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SUBSPACE IDENTIFICATION - REDUCING UNCERTAINTY
ON THE STOCHASTIC PART

Torben Knudsen

Aalborg University, Institute of Electronic Systems, Department of
Control Engineering, Fredrik Bajers Vej 7C, DK-9220 Aalborg &,
Denmark, e-mail, tk@control.auc.dk

Abstract: Subspace identification algorithms are user friendly, numerical fast and stable and
they provide a good consistent estimate of the deterministic part of a system. The weak point
is the stochastic part. The uncertainty on this part is discussed below and methods to reduce
it is derived.

Keywords: Parameter estimation; linear multivariable systems; subspace methods; state
space models; bias; stochastic part; least-squares methods

1. INTRODUCTION 2. THE PROBLEM

Compared to prediction error and maximum likeli- Subspace identification is used to estimate linear sta-
hood methods the merits of subspace methods aréionary state space models from experimental input
robust numerical algorithms which does not require it- @nd output data. The innovation representation of a
erative minimization. Subspace methods are also easy?tat€¢ space model is given in definition 1 and is con-
to use as the only model structure information neededSidered most useful. Below, ¢ R™ is the input,
is the system order. The drawbacks are lower perfor-7x € R" is the statey, € R’ s the output and

mance in terms of efficiency and also consistency for ¢+ € R' is the innovation which are zero mean white
the stochastic part. noise with covariancek. The ordern is assumed

_ o known or estimated correctly which there is methods
Recently, consistency for the whole deterministic part for (Soreliuset al, 1997).

has been established under weak conditions (Bauer

and Jansson, 2000; Knudsen, 2001). Unfortunately, pefinition 1.(Innovation model).
similar good methods for the stochastic part under

these weak conditions are still missing.

The purpose of this paper is to discuss the above Ti+1 = Az + Bug + Keg
problems and suggest methods to reduce it whit out yr = Cxy + Duy, + ep,
introducing iterative minimization or otherwise spool- E(e,eT) 2 R

ing the merits of subspace methods. Below, the overall Pra Pa

problem is first stated then the notation and some

necessary basic assumptions are given. Estimation ofThe problem is then:

the deterministic part are reviewed as this gives the Given a series of input output measurements: estimate
basis for the following discussion of estimates for the all the parameters that is the system matrigese
stochastic part and the uncertainty reducing methodsR™*", B ¢ R™*™ C ¢ R>*™ andD € R™>™ up
suggested. These new methods is compared to existingo within a similarity transformation and the noise
ones by simulation experiments. Finally a conclusion parameterds € R™*!, R € R!*! so the covariance

is drawn. of the output is given by the model.



3. PRELIMINARIES D 0 e 0
CB D
The basic relation used in the prediction error method Hyu(A, B,C, D) £ CAB CB
(Ljung, 1999) is the recursive state space model relat- =~ : :
ing single samples of the signals. One of the principal o PP
new ideas in subspace identification is to combine the CA B CA™™B --- D
recursive state space model into single linear equa-Finally the covariance matrix for one columniify E
tions relating matrices with parameters to matrices is needed.
with signals. To do this some definitions are needed. s s s
J Py £ Cov(Hjey) = Hj/(In ® R)(H})"

o O

Definition 2.(Matrices related to signals). The
input block Hankel matrix is divided into two parts The basic assumptions needed are listed below. They
called “past” and “future”, where the dimensions are are very standard in system identification.

U, € R™J U, € R'""*J Based on the output

; . L o (4, C) is observable (0)
and innovation there are similar definitions gy < .
R Y; ¢ RMXI,E, € R andE; € RM*J. (4, (B K}_) is cor_1tro|a_b|e ©)
The total number of samples usedNs= i +h+j—1. The inputu is quasi-stationary (S)
The transfer function froma to y has all
U U1 et Uj- zeros strictly inside the unit circle @)
ur Uz e Uj The inputu and noisee is jointly quasi- U
stationary and uncorrelated L)
( % > 2 Yil Wi T Moo Assumption (S) ensures that the limits for time aver-
f Ui Uigr mer Wiyl ages involvingu exists (Ljung, 1999, def. 2.1). For
Uis1 Uigs o Uiy these limits the notatio (1) will be used, it re-
: : : duces toE in pure stationary stochastic cases and
Uigh—1 With " WUithtj—2 lim; % Z;zl in pure deterministic cases.
The state matrixX;, is defined as a sequence of states E((e)) £ lim 1 ZJ: E((e)1) 1)
starting from some sample. Past and future state j—oo j P )

matrices are defined by= 0 andk = i respectively. . . . .
by =0 Lresp y Notice that uncorrelated in assumptions (U) involves a

