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sed on a small
sample connected to a finite number of leads. The léa en modelled using
the Laplacian on the discrete half-line N. Detaile 'tm of the transport near
thresholds require detailed information on the esQlv %e Laplacian on the
discrete half-line. This paper presents a complete stu { threshold resonance
states and resolvent expansions at a threshold%for the}Schrédinger operator on
the discrete half-line N with a general bouhdary coudition. A precise description
of the expansion coefficients reveals their %‘5 ‘espondence to the generalized
eigenspaces, or the threshold types. Thépres ntaﬁi of the paper is adapted from
that of Ito-Jensen [Rev. Math. Phys. 27 (2045), 4650002 (45 pages)], implementing

the expansion scheme of Jensen-Nenciu [Rev. Math. Phys. 13 (2001), 717-754, 16
(2004), 675-677] in its full generali

i\
I. INTRODUCTION w'*\

Simplified models of tran: t in scopic systems are often based on a small sample
connected to a finite number Oﬁ?ad‘\The leads are often modelled using the Laplacian on
the discrete half-line N. Detailed%studies of the transport near thresholds require detailed

information on the r ohﬁf the Laplacian on the discrete half-line. For an example

see Cornean-Jensen-Nenciu! and references therein. The results in this paper allow one to
obtain more detailgd infoxmation on the adiabatic limit studied in Cornean-Jensen-Nenciu®.
ositive lacian on the discrete half-line N = {1,2,...}, i.e., for any

e deﬁne the sequence Hyx: N — C by
oz)[n] = —(z[n + 1] + z[n — 1] — 2z[n]). (I.1)

Let Hy be th

sequence T : y—)

z[0] = 0. (1.2)

others\ror s, we set for any sequence z: N — C

. 2z[1] — z[2 forn =1,
) (Ho)ln] = § 224~ (13
z[n] —zn+1]—xn—1] forn>2.
\ he restriction of Hy to the Hilbert space H = £2(N) is bounded and self-adjoint, and its
“spectrum is
U(HO) = Jau:(l[IO) = [074]‘ (1.4)

a)Electronic mail: ito-ken@math.kobe-u.ac.jp
b) Electronic mail: matarne@math.aau.dk
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The points 0,4 € o(Hy) are called the thresholds. The purpose of this paper is to analyze
the threshold behavior of a perturbed Laplacian H = Hg + V on the discrete half-line N.
We compute an asymptotic expansion of the resolvent R(z) = (H — z)~! at the threshold
z = 0, and, in particular, describe a precise relation between the expansion coefficients
and the generalized eigenspaces. The generalized eigenspace considered here is the largest
possible one, and includes the threshold resonance states as a part of it. These investigations
are done in the same manner as in Ito-Jensen?, employing the expans{gé scheme given in
Jensen-Nenciu#. The technique used in Ito-Jensen? to treat the thre holee applied
here. Hence we discuss only the threshold zero.

The starting point of our analysis is the free resolvent kernel
The main results of the paper will be presented in Section III.
conditions are included in our setting as specific forms of f the Dirichlet
Laplacian. We will see this in Section IV. Section V is analysis of the
generalized eigenspace. After a short preliminary presentation'i Section VI, the proofs of
the main theorems will be provided in Sections VII- o each threshold type.
There we will repeatedly use the inversion formula from Jenseh-Nenciu?, adapted to the
case at hand. As a reference we will quote the forngti: in the fofm given in Ito-Jensen? in

Appendix A.
There is a large number of papers on discret inge’ operators. However, as far as
e résolvent expansions presented here

we are aware, the complete threshold analyses an

AN

In this section we discuss properti ‘\opt e free Dirichlet Laplacian Hy on the discrete
by (I.3). The properties presented here may be
sults for a perturbed Laplacian. They will be
employed repeatedly both i statingyandiin proving the main theorems.

Let H = L2(0, ), and deﬁne'ﬁ}ﬁbuﬂer transform F: H — H and its inverse F*: H — H
by

ugsed in Section II.

C

Il. THE FREE LAPLACIAN

considered as a prototype of ou in

Then we aw>a speetral representation of Hy:
FHyF* =2 —2cosf = 4sin*(6/2). (I1.1)
Thidun fact verifies (I.4). Using the expression (II.1), or antisymmetrizing the kernel of

resolve yl'fe whole line Z, see e.g. Ito-Jensen?, we can compute the kernel of resolvent
0(-) :s( —2)7L: For z € C\ [0,4] with z ~ 0 we have
i ipln—m ip(n+m
- Ro(2)[n,m] = m(e dln=ml| _ gidlntm)y - om e N. (11.2)
Here the variable z € C\ [0,4] is related to ¢ through the correspondence
~ z =4sin®(¢/2), Im¢ > 0.

\ Using the expression (I1.2), we can explicitly compute the expansion of Ry(z) around z = 0.

Before stating it let us introduce the notation employed in this paper.

Notation. In expansions we change variable from z € C\ [0,00) to . These variables are
related as

k=—ivz, Imz>0, Imyz>0. (I1.3)
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We freely write R(z) as R(k), etc. We use the notation

nAm=min{n,m}, nVm=max{n,m}.

L5 = ("%(N)
={z: N = C; /\
Il = 370+ 72)5/2afnl] < 0o}, &)
neN
(L%)* = > 7%(N) \
= {x: N — C; .)

~—
2|00, =Su§(1+n2)_s/ foolan]| o }-

ne

For s € R we let

We denote the set of all bounded operators from a, er an)ch space K to another K’
by B(K,K’), and abbreviate B(K) = B(K,K). In @cular, we write

BS :B(£87 S *). L-

We replace B by C when considering the correspending gpaces of compact operators. Define
the sequences n € (£1)* and 1 € (£%)* by\
n[m] =m_ an \1% 1, meN, (IL.4)

respectively. Throughout the paper }?@ use the pseudo-inverse At of a self-adjoint
operator A. For this concept welrefer to,Appendix A.
Proposition I1.1. Let N >40 be N er. As k — 0 with Rex > 0, the resolvent Ro(k)
has the expansion:
0 = Z HjGOJ' + O(HNJrl) m BN+2, (115)
§=0

with Gy ; € BT, or jf even,“and Go,j € B for j odd, satisfying

/ 0Go,0 = GooHo = I,

‘) HyGo,1 = Go1Ho =0, (11.6)

HoGy; = GojHo = —Go j—2 forj>2.

/

Th oeﬁ?ient 0,j have explicit kernels, and the first few are given by

_— Goo[n,m] =nAm, (I1.7)
5 Goaln,m] = —n-m, (IL.8)

- Go2[n,m| = —%(n Am)
5 +tnAm)P+In-m-(nvm), (11.9)
Gosln,m] = 2n-m—in® - m—in-m’. (I1.10)

S~
Proof. The expansion (II.5) with expressions (I1.7)—(I1.10) follows directly from (II.2), cf.
Ito-Jensen? (Proposition 2.1). To see the identities in (IL.6) it suffices to note that for any
rapidly decreasing sequence ¥: N — C we have

(Ho + %) Ro(k)¥ = Ro(k)(Ho + %)V = ¥

for Re k > 0. The details of the computations are omitted. ]
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We note that the sequence n € (L£')* is a generalized eigenfunction for Hy, and the
coefficient G 1 is a generalized projection onto it:

Hon:(), GO,I = —\n><n|.

eigenspace for the Laplacian on the whole line Z, is not a generalized

wﬁion on N.

