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4.1. THE FLEXIBILITY METHOD FOR BEAMS 123
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Fig. 4.21: Sign of mutual rotations for settlements in a main system.

external loads, i.e. settlements, is djg = s;. The displacement in the main system
with the only load X; = 1 can be calculated as done previously in (4.10) for
the same main system with the result dy; = %—g—, The final displacement at the
redundancy is, d; = $,. The redundant reaction is thus determined as

3E!
Xy = {dl = dl())/dll = (""r = Sr) 3
2
The moment at the central support is found by superposition as
3ET
M = MY+ MXi=M'Xi=1(s,—s)o—
o 1 1 (sr — s1) 2L3
JEI
= (o —sgp

e Example 4.4 Using a redundant moment.

Let us analyse the situation shown in fig. 4.20 and find the moment at the central
support introduced by the settlements. The mutual rotation in the main system
with external loads, i.e. settlements, is dig = (8 — s,)/L. The displacement in
the main system with the only load X; = 1 can be calculated as described in the
previous subsections with the resull dqyy = EIT The final mutual rotation at the
redundancy is zero, dy = (), since the beam is still continuous. The moment at the
central support thus is

LS

3BT

M =X, = —dip/dii = (s —SJ}m

It is important to be aware of the positive and negative directions. Fig. 4.21
shows the influence of settlements in the main system for a continuous beam with
multiple intermediate supports, where the moments at the supports have been
chosen as redundancies. The signs of the mutual rotations are indicated in the

figure.

Temperature Effects

There are two main effects of temperature changes AT(z,,2). One effect is to
change the initial length of heams and the other is to introduce curvatures in
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beams. The difference between the current temperature field T'(z,, z) and the initial
temperature field 7%z, z) (at erection) is what we define as the temperature change
AT = T°—T. For the sake of generality the Einstein index notation is reintroduced
in the first part of this subsection.

In the first chapter isotropic thermal strains E;‘; were introduced in equation
(1.139). In beam theory we assume that the transverse expansion is free and there-
fore only axial strains will have an effect. The axial thermal strains are thus given
by:

& = BNI (4.18)

where 3 is the coefficient of thermal expansion.

The virtual work functionals and the potential energies must be expanded by an
additional term due to the work of the stresses o = N/A+ I7! M, (z, — ¢;) through
thermal strains 7. For example the additional term for the complementary virtual
work functional 6W¢ which we use in the flexibility method can be found as follows:

Wi = [ &Tsoav
d Ts (NJA+ 7'M dAd
7./0./45 (/ t g a(%_ca)) z
1

L L
= ,/0 (Z/{) ETdA &N +13—(: AET(Ig *C,ﬂ)dA 6Ma) dz

L
= f (€7 6N + kT 6M,) dz (4.19)
0

where the temperature strain at the elastic centre and the temperature curvature
have been introduced as:

7 _ 1 f 7
F = A/Ae dA (4.20)

T 1;;/ eT(25 — cp) dA (4.21)
A

K

For non-linear variations of the temperature changes the shear stiffness of beams
will enforce a linear strain distribution, so that plane sections remain plane. This
will introduce some stresses which cannot be accounted for by beam theories.

Let us return to the case of single symmetric cross-sections with the elastic
centre at origo ¢; = 0 and forget the Einstein index notation. We assume that
the distribution of the temperature change is linear, as shown in fig. 4.22, with the
following temperature changes: AT, at the clastic centre, AT, at the upper flange
and AT at the lower flange. Using the cross-sectional depth h the linear variation
of the temperature strain can be written as:

&7 = AT +B(ATi- AT.)T (4.22)

This leads to the following thermal strain at the elastic centre and thermal curva-
ture:
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part B — C' as follows:

I 1
—pr - /\+p'§? + ch =0 JJ,
2 12 M,
B =Gt glta =57

The moment distribution varies quadraticly, due to the transverse load. From A
to B it varies from a negative plastic moment to a positive plastic moment. The
maximum negative moment is thus at A and the maximum positive is assumed to
be between B and €. The moment variation from C to B is found by moment
equilibrium of the section shown in the right-hand part of the figure. With origin
at the right-hand end we have that z < L/2 and find:

—M(z)—%/\"pz2+Rcz =0 !
12 e z
M(z) = —?Mp (I) +5M’°1‘

The maximum value is found by demanding M’ = 0 as follows:

z 1
1z + SM,,Z
3
= —L
ST ¢

M'(z) = —12M, =0 I

5 12 51\2 5 25
Moar = M(EL) = —?w,,(ﬁ) +5M,,1—2 - EZMP

The statically admissible moment distribution corresponding to A* is shown in the
lower left-hand part of the figure. To make it safe we scale it by a factor § and
require that the maximum moment is equal to the plastic moment. The lower
bound is thus given by A” = gA*. Let us find the scaling factor:

BMpar = Mp [

25
Ji} 57 M, = M, |

24

h=5
This gives the lower bound
24 24 M M,
S = At = — N . o2 . B o .,
A % 25]2;0152 11 r)szz 3.20

The difference between the upper-bound solution A* = 3.33 and the lower-bound
solution A" = 3.20 is about 4%, which is acceptable in design.

