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Abstract—We investigate the maximum coding rate achievable  Contribution: We consider the subclass of discrete memory-
over a two-user broadcast channel for the scenario where a 0@  |ess broadcast channels for whi¢pP, W) andI(P, W-) are

mon message is transmitted using variable-length stop-fdback maximized by the same input distributiétt, which we assume

codes. Specifically, upon decoding the common message, edeh . . . « N
coder sends a stop signal to the encoder, which transmits con-  © be unique. In this cas€] = min{I(P*, W1), (P, W>)}. ,
uously until it receives both stop signals. For the point-tepoint  Focusing on the case when VLSF codes are used, we obtain

case, Polyanskiy, Poor, and Verd( (2011) recently demonmsted nonasymptotic achievability and converse bounds on thé-max
that variable-length coding combined with stop feedback gjnifi-  mum number of codewor %(1, €) with average blocklength
cantly increases the speed at which the maximum coding rat@a-  that can be transmitted with reliability— e. Here, the subscript
verges to capacity. This speed-up manifests itself in the abnce of , _, . .
a square-root penalty in the asymptotic expansion ofthe mamum St stands for stop feedback. By analyzing these bounds in
coding rate for large blocklengths, a result a.k.azero dispersion.  the larget regime, we prove that when the two subchannels
In this paper, we show that this speed-up does not necessaribc- are independent and have the same capacity and the same dis-
cur for the broadcast channel with common message. Specifilg  persion, and whem < 0.1968, the asymptotic expansion of
there exist scenarios for which variable-length stop-feeiack codes “(1, ) contains a square-root penalty (seel (18) (22) for
yield a positive dispersion. St .
a precise statement of this result). Hence, the fast coanery
I. INTRODUCTION to the asymptotic limit experienced in the SD case cannot be
We consider the setup where an encoder wishes to convegxpected.
common message over a broadcast channel with noiseless feed’he intuition behind this result is as follows: in the SD gase
back to two decoders. Similarly to the single-decoder (33p¢ the stochastic variations of the information density thesit
noiseless feedback combined with fixed-blocklength codes d in the square-root penalty can be virtually eliminated binais
not improve capacity, which is given byi[1, p. 126] variable-length coding with stop-feedback. Indeed, dewpis
. stopped after the information density exceeds a certa@sthr
¢= sup min{Z(P, W), I(P, W)} . (1) old, which yields only negligible stochastic variations.the
Here, W, and W, denote the channels to decodernd 2, broadcast setup, however, the stochastic variations imifhe
respectively, and the supremum is over all input distrimsi. ference between the stopping times at the two decoders make
For the case when there is no feedback, the speed at whigh the square-root penalty reappear. Note that our result nloies
approached as the blocklengtlincreases is of the ordey /n necessarily imply that feedback is useless. It only shows th
[2] (same as in the SD case). The constant factor associatedf #SF codes cannot be used to speed-up convergence to the
the1/,/n term is commonly referred to as chand@persion Same level as inthe SD case. _ _
For the SD case, noiseless feedback combined with variableProof techniques:The achievability bound is an extension
length codes improve significantly the speed of convergemcef [3, Th 3]; the converse bound is based on an optimal stop-

~ ceeds a given threshold is minimized under a constrainten th
1 log AZ* (Ie) = ¢ O <@) (2) “stopped” information density process. The asymptotidysis
l L—e ! of the converse bound relies on Hoeffding’s inequality and o

wherel stands for the average blocklength (average transmike Berry-Esseen central limit theorem, whereas the asytiopt
sion time), M (1, €) is the maximum number of codewords inanalysis of the achievability bound relies on asymptotautts
the SD case, and denotes the corresponding capacity. One sekes random walks[[4] and on a Berry-Esseen-type theorem that
from (2) that no square-root penalty occurs (zero dispajsioholds for random summationis [5].
which implies a fast convergence to the asymptotic limitisTh  Notation: Upper case, lower case, and calligraphic letters
fast convergenceis demonstrated numericallylin [3] by me&n denote random variables (RV), deterministic quantities] a
nonasymptotic bounds. Variable-length stop-feedback3WL sets, respectively. The probability density function oftans
codes, i.e., coding schemes where the feedback is usedmnlgard Gaussian RV is denoted Byx). Furthermore®(z) £
stop transmissions, are sufficient to achiéve (2). 1 — Q(x) is its cumulative distribution, wher@(x) is the Q-
The purpose of this paper is to investigate whether a simifamction. We letz™ andz~ denotemax(0, z) andmin{0, z},
result holds for the broadcast channel with common messagespectively. Throughout the paper, the indexelongs always
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to the set{1, 2}, although this is sometimes omitted. Further- Remark 1:The RV U serves as common randomness, and
more,k £ 3 — k. We adopt the convention thﬁg;jl a; = 0 enables the use of randomized codes [6]. To establish the car
for all {a;} and all integerg. We use ¢” to denote a finite dinality bound onlJ, we proceed as in [3, Th. 19] to show that
nonnegative constant. Its value may change at each occetrefi/| < 4 is sufficient. This bound can be further improved to
Finally,N denotes the set of positive integers @hd= NU{0}. || < 3 by using the Fenchel-Eggleston theorém [7, p. 35].
Remark 2:VLSF codes require a feedback link from the
II. SYSTEM MODEL decoders to the encoder. This feedback consistsldbiastop

A common-message discrete memoryless broadcast char@ia! per decoder, which is sent by decodet time,. The
with two decoders is defined by the finite input alphabeind encoder continuously transmits until both decoders hade fe
the finite output alphabeds,, along with the stochastic matrices?@Ck @ stop signal. Hence, the blocklengtimis<{r, 7}.