Ill. THE PERTURBED LAPLACIAN \‘
Now we consider the perturbed Laplacian H = Hy+V on N, and state the main theorems

of the paper. These theorems reveal a precise relation betwe he“generalized eigenspace

On the other hand, the sequence 1 € (£%)*, which with n forms a basizs?f the generalized

It does not appear in the above expansion coefficients, either.

It is general enough to
contain non-local interactions, but is formulated a little absgractly. We refer to Ito-Jensen?
(Appendix B) for examples. We note that this clas@nterac 1ons is closed under addition,
see Ito-Jensen?.

operator v € B(K, LP)NC(K, L') with B > T“an
V =oUv* 54%5) Byne(ehs, Lh.
.

Under Assumption III.1 we 1

- \+g R(z)=(H—2)"".

The operator H is a bounded Nadl]o'nt operator on H with oess(H) = [0,4]. Using the
Mourre method (see Befitet de Monvel-Shabani®) one can show that o (H) = ). For local
V other conditions fof oy (HY—= 0 are given in Damanik-Killip®.

Let us consider ghe tions to the equation HV = 0 in the largest space where it can
be defined. Defi the/(ge dlized) zero eigenspaces by

/\ { E-wewyinv=o (IIL.1)

Assumption ITI.1. Let V € B(H) be selfﬂ\'bt, andlassume that there exist an injective
d
a

both defined on some Hilbert space IC,

E=En(CleLP?), (I11.2)
) E=EncLi2 (I1L.3)

—~ EcCnaCla L2 (I11.4)

and}heir dimensions satisfy

S ~ dim(E/€) + dim(E/E) =1, 0 < dimE < oo.

We introduce the same classification of the threshold as in Ito-Jensen? (Definition 1.6).
Definition ITI.2. The threshold z = 0 is said to be

1. a regular point, if £ = E = {0};

2. an exceptional point of the first kind, if £ 2 E = {0};
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3. an exceptional point of the second kind, if £ = E 2 {0};
4. an exceptional point of the third kind, if £ 2 E 2 {0}.

It would be more precise to call a function in Ea generalized eigenfunction, that in £ a
resonance function, and that in E an eigenfunction, but sometimes all of them are called
simply eigenfunctions. In particular, we call ¥, € £ a canonical resontince function if it

satisfies \
YU eE (U,¥,)=0, and ¥.—1¢ L’ 3

We remark that the latter asymptotics for ¥, € £ is equivalent to

(Vn,¥.) =-1. )‘-\

We will prove this equivalence in Proposition V.1. .
We now state the resolvent expansions in the four cases giv‘gl in Definition III.2. We
impose assumptions on the parameter 5 from AssumptionJIl.1fin each of the four cases.
s:‘a-tem

For simplicity we state the results for integer values of . e extension to general
is straightforward but leads to more complicat ents of the results and requires a
different approach to the error estimates in the thegrems bélow. Let us set

M0:U+M

and denote its pseudo-inverse by MJ , S ix A.

Theorem II1.3. Assume that the i old
1s fulfilled for some integer B > 2. Thep f

\>ﬁj + Ok in B2 (IT1.5)
with G; € BIT for jf and G; € B for j odd. The coefficients G; can be computed
explicitly. The first coeffitgents can be expressed as

/ Go = G070 — G070UMSU*G0’0, (1116)
‘/\N £oa = 3, (I1L.7)

where U &s a generalized eigenfunction with asymptotics

is_a regular point, and that Assumption I1I.1

m~ W.m] =1 asm — oo.

I — GogoMjv™ = (I+ GooV) ™, (IIL8)
I —oM{v*Goo = (I +VGoo) " (IIL.9)

S “We will verify these right after the proof of Theorem III.3.

Theorem IIL.5. Assume that the threshold 0 is an exceptional point of the first kind, and
that Assumption II1.1 is fulfilled for some integer B > 3. Then

B4
R(k)= Y WG +0k"?) in B! (I11.10)
j=—1
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with G; € B3 for j even, and G; € B2 for j odd. The coefficients G; can be computed
explicitly. The first two coefficients can be expressed as
G_1 = |0 ) (T, (II1.11)
Go = Go,o — (GO,O - |\I!C)<n|)vM0v* (GO,O - |n><\pc|)
— e = 1)* +2Re(1, ¥e — 1) — 5[ W) (¥

e,
3N

where V. € & is the canonical resonance function.

Theorem II1.6. Assume that the threshold O is an exceptional pomi of the second kind,
and that Assumption II1.1 is fulfilled for some integer 8 > 44 %L

(I11.12)

B—6
R(k)= Y WG+ 0K’

j=—2

with G; € B3 for j even, and G; € BIT2 for j ogd oefficients G; can be computed
explicitly. The first four coefficients can be erpresse

G_p =Py, (I11.14)
G_, =0, (IT1.15)

(I11.13)

Go=(I - —Gowlll{v*Goo) (1 - Py), (I11.16)
Gr=(~ 1§v*)Go

x (I v - R)

y P 0GBy & Go,1vMjv* Goo P, (IIL.17)

where Py is the projection on

Theorem III.7. Ass at the threshold 0 is an exceptional point of the third kind, and
that Assumption II1.4_is fulfilled for some integer B > 4. Then

H]G +O(KP5)  in B2 (IT1.18)
j_—2
with G for even, and Gj € BIT2 for j odd. The coefficients G; can be computed
explicitlips, Thel first two coejﬁczents can be expressed as
/ G_g= PO,
= /4 Gy = [0)(T,,

here P@is he projection onto E, and ¥, € &£ is the canonical resonance function.

B orems II1.3-111.7, if § > 4, the resolvent R(x) always has an expansion of some
, and its threshold type can be determined by the coefficients G_5 and G_1. We also
stat€ as a corollary certain identities satisfied by the coeflicients.