Problem 5.1

Find upper-bound and lower-bound load factors for the beam shown in fig. 5.12.
The number of plastic hinges is equal to the degree of indeterminateness plus one.
For the upper bound assume a plastic hinge below the force and at the fixed end
ol the beam. Find the exact plastic load factor by finding equal upper and lower-
bound load factors.




























































6.1. MINDLIN-REISSNER PLATE THEOQORY 163

blance with beam theory should be noted, the difference being in the orientation
of the axes.

The Constitutive Relations

As in beam theories we do not wish to introduce artificial constraints due to errors
in our kinematic assumptions. The kinematic assumptions imply that all material
points along a normal have the same transverse displacement and thus €33 =
However, this is not the case in real plates, since they are free to expand in the
transverse direction. To derive a useful constitutive relation, which is not consti-
tutively constrained, we need an extra assumption. Since experience shows, that
the transverse stress component os3 in plates is negligible compared to the in-plane
stress components g,4, let us introduce this as a basic assumption.

Assumplion 3:

The transverse stress component is negligible

d33 = 0 (69)

The assumption is inserted into the three-dimensional linear elastic constitutive
relations (1.102) or (1.106) for isotropic materials. This results in an equation for
the transverse strain component as follows:

o33 = 0 = Mey, +€33) + 2pe3s |

A
2,u+»\5'" {6.10)

€z = —

Inserting this expression for £33 into the three-dimensional constitutive relations
and replacing the Lamé constants by conventional engineering constants result in
the following expressions for the non-vanishing stresses:

2uA
Tap ﬁlsqgfuu - Q#EQ_@
F)
= 1= 1/2 (Uéaﬂeuu o (1 - V)Eo,g) (611)
T, = 0p = 2Gez = Gy = G, (6.12)

By introducing additional Kronecker deltas and using the symmetry of both stres-
ses and strains the constitutive relation for in-plane stresses o, can also be written
as follows:

Ucrt’ = dn:mu E’yu (613)

in which the fourth-order isotropic tensor of material constants d,,y, becomes

E
dap = 775 (Vanbus + 31 = 0)(Barbow + 8usm)) (6.14)
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Potential encrgy for a Mindlin-Reissner plate

1 1 1
Vi, w,0,) = L(iNapéap+§Mo,qnua+§Qﬂ7p

—Pavs — PW — M) dA
ﬁ_/ (J_ﬁvﬁ + M0, + Qw) ds (6.35)
aA

Internal plate forces are given by (6.19), (6.20) and (6.21) and thus they are
functions of the displacements. The membrane, transverse and moment loads

are ) .
Y gadz, m,= fi 2qsdz (6.36)
-2

L
2

Pﬁ=[‘ gpdz, p=
i

and the boundary forces are

v
2

Nﬁ:ﬁ l, dz, Q:]i t5 dz, Mﬂzfi 2, dz (6.37)

i
7 ] 2

Taking the first variation of the potential energy function with respect to all the
unknown functions yields the virtual work functional. The first variation can be
thought of as the change in potential energy when making small variations in the
unknown displacement functions (v, éw, daz). The first variation of the potential
energy can thus be found as:
/'

SV (v, wy, 5) = g—l/;E)'vﬁ - Z—L}éw — %6% (6.38)
The variation of the potential energy with respect to the kinematic quantities is
equal to the virtural work 6W = éV. Let us thus perform this variation using that
the membrane forces, plate moments and plate shear forces are functions of the
displacements, i.e. Nag(v,), M(ay) and Q(w, a.). We find:

Virtual work functional for a Mindlin-Reissner plate

W = fA (Nap 6Eag + Map ks + Qs 675
—psbve — pbw — muba,) dA
- fa L (Nubvs + Miba, + Qbu) ds (6.39)

The virtual work functional can be derived even if a potential energy does not exist
and thus it is in reality independent of the constitutive relations.