W, whereW;, (yx|2) denotes the probability that, € Yy is Our aim is to characterize the largest number of codewords
observed at decodérmgivenz € X. We assume that the outputs™si(l; €), whose average lengthiighat can be transmitted with
at each time are conditionally independent given the input, i.e"€liability 1 — ¢ using a VLSF code.

I11. M AIN RESULTS
A. Achievability bound
We first present an achievability bound. Its proof (omitted)
follows closely the proof of [3, Th. 3].
Theorem 1:Fix P € P(X).Lety1,72 > 0and0 < ¢ < 1 be

arbitrary scalars. Let the stopping timesand7, k € {1, 2},
be defined as

Py, . vaix: Wis y2,ilzs) & Wa(ynilzs) Wa(ya,ilz). ()

Define the set of probability distributions oti by P(X). Let
P x Wy, : (x,yx) — P(xz)W(yx|z) denote the joint distribu-
tion of input and output at decodér and letPWy : yr, —
> wex P(@)Wi(yx|r) denote the marginal distribution ..
For everyP € P(X), the information density is defined as
e (2 yR) £ Zlog Ijgk(yikl'xl) 4) e 2 inf{n > 0:1pw, (X" Y) > i} (8)
o Wi (yr.:) 7 2 inf{n >0:pw, (XY > ’yk} 9)

We let I(P,Wy) £ Epyw,[tp,w,(X;Y))] be the mu- where(x™, X", vy, Y3 are jointly distributed according to
tual information,V (P, W) = Varp.w, [tp.w, (X;Y%)] be

the (unconditional) information variance, afd P, ;) 2 Pxen gn v vy (2", 2% 41, 45)

Epxw, [[tp,w, (X; Yi) — I(P,Wy)|?] be the third absolute n

moment of the information density. We restrict ourselves to = Pyrypix (Ul usla™) [ [ Pe) P(@). (10)
the case, where there exists a unique probability distabut i=1

P* € P(X) that maximizes simultaneously bathP, W) and  For everyM, there exists ali, M, ¢)-VLSF code such that
I(P,W3). In this case, the capacity is given by

I < (1 - q)E[max{r, 72} (11)
C £ min{Cy, Cy} ) and
whereCy, £ I(P*, Wy). The corresponding (unique) capacity- e<q+(1—q)(M—1)Prr, > 7] . (12)
achieving output distributions are denoted By . Finally, we
also define the dispersioig = V (P*, W}). Remark 3:Following the same steps as inl [3, Eq. (111)-

We are now ready to formally define a VLSF code for th€L18)],¢ in (I2) can be further upper-bounded as
broadcast channel with common message.
< 1—q¢)(M -1 —Vk}- 13
Definition 1: An (I, M,¢)-VLSF code for the broadcast esa+l-a) Jexp{=n} (13)
channel with common message consists of: This bound is easier to evaluate and to analyze asymptgtical

1) ARV U €U, with /| < 3, which is known by the encoderg  ~onverse bound
and by both decoders.

2) A sequence of encodefs : U x M — X, each one map-
ping the messagé € M = {1,..., M}, drawn uniformly
atrandom, to the channelinputaccordindio = f,, (U, J).

3) Two nonnegative integer-valued RVs and = that are At £ log M —loglog M — 6 — (|X| — 1)log(t +1) (14)
stopping times with respect to the filtratio#gU, Y;*) and
F(U,Y3"), respectively, and which satisfy and let

Let Px» € P(X) be the type([B, Def. 2.1] of the sequence
x™ € X™. We are now ready to state our converse bound.
Theorem 2:For everyM, t € Z, andd > 0, let

2
E <. 6
max{r, 72} < © g2 T o {Prlom o ('32) > M ]}

4) A sequence of decodeys,, : U x V' — M satisfying

+em (1 + min max Prlep, w, (x5 Y)) > )\t}) (15)
k xteXxt x

PrJ # gi,7. (U, Y,*)] <, ke {1,2}. (7



wheree); = € + (log M)~L. Then, for every(l, M, ¢)-VLSF
code, we have

1> (1- L7 (16)
t=0
Proof: See Sectiop1V. [ ]

C. Asymptotic expansion

Analyzing [13) and[(Tl6) in the limit — oo, we obtain the
following asymptotic characterization af(l, €).