“Corollary IIL.8. The coefficients G; from Theorems III.3-1I11.7 satisfy

HGj = GjH =0 fO’I”j = —2,—1,
HGo=GoH =1- P,
HGj = G]H = —Gj,Q fO'I“j > 1,

where Py is the projection onto E.
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Proof. The assertion is verified by Theorems II1.3-II1.7 and the identities
(H + k) R(k)¥ = R(k)(H + £*)¥ = U
for any rapidly decreasing function ¥: N — C and any x ~ 0 with Rex > 0. O

We shall prove Theorems II1.3—1I1.7 following the procedure given dgtO—Jensen2 The
proofs will be given in Sections VII-X with preliminaries in the prece g ctions

IV. GENERAL BOUNDARY CONDITIONS

In this section we comment on discrete analogues of gene 1 nda conditions at the
origin of the half-line, such as the Neumann and the Robin In particular, we
introduce specific potentials that allows us to deal with gueh a eral boundary condition

as a perturbation of the Dirichlet condition.
On the discrete half-line a boundary condltlon is-realiged simply by assigning a value

to x[0] for each function z: N — C, as in he natur alization of the Neumann
boundary condition is to assign the dlfference t be‘U)l .e.,

z[1] — =0 or x
Similarly, a more general Robin condition 1 ah setting

az[0] + b(z[0] — \ﬁ,-.
Here we may take a # —b. Otherwis , es to the shifted Dirichlet condition x[1] = 0.
Let us remark that there is y thet 1zat10n of the Dirichlet boundary condition:

no
\Q (IV.1)

S

which models functions vanishin = 1/2. In other words, (IV.1) may be understood
as arising from sampli ontinuo functlon f at the points n +1/2: z[n] = f(n+1/2).
In such a model the Neumann condition is given by

]. —z|0] = 0,
and the ROb{ onditien %

) [0] + 2[1])/2 + b(z[1] — 2[0]) = 0;  (a,b) # (0,0).

y case all the above boundary conditions are unified as
/ z[0] = ax[l]; «€R.
ﬁ
enote %e rresponding Laplacian by H,, i.e., for any sequence z: N — C

L

h [@-a)n) - ap) forn =1,
& Halln) = {Zw[n] —aln+1]—aln—1] forn>2. (IV-2)

«\We note that the operator H, is in fact bounded and self-adjoint on H = 2(N).
Let e1 = (1,0,0,...) be the first canonical basis vector and define the potential

Vo = —aler){e1]. (IV.3)
Then, comparing definitions (I.3) and (IV.2), we see that

H, = Hy+V,. IV .4)
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The potential V,, satisfies Assumption II1.1 with & = C and

v=1/|aller), v"=+/lal{er], U= —sgna. (IV.5)

Actually V,, is a multiplication operator. We can directly compute

E=C(1-an+al), E=/{0}. {
sul

Note that these eigenspaces can also be computed by applying the results“ef Section V to
(IV.5). The above description of the eigenspaces implies the following:

Lemma IV.1. The threshold O for the operator H, is
1. a regular point if o # 1;
2. tional point of th t kind if o = 1. ‘)
an exceptional point of the first kind if « —~

We can construct the Fourier transform associated with™H,, and compute its expansion
coefficients explicitly, which of course coincide with those comptted from Theorems I11.3—
I11.7 and Lemma IV.1. We remark that we may zhoos he Neumann Laplacian as the

free operator, instead of the Dirichlet Laplacian, and formitlate our main results for its
perturbations. However, then the proofs get much e %plic&ted, since its threshold 0
is an exceptional point of the first kind, which o rwisiii egular.

V. GENERALIZED EIGENSPACES ‘\\

In this section we write down the gigenspaegs using subspaces of I, and then derive some
useful properties. In particular, we rey he relation between invertibility of intermediate
operators and threshold types. Lompagel with the full line discussed in Ito-Jensen?, the
half-line has a very clear correspo ce between them, and the threshold structure is much
simpler. This is because theffree régolvent on the half-line does not have a singular term,
and hence that of the pertur vent comes only and directly from those intermediate
operators.

To state the main r of this section let us introduce some notation. Let

o= U+v Goov, M =v"Goiv=—|v"n){vn|, (V.1)

and @, S € B(KJ be the orthogonal projections onto Ker My, Ker M, respectively. Then
we set

\ mo = QM1Q = ~|Qv*n) (Qu'n. (V2
The op t@Mg and myq are, so to say, the intermediate operators in the terminology of

r the half-line case. They actually appear as expansion coefficients of certain

efifte rators w € B((LP)*,K) and z € B(K, L*) by
3 w="Uv" =z= ||v*n||Jr2<M0v*n7 - — Gy v, (V.3)
whje a' denotes the pseudo-inverse of a € C, see (A.2).

roposition V.1. Suppose that 8 > 1 in Assumption III.1. Then the eigenspaces are

\ expressed as
-

& = z(Ker SMy) ® (Cn N Kerv*), (V.4)
& = z(Ker My), (V.5)
E = z(Ker My N Ker M;) = z(Ker My N Ker my). (V.6)

In particular, the generalized eigenfunctions have the special asymptotics (111.4), and, also,
a function ¥ € £ has the asymptotics W — 1 € £L8~2 if and only if (Vn,¥) = —1.
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Corollary V.2. Suppose that > 1 in Assumption III.1.

1. The threshold 0 is a regular point if and only if My is invertible in B(K). In addition,
if the threshold 0 is a regular point,

dim(£/€) =1, dim(E/E) = dimE = 0.
2. The threshold 0 is an exceptional point of the first kind if anA if My is not

invertible in B(KC) and myg is invertible in B(QK). In additiop<f the thgeshold 0 is
an exceptional point of the first kind,

dim(£/€) =0, dim(E/E) =1, c11111\() x
8. The threshold 0 is an exceptional point of the secon m@z&zﬁa nly if My is not
0 s

invertible in B(KC) and mo = 0. In addition, if the thres n exceptional point
. —
of the second kind,

dim(£/€) =1, dim(£/E) (: < dith < 0.
thesihi

4. The threshold 0 is an exceptional point r@nd if and only if My and mqg
are not invertible in B(K) and B(QK), respegtively, and mo # 0. In addition, if the
threshold 0 is an exceptional point of the third Kind,

dim(E/€) = 0, dir}’s,@ , 1<dimE < .

\

in Assumption I11.1, and that V is local. Then

ﬁ,\dim E=0, (V.7)

i.e., the threshold 0 is either a regul oimt or an exceptional point of the first kind.

Corollary V.3. Suppose that g >

dim

In the remainder of this se prove Proposition V.1, and Corollaries V.2 and V.3,
using a sequence of lemmas givenybelow.

Lemma V.4. For a °, s > 1, the sequence Goox € L* is expressed as

%.T = (n,z) — i (m —n)x[m] forn eN. (V.8)
In particula/%,i _/2 if and only if (n,x) = 0.

Proof. B (ﬁ)} we can write
£ 4 (Go,oz)[n] = Z_: malm] + Y nalml,

hich immediately implies (V.8). Noting that

- - N
5 Z<1 +n2)(s=2)/2 Z (m —n)z[m]| < C|z||,s < oo,
n=1 m=n

S we can deduce that the second term on the right-hand side of (V.8) belongs to £5~2. Then
ﬁay the fact that 1 ¢ L£572 for s > 1 we can verify the last assertion. O

Lemma V.5. The compositions HyGoo and GooHy, defined on L' and Cn @ Cl1 @ L,
respectively, are expressed as

HoGoo = Iz, GooHy =11,

where II: Cn® C1 @ L' — C1 @ L' is the projection.
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Remark V.6. Lemmas V.4 and V.5 in particular imply that for any s > 1
Cle L° C Goo(L¥) cCle L52 (V.9)

Proof. By direct computation employing the expression (V.8) we can verify that for any
x e L}

™

H()G()’()I = Go,oH()SL‘ = X.

