fit of the vertical impetkais obtained with\/ = 2
regarding the absolute value 6%; as well as the phase angle. A lumped-parameter model
with M = 4 provides a much better fit in the low-frequency range. Howeasesixth-order
lumped-parameter model is required to obtain an accurdtgicao in the medium-frequency
range,i.e. for frequencies between approximately 1.5 and 4 Hz. As derpledurther analyses
show that a slightly better match in the medium-frequencyeais obtained with the weight-
function coefficients; = 2 ands; = ¢3 = 1. However, this comes at the cost of a poorer match
in the low-frequency range. Finally, it has been found trmtmprovement is achieved if first-
order termsg.g.the “monkey tail” illustrated in Fig. 6-10(b), are allowed the rational-filter
approximation.

Figure 6-15 shows the rational-filter approximationsSgg, i.e. the non-dimensional tor-
sional impedance. Compared with the results for the véiiticpedance, the overall quality of
the fit is relatively poor. In particular the LPM withf = 2 provides a phase angle which is
negative in the low frequency range. Actually, this meaas tihe geometrical damping provided
by the second-order LPM becomes negative for low-frequercifation. Furthermore, the stiff-
ness is generally under-predicted and as a consequende ahthPM with A/ = 2 cannot be
used for torsional vibrations of the surface footing. A #igant improvement is achieved with
M = 4, but even withM = 6 some discrepancies are observed between the results @toyid
the LPM and the rigorous model. Unfortunately, additiortatges indicate that an LPM with
M = 8 does not increase the accuracy beyond that of the sixth-orddel.
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Frequency,f [Hz]

Figure 6-13 Dynamic stiffness coefficientSs3, obtained by the domain-transformation model (the larges)dand
lumped-parameter models withh = 2 (— — ), M =4 (— — ), andM = 6 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part ob33.
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Figure 6-14 Responsevs(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-15 Dynamic stiffness coefficientSgg, obtained by the domain-transformation model (the larges)dand
lumped-parameter models withh = 2 (— — ), M =4 (— — ), andM = 6 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part obg6.
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Figure 6-16 Responseds(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-17 Dynamic stiffness coefficientS22, obtained by the domain-transformation model (the larges)dand
lumped-parameter models withh = 2 (— — ), M =4 (— — ), andM = 6 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part ob25.
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Figure 6-18 Responsevs(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-19 Dynamic stiffness coefficientS24, obtained by the domain-transformation model (the largis)dand
lumped-parameter models withh = 2 (— — ), M =4 (— — ), andM = 6 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part 0b24.
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Figure 6-20 Responsed;(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-21 Dynamic stiffness coefficientS44, obtained by the domain-transformation model (the largis)dand
lumped-parameter models withh = 2 (— — ), M =4 (— — ), andM = 6 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part 0544.
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Figure 6-22 Responsed;(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.

DCE Lecture Notes No. 3



6.4 Time-domain analysis of soil-structure interaction 243

Next, the dynamic soil-foundation interaction is studiedhe time domain. In order to
examine the transient response, a pulse load is applie@ ifothm
sin(2mx f.t)sin(0.57 f.t) for 0<t<2/fe.
p(t) = { (27 fet) sin(0.57 fet) . /] (6-44)
0 otherwise

In this analysis,f. = 2 Hz is utilised, and the responses obtained with the lumedspeter
models of different orders are computed by application efitflewmarks-scheme (see Subsec-
tion 2.2.3. Figure 6—14 shows the results of the analysis gitt) = p(t), whereas the results
for Ms(t) = p(t) are given in Fig. 6-16.

In the case of vertical excitation, Fig. 6—14 shows that elierLPM with M = 2 provides
an acceptable match to the “exact” results achieved by sevEourier transformation of the
frequency-domain solution. In particular, the maximunpaesse occurring during the excitation
is well described. However, an improvement in the desaniiptif the damping is obtained with
M = 4. For torsional motion, the second-order LPM is invalid siftqprovides negative damp-
ing. Hence, the models with/ = 4 andM = 6 are compared in Fig. 6-16. Itis clearly demon-
strated that the fourth-order LPM provides a poor repregimt of the torsional impedance,
whereas an accurate prediction of the response is achiattethw sixth-order model.

Subsequently, lumped-parameter models are fitted for tHedmal sliding and rocking mo-
tion of the surface footing,e. v2(t) andé, (¢) (see Fig. 6-2). As indicated by Egs. (5-112a) and
(5-114), these degrees of freedom are coupled via the impedaomponents,. Hence, two
analyses are carried out. Firstly, the quality of lumpethapeeter models based on rational filters
of different orders are tested for horizontal and momenitaticn. Secondly, the significance of
coupling is investigated by a comparison of models with aitiaut the coupling terms.

Similarly to the case for vertical and torsional motionjoaal filters of the order 2—6 are
tested. The three components of the normalised impedangeSs, = Si2 andSyy, are shown
in Figs. 6-17, 6-19 and 6-21 as functions of the physicalueeqy, f. Again, the lumped-
parameter models are based on discrete-element model shdwig. 6—11(b), which reduces
the number of internal degrees of freedom to a minimum. Gleidwe lumped-parameter models
with M = 2 provide a poor fit for all the components,, S24 andSy4. However, Figs. 6-17
and 6—21 show that an accurate solution is obtainedfpandS,, when a 4th model is applied,
and the inclusion of an additional internal degree of freedce. raising the order frond/ = 4
to M = 6, does not increase the accuracy significantly. However$fpran LPM with M = 6
is much more accurate than an LPM with = 4 for frequencies’ > 3 Hz, see Fig. 6-19.

Subsequently, the transient response to the previouslyeatkefiulse load with centre fre-
quencyf. = 2 Hz is studied. Figure 6—18 shows the results of the analysis g (t) = p(t),
and the results foi/; (¢) = p(t) are given in Fig. 6-20. Further, the results from an altévaat
analysis with no coupling of sliding and rocking are preedrh Fig. 6—22. In Fig. 6-18 it is
observed that the LPM with/ = 2 provides a poor match to the results of the rigorous model.
The maximum response occurring during the excitation i$ ee=lcribed by the low-order LPM.
However the damping is significantly underestimated by tA®L Since the loss factor is small,
this leads to the conclusion that the geometrical dampimgpigpredicted with adequate accu-
racy. On the other hand, fav/ = 4 a good approximation is obtained with regard to both the
maximum response and the geometrical damping. As sugdegteid. 6-17, almost no further
improvement is gained with/ = 6. For the rocking produced by a moment applied to the rigid
footing, the lumped-parameter model withh = 2 is useless. Here, the geometrical damping is
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apparently negative. Howevel/ = 4 provides an accurate solution (see Fig. 6-20) and little
improvement is achieved by raising the ordeMo= 6 (this result is not included in the figure).

Alternatively, Fig. 6-22 shows the result of the time-domsolution for a lumped-parameter
model in which the coupling between sliding and rocking sregarded. This model is interest-
ing because the two coupling componefits and.S,> must be described by separate lumped-
parameter models. Thus, the model with = 4 in Fig. 6-22 has four less internal degrees
of freedom than the corresponding model with = 4 in Fig. 6—20. However, the two results
are almost identicali.e. the coupling is not pronounced for the footing on the homegeis
half-space. Hence, the sliding—rocking coupling may beedisrded without significant loss of
accuracy. Increasing the order of the LPMs fs and Sy4 from 4 to 8 results in a model with
the same number of internal degrees of freedom as the foudér-model with coupling; but as
indicated by Fig. 6—22, this does not improve the overalbaacy. Finally, Fig. 6—-19 suggests
that the coupling is more pronounced when a load with, fonede, f. = 1.5 or 3.5 Hz is
applied. However, further analyses, whose results are nesepted in this paper, indicate that
this is not the case.

In conclusion, for the footing on the homogeneous soil ibigfd that an LPM with two inter-
nal degrees of freedom for the vertical and each sliding aoking degree of freedom provides a
model of great accuracy. This corresponds to fourth-omt@mal approximations for each of the
response spectra obtained by the domain-transformatitimoahe Little improvement is gained
by including additional degrees of freedom. Furthermdris ¢oncluded that little accuracy is
lost by neglecting the coupling between the sliding and irgknotion. However, a sixth-order
model is necessary in order to get an accurate representdtibe torsional impedance.

A footing on a layered half-space

Next, a stratified ground is considered. The soil consistwvoflayers over homogeneous half-
space. Material properties and layer depths are given il B8. This may correspond to sand
over a layer of undrained clay resting on limestone or bddrobe geometry and density of the
footing are unchanged from the analysis of the homogenedlfisipace.

The non-dimensional vertical and torsional impedance aorapts,i.e. S33 and Sgg, are
presented in Figs. 6-23 and 6-25 as functions of the phylsexgliency,f. In addition to the
domain-transformation method results, the LPM approxionatare shown fod/ = 2, M = 6
andM = 10. Clearly, low-order lumped-parameter models are not abtkescribe the local tips
and dips in the frequency response of a footing on a layeredngt. However, the LPM with
M = 10 provides a good approximation of the vertical and torsiamaledances for frequencies
f < 2 Hz. Itis worthwhile to note that the lumped-parameter msd#lthe footing on the
layered ground are actually more accurate than the modélseedboting on the homogeneous
ground. This follows by a comparison of Figs. 6—23 and 6—28 wigs. 6-13 and 6-15.

Table 6-3 Material properties and layer depths for layered half-spac

Layer no. h (m) E (MPa) v p (kg/m?) n

Layer 1 8 10 0.25 2000 0.03
Layer 2 16 5 0.49 2200 0.02
Half-space 00 100 0.25 2500 0.01
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Figure 6-23 Dynamic stiffness coefficientSs3, obtained by the domain-transformation model (the largis)dand
lumped-parameter models withh = 2 (— —), M =6 (— — ),andM = 10 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part ob33.
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Figure 6-24 Responsevs(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-25 Dynamic stiffness coefficientSgg, obtained by the domain-transformation model (the larges)dand
lumped-parameter models withh = 2 (— —), M =6 (— — ),andM = 10 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part obg6.
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Figure 6-26 Response)s(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-27 Dynamic stiffness coefficientS22, obtained by the domain-transformation model (the largis)dand
lumped-parameter models withh = 2 (— —), M =6 (— — ),andM = 10 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part ob25.
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Figure 6-28 Responsevs(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-29 Dynamic stiffness coefficientS24, obtained by the domain-transformation model (the largis)dand
lumped-parameter models withh = 2 (— —), M =6 (— — ),andM = 10 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part 0b24.
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Figure 6-30 Responsed;(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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Figure 6-31 Dynamic stiffness coefficientS44, obtained by the domain-transformation model (the largis)dand
lumped-parameter models withh = 2 (— —), M =6 (— — ),andM = 10 (—— ). The thin dotted line
(- )indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency
solution,i.e. the singular part 0544.
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Figure 6-32 Responsed;(t) obtained by inverse Fourier transformation—(— ) and lumped-parameter model
(——). Thedots (- ) indicate the load time history.
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The time-domain solutions for an applied vertical forggt), or torsional moment)/s(t),
are plotted in Fig. 6-24 and Fig. 6—26, respectively. Evilyethe LPM with M = 6 provides an
almost exact match to the solution obtained by inverse Eotnansformation—in particular in
the case of vertical motion. However, in the case of tordioraion (see Fig. 6-26), the model
with M = 10 is significantly better at describing the free vibratioreathe end of the excitation.

Next, the horizontal sliding and rocking are analysed. Tére-dimensional impedance com-
ponentsSsys, Soy = Sye andSyy are shown in Figs. 6-27, 6-29 and 6-31 as functions of the
physical frequencyf. Again, the LPM approximations with/ = 2, M = 6 andM = 10
are illustrated, and the low-order lumped-parameter nsoded found to be unable to describe
the local variations in the frequency response. The LPM With= 10 provides an acceptable
approximation of the sliding, the coupling and the rockimpedances for frequencigs< 2 Hz,
but generally the match is not as good as in the case of vieaticktorsional motion.

