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Abstract—In this paper, an iterative decoder for LDPC codes, In the present paper, the approach in [7] is further devel-
suitable for high-speed processing, is proposed and anald. oped. We still restrict the messages between variable revties
The messages exchanged between the nodes are binary vectorghack nodes to be binary; however, rather than sending only
where the information is conveyed by the number of ones . .
rather than their positions in the vector. Regarding this apect, a single hard deC|S|on., we allow each check node dgcoder to
the approach exhibits some similarities to stochastic deding S€nd a sequence of binary messages before the variable node
techniques. The check node decoders perform simple bit-wés decoders are activated. The message sent by a variableswode i
modulo-2 additions, whereas the variable node decoders plerm represented as a (random|y permuted) binary sequence where
more complex processing tasks, making the resulting strudte o fraction of zeros and ones correspond to the quantized
attractive for high-speed hardware implementation. By setcting S .. . .
the length of the binary vector messages between one and inifiy probablllty of the code digit being a Z_ero orone, respeQﬂvg
the complexity and the performance of the decoder can be sl Since a check node decoder receives sequences of binary
between that of the original binary message passing algoim messages, it simply computes the bitwise modulo-2 addition
and that of the sum-product algorithm. Density evolution is of all incoming messages, allowing for an efficient smatkesi
developed for the proposed decoding algorithm, and decod 54 high-speed implementation. The check nodes sequgntial
thresholds are determined as functions of the length of theibary forward the resulting updated binary messages. Each variab
vector messages. Simulation results exemplify the perforamce ) : <
for finite-length codes. node decoder therefore receives sequences of hard decision

from the check nodes, which are subsequently combined into
I. INTRODUCTION L-values as described below. As we will show, this algorithm
corresponds to BMP [7] if the length of the sequences is one

Low-density parity-check (LDPC) codes and their iterativand to optimal SPA decoding if the length of the sequences
decoding algorithms were introduced in [1], [2]. LDPC codetends to infinity. Therefore, the complexity and performaat
have since been shown to perform close to channel capaciig resulting iterative decoder can easily be scaled by tete
when decoded with the sum-product algorithm (SPA), ithe length of the sequences.
which the messages are probabilities or L-values [3]. Effiti  Although this approach is motivated by efficient implemen-
code design tools have been developed based on extrinaion of high-speed binary check node decoders, we will rep
information transfer (EXIT) charts [4] or density evolutio resent all sequences as vectors and assume that the check nod
[5], [6], allowing for code structures performing increagly decoder receives the entire vector instantly and perforits b
closer to capacity. For applications operating at very highise operations only. This equivalent representation isemo
transmission rates, however, the application of the SPA Ipeay convenient for the analysis and the corresponding algurith
prohibitive complex. As an alternative binary messageipgss referred to asiinary vector message passing (BVMP) in the
algorithms have been considered. following.

In [7], Gallager's decoding algorithm B is generalized Since we use a random permutation of the elements of a
by allowing for the variable node decoder to perform itmessage, the decoder is no longer deterministic and has some
computations in the L-value domain, while still restricfithe relation to stochastic decoding [8], [9]. In stochastic alting
messages between variable and check nodes to be binary. Whithinput to the iterative decoder consists of binary messag
this generalization it is possible to combine binary messaghat are (randomly) generated by binary white sources lgavin
from the check nodes with soft decisions from the channelistributions according to the channel L-values; the chreade
thereby improving the performance of the decoding algorithdecoders perform a binary addition, which is a deterministi
if soft decisions from the channel are available. This méth@peration; the output messages of the variable node dexoder
is referred to as the binary message passing (BMP) algorittare determined in a deterministic or stochastic way, deppgnd
in the following. on the configuration of the input messages. For details, we



refer the reader to [8], [9] and the references therein. fraction of ones represents the probability of a code bibgei

In [8], packetized super-nodes are proposed to avoid ttetone. Thus a binary vector message can be interpreted as
parts of the decoding graph get stuck in a certain stategdcalb representation of a quantized probability, where only the
latching, which prevents further improvement of the dengdi number of ones matters but not their positions within the
output over iterations. In so-called packetized superespthe vector, i.e., only the Hamming weights of the messages are
distribution of the stochastically generated messagesraép relevant.
on the incoming messages within a certain time-frame. ThisThe variable nodes and the check nodes exchange messages
concept is obviously related to the variable node decodersuntil a certain maximum number of iterations is reached or
our approach; however, we use the message length to sa¢hkedecoding result is a codeword. For convenient notatien,
complexity and performance, which is based on fundamegntadixplain the decoding operations only for an individual &ale
different principles as compared to [8]. node and for an individual check node.