Plate Equilibrium Equations

The plate equilibrium equations will be derived using the principle of virtual work
8W = 0, since this is the modern approach, used for developing mechanical models.
However, the classic method of deriving the equilibrium equations by considering
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equilibrium of an infinitesimal rectangular plate section will be left to the reader.
Let us continue directly from the virtual work functional for Mindlin-Reissner plates
(6.39) and introduce the virtual kinematic quantities de,,, érap and &, However,
hefore doing so let us note that since N,z and M, both have symmetric components
we can just introduce the virtual kinematic quantities as

0Eup = %{61;(,,,3 + 6vs0) — SUsa
dkig: = %(rfao,‘e + daga) = dsq
by = bas+bw, (6.40)

The virtual work functional for the Mindlin-Reissner plate thus takes the form:

§W = fA (Nup 60p0 + Mo 8050 + Qs (605 + 6w, )
—psbvs — péw —m ba,) dA
- / (Nabvs + M,bory + Qéw) ds (6.41)
JAA
The idea is to bring this virtual work functional into a form, which only holds the
basic virtual quantities duv,, dw and da, without derivatives of these. To find the
integral transformations needed do this we first find the partial derivatives of the

individual terms, then we integrate over the area of the plate (middle surface) and
use the divergence theorem (1.19). For example let us consider the moment terms:

(Mapbag) o = Magaba,+ Map b U

My 60’6.’){ = —Musu 6“;5 + (Mas bag), o I

/ M., bapa dA —/ MM,_xéa,dAﬂ-/’(MMS%)‘QdA U
A JA JA

f M S d = — / Mesa 0y dA + [ a5 by ds (6.42)
A JA JIA

The other partial derivatives of the basic kinematic quantities can also be eliminated
using this method. The remaining integral transformations are:

f Nop 6050 dA = — f Nago S0, dA + / naNas 6vpds  (6.43)
A A JOA

/A @ ow dA —[4 @ bwdA+ /M naQ, dw ds (6.44)

Introducing the integral transformations and rearranging the virtual work terms
we find the following informative version of the virtual work functional.

oW =

((Napos + pe)6va + (@ + P)6Ww + (Mape — @+ my)bay) dA
A

/ — 0 No 80, + (= 14 Q)60 + (B, — no Mag)y) ds  (6.45)

1A
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@o+M, pdx,

Fig. 6.8: Moments and transverse forces on infinitesimal plate section.

Force and moment distributions, which satisfy the static equilibrium equations,
are said to be statically admissible, i.e. the static equilibrium equations can be
used to check if a given set of force and moment distributions satisfies equilibrium.
A plate is statically indeterminate, since the static equilibrium equations do not
only have one solution, but many. However, if we introduce the linear elastic
constitutive relations there is one unique solution. Let us introduce the constitutive
relations and the kinematics of the Mindlin-Reissner plate theory, just to see how
the equations and thereby the mechanical problems are coupled. We assume that
the thickness and material properties are constant in the whole plate and find the
following kinematic differential equations:

%D::s-yw(?'mua FUya) +Ps = 0 (6.51)
D(agetwa)+p = 0 (6.52)
1D (e + Quya) — DP(ap +w,5) +m, = 0 (6.53)

It is thus clear that the in-plane problem (6.51) involving membrane forces N,,
and loads p, is an independent problem, which is not coupled with the bending
problem. The in-plane problem is a so-called plane stress problem. Some in-plane
problems can be solved through the use of a stress potential, the so-called Airy’s
stress function. However, this will not be considered in the present text. The flexu-
ral plate problem is given by the coupled shear equation (6.52) and the two moment,
equations (6.53). We shall be content with a knowledge of the form of the static
cquilibrium equations and the two derived displacement differential equations. To-
day these equations are solved by approximate computational techniques, based on
the principle of virtual work or minimum potential energy. Analytical solutions can
be obtained for cases with simple geometric forms and boundary conditions. The
similarity in the differential equations of the Mindlin-Reissner plate theory and the
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Assumed displacements

Uy = Uy —2ZWg (6.55)

Uy = w .56

The derivation of Kirchhoff theory is equivalent to the derivations already per-
formed for the Mindlin-Reissner theory and we shall not go into details, since we
can just insert v, = 0. However, as in the chapter on beam theory the important
formulas will be given. The in-plane strains are now defined by:

The in-plane strains in Kirchhoff plale theory are
Eap = Eap+ 2Kags (6.57)

in which the membrane strains are

) 1 1 [ dve  Oug
"CI‘ — =t o o = = (’. 3
€ap 2(” 2+ Vsa) 2 (8.1:3 81:@) (6.58)
and the curvatures are
fapg = gloaptese) = —3(Wap+w,50)
B B 9% w o
= —Was = 9202, (6.59)

The constitutive relations are the same as for Mindlin-Reissner theory, with the only
modification that the shear forces are irrelevant, since 4, = 0. Due to the defini-
tions of the inclinations as &y = —w, », and thereby the curvatures as k45 = —w 44,
the virtual work functional for Kirchhoff plates takes the following form

Virtual work functional for Kirchhoff plates
S = f (Nog 60a0 — Map 6, — pabts — pow + mabuo, ») dA
" .

= j (Ny80s = Mubo, 5 + Qbw) ds (6.60)
dA

In the quest to find the equilibrium equations we need to perform partial integration
and use the divergence theorem twice, since the virtual work equation involves dou-
ble partial derivalives of a kinematic quantity, i.c. éw, 44 Using partial integration

once as in the previous section we find:
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and for the (prescribed) boundary moments M, we use the following component
notation:

M, = n,M,, M, = s,M, (6.65)

Furthermore, let us introduce the notation @, for the internal shear force , which

is determined statically by:
Qs = Maga (6.66)

Note that this shear force is determined statically and not kinematicly, since there
are no shear strains in the Kirchhoff plate theory.

Having introduced the notations we rewrite the boundary integral term in (6.62)
involving the derivatives of the boundary displacements 6w ; as follows:

f (M, = noMas)6w . ds
A
= [M ((A_I_inﬁ —naMyns)éw , + (Mss, — n,,,Mc,gsﬁ)éw\,)) ds
- ] (M = M), + (M, — My, )60,,) ds (6.67)
94

For the derivatives along the boundary in equation (6.67) we can use partial inte-
gration as follows:

f (M, — My.)buw , ds
dA

= —/ (Mg — My 5 )bw ds+f —M,;s)éw) ds

8

= 7/ — Mg s)bw ds (6.68)

since the (circulation) integral [;4(...)sds = 0 around the boundary of the deriva-
tive along the boundary is zero, (the integral starts and ends at the same place).
Introducing this (6.68) in equation (6.67) we get the following reformulation of the
boundary term:

/ (My — noMys)bw o ds
dA
== [JA ((A_In " ]‘Jmi)fs'w,n - (Ms,s = Mns,s)éw) ds (669)

Introducing this equality into the virtual work equation (6.62) yields the following
informative form of the virtual work for Kirchhofl plates:

6”’ = 7] nia’{";ﬂ 6vz+(Mﬂ,ll,ﬂ+m,,l.+p)6w) dA
/1(( Vi — 116 Nog)6vs — (M — My )bw,,
a7
+(Q + Moy = 1aMopo — Mygs)6w) ds (6.70)

The principle of virtual work §W = 0 states that the virtual work functional must
vanish for any independent virtual variation in the kinematic parameters. In this
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informative virtual work functional (6.70) we can also vary in-plane displacements
bv,, transverse displacements éw and the normal derivative of the transverse dis-
placements éw, independently at the boundary, whereby the correct boundary
conditions are revealed for any boundary.

Plate equilibrium equations

Nopatps = 0 (6.71)
Mﬂ_ﬂ‘aﬂ =+ Mg, +p = 0 (672)

Corresponding boundary conditions for Kirchhoff plate theory

Ny = nglNas (6.73)
M, = ngoeMqs (6.74)

Q + Ms.s = n,uQ,a + Mn.t,s
= naMaso + Mnss
= A’Irm,n. +2 Mns,s (675)

Let us take a look at the differential equation (6.72), which describes the bend-
ing behaviour of the Kirchhoff plate. Let us assume that there are no distributed
moment loads m, = 0 and let us then expand the equation into components as
follows:

Mp+ Myzor + Mayyi2 + Magaa+p = 0 )
Mig +2Mizp2 + Mazze+p = 0 (6.76)

where we have used that the moment components are symmetric and that the order
of differentiation is irrelevant. The equation can also be written in the following
notation:

azM“ 32]\1;2 62)\/]22
az? dz,0z, Jx}

+p =0 (6.77)

This equation is a static equilibrium equation. If we want to consider transverse
displacements, then we must introduce some constitutive relation between mo-
ments and displacements, i.e. curvatures. The linear elastic constitutive relation
for Kirchhoff theory takes the following component form:

M1] = _[) (lU_!] + Uw‘zz)
My = =D (was+ vwyy)
My, = =D(l —v)wy, (6.78)

Introducing these constitutive relations in the static equilibrium equation (6.72)
or (6.76) yields the differential equation for the transverse displacements in an
isotropic linear elastic Kirchhofl plate:
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Differential equation for displacements of Kirchhoff plate

Wi + 2wz + Warer = % (6.79)
where ) = 12(?"_3‘,2) is the elastic plate bending modulus.

