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Refined analysis of RGHWs of code pairs coming from
Garcia-Stichtenoth’s second tower*

Research Article

Olav Geil, Stefano Martin, Umberto Martinez-Penas, Diego Ruano

Abstract: Asymptotically good sequences of ramp secret sharing schemes were given in [5] by using one-point
algebraic geometric codes defined from asymptotically good towers of function fields. Their security
is given by the relative generalized Hamming weights of the corresponding codes. In this paper we
demonstrate how to obtain refined information on the RGHWSs when the codimension of the codes is
small. For general codimension, we give an improved estimate for the highest RGHW.

2010 MSC: 94A62, 94B27, 94B65
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1. Introduction

Relative generalized Hamming weights (RGHWS) of two linear codes are fundamental for evaluating
the security of ramp secret sharing schemes and wire-tap channels of type II [6, 7, 9, 12]. Until few years
ago only the RGHWSs of MDS codes and a few other examples of codes were known [8], but recently
new results were discovered for one-point algebraic geometric codes [6], g-ary Reed-Muller codes [4] and
cyclic codes [13]. In [5] it was discussed how to obtain asymptotically good sequences of ramp secret
sharing schemes by using one-point algebraic geometric codes defined from asymptotically good towers
of function fields. The tools used in [5] were the Goppa bound and the Feng-Rao bounds. In the present
paper we focus on secret sharing schemes coming from the Garcia-Stichtