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Abstract—We present an approach to random access that is is treated as a sum of packets and, instead of being disgarded
based on three elements: physical-layer network coding,gature jt can be buffered and reused in a SIC-based decoding. We

codes and tree splitting. Upon occurrence of a collision, pfsical-  jstrate this through a simple example, in which the reegi
layer network coding enables the receiver to decode the sunfo . . . . '
signals in the first two slots are:

the information that was transmitted by the individual users. For
each user this information consists of the data that the usewants
to communicate as well as the user’s signature. As long as no Yi=X1+Xo+ 2y,

more than K users collide, their identities can be recovered from Yo = Xo + Zo, (1)
the sum of their signatures. A splitting protocol is used to @al

with the case that more than K users collide. We measure ;he whereX; and X, are the two useful signals (packets) and the
performance of the proposed method in terms of user resolutin

rate as well as overall throughput of the system. The results Z1, Z» are noise signals. The received sigialis buffered,

show that our approach significantly increases the performace and, if X» is successfully decoded from the singleton slot
of the system even compared to coded random access, whereys, it can be subtracted (i.e., cancelled) fram, effectively

collisions are not wasted, but are reused in successive imterence  reducing the first slot to a singleton. The receiver procésds
cancellation. attempting to decodeé; from the noisy signalt; — X, =
X1+ Z.

An important constraint of coded random access is that the

Uncertainty is the essential element of communicatiarseful signals must carry embedded pointers that inform the
systems. In an information-theoretic setting, uncenaiist receiver where their replicas occurred. In the above exampl
associated with noise, while in the context of communic#he replica ofX, in Y> has a pointer that indicates that another
tion protocols, uncertainty is associated with traffic ¢ty replica occurred irt7, so that the receiver, after decodilfg,
arrivals at the users. A canonical example of the latter énsealso learns that a replica of, can be cancelled fronk;.
in random access protocols, used for handling transmissigknother important aspect of coded random access protocols
of users to a common receiver, e.g., a base station, oveit ¢hat the receiver buffers analog signals that contairsewoi
shared wireless medium. Random access is necessary whertH#iece, the uncertainty brought by the noise persists whée t
total number of users associated with the base station s verotocol resolves the uncertainty about the set of actiegsus
large, but at a given short time interval, the number of &ctiv This is fundamentally changed by applying the ideas of
users that have packets to transmit is small and a priori reltysical Layer Network Coding (PLNC) to the problem of
known. Such is the case for, for instance, wide-area netsvorlandom access. The key idea in PLNC is to decode a function
of sensors, where each sensor has a sporadic traffic pattefnmultiple received signals, rather than decoding the-indi
The goal of random access protocols is to enable each of théual signals. Such operation is termed denoise-and&gaw
active users to eventually send her packet successfully.  (DNF) [4] or compute-and-forward (CF) [[5]. Let us reuse

Traditionally, random access protocols have been desigribd example[{1) and assume tH&% and W, represent the
under thecollision model: when two or more users transmit atdata bits that are mapped to the baseband sighalsand
the same time, a collision occurs and all involved transimiss X», respectively. Upon receiving; from (T), the base station
are lost. In other words, collisions are considered desueic stores the bitwise XORV; @ Ws. If X (Ws) is decoded from
and the information that is contained in them as irrecoverabY>, then W is recovered by XOR-ingV, with the stored
Therefore, the objective of classical random access potipc signal W, @ W,. We can, therefore, say that the use of DNF
such as ALOHA[[1] or splitting tre€e 2], is to ensure that eactCF) removes the uncertainty of the noise from the protocol
user gets the opportunity to send its packet without colisi and deals only with the uncertainty of the contending set of
Recently, a generalization of the collision model, obtdibg users.
including a more elaborate physical-layer model, bringth&n ~ Another limitation of coded random access is that the
possibility for Successive Interference CancellatiorC)Sdnd receiver must wait until it successfully decodes a paclanfr
gives rise to a new class of protocols, termed coded randamsingleton slot in order to start and maintain its operation
accessl[[B3]. The main feature of this model is that a collisidfor example, let the receiver get the following signals ia th
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first three slots: contending users towards the state in which each user gets th
opportunity to transmit without interference from the athe

o= X+Xo+ 2, On the other hand, the use of signatures and PLNC generalizes
Y = Xi+X3+ 2, the concept of collision by allowing the receiver to have
Y5 = Xo+ X3+ Zs. (2) metadatai(e., knowledge of the set of colliding users) about