The transient response to a horizontal forg€t), or rocking momentj/, (¢), are shown in
Figs. 6—28 and 6—30. Again, the LPM willi = 6 provides an almost exact match to the solution
obtained by inverse Fourier transformation. However, tlegleh with M = 10 is significantly
better at describing the free vibration after the end of tkatation. This is the case for the
sliding, v2(t), as well as the rotatior; (¢).

Finally, in Fig. 6-32 the results are given for the altenatiPM, in which the coupling
between sliding and rocking has been neglected. It is obdetivat the maximum response
occurring during loading is predicted with almost the sameusacy as by the model in which
the coupling is accounted for. However, the geometricallagis badly described with regard
to the decrease in magnitude and, in particular, the phabke oésponse during the free vibration.

Hence, the response of the footing on the layered grouncotéerpredicted with low order
models, and an LPM with 3-5 internal degrees of freedom isseary for each nonzero term in
the impedance matrikge. rational approximations of the order 6—-10 are required altigular, it
is noted that the impedance term providing the coupling betwsliding and rocking is not easily
fitted by an LPM of low orderi.e. orders below six. The maximum response is well predicted
without the coupling term; however, if the coupling is notagnted for, the geometrical damping
is poorly described. This may lead to erroneous conclusiegarding the fatigue lifespan of
structures exposed to multiple transient dynamic loadspffshore wind turbines.

6.4.2 A flexible foundation embedded in viscoelastic soil

In this example, a skirted circular foundation, also knowraabucket foundation, is analysed
using the coupled finite-element and boundary-elementadsthirhe bucket has the radius=

10 m and the skirt lengtlhy = 12 m, see Fig. 6-33. The lid has a thicknesspf = 0.50 m,
whereas the thickness of the skirt ig;,» = 50 mm. The bucket consists of steel, and the material
properties are given in Table 6—4. The model of the lid is alisgéc and the real structure may
be lighter and stiffer than the solid plate but with a compexmetry not easily modelled.

Table 6-4 Material properties of the bucket foundation and the subsoi

Material E (MPa) v p (kg/m?®) n
Soil 20 0.25 2000 0.03
Steel (bucket) 200.000 0.30 7850 0.01
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5

Figure 6-33 Coupled finite-element/boundary-element model of skifteshdation: Geometry (left) and discretization
(right). Only half the foundation is discretized, utiligithe symmetry of the problem.

The theory is explained in Chapters 2—4 and will not be reggbhere. A closed boundary-
element (BE) domain is applied for the soil inside the bueket an open BE domain is utilised
for the remaining half-space. In either case, quadratitapaterpolation is applied. Finally, the
lid and the skirt of the bucket foundation are discretizeidgishell finite elements. The theory
for such elements is not presented in this book and the redberd confer the work by, for
example, Bathe (1996).

With p, cp andeg denoting the mass density, the P-wave velocity and the Swelocity of
the sail, respectively, the high-frequency limit of the iedlance components are given as

33 = pepAiia + pes Askirt s (6-45a)
cgs = 2pcsTiia + pesAskirt, (6-45b)
1

¢33 = pesAuia + 5 (pes + pep) Askir, (6-45c)
o] 0o 1 hO 0 o)

Coqy = Ci2 = ) (pcs + pcp) Askirt? = —C{5 = —Cx1, (6-45d)
o _ oo 1 1 )

cpa = Cos = pcpliq + 3 (pcs + pep) Tskire + §PCSAskirt7"07 (6—-45e)

whereA;q = nrg and Agire = 4mrohg are the areas of the lid and the skirt, respectively. The
latter accounts for the inside as well as the outside of tire slence, the factor 4 instead of the
usual factor 2. Furthef;;; andZ;,, are the geometrical moments of inertia of the lid and the
skirt around the centroid of the lid, defined as

Liig = gré, Lskirt = 4%7“ ohj. (6-46)
Again, the contributions from both sides of the skirt arduded and it is noted that the torsional
moment of inertia of the lid is simpI9Z;;,.

In the following, an explanation is given of the terms in EG—45). Firstly, the vertical
impedance is given as the sum of a contribution from the Pewawmanating from the bottom of
the lid, represented by the first term in Eq. (6—45a), and arskcontribution from the S-waves
produced at the exterior and interior surfaces of the skigmthe foundation moves up and down
as a rigid body. This may be an overestimation of the impeelémica flexible foundation and
alternatively a high-frequency solution with no contrilouis from the skirt may be proposed.
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Figure 6-34 Response in phase with the load for the skirted foundatiamth® left, the results are shown for a unit-
magnitude harmonic vertical force acting at the centre effttundation at the frequencies (&)= 2 Hz, (b) f = 4 Hz
and (c) f = 6 Hz. The displacements are scaled by a factoi @ and the light and dark shades of grey indicate
positive and negative vertical displacements. On the rijletresults are shown for a unit-magnitude harmonic toedio
moment acting around the centre of the foundation at theuéegjes (a)f = 2 Hz, (b) f = 4 Hz and (¢)f = 6 Hz.
The displacements are scaled by a factoi @ and the light and dark shades of grey indicate positive anétive
displacements in the direction orthogonal to the plane t§ammetry.

Secondly, the torsional impedance provided by Eq. (6—48bjains a contribution from the
S-waves generated at the bottom of the lid, whereas the déeon represents the S-waves stem-
ming from the rotation of the skirt around the vertical axifirdly, the horizontal impedance
given by Eq. (6—45c) is composed of three terms. The first tepresent S-waves initiated at the
bottom of the lid, whereas the second term is due to the S- ama\@s arising at the skirt. Only
S-waves are generated at the vertical lines at the “side#fieofoundation, and only P-waves
are produced at the vertical lines on the “back” and “frorftthe bucket. However, at all other
vertical lines, a combination of P- and S-waves are emit&dormal mathematical proof of
Eq. (6—45c) follows by integration along the perimeter & #kirt. However, by physical rea-
soning one finds that half the argl;;,» emits P-waves, concentrating around the “back” and
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®

Figure 6-35 Response in phase with the load for the skirted foundatiamth® left, the results are shown for a unit-
magnitude harmonic horizontal force acting at the centte@foundation at the frequencies (a}= 2 Hz, (b) f = 4 Hz

and (c)f = 6 Hz. The displacements are scaled by a factarSfand the light and dark shades of grey indicate positive
and negative vertical displacements. On the right, thelteeate shown for a unit-magnitude harmonic rocking moment
acting around the centre of the foundation at the frequen@gf = 2 Hz, (b) f = 4 Hz and (c)f = 6 Hz. The
displacements are scaled by a factoi 0t® and the light and dark shades of grey indicate positive agdtive vertical
displacements.

“front” of the foundation, whereas the other half 4f;;,., i.e. the “sides”, emits S-waves. A
similar reasoning lies behind the derivationsgf, and as indicated by Eq. (6—45d) there are no
contributions from the lid to the sliding—rocking coupliaghigh frequencies.

Finally, the rocking impedance provided by Eq. (6—45e) @ia®f three parts. The first one
stems from P-waves originating from the bottom of the lid #mel next term is a mixture of
P- and S-waves generated at the skirts. However, only thev@spolarised in the horizontal
direction are included in the second term of Eq. (6—45e)thmitocking motion of the foundation
also induces S-waves polarised in the vertical directiomarticular at the “back” and “front”
of the bucket. Again, a strict proof follows by integratioveo the surface of the skirts, but a by
physical reasoning it is found the half the area contribtdeke generation of such S-waves.
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The response of the bucket foundation is computed at 3ladéestrequencies fromito 6 Hz
using the coupled boundary-element—finite-element mddwed.results for vertical and torsional
excitation and three different frequencies are shown in &ig84, whereas the corresponding
results for horizontal sliding and rocking are given in Fg35. It is noted that the light and dark
shades of grey indicate vertical displacements upwardslawdwards, respectively, in the plots
for the vertical, horizontal and rocking-moment excitatioHowever, in the case of torsional
excitation, no vertical displacements are generated. &la@nchis particular case the light/dark
shades indicate horizontal displacements away from/svde plane of symmetry.

Figures 6—-36 to 6—40 show the frequency-domain solutioainbtl by the coupled finite-
element—boundary-element scheme for the five differenettapce components. The results of
the corresponding lumped-parameter models of orders 2 @@are plotted in the same figures.
It is clear that the low-order models withl = 2, and having only a single internal degree-of-
freedom, are inadequate. However, the sixth-order lungaedmeter model provide a good fit to
the FE-BE model in the low-frequency range and only an ing@mt improvement is obtained
by increasing the order of the LPMs to 10.

It is of particular interest that the high-order lumpedgraeter model with\/ = 10 does
not lead to a better fit at higher frequencies than the sixtleromodel. Instead, wiggling occurs
at low-frequencies with the tenth-order moded, non-physical tips and dips arise in the results
from the LPM between frequencies at which the target FE-B&tism has been computed. This
behaviour should be avoided and thus the sixth-order madeldferred. In order to obtain a
better fit without wiggling, a smaller frequency step shdaddapplied in the FE-BE solution.

15 T T T T T T T

|S33] [-]

arg(Sss) [rad]

Frequency,f [Hz]

Figure 6-36 Dynamic stiffness coefficientSss, obtained by the finite-element-boundary-element (trgeldots) and
lumped-parameter models withh = 2 (— —), M =6 (— — ), andM = 10 (—— ). The thin dotted line
( ) indicates the weight functiow (not in radians), and the thick dotted line-¢-:- ) indicates the high-frequency
solution,i.e. the singular part obs3.
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[Ses] [-]

arg(See) [rad]

Frequency,f [Hz]

Figure 6-37 Dynamic stiffness coefficientSss, obtained by the finite-element—boundary-element mothel krge

dots) and lumped-parameter models with = 2 (— — ), M =6 (— — ),andM = 10 (—— ). The thin
dotted line (- - ) indicates the weight functiom (not in radians), and the thick dotted line-¢---) indicates the

high-frequency solution,e. the singular part 0b¢s.

15 T T T T T T T

[Saz2| [-]

arg(S22) [rad]

Frequency, [Hz]

Figure 6-38 Dynamic stiffness coefficientS22, obtained by the finite-element—boundary-element mothel krge

dots) and lumped-parameter models with = 2 (— —), M = 6 (— — ), andM = 10 (—— ). The thin
dotted line ( ) indicates the weight functiom (not in radians), and the thick dotted line+¢--+ ) indicates the

high-frequency solution,e. the singular part 0b2s.
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[Saa| [-]

arg(S24) [rad]

Frequency,f [Hz]

Figure 6—39 Dynamic stiffness coefficientS24, obtained by the finite-element—boundary-element mothel krge

dots) and lumped-parameter models with = 2 (— — ), M =6 (— — ),andM = 10 (—— ). The thin
dotted line (- - ) indicates the weight functiom (not in radians), and the thick dotted line-¢---) indicates the

high-frequency solution,e. the singular part 0b24.

|Sa4| []

arg(Sa4) [rad]

Frequency, [Hz]

Figure 6-40 Dynamic stiffness coefficientS44, obtained by the domain-transformation model (the largis)dand

lumped-parameter models withh = 2 (— —), M =6 (— — ), andM = 10 (—— ). The thin dotted line
( ) indicates the weight functiow (not in radians), and the thick dotted line-¢--- ) indicates the high-frequency

solution,i.e. the singular part 0544.
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6.5 Summary

In this chapter, the concept of a lumped-parameter modeVijLiias been presented. The basic
idea is to adapt a simple mechanical system with few degrefsselom to the response of a
much more complex systera,g.a foundation on a layered ground. For a circular footing on a
homogeneous half-space, particularly simple solutioiigt.ekhese are

¢ the standard lumped-parameter model which only introdacgsing stiffness and a viscous
dashpot for each degree of freeddrms, vertical, torsional, horizontal and rocking motion,
and

¢ the fundamental lumped-parameter models which introdaeass in addition to the spring
and dashpot. This mass represents the added mass of thedailst be added to the mass
of the footing itself.