Theorem 3:Let Z, ~ N(0,1), V ViV, o =
(Vi/Vi)"*, and lety = Q—1(z) be the solution of

2

[Teory) +a (1 +min Q(_Qky)) =1L (17

For every discrete memoryless broadcast channel@ite: Cs
and every € (0,1), we have

Cl
: — Ea\/i - O(l1/4+6) S 10g Ms*f(l, 6)
Ci
s =ZV1+ O(logl) (18)

whered > 0 is an arbitrarily small constant,

5.2 % (19)
and
Y AN
—e (26?—1(6) — minE |min{Q(¢). gkzk}})) . (20)

Proof: The converse bound if{1L8) is proved in Secfidn V

and the achievability bound is proved in Secfion VI. [ |

Remark 4:When(C; # Cs, it can be shown that the square-
root penalty on the LHS of(18) vanishes. In this case, thb-proand
lem reduces to the point-to-point transmission to the Wetak@ ’“ ) « (7]x)P

decoder, for which the zero-dispersion resultin [3] applie

Remark 5:For the case whery, |y, x, does not sat-

The second-order term if_(22) is strictly negative foreal

0.1968. This implies that, wherC; = Cs, Vi = V5, and
e < 0.1968, the asymptotic expansion fg M(1, €) contains
a square-root penalty.

IV. PROOF OFTHEOREMI[Z

Fix M ande. To establish Theoref 2, we derive a lower
bound ori that holds for all VLSF codes having codewords
and probability of error no larger than Since,

Z (1 = Primax{r, =2} < t)

t=0

[ > Elmax{r, 2} = (23)
we can lower-bound by upper-bounding Pmax{r, 72} < t]
for everyt € Z.. The following property (proven in Ap-
pendiXT-A) turns out to be useful.

Property 1: Fix t € Z4 anda € [0, 1], and suppose there
exists an(l, M, ¢)-VLSF code with Pimax{r, =} <t] < a.
Then there exists afi’, M, ¢)-VLSF code for somé > [, for
which Pimax{r, 7} <t] < aandr,m € {t,t +1,...}.

Fix an arbitrary(l, M, €)-VLSF code, defined by the tuple
(frs 91.m, 92.n, 1, 72, U). By Property1, it is sufficient to con-
sider codes for whichy, 5 € {t,t + 1,---}. Let e,(C“), uel,
be constants irf0, 1] such that) ., PU(u)e,(Cu) < € and
PHJ # grr (U, YU = u] < e

Since {r, = n} € F(U,Y;'), we can define a se-
quence of binary functiongy, = {®x ¢, k.41, - } such that
Grm(u,yl) 2 1{r =n}. Let P{" be the conditional prob-
ability measure ot'> induced by the encoder givéh = w.
Define foru € U the sety(“) E{y" eV ppn(u,y) =1}
Note that we must havé{” S y<u Let the length of a
sequence of channel outputse yk“ be denoted byg|. On

yk“ , define the conditional probability measup&” “), given
x € X andu € U, as
. 17
Py (lx H W (Gifx:) (24)
the probability measure IP( ) < (U,%) =
W (x) on YW x x, We also need the
k,u) (u
foIIowmg auxmary probability measurQ( on y,E, )

isfy (3), a bound similar to the LHS of (18) can be obtained Q("” () &

by replacing=, in (I9) with

Vi 4+ Vo = 2CoV(rp w, (X3 Y1), tps ws, (X Y2)) (21)
27m(1 —€) '
Remark 6: Whenp; = p» = 1 (and, hence}; = 1), one
can simplify the RHS of[(18) as follows:
i Cl Vi
log Mg(l,e) < T~ E
1 _ _
x (ﬁ (1-0(v2Q7(9)) + (e —2)6(Q7"(€) )
— O(logl) . (22)

17|

H kaz HPYk

i=t+1

) (25)

Qy () Px (%)

P(X) denotes the set of types

P, 2 (|Pt
t EPL(X)

and the probability measuKQY’“)( Xx) =
on Y™ x x>, Here,P;(X) C
formed by length: sequences.
Using the meta-converse theore m [9, Th. 27], the inequality
[Ql Eq. (102)], the fact tha@“‘” ") is a convex combination of
distributions[[10, Lem. 3], and the upper boud(X)| < (t+
1)I¥I=1 11, Lem. 1.1], we conclude that (see ApperidixlI-B)

P (i (X: Vi) < At} <&, (26)



s (u

wherea,(:l)u =€) ")+ (log M)~ and), is defined in[(T4). Here, limit theorem is applied, and the case> 3, where the trivial
' upper boundnaxy: ¢ x¢ Prieg (x'; YY) > A] < 1 suffices.
i log Wi ( yzlxz 27) In the first case, invoking Hoeffding’s inequalify [12, TH. 2
and using thaf (Py:, W) is upper-bounded bg' uniformly,
we obtain (see AppendixT[HA for details)