The main contribution of our work is to derive a theoretical )
framework for such algorithms, avoiding the use of hewristf™ Variable Node Decoder
scaling factors which are essential for the approach in [9]. Consider a variable node of degrég The associated code
The analytical framework allows for the use density evoluti bit is denoted byX. Further, denote an extrinsic message as
to optimize the operation of the variable node decoders with, € {0,1}¢ , the (d, — 1) incoming messages (from the
respect to the iteration number. Density evolution is alsedu other check nodes) as,, ; € {0,1}%,j =1,...,d, —1, and
to determine the decoding threshold as a function of tliee channel L-value a,. The extrinsic message is computed
message length, which allows to determine analytically the three steps:

trade-off between complexity and performance. ()  convert all messages to L-values;

The remainder of the paper is structured as follows. In (i)  perform the variable node operation in the L-value
Section 1l, the system model is introduced, while the pro- domain: and
posed decoder with binary vector messages is described ifﬂiii) convert all messages back to binary vectors.
Section Ill. In Section IV, we derive Qensity evplution for 1 the first step, the incoming binary vector messages are
the prppose_d decoder, and (_:o_rrespondlng decoding thosshal) o rted into L-valued.(X [bo.,). Let war; = wir(bav.)),
and simulation results for finite-length codes are presente _ d, — 1, denote the Hamming weights, i.e., the

- LA v ’ L ey

in Section V. Concluding remarks summarize the paper Humber of ones, in the binary vectors. Since only the Hamming

Section V1. ) weights of the vectors matters, we have
Throughout the paper, random variables are denoted by up-
percase letters and their realizations are denoted by tmser lav,j = L(X|bgw ;) = L(X |waw, )
letters. W P(Waw ;| X = 0)
Il. SYSTEM MODEL p(Wav,;| X =1)
. . . av,j X =
The following system model is employed. Consider a reg- =1In P(Wa,j| e E)O N (R
ular LDPC code of lengthV. The variable node degree is P(Q — Wau,| X = 0)

denoted byd,,, and the check node degree is denotedify In the last line we use the symmetry
A generalization to irregular LDPC codes is straight-fordva X 1) X 9
The codewords are assumed to be uniformly distributed, p(wlX =1) =p(Q —w|X = 0), @)

and transmitted over a symmetric memoryless communicatigfiich results directly from the symmetry of the conditional
channel, e.g., an AWGN channel. The code bits are denog@diribution of the L-values due to the symmetry of the
by X;, and the corresponding channel outputs are denoted @ymmunication channel. To compute these L-values, the con-
Yn, n=1,..., N. For eachy,, the channel L-value ditional distributionsp(w,, j|X = 0) have to be known.
Pr(X = 0ly,) We will determine these distributions by density evolution
Pr(X = 1|y,) Section V. Notice that by doing S0, density evo_lution i_sdjse
to determine the optimal conversion from Hamming weights of

is computed. These chgnne[ L-valges are given o the Neraty, o binary vector messages to L-values, and thus for decoder
decoder. In the following discussions, the indexmay be

lehn == L(Xnlyn) =In

d df . . optimization.
ropped for convenient notation. In the second step, the L-values are added to obtain the
I1l. BVMP DECODER extrinsic L-value
This section describes the proposed new binary vector mes- do—1
sage passing (BVMP) algorithm. The variable node decoders ley = leh + Z lav,j, ©)
j=1

and the check node decoders exchange messages that are
binary vectors of lengtl). The fraction of zeros in a vectorsimilar to the operation of the optimal message passing-algo
represents the probability for a code bit being a zero, ard ttithm.