The fundamental LPM is much better than the standard LPMgit fiequencies. Here the
standard LPM provides useless results. None of the simpteieaccount for coupling between
horizontal sliding and rocking. This may be a reasonablarapsion for a surface footing on a
half-space. However, for footings on a layered half-spa@mbedded foundations, the coupling
has to be accounted for. Furthermore, the simple modelsaaate to reproduce the resonance
and antiresonance occurring in, for example, a soil stratum

In the general case, a consistent lumped-parameter mogdbenapplied. The use of such a
model involves the following steps:

The target solution in the frequency domain is computed higaous modele.g.a finite-
element or boundary-element model. Alternatively the oesp of a real structure or foot-
ing is measured.

A rationalfilter is fitted to the target results, ensuring th@nphysical resonance is avoided.
The order of the filter should by high enough to provide a gap&dit low enough to avoid
wiggling.

Discrete-element models with few internal degrees of foeedre established based on
the rational-filter approximation.

This procedure is carried out for each degree of freedomtandiscrete-element models are then
assembled with a finite-element, or similar, model of thecttire. Typically, lumped-parameter
models with a three to four internal degrees of freedom pi®vesults of sufficient accuracy.
This has been demonstrated in the present chapter for tfgetit cases, namely a footing on a
stratified ground and a flexible skirted foundation in honregris soil.
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Exercises

Exercise 1: Seismic reflection test

On a given site, the soil is known to consist of a soft soil dgpenderlain by a homogeneous
half-space of a much stiffer material (bedrock). For loeguent vibrations at small amplitudes
the soil behaves as an elastic continuum. Both the grourfdcgiand the interface between the
top layer and the underlying half-space are assumed to beolntal. However, the deptlh, of
the top layer is unknown. In order to firid a so-calledeismic reflection tess carried out.

3 y
U A

x. r ,—|y

e
o0
v

Figure A Seismic reflection test for identification of the depth of p layer over a subsaoil.

An explosive charge is released at the pairgn the surface of the ground, see Fig. A. The
resulting vibrations are measured at the receiver painthich lies the distancefrom the source
pointx. The test is then based on a registration of the arrival tiofieferent waves.

8 Identify the first body wave arriving at the receiver pginafter the explosion at point.

NAa

Which body wave is the second to arrive at the receiver paird,which wave is the third
and the fourth? Why is there no unique answer to this queation

(]

The material properties of the surface layer are assumee tmknown. This implies that
the distance betweenandy should at least be equal to twice the layer depth in order to
provide an unambiguous measurement oProve that this statement is correct.

B

The surface layer has the propertiés= 300 MPa,» = 0.25, p = 2000 kg/m® andh = 5

m. Make a small MTLAB program that computes the arrival times of the first four body
waves as function of the distance between the source anteep®ints in the interval
Om<r<20m.
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Exercise 2: A constitutive model with four parameters

A one-dimensional viscoelastic model is considered. Thaehoonsists of a Kelvin model and a
Maxwell model coupled in parallel. The Maxwell part of the debis defined by the parameters
E; andn,, whereas the stiffness and the damping terms of the Kelviropéhe model are given
as F, andrn;, respectively. The complete model with four parameterdistrated below.

Fq m

—\W—{E—

0 4—— — Es — —» O

|J\N\"|
L

72
Figure A Four-parameter viscoelastic model.

Define the relationship between the tatesso (¢) in the model and the local stresses in
the individual parts of the model. Likewise, define the rielaship between the totatrain
¢(t) in the model and the local strains in the individual partshefmodel.

The relaxation modulus and the creep compliance oMagwell part of the model are
denoted7 (t) and.J; (t), respectively. Further, the relaxation modulus and thego®m-
pliance of theKelvin part of the model are denotéd, (¢) andJ»(t), respectively. Given
that G, (t), J1(t), G2(t) and.Jx(t) are all known, how is the creep complianég) and
the relaxation modulu&'(¢) for the entire model defined?

]

Compute the relaxation moduldgt) of the entire model.

B

Formulate a constitutive relation between the stegg$ and the strair(¢) in terms of a
rational modelj.e. by means of thelifferentialapproach.

(o]

On the basis of the relaxation modulG$t) and the constitutive equation formulated in
the answers to questions 3 and 4, establish the hereditprgagh.

Establish the stress—strain relationship in the frequeloegain and identify the rational
filter G(w) for the four-parameter model.

Derive the phase velocity and the wavenumber as functiorntheofrequency and plot
dispersion and slowness diagrams for various combinatibtie parameterg’, 71, Es,
12 and the mass density Which of the damping constanijs ands)- is the more important
with respect to the degree of dispersion?

]

E Derive the high-frequency limits of the phase and groupai@ks in the material model.
Do you think that the material model is realistic?
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Exercise 3: FEM model of an infinite bar
Consider an infinite bar subject to a harmonic excitationliagpat z = 0 and in the axial

direction with the amplitudé” and the circular frequeney. The bar has the Young’s modulus
FE, the mass density and the cross-sectional ardaas illustrated below.

E, A, p z=0 p(t)}gv”
1
1

Soo § - — N Seo

Figure A Infinite bar subjected to the harmonic excitatioft) = Pel“? ~ P sinwt applied atz = 0.

Formulate the equation of motiore. the strong form of the governing partial differential
equation for the bar.

Establish the weak form of the equation of motion and idgnki€ integrals corresponding
to the mass and stiffness matrix for an element as well asatialiorce vector.

Apply the Galerkin method and compute (analytically) theneént matrices for linear
shape and weight functions. Assume that the massrisistenti.e. distributed according
to the shape functions.

Determine the phase velocity of the waves propagating ibénels the phase velocity the
same as that of the pressure waves in 3-D or 2-D elastodysanfity/why not?

Derive the fundamental solution for the wave propagatioth@infinite barj.e. find the
amplitudes and the wavenumbers for the wave componentsisytstem for the load
f(z,t) = Pe“t§(x) ~ Psinwtd(x).

Based on the fundamental solution, derive an impedancedasyrcondition for the bar
to be applied at the artificial end poinfs,. Can this boundary condition be used for any
frequency and does it work for any kind of load? In other womdsat are the limitations
of the boundary condition?

]

Write a MATLAB program which can be used to assemble any number of bar elemen
with arbitrary, but equal length on either side of a pointgar

Determine the necessary element length and time step intordetn elements per wave-
length and a Courant number ©f

Apply the Newmark method and perform a time-domain solutmrthe FEM system of
equations.

B

U0} Carry out the solution in the frequency domain and comparedhbults with the analytical
solution.

!

KB Try to change a part of the massltmpedmass. What happens to the numerical solution?
How much of the mass should be lumped in order to get the higlussible accuracy of
the numerical solution?
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Use the finite element scheme for bars and loads with difgrarameters. Furthermore,
investigate the influence of the time step and the elemeat®izhe accuracy of the nu-
merical solution.

Compute the response to a broad-banded load in time andefregadiomain. This could
for instance be the Ricker pulse defined as:

p05:—;go(1 —?)? for 0<t<Tc
p(t) =
0 for T <t

wherepy is the maximum intensity of the load signal apd= ¢(t) is a linear function,

Introduce linear viscous or hysteretic material dampinthie bar model. How does the
damping influence the wave propagation with respect tophsisin and dispersion? How
pronounced is the non-causal response of the hysteretielfod

Try instead to discretize the bar with quadratic elementan@are the results with those
obtained with the linear finite elements model. How muchdrette the quadratic elements
than the linear ones?

Exercise 4: Seismic analysis of a layered ground

This exercise concerns the formulation of a semi-analyticieh of the seismic response of a
layered ground and may be considered a simplification of lteerly described in Chapter 5.
The soil is idealized as a stratum consisting/diomogeneous, isotropic and linear viscoelastic
horizontal layers overlaying bedrock. An earthquake eplisie elastic SH-waves which are
assumed to impinge verticallig. orthogonally, on the interface between the bottommostrlaye
and the bedrock. This approximation is justified by the faat the seismic waves are refracted
on their way through the bedrock due to increasing stiffroees the depth. With no further loss
of generality, the particle motion is assumed to be poldrirg¢hez; -direction.

In the general three-dimensional case, the following gtiestare all different from zero:

J
. J t
Wl (x,1), Gt 93 k=123 j=12..J
al‘k
where superscript refers to the number of the layer. Identify the two quargifiem this

list that are different from zero in the present case.

Harmonic SH-waves are considered and external body fomeedisregarded. Starting
from the Navier equations (1-10), and making use of the sfivgtions from Question 1,
show that the governing equation of wave propagation in arlagth the shear modulus
1/ and the mass densipy is given by (no summation over indgx

&%l (2,1 1 0%l (2t _ g
82(2 ) = at(g )7 Z = I3, uj(zyt) = Ul(xg,t), cé — p_j

{ck)?
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To analyse the problem in the frequency domain, for eacWiididal layer a Fourier trans-
formation is carried out according to the definition

Uj(Z,w) :/ uj(z,t)e*iwtdu uj(z,t) = QL/ Uj(Z,w)ei“’tdt,
TJ -

— 00

Instead of the analytic evaluation of the inverse Fouri@ngformation, the time-domain
solution is approximated as a Fourier series wW\tiharmonic wave components,

N
(2, ) ~ Z Ul (z)e'nt,
n=1

Establish the governing equation for a single wave comppnéiz, t) = UJ(z)el“~?, in
the frequency domain. Show that the same result is obtanoed Eq. (5-17a) by making
use of the fact that the horizontal wavenumbers are equarto(avhy is this true?).

As in Chapter 5, a locat-axis may advantageously be applied in the formulation ef th
solution for a given layer. The coordinatéis defined so that’ € [0; h;], whereh; is the
depth of the layer, cf. Fig. 5—2. With this definition, thewgadn to the equation of motion
may be given in any of the forms:

. : pospd L d EE S | : ; S N ) s LI (LT
Ui(z9) = Bieh® 4 cie= ™= or  Ud(xf) = Bieh 4 Die~thn(z'~hy),

wherek! = wn/cfg. Show that both solutions are valid and find the relation etwthe
integration constant§y and D/,

For an isotropic linear and viscoelastic layer with the Lacoéstants\’ and ./, the
stresses in the frequency domain are generally given by satiaative law in terms of
the strain amplitudes:

y . o L 1 (ou? oul

& = N A0y, + 217 &, A = ¢, € = 2 (&mi * Ox; |’

with no summation over the index Based on this information and the second solution
for UJ(27) in the previous question, express the amplitude funcié(x’) for the shear
stress in layey corresponding to harmonic SH-wave component

Similarly to the Haskel-Thompson approach in Chapter 5dityglacement and the shear
stress at the local deptH are stacked in a vector,

Ui (27)
j

LAC

where A7 (27) is a matrix with the dimension& x 2), the components of which are
obtained from the expressionsi@ (z7) and PJ (27) in terms of the integration constants.
Find this matrix and evaluat&’’ = A7 (27 = 0) andAJ! = AJ (27 = h7).

Sh(+7) =

= AL() m ,

n

Linear Elastodynamic Analysis



264

Exercises

Establish a relationship between the displacement andhiiar stress at the top of layer
J and the corresponding quantities at the bottom of the lajeis relationship should be
given in terms ofA/° and AJ!.

Analogously to Subsection 5.3.3, formulate a relation§tg@fween the displacement and
the traction at the surface of the layered half-space ansithitar quantities at the interface
between layer/ and bedrock. This relationship should have the f&fi = T,S;!,
whereS!® = Sl(z:! = 0) andS]' = S/(:/ = h’), andT,, is a matrix with the
dimensiong2 x 2). This should depend on the matricad’ andA7l, j = 1,2,..., J.

Show that the displacemetif.” at the free surface of the layered half-space due to a forced
displacement/;”! = U,, at the bedrock is given as

T12T5;

Uy = HoUp,  Hp=Ti —
T2

whereT;;, are the components a@f,,. H,, ~ H(w) is the frequency response function for
the layered half-space, which may be used to compute themsspat the free surface of
the ground for seismic excitation with a given one-sided litogle spectrunby (w).

Make a MATLAB program that calculates the frequency response functioa &ratum
with the properties listed below. The frequency range 0 té12@hould be considered.