: . . the observed collision. This feature fundamentally charibe
These are threg (nc_nsy) equatlons_ with three unkrm"VBBjeCtive of a CRA: the set of contending users should be
X1, X, X5 and, in principle the receiver should be able 19 o, 'in 4 state where the receiver gets a sufficient number
recover all three_ signals by using the same tech_mq_ues U bquations in the finite field in order to be able to decode
to decode multiple st_reams n a MIMO transmissidn [6111e users’ data. We provide details on the basic tradeofis an
How_ever, recall that in a setup with random access, "fechanisms that needs to be considered for a CRA based
receiver has no knowledge about the set of transmittingsusel . o nc and signatures. The results show that the use of

gg'X n th;stc?se E;oets nlf[):[[hknO\;v e |sdse{1t n s_l(:tﬂ and_ signatures is significantly reducing the average time regui
’ QYmE (;(S a; c'je C.deX ere ((j)rle neef S o;\:m Ol;eg‘zvzto extract useful information from the collisions and tHere
€.g., ¥4 = A1+ 24, d€COCEA, and leam from the embedde improve the overall throughput of the system.

pointers in which other slots ha®; been sent, such that it The idea of using SIC in framed ALOHA setting was

can be canceled. This fundamental limitation of SIC-bas%j t proposed in[[T1]. The analogies of SIC-based ALOHA
random access sets the motivation to introduce PLNC-ba | erasure-codiﬁg tﬁeory were identified in[12], esttilig
rf_;mdom access with signatur_es; [7]. For example (2) and e paradigm of the coded random access thélt was further
S|mplest_ case oF; functlons,_ n PLNC-baged randqrr_l acces8eveloped in[[113],[[14],115]. It was shown that coded random
the receiver stores the following three (noiseless) dibitzary access achieves throughputs that asymptotically tend Tod.

signals: highest non-asymptotic throughputs were, so far, reparted
Vi = Wi W, [16]; e.g., when number of contending users is 1000, the
Vo = W)@ Ws, expected throughput is 0.88.

The use of SIC in the contention resolution framework was

Vs = W20 Ws ®) first investigated in[[17]. Here it was shown that enhancing
In this way the receiver observes a noiseless XOR multipiiee original tree-splitting schemél![2] with SIC doubles the
access channel. The main idea of random access using PLaggmMptotically achievable throughput to 0.693. Another ap
and signatures is that the—th user applies the following proach was suggested in [18], where SIC was employed over
communication strategy: she prependsignature W7, con- @ set of partially split trees, and optimization was perfedm
sisting of predefined number of bits, to the pure ddtg over the splitting strategy that favors fast SIC evolutidhe
in order to obtainTV,. The signature is based on a codé&eported throughputs for the presented design examplein [1
that has the following property: if at mogt users transmit are close to 0.8.
in a given slot, then from thénteger sum of the signatures  Finally, the use of PLNC for random access was studied
Wi+ Ws +---+ Wil L < K, the receiver knows exactly in [19], [20], [21], [22], [23], [24] in which it was assumed
which transmitters have contributed to the XOR-ed dataestorthat the receiver knows which users are active in each shat. T

in the present slot. In other words, the sum: use of physical-layer network coding and signature codes wa
I considered in[[25] for broadcast in networks. The combarati

Z W (4) of physical-layer network coding and signature codes for

=t random access was introduced|in [7]. In][25] as well[as [7] it

was assumed that the number of contending users is bounded.
i ) A In the current work we leverage this assumption and design a
g]f?e:etﬁzl\;ﬁ'rr(\;v!lc?te ?rt\)(leerteocg'e Z?i?;:%é?:ggdﬁlhga;aszee?CRA that can deal with any number of contending users by

! ' v ' u incorporating tree splitting.

users_ser_1dmg in a slot is larger thanh and the stored_XOR The paper is organized as follows. In Secfidn Il we introduce
combination cannot be used for decoding based on signatures :
) . . our model. In Sectiof Il we present some results on PLNC,
It may, however, still be used further in the decoding preces . e : :
S signature codes and tree splitting that will be used in the

as detailed in the sequel.

In this paper we leverage the idea of PLNC-based rand remainder. The proposed strategy is presented in detail in

. ) . . ection[IV. The performance of the strategy is analyzed in
access and design a Contention Resolution Algorithm (CR : b : rategy yzec
. . : ction(\Y. The discussion and concluding remarks are given
that uses signatures. In contrast to collision avoidanee pt