X 2 (T Thg1 -+ Tpgjo2 Thyj1) € R quasi-stationary signal and is then defined by (2) and
X,2X,, X;2 X, holds for systems operating in open loop.
E(ugiref) =0Vr 2)

A column in a matrix e.gYy will be denoted with
lower lettersy; and ys(k) if the specific column

number is needed. This convention is used for all the 4. CONSISTENT ESTIMATE OF THE

signal related matrices. DETERMINISTIC PART

Definition 3.(Matrices related to parameter). The necessary basis for analyzing the estimate of the
The extended observability matri, is defined as stochastic part follows below. It is rather brief, for

details and proofs please refer to (Knudsen, 2001).

¢ There are different theoretical frameworks for sub-

r, 2 C_A c REIxn space identification._H.ovx_/ever, a_lll frameworks have the
focus on the deterministic part in common.

cAr The overall estimation method chosen here can be

outlined in three steps as follows: First, use the signal

and parameter matrices to establish a linear regression

model. Second, estimate a sufficient number of param-

eter matrices. The choice in this papelig H; and

Ci(A,B) 2 (A'B A2B ... AB B) Py. Third, based on these matrices extract the basic
parameters in the model (definition 1).

A generic reversed extended controllability matix
is defined below whergl andB represent system and
input matrices respectively.

Two lower block triangular Toeplitz matrice$;! and

H} corresponding to the deterministic and stochastic
parts respectively are defined below based on the
generic block triangular Toeplitz matrices, .

4.1 Linear regression model

The first matrix equation (3) is derived directly from
H2 Hy(A,B,C,D) the model in definition 1.

Hi 2 Hy(A K, C,I) Yy =Tp Xy + HjUy + H; By @)



Unfortunatelyl';, cannot be estimated from this model
becauseX s is not measurable. Therefakg; is related

to measurable signals i.e. input and output as follows
(Knudsen, 2001).

X;=L,Y,+ LU+ L, X, , 4)
L, 2Ci(A-KC,K),
L,2C(A-KC,B—KD), (5)

L, % (A-KQO)

Inserting (4) in (3) gives (6) which can be written
in a more regression type of way (7) by introducing
definition 4.

Yy =Tu(LyYy + LuUp + Lo X)) + HiUs + H; By
(6)
Definition 4.(LS parameters and regressors).
Op &1 [Ly L] , O £ Hy, © 2 [0, 6/]

Y, w.
R FRER 1
Up Uf

Notice that (7) is a LS regression model in the sense
that the residuals, columns i E, is uncorrelated
with the regressors, columns id and X, due to
assumption (U) and;, being white noise.

YI)
Yy = [TwLy ThL, HY] |Up | +TnLaX, + HiEy
Uy
W, s
= [0, /] v, | T UnkeXy + HiEy

=0Z+TIwL,X,+ HjEy
7
Introduce the LS estimate (8) wheremust have full
row rank.

©=v;2"(zz")" (8)

Inserting (7) in (8) gives (9) from which the limit in
theorem 1 can be derived.
0 =Y;27(zZ7)"!
=(0Z +ThL X, + HiE)Z" (2Z") ™!
=0+ T,L, X, 2" (zZz")™!
+HE; 2" (zZ27)™!

©)

Theorem 1(Limit for C:)). Assuming (S), the input
persistently exciting of order+ h and (U) then

limwpl® = O + I, L, A < (10)
j—oo
lim wp1 {@p @f} = [0p Oy] +TnLs [Ap Af]
Jj—o0
(11)
where
imwplX,z"(zz")"' = A=[A, Ay] (12)
Jj—00

Ae Rnxi(l+m)+hnz ,
Ap e Rnxi(l-{-m) , Af c Rnth

4.2 Estimate parameter matrices

The key observations now are,, is pre-multiplied

by I', and so is the bias in (10) i.®, — TL.
Based on these observations it turns out thatan be
consistently estimated under generic conditions using
SVD (13)-(15). The bias oi#/{' can be cancelled by
projecting ontofﬁ (18) the orthogonal complement
to fh which is found ad/; (13).