In the third step, the extrinsic L-value is converted into anes at the output is computeds &g — ¢) + ¢(1 — p) which is
binary vector. First, the probability foX = 1 is computed the sum-product update rule [3]. Thus in this case, the BVMP
from the L-value: algorithm corresponds to the SPA f@@ — oo. The same

1 holds for check nodes of higher degrees, since these can be

Pev 1= Pr(X = 1lley) = 11 elev 4 recursively formed from degree three check nodes.

From this-, the number of ones,.,, in the binary vectob,,, IV, DENSITY EVOLUTION
is determined as
All information exchanged between the variable-node de-
Wev = round(pe,Q), ®) coder and the check-node decoder is represented by the
where the functiomound(-) denotes rounding to integers, i.e.weights of the binary vector messages exchanged. Therefore
for all integersa, round(a’) = a if @’ € [a — 0.5,a + 0.5). in order to determine the performance and the convergence
Notice thatw.,/Q corresponds to the quantized valueppf. behavior of the decoder, we use density evolution to traek th
The vectorb,, is then obtained by randomly permuting arobability mass function of the message weights. Since we
vector withw,, ones and) — w., zeros, are dealing with discrete distributions (for finitg), we can
use discretized density evolution without loss of accuracy
bey 1= perm([L. .. L0 .. 0]), ®)  The density transfer functions of the variable node decoder
Wev  Q—Wey and the check node decoder are developed below. The results
whereperm(-) denotes a random permutation. Possible imple+e then used to determine the decoding thresholds asdunscti
mentation of the required random permutations is discussedf the message length@, as well as for the implementation
[9], [10]. of the actual decoder as explained in Section IlI-A. In the
Notice that only the positions of the ones within the vectaterivations below, the following indices notation is usea’

is random, whereas the number of ones (the Hamming weigfaj Hamming weight, " for L-value, “a” for a-priori, “e” for

is deterministic. This makes sure that the BMP algorithm &xtrinsic, %" for variable node, and¢” for check node.

obtained for message length= 1.
A. Variable Node Decoder

Let pwav denote the conditional probability mass function
of the weights of the messages at the input of a variable node.
Using (1), we compute the probability density functipg.,
of the corresponding L-values.

B. Check Node Decoder

Consider a check node of degrége Denote an extrinsic
message ab.., and the(d. — 1) incoming messages (from
the other variable nodes) &s. ;, j = 1,...,d.—1. The check
node decoder performs a bit-wise modulo-2 addition, i.e.,

de—1 (l) i 5 (l 1 pwav(k) ) (/{) (8)
— . av - — N ——< wav 9
b= X bucs o e =3a (o )y
=
Since we restricted the check node decoder to bit-wise op#éthered(-) evaluates to one if its argument is zero and to zero
ations, this is the optimal processing rule [11]. elsewhere.

Notice that a more complicated check node operation is The densityp;., of the extrinsic L-values is obtained by the
necessary if the binary vector messages were quantizedCQnV0|Uti0n of all incoming densities from the check noded a
values. Only due to the application of random permutatiori§e density of the L-values from the channel denoteghy
the simple bit-wise operation is optimal.

C. Binary Message Passing and SPA
wherex denotes convolution.

Due to the definition of the BVMP decoding algorithm, it - : . .
. i 'ng algor I The probability mass function of the weights of the extrinsi

is equivalent to the BMP algorithm fgp = 1 and to the SPA : -
for Q — oo, messages can be computed in the following way. Due to (5),

DPlev (l) = Plav,1 * - - . * Plav,d,—1 * Pch, (9)

i = i _w  wtl —
For the cas&) = 1, the random permutation in Eqn. (6) can'® O?tat';]wgv _dw i Pev ew[Q+1(’j?ﬁl')’Lw n 0,1,... ’IQ't
be removed and the computation of the L-value in Eqgn. (Beno e the bounds by, = g+1 andtheir L-value equivalents