(u) (x; y) = (x

i=t+1 Yk )

where u,(x';y') £ p, w, (x',y"). Next, we minimize

Pl < t|U = u] over all stopping times;, satisfying [(26): o]
max Prlo(x"; V) > Al =0(1), A —oo  (36)
Prim, <t|lU =u] = IP(ku [|Y| = t} =0 X €X [ * }
ko) [ ~(uw
=Py [z; (X Vi) > A, [V] = t} and
+ P [ (X ) < A 7] = ¢ 28) L »
’ t=0 k=1
< max, Pr[zk(x Yk) > )\t]
e In the central regime, we use the Berry-Esseen central limit
+ min{eé“}m 1 — max Pru.(x"; V) > M) } : (30) theorem[[13, Th. V.3] to show that
’ xte t

Here, [29) follows from[(26). Since the stopping timgsand — t1(Pye, Wk)) c (38)

A
T, are conditional independent givéh= v, (30) implies that Prie (x"; Yy) > A] < Q( TV (Per, W) NG
2

k,u)
Primax{r, 2} <t|U =] = HIP( "I =4 (1) we next maximize[(38) ovek! € X' following the ap-

k=1 proach in [10, Prop. 8]. Specifically, we use continuity prop
2 pr| erties of (P, W},) andV (P, W},) for probability distributions
H ax AP YE) > A P € P(X) close toP* to show that (see Appendix1}B)

: (w) (u) yit
+ min { +e max Pr[zk( Vi) > A } . (32) 15]
B TR T R Y g max Pry,(x"; V) > A

Note that[(3R) holds for alt; that satisfied (26). Av(e;agin@(BZ) t=lal 1 €Y
overu € U and using the inequality", ., Pu(u)e; "y, < €+ VA~ 4 ~
(log M)~ = £,,, we obtain[[Ib). The proofis concluded using < 3 (Q (€) = [mm{Q o), Qk’Z"«’H ) +O(log A)
(23). (39)
V. ASYMPTOTIC ANALYSIS: CONVERSEBOUND whereg; are defined in Theoref 3 ari@l, ~ A/(0,1). Simi-
We analyzel, in (I5) in the limitl — co. By (18), larly, we obtain
00 18] L8] 18] )
_ + _ + _
= Z L= L™ > Z (L=L)™ = Z 1—Li)  (33) Z max Pr[lk(x Yk) > )\]
t=0 t=0 xte Xt
t=|a]+1 k=1
where 3 > 0 will be specified shortly. Let = log M — VN /- )
loglog M — 6 — (|X| — 1) log(s + 1). Forallt < g, < e (Q_l(e)—E[min{@‘l(e),m]?xngkH)
I}leaXt Pr[zk(xt; Y > )\t} < I}leaXt Pr[zk(xt; YY) > )\} . (34) + O(log ). (40)

The key step is to establish an asymptotic upper bound PRing [33), [36),[(37)[(39), anf {40), we obtain
maxyee e Priog (x'; Y)E) > A] for everyt € Z, as\ — .

Leta £ 2 — \/;log)\ and lets be the solution of 18]
. 1> (1-1Ly (41)
(A= BC)/VBV = -Q7 ! (e) (35) =0

v

where C is given in [5), V is defined in Theoreni]3, AML—em) + V—i‘ (IE |:min{Q~1(e) , max ngkH
and Q~!(e) in (I7). We divide the asymptotic analysis of C ¢ k

maxyee yt Pfieg (x5 Y)E) > A] into three cases: the “large devi- _ <2 51(e) — minE | mind O~ . >>
ations regime € [0, «), where we use Hoeffding’s inequality, ea (20700 e [mm{Q () o "”H

the “central regimet € [«, 8), where Berry-Esseen central —O(log ) (42)



as\ — oo. Finally, we have that

A= logM — (|X] —1)log(s +1)

Cl
<
—1—epm

. (262—1( )~ minE[min{ - 1<e>,gkzk}])>
+ O(logl) (44)

loglog M —§ — (43)

as! — co. The final result in[(18) is obtained through algebraic

manipulations.

VI. ASYMPTOTIC ANALYSIS: ACHIEVABILITY BOUND
SetP = P* andfixr € N, ¢ = L&

the thresholds be chosen as follows:

vE 2O - g(Cl)). (45)
Here,
M+Ve [z
g(z) = 5oz \| & 1 by log = (46)

whereb; will be specified later. If we choose a code with a

number of codewords/ that satisfies

logM 2 C (I' — g(Cl')) — logl’ (47)

we have(M — 1) exp {—~} < 1/I'. Furthermore, by Remalk 3,

the average probability of error is upper-bounded by

g+ (1—q)(M —1)exp{—y}

le—1 V'(1—¢1
< — = 4
-~ -1 r—11v0 (48)
Suppose it can be shown that
E[max{r,m2}] <V (49)

for sufficiently largel’. Then the average blocklength is
'l1—¢€), s
R

Consequently, by Theorefi 1, there exists(an\/, ¢)-VLSF
code with

(1 — ¢)E[max{r,2}] < (50)

log M > log M (51)
=C (' —g(Cl)) —logl’ (52)
B Cl Vi+ Vs ot
=T Vi Vi—O@i2 logl)  (53)
where the last step follows because
N2
1—

To establish [{49), we proceed as follows. L8f, =
'LP,Wl(Xn;Yl,n) and Zn

=L, andl’ > 0, a
parameter that will be related to the average blockleng#h. L

= 1pw,(Xn; Y2,). We can then

upper-bound[max{r, 72 }] using the following lemma, which
is proved in AppendikTll.