We can also compute \
H()l’l = 07 GO ()HQ]_ =1. \
Then the assertion follows by the above identities. .)
R
Lemma V.7. For any ® € Ker SMy and ¥ € g e

wz® = O, zw\Il 5 (V.10)

~

In addition,

27 1(E) = Ker SMy, %(j = CnnNKerv*, (V.11)
271(&) = Ker My, rw = {0}, (V.12)
27 1(E) = Ker My N Ker M, ﬁ Kerw = {0}. (V.13)

Proof. Step 1. We prove the first tion V 10). Let ® € Ker SMy. Then, using
v*Go,ov = My — U, we can compite ? ~

wz® = Uv M (Mov*n, ®)n — Gy Ov@}

:NM(@ UMy + ®

Step 2. Before t ‘r%sertlon of (V.10) we prove (V.11). We first note that by
Lemma V.5 and GO) U for any ® € £

JHO +oUv") [||v*n||2T<M0v*n, ®)n — Go,ovd

+ ||v n||2T<M0v n, ®)oUv*n —vU(My — U)®
= —oUSMyd (V.14)

, si 1s injective, it follows that z® € & if and only if & € Ker SMj, which implies

e ﬁrstsdentlty of (V.11). As for the second, we first note that for any ¥ € ENKerw
o Ho¥ =0, v*¥ =0.

mQ the first identity HyW = 0 can be rephrased as ¥ € Cn, we obtain ¥ € Cn N Kerv*.
e inverse inclusion is almost obvious, and hence the second identity of (V.11).

tep 3. Now we prove the second assertion of (V.10). Let ¥ € £. Then by reusing (V.14)
and noting My = U + v*Goov and Lemma V.5

Hzw¥ = —oUS(v* + 0" G oV)T
= —’UUSU*GO’()(HO + V)\I/
= O,
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which implies zwW¥ € £
Step 4. Let us prove (V.12). Let ® € K. By Lemma V.4 we can write
2@[n] = [[v*n|* (v*n, Mo®)n[n] — (v*n, ®)1[n]
> (V.15)
+ > (m—n)(v®)[m].
As in the proof of Lemma V.4, the last term in (V.15) belong to £ @combmed

with the first identity of (V. 11) implies that z® € £ if and only i
® € Ker SMy, |v*n|/* (v*n, My®

Hence the first identity of (V.12) is obtained. As for the seco oné“we can proceed as in
Step 2, and it is almost obvious.

Step 5. The assertion (V.13) can be shown similarly to Step 4, abd we omit the details. [

the restrictions

’L
z|ker sM, : Ker SMy %‘Y\; £ — Ker SMy
are injective and surjective, respectively. Hence, thevasserted isomorphisms (V.4)—(V.6) are

direct consequences of (V.11)—(V.13), r . We note that the last inequality of (V.6)
is obvious by the definitions (V.1)
The asymptotics (IIL.4) follows i
Ve & welet ® =wl =Uv*Vke Ke
implies that ¥ — 1 € £72 if a nl
(Vn,¥) = —1. Hence we ar done

Proof of Proposition V.1. From (V.10) and the ﬁr@ent,iti of (V.11) we can deduce that

y (V.4), (V.3) and (V.9). Next, for any
‘_ﬁhen since ¥ = 2® = -Gy ov®, Lemma V4

'f (n, —v<1>> 1, which in turn is equivalent to
O

Proof of Corollary V.2. We ﬁrs

ﬁﬂ&sygL dim(£/E) <1, dimE < oo. (V.16)
The first and secgnd inequalities of (V.16) are obvious by (IIT.4), (II1.2) and (IIL.3). For

the last ineq?) f/(\/.16 e note that Uv*Gg ov € C(K). Then

dim E < dim & = dim Ker M,
= dim Ker(1 + Uv* Gy gv) < oc.
Hencefthe claim follows.

Now wy provesthe assertions 1-4 of the corollary. We note that the former parts of 1-4
a e obvigus b)/ Proposition V.1, and hence we may discuss only the latter parts.

Let Sh hreshold 0 be a regular point. Then by definition we have

-~ dim & = dimE = 0.

If Ua’l = 0, then, since S = Ik, we have by (V.4) that & = Cn. Otherwise, noting that M

S invertible, we have by (V.4) that £ = CzM ~!v*n. In either cases we can conclude that
e

dim& = 1.

2. Let the threshold 0 be an exceptional point of the first kind. Then by definition and
claim (V.16)

dim& =1, dimE=0.
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Let us show that £ = £. Since QK is nontrivial and my = —|Qu*n)(Qu*n| is invertible
there, it follows that

Qu'n # 0. (V.17)

Now it suffices to show that Ker SMy C Ker My. Let ® € Ker SMy. Since S is the
orthogonal projections onto the kernel of M; given by (V.1), there existsfe € C such that

My® = cv*n. \
Apply @ to both sides above, then by (V.17) it follows that ¢ = 0. er@@ e Ker My, and
hen

the latter assertion is verified.
3. Let the threshold 0 be an exceptional point of the second kin\

claim (V.16) ‘7
dim(E/E) =0, 1<dimE < oo
,ﬁ
If v*n = 0, then S = Ik, and hence by (V.4) 5

definition and

& = z(Ker M) @(CnCéEB
Otherwise, since mg = —|Qv*n){(Quv*n| = 0, we

&
0 # v*n € (Ker My)* = Rahd,,
and hence we can find ® € £\ {0} such t = v*n. Such ® is unique up to Ker My,

and then by (V.4)
NG CDTE £ o .

In either cases we obtain

-
\‘\diﬁ(é’ /€) =1.
4. Let the threshold 0 be E!GQQQH point of the third kind. Then by definition and
claim (V.16)

dim(£/E) =1, 1<dimE < 0.

1at £)= &, but this can be proved exactly the same manner as in
Bove. Hence we are done. O

Now it suffices to
the proof of the

ser?on

Proof of sz/ary . I%uﬁces to show that E = {0}. Let ¥ € E. Then it follows by
ha

Lemma V.7 \\Kz W. This equation can be rephrased as

Uln] = Z (m —n)V[m]¥[m)] (V.18)

m=n

by L n‘{a VZ and the asymptotics of ¥ as n — oco. Since V € £, we can choose large

o>0s at
. 5 > n[Vin]l < 4. (V.19)
By)V.lS) and (V.19) we obtain
S ~ |¥[n]| < % s1>1p |W[m]| for n > ny,
m-=ng

or
U[n] =0 for n > ng.