1 _ w w —
corresponds to the L-value computation for a binary symiltlnetrby Qo = IngE2= = In 59— forw = 0,...,Q + 1. Then

channel. This leads to the BMP decoding algorithm [7]. W€ obtain the desired probabilities by

For the case) — oo, the weights represent the exact Cot1
probabilities without quantization errors, and this leads Puwev (W) :/ Plev(1)dl, (10)
optimal processing at the variable nodes. The check node w

operation is also optimal for this case. To see this, assuste fasw,, = w if l., € [Cuw, Cwr1)-
a check node of degree three where the fraction of ones at the
two inputs is denoted gsandq, respectively. The fraction of  'we defineln 0 := —oo for convenience.



B. Check Node Decoder ¢ SVMP decoder

— — — SPA decoder

Consider first a degree three check node. We have tw ?*°
incoming messages with weighis,.; andw,.2, respectively. 26
Without loss of generality we assume,.; > wge. The
conditional probability that the extrinsic message of ackhe
node has weightv.. is given by 22

2.4

p(wec |wacl P wacQ) =

—1 .
o Wacl Q — Wacl Q (11) .
-\ wacel +w5c2fwec wecfwaﬁl +waco Waed 16

for wee = Wae1 — Wae2 + 2v and v = 0,..., min(Q — 14
Wael, Wae2). The proof can be found in the appendix. 1
The probability mass function of the extrinsic message is
then computed as Yo 5 10 15 20 2 %
Q Q ?
_ Fig. 1. Decoding threshold ifv, /No as a function of) for a regular LDPC
p(wec) - Z Z {p(wecl’wacla’anCQ) code withd, = 3 andd. = 6. b/ 0
Wac1=0 wae2=0
TABLE |
p(w“l)p(w“CQ)}’ (12) DECODING THRESHOLDS OF A REGULARLDPC CODE WITHd,, = 3 AND
. d. = 6.
wherep(wq.1) andp(w,.2) denote the probability mass func-
tions of the weights of the two inputs. Q | Ey/No [dB]
For check nodes of higher degrees, the probability mass % g-fg
function of the extrinsic message can then be computed 3 1.89
recursively by applying (11) and (12) as shown in [3]. 5 1.60
10 1.36
V. DECODING THRESHOLDS ANDSIMULATIONS SPA 1.10

Using density evolution as developed in Section IV, we are

able to determine the decoding threshold of the BVMP deCOd&‘écoding threshold, and the slopes of the threshold do not
as a function of the binary vector message lengthin the depend on the parameté). The small difference between
following we will assume that the codewords are transmittgfle simulations and the analytical results can be explained
over an AWGN channel. As an example, we cqmputed ttpﬁ/ the relatively short block length\( = 10%) whereas the
threshold for a regular LDPC code of ralie= 0.5 with d, = theoretical results hold only in the asymptotic case of itdin
3 andd. = 6. The results are shown in Fig. 1 and Table I. Fog|ock lengths.
@ = 1 we obtain the threshold of the binary message passingry assess the decoding complexity of the algorithm, we
decoder and for larg€ the decoding threshold of the BVMP g6\ the average number of decoding iterations in Fig. 3
decoder converges to the decoding threshold of the SPA. \\here the maximum number of iterations was setd. Note

It can be observed that the improvement in decoding P&frat in one iteration the whole binary vector is exchanged
formance due to an increased vector length is large for smgliween variable and check nodes. Since the complexity of
values ofQ. Therefore, the proposed decoding algorithm igoth variable and check node decoder grows linearly with the
attractive for small to moderat@. For example, increasing yector length@, the overall decoding complexity is propor-
from one to five leads to a gain df26dB for this specific {jonal to the product of the average number of iterations and
code. the vector length). Also the size of the lookup table for the

In order to verify our results, we performed bit error rat@onversion from weights to L-values grows linearly with
simulations of an LDPC code with, = 3 andd. = 6 for A future research topic is to adapt the vector lengtiluring

Q =1,2,3,5,10, and we compared the performance with thgye iterative decoding process in order to minimize the alver
SPA. The code was constructed using the PEG algorithm [I¢dcoding complexity.

and has a block length = 103.