Theorem Z(fh from (:)p). Assumingh > n, the in-
put persistently exciting of order+ h and all basic
assumptions (0),(C), (S), (2) and (V) théh and
(T;-)T Hi are consistent for some limited andi >

is > n (16)—(18).

W10, W, = USVT

e[S [5] scmm 6
T=1,Wy=1,W,=(W,WT)2 (14)
Ty=W; T, |T|#0, T €eR™™  (15)
imwpll) =Ty , i > i, (16)

oo
Aj = &4 (17)
limwpl(TH) HY = (CH)THY , i >i, (18)

j—o0

Remark 2.1.Notice thatl';, is not unique but depen-
dent on the users choice where (14) works well.

4.3 Estimating model parameters

After having estimated the system matrices &.g.

the model parameters can be estimated by solving the
following equations for the model parameters. The
right hand sides are simply the functional relation
giving in definition 3.

fh = Ph (A7 C) ) (19)
(Ty)"Hjf = (Ty)"H{(A, B,C, D) (20)
As these equations are over-determined there are many
solutions. A consistent method is shown below.

Theorem 3(Estimating model parameters). Let

model parameters be estimated by (22)—(24) where
a MATLAB like notation is used and denotes the
More-Penrose pseudo inverse. Assume> n + 1,

the input persistently exciting of ordér+ » and all
basic assumptions (O), (C), (S), (2) and (U) then

A, B, D, andC are consistent

for somei, andi > i 1)
C = f;,(l :1,1:n) (22)
A= (@', (23)
T 2T,(1: (h—1),:),
AT, (I +1:hl),



= arg min AT e AT
B,D Pz, = E(,7,)

~

[g] Using (12) once again the following is obtained.
D

2 — Bl(z, — A2)(x, — A2)7) (33)
= E(xpx;) - E(xpzT)E(zzT)_IE(zwg)

Now using that(x,, z) ande; are uncorrelated com-

Remark 3.1.The minimization in (24) is a LS prob- pletes the proof as follows.

lem because the squared term is lineaBinD, and E@fg}”) — T L E((z, — Az)(x _ AZ)T)
- z p p

(24) has a unique solution (in the limit) (Bauer, 1998, rpT s

=T,L,P; LTTT 4+ P,

TpHx

()" — (03" Hi(A,B,C. D)
(24)

5. ESTIMATING THE STOCHASTIC PART ) o
Comparing the estimation problem f8r, D andK, R

Following the estimation method in section 4 the revels two important observations. The similarity is
residual covariance estimaf® is calculated (25) and  that the bias forH{ and P, both lies inim(T},).
the parameters, R is derived based on relation (26) However, the difference is thatdj/(A, B, C, D) is

and the limit for P, derived below in theorem 4. linear in B, D while P, (A, C, K, R) is not linear in
-, 1 K. This fact makes the estimation method 1D
h = (Gt hym+il) (24) unusable foK, R.

J R R A first estimation method for, R which simply
Z(y‘f(k?) — 0z(k))(ys(k) — Oz(k)" ignores the bias is given below. It is only based on the
k=1 first block column inP,.

]. _~ ~
- — (Y, —0Z2)(Y; —02)" R
—((z+h)m+zl)( f )Y (;5) CKR
N o Py(1:hi,1:1)= | CAKR :[UR ]
P, = Py(A,C, K, R) (26) : Th KR
h—2
Theorem 4(Limit for P,). Under the assumptions of R ACA KR
theorem 1 the limit foP, is R=P,(1:1,1:1) (35)
limwpl Py, = P, + Ty L, P; LTTT (27) K=T)P(+1:hl,1:)R™"  (36)
j—o0