Since the equation H¥ = 0 is a difference equation, the above initial condition at infinity
yields ¥ = 0, and hence E = {0}. Hence we are done. O
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VI. THE FIRST STEP IN RESOLVENT EXPANSION

This section gives a short preliminary computation for the proofs of Theorems I11.3-I11.7
given in the following sections. These computations are common to all the proofs.
Define the operator M (k) € B(K) for Rex > 0 by

M(k) =U +v*Ro(k)v. (VL1)

Fix ko > 0 such that z = —«? belongs to the resolvent set of H for @no). This

is possible due to the decay assumptions on V.
Lemma VI.1. Let the operator M (k) be defined as above.
1. Let Assumption III.1 hold for some integer B > 2. Th ‘)"“M

M(k) =" K M;+O(x"~ (VL.2)

with M; € B(K) given by

My =U +v*Go,0v, “Go v forj > 1. (VL3)

J

2. Let Assumption II1.1 hold with 3 @ny 0 < Rek < kg the operator M (k) is
invertible in B(K), and

M) YU Uv* R(k)oU.
Moreover,
. (KJ

— Ro(k)vM (k)" v* Ry (k). (VL.4)

Proof. 1. This resul ; from Assumption IT1.1 and Proposition II.1.
2. The assertion ig vesified byydirect computations, see Ito-Jensen? (Proposition 1.13). [
Note that the Qperators and M coincide with those defined in Section V.

By Lemma VI.1. e opérator M (x) has an expansion, and by Lemma VI.1.2 and Propo-
sition II.1 a a%zglé;o of R(k) is reduced to that of the inverse M(x)~!. If the leading

operator E is invertible, or by Proposition V.1, if the threshold 0 is a regular
point, wé can employ ‘the Neumann series to compute the expansion of M(x)~!. Other-
i I‘employ an inversion formula introduced in Jensen-Nenciu® in a way similar
/e note that we are also going to use the pseudo-inverse several times. For

REGULAR THRESHOLD

I§ this section we prove Theorem III.3. In this case the leading operator M, in the
ansion (VI.2) is invertible by Corollary V.2. Hence the inversion formula in Appendix A

\is not needed.

Proof of Theorem III.3. By the assumption and Corollary V.2 it follows that M is invertible
in B(K). Hence we can use the Neumann series to invert (VI.2). Let us write it as

B—2
M(r)™' =" KA;+ 0K, A; € B(K). (VIL1)
j=0
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The coefficients A; are written explicitly in terms of the M;. The first two terms are
Ag=My*', Ay =My MM (VIL.2)

We insert the expansions (II.5) with N = g8 — 2 and (VIL.1) into (VI.4), and then obtain
the expansion

™

B—2

R(x) = 3_ WGy +O("); \
j=0
Gj = G()J' - Z Go,jl”l)Ajzv*GQ .

J120,j220,j320
J1+iotiz=i ")
This result and (VIL.2) in particular leads to the expresé‘\

Go = Go,0 — GoovM; 'v*Go 0, 5

G = Go’l — Go,lvM(;lv*Go’g =
+ G(),()'UMo_lMlMO_l’U* 0,080 ,0 O_l’l)*G()J
== (I - GO’()'UMO_I'U*>G y1( UM&.I_’U*GO,Q).
The expression (II1.6) is obtained. The ex&é&(&l ) follows by noting
-

Msdatn = T,

~

—

which can be verified with ease by % O
Verification of (I11.9). The firs ntityin (}IQ) follows by
(I+Go.o VL= Cy000, *v*)
=1—-Goww 0_111* + Go,oV — GOVOVGOVO”UMO_lv*
o~ GO’()’U U+ ’U*GO’()’U)M()_lv* + GO’OV
o )T + GopV)
— Goyo”UMo_l”U* + Go)ov — Govo’l)Mo_l’U*Go’()V
-) =1 — G070’UM0_1(U + U*GQ()U)U’U* + G070V
=1
Thesecoul identity is verified analogously. O

_—

11, E&EPTIONAL THRESHOLD OF THE FIRST KIND
—
If this section we prove Theorem IIL5. In this case the leading operator My € B(K) in
(VL.2) is not invertible, and we need the inversion formula given in Appendix A to invert
expansion (VI.2).

S
Proof of Theorem II1.5. By the assumption and Corollary V.2 the leading operator M from
(VI.2) is not invertible in B(K), and we are going to apply Proposition A.2. Let us write
the expansion (VI1.2) as

B—2
M(k) =Y &I M;+ O(K71) = My + kM (). (VIIL1)
7j=0
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Let @ be the orthogonal projection onto Ker My, cf. Section V, and define
m(k) = 3 (~1 K QM (k) (M + Q)Mi(r)) Q. (VIIL2)
7=0
Then by Proposition A.2 we have /
M(s) ™ = (M(x) + Q) \
1
+—(M(r) + Q)" k) +Q 1.‘) (VIIL3)
Note that by using (VIII.1) we can rewrite (VIIL.2) in the for \
53 ')
m(k) =Y Kim;+O(k"7?) (VIIL4)
§=0
We have the following expressions for the first four gefﬁc ts: 3
mo = QM Q, (VIIL5)
my = QMyQ — QM (M + Q) MAQ, L.. (VIIL6)

— QMyQ — QMl(MW
Q

— QMy( MT
QM (M )KQ MO, (VIILT)

ms = QMiQ — QMM 4 D)M:Q
—QMQ( ON/2Q — QMs(M] + Q)M Q
Mo +Q)M2Q
M2 Mo +Q)MQ
2( Q)M ( Mo +Q)MQ
MT + Q)M (M + Q)M (M} + Q)M Q. (VIILR)

Then by the ass pﬂon and Corollary V.2 the coefficient mg = QM@ is invertible in
the um n series provides the expansion of the inverse m(x)f. Let us
erte 1t as

m(r) =Y " KA+ O(?), (VIIL9)

Ao =mb, A; € B(QK).

he Ne anm series also provide an expansion of (M (k) + Q)~!, which we write as

B—2
b (M(r)+ Q)" =) _wB;+O(k*1), (VIIL.10)
§=0

qhere Bj € B(K). The first three coefficients can be written as follows:

By = MJ +Q,
By = —(M{ + Q)M (M} + Q),
By = —(M{ + Q)Mo (M{ + Q)
+ (M + Q)M (M + Q)M (M{ + Q).
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Now we insert the expansions (VIIL.9) and (VIII.10) into the formula (VIIL.3), and then
B—4
M(r)™ =Y KCj+ Ok,
j=—1

Cj=Bj+ >  BjA;,B,

(
J120,j220,j320 /
Jjit+i2+iz=i+1
with B_; = 0. Next we insert the expansions (I1.5) with N = — QIII. ) into the

VIIL11)

formula (VI.4). Then we obtain the expansion

R(k)= Y WG, + O, ‘)____‘

J120,j22-1,j320
J1+i2+isz=i

with Go,_1 = 0. This verifies (IIL.10).
Next we compute G_1. By the above expres

G_1 = —GoyovC_lv* —

and by (IL8) \

mo = Qbex n)(Qu*n|. (VIIL12)
The expression (VIII.12) implies thabyngss at most of rank 1, but by the assumption and

Corollary V.2 it is also invertiblg in B ).}ence it follows that

Quim # \n er My = dim QK = 1.
Then we can write \

b= — 1PN ; (VIIL13)
:%—IIQv*nII‘QQv*n € QK = Ker Mo, (VIIL14)
such that y

/ Zfl = |\IJC> <\Ifc|; v, = —GO’O’U(I)C e€€.
Let us to Me above resonance function ¥, is canonical. We have
(Vn,U.) = —(v'n, UMy — U)P.) = (v'n,®.) = —1,

and4fencgfwe obtain (II1.11).
i we )ﬂove (I11.12). We first express Gy by A, and B,, and then insert expressions