Layerl: G'= 50MPa pt = 1600 kg/m?, nt =0.12, ht= 5m
Layer2: G? =100 MPa p? = 1800 kg/n?’, n? = 0.08, h? =10m
Layer3: G° =150 MPa p® = 2000 kg/n?, n® =0.04, h3 =15m
Layer4:  G* =200 MPa p* = 2200 kg/n?, n* =0.02, h* =20m

Note thatn’ is the loss factor and that a complex shear modulus shoulgieed in the
form 7 = GV (1 + isign(w)n’), whereGY is the real shear modulus.

Exercise 5: Boundary-elements for antiplane shear

The antiplane shear-wave propagation in a homogeneousceataaterial is considered. The
phase velocity of the shear waveg is and material dissipation is assumed to be present, defined
by the loss factor. Create a boundary-element method program with constamtegits that can

be used for the frequency-domain analysis of the wave pdfmagin a half-plane. Here, the
loss factor defines the complex phase veloeity= cs (1 +in). The program should include
the following:

An input routine, in which the material properties, the abioates of the extreme points,
the element topology, the frequencies, the boundary condiind the internal point co-
ordinates are given.

A routine which computes the collocation node coordinatesthe normal vectors along
with the complex phase velocity.
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A routine that assembles the system matrideandG.

A subroutine for the evaluation of the nonsingular term3bé&nd G. Here a six-point
standard Gauss quadrature rule should be used. Hint: tlodidacis simply the ratio
between the element lengths in the global and local cootelgyestems.

A subroutine for the evaluation of the singular termd@n Note that the singular terms
of H are0.5, i.e. only the geometry constant contributes along the diagohtienflux
fundamental solution matrix.

A routine which reorder¥I andG into the coefficient matriXA and the vector of known
guantitiesF.

A main program that calls the routines 1 and 2 and includegguincy loop over the
remaining routines. Further, inside the loop the systengoB&onsA (w)Z(w) = F(w)
should be solved for each frequency.

A routine that reorder&(w) and the known valued.é. the boundary conditions) into
U(w) andP(w).

A routine that computes the values of the displacementgeian points.

An output routine which can be used for the illustration e thsults.

Utilise the program for the analysis of a half-space with phepertiescs = 100 m/s and

n = 0.05. The following frequencies should be included: 5, 10 and 20Hifty elements with a
length of 0.5 m may be applied to discretize the surface oh#iespace. Is this reasonable?
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Exercise 1: Seismic reflection test

Question 1

The first body wave to arrive at poigtis the P-wave travelling horizontally along the surface of
the ground. This P-wave will arrive at the timg = r/cp.

Question 2

The order, in which the next P- and S-waves will arrive at theeiver point depends on the
fractionr/h and the Poisson ratio of the layer. For high Poisson ratiesStwave is extremely
slow compared with the P-wavies. cs < ¢p. Hence, the first four waves to arrive at poyninay

all be P-waves reflected 0, 1, 2 or 3 times. On the other hanitheaBoisson ratio approaches
zero, the S-wave becomes faster, though still not as fagteaP4wave. Thus for deep layers
(h > r) the second wave reaching pojnts the direct S-wave travelling along the surface.

Question 3

In order to “measure” the layer depth by means of the seisefleation test, the arrival times
must be identified for two waves. Further, for each of theseewathe speed and travel path must
be known. As discussed in Question 2, the order of arrivalasfous P- and S-waves (except
the first one) become ambiguous. Therefore it may not be lplestsl distinguish between, for
example, the third P-wave and the second S-wave to arriveeatetceiver point—in particular
since each P-wave is reflected as both a P-wave and an S-weal/gjcae versa. However, an
unambiguous measure bfis obtained if the first two wave to be registeredyadre the waves
shown in Fig. A.

The arrival time of the first S-wave at poigtis t; = r/cs. For a given P-wave speed, the
maximum S-wave speed is achieved when the Poisson ratio# tozero (see Fig. 1-25). Here
cp = V2cg, and it follows thatty = \/ﬁr/cp. For any other value of the Poisson ratio, the
S-wave will arrive later than this.
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L Y y
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Figure A Direct P-wave and the first reflected P-wave arriving at pgifftom pointx.

The second P-wave has been reflected at the interface aeddifeghas to travel the distance

24/(r/2)2 + h2. Thus it arrives at timeX” = 2./(r/2)2 + h2/cp. Evidently, in order to ensure
that the layer depth is actually measured by the test, th@sfmlg (in)equality must hold:

<ts = 2 (f)2+h2<\/§L = P24 AR2<2? = 2h<r

Ccp 2 Ccp
Hence, the distance between the source and receiver phimitdsat least be equal to twice the
layer depth. Note that the reflected P-wave will arrive beftre direct S-wave at any point
beyondy. However, a very long distanaebetween the source and receiver points may not be
useful since?” — t& for r — oo. One may say that the layer depth has to be known in advance
in order to measure it with a seismic reflection test.

Question 4

The order, in which the first waves arrive at the receiver fdiepends on the distancdetween
thex andy. For small values of, the first two waves to arrive gtare the direct P- and S-waves.
However, at larger distances, the first (and possibly alsostttond) reflected P-wave arrives
sooner than the direct S-wave. Further, waves may startveavBs and end as SV-waves and
vice versa after a phase transition at the interface. Theseswvill be coined “P-to-S-waves”
and “S-to-P-waves”, respectively.

In the present case, only the waves that travel most of theasay-waves are of interest
since S-wave travel with a speed that is much lower than thew speed. Thus, according to
Egs. (1-8), (1-14) and (1-17) the following wave speedsarad

cp =424.26m, cg = 244.95m.

Equation (1-47) then defines the ratio between the anglesiafénce of incoming P-waves and
reflected S-waves,

in 6
=L _BIP 739,
cs sin fg

Along with the layer deptth and the distance, this fraction determines the geometry of the
wave propagation paths for the waves that travel part of thg from the source point to the
receiver point as P-waves and the remaining part of the w&s&saves.
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E = 300 MPa
v =0.25
p = 2000 kg/m?

Figure B Propagation paths of the first waves to arrive at the rec@eeity. P-waves are indicated with full-drawn
lines, and S-waves are plotted with dashed lines.
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Figure C Arrival timest of the first waves as functions of the distanceetween the source and the receiver points.

A MATLAB program éxer ci se_01. m) has been made, in which the travel times are com-
puted for the waves shown in Fig. B. The travel times for theasathat do not change phase
from P- to SV-waves or vice versa are straightforward to cotmp However, the geometry of
the propagation paths for the P-to-S-waves and S-to-Psviavether complex. An analytical
solution for known values af, h anda is not easily found, and instead the arrival times of these
waves is computed by iteration. In Fig. C the arrival timethefwaves at poing are plotted as
functions ofr. Note that there are two pairs of waves that arrive at the samee These are the
first and second P-to-S-waves and the corresponding Swtaves. As illustrated in Fig. B, the
travel path has the same length for the first P-to-S-wavelanfirst S-to-P-wave, and the part of
the path where the propagation is of P- and S-wave type, cégply, have the same lengths.
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Further, when the S-wave impinges on the free surface atlaquetangle greater that), =
asin(1/a) = 35.26°, P-waves are trapped in the surface. Here Snell’s law peswdlues of p
greater thar®0°, which has no physical meaning. Hence, a “trapped” P-waveechifurcates
from the first reflected S-wave curve in the-plot beyond a certain critical distaneg: =
h/tanf. = 7.071 m. However, as illustrated in Fig. C, the trapped P-wave tsome of the
first four waves to arrive at the receiver point, even thougha bit faster than the first reflected
S-wave at great distances.

Exercise 2: A constitutive model with four parameters

Question 1

The stress and strain in the Maxwell part of the model are @ehe, and e, respectively.
Likewise, the stress and strain in the Kelvin part of the nhadedenoted ande,, respectively.
Further, stresses and strains associated with elast q@idtie model (the springs) are indicated
with the superscrip¢, and superscript denotes stresses or strains in the viscous parts of the
model (the dashpot). Then the following relationships deatified for the four parameter model:

o=01+02 =01+ 05+ 05,
€e=¢€ =€] +€ =€ =€5=¢€5.

Furthermorer§{ = o7 as the spring and dashpot in the Maxwell model are coupleerirs

Question 2

The following quantities are known:

1 t . .
SJh=J+J ==+ —, (Maxwell ~ series coupling)
Er m
G2 =G5+ G = Ey +n20(t). (Kelvin ~ parallel coupling)

The full model is achieved by a parallel coupling of part 1 @xd herefore, according to Defi-
nition 1.4, the relaxation modulus may be foundas- GG; + G2. The computation of the creep
compliance/ is far more complicated.

Question 3

In order to calculat&’, the relaxation modulus for the Maxwell model has to be knottare,
Eq. (1-114) is utilized. Partial integration provides tksult

e<t>=/;J<t—T> S dT:/t (E%H;T)df;—(:’w

— 00

_ /" L do(n) t—7 t o) o) " oe)
=] B & d7'—|—[ o 01(7)]OC+/_OC " dr = B —|—/_C>C " dr. (a)
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Here, use has been made of the fact thdt-co) = 0 ando (t) < oo so that(t —t) o4 (t) = 0.
Equation (a) is differentiated with respect to time:

de 1 doy 1
— Y= S b
@B @ gt (b)
The relaxation modulué:; (¢) is equal tooy () for a unit straine(t) = 1 applied at time
t = 0. The solution to Eg. (b) for a strain of this kind is derived as
1 dGy 1 _EB1,
= — — _— t t = no,
0 B dt +T]1 Gl() = Gl() Ce

The constant is determined from the initial conditions ait= 0. Here the entire strain will be
present in the spring, since the dashpot is infinitely sbiffe strain applied with infinite velocity
(infinite strain rate). Hence,

G1(0)=0Ce"=C=E ¢(0")=FE, = C=E,.

Finally, the relaxation module of the entire model is fousd a

G(t) = Gr(t) + Gal(t) = Ere 7t 4 Ey + 02 6(0). ©

Question 4

The strain vanishes in the limit as— —oco. Hence, from Eq. (1-114) follows that the stress may
be written as

t t B
=/ G(t—T)dZ—(:)dT=/ (Bre ) 4 Byt - 7)) 4 o

o dr
By b e d de(t
=Fie mt/_ooe ;g_)d +E2€()+’r]2%. (d)
Differentiation of Eq. (d) with respect to time provides #aguation:
do(t) E1 _Biy /t ,ﬂTde( ) _m1y B de(t) de(t) d?e(t)
— = 1 dr + E4 mem " —=- 4+ [
a - o L© T T e v e v
E? _Bi, [ ,_Tde( ) de(t) d?e(t)
=1 Fy + Ey .
m /_oce a7 4Tt (Bt Be) =57 e = (©)
Further, from Eqg. (d) follows that
_Ey [P e de(r) 1 de(t)
m b T - _ Pt S
e /_Ooe I dr B (U(t) Ese(t) —ma g ) .
Insertion of this result into Eq. (e) leads to an ordinaryedintial equation ir:
do(t) E, de(t) de(t) d?e(t)
= - E - Ey+E
dt m (a(t) 2e(t) =me =g~ |+ (Bt Bp) == 4 =g =
do(t de d2e(t
Eyo(t)+m Zi)=E1E26(t)+(E1772+E1771+E2771) d(t)+771772 dzg) )

This is the so-callediifferential approach In the special cas&, = 7, = 0, Eq. (f) reduces
to the relation for a Maxwell model. Likewise, after divisiof all terms byF;, a pure Kelvin
model is achieved witly; = oo andny = 0.
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Question 5

The creep compliancé(t) of the full material model in Fig. A is the solution to Eq. (Brfa
constant stress = 1 applied at timg = 0, i.e.

dJ(t d2J(t
E1=E1E2J(t)+3%+771772 dté), B=Ein+ Exm + E2m. (9)
Solutions to Eq. (g) are of the kind
J(t) =1/By + CreMt 4 Cyet2t, (h)

wherel/ E, is the particular solution and the constafifsandC;, are determined from the initial
conditions. Finally)\;, ¢ = 1, 2, are the roots to the characteristic polynomial,

—-B++/B? -4F E
7717]2/\§+B/\1+E1E2:0:> )\1}: \/27777 ! 27]17]2.
172

A2

The dashpot in the Kelvin part of the model does not allowainttneous strainse. infinite
strain rates are impossible. As an implication of this, tashgot in the Kelvin part of the model
is responsible for the entire stres§) at the timet = 07, that is just after the application of the
unit stress. Hence, Eq. (g) is subject to the initial coodisi

de(t)] ()
dt |,_p. Pt

€0 =J0OT)=0, o(0")=1=n

@0

t=0+t .

