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Motivation

® Low complexity and near optimal inference algorithms for

linear observation models
K
y=Ax+e, € ~ N(€l0,0°1) , XNHPk(Xk)
k=1

A: N x K, known and drawn from known matrix ensemble
CNK>1

s}
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p(yil(Az)1) p(y2|(Az)2) plys|(Ax)s)
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Loopy BP

p(yil(Az)1) p(y2|(Az)2) plys|(Ax)s)

® Local Cavity Argument:

hnyk = ZAnIXh X1 ~ My n(x1)
Ik

® Due to CLT, h,\« is approximated
by Gaussian.
® This leads Loop BP to Loopy EP

mi—n(xi) & p(xi) H Mim—s1(x1)

m#n



Loopy EP

p(y1l(A2)1) p(yal(Az)2) p(ys|(Ax)s)

p(yal(Ax)n) T micsn()asa

IeK\k

-

Mn— ik (Xk)

X/2 + ’Y/—mX/)

2

( )\/~>n
—exp | —

mi—n(x1)



Define
qk(Xk Xk) H Mp—k Xk)

neN

Let &x(xx) & N(xk|px,02) such
that
e = Bl g()]

i = Var[x|q(xc)]
Then loopy EP update rule is
Mn— ik (Xk) :/ (val(Ax)n) H mi—n(xi)dxi Miosn(Xk) = G (xi)

lek\k Hne/\f Mk (Xx)

)\/~>n

2

mi—n(x)) = exp (— P+ ’W—mX/)



Approximate message passing (AMP) [Donoho et al 2009]

Assume A, zero mean-iid, Aiik =1/N, N,K — oo, a = N/K finite

Reduces the number of messages to N + K means.
B = (Ath + Mt)
Z'=y—Au'+ é (nha(AT2 7 4 T2
with (u) 2 3% we/K.

ne(rk) and ni(xk)/7 are (in some cases) the mean and variance of
(Krzakala et al 2012)

(i) = pic(xi )N (x|, 1/7)

® Return to 7 when discussing EP and S-AMP



EP [Minka 2001], [Opper and Winther 2000]

p(y|Ax)

Define
(k) = prc (i) M- (k)

Let &x(xx) = N(xx|ux, o2) such
that
pue = Blxi] qr ()]

or = Var[xe|q(xx)]

p1(~771) p2(372) P3(I3) p4(-7174)
Then EP update rule is

ar(x)

My k() = /p(yAX),lx_[\kaN(X/)dX/ i (k) = m—k(xe)
€

A
mi—n(xk) = exp (*%Xf + 7ka)

6

17



S-AMP

® generalizes AMP for arbitrary (orthogonally invariant) matrix ensembles.
ptt = (ATZ 4 pf)
Z'=y—Au' + <1— tll) zit
Sa
70 2 8a (- (rlos(Az 1 )

Sa denotes the S-transform (in free probability theory) of the limiting
eigenvalue distribution (LED) of A'A.

® Indeed when the entries of A be iid with zero mean variance 1/N:

1

Sa(w) = TFw/a

which yields AMP iteration steps.



EP—S-AMP: Start with EP Update Rule

mN—»k(Xk):/P(HAX) H my—n(xi)dx

IeX\k
_ Ak 2
min(xk) = exp _7Xk + Vi Xk
k() 22 pr(xi) M-k (xx)
my—k(xk) = Ge(x)/ mMe—n(xk)

pi(z1) pa(z2) p3(zs) pa(z4)

® Let J=ATA/0% and 0 = ATy /c?. Define
T=AN+J)" p=x0+7)

® Then we have

1 1
my—k(xk) = exp {_E (ﬂ = /\kk) x; + (% - ’Yk) Xk}



EP — S-AMP: Use AMP Notations

Let 7 = %kk — Nk and ki = (% —’yk)/‘rk.
Hence we can write

mN_>k(Xk) =] N(Xk‘lik, l/Tk)
Write gi(x«) in the form of

k(Xk)N(Xk|KJk, 1/Tk)
Z(Fik,Tk)

a(xi) = 2

® Define
1 Jlog Z(kk, Tk)
+ —_— = N Y T
Tk alik
2 On(kk; k)
8I€k

n(kk; Tk) 2 Kk
7' (ki %)

where 1(rk; k) and 1’ (kk; k) /T are respectively the mean and the
variance of gi(x«) [Krzakala et.al. 2012].
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EP — S-AMP: Move to ADATAP [Opper and Winther 2001]

® Note that

p=MN+D)"(v+0) <= N+Dp=~v+6

10/17



EP — S-AMP: Move to ADATAP [Opper and Winther 2001]

® Note that

p=N+0)""y+0) <= AN+Np=~+6

® Putting everything together leads EP to

te = 1(Kk; k)
1
k=3 Z Ank (yn = ZAn/,u/> + pk
neN leKk
1 Tk
- A A=
Te= 5 wo M= T Tk

exactly coincides ADATAP for the linear observation models.