Go = Go,o - Go,o’vc—lv*Go,l - Go,va—l’U*Go,o
— Go,0vCov"Go o
= Go,0 — Go,0vAgv " Go,1 — Go,1vAev"Go 0
— Go,ov(Bo + BoAoB1 + B1 Ay By
+ BoAlBo)v*G(w
=Goo — Go,ovmgv*Go,l - G071Um$v*G070

— GO’O’U (1\4-(;r + Q - m:ng(Mg + Q)

— (M +Q)Mym{ - mgmlmg)v*GQo.
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We expand the terms in big parentheses and unfold my, noting momg; = m(];mo =Q:

_ T T
GU = Go)g — G0701}m01) G071 — Go,lvmov GO’()

— Goov (M = mfy M — M Mym]
— mgMgmg + mSMlMngmg)v*Go’o /

= Go,g + GOVOU’ITLEL)MQ’WLEF]U*GO’O — G070Um2-)1}* 7‘3\

— Go’lvmg’u*Go’o

— Goov(I —mf M) M (I - Mlmg)v*G\
1-)%,1 = —[n)(n]:

Now we use (VIII.14) and the expressions M; = v*Gy v, j &1,

— (Goo = |¥e)(n|)vMgv* (Gog (‘I’c|b
Hence it remains to compute the coefficient of the{g(y'\d'yrm in the last expression. We
have by &, = UvV¥ p

<U®ca GO,2'U(I)C> = <V\I/C, % O\I/m G0,2HO\IIC>.
Here we remark that we cannot dire e GooHy = —Goy, since (IL.6) holds as an

extension from rapidly decaying function ,d‘%e\h is not decaying. However, it suffices to

subtract the leading asymptotics as cﬂl;%s
<U¢C,G072’U o
=L Ho( Go2HoV.) + (GooHoV,)[1]
= 1), GooHo¥.)
+ 0(¥e = 1))[1] + (Go2Ho1)[1]

(Go, [
‘>\<(‘I’c —1),Go,0Ho(¥. — 1))
—(Goo(¥. —1)[1]
/ Va (Goo(¥e —1))[1] + (Go2Ho1)[1]

= —[|W, — 1||> — 2Re(Go (. — 1))[1]
\ + (Go2Hol)[1].

The laét t 7erms are computed by using the explicit expressions (I1.7) and (I1.9). Then
we tain/(II 2. O

-

GO = GO,O + |\IJC><UCI)07 G0,2U®c><\1,c| — \I’c> <n‘ <\IIC|

EXSEP IONAL THRESHOLD OF THE SECOND KIND

_ﬁ
re we prove Theorem III.6. For the first part of the proof we can almost repeat the

arguiment of the previous section, but the second part is rather non-trivial. In fact, we need

following lemma.
S “Lemma IX.1. Let x, € L* v =1,2. Assume that
(n,z,) =0, v=12. (IX.1)
Then one has that Go oz, € L2, v =1,2, and that

(x1,Go2w2) = —(Go,0x1, Go,0x2). (IX.2)
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Proof. We extend the sequences x, € £*, v = 1,2, antisymmetrically to the whole line Z
by letting

Zy[n] = sgn[n]z,[|n]], n€Z.
Noting that the kernels Gg o[n, m] and G 2[n, m] have the expresswns

GO,O[n,m]:——(|n—m| n+m

Goz2[n,m] = 5 (In—m| —|n — m|3
— (n+m)+ (n+m)?),
we also define operators GO o and GO o mapping antisymmetri x\ to themselves

by the integral kernels

'M\
Go,o[n,m] = \n—m|, o
Goaln,m] = 35 (In — |n 13) 5 (IX.3)
respectively. Then it is easy to check that for v = ?3, and n >1

(Go ) [n) = (Go,iTy) [n] = (Chge, )| (IX.4)

On the other hand, the kernels (IX.3) are thega 2
(equation (2.5)), and hence under assumption ({X.

follows that Gg 0%, € £12(Z) and that

(&1, Go.o%) SC0, Gooa). (1X.5)

as the convolution kernels in Ito-Jensen
to-Jensen? (Lemma 4.16) applies. It

Then by (IX.4) and (IX.5) the a \ llows O
Proof of Theorem II1.6. By N‘ui n and Corollary V.2 the leading operator My from
(VI.2) is not invertible in B(K) the expansion (VI.2) in the same form as (VIIIL.1),
let @ be the orthogon, ojection ‘ento Ker My, and define m(x) by the same formula as
(VIIL.2). Then by Rfopositien A.2 we have the same formula as (VIIL.3). Again, m(k)
defined by (VIII.2)hassthe same expansion (VIII.4) with the same expressions (VIIL.5)—
(VIIL.8) for its colfficients; this time we actually have

/ Lo =0, my=QMQ, ms=0. (IX.6)

In fact, b ths%tion we have

mo = QM1Q = —|Qv*'n)(Qu*n| =0,
y or Quv*n=0, (IX.7)

duhien 1{6) follows by (VL.3), (IL.8), (IX.7) and (VIIL.5)—(VIIL.8). Now we note that

hen thegoperator my has to be invertible in B(QK). Otherwise, we can apply Proposi-

A.2 gpnce more, but this leads to a singularity of order x~7, j > 3, in the expansion of

-‘R(m ich contradicts the self-adjointness of H. Hence the Neumann series provides an
expansmn of m(k)" of the form

B—5
S ~ m(r) = > KA+ 0", A; € BQK), (IX.8)
j=—1
with, e.g.
A = mJ{, Ay = —m‘imgmi,

A = —mimgmi + mIQOIQOl—.


http://dx.doi.org/10.1063/1.4982957

| This manuscript was accepted by J. Math, Phys. Click here to see the version of record. |
AlPP 9
Publishing

These are actually simplified by (IX.6) as

A,1 == m];, AO = 0, A1 = —mImng. (IXQ)

(VIIL.10) with the same coefficients given there. Now we insert the expansions (IX.8) and
(VIIL.10) into the formula (VIIIL.3), and then

D,

M(s)™' = 37 WC;+ O(0); \
j=-2
C; = B; + > Ay, B (IX.10)

J120,j22—1,j320
Jj1+i2+iz=i+1

The Neumann series also provides an expansion of (M (k) + Q)1 i?e same form as

with B_5 = B_; = 0. We then insert the expansions ( with N = 8 — 4 and (IX.10)
into the formula (VI.4). Finally we obtain the expénsion

with G07_2 = G07_1 =0.
Next we compute the coefficien \k use the above expressions of the coefficients to

write \

= —Go,0vC_2v"Go,0

= —G()’O'UmIU*GO’()
= 2(Qu*Go 2vQ) 2" (IX.11)
V.
By this expr?{ion cangee that

RanG_, = (KerG_5)* c £ =E.