Insertion of Eq. (h) into Eq. (i) provides two equations foe determination of; andCs,
1 1 & _ —1/E2 & _ 1 )\2/E2+1/772
)\1 )\2 CQ 1/772 CQ )\1 - )\2 —)\1/E2 — 1/772

Finally, now that both/(¢) andG(t) are known, the stress—strain relation in terms ofiteeedi-
tary approachs obtained by the equations

o)~ [ ot-nT

No attempt will be made here to insert Egs. (c) and (h) intsd¢heqjuations.

dr, e(t) = / J(t—1) dZS_T) dr.

— 00

Question 6
In the frequency domain Eq. (f) is rewritten as
{Ey +iwm} 6(w) = {E1 Ea +iw (BEynz + Eym + Eym) —w’ mna} é(w).

Here w is the cyclic frequency, ané(w) and é(w) are the Fourier transformed stresses and
strains, respectively. Thus, the stress—strain relaticdhe frequency domain is identified as

_ BBt (Exna+ Exm + Eam) — w?mime

o(w) = é(w) é(w), G(w) Ey +iwm

0
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Question 7

The phase velocities for one-dimensional viscoelasticaymepagation are derived from Eq. (c)
in Example 1.5;

ko) =~ =w, L. (k)

By application of Egs. (j) and (k), dispersion and slownesgjihms can be made. Numerical
experiments (no results are included here) lead to comuiusiatn, has the most significant
influence on the amount of dispersion compared \tith £> andn;.

Question 8

The following limits are identified:

I . . dG(w
wlerolo G(w) = iwng, wlgrgo di} )

= 17’]2

Hence, the limits of the phase and group velocities in thé lim— oo are found according to
Example 1.5:

lim ¢(w) = lim g(l—f—i) %2\/—:00(14‘1)7

w—00 w—00

—1
lim ¢g(w) = lim c(w) (1 - 21;7’2 i772) = wlggo2c(w) =o00(1+1i).

w—00 w—00

Physically, it does not make any sense that the speed of wal/ergergy propagation through
the material becomes infinite far — oo. However, it is observed that the propagation speeds
are complex. As a result of this, waves will propagate witimite speed forw — oo, but they

will at the same time be subject to infinite material dissgrat Therefore the material model
provided by the Kelvin and Maxwell models coupled in palati@kes some physical sense.

Exercise 3: FEM model of an infinite bar

Question 1

The bar has the longitudinal stiffne&sA and the mass per unit lengtll. Balance of the forces
and utilization of d’Alembert’s principle then providestlequation of motion

0?u(x,t) 0?u(x,t)
whereu(z, t) is the longitudinal (or axial) displacement of the bar a4, ¢) is the load applied
per unit length in the axial direction.
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Question 2

A bar element with the end poinis= z.; andxz = z.; is considered. The weak form of the
equation of motion follows by multiplication of Eq. (a) withe virtual displacemeniu(z, t)
and integration over the element lendth= |x.o — x.1],

Te2 321&(56, t) Te2 Te2 321&(56, t)

el Tel Tel

Integration by parts with respect ioprovides the result

ez 0ou(z,t) ou(z,t) /“2 0?u(x,t)
/w D EA o dz + ou(z,t) pA TR dz

el Tel

_ / " u(a, ) pla, ) da + [Su(x, t) N(z, )%, N(z,t) = EA a“éﬁ’t).

Tel

Here N (z,t) is identified as the normal force in the bar. The first integrathe left side of the
equation represents the stiffness, and the second termspomds to the mass matrix. On the
right side of Eq. (b) the first term arises from the externatés on the interior of the element.
These will later be transferred to the nodes via the weighttions. Finally, the contributions
from the normal force®V (z.1,t) andN (z.2, t) at the ends of the element are represented by the
second term on the right side of Eq. (b).

(b)

Question 3

When linear interpolation is employed, a bar element is @efiny two nodes. The physical
displacements at these nodes are deneted) anda.o(t), respectively. Likewise, the virtual
nodal displacements are coinéd.; (¢) andda.z(t). The following vectors are then defined:

ac(t) = [aa(t) ac(t)]”, dac(t) =[dac(t) daca(t)]". (©

In the interior of the element, the physical displacemergsamputed from the shape functions,

u(ret) = B(r) ac(t), B(z,) = [(1 - ) —‘] | (d)

Here ®(x.) is the shape function vector given in terms of the local comtgz, = = — x;
which ranges fronf) at one end of the element 1o, at the other end of the element.

In the Galerkin method, the weight functiong(z.) are identical to the shape functions,
i.e.vj(xze) = ¢j(ze). Thus the virtual displacement field is written as

ou(ze, t) = W(xe) dac(t) = ®(z.) dac(t). (e)

whereW¥ (z.) is the weight function vector. Insertion of Egs. (c), (d) &edlinto Eq. (b), and
further taking into account tha,(¢) is arbitrary, the finite element form of the equations of
motion for a bar element is achieved,

Keae+Meée:fe+bev (f)
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where the dots denote the second time derivatieethie acceleration) and

[t 0®(x) " 0®(z.) . EA| 1 -1
Ke_/O EA{ oz, } oz, dx. = I. . e (9)
_ [ T _pALe | 2 1
M, - / pA B0} Bl dr, = 252 | 2 2], (h)
L.
fe:/0 {(®(2)}, p(we + e, t) dae, 0)
b, = [{@(xe)}TN(xe+x61,t)]:zje = m'; ] . G)

Here,N.; andN., are the normal forces applied at the end points of the baregien®iven that
a consistent mass model should be adapted, the mass matriggu by Eq. (h) is employed.

Question 4

Equation (a) is identified as the scalar wave equation,

0?u(x,t) 10%u _|E _ pla,t)

Herec is the phase velocity of longitudinal waves afid, t) is a normalized load.
Generally the phase velocitys different from the P-wave velocity. In order to show this,
the Lamé constants are firstly written in terms of the YounglulusE and Poisson ratio:

vE E

AR Ny S Yo b

1 +v)(1-2v) (1-8)

Inserting this into Eq. (1-14) provides the result

A +2u  JVE4H(1-20)E (1-v) 0
TN Ty TN aTrna-w), Narna-z)
Obviously, if v = 0 the phase velocity of longitudinal waves in the bar is ideaittocp. For
other Poisson ratios, the waves in the bar propagate at a \@leity. This may be explained in
the following manner: P-wave propagation is associatel agarticle motion that is constrained
in the transverse directions in one-dimensional elastadyos,i.e. geometrical boundary con-
ditions of the kindv = w = 0 are applied on the surface of the “constrained bar”, whesiad
w are the displacement components in theand z-directions. On the other hand the bar can
deform freely in the transverse directions, mechanical boundary condition are applied which
define zero traction on the surface of the bar. Thereforedbastrained bar” is stiffer than the
bar for all Poisson ratios other than= 0, for which the bar does not deform in the transverse
direction when a longitudinal load is applied.
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Question 5

When the harmonic point loadt) = Pe“! is applied at the point = 0, the response will
eventually become harmonic with the same circular frequérec u(z,t) = U(z) e“!. Hence,
Eq. (k) achieves the form

2

P w
2 —_— f— 2 = —
+k°U(x) + oA o0(x) =0, k R (m)

0?U (z)
0x?

HereU (x) is an amplitude functiork is the wavenumber of harmonic longitudinal waves trav-
elling along the bar, and the exponential tarif has been left out.
Solutions to the homogeneous part of Eq. (m) are in the form

U(x) = Uy el + Uy e=iFe, (n)

For a finite bar, both terms in Eq. (n) are physically valid. wéwer, in infinite homogeneous
bars only outgoing waves are allowed, since no reflectionafes occurs and waves are only
generated by the point loadat= 0. Since the exponential function with argumentsz + wt)
andi (kz — wt) define harmonic waves moving to the left and right, respeltithe term with
amplitudel; only exists forz < 0 and the term with amplitud€s is only present for: > 0.
Continuity of the displacements at= 0 provides the conditiotV/; = Us = Uj. In addition
to this, a jump of the magnitud@ is present in the normal force amplituderat 0. This leads
to the equation

ikEAUy + P = —ik EAU,, (0)

where the definition of the normal force given in Eq. (b) hasrbemployed. The solution of
Eq. (o) provides the displacement

u(z,t) = Uy @ithe) for 2 <0 iP

4 Uy = .
w(z,t) = Uy e@t=Fo) for >0 0~ okEA

The appearance of the imaginary unin the displacement amplitude simply means that the
response is/2 out of phase with the excitation.

Question 6

According to Eq. (p) the fundamental solution fox 0 is given asu(z, t) = Uy e(“t++2) The
normal force in the bar is given by Eq. (b), and fox 0 insertion of the fundamental solution
leads to the result

au(‘r7 t) : i(wt+kx) :
N(x,t):EATzlkEAer =ik EAu(z,t) for z <O.

xr

Likewise, forx > 0 the normal force isN(x,t) = —ik EAu(x,t). For both positive and
negative values af the velocity of longitudinal vibrations is given as

Ou(z,t)
ot

i(witkz) _

=iwlpe iwu(z,t).
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Comparing these results, and furthermore taking into atcthatc = w/k andc? = E/p, it

becomes evident that

Ou(x,t)
ot

Ou(x,t)

N(z,t) = cpA —

for <0 and N(z,t) = —cpA for =z >0. ()]
Equation (g) constitutes an impedance condition that magppdied at the artificial ends of an
FE model of an infinite bar.

However, in an FE model the nodal forces in thelirection are defined as positive in the
positivex-direction. This does not involve any problems for the anitifi end located at positive
x; but at the end located at negativeéhe normal force in the bar is defined as positive in the
negativer-direction,i.e. with the opposite sign of the nodal force. Therefore afer 0 the sign
of the normal force in the impedance condition must be chadyaed Eq. (q) simplifies to

Ou(x,t)
ot '

N(z,t)=—-Z 7 = cpA. n

It is emphasized that the implementation of the impedanoelition does not imply a modifi-
cation of the force vectorb, for the two elements at the ends of the FE model. Instead the
damping matrice€, for the two elements are changed by the inclusion of the t8rea cpA

in the diagonal terms corresponding to the degrees of freexfdhe end nodes. In the FE form

of the equation of maotion,e. the global form of Eq. (f), the impedance is likely to be added
to the component§’;; andCy v of the damping matrix, wherd is the number of degrees of
freedom, which is identical to the number of nodes in thegmeproblem.

Question 7

A MATLAB program is provided on the websit@w. ci vi | . aau. dk.

Question 8

The element lengthL., that must be used in order to getelements per wavelengttd,, of
longitudinal waves in the bar is computed from the relation

27 27
Kt k nk

The necessary time step follows from the Courant relation,

cAl =C = At= CLE.
L. c

Since there is only longitudinal waves in the bar, these waetermine both the element length
and the time step.

Question 9...

To appear.

Linear Elastodynamic Analysis



278 Solutions

Exercise 4: Seismic analysis of a layered ground

Question 1

Since the particle motion in the incoming SH-wave field isgpiaied in ther; -direction, it fol-
lows thatu? (x,t) = u}(x,t) = 0. Further, the plane waves propagate inthealirection. Thus,
at each instance the same particle motion is recorded abialispwith the same:3-coordinate,
i.e. dul /0xy = Oul /Oxy = 0,11 = 1,2,3. Therefore, only the following two components are
different from zero:

. ) j J
u! (z,t) = uf(x,1), Ouw(,1) = 8u1(x,t)’ Z = x3.