This equation is the bhiharmeonic equation derived in 1811 by Lagrange, even though
his plate theory was not entirely salisfactory. The equation may also be presented
as follows:

W, apas = g
' D
Gy = 2
Viw D
Fw d'w 'w p
g~ - = = :
dzf ¥ Aridx} T da} D (6:80)

To solve the biharmonic equation we need boundary conditions, which can either
be of a static or a kinematic type. The boundary conditions for the flexural prob-
lem are given in equations (6.74) and (6.75), where the second one is the most
complicated. The first states that the moment corresponding to stress components
in the normal direction is directly related to the boundary tractions or moments
by M, = nonsM,, = Mu,. The second and more complicated boundary condition
(6.75) is related to the boundary shear @ and change in the torsional boundary
moment M, ,. These houndary forces/loads are transmitted to the plate in the
form of a shear force n.Qy = n, M.z, and gradients in the torsional moment M,;
(i.e. s,8an3Maa.), but since the shear force and torsional moment gradient are
statically equivalent in the Kirchhoff theory we cannot separate them, only their
sum is known,

Kirchhoff boundary condition
(;) + Ms,s = nﬁQp + Mns,s (681)

where the inlernal shear forces are Qp = nsMap o

At the boundary there is a transition zone where the boundary
forces/loads ) and M, transform into an internal indeterminate com-
bination of shear force n.(), and torsional moment gradient M, ;.

The equivalence between the shear force and the moment gradient. along the bound-
ary is illustrated in fig. 6.11. The left-hand part of the figure shows the torsional
moment M,, and its variation M,,.ds. The right-hand parl shows an equivalent
set of forces M,; and M,; + M,,sds. 1t is clear thal a variation in the torsional
moment leads to differences in adjacent forces M, sds, which thereby produces a
continuous shear force M,,, and some concentrated corner shear forces M,,., as
illustrated in fig. 6.12.
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Xy

Xz

Fig. 6.13: Corner shear forces at rectangular corners.

Fig. 6.14: Contributions to the corner shear force.
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e Problem 6.1
A thin rectangular plate is @y = 1000 mm by a; = 2000 mm and has a thickness of
t = 10 mm. The material is steel with an elastic modulus F = 2.1-10% MPa and a
Poisson ratio of ¥ = 0.3. The plate is supported along the boundary and the plate
displacements are given by:

1
v = —=z
! 100"
v = ———g
: 100°
1
wo= 56(11 sjn(%) sin(%)

where the coordinates are in the ranges z; € [0,41] and z € [0,a2]. The plate is
assumed to follow the Kirchhoff plate theory and it has a non-uniform distributed
load p and no distributed in-plane loads p; = 0.

Make a sketch of the in-plane displacements v, and another sketch of the
out-of-plane displacements w.

Find the middle surface strain components £,5.

Find the membrane forces N,; and show that they fulfil the equilibrium
equations within the plate.

Find the membrane boundary forces Ny and describe the in-plane load situ-
ation.

Use the displacement equilibrium equations for a Kirchhoff plate to find a
mathematical expression for the distributed transverse load p(z,).

Find the curvatures kqg.

I'ind the moments M5 and show that they fulfil the static equilibrium equa-
tions.

Find the boundary moments M, and the equivalent shear force distribution
Q + M"I.J'
Find the corner shear forces Q.
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e Example 7.6 A simple orthotropic skew plate, revisited.

Let us revisit the orthotropic skew plate of example 7.3 shown in fig. 7.8 and analyse
it by considering the individual rigid parts. The inclination angle (rotation) of the
rigid part is determined by the rotation about the line support and the central
displacement as:

dw

= V2w/a

ba =
The coordinate axes are orientated as the orthotropic reinforcement, and the line

of rotation has the normal (in this example u = »):

; = cosu = \/5/2
iy sinu = \/5/2

The inclination components are thus given by:
boy = mba = éw/fa

by = fpda = éw/fa

The length of the yield line is L = v/2a and the yield line projections on the
coordinate axes are also in this example given as:

L] = ﬂ]L:a.

L, = nL =a

The internal work in one rigid part, part I, can then be found using equation (7.31),
which gives us:

ou bw
wl, = Mpla?) + M,,ga% = (M1 + Myy)bw

since there are two identical rigid parts and since Mpyy = 0.5M, the total internal
work becomes:

§Wing = 2AMy + Myp)bw = 3M,36w
The external work is also in this example found to be:
Wegt = f\ppazﬁw
The upper-bound load factor can thus be found as

AT = 3@:6
pa

which was also found in example 7.3.

e Example 7.7 Uniformly loaded rectangular plate, revisited once again.