Lemma 1:Let{WW,} and{Z,},n > 1, bei.i.d. discrete RVs
with (W1, Z1) ~ Pyw.z, positive meany, = E[IW;] anduz =
E[Z,], respectively, and finite moments of order> 3, i.e.,
E[|[W1]"] < oo, andE[|Z;1|"] < co. Define the random walks

n = S0 W andV, £ 30 Z;, and the stopping times
7 2 inf{n>0:U, >~}andr, = inf{n > 0:V, >~} for
everyy € R. Then

[maX{Tl’ 7-2}] = mm{uw, /LZ} 277' \ l {IU’W MZ}
+0 (7 %7 log 7) (55)

asy — oo, wheres? £ Var| o — é}
Hw nz
Lemmdl implies that there exists a constansuch that
v
)M < 5 +9(7) (56)

for sufficiently largey. The conditional average blocklength of
the VLSF code can be bounded as follows

E[max{r (v

E[max{ﬁ, 72}] = E[max{71(7), 72(7)}] (57)
< 5 +9(7) (58)
=1 —g(Cl')+g(Cl —Cg(Cl)) <. (59)

Here, [G8) holds by (86), and(59) follows by the definitionyof
in (45) and the fact thaf(x) is nonnegative and nondecreasing.
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APPENDIX | Finally, by (6%) and[(&l7), we have
STEPSOMITTED IN THE PROOF OF THECONVERSEBOUND

kyau u Y
A. Proof of Property 1l IP;X) [l( )(X;¥i) < log M — loglog M — 5}
Let (fn, 91,n, 92,0, 71, 72, U) be a tuple defining afl, M, )- <Py [ (X V) < log 4™ 5} (68)
VLSF code with Pjmax{7;, 2} <] < a. Set
<eld, (69)
- t, T < t (60) ’
Tk = T, Tk >1

Using [10, Lem. 3] and the fact thamg“’“) is a convex
and combination of distributions, we obtain the following redam

() { Gem(u,y"), T <n (61) betweemlgu) (x;7) andz}iu)(x;g)

n (U, = ™ .
Tk,nAth: Vi G (W YR)s T > N 1

Note thatr, is also a stopping time with respect to the filtration |P(X)]

F(U, Y for k € {1,2}. Sincery, is a function ofU andY}"

givenT, < n, the new decodejy ,, is well-defined. Moreover, ~ The inequality in[(6B) can then be rewritten usifgl(70), as

the decoderg;, ,, andgy, ,, yield the same probability of error. follows:
Thus(fn, §1,n, J2.n, 71,72, U) definesanil’, M, €)-VLSF code,

i (x;9) <7 (x; ) — log (70)

with I’ > 1. e,(cuj)w > IPg—/ )u() {i;cu) (X;Yy) <logM —loglog M —§
B. Proof of (Z6) —log|P(X) ] (71)
For each decodet, the average probability of error is no > IP%“;;? P;u) (X;Y3) < )\t:| : (72)

Iargerthart(“) underIP( ) x anditis nolarger thah—1/M un- o _
der(Q(’C ) Hence, usmg the meta-converse theorem [9, Th. 2 re, [Z2) follows by the def|n|t|on of, in (14), and be)((:ause
and the mequallty [9, Eqg. (102)], we conclude that thie number of typegP, (') | is upper bounded bf¢ +1)!* 1!

[11, Lem. 1.1].
log M < log 7, (u)
~log (IP(’“ u) { W(X; V) < logy(“)} _ e,(g“)) APPENDIXII
(62) STEPSOMITTED IN THE ASYMPTOTIC ANALYSIS OF THE
CONVERSEBOUND
~(U) (k,u) .Y ~(u) (u)
for all %, such thatPy' [lk(X’Y"’) < log %, } ~ € "+ We will need the following property, whose proof follows
Here, from standard algebraic manipulations.
ngf z;;( ) ngc‘;) (k%) Property 2: Fix a_lrbitrary:r_ eR,a > 0,b >0, and>\_ > 0.
(W (x;7x) £ log —2 =log (63) Suppose thag > 0 is the unique solution to the equation
k Y (k u) (k,u)
Qy x(7,%) Qy ™ (Tk
A—&a 73
for all x € X and allyy E Y. Let nOWs,(C“J)W =™ 4 NCI (73)
log M)~ ! () = h
(log M)~! and sety 7 ) where Then
(u) *sup{yeR IPS;C;?[(”)(X Yz) <1ogy} <z€§C ])u} N o 5
(64) 0<¢ <g —x 5) < a2:c2 (74)
Note that there exists an arbitrary small positive consiant
which is independent dbg M, such that For notational convenience, we will denote the mean, vari-
ance and third absolute momentg{x!; Y}!) b
IP(—k7u) (U) (X Yk) < log'y -9 ZQ(X ’ k) y
v.X
A t
< El(cul)b[ < IP(k u)|: (u)(X i) < log'y(u)} . (65) I (Pxt) N I(Pxt, W) (75)
. . btai Vk(Pxf) = V(PxfaWk) (76)
Using [64) in [62), we obtain To(Py) 2 TPy, Wh). (77)

log M < log 'y,iu)

