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Introduction
Multi-pitch estimation methods often make a priori assumptions on
I the number of measured sources
I the model orders of these sources

The measured signals are defined as:

yn ,
M∑

m=1

Zmbm + v = Zb + v (1)

where
Z =

[
Z1 Z2 ... ZM

]
Zm =

[
zm z2

m ... zLm
m
]

zl
m =

[
1 ejlωm ... ejlωm(N−1)

]T
b =

[
bT

1 bT
2 ... bT

M

]T
bm =

[
bm,1 bm,2 ... bm,Lm

]T
(I) Known basis matrix, Z: Assuming Ltot =

∑M
m=1 Lm � N, the max-

imum likelihood (ML) problem b̂ML = arg maxb log P(yn|b,σv ) has the
least-squares (LS) solution: b̂LS = (ZHZ)−1ZHyn.

(II) Unknown situation: Imposing the large dictionary W =[
Z1 Z2 ... ZS

]
on S � M feasible pitches with the maximum har-

monics Lr for r = 1, 2, ... , S avoids such assumptions, i.e.,

yn , Wa + v (2)

The spectral amplitudes of Lext =
∑S

r=1 Lr sinusoids of the dictionary
are exceedingly sparse, containing Ltot < Lext non-zero values, and
âLS = (((((((hhhhhhh(WHW)−1WHyn because of over-fitting problem (Lext � N).

PEBS
The pitch estimation using block sparsity (PEBS) technique [1] (Based
on the Lasso technique [2]):

â = arg min
a

1
2
‖yn−Wa‖2

2 + J (3)

J = λL‖a‖1 + λGL

S∑
r=1

‖ar‖2 (4)

where λL and λGL are the regularization coefficients of the penalties.
For a given M̃,

Ω̂ =
[
ω̂1 ω̂2 ... ω̂

M̃

]T
= arg max

Ω
P
({
‖âr‖2

}S
r=1|Ω

)
(5)

Hypothesis
The regularization coefficients should not be identical for all
components of the dictionary!
Imposing a Laplace distribution on the amplitudes like P(ar ,l |τr ,l ,σv ) =
τr ,l
2σv

exp
(
− τr ,l
σv
|ar ,l |

)
, where τr ,l is the shrinkage coefficient, we interpret

the PEBS as a Bayesian posteriori estimator. Bayesian Lasso:

P(a|yn,Ψ,σv ) ∝ exp
(
− 1

2σ2
v
‖yn−Wa‖2

2

) S∏
r=1

Lr∏
l=1

exp
(
−
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|ar ,l |

)
Bayesian Group-Lasso:

P(a|yn,Ψ,σv ) ∝ exp
(
− 1

2σ2
v
‖yn−Wa‖2

2

) S∏
r=1

exp
(
−‖Ψr‖2

σv
‖ar‖2

)
where Ψ =

{⋃S
r=1
⋃Lr

l=1 τr ,l

}
, and Ψr =

{⋃Lr
l=1 τr ,l

}
.

â = arg max
a

log P(a
∣∣yn,Ψ,σv ) (6)

J = ‖ψL� a‖1 +
S∑

r=1

‖ψGL,r‖2‖ar‖2 (7)

where ψL =
[
ψT

GL,1 ... ψT
GL,S

]T
and ψGL,r =

[
ψGL,r ,1 ... ψGL,r ,Lr

]T
are the real-valued and non-negative regularization coefficients.

Data-Dependent Penalties
To allow the efficient tracking of smooth change in pitch values,
we assign data-dependent regularization coefficients, e.g., less
shrinkage to the important contents.
Adaptive regularization coefficients [3]:

‖ψGL,r‖2 =
σ̂v

(‖ãr‖2)k (8)

ψGL,r ,lr =
σ̂v

(|ãr ,lr |)k (9)

where k > 0, σ̂v u ‖yn−Wã‖2, and ã = E{a
∣∣Ψ,σv}.

I The frequency contents of most audio signals are piecewise
smooth, i.e., E

{
|a(n)|

∣∣Ψ,σv
}
' E

{
|a(n+t)|

∣∣Ψ,σv
}

, so we can find
ã from the initial estimates â(n) of the neighboring frames.

I For fast varying spectral content and poor initial estimates, we
included a spectral smoothing, formed using kernel regression:

ār ,l =
∑S

g=1
∑Lg

lg =1 KΣ(xg−xr ) ãg,lg∑S
g=1

∑Lg
lg =1 KΣ(xg−xr )

, with the kernel function KΣ(xg−xr ) that

gives more weight at the data point xg = [ωg , lgωg ]T that has a
smaller Euclidean distance to xr = [ωr , lωr ]T .

Experimental Results
I A synthetic signal, uniformly drawn on ω1∈ [160, 290]×(2π/fs), with

a uniformly distributed number of harmonics L1 ∈ U{5, bπ/ω1c},
and unit amplitudes.

I Real signals, a mixture of a female voice and a trumpet signal,
where fs = 8.0 kHz, S = 130, T = 1, k = 0.5, λL = 0.12, λGL,r =
0.12
√

Lr , and Σ = diag{6.25, 0.01} × (2π/fs)2.
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â
−

a
‖
2 2
/
‖
a
‖
2 2
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`2-norm of the amplitude estimates at time 0.09 sec using the

PEBS method [1] (left), and the extended PEBS (right).

Conclusion
I Data-dependent regularized LS, incorporated with an expectation

on individual and grouped sinusoids
I Non-parametric smoothing
I Multi-pitch estimation and tracking without priori knowledge about

sources
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