0z 8%3

Question 2

In the general three-dimensional case, the Navier equafibrl0) for layer read
2,0 2,.J 2,.J

0%y, 1 Ly iy '

0x;0xy O0x0x

N o1l R
(N + 1) =05
In the present case, the body fortpéé{ are disregarded. Further, from Question 1 it follows that
ou] /Oxy, = 0 for i = k. This means that the dilation is equal to zdre,A? = duJ,/dz;, = 0.
Therefore only the middle term on the left-hand side of theidlaequations remainge.
92! 92!
w —=p o5
O0x0x ot?

Sinceud(x,t) = uj(x,t) = iij(x,t) = i}(x,t) = 0, only the first equationie. with i = 1)
is non-trivial. Furtherpul /0z, = duj/dz2 = 0. Thus, the wave propagation in the layered
half-space is governed by the one-dimensional wave equatio

0?ul (z,1) 1 0% (z,t) ; j j I
822 = {Cg}Q 8t2 ’ Z = I3, uj (Z7t) = u1($3,t), Cfs« = ,0_] (a')
Question 3

A harmonic wave component in the for# (z,t) = UJ (2)e'“~! is inserted into Eq. (a). Elimi-
nation of the exponential functiart’~* leads to the ordinary differential equation

2
> Ul(z) = —{k]Y2Ul(z), k) = (b)
s

PUi(z) _ [iwn

dz2 CJS
Alternatively, the governing equation may be derived froqn (—17a) withi = 1,
2

. . _ ./ d . .
(N + 1) ik A + <@ — k2 - k§> U] = —w?pUj. (5-17a%)
3
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The products:207 andk3U7 correspond to the partial derivativé3U; /9z2 and§2U7 /93,
respectively. However, according to Question 1, thesagbaterivatives vanish. Further, the
dilation in the horizontal wavenumber domain is found as
NI — 3 T79 13T dUg *
AJ=1k1U1+1k2U2+g=0+0+0=0, (5-18%).
3

Here, use has been made of the fact thal/{ ~ oU{ /0xy = 0, ikoU] ~ 0U3 /Oxy = 0 and
Uj ~ Uj = 0. Thus, Eq. (5-17a*) reduces to

L4207

I =- U =

U
da3 B

2
dzs

J o
—wzp—,U,JL,
/j’j

which is identical to Eq. (b). We may arrive at the same casiolu by recalling that the
wavenumberg; = ko = 0 correspond to the wavelengths = Lo = 27/ky = 27/ky = oc.
This implies that the same particle motion is observed gpailits in a plane parallel with the
(z1, z2)-plane,.e.with the samers-coordinate, which is exactly the case in the present proble

Question 4
Inserting the wave componetif (z7) = Bie*»= 4+ Cie~ %2’ into Eq. (b), we get

d2UJ (&7 , i i . S i , S i S
dzgz ) _ (ikgl)QBglelkrnz + (_ik%)QC%eflkrnz _ _{kgl}Q (Bglelknz + Cgleflk:nz ) ,
which is identically fulfilled for any value of?. Similarly, with the alternative solution we get
(ikgl)zB%eikisz + (_ikgl)QD%e—ikfl(zj—hj) _ _{k,gl}z (leeikizf + D%e—ik%(zj—hj)> ’
which is also identically fulfilled for any value of’. Since any of the two solutions provide

the full solution to the homogeneous ordinary differenéiquation (b), they must be identical.
Hence,CJe Fn*" = Die~Fn(='=hi) = Dieiknhie=1kn2" 'which implies thatC) = DjelFnh,

Question 5

In the general, the stresses in the frequency domain ara bivéhe constitutive law

51— NAJ B i 4 1fou!  ou]
O = NN O+ 2, N =t ezk=5<a+axi |

However, in the present case only the partial derivativé /95 ~ dUJ /dz7 is different from
zero. Hence, the dilation vanishég, A’/ = 0, and the stress amplitude simplifies to

;UL

dUJ o ki ik (9
Dos MJ% = ikJ ! (B%elk'nz — Dle iz *hj)) . (c)

PTJL‘(ZJ) = &{3 =M

All other stress components are equal to zero.
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Question 6

Employing the second solution suggested in Question 4 rtimitude functions for the displace-
ment and the shear stre$g)(z7) and P/ (27), may be represented in the form

B oikd 2! e~ iK% (27 —hy)
" -(d)
D7

n

Ui (+7)

S = [ )

— AL()

ik] 27 —ik) (27 —hj)

Al = [

ik e —ikiple

The matrixA7 (z7) is now evaluated at/ = 0 andz7 = k7, i.e.at the top and bottom of layer
respectively. WithA7° = AJ (27 = 0) andAJ! = AJ (27 = h7) we get:

A-jo o 1 eikZzhj Ajl - eik{lhj 1 (e)
T ki —ikipdetnha | b ik e ik |
Question 7

Making use of Egs. (d) and (e), the integration constattand D/ may be expressed in terms of
the displacement and the shear stress at the bottom of JayetroducingU;j! = UJ (27 = h/)
andPJ! = Pi(z7 = h7) the following relation is derived:

BJ
DI

Uit

n

71
Pn

j1
Uy

1
Pn

sjl = |Un | = Al = (A} o ={a s o

B},
Dj,

Next, Ui® = Ui(z9 = 0) andPJ° = Pj(27 = 0) are introduced as the displacement and the
shear stress, respectively, at the top of laydEquations (d)—(f) then provide the result

Ui B

n

j0
Py

i1

Uy
j1

Py

e S e A e e A e I I R A (0)

DJ

n

This forms a relationship between the displacement andhbarsstress at the top of laygand
the corresponding quantities at the bottom of the layer.

Question 8

At the interfaces between adjacent layers, the displacenaei shear stresses should be contin-
uous,i.e. S/ = Si+1.0 Then, from Eq. (@) it follows that

gl0 _ Al0 {An}*l gll _ pAl0 {An}*l G20 _ A10 {An}*l A20 {A21}*1 g2l _
— AlO {An}—l A20 {AQI}—l.“AJO {AJ1}—1 gJ1
which may conveniently be rewritten in the form
S0 — , g1 T, = AL {An}—l A20 {A21}—1 ... AJO {AJI}*l. (h)

HereT,, is identified as a the transfer matrix for the layered haHespin the particular case of

pure SH-wave propagation. Advantageously, the matrixpcod 70 { A7} }71 can be evaluated
analytically, which will speed up the computations.
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Question 9

At a free surface, no traction is applieicg. P1° = 0. Furthermore, if a forced displacement,

U/t = U,, is applied at the bottom of the stratuite. at the interface between the bottommost
layer and bedrock, Eg. (h) obtains the form:

10
Un

10
Pn

Ty T
To1 T

UJl
n
J1

Pn

UlO
0

Ty Tio
Ty Too

Un
PJl

b

whereT;;; are the components @f,,. From the second line in this system of equations, the shear
stress at the interface between the soil and the bedrock eewivessed a8/ = —U,, To1 /T2,
which after insertion into the first line of the system of efiuas yields the result:

T12T51
Too

Hence, the displacement at the free surface of the groundféocad shear displacement at
bedrock may be computed for each harmonic wave component], 2, ..., N.

T1oT: — = i
UylLO = (Tll - 112—, 21) Un = HnUna Hn = Tll - : (I)

22

Question 10

A MATLAB program has been written that calculates the frequencynsspfunction for SH-
waves propagating vertically through a horizontally lagestratum with any number of layers.
This program is available online on the addressv. ci vi | . aau. dk. Figure A shows the
results for a stratum with the properties listed below amdtie frequency range 0 to 20 Hz.
Layer1: G'= 50MPa pt = 1600 kg/m?, nt =0.12, h'= 5m

Layer2: G?=100MPa  p>=1800kg/m*>,  7?>=0.08, h*=10m

Layer3: G° =150 MPa, p® = 2000 kg/m?, 7 =0.04, h?=15m

Layer4:  G* =200 MPa pt = 2200 kg/m?, n* = 0.02, h*=20m

In the MATLAB program, a complex shear modulus is introducegias: G/ (1 + isign(w)n?),
whereG is the real shear modulus andis the loss factor.

10: T T T T T T T T T

Frequency response functioH| [-]
[
(@]
T

10 L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

Frequencyf [Hz]

Figure A Frequency response function for SH-waves propagatingcaélyt SH-wave in a stratum with four horizontal
layers of increasing stiffness over bedrock.
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APPEI\_IDIX A
Some notes on mathematical

formulations in elastodynamics

This abstract contains a short introduction to index notativhich is useful for the formula-
tion of governing equations in elastodynamics. Furthegrenél proof is given of the Helmholtz
decomposition theorem which is widely applied to the analgéwave-propagation problems. Fi-
nally, complex exponential functions are introduced as ama®f analysing steady-state harmonic
response. An extension to the analysis of transient resgergven by Fourier and inverse Fourier
transforms in the complex notation. These transforms goéeabin wavenumber- and frequency-
domain solutions of wave-propagation problems.

A.1 Index notation and differential operators

A Cartesian(z, y, z)-coordinate system is defined by the three base vectors ige&-)

0 0
e, =e =< 0 ¢, e, =ex=1 1 ¢, e:=e3=14 0 ;, (A-1)
0 0 1

i.e. unit vectors pointing in the directions of the respectiverciinate axes. With this definition
of the Cartesian basis, the position vectanay be represented in any of the forms

Z1
X = y = xe; +ye, + ze, or X = To = T1€1 + T2€9 + T3e3, (A—Z)
z T3

where the coordinates; , z2, x3) are equivalent to the coordinates y, ). The first represen-
tation of the Cartesian coordinates may be preferred wheat&ms are expressed in component
form, whereas the latter representatior.fwith subscriptsl, 2 and3) is easily developed into
the so-calledndex notation This is explained in the following.

Now, similarly to the second part of Eq. (A—2), an arbitraegtorv is expressed as

(%1 3
VvV = V2 =wv1e] + vge + vzez = E v;€; = V;€e;. (A—3)
vs i=1
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z T3
A A
e, €3
e, Y G
€z €1
T 1

Figure A-1 Cartesian base vectors (i, y, z)-coordinates (left) an@xz1, z2, 23)-coordinates (right).

The definitionv = v;e; is a fundamental concept in index notation. Summation idiaitly
carried out with regard to repeated indices, in this dasel, 2, 3, and the summation symbol
is redundant. This principle is coined tskammation conventionConsequently, many vector
and tensor operations may be expressed in a condensed cemtfjorm. Since summation is
always carried out over repeated indices, such indices raaxbhanged with any other index,
e.g.a;b; = a;b;. Therefore, repeated indices are also referred @uasmy indicesin contrast
to repeated indicedree indicesonly appear once one either side of an equality sign. Such
indices must be renamed on both sides of an equagigng; = b;jc; = bircy, is equivalent to
a; = bjkck..

Below, some of the basic operations on a vector field aredutced in standard vetor/tensor
form and index notation. This is useful for the understagdinthe theoretical derivations in
Chapters 1 to 5. However, before this some basic definitionpravided.

A.1.1 Kronecker’s delta and the permutation symbol

TheKronecker deltad;;, is defined as

5y = 1 for i=j (A—4)
0 for i#j

Evidently,e; - e; = d;;, which follows by the definition (A-1),e.the Cartesian base vecters
i =1,2,3, are orthogonal unit vectors. Heneg, e; = 0 fori # j, ande; - e; = 1 fori = j.
Next, thepermutation symbal; ;;; is introduced as
1 if ijk is a subsequence 02312,
gijk = —1 if ijkis a subsequence 82132, (A-5)
0 otherwise.

As explained below, the permutation symbol is closely ezldb the cross product of two vectors.
Further, the permutation symbol is related to the Kronedkdta by the so-called< identity,

€ijkEkim = 0i10jm — OimIji, (A-6)

which is easily proved. This ‘exercise’ is left to the reader
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A.1.2 Scalar products, vector products and dyadic products
Firstly, thescalar productz of two vectorsu andv, may be expressed as
a=u-v= (Uz'ei) . (Ujej) = UiV €; - €e; = Uﬂ}jtsij = U;iV;. (A—?)