— log (IP( )“() {zl(c“) (X;Ys) <log 'y,(cu)} - elgu)

(66) Ao~ [V
-1 £24+0 — . 78
< log'y( )Jrloglog M. (67) 0=/p <C (© CS) =t (78)

According to [7#) and sincg satisfies[(35), we have



A. Proof of (38) and (31)

For the case < [0, ), we use the following large-deviation
bound

max Pr[zk(x Y > )\]

xte Xt
< max Pr[@ — I (Pxt) > ? - Ik(th)] (79)
2
< max exp< . </\%'}(Px>) ) (80)
< exp(—d:log2 )\) (81)
1 clog A\
i

where [8D) follows from Hoeffding’s inequality [12, Th. 2hd
(81) follows because < a and becausé (Py:) is uniformly
upper bounded by'. It follows from (82) that

Lo
max Pr{u;(x";V})) > Al

=0 X €~
1 clog A
<(a+1) <X> (83)
1 clog A—1
<c (X) =o0(1). (84)

Using similar argument, one establishies (37).

B. Proof of (39) and (40)

For the case wheh € [«, 3), we need tighter bounds on
I1.(Pxt) andV (Px: ). LetII, be the set of probability distribu-
tions that are at distance no larger thafrom P*:

I, £2{P ePX):||P - P, <u}
= Yoen(P(z) — P*(x))*

(85)

Here, ||P — P*||3 Bounds on

I, (Pyt) and Vi (Py
y|elds positive constants p andp for which
Ie(Px) < C =< ||Pe = P[5 (86)
VilPre) > & (87)
and
IVVie(Pee) = VVie| < p P = P7l, (88)

for all Py €1I,,.

Let Py € II,,. The Berry-Esseen central limit theorem yields

the following estimate
Priu. (x5 V) > A

)\—tIk(th) 6tTk(th)

- Q( tVi(Pyxt) ) " (tVi(Pxt))3/2 (89)
A th(Be) ) | €

- Q( Vi (Per) ) G (90)

where the last inequality follows from {B7) and because

T (Pxt) < c uniformly inII,,.

This also implies that for alPy: € 11,,,

xl}lea;(t {Pr[zl x5 Y > )\}} max {Pr[lg (x"Y)) > )\]}
2
< 1 mass Q( ) +

For the case wheR,: ¢ II,,, we use Chebyshev's inequality
to obtain the estimate

— t1(Pxt)
tVi(Pyt)

[

N

tVie(Pxt)

Priw('s o) > Al < 5L o

(92)

forall A > tI(Py:). SincePy: ¢ I1,, there exists a constant
C’ such thatl;,(Pyx¢) < C" < C. Hence, for sufficiently large
A, the conditiont < 3 implies that\ > ¢I;(Px:). Therefore,
by (92), we have that

max Prlo(x";Y}) > Al

P g1,
< oiaE O
e (94)
= (A — )\C’/C@i eVl —c)? 93)
<z (96)

where we have used thak g < 2t for sufficiently largex and

that Vi (Py:) is uniformly upper-bounded [10, pp. 7048]. We
see thatnaXp 11, Pl (x";Y)!) > A] can be driven arbitrarily
close to zero by having sufficiently large. This implies that we

+) are then supplied by [10, Lem. 7], whichonly need to consider the input vectorsfor which Py € T1,,,

i.e.,

max Pr[zk(x YY) > )\]

xteXt
C
< Pntlgﬁ Priu. (x5 V) > A] + X (97)
Using [90) and[{97), we obtain
max Priu.(x"; V) > )]
A— ﬁ[k (th) C C
< —_— —+ = 98
—ﬁ?ﬁﬂ( ,/tvk(th)>+\/i+A (%8)
A— ﬁ[k (th) C C
< — |+t —=+ = 99
Q(Pten «/th(Pt)> N (99)
— t1;(Pxt)
XL _—
/ o(x {pr?é% AT zpdz+ \/Z
(100)



for all sufficiently largeX. The indicator function in[{100) can APPENDIX I

be upper bounded as PROOF OFLEMMA[T]
Fix~v € R. We define the following two random walks, which
. A — tIi(Pyt) are equivalent té/,, andV,,, but more convenient to analyze:
RCE AR
w An 2 Unfiw + Vo /112 (112)
~1 {ngﬁ {t1(Pe) + 2 /WVi(Pa) = A} = o} (102) By 2 Un/pw — Va/tiz. (112)
<1 { — 1€ + 2\/tVi + |2|VEpE — X > 0} (102) We also define the additional stopping time
|z]p
g]l{tC-i—z th+2—§—)\20 (103) T12Ainf{nZO:An27MW+HZ}_ (113)
bw iz
A— e _qo
<1 ——— <z (104) We shall next show that
VitV
E[max{7, 72} < E[ri2 + 71 (7 = Uryp) + 79 (v — Vo )]
A AV |z|p ) 1 12 2 12
<1 = — 2y =f — 25 < t 105
< {C A G~ e < (105) (114)
wherer{(-) and7;(-) are defined as
where [101) follows sincg/tV;(x*) > 0for Py € 11, by (81), n_
(102) follows by [86) and(88) witl§ = ||Px: — P*||,, (103) (%) 1nf{n >0: ZWi > ﬁ} (115)
follows because-c£%t + |z|p€+/t is a quadratic expression in i=1