In addition, Proposition V.1 for any ¥ € E we can write ¥ = 2® = —Gg ov® for some
& QL fo thatsby Lemma IX.1
ﬁ

<\I/, G_Q\I/> = —(GO’O’U(I), vao’U(QU*Gowg’UQ)Tz*\IO
= [ f3,.

Sin& G _5 is obviously self-adjoint on E, this implies that G_s coincides with the orthogonal
ction Py onto E, as asserted in (II1.14).
S “ As for G_1, we can first write

*
G_1 = —Go,ovC_1v"Goo
- G070’UC_2’U*G0’1 - Go,va’_gv*Gmo.

If we make use of the vanishing in (IX.6), (IX.7) and (IX.9), we can easily verify (II1.15)
from this expression. We omit the details.
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Next, we compute G;. Let us write, implementing ByA, = A.By = A,
Go = Go,0 — Go,0vCov*Go o
- Go,o’Uc—l”U*Go,l - Go,va—l’U*Go,o
— G ovC_2v"Go 2 — Go,1vC_2v* Gy 1
— Go20C_2v"Go g
= Go,0 — Goov(Bo + A1 + AgBy + B1A0

+ B1A_1B1 +A_1Bs + B A
—GooU(A0+A 1Bl+Bl U Gl
- GO 1’U(A0 + A_ 1Bl + B1

— GoovA_jv G02—G01UA 1 01
- GO’Q'UA_]_U GO,O-

Let us now use some vanishing relations coming from (

~—

-

6), (115 7), and (IX.9):

Gy = Go,o Go OU(BO + A B“A,1
+ A1 Bo+ BoA gam/ ’)

- Go,o’l)A,lBlU*

20

- GO 0UA 1v G,
and then insert expressions for A, and B, rmthe ernels of operators and implementing

(IX.6) and (IX.7). We omit some compu taining

Go = Go,0 — Goyo +~g mimsgm]

Q) — (]\4(;r + Q)M2mI)U*GO,O

— WO,Q - G072’UmIU*GO7O.

Next we unfold ms. We use the ressions mz = QMyQ — QMgMgMgQ — mym; and

QMQQ = mi which

er (IX.7), and then
= G(),Ov(_[ - mJ{Mg)MJ(I - Mng{)’U*G0,0

OU(Q + ml{mlmlmJ{

T TY,,*
—mlml mlml)v Goo

— G() Ovmlv G() 2 — G())Q’U’I’I’LJ{U*G())O

+ G() 0V M4m1v G07().
NOVQ t (IX.11) we have

m! = —Uv* PooU (IX.12)

d this perator is bijective as QK — QK. Hence we have

-~ *
Go = Go,0 — (Goo + PoVG0,2)UMoU (Go,o + Go2VEP)
+ PoVGoz + Go2VERy + PoVGoaV Py

urthermore we make use of the identities V Py = —HoFy, BV = —FPyHy and HyGyj =

~GO ]H(] GO,] 2 for j > 2:
Go = Go,o — (Go,0 — PoGo0)vMv*(Goo — GooPo)
— PoGo,o — GooPo + PoGo,oFo
= (I - PRy)[Goo
— Goov(U + U*Go,OU)TU*GO,O] (1—-FRy).
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This verifies (II1.16).

The computation of G; in this case is very long, and we do not present all the detail in
this paper. We only describe some of important steps. First we can write it, using only A,
and B,,

G1=Go, /
— Go,0vA_1v*"Go3 — Go1vA_1v*Go 2
— Go20A_1v"Go1 — GozvA_1v"Goo \
— G0701)(A_1Bl + B1A_1 + AO)”U*G(LQ ‘)
—Gogv(A_1B1+ BiA_1 + AO)U*GO,I\
)

— Go2v(A_1 By + B1A_y + Ag)vj &D

= Goov(Bo+ A1By + BiA_uBy (T
+ ByA_1)v* G

— Gov(Bo + A1 Bo + 5
+ By A_1)v*Goyo -

- G0701)(Bl + A_1Bs3 1A_L.

+ BoA_1By + 1 +HAyBs + B1AygB,
+ By Ay + AlN Az)v*Go .
Then we insert the expressions of A, arls\?*\ﬁﬁwe implement some of vanishing relations
we arg

coming from (IX.6), (IX.7), and (I 9)5 argive at
.

G1 = Go) = Gg,o ’I’TLI’U*GO;; — Go’g’l}mi?}*Go’o
IM2M3)U*G0’1

_ W — MgMQmDU*GO,O

G()’()’U —MngMg
m} (= Mz M + My MM, M)
(

Q&

gl

+
/ —mim T} G
1 4m1 v 0,0-

If we in t??.l\%hd my = QM5Q — QMo JMsQ — QMsJM>(@Q, which holds especially
due

in thisa, to the vanishing relations noted above, we come to
£ G1 = Goa + GooVPRVGos+ GosVPyVGoo
—_— —Gop (ngv* + VP()VGO,Q'UM(;['U*)G(),:[
j — Go1 (VM{v* + v Mv*Go 2V PoV)Goo
—Gop [—ngv*Goylngv* + VPOVG0’3UM(IU*
5 — VPV GovMiv*GooMjv*
5 o +oMv*Go 3V PV
— oMIv*Go v M{v* Gy 2V PV
—VPVGosVRV
+ VPV GoavMiv*Go sV PV
+ VPV GosvMiv*GoaV PV |Goy.
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Finally we use VPy = —HyPy, Py)V = —PyH, and (I1.6), and then the expression (I11.17)
is obtained. Hence we are done. O

X. EXCEPTIONAL THRESHOLD OF THE THIRD KIND

needs one more application of the inversion formula, or Proposition he formulas
get much more complicated.

Proof of Theorem III.7. Let us repeat arguments of the prev10us tlon some extent. We
L.
h

Finally we prove Theorem II1.7. Compared with the proof of The( IT1.6, this case

write the expansion (VI.2) in the same form as (VIIL.1), let hogonal projection
onto Ker My, and define m(x) by the same formula as (VI 2 en by Proposition A.2
we have the same formula as (VIIL.3), again. The operator “defined by (VIII.2) has
the same expansion as (VII1.4) with (VIIL.5)—(VIILS8), t"mtho (IX.6) or (IX.7) by the
assumption and Corollary V.2. Now we apply the inversion foSnu a, Proposition A.2; to

the operator m(x). Write the expansion (VIII.4) inthe f
=mo + RFL-) (X.1)

The leading operator mg is non-zero and not inve ble‘m—B (QK) by the assumption and

Corollary V.2. Let T be the orthogonal projeetion onte Kermy C QK, and set
a(k) = S (=17 ml + T (k)] T. (X.2)

J

Then we have by Proposition A.2 th \ ~

Using (VII1.4) and ( et us write (X.2) in the form
Z kg +O(K"™%); ¢ € B(TK).
The first an qeco efﬁaents are given as
= TmiT, q =TmoT —Tmy(m} +T)mT. (X.4)

hat the leading operator gg has to be invertible in B(TK). Otherwise, applying
nce again, we can show that R(k) has a singularity of order k=7, j > 3 in
his contradicts the self-adjointness of H. Hence we can use the Neumann
q(k)t, and obtain