The conversion from weights to L-values as described in VI. SUMMARY
Eqgn.(1) is pre-computed for every iteration using the weigh In this paper a generalization of a binary message pass-
distributions obtained by density evolution. The thredkol ing algorithm has been introduced, where the variable node
are shown in Table | and the corresponding bit error rateecoder is allowed to send binary messages to the check
simulations are shown in Fig. 2. The positions of the waterfanode decoder more than once per iteration. For convenience
regions match up well with our analytical derivation of thef analysis, those binary messages have been combined to



decoding may further improve our method.
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) ) ) ) No ) CONDITIONAL WEIGHT PROBABILITY
Fig. 2. Bit error rate simulations of a regular LDPC code aigth N = 103 . . . ) .
with d, = 3 andd. = 6 for Q = 1,2, 3, 5, 10. In this appendix we prove (11) with a combinatorial ap-

proach. For convenience, we first formulate the problemragai
with a simplified notation.

Consider three random binary vectérs b., bs of lengthQ,
and denotewv;, w2, w3 their respective Hamming weights. As-
sume thab; andb, are independent and uniformly distributed
for any givenw; andws, and thatbs = b; @ b,. Assume that
wy > wo. We show now that

—1
B wq Q —wy Q
p(w3|w17 w2) — \ witwa—ws —wi1twstws w
2 2 2

for ws € W3, and thatp(ws|wy, ws) = 0 otherwise, where

iterations

W3 = {wl —we +2v:ve€{0,1,...,min(Q —wl,wg)}}.

Assume thab,; has Hamming weighty;. Define the index
set Ay with the zero positions irb;, and the index se#;
ol - : - : - . - ! with the one positions irb;. Assume thab, has Hamming
' T EN B ' weight wo. For convenience, denof@ the set of all vectors

of Hamming weightw,; thus we haveb, € B. We partitionB
Fig. 3. Average number of decoding iterations of a regulaiPCDcode of jnto subsetB.. v = 0.1.. .. min(Q —wy w2)- these subsets
length N = 102 with d, = 3 andd. = 6 for Q = 1,2,3,5,10. (One h U,h h ) h’ h ’ ' th indi
iteration refers to the exchange of the whole binary vectessage.) are chosen such that eac _Ve(.:tOBm a_'SU ones with indices
in Ay and (ws — v) ones with indices in4;.
Consider now the weightvs of bs. For all b, € B,, the
eight of bz is apparently

binary vectors, which gives the proposed decoding algtmrithw
its name pinary vector message passing. Density evolution for w3 = wy — wa + 20 (13)
this new decoding algorithm has been developed, and degodin ) - _ )
thresholds as a function of the length of the binary vectdi€refore, sincé, partitionsi, the possible weights; for
messages have been determined. Furthermore, a real dec8&n w1 andw, are in the set
for finite-length codes has been implemented, and errer-ragy, . {wi —wz +2v:v e {0,1,...,min(Q — wi, wz)} }.
simulations have been performed. The theoretical analysis
as well as the simulation results show a significant gain fporrespondingly, allvs ¢ W3 have zero probability. On the
performance by increasing the message length, in particufdher hand, ifw; has a certain value (for givem; andw,),
when the initial message length is very small. the value ofuv is fixed by (13), and we know thaf, € B,.

In future research we will further analyze the relation AS Py @ssumptionh; andb are independent and uniformly
between our proposed algorithm and the stochastic decodffigiributed for givenw; andws, we have
approaches from literature. Our approach may provide a new B, |

point of view to stochastic decoding, and ideas from stoihas p(wswr, w2) = B (14)




for wy € W5 andv = (—w; +wz +ws)/2. The sefB contains

all vectors of weightws, and thus has sizéﬂ%). The setB,
contains all vectors that haweones with indices in4, and

(we — v) ones with indices in4,, and thusB, has the size
Q:}wl)(w;“jv). The above reasoning is independent of the

(

choice ofb; (provided that its Hamming weight i@;). This
completes the proof.
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