(101)-{103) essentlally follow from [10, Prop. 8]. Sulsiing

&v/t with maximum!Z2 and [I05) follows from({Z4). The steps ) - f{
75(%) = in
(103) into [100) and summing frof«a| + 1) to | 3], we obtain

n>0: Zz >7} (116)

=1

and where{W}, Z,} are i.i.d. and(W,Z;) ~ Py but

15 independent ofV;, Z; for all j € N. Note thatr; andr; are
max, Priu.(x"; V) > )] independent of/,,, andV/,.

t=la)41 5 €Y To prove [11#), we use the following argument. At time,

18] oo we have thal/,, /uw+ Vi, [z > vEEL2 Thisimplies that
A Vid  |zlp : pwhz o .

< Z/ G(2)1q 5 — 2\ g — o <t o dz eitherr; < 715 or 75 < 715 (or both) are satisfied. Consider the
=07~ ¢ ¢ 205 caser; < 712 andry > 7y2. To boundE[max {7, 72 }], we need
+ O(log \) (106) to characterize the remaining time until the random wa/kits

8 oo Vx| the thresholdy. This time is given bymin{n > 0 : V, 4, >
< / $(z)1 { O e T < t} dz dt ~}, which has the same distribution &s (1116) computed -at
0 V., Note also thafrk( ) = 0 for everyy < 0 since we use
(107) the convenUonZ 1(-) = 0. The inequality in[(114) follows
oo 3 \ Vx4l because there exist events for Whmx{’ﬁ,’]‘?}.< T12. The
< / ¢(z)/ 1 {5 —z % 1Z1p < t} dt dz caser; < 12 andr; > 72 can be analyzed similarly.
—oo 0 By [4, Th. 3.9.4] (or by Wald’s equality whel/; and Z;
(108) have bounded support[3, Eqg. (106)—(107)]), we have

+ O(log \) T RG] < Lt (117)

1o L <E[3(3)] <L +e (118)
<\ &5 (@O -E[min{Q7"(©), 012 }] ) + Oltog ) Ay
(110) 2uw iz

Using [114), the linearity of expectatioh, (11 T)—(11 19 #me
wherey,, are defined in Theorefd 3 arig), ~ N (0, 1). Here, fact that
(107) follows because the indicator function is nondedreps
in ¢, in (I08) the order of the integrals is interchangeable by  E[71(y — Ur,)] = E[E[r{ (v — Ur,,)|Ur,,]]
Tonelli's theorem, and i (109) we have usgd (74). 1

. < _E[(’y - UT12)+} +c (120)
By following the same approach, we obtdin](40). Hw

<Efno) <PV T2 e (119)



we conclude that We next show that conditiod_(IR5) in Lemrha 2 is satisfied.

o+ Indeed,
Emax{r,m}] — ’yu
max{ry, 7] — 7 L m[ﬁh-wjng
1 1 vn
< M—WE{('Y - UT12)+:| + M_ZE [(’7 - VT12)+} t+c (121) N, —vn "
= In TR > (Y "
X ( ) (A | N PI{ Jon > ( l/nCn) } (131)
= —FK Y= spw(Ar, + an ) Ny—vn "
el il
1 1 + — (VnG)”
+ M_ZE Y= §,LLZ (A‘Flz - BTIZ) +c (122) _ C (133)
N (\/ VnCn)T
c c
<E (L 1 (7M +Bm)> - = =0(/G)  (134)
pw 2 HW iz n’/2 (n= 1) nir¥2

asn — oo. Here, [I3R) follows from Markov’s inequality and
+c (123) (133) follows from [4, Th. 3.8.4(i)].
Let F(\) = Pi{By, < oy/un)]. We can now use Lemnia 2,
] +e (124) Which for sufficiently largen implies that

sup [F(\) — ®(\)| < en” 77z, (135)
AeR

+E

v 1 pwtpz *
— =5 \Y = an
pz 2 Hw iz

1 —
:_EH 1z = pw

- B

T12

2 pw iz

where [12B) follows from the definition ef, (seel(11B)) which
implies thatA,,, > 7%_ We next refine our estimate ih (135) using Lenirha 3 below.
- WHZ . N .