. . R in Section V.
tocols [1], contention resolution protocols! [2],] [9],_[1@fe
efficient in terms of resolving collisions when they occuneT II. M ODEL AND PROBLEM STATEMENT
conventional contention resolution algorithms drive tbé af

is uniquely decodable if. < K. Referring to the exampl&](3),

We consider a system that has a total\éfdevices (users).
LThis integer sum is obtained from the PLNC outgBt"_, W7, by making Each of the users is .aSS|gned a unique identity fro_m the set
use of a result by Nazer][8]. {1,..., M}. For notational convenience in the remainder we



assume thaf\/ is prime. Each user sporadically gets a datahich is required to have a nontrivial computation rate over
packet that needs to be sent to a receiver that is commorni forthe multiple access channel, as seen in the next section. The
users. The users that have data to transmit wait for a beaceader may object that the actual transmitted power by the
sent by the common receiver, which marks the start of tlhuser can be much higher thdh since each user inverts the
contention process. In our model, the probability that a usehannel. This can be addressed by assuming that a user that
has a packet to transmit when the beacon is sept here observes a channel with,,,| lower than a threshold, does not
p is rather smallj.e, pM << M. join the set of contending users; in that case the probgbilit
Let £ denote the set of contending userg,, the set of also accounts for the fact that the user channel is suffigient
users that have a packet to transmit, andllet= |£|. The strong, in addition to the assumption that the user has agpack
receiver does not know, otherwise the contention problemto send.
would have been trivial - the receiver would simply schedule For simplicity, as it is common in PLNC schemes,
the users fromC. The scheduling can be based by asking thee assume that the channel input/outputs are real,
users to transmit with rates that correspond to a certaintpoiX,,(7), Z(7),Y (7) € R. The results are readily transferable
within the achievable region of ah—dimensional multiple to the case of complex symbols, by doubling the number of
access channel. However, the receiver does not kcand bits per channel use.
cannot make such a scheduling. In some cases our interesthe goal of this paper is to devise a protocol that allows
will be in the performance conditioned on a number of activihe receiver to retrieve both the identities and the dat&etac
usersL = |L|. Note that in that case onlf. = |£| is of of all active users. The constituent elements of the prdtoco
importance. Since the packet arrivals across the set o usare the use of contention resolution mechanism across slots
are independenti, has a binomial distribution: the probabilitydealing with randomness of the user activity pattern, ared us
that L users are active is denoted kL) = P(|]£| = of forward error correcting code within slots, dealing with
L)y = (3p*(1 — p)M-L. For notational convenience, letnoise. With respect to the latter, we ignore finite block téng
g0 = q(0) = (1—p)M. We will be interested in the probability effects and assume that forward error correcting codesatger
of having L active users conditioned on the fact there is at leasith zero error at any rate up to and including capacity. As a
one. We denote this probability k() and it readily follows consequence, the task for the receiver is to recover allgisck
thatG(L) = P (|£] = L||£] > 0) = q(L)/(1 — qo). We will with zero error probability.
express some of our results in termspfa, b), the regularized  We are interested in the following performance parameters.

incomplete beta function, which is defined &&c; a,b) = By S(L) we denote the expected number of slots that the
B(z; a,b)/B(1; a,b) with B(x; a,b) = foz ta=1(1—¢)*~1dt. protocol uses to resolvé contending users, where the ex-
The reason is thazfzoq(L) =hL_,(M—-K,K+1). pectation inS(L) is w.r.t. the randomness in the contention

The data packet of each contending user consistd of resolution mechanism. BR..(L) = L/S(L) we denote the
bits. The channel coefficient between the-th user and the expected number of users that is resolved per slot. We ave als
receiver ish,,. Due to reciprocity, the contending device isnterested inR.., obtained by averaging...(L) overL, i.e.,
capable to estimate the channel grdcode its transmission M
by transmitting t_he signazl’,‘l—zﬁ. The time starts at = 1 and Rres = E[Rres(L)|L > 0] = Z Lq(L)_ (7)
the 7—th transmitted symbol by thev—th user is denoted by =1 S(L)

Xin(7). Hence, at the —th channel use, the receiver ObserVeﬁurther, we are interested in the effective number of bis ith
Y(71) = Z Xon(T) + Z(7), (5) transmitted across the channel per channel ueg iet rate),
mer denoted byR,.:(L). Taking into account thal. users each

where £ is the set of active, contending usets(r) is the transmitD bits in a total ofS(L) slots that each consist é¥

Gaussian noise with unit variance. Each user transmitseat fijannel uses we have

same rate (in bits/channel use) and one packet transmisaon Rue(L) = LD Rres(L)Q- )
a duration of adot that consists ofV channel uses. At the S(L)N N

end of each slot, the common receiver provides feedbacleto tjnally, we are interested in the net rate averaged dvére.,
users. This feedback is instantaneous, error-free andveete 7, — E[R,..(L)|L > 0].

by all users. We do not impose any constraints on the amount

of feedback that can be provided; we will explicitly specify Il. PRELIMINARIES
how feedback is used later in the paper. A. Sgnature Codes
Further, we will assume that the signal of each user needsye are interested in signature coding for the multiple agces
to satisfy an average power constraint in each roiwed, adder channel withy-ary inputs and additions over integers,
1 X ) when up toK random users, out of totdll users, are active.
N Z | Xm(T)]” < P, (6) There has been a lot of work investigating the case when the
=1 signature symbols are binarye.,, ¢ = 2. A summary of the
for all m € {1,...,M}. We will assume that” > 1, such known asymptotic results has been presented in [26]. Howeve

that the Signal-to-Noise Ratio (SNR) is also larger than, oniae case of generagl has been significantly less studied.