Let the rectangular plate analysed in examples 7.4 and 7.5 be an orthotropic re-
inforced concrete plate with reinforcement directions parallel to the edges, so that















206 CHAPTER 7. YIELD LINE ANALYSIS OF PLATES

that the normal moment M,, is given, for example for a free edge or a simply
supported edge M,, = 0 and for a fixed edge with a negative yield line M,, = M;.

We need to find M, along the edge. To do so we consider moment equilbrium
about the z;-axis as follows:

(—Mpssing — M, cosp)ds + Mecospds =0 |
Mns = (ﬁfff - Mnn) cot (2] (732)

The concentrated shear force is given by equation (6.83), which in the present
system with M, = 0 takes the form:

Q = 'Mns_MZI = Mns
= (M,— M,,)cotyp (7.33)
At a free edge with M,, = 0 the concentrated internal shear force must be deter-

mined at either side of the yield line. On one side of the yield line the edge shear
force is

Qedge = Mecotp (7.34)
and on the other side of the yield line the edge shear force just changes sign,
since cot (m — ) = —cot . At corners there are two rigid parts of the plate each

contributing with one concentrated shear force. There are two angles, ' and '/
at such a corner. The corner shear force has to be transferred to the supports. For
two simple supports meeting at a corner the concentrated shear force is:

Qeorner = My(cot o’ + cot ') (7.35)

For corners with two fixed supports (with negative yield lines along the edges) we
find:
Qeornes = (M| + [M{])(cot o + cot o) (7.36)

These shear forces are only approximations and they are only realistic if the yield
line lay-out corresponds to the real plastic flow mechanism for the plate. For thin
plates the concentrated shear forces are transferred over yield lines or to supports
over an in-plane distance approximately equal to the thickness of the plate. Note
that cot o changes sign around ¢ = 7/2 so that for angles lower than 7 /2 the shear
force is positive and directed downwards.

Point Loads

At point loads or at column supports local circular or elliptical flow mechanisms
have to be checked. For isotropic plates with point loads the flow mechanism has
a negative outer circular yield line and positive internal radial yield lines. IFor
anisotropic plates the outer yield line is elliptical. It is also interesting thal the
upper bound does not depend on the diameter of the flow mechanism, as we shall
see in the following. Let us analyse an isotropic plate with a point load, for example
the one shown in fig. 7.18. Let dip be the angle between the radial yield lines. The
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e Example 7.8 Lower-bound solution for plate in fig. 7.9.

The rectangular plate is loaded by a uniform transverse load p = 1 kN/m? and the
geometry is shown in fig. 7.9 with a = 2m. The referencial plastification moment
is M, = 7kNm/m. Let us assume that the load is carried by orthogonal strips in
the z; and z4 directions. The strips have pinned ends and the maximum moments
in the strips are thus determined by %pLz‘ The optimal choice of the dispersion
parameter is thus determined by the square of the span lengths. For a Tresca
material the moments in the two transverse directions should be equal and we thus
choose the dispersion parameter by equalizing the moments in the two transverse
strips as follows:

1 1
g¥pe)’ = Z(1-¢)p(20)"
¢ = da® 4
T 4a®+9a® " 13
The maximum moments thus become:
_ _49 »_9 »

My = My = 13.87* = 26P%
Let us scale the loads and thereby the maximum moments by a load factor A™, so
that the central moments are on the yield surface:

.-
— <
Noggra® € My 4
. 26 M,
oyt = 51

which should be compared with the upper bound A* = 7.5 found in the previous
example. The lower bound A~ = 5.1 is also a lower bound for the von Mises
material, since the point (M1, Maz) = (M, M) is on the von Mises yield surface.

Rectangular Plates

A simple statically admissible moment distribution, which satisfies the plate equi-
librium equation (7.41) including the torsional term can be found for uniformly
loaded rectangular plates as outlined in the the following.

The equilibrium equation only includes second order partial derivatives of the
moments My, and M3, in the directions z; and z,, respectively. It also includes
a mixed second order derivative of the torsional moment M;3. The solution could
therefore he parabolic in M;; and My, and hyperbolic for the torsional moment
Mi,. Such a moment distribution is given by:

2
M = aio+ anzy + anzy
- 2
My = axp+anzy + axnz;
M2 = ag+ a1y + azzy + asziz (7.47)

where the constants «_ depend on the boundary conditions and boundary moments
chosen. Inserting the moment field into the equilibrium equation results in:

2ay2 + 2(12'2 + 2(13 +p= 0 {748)
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Fig. 7.21: Optimal choice of y for a rectangular plate.

which corresponds to dividing the load between the three moment distributions. By
analysis of the moment distribution the boundary terms are found to be constant,
as briefly described in the following. The normal moments M, = M., are constant
along the boundary. The torsional moments M, = M,, are transformed into con-
stant shear force contributions M’s,s = M,; s along the boundaries and into point
shear forces at the corners. The non-torsional shear force is Q = My, + M
and the total equivalent shear force is Q + Ms‘s = Munn + 2M,5,. Since the
partial derivative of the torsional moment is in the tangential direction this con-
tribution also becomes constant. The concentrated shear forces at corners arc
—2M, = —2M,,. The solution is treated thoroughly by Nielsen [30] for different
boundary conditions.