Clearly,a is a scalar, since the summation convention applies. Nate&t). (A—7) may alterna-
tively be derived in the somewhat simpler manaet u-v = ujv; + usvse + usvz = u,;v;. The
scalar product is also denoted tthet product

Secondly, thevector produci{or cross producta of two vectorsu andv, is defined as

Uy U1 U2V3 — U3V2
a=uxv= Us X Vo = U3V] — ULV3 = €i&ijkU; V- (A-8)
us U3 U1V2 — U2V

For example, the first component of the vechois given asa; = cio3usv3 + £132uU3vy =
uoV3 — u3vs, SiNCeeia3 = 1 andeizp = —1. In accordance with Eq. (A-5) the remaining
components of,;, are all equal to zero. Similar derivations can be made wilame toa, and
as. This completes the proof of Eq. (A-8).

Thirdly, a second-order Cartesian tengboris obtained by thalyadic productof the two
vectors,u andv,

U117 U1V U1V3

T T
A=u@v~uv =uwvjee; = | uw, ugvy uvz | (A-9)

U3V U3V2 U3V3

where superscrigf’ denotes the transpose of the vector and it has been assuatdbdibase
vectors are stored as column vectors in accordance with&q.)( Component; of A is then
obtained asA],; = u;v;.

Thus, the scalar product of two vectors reduces to a scaidrile vector product of two
vectors produces a new vector. Finally, a dyadic productvof tectors (first-order Cartesian
tensors) expands to a second-order Cartesian tensor wiaghbenrepresented by dn x n)-
matrix, wheren is the spatial dimensiong. two or three.

A.1.3 Gradient, divergence, curl and Laplacian of a vector fi eld

Firstly, the gradienVa of a scalar field: is a vector fieldb defined as

da/0xy

da da
b = grad(a) = Va = % da/dxy ¢ = eia—xi. (A-10)
8a/8x3
Consequently, the components of the gradient fietd Va are
da da da
bi_ei-v_ei-ejaTj— Z‘ja—xj—axi, (A—ll)

where use has been made of the fact thate; = 9;;.
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Likewise, the gradient of a vector fieldis a second-order Cartesian tensor,

pa | 02/0m da;
B = grad(a) = Va = o =) 0a/0xx §=eie 8961' (A-12)
8a/8x3

In matrix-vector notation, the dyadic produgt® e; is interpreted aeieJT, ie.

Oa. 8@1/8961 8@2/(%1 3&3/31‘1
B= grad(a) =Va= eieJT 833] = (9&1/(9$2 (9&2/(9$2 8a3/8x2 . (A_13)
" | 9ai/0xs Oas/0zs Bas/dzs

Thus, the gradient fielB = Va has the components;; = da;/0x;.
Secondly, thelivergenceof the vector fielda is a scalar field,
e, 0% _ Ou
J (9.%1 o (9.%1 '
Again it has been exploited thaf - e; = §;;.
Thirdly, making use of Eq. (A—8) theurl of the vector fielca becomes a new vector field,

0 Oay,
b =curl(a) =V xa=e; x eka%]; = eisijkaixl;, (A-15)

with the components; ;. 0ai/0x;. The curl is also denotedtation, rot(a).
Finally, the so-called.aplacianV?2a of the vector fielda is the vector field defined as

8261‘ 82ai

b=divia)=V-a=¢;

(A-14)

b=V?a=V -Va=ese; - =g : A-16
Via=V.Va=e;e; e D0 e 9,01, ( )
For a single component= a;, Eq. (A-16) reduces to
2 2
b=V%a=V-Va=e;- e 0a oa (A-17)

3$jaxj - 8xj8xj '

Note that the scalar equatidf?a = 0 is known as the Laplace equation.

A.1.4 The divergence theorem

The vector fielch = a(x) is defined on the domai which has the surfacg with outward unit
normaln = n(x). In vector notation, Gauss’s divergence theorem may beesspd as

/ div(a)dQ = / n-adl. (A-18a)
Q T
Alternatively, index notation may be applied:
9ai 40 — / nia; dT. (A-18b)
o 0z r

A formal proof of Eq. (A—18) is not given here but may be foufat,example, in the book by
Kreyszig (1999).
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A.1.5 Cauchy equation in component form and index notation

Consider a continuum with the mass dengityAt an interior pointx and instant the displace-
ment is defined by the vectar = u(x,t). In the current configuration, an infinitesimal cube
with the volumedz - dy - dz is subject to the stresses= o (x, t) acting on its surface and the
specific body forceb = b(x, t) acting per unit mass.

Now, consider the forces acting on the infinitesimal cubehimt-direction. Firstly, the
normal stress,.,. acts in the the negative-direction on the side with unit normal in the same
direction and areadydz. On the opposite side of the cube, the normal stress is clamge
the incrementlo,, = dxzdo,,/0z. Similar contributions are obtained from the shear stress
components,, ando,., see Fig. A-2. Finally, the specific body forbg acts on the mass
pdzdydz, and the net forces provide an acceleratidn/dt? in the z-direction. Hence,

Opw + 0042 dz | dydz + | oy + 0oyz dy | dedz 4+ | 0.0 + 0924 dz | dady
Ox oy 0z
0%u,
+ pbydxdydz — 0,pdydz — oypdadz — o.pdady = p BT dadydz. (A-19)

Sincedz is infinitesimal, any higher-order terms in the Taylor exgians for the stresses on the
surfaces with unit outward normals in the positive y- andz-direction are disregarded.

a2

020 + “22dz

|
|
|
|
R a:
I
|
|

H Aoy
H rli=g

v S R -y
e

T

Figure A—2 Stresses acting on an infinitesimal cube inthdirection.

It is observed that the terms,,dydz, o,,dzdz ando.,dzdy vanish on the left-hand side
of Eq. (A-19). The infinitesimal volumézdydz appears in all other terms. Consequently, the
equation is divided bylxzdydz. Performing a similar operation with regard to the coorténa
directionsy andz, three equations are obtained:

00z  00yy 004 0%uy
+—=+ + pb

or oy 9. TP op (A-202)
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00y n 00 yy n 00 .y 0?u

ox dy 0z by = P o (A-200)
00y, 00y, 00, B 0%,
9 + 3y + P +pb,=p 52 (A-20c)

Introducingz; = x, x2 = y andxs = z, these equations may be recast in index notation,

0oi; 02
oz, TP =P ga (A-21a)
J
or tensor notation,
2

where it has been utilized that the stress tensor is symmittio;; = o;;. This follows by the
fact that the moment around the mass midpoint of the infimitalscube must be zero to prevent
rotational acceleration of a material point. Itis noted thq. (A—21a) is actuallthreeequations,
one for each index = 1,2, 3, corresponding to the components of the vector in Eq. (A¥21b
This is common practice in index notation. Finally it is nibtaat the tensor notation (A—21b) is
extremely compact. This is both the advantage and the disdiglge of tensor notation.

A.2 The Helmholtz decomposition theorem

In elastodynamic problems, it is often useful to apply theottem ofHelmholtz decomposition
which states that any piecewise continuous vector ffeld f;(x) defined on the open or closed
domain2 may be decomposed into the gradient of a scalar field and thefaudivergence-free

vector field,

0P oV
(9_.131‘ + Eijk 8xj ) (A_22a)

fi=
where theHelmholtz potential® = ®(x) and¥; = ¥,;(x) are defined as
_ OF; OF, 1

_ ) e 2R ) _ - fi(y)
(I)(X) - a—xjv \Ilz(x) a Z_:'L]k: 8@’ F’L - F’L(X) - 47_(_/Q |X— y|

dQ(y), (A-22b)

where the notatiof2(y) indicates that the integration variableyisather tharx. The Helmholtz
decomposition theorem is proved in the following.

A.2.1 Fundamental solution to the Poisson equation
At any pointx within the three-dimensional domaip, the scalar fieldz = G(x) is governed
by the Poisson equatidi’G + g(x) = 0, or

0%G
5o ge 900 =0, (A-23)
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A.2 The Helmholtz decomposition theorem 293

whereV2( is the Laplacian ofs, cf. Eq. (A-16). The solution in the particular cage) = §(x)
is known as the&sreen’s functioror fundamental solutionHere,é(x) is the three-dimensional
Dirac delta function which is defined by the identity

6(x) = 6(w1) 0(x2) 6(x3), /fo 6(z —y)a(y) dy = a(x), (A-24)

whered(x) is the Dirac delta function in one dimension an) is a continuous function of.
An explanation of the notion fundamental solution is givefol.

However, firstly the functiorz(x) is derived. In order to do this, Eq. (A-23) is integrated
over the domairi). This provides the equation

%G
O 8xj8xj

a0 = —/ 5(x)dQ = —1, (A-25)
Q

where it is assumed thét includes the poink = 0, i.e. the origin of the coordinate system,
where the inhomogeneity(x) is applied. Utilization of the divergence theorem thendgsel

9%G o (oG el e
o= Z (&)= nTdar= | Sar=-1 A2
o 901, " /Q oz, (axj) d /F”J o, U= oo d ’ (A=26)

wherel is the boundary of2 andn; are the components of its unit outward normak n(x).
Further,0G/0n is the partial derivative of the scalar fieledx) in the direction of the normal,

0G  0G dx;  O0G dxy  O0G dxz  O0G oG oG oG
- - + + —n3 = 'n/j 87
J

— = — 4 C = — A-27
on  Ox1 On  Oxo On  Oxzs On 0x1 " 8x2n2 0x3 ( )

Note thatdz;/On = n - e; = n;, wheree;, j = 1,2, 3, are the Cartesian base vectors.

Y
8

Figure A—3 Spherical domaif2 with the radiusr and bounded by the surfatewith outward unit normah.
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The inhomogeneity(x) = 06(x) and the Laplacian operator are spherically symmetric
aroundx = 0. Consequently this will also be the case for the Green’'stfanc Thus,G
does only depend ox via the distance = |x|. Hence G is constant at all points on the surface
S of the spheré& with the radiug- and centre at the poist = 0, see Fig. A-3. Furthermore, the
partial derivative in the direction of the outward normalynee replaced byG/on = G /or,
since the normal points in the direction of the position gesgtat any point on the surface of the
sphere. Thus,

5 0G 1 1
Zar= [ Ear =4 E = L A2
/ d / d or = ¢ drr  Arlx|’ (A-28)

where it has been used that the surface area of a sphere’is

A.2.2 General solution to the Poisson equation

The functionG(x) has been established as the solution to the equatiai + J(x) = 0. Now,
the Dirac delta functiod(x) may be interpreted as a concentrated force with unit magdaitu
acting at the origin. Similarly, a concentrated force wik magnitudef;(y) acting at the point
y indirectioni may be represented bbyx—y) f;(y), which provides the solutio@(x—y) fi(y).
For a linear problem the contributions from infinitely mamck forces may be integrated over
the domair2 to form the solution to the general Poisson equakif; + fi(x) = 0, i.e.

O°F; _ 1 fi(y)
9a,01, + filx)=0 = Fx / Gx—y)fily)dQ(y) = E/S) m— dQ(y).
(A=29)

Thus, once the Green'’s function has been established, linésato any other force, or inhomo-
geneity, is found by the convolution (A—29). This justifie thotion ‘fundamental solution’.