P; = E(xpxg) — E(%ZT)E(ZZT)%E(Z;CZ) (28) The second method is based on Cholesky factoring of
Py,. Notice that the Cholesky factor of a symmetric
Remark 4.1.The limit for P, (27) includesP;, which ~ Positive definite matrix is unique.
is interpreted as the covariance for the estimation R =GG",
error &, = x, — &,|z which also decreases with

0 de _ Py = Hj(In @ R)(H;)"
Consequently the convergence oy with respect ta BN 2 GG H
is fast due to the three factoLgPipo all decreasing n(n @ )(H)"
to 0 with i. = Hjj(Ir ® G)(H;; (I ® G))"
=Hu(A, KG,C,GYHy (A, KG,C,G)T
Proof. According to (7) the residual is given by HL(AKG,C,G) =
=0z+ T Lyxp + Hiep — Oz (29) CAKG CKG 0

= (©-0)z+ InLyx, + Hieg
If the limiting residual is defined by (30) and the limit

e h;2 h;3 :
for © (10) is inserted (31) is obtained. CATTRG CATTRG ¢

With the Cholesky factorization belovs” and R can

gy = lim wplu (30)  he estimated by (37)—(40). The LS problem (38) is
iy = —ThLoAz+ Loz, + Hiey - completely similar ti) (24)AWT(T:h is very convenient.
=TyLy(xp, — Az)+ Hpey P, =HpHy, (37)
The definition (32) is introduced because f is M )
stochastic with mean zero thex: is the optimal es- [@ —areNg

timate ofz, given z which is denoted:, |z. The last I R R
equality below follows from (12) in theorem 1. ‘(Fﬁ)THh — TH)THW(A, M, C,G)

_ _ 2
TpEx,— Az =1, — E(:UpzT)E(zzT)_lz (32) (38)



R=3GaT (39) automatic choice of andi. Therefore it should have a
o 3fo (40) potentially better performance. Consequently, only the
- first four subspace methods are directly comparable.
~ The last two prediction error methods are included to
The bias in7;, does not lie exactly inm(I'») but  give a lower limit for the obtainable rms.
it probably has a large component there due to (27).
Consequently the method does not cancel the bias Abb. Method  Description
term but it is lightly to reduce it. t subspace  (22)~(24), (35)~(36)

tk-chol subspace (22)-(24), (37)—(40)
A number of other approaches have been tried without  subid subspace (1‘?5 Overschee and Moor, 1996, p.
success. Increasingo decrease the bias termin (27)  nasidg subspace L. Ljung Ident Toolbox
or using an estimate af, (5) to estimate/ turned n4sid-auto  subspace L. Ljung Ident Toolbox
out to give poor performance in tests similar to those pem PEM L. Ljung Ident Toolbox
in section 6. The right hand side of (27) has also been Uik PEM (Knudsen, 1996)

rewritten into a linear function ofR, KR, K RK" Table 2. Methods included in the test.

and L, P; L, unfortunately a unique solution to this

equation could not be obtained fé and K in this L6 Rms on par. est. relative to tk-chol, VO example
way. e w ‘ ‘ ‘ ‘
—— tk—chol
L4 —— subid
—— n4s@d
6. NUMERICAL EXAMPLES L2f| 7 ndsid-auto

pem
-7 trftk

The statistical performance of the methods is assessed il
by Monte Carlo simulation. Experimental conditions os|
are 200 replications of 500 samples each. The S/N
ratios is approximately 10 and a suitable excitation
for the inputu is used. To compare the results a state ,,|
base independent representation i needed. All esti-
mated state space models are therefore transformedo-2f
into ARMAX transfer function representation (41).

A(q)y(t) = B(q)u(t) + Clq)e(t) ,

Var(e) £ 02, Fig. 1. Rms on parameter estimates relative to tk-chol,

Al 214+ a1+ Fanqg™, (41) VO example

B(g) £bo+big + - +bug ™,

Cle) & 1+eg 4 +eag™,
Afirst, second and forth order SISO system are tested. 35|
The first order system is used in (van Overschee and
Moor, 1996, sect. 4.4.5) to illustrate these problems
as it has a eigenvalue of — KC at 0.9996 which 25
is extremely close to the unit circle. Consequently,
L, = (A — KC)! (5) decays slowly withi and so
does the bias term faP, in (27). The two other, more 15}
well behaved systems are a second order ARMAX and