We next show that the RHS df{1124) is upper-bounded by Lemma_l 3:([13, Th. 9]) LetF_(x_) be the cumulative distribu-
the RHS of [5b) by the following two steps. First, we Shaﬁlonfunct|orlofaRV that has finite moment of ordaenSuppo_se
approximateB,,, by a Gaussian RV using a variation of thdhat0 < A = sup, [F(z) — ®(x)| < 1/y/e. Then there exists
Berry-Esseen theorem that holds when the number of termgfi§onstant’;,, that depends only op, such that
the summation is a RV (see Lemia 2 below). Then, we shall CpA (log %)p/z +

<

establish[(Bb) using standard properties of Gaussian RVs. |F(z) — ®(x)| < > (136)
Lemma 2:([5] Th. 1]) Let{&,,n > 1} bei.i.d. RVs with zero L+l
mean, positive variance?, and finite third absolute moment.for all z. Here
Let {N,,,n € N} be a sequence of positive integer-valued RVs o0 o0
and assume that Pp = [m |z[PdF (z) — [m |z[Pd®(z)| . (137)
Ny .
PrHE — 1‘ > Cn} = O(\/ Cn) (125) Using LemmaB and(I35), we have that
cn” 772 logn 4 pa(n)
for some constant and a sequenci,, } that vanishes as — [E(Q) = 2] < 1+ A2 ' (138)
oo and that satisfies < ¢, for all n. Then for A € R and sufficiently large:. Here,
N, _|Var[By,] _n+0(1) C
sup |Pr Z& < g"/nl/)\‘| — (I)()\) = O(‘/Cn) . (126) 02(71) - o2ny - 1‘ = 771 -1 < E (139)
AER —
=t Fix an arbitrarya € R. Using [138), we obtain the following
The RV B,,, and its variance satisfies|[4, Th. 4.2.4 (ii’)] upper bound
o Efla — By,
Var(B,..| = c2y" Y T2 L 01 127 oo
[ 12] 072MW,U/Z + () ( ) :U/Z/TL/ 1+F(L—$)—F(L+l’)d$
0 o\/vn o\/Vn

asy — oc. For some constant > 0, let~, £ 2wizn (140)

- pwt+pz oo

Nnéﬁ2(’7n),§néy—;—%andcnén‘mfornel\l. SO’/Z/TL/ |:q>( a _$)+(1_¢( a +$))

Note that by[(Z19), we have 0 o\/vn o\/rn
@nirl?lognvL@/n a:nfrrﬁlognqw:/n

E[Nn] = E[n2(7n)] (128) T (5 +2)2 1+ (7%= —2)° d
= vn‘gwﬂ +0(1) (129) (141)
Hw bz

—un+0(1), n— o (130) JME{JQWZH



+ 7oV (cn%_ﬁ logn + a:/\/ﬁ) (142) <V (é + 1) (154)

min{pw, p1z}
v O s 3 Y
\/70\/_711/1 ( \/_) + |a| + O(n7+2 logn) (143) < \p(m) +c (155)
asn — oo, whereZ ~ A/(0,1) and ~ o (MW + MZ)
T ~ min L{pw = pz}
#(0) 2 \[ 3 (Blle — 20— o) (144 G} " R\ s
+ O(y*+2 log7) (156)

The positive function)(z) is unimodal with maximuml at- 41
| § irfz | . 157
tained atr = 0 and decays exponentially oas|z| — co. + Oy log) (157)
Substitutinga = -, k2=t — 2vnliz—iw) intg (143), we Here, [I51) follows becausEmax{r (v),72(7)}] is nonde-

Hw ez Bwtpz - .
obtain creasing iny.

EH’YnM — Bx }
Hwpz

_\/if\/%w(?\/ﬁ(uz—uw))

(w + pz)
Hz — pw ol
7‘ + O(n4r+2 logn). (146)
bw iz
Note that for the caseuy # puw, we have that

N % = o(l) asn — oo. Substituting

(148) into [12%), we obtain
Emax{ri (), 72(n)}]

n

+ Tn

<~ P +pz
B
2pwpz
1 Mz — Bw
e o | L - o1 147
+5 [7 e 12<%>}+ (1) (147)
bw + pz ’,uz — Uw
" 2uwpz 2uw iz
ag r+1
+ —+vvnl = + O(n*+2 logn 148
\/ﬂ {:uW ,UZ} ( g ) ( )
Tn
= vnl
mm{uw,uz} V2n lw = uz)
+ O(n*+2 arez logn), n — oo (149)

where [14P) follows from the identity + b + |a — b] =
2max{a, b}.
A A
To complete the proof, leb; = TEWL U(x) =
T + \/%\/Vx]l {uw = puz} + bz +2 logz, and setv =
—_pwtpz  ja
Tmax{pw iz}
Vn = min{pw, pz} n. (150)

Note that¥(z) is nondecreasing, concave and differentiable in
x € [1,00]. Then there exists a constdnt> 0 such that

Emax{r(7), 2(7)}]
< E[max{ﬁ (Y1) 72 (s ) 3] (151)

1l
<ni+ \/—\/ vl {pw = pz} +biny " logny (152)

(|t |) (153
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