p
In this paper, we adopt Lindstrom’s signature coding con- NoiselessF, adder channel
struction, as presented in_[26, pp. 42 - 43]. The constroctio

is designed for the case that the number of usersis a  _ |
prime number; ifM is not prime, one could design signatures

for the smallest prime number larger thad and use just

M signatures. For easier exposition, we have assumed in AWGN
Section[D thatA/ is prime. The construction is performed Multi-access H
as follows: Choose integers, ¢ = 1, ..., M such that Channel
e =a+b;,i=1,..,M, (9)
2o -
whereq is a primitive element of,,;x andb;, i = 1,..., M,
. J

are elements dFA,IE It can be shown that: (i) integess, i =

1,...,M, exist, (i) 0 < s; < M* —1 and, most importantly, Fig. 1. Physical-layer network coding (PLNC) results in isatessF, adder
(i) the sums of subsets of; of at most cardinalityX’ have channel. K = 2 users)

unigue valuesi.e.,

Z 5i # Z Siy (10) suitable choice of the forward error correcting codes as wel
i€Uy i€Usz as the decoding mechanism that is used by the receiver. In
for any Uy, U C {1,...,M}, |Uh] < K, |Us| < K and this section we provide a short introduction to_physicabla
Uy # Us. network coding and a result from[5] that will be needed

The signature of useris denoted byiV?. It is a sequence Iate_r. There are various anglgs at which physical-layenvum
of symbols taking values frof0, . .., g— 11} in which the first coding be approached, for instance denoise-and-forwaijd [2
symbol has valud and the remaining symbols are theary ©F compute—gnd_—forvv_ard [5]. A survey of. these and other
representation of the integer. Recall from Sectiofl | that the @PProaches is given in [28] and [29]. In this paper we adopt
receiver will be dealing with the symbol-wise addition (ovetn® compute-and-forward framework as developed by Nazer

the integers) of signatures. Since the first symbal fer all and Gastpar in_[5].

users the receiver can immediately detect how many users ard! Order to formulate the result fror|[5] that we need in the
active and, therefore, determine whether the sum of sigestu'€Mainder we consider an arbitrary numberofransmitters.

s, is uniquely decodable. It is shown i [26] that in that caseSer¢ has datdV, to transmit, where

also the symbolwise sum of thé’? is uniquely decodable. We = (We(1), We(2), ..., Wi(k)), (14)

The number ofy-ary symbols in the above signature code is _ _
with We(j) € F,, ¢ prime. Each transmitter uses the same

Mog,(M* —1)] +1 < Klog, M +2. (11) linear codeF to encode the data into real-valued channel input
bﬁa[tslengthN (i.e, the length of a slot) that satisfies an average
power constraintP. Let X, = F(W,) denote the channel
input of user?. The decoder, upon observing= Zle Xe+
Z attempts to decodeP, W (1),...,6p, Wi(k)), where@
denotes adition irf,. In this sense, the receiver recovers a
Ny, <log, (Klogq M + 2) < (K 4+ 2)logy M, (12) function (namely, the sum) of the original messages, wtsch i

) . . why this approach is referred to as computation coding. In a
which holds if¢ < M. From above, we have the followinggase  as illustrated in Figute 1, we turn the AWGN channel
result. in a noiseles¥, adder channel.

Theorem 1 ([26]. pp. 43) If ¢ < M there exist g-ary K-out- We denote byR,,,. the rate ofF', i.e., Rpime = kN~ !log, g

Since all rates in this paper are expressed in terms of
per channel use we express the lengtiigf in terms of the
equivalent number of bits. Le¥,, denote the length ofV?
in terms of bits. We have

of-M signature codes that satisfy bits per channel use. We will refer . as the computation
rate and say that it is achievable if the probability of dengd

Ny < (K +2)logy M. (13) erroneously can be made arbitrarily small by increasinghe

B. Reliable Physical-Layer Network Coding next result follows directly from the main result in [5]. Weau

_ i the notation
Another key ingredient of the random access strategy that

is proposed in this paper is to employ physical-layer networ logg (z) = log,(x), if z>1,
coding (PLNC),i.e, to organize the physical layer in such a 2 0, otherwise.
way that the receiver can reliably decode sums of messaq%se o

that are simultaneously transmitted by users. This regure rem 2 ([, Theorem 1) For the standard ANGN

multiple-access channel the following computation rate is

2More precisely, in[[B) we assume summatioffify x , where, with a slight achievable: 1
abuse of notation);, i = 1, ..., M also denote corresponding elements from Rplne = = 10g3_ (P). (15)
Farsc. 2



The above result does not exactly match the achievable rate ¢
as given irl[5, Theorem 1], which i$log (L + P). Since
we will be dealing with an unknown number of active users, it Sttt Sttt
we use a lower bound on the computation rate, obtained foq (signature encod%r
|
|
|

L — oo, which is valid for any number of active users.