¢ Problem 7.1
For the uniformly loaded and simply supported rectangular plate shown in fig. 7.21,
find the optimal distance y which minimizes the upper bound for the load-carrying
capacity and compare with ¥y = a in the previous example. The geometry is given in
the figure. (It may be used that an extremum of a fraction % is also an extremumn
of the fraction of the numerator and denominator derivatives, i.e. %, where the

prime corresponds to differentiation with respect to y).

What is the upper-bound load factor if the material is a Tresca material and if
the load is p = 1 kN/m?, the distance & = 2 m and the plastification moment
My = 8kNm/m.

o Problem 7.2
Analyse the uniformly loaded angle plate with simple supports and two free edges
shown in fig. 7.22.
a) Iind the upper-bound load factor for the shown yield line lay-out.

b) Find the nodal shear forces al the two corners and state the direction of the
shear force and the corner reaction.
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Fig. 7.22: A special geometry including a negative yield line.

e Problem 7.3
Find upper bounds for the uniformly loaded square plate shown in fig. 7.23. The
plate has three simply supported edges and one free edge. Try at least two different
yield line lay-outs and optimize the best lay-out.

For the final lay-out, find the concentrated edge shear forces.
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differential equations, 58, 62, 75, 89,
94, 172, 178

differential equations for columns, 75

differential form, 22

direction cosines, 7

displacement estimation, 155

displacement magnification, 81

displacements in beams, 46, 60

displacements in columns, 72, 81

displacements in plates, 161, 174, 178

divergence, 5

divergence theorem, 6, 31, 170

dummy index, 2

effective length, 78

eigenfunctions, 71

eigenmodes, 71, 72

eigenvalue problem, 13, 71

Einstein summation, 1

elastic buckling curve, 73

elastic central surface, 160

elastic centre, 52

elastic modulus, 29, 52

elastic plate bending modulus, 167

elasticity, 28

elasticity tensor, 29, 167

energy dissipation, 186

energy principles, 30

Engesser, 82

Engesser’s column formula, 83

engineering shear strain, 20, 47, 59,
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engineering shear stress, 49, 167

equilibrium equations, 25, 26, 39, 41,
57, 58, 61, 70, 75, 89, 93, 169,
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equivalence of boundary forces, 178

Euler, 43, 67, 72, 159

Euler column, 70

FEuler load, 67, 73, 86

Euler stress, 73

Euler’s initial stress method, 69

Euler-Bernoulli beam theory, 44, 59

exact differential, 22

expanded concept, 4
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flexibility coefficient, 107
flexibility method, 106, 108, 119
flexural beam theories, 43
flexural constitutive tensor, 167
flexural elasticity tensor, 167
flexural plate theories, 159

flow rule, 185, 188

Fourier series solution, 80

free index, 2

Galerkin method, 97
Galileo, 43

gradient, 4

Grashof formula, 64
Gvozdev, 183

hinge line, 183, 190, 191
Hooke, 43
Hooke’s law, 28

imperfections, 41, 79

in-plane strains, 162, 174
in-plane stress, 163

in-plane stress-strain relation, 163, 164
indeterminate beams, 103
indeterminateness, 104

index notation, 1

initial moments, 79, 81

initial strain, 40

initial stress, 38

initial stress approach, 69, 88
integration formula, 112
internal forces, 49, 165

internal moments, 51, 165, 175
internal shear force, 51, 176
intersection point, 45
invariants, 12

isotropic expansion, 40
isotropic tensor, 11

isotropic thermal expansion, 40

Johansen, 183
Johansen’s yield criterion, 186
joint mechanism, 145

kinematic differential equations, 58, 62
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kinematicly admissible, 31, 32, 137,
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kinematics of a continuum, 17

kinematics of beams, 45, 60

kinematics of plates, 161, 174

Kirchhoff, 159

Kirchhoff boundary conditions, 177, 178

Kirchhoff plate displacements, 178

Kirchhoff plate theory, 173

Kronecker Delta, 2

Lagraingian deformation, 17

Lagrange, 159

Lagrange strain tensor, 19

Lamé constants, 29

length scale, 76

limit analysis, 137, 144, 183, 196, 207

linear elastic perfectly plastic, 131

linear elasticity, 29

linear strain tensor, 20

linearized stability analysis, 38, 87, 89

load-carrying capacity of beams, 131

load-carrying capacity of plates, 183,
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lower-bound theorem, 141, 207, 200