A.2.3 Helmholtz potentials
Finally, by thed— identity (A—6) it follows that the Laplace equation (A—29aynbe recast as
0?F; 0?F,,

Gege HII =0 e Smdig e £ =0 o
(0:510jm — €ijkEkim) ;;gn;l + f(x)=0 o

f(x) = 86; (—g%> +5ijkaixj (%m%) (A=30)
which may be reformulated as

f(x) = g—i + Eijk% where O(x) = —%Fj, U, (x) = sijkg—f:. (A-31)

Together with Eq. (A—29), this provides a formal proof of thelmholz decomposition theorem
(A—22). The scalar field(x) and the vector fieldP(x) with componentd;(x) are referred to
asHelmholtz potentials SinceW (x) is the rotation of the vector fiel#'(x) with components
F;(x), itis divergence free.
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A.3 Complex exponential notation

For a continuous and differential function, the valfier) at the pointz = zy + Az may be
found by theTaylor series expansionith baser,

@)=Y mar 5L = ) ras L

= ox

2
+ = (Az)? % +..., (A=32)

zo

1
2

T=XTq =0

wheren! denotes the faculty of, e.g.0! = 1 and4! = 24.
TheMaclaurin series expansias a special case of the Taylor expansion with base- 0.
Thus, the function value at the pointis obtained as
of z2 0°f 3 03 f

J@=10+e 5| +5 55| +T s

o ... (A-33)

=0

=0

r=

Obviously, if || > 0 several terms must be included in the series expansion tevechn
accurate approximation.
Now, the trigonometrical functionss(x) andsin(z) may be expanded as Maclaurin series,

2 4 6

X X X
Cos(x):1—7+ﬂ—ﬁ0+”., (A—34a)

.133 .135 JJ7
51 = _ —_— — “ee A_34b
sine) = =5+ 935 “ 500 T ( )
whereas the exponential functiefh may be represented as

2 3 4 5 6 7

e T T e . A R (A-35)

2 6 24 120 720 5040

However, if the argument in the exponential function is replaced by the complex arguiiz,
the resulting Maclaurin series expansion reads

. x? a3 x4 x° x° z’ A
iz _q e iz - — — — — 11— + ... —
¢ lx 2 ! 6 24 1120 720 l5040 ’ (A=36)

which may be recast as

i a? ot el . 3 b 27
e —(1—74-%—%4-...)+l(x—€+m—m+...>. (A—37)
A comparison of Eq. (A—37) with Eq. (A—34) provides thaler formula
e'” = cos(z) + isin(z) and e = cos(x) — isin(z). (A-38)

Addition of these equations and division Byprovides a definition ofos(z) in terms of the
complex exponential functions. Similarly, a definitionsai(x) is obtained by subtraction of the
equations and division bgi, i.e.
cos(z) = e te and sin(z) = i. (A-39)

2 2i
Clearly, all other trigonometric functions,g. tan(z) andsec(x), may also be interpreted by
means of exponential functions with complex argument.
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A.4 Fourier series and Fourier transform

Fourier transformation is often applied in elastodynartoago from time domain into frequency

domain or, alternatively, from space domain into wavenundoenain. In this section, the basic

formulations of the Fourier transform and its inverse aespnted. However, firstly the concept
of orthogonal basis functions is discussed, and an intralucs given to Fourier series.

A.4.1 Orthogonality of trigonometric functions

Thetrigonometric syster (= cos 0), sin z, cos z, sin 2z, cos 2z, sin 3z, cos 3z, etc. isorthogo-
nalon the intervak € [—; 7], orindeed on any other interval of length due to the periodicity
of the trigonometric functions. By definition, this is eqalient to the statement that the integral
over the intervak € [—; 7] of the product of two different functions in the trigonomesystem
should be equal to zerbe. for any integersn andn (exceptm = n)

/ cosmz cosnzdr =0 for m#n, (A-40a)

—T

/ sinmasinnxdr =0 for m # n, (A—40Db)

—T

and for any integers: andn (includingm = n)

/ cosmax sinnx dr = 0. (A-40c)
The notion ‘orthogonal functions’ stems from the fact tha¢ trigonometric system may be
interpreted as a basis for any piecewise continuous aretéiffiable function—just like a vector
may be expressed in terms of the base vectors in a Cartegiaticate system. The contribution
to the vectom from the base vectar; cannot be expressed in termsgfandes, and in a similar
manner the functions constituting the trigonometric sysage linearly independent.

We now prove Egs. (A—40a) and (A—40b), which may be rewriggn

/ cosmzx cosnz dr = 5 / cos (m —n)zdx + 3 / cos (m + n)z dz, (A-41a)
s . . 1 T 1 T
/ sinma sinnx de = 5 / cos (m —n)zdx — 5 / cos (m + n)z dz. (A—41b)

Firstly, if m = n we get

T 1 s 1 T
/ cosmx cosmax dr = 3 / dx + 5/ cos2mzx dx = T, (A-42a)

—T —T —T

/ sin ma sinmax dax = 3 dr — 3 / cos2mx dx = .

—Tr —Tr —T

Here, use has been made of the fact that cosine is an everofunict. cosz = cos(—x).
Hence, the integral of the ternos 2ma over the symmetric interval € [—; 7] vanishes. For
cos mx cos nx: the same resultis obtainedif = —n. However, in accordance with the definition
of the trigonometric systemn andn are nonnegative integers.
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Secondly, if notn = n orm = —n the integrands are of the kirds [z, wherel is a nonzero
integer. Again, since cosine is an even function of its argutyall integrals in Eq. (A—41) vanish.
Therefore, only the result fon = n is different from zero. A similar proof is easily provided
for Eq. (A—40c). However, this ‘exercise’ is left to the read

A.4.2 Fourier-series representation of periodic function S

As a result of the fact that the trigonometric functions atba@gonal on the intervat € [—m; 7],
any integrable functioif (z) that is periodic with the perioglr, i.e. f(z) = f(z + 27), may be
represented by a trigonometric series,

fl@x)=ao+ Z (an cosnz + by, sinnx) (A-43)
n=1
also known as d&ourier series. Accordingly,ag, a, andb,, n = 1,2,..., are called as the

Fourier coefficientsThese are given by tieuler formulas

1 ™

ap = % . (JJ) de, (A—44a)

anzl f(z) cosnzdx, n=1,2..., (A—44b)
™ —T
1 [7 .

b, = — f(z)sinnzde, n=12..., (A-44c)
™

—T

In the following, a proofis given for each of the Euler forrasi(A-44).
Firstly, ag is determined by integration of Eq. (A—43) over the intetval [—7; 7];

f(x)dx:/ agdx+2{/ an cosnx dx +
- n=1 -

s

—Tr —T

by, sinnx dx} = 27ag, (A-45)

where it has been exploited thak nm = cos(—nm) andsin nm = sin(—nm) = 0 for any integer
value ofn. Secondly, since the trigonometric functions are orthagon

T T
f(z)cosmadx = / ag cosma dx
—T

—T

+ i { /Tr an cosmx cosne dx + i by, cos mx sin nx dx} = Tam, (A-46a)
n=1 /-7 o
and
™ f(z)sinmaxde = /7T ao sinmaz dx
+ i { /Tf ap, sinmz cosnx dx + /ﬂ by, sinma sin nx dx} = 7byy, (A—46b)
n=1 /™ o

where the result of Eq. (A—42a) has been applied. This caeslthe proof of Eq. (A—44).
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The principle provided by Egs. (A—43) and (A—44) is easilygalised to integrable func-
tions f(x) that are periodic with the peridtl, i.e. f(xz) = f(x + 2L). In this case,

flx)=ao+ ; {an cos ? + by, sin ?} (A-4T)

with the Fourier coefficients
1 L

a0 = 57 /7L f(z)de, (A-48a)
1 [ nwx

Ay = — f(x) cos—dx, n= 1727”.7 (A—48b)
LJ)_; L
1 L

by, = —/ f(x) Sin@dx, n=12..., (A—48C)
LJ_; L

A proof of Egs. (A—47) and (A—48) is achieved by the substituy = wa/L. Thenz = yL/m,
dz = L/mdy, and the intervak: € [—L; L] corresponds to the intervgl € [—m;7]. Finally,
definingg(y) = f(x) it becomes evident that(y) is periodic with the period@r and its Fourier
coefficients are given by the Euler formulas (A—4i4g, Eqs. (A—47) and (A-48) correspond
exactly to Egs. (A—43) and (A—44) given in termsyof= 7/ L.

Moreover, based on the findings of Section A.3, the trigortomseries may be replaced by
a complex Fourier series in the form

[e%S) ) 1 L 4
flo)y=>" cpemm/h, cn:ﬁ/ fl@)em ™/l dy,  p=41,42,.... (A-49)
—L

n=—oo

The development of Egs. (A-47) and (A-48) into Eq. (A—49)diek directly by utilisation of
Eq. (A-39). It is observed that the complex Fourier seriegisome sense, simpler than the
trigonometric series. A similar conclusion can be madengigg the equivalent representations
of the Fourier transform provided in the next subsection.

A.4.3 Fourier-integral representation of nonperiodic fun ctions

According to Eg. (A—47) any piecewise continuous and défféiable periodic functiorf, (x)
with period2L may be represented by a Fourier series,

fr(x) =ao+ Z {an coswy,x + by, sinwnx}, w, = T (A-50)

n=1
Inserting the definition of the Fourier coefficients (A—48) abtain the result

o0

L L
fr(x) = %/_L fr(z)dz + % Z{coswnx/_L fr(y) cosw,ydy

n=1
L
+sinwnx/ fr(y) sinwnydy}, (A-51)
—L

wherey has been applied as integration variable in the expres&iotise Fourier coefficients.
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Next, introducingAw = w1 — w, = 7/L, Eq. (A-51) may be recast as
A L 1 o0 L
fr(z) = _w/ fr(x)de + — Z {Aw coswnx/ fr(y) cosw,ydy
27T L o el L

L
+Aw sinw, x / fr(y) sinwy,y dy}. (A-52)
—L
We then consider the limit — oo and assume that the resulting nonperiodic function,

f(@) = lim fi(a), (A-53)
is absolutely integrable.e. the integral ovef f(x)| from —co toco exists. SinceAw — 0, the
first term in Eq. (A-52)i.e.the term corresponding @), vanishes and

flx) = 1 /OO {coswx /OO f(y) coswy dy + sinwx /OO fy) sinwydy}dw. (A-54)
0 oo s

™

Thus, analogously to a Fourier series for a periodic fumgta nonperiodic function can be
represented by Bourier integral,

flx) = % /OO (A(w) coswz + B(w) sinwz)dw, (A-55a)
0

with

A(w) = /_ f(y) coswy dy, B(w) = /_ f(y) sinwy dy. (A-55b)

It is noted that the normalisation factbfr may alternatively be placed in the definition4fw)
andB(w). This is a matter of taste, but the current choice is congistéh the definition of the
complex Fourier transform derived below and applied elsselm this book.

A.4.4 The Fourier transform and its inverse

Equation (A-54) is rewritten as
1 o0 oo . .

flx) = —/ / f(y){ cos wx cos wy + sin wx smwy} dy dw,
™ Jo —o00

or, making use of the fact thabs a cos b + sinasinb = cos(a — b) = cos(b — a),

fo =+ | TPy, Flw)= / " () cos(wa — wy) dy

™

The functionF'(w) is an even function ofv, since cosine is an even function of its argument.
Consequently, we may represdfiitz) by the Fourier integral

fx) L /OO F(w)dw, F(w) = /jo f(y) cos(wx — wy) dy.

:g .
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We now define the functiong(x) andG(w) which are similar tof (z) and F'(w) but with
isin(wz — wy) instead ofkos(wz — wy), i.e.

1 o0 [ee]
o@) =5 [ Gwyde, 6w = [ gwisintws - wy)
Sincesin(wx — wy) is an odd function ofv, G(w) is also and odd function af and it follows
thatg(x) = 0. Hence,f (z) may be recast as

f@) = o= [ T Fwydw,  F(w)= / 7 F@)h(we — wy)dy, (A-56)

zﬁ_oo

whereh(wx — wy) = cos(wz —wy) + isin(wa — wy). Next, by utilisation of the Euler formula
(A—39a), we may express the transformation (A—56) in cosfadan,

1

T o

f(x) /OC F(w)dw,  F(w)= /_OC Fly)elwm=wn) gy,

— 00

which is reorganised into the form
1 [~ . . . o0 )
@ =5 [ Fweran, fw) = [ faea (A-57)

Here, f(w) is known as théourier transformof f(z). Accordingly, f(z) is theinverse Fourier
transformof f(w).

Finally, it is noted that Fourier transformation is ofterplgd in order to go from time do-
main to frequency domain. In this case the variahlemdw correspond to timei, and circu-
lar frequencyw, respectively. Another typical example is the mapping frepace domain to
wavenumber domain. Here,is a spatial coordinate and is replaced by the wavenumbker
The circular frequency and the wavenumber are defined-as2x/T andk = 27/L, whereT
andL are the period and the wavelength of a wave, respectively.
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