The signature codes that we introduced in Seclion JII-A
operate over the adder channel wigkary inputs and ad-
ditions over the integers. It is important to note that the
computation code as described above does not provide an
adder channel, but instead provides additions in the finite:
field F,. Therefore, we need an additional result that enables
us to lift the computation code result to an integer adder — T T T T+
channel. Such a result is provided by Nazer [in [8]. The ’
result states that once the receiver has successfully ddcod
@D, Wi(1),...,0, Wi(r)), i.e, the sum oveif,, it is also
possible to recover the integer sum. To state the result more — T T T T T T T T
precisely, we create a mapping between the elements, of ’ ‘
and the integer$0,1,...,q — 1}. Since we considey prime
such a mapping is trivial. Indeed, additionslip are mod ¢
operations and the elementslof are naturally identified with
the integers{0,1,...,q — 1}. With slight abuse of notation
we denote by(>", Wi(1),...,>, We(r)) the sums of the
integers that are identified with tfig, elementd¥/, (k). It was
shown in [8] that atRi,. as given in Theorer 2 the receiver
can retrieve the integer subn,, W,.

A,
T T T T T T
’ wy | wi PLNC encode

1 1 1 1 1

Encoder

Fig. 2. lllustration of the encoder for usérin one slot.

C. Tree Splitting

PLNC decodeﬁ

We briefly outline the basic binary tree-splitting algonith
under a collision model [2]. LeL denote the set of active ,
users and. = |£|, 1 < L < M, denote the number of active | ’ SR | : @ o
users. In the first slot all. users transmit a packet. f =1 | L4 AN
the receiver successfully decodes the packet of the user and

|
|
|
|
|
|
|
|
|
|
|
the contention period ends. > 2 a collision occurs and | ! l
|
|
|
|
|
|

the receiver does not obtain any useful information. Thesuse, @@r
probabilistically split into two groupg; and£,. The splitting |

is uniform at random and independent over usess, each Decoder
user flips a fair coin to decide on the group to join. Both -------F----------4----------
groups then contend for the medium in the same fashion: first !

the users fromC,, then the users fronf,. The splitting is 1,2,3 sowd
done recursively, eventually leading to an instance in tvhic
only a single user is active and her transmission is suaagssf Fig. 3. lllustration of the decoder in one slof & 3 users).

received. The algorithm continues until the transmissiohs

all active users front are successfully received. By means of

feedback after each slot the receiver informs the usershehet IV. PROPOSEDSTRATEGY

there was a collision, a single or no transmission presentWe start with an overview of the proposed random access

directing the future actions of the contending users. strategy. The strategy operates in rounds; in each roued, th
The above described tree splitting and its variations weagtive users transmit the PLNC encoded concatenation of the

thoroughly analyzed in the literature, assessing the perfgignatures and payloads. Use of PLNC enables the receiver to

mance parameters such as throughput, delay, and stabhiigy. reliably obtain theg—ary sums of the user transmissions, As

work closest to ours is presented [ [9], the most importaling as there are at mo&t active users, the receiver is able to

difference being that we consider a generalization in whiamiquely decode their signatures, detect which users direac

the collision occurs ifL > K, where K > 1. In other words, and exploit this information to direct the active users taiga

the use of signatures in the proposed protocol allows fauctlir solving the linear combination of their payloads.

exploitation of the slots containing up f6 user transmissions, The receiver is also able to detect when more thansers

and not just singleton slots. The related analysis, whisl alare active. As explained in Sectibn IIIFA this is enabled g t

covers the special cagé = 1, is presented in Section V. first symbol of the signature that is fixed to one for each user.



By observing the integer sum that is decoded in this position
the receiver directly learns the number of active usershif t
number is larger thar, the receiver instructs the users to
randomly split in two groups and the strategy is then exetute
in a recursive fashion for each of these groups. We proceed 20 |
by presentation of the details.