magnification factor, 80, 81, 86, 101

magnification of displacements, 81

magnification of moments, 81

mathemalical operators, 4

Maxwell, 108, 117

Maxwell’s reciprocal theorem, 117

mechanism combination method, 147

mechanisms, 144, 183

membrane forces, 165, 166

membrane strains, 162, 174

middle surface, 160

Mindlin, 159

Mindlin-Reisner plate theory, 160

Mindlin-Reissner, 159

Mohr, 108

moment curvature relation, 51, 132,
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moment magnification, 81

moments, 51, 166

moments of inertia, 51
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mutual displacement, 106, 107

Navier, 43, 67, 159

Navier’s formula, 63

non-linear elasticity, 82
non-linear equilibrium, 27, 93, 94
non-linear strain, 19

normal moment, 191

normality condition, 188

order of a tensor, 9
orthotropic reinforcement, 193, 200

partial collapse mechanism, 145

partial integration, 57

perfect plasticity, 137, 185

perfectly plastic material, 131, 188

permutation symbol, 3

Perry-Robertson column equation, 81

Piola Kirchhoff stress, 27

plane stress-strain relation, 163, 164

plastic flow, 188

plastic flow mechanism, 183

plastic flow rule, 185

plastic frame analysis, 147

plastic hinge, 134

plastic hinge analysis, 131

plastic hinge lines, 183

plastic virtual work, 138, 191, 192

plastic virtual work functional, 138,
192

plastification, 131, 183

plastification moment, 134, 185

plate assumptions, 161, 163, 173

plate bending modulus, 167

plate curvatures, 162, 174

plate differential equations, 172, 178

plate displacements, 161, 174, 178

plate equilibrium equations, 169, 171,
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plate section properties, 166

plate shear strains, 162

plate stresses, 167

plate theories, 159

plates, 159, 183

point loads, 206
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potential energy, 35, 40, 42, 52, 53, 90,
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practical solution technique, 198

Prager, 183
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186

principal components, 12, 13

principal moments in a plate, 186

principle of virtual work, 30, 32, 97,
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problem length scale, 76

quadratic form, 12

radius of inertia, 73

Rayleigh buckling coefficient, 97, 99

Rayleigh-Ritz method, 99

redundant internal forces, 104

redundant kinematic conditions, 104

redundant reactions, 104

referencial elastic modulus, 52

referencial plastification moment, 134,
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reinforced concrete plates, 186, 193,
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Reissner, 159

relative slenderness ratio, 74

repeated index, 1, 2

rotation, 5, 21

rotation tensor, 21

safe moment distribution, 139, 146, 208,
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section properties of plates, 166

settlement of supports, 121

Shanley, 83

shape functions, 43, 45

shear correction factors, 64

shear effect in columns, 84

shear forces, 51, 61, 204

shear modification factor, 86

shear modulus, 29

shear strains, 20, 17, 59, 162

shear stress, 49, 64, 167
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St. Venant, 159
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stable equilibrium, 36
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statical equilibrium equations, 70, 75

statically admissible, 34, 109, 139, 141,
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statically determinate beams, 103
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stationary energy, 36, 38

stiffness coefficient, 108

stiffness method, 106, 107

strain components, 20, 47, 60, 162,
174

strain energy density, 35

strain tensor, 19, 20

stress, 23

stress components, 24, 25, 49, 164

stress resultants, 49

stress veclor, 24

stresses in a plate, 167

stresses in beams, 62

strip method, 209

summation index, 2

superposition, 104

support settlement, 121

sway mechanism, 145

temperature effects, 40, 123, 125, 126

tensor, 9

tensor of inertia, 10, 51

tensor of strain, 19, 20

thermal effects, 40, 123, 125, 126
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Timoshenko, 13

Timoshenko beam theory, 44, 56
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Lransition equations, 51
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transverse shear forces, 165, 166
transverse shear stress, 64, 167
Tresca’s vield criterion, 186
trial functions, 96

undeformed base, 17

uniformly compressed columns, 70
unit load displacement formula, 110
unit load method, 109
upper-bound theorem, 138, 196

variation, 35, 53, 169

virtual concept, 30

virtual displacements, 30

virtual force, 109

virtual hinges, 136-138

virtual internal forces, 109
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virtual stress, 34
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yield function, 185, 186

yield line lay-out, 183, 202

yield line moment, 191

yield line theory, 183
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