E}’**’E‘\
a forth order BJ system. The corresponding ARMAX [ W

representation are given in table 1. osl W

All the system are tested with the methods in table

0.6

0 . . . .
al b0 bl cl s2

Q

Rms on par. est. relative to tk—chol, ARMAX example
4 T T T T T

2. In this paper it is necessary to chose only one per- al a2z b0 bl b2 el 2 2
formance measure which is the rms for the parameter i )
estimation errors (42). Fig. 2. Rms on parameter estimates relative to tk-chol,

ARMAX example. Y-axis truncated.

1 &,
ms =7 2(913' —0io)® (42)  As uncertainty in the stochastic part is assessed here
j=1 the focus is on the parametees, ..., c, and o2

For easy comparison the results show in figure 1-3 Based on rms performance for these parameters in the
are normalized with the rms for the method tk-chol. three test cases it is clear that the new tk-chol method
For the first four subspace methods the choice of rowis the superior subspace method for the stochastic part
numbers aréh = i = 3, 4 and 6 in the three test but it can not compete with the best prediction error
systems which are the smallest possible for the subidmethod. Notice also that the automatic choicehof
and n4sid methods. The fifth n4sid-auto method usesand: in n4sid-auto does not improve performance and



System a1 a2 as aq bo b3 ba c1 c2 c3 cq o2

VO -0.9490 -2.08950 3.624 -0.9996 6.7050

rms 0.0041 0.25689 0.303 0.2048 1.5246
ARMAX -1.6464 0.730 0 0.044 0.0398 -1.4026 0.730 0.0030

rms 0.0130 0.011 0.00649 0.010 0.0096 0.0699 0.116 2.8e-4

BJ -2.8148 3.134 -1.64 0.344 0.10000 -0.140 0.2067 -0.252 0.108 -0.3864 -0.546 0.461 O 0.0001
rms 0.2205 0.458 0.35 0.098 0.00070 0.022 0.0149 0.034 0.031 0.2079 0.076 0.086 0.091 1.67e-5

Table 1. System parameters and rms values for the tk-chol method.

Rms on par. est. relative to tk—chol, BJ example

Knudsen, Torben (1996). The initialization problem

{
35 | u

25F

al a2 a3 a4 b0 bl b2 b3 b4 cl c2 c3 c4 s2

Fig. 3. Rms on parameter estimates relative to tk-chol,
BJ example. Y-axis truncated.

that the tk-chol methods is very much better than the

in parameter estimation for general SISO trans-
fer function models. In:13th World Congress
of IFAC (Janos J. Gertler, Jr. Jose B. Cruz and
Michael Peshkin, Eds.). Vol. J. International Fed-
eration of Automatic Control. Elsevier. pp. 221—
226.

Knudsen, Torben (2001). Consistency analysis of sub-

space identification methods based on a linear re-
gression approackutomatica37(1), 81-89.

Ljung, Lennart (1999)System Identification, Theory

for the User Prentice-Hall information and sys-
tem sciences series. second ed.. Prentice-Hall.

Sorelius, J, T Soderstrom, P Stoica and M Cedervall

(1997). Order estimation method for subspace-
based system identification. InSYSID'97
(Yoshikazu Sawaragi and Setsuo Sagara, Eds.).
Vol. 3. IFAC. IFAC the International Federation
of Automatic Control. pp. 1131-1136.

other methods in some cases. For the deterministicvan Overschee, Peter and Bart De Moor (19)b-

part, i.e. parameters ir(q) and B(q), the tk-chol
method is only the best subspace method for the BJ
case. Simulation results not show here revels that the
tk-chol method has the smallest bias for 500 samples
but still has asymptotic bias as expected.

7. CONCLUSION

In subspace identification the focus has so far been on
estimating the deterministic part of the system in ques-
tion. The result is well performing consistent methods.
However, for the stochastic part the existing methods
gives large uncertainty partly doe to bias. This paper
discusses possible improvement for the stochastic part
compared to the existing methods. The development
of two new methods indicates reduced uncertainty es-
pecially for the one using Cholesky factorization. This
is verified by simulation for three test cases.
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