A. Encoder 2

Referring to Figuré12, leW; and W denote the strings
representing the signature and the data payload, reselgctiv 10 -
of the active user. According to Theoreni]1, the number
of bits in a signature is not more thak + 2)log, M. The
concatenation of signature and payldéd = W; || W is used
as the input of a PLNC encoder. Recall from Secfion 1II-B that

the PLNC encoder applies a linear forward error correcting 0

code, the same codg for all users. The output of the PLNC L

encoder, denoted by, = F(W,) = F(W;|WJ), is a

channel input of uset. Fig. 4. S(L) and its bounds for various values &f. Upper and lower bounds

in dotted and dashed lines, respectively. Exact valueS(df) in solid lines.
B. Decoder

The decoding operation is illustrated in Figdré 3. The _ _ _ o
receiver observe¥’, which is areal sum sum ofX,, £ € £ resolution phase. The users with vaRievait until this phase

and additive noisez, ends and start another contention resolution phase aftégswa
If there are more tharl users in one of these groups the
ZF(WE) + 2. (16) splitting procedure is applied recursively.
teL In the next section we analyze the proposed strategy,
It uses a PLNC decoder to decotfeand obtain parametrized on the values df. Note that casel = 1
reduces the scheme to the traditional tree splitting padtoc
g%Wg, (I7) " that was discussed in SectibnTll-C.
which decomposes into the sums of the signaté@gs . W7 V. ANALYSIS

and the sums of the codeword®, ., Wy. Recall from
Sectior1lI-B that, once we have obtained the spiyp_ . W7
over the finite fieldF,, we can also interpret the elements of We provide an analysis in terms of a recursive expression
W, as integers and recover the integer shimp. . W' for S(L), the expected number of slots in a contention period
Since the first symbol in the signature of all userd,isve in terms of the number of active useks We start by stating

directly obtainL = |£|, the number of active users, from thghe main result of this section; the proof is omitted due to
first symbol in}",. . W;. If L < K, by the property of the space constraints.

signature code we obtaif itself. If L > K no information

1
aboutL can be obtained in this round. o =1+ T (18)

C. User Resolution for L < K " 1 2 1
< B =1+ + + —. (19)
If L = |L£| < K the receiver has exact knowledge 6f (K+D@E2F-1) K+1 K

Moreover, it has received the sum of the messaddes, W¢.  Theorem 3. S(L)=Lif1<L<K,and,for L>K
By making use of the feedback mechanism to the users, the o

A. User Resolution Rate

receiver ensures that in the nekt— 1 roundsL — 1 of the o L—-1<S(L)<pg*L—-1. (20)
users inL are individually transmitting their messages. This . _
can be achieved by, for instance, signalling the identitgrod In Figure[4 we have illustrated (L) as well as the above

the users in the feedback at the end of a round. In that case Rgnds for various values df’.

feedback acts as an ACK as well as a scheduling mechanismf;rom Theoreni]3 we derive results @, the expected
number of users that is resolved per slot.

D. User Resolution for L > K .

In caseL > K the receiver signals this fact via feedbac Theorem 4 - The expected number of users that is resolved
All users in £ now participate in a splitting protocol with per round is lower bounded as
uniform splits into two groups. Each user independently of B p(M—K,K+1)+ I,(K+1, M- K) — 8"
the other users draws a uniformly distributed random numbéfres = (1—q0)p3 ‘
from {1,2}. All users with valuel enter a new contention (21)
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Fig. 5. Lower bounds omR,.s, the expected number of users that is resolvegtig. 6. Lower bounds 0Rnet. In dashed line the upper bound @,cs.

per slot. (4 = 1031) In dotted line the valud /2 logy (P). (M = 1031, p = 3/M, P = 102)
Proof: We have R is at least
M MM L
- L . B> L(] _ p\M~-L
Ries = —q(L 22 net = Z ( )p ( ) T
;5@)() (22) 21 51
K M I logg (P) D 27
> G(L —q(L 23 ’
_LZ:lq( )+L:2K:+15*L_1Q( ) (23) 5 (K+2)log, M +D

X v Finally, we consider an information-theoretic upper bound
> (1 - o)~ Z (L) + 1 Z (L) — o oNn Ryet, i.€, an upper bour_1d that must b_e satisfied by any
- = B* Pty protocol. The bound is obtz_;uned by assuming that the receive
(24) knowlslwh|ch us,ers s_rehgctlve f':mdI thgt th((ajs?j ubser?] can employ
N « a multiuser code which is optimaly decoded by the receiver.
_ By (M K K1) + (K41, M~ K) — gof . Under these assumptions the problem reduces to a standard

(1~ q0)8* o5 Gaussian multi-access channel. The sum rate that can be
(25) used byL active users iRyet(L) < 1log, (1+ LP). This
m mmediately leads to
The result is illustrated in Figuld 5 as a functiongffor . M ar 1
various values op. Rpet < Z (L )pL(l - p)M*L§ log, (1+ LP). (28)
L=1
B. Rate in Bits per Channel Use In Figure[® we have illustrated our lower bound By, as

a function ofD, the size the data packet. In addition, Figlre 6

In the previous subsection we analyz&l..(L), the ex- illustrates the upper bounf(28).