B—4
KT =Y KA+ 0P, A;eB(TK), (X.5)
j=0

Ao =g, A1 =—dlaql.
We also write (m(x) + T)" employing the Neumann series as

8-3
(m(x) +T)" = Z KOy + O(KP72) (X.6)

=0
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with C; € B(QK) and

Co Zm;r]—ﬁ-T, C = —(mg;—l—T)ml(mg—FT)

We first insert the expansions (X.5) and (X.6) into (X.3):

m(k)T = BZ:_5 K Dj + O(KP™4), -<\ (X.7)

j=—1

Dj :Cj+ 2 : leAjzcjs’
j120,522>0,53>0
Jj1t+iz+iz=i+1 )

with C_; = 0. Next, noting that we have an expansion gf(d/ ( Q)" ! in the same form
as (VIIL.10), we insert the expansions (X.7) and (VIIL.10) into S/ 3):

B—6 o

M(r)™ = > WE;+ Ol
=2 <

E; =B; + 1 D, B

J1 2Quj2 > Myjz >
J1+Jg4i3=

3 (X.8)

)

with B_s = B_; = 0. We finally ins rting%nsions (IL.5) with N = 8 — 4 and (X.8)
into (VI.4), and then obtain the ex i
=

\S\+ ("),

*k
E Go,j,vE},v*Go g5,

J120,j22-2,j320
J1+i2+isz=i

Next we co first two coefficients. Let us start with G_5. Unfolding the above
expressions, ?@

) mo = QM;Q = —|Qu*n)(Qunl, (X.9)
ﬁ
it fellows that
S Tv'n=TQv*n =0. (X.10)
-~

Hence we have
G_2 = —GO,OU(T’U*GO,Q’UT)T’U*G()70,

and we can verify the identity G_o = Fp in exactly the same manner as in the proof of
Theorem III.6.
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As for G_, it requires a slightly longer computations, and we proceed step by step. We
can first write, concerning A, By, C, Dy, F, only,

G_1 = —GoovE_1v" Gy — GoovE_2v*Go 1
— Go,1vE_2v"Go g
= ~Go,00(Bo(Co + CoArCo
+ CoAoC1 + C14¢Cy) By
+ ByCyAeCo By + BlCOAOCOBO) Gy

- GO’OUB()C()A()C()B()U*GOJ
- Govl'UBQC()A()CoBo”U*GO’O. .)

d/'\

H
Next, we implement the identities BoC, = C.By = C! z;rni C = A,Cy = A, insert
expressions of A,, B, Cy, and then use (X.10): S

G = ~Goov(Co+ A1+ A c’(_//)
%ﬁﬁi

+ Ole + A()Bl B *GUTO
) vA G070

gb — abma(mj + T)

~ (m} K%
— s ML Q- (M + QMg )v* Gog

)= Goavgdv*Goy.

= —Go, T—%m%—ﬂmm%+T)

»

nd use (X.10):

(
We further unfold ¢; and
/\ —‘/—Go)O’U (mg + T + ng2 (mg + T)qug

mp + T)mlqg)v*Go’o.

— gy Ma(m{ +T) — (mf + T)MQQ(JS)'U*GO,O
= —Go)(ﬂ)(l - ngg)m:g(I — ngg)U*Gop

/ / — Goov(I — giM2)T(I — Magh)v*Goyo.
.ﬁ
ince T%Q =Tm T = qoT by (X.10), the last term can actually be removed:

— N
G_1 = —Goyo’l)(.[ - ngg)mg(I - ngg)’l) G0,0.
in)ly by (X.9) we can write

<

and hence we obtain

mf = —||Qu*n[|~*|Qu*n)(Qu*nl,

G,1 = |\IIC><\IIC|7
U, = |[Qun|| 3Gy ov(I — ¢hv*Go2v)Quvn € E.
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Let us verify that the above U, is in fact the canonical resonance function. For any ¥ € E
set & = wW¥ € TK. As in the proof of Theorem II1.6 we can verify that

(W, 0,) = —[|Qun||~*
X <G0 00T ®, Gy ov(I — qgv*GO 20)Qun

—o | >/

We can also prove that ‘)\
(Vn,¥,) = [|Qu*n|~?
X <Vn, GQQU(I — qu*GOQU Q 15
= [|Qu*n[|~* ~

x (Uv*n, (Mo —U)(I —

jQunl o, (1 g0 \Go.20) o)
T

This concludes the proof. \ O

Appendix A: Inversion formula \

In this appendix we present an in for la needed in the proof of the main results
of the paper. The formula 1s “To-Jensen? (Section 3.1), which in turn was
3

adapted from Jensen-Nenciu
Let us argue in a general

1. Theset D C is invariant under complex conjugation and accumulates at 0 € C.

2. For each D )he 0

A(/-@)‘ZB y.
3. As Kk O\ﬁth operator A(k) has an expansion in the uniform topology of the
op af:-o’) at KC:

V.

4., T cécrum of Ay does not accumulate at 0 € C as a set.

ator A(k) satisfies A(k)* = A(R) and has a bounded inverse

A(k) = Ag + kA1 (r);  Ay(rk) = O(1). (A1)

f the leading operator Ay is invertible in B(K), the Neumann series provides an inversion
““for or the expansion of A(k)™?

\ 5 i Yk Ag [ A (r) Ay Y]
~ J=0

The inversion formula given below is useful when Ajq is not invertible in B(K).
We define the pseudo-inverse a' for a complex number a € C by

0 ifa=0
T ’ A2
“ {al ifa #0. (A.2)
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Let K' C K be a closed subspace. We always identify B(K') with its embedding in B(K) in
the standard way. For an operator A € B(K') C B(K) we say that A is invertible in B(K')
if there exists an operator AT € B(K') such that ATA = AA" = I/, which we identify with
the orthogonal projection onto K’ C K as noted. For a general self-adjoint operator A on
IC we abuse the notation A" also to denote the operator defined by the usual operational
calculus for the function (A.2). The operator AT for a self-adjoint operdtor A belongs to
B(K) if and only if the spectrum of A does not accumulate at 0 as a sef and in such a case
the above two Af coincide. In either case we call At the pseudo-inv T%ME reader
should note that we always use the notation A* for the adjoint an h%tatio t for the
pseudo-inverse.

Proposition A.2. Suppose Assumption A.1. Let Q be the ort rojection onto

Ker Ay, and define the operator a(k) € B(QK) by )
~
a(k) = {Iok — Q(A(K) + Q)"

o0

Z(—l)ﬁd@gl(/{) [(6 (@}Q_ (A3)

Then a(k) is bounded in B(QK) as k — 0 in D.‘\%}@)r each € D sufficiently close

to 0 the operator a(k) is invertible in B(QIC%
A(r)™! = (A(r) + Q)&\
1 ; .
+ (AT o) (A(r) + Q)7 (Ad)

\I<
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