10/17



EP— S-AMP: Apply Adaptive Damping

Define

A 1
Znk = m Yn — Z An//J/I .

leK

Using this definition we “devise" the following identity:

Znk = Yn — Z Anpir + (1 = 0°74) Zn k.

e
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EP— S-AMP: Apply Adaptive Damping

Define
1
Zn,k = m <}/n - é,c Aml“) .

Using this definition we “devise" the following identity:

Znk = Yn — Z Anpir + (1 = 0°74) Zn k.
lex

Doing so leads to

Hik =1 (Z AnkZn i + pk; Tk)

neN

Znk = Yn — ZAn/u/ + (1= 0°7k)znk
e
1 Tk
== — M, A= —F
Tk T Kk s kk o)

Tk

This equations can be thought as a finite size interpretation of AMP.

11/17



EP— S-AMP: Invoke Self Averaging Ansatz [Opper and Winther 2001]

® We can recover self-averaging matrix ensembles 74 — 7 :

_ 0
= (097 =

Indet(A + J)

° by using

L |0 det(A+J) — %EJ [Indet(A+J)] for K — oo

x|
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EP— S-AMP: Invoke Self Averaging Ansatz [Opper and Winther 2001]

® We can recover self-averaging matrix ensembles 74 — 7 :

Y= [(A+H7'], = Indet(A + J)

7]
0Nk
° by using

% Indet(A + J) — %]EJ [Indet(AN+J)] for K — 0

® Doing so leads 7« to 7 that is the solution of

2 1 <n'(Atz+p;7) >
sRa | -

oT=— o
o o°T

Ra is the R-transform (in free probability theory) of the LED of ATA and

z=y—Au+(1—0°7)z



EP— S-AMP: Move to S-transform

® Recall that

o2t

— (AT ]
U2T:RA< <7'(A z+/m)>>

® By invoking the fact [Haagerup and Larsen 2001]

1

Sal“) = Ra(eBa@))

® we have
1
Sa(— < (Atz 4+ ;1) >)

2
o°'T =
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EP— S-AMP: Move to S-transform

Recall that

o2t

— (AT ]
U2T:RA< <7'(A z+;m)>>

® By invoking the fact [Haagerup and Larsen 2001]

1

Sal“) = Ra(eBa@))

® we have
1

Sa(— < (Atz 4+ ;1) >)

2
o°'T =

® this completes the mapping at "fixed points":
pn=mn(Az+pr)
1
z=y—-Apu+(1-—)z
SA

sa=Sa (— <’I7/(ATZ + u; 7')>)

13/17



What is S-AMP?

* In summary

Mt+1 =n (Afzt + Ut)

Z'=y—Ap' + (1—}_1) !
Sa
572 S0 (~ (rta(A12 4 )
where n¢(x") = n(x*; 7*) and
¢ 1
025, (_ <77’(Ath 4 ”t;Tt)>)

® Oops, S-AMP includes a hard fixed point equation.

® As a matter of fact we don’t know what is the best update rule for 7*

14 /17



A Variant of S-AMP

® By making analogy with the state evolution formula [Bayati and
Montari 2011]

urﬂ =n (Ath _’_Mt 7~_t)

Z'=y— Au' + (1 = st11> !
A
sl a SA( < /(ATZt—1+p’t—1;7~;t—1)>)

7' is updated by using the solution

where 7
7= !
02Sa (_ ;il <n/(Ath—1 4 Ht_l; 7’:t—1>)
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A Variant of S-AMP

® By making analogy with the state evolution formula [Bayati and
Montari 2011]

urﬂ =n (Ath _’_Mt 7~_t)

1 _
ztyAutJr(ltl)zt !
Sa

t 1 A SA( < /(ATZt—1+’l’t—1;7’:t—1)>)

where 7' is updated by using the solution
~t 1
T = =
02Sa (_ ;:i1 <77/(ATZ:—1 + ptL; 7’:t—1>)
° e

o2 o27t—1

" 1 " ( <n/(ATZt1+Mt1;7~_t1)>>
= —Ra —

15/17



Application: Row Orthogonal Ensembles in Compressed Sensing

® A random row orthogonal ensemble defined as
A=a"iP,0, a<1

where P, is the N x K matrix with entries [P.];j = djj, Vij.

® In this case we have

14z
Sa(z) = Ttz/a
z—a+/(a—2)?+ 402z
Ra(z) = (a—2)

2az

16
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Simulation Results

® Let pi(xx) = (1 — p)d(xx) + pN(x«|0, 1), with p € (0, 1).
® For the closed-forms of n:(-) and n;(-), see [Krzakala et.al

nmmse(t)-[dB]
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zero-mean ensemble (dashed curves).

and Vekapera 2014]

L
30

Confidence intervals (Cls) are also shown for a2 = 1/3.
We set 0> = —20 dB and p = 0.1, and K = 1200.
The numbers in the plot are the predictions of replica theory [Kabashima

. 2012].

S-AMP for the row orthogonal matrix ensemble (solid curves) and the iid
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