pected number of users that is resolved in a slot. In thismect

we considerR,.(L), which is the overall throughput in bits C. Evaluation

per channel use that is effectively transmitted. The oVeral Figure[B shows that as a function &f, R... quickly ap-

throughput takes into account the overhead that is gemerale,,ches 1. This performance parameter is a baseline neeasur

by the signatures as well as the physical-layer network@di ¢ yhe efficiency of the random access protocols from the
Itis readily verified that from Theoreri$[l, 2 dd 4 it followgystem perspective and is usually refered to a throughput.

that Our results clearly demonstrate the potential of the pregos
D 26) strategy. Specifically, the proposed strategy outperfaiitbe
. 26) state-of-the-art random access schemes in termB,qf cf.
(K +2)logy M+ D Section]. Figuréls also shows that should increase as the
expected number of the active userd/ increases, if high
throughputs are to be achieved. ConverselyKifis fixed
Corollary 1. The expected number of bits per channel use the expected throughput drops with This implies that one

Rnet (L) 2 Rres(L)Rplnc

This leads to the following corollary to Theordr 4.



should desigr< to match the expected number of active usergz7]
This requirement is similar to the ALOHA-based protocols,

where the optimal values of the protocol parameters, liaenf 8
lengths or user activation probability, depend on the numbe
of active users[1],[13],[[14]. (9

Fig.[8 demonstrates what is the price to pay in information
bits per channel use due to: (i) the overhead related to the us
of signatures and (i) information waste caused by coltisio [10]
compared to the idealized solution of aforehand knowing the
set of active users and using the optimal multi-user code, ani]
ii) the use of physical-layer network coding. Obviouslyist
loss is pronounced for low payload lengthsand diminishes
as D increases. Also, it is reflected in Figurk 6 that for larggp2]
D the loss that is incurred is only due to the physical-layer
network coding. It is an open problem if this loss is an inhere[13]
property of physical-layer network coding or an artifactlod
computation coding construction that is developed_in [5].

It is interesting to observe that the depicted results t;lear[14]
suggest that due to the counter balancing of effects (i) and (
there is an optimal choice ok with respect toD. Finally, [15]
we note that the state-of-the-art random access protonols i
general suffer from the same limitations; e.g., in SIC-basgie]
ALOHA solutions one has to invest overhead in pointers to
packet replicas. [17]

VI. DISCUSSION

As a further work, we consider extensions dealing with18l
errors that occur due physical-layer network coding atdinit
block lengths, more general user activity models (inclgdirn19]
their absence, as well), sensitivity of the performancemar
eters to the choice ok™ and variations of the scheme wher,g
the feedback channel is limited.

ACKNOWLEDGEMENT [21]

This work was supported in part by the Netherlands Orga-
nization for Scientific Research (NWO), grat2.001.107. [22]
The work was supported in part by the Danish Council for
Independent Research (DFF), grant no. 11-105159 “Depe
able Wireless Bits for Machine-to-Machine (M2M) Commu-
nications” and grant no. DFF-4005-00281 “Evolving wirales

. o 24
cellular systems for smart grid communications”. [24]

REFERENCES

[1] L. G. Roberts, “ALOHA packet system with and without sloand
capture,”SGCOMM Comput. Commun. Rev.,, vol. 5, no. 2, pp. 28-42,
Apr. 1975.

[2] J. Capetanakis, “Tree algorithms for packet broadchsnnoels,”|EEE
Trans. Inf. Theory, vol. 25, no. 5, pp. 505 — 515, sep 1979.

[3] E. Paolini, C. Stefanovic, G. Liva, and P. Popovski, “@ddran-

dom access: How coding theory helps to build random access p|[27]

tocols,” submitted to IEEE Communications Magazine, available at
http://arxiv.org/abs/1205.4208.

P. Popovski and H. Yomo, “The anti-packets can increhseathievable (28]

throughput of a wireless multi-hop network,” IFEEE International

Conference on Communications (ICC), vol. 9, June 2006, pp. 3885— [29]

3890.

B. Nazer and M. Gastpar, “Compute-and-forward: Harimesnterfer-

ence through structured codelZEE Trans. Inf. Theory, vol. 57, no. 10,

pp. 6463-6486, 2011.

D. Tse and P. Viswanathi-undamentals of wireless communication.

Cambridge university press, 2005.

[25]

[26]

(4]

(5]

(6]

J. Goseling, “A random access scheme with physicalflayetwork
coding and user identification,” IhEEE International Conference on
Communications (ICC), 2014, pp. 507-512.

] B. Nazer, “Successive compute-and-forward,” Rnoc. of the Interna-

tional Zurich Seminar on Communications, 2012, pp. 103-106.

J. Massey, “Collision-resolution algorithms and randaccess com-
munications,” inMulti-User Communication Systems, ser. International
Centre for Mechanical Sciences, G. Longo, Ed. Springernaei981,
vol. 265, pp. 73-137.

P. Popovski, F. H. Fitzek, and R. Prasad, “A class of @ilgms for
collision resolution with multiplicity estimation,Algorithmica, vol. 49,
no. 4, pp. 286-317, 2007.

E. Casini, R. De Gaudenzi, and O. del Rio Herrero, “Cotité reso-
lution diversity slotted ALOHA (CRDSA): An enhanced randatcess
scheme for satellite access packet networkEEE Trans. Wireless
Commun., vol. 6, no. 4, pp. 1408-1419, Apr. 2007.

G. Liva, “Graph-based analysis and optimization oftemion resolution
diversity slotted aloha,JEEE Trans. Commun., vol. 59, no. 2, pp. 477—-
487, 2011.

E. Paolini, G. Liva, and M. Chiani, “High throughput @dom access
via codes on graphs: Coded slotted ALOHA,” IREE International
Conference on Communications (ICC), Kyoto, Japan, Jun. 2011.

C. Stefanovic, P. Popovski, and D. Vukobratovic, “Fedess ALOHA
protocol for wireless networksEEE Commun. Lett., vol. 16, no. 12,
pp. 2087-2090, 2012.

G. Liva, E. Paolini, M. Lentmaier, and M. Chiani, “Spty-coupled
random access on graphs,” IBEE International Symposium on Infor-
mation Theory (IST), Boston, MA, USA, Jul. 2012.

C. Stefanovic and P. Popovski, “ALOHA random accesd thzerates
as a rateless codelEEE Trans. Inf. Theory, vol. 61, no. 11, pp. 4653—
4662, Nov. 2013.

Y. Yu and G. B. Giannakis, “SICTA: a 0.693 contentionetralgorithm
using successive interference cancellation,BEEE INFOCOM, vol. 3,
Mar. 2005, pp. 1908 — 1916 vol. 3.

J. H. Sgrensen, C. Stefanovic, and P. Popovski, “Coqiittirsg tree
protocols,” in IEEE International Symposium on Information Theory
(199T), Istanbul, Turkey, Jul. 2013.

A. ParandehGheibi, J. K. Sundararajan, and M. Médé&@pllision
helps-algebraic collision recovery for wireless erasuetworks,” in
Wireless Network Coding Conference (WINC), 2010, pp. 1-6.

——, “Acknowledgement design for collision-recoveepabled wireless
erasure networks,” id8th Annual Allerton Conference on Communica-
tion, Control, and Computing. |EEE, 2010, pp. 435-442.

G. Cocco, C. lbars, D. Gunduz, and O. del Rio Herrero, IliSion
resolution in slotted ALOHA with multi-user physical-lay@etwork
coding,” in 73rd Vehicular Techn. Conf. (VTC Spring), 2011, pp. 1-4.
J. Goseling, M. Gastpar, and J. H. Weber, “Random acaeitis
physical-layer network coding,” iformation Theory and Applications
Workshop (ITA), 2013. IEEE, 2013, pp. 1-7.

——, “Physical-layer network coding on the random-asehannel,”
in IEEE International Symposium on Information Theory (IST). IEEE,
2013, pp. 2339-2343.

G. Cocco, N. Alagha, C. Ibars, and S. Cioni, “Networlded diversity
protocol for collision recovery in slotted ALOHA networksinterna-
tional Journal of Satellite Communications and Networking, vol. 32,
no. 3, pp. 225-241, 2014.

K. Censor-Hillel, B. Haeupler, N. Lynch, and M. MédartBounded-
contention coding for wireless networks in the high SNR megf in
Distributed Computing.  Springer, 2012, pp. 91-105.

D. Danyev, B. Laczay, and M. Ruszinko, “Multiple acceadder
channel,” inMultiple Access Channels, E. Biglieri and L. Gyorfi, Eds.
10S press, 2007, pp. 26-53.

P. Popovski and H. Yomo, “Physical network coding in tway wireless
relay channels,” inEEE International Conference on Communications
(ICC), 2007, pp. 707-712.

B. Nazer and M. Gastpar, “Reliable physical layer netwooding,”
Proceedings of the IEEE, vol. 99, no. 3, pp. 438-460, 2011.

S. C. Liew, S. Zhang, and L. Lu, “Physical-layer netwockding:
Tutorial, survey, and beyondPhysical Communication, vol. 6, no. 0,
pp. 4 — 42, 2013.



	I Introduction
	II Model and Problem Statement
	III Preliminaries
	III-A Signature Codes
	III-B Reliable Physical-Layer Network Coding
	III-C Tree Splitting

	IV Proposed Strategy
	IV-A Encoder
	IV-B Decoder
	IV-C User Resolution for LK
	IV-D User Resolution for L>K

	V Analysis
	V-A User Resolution Rate
	V-B Rate in Bits per Channel Use
	V-C Evaluation

	VI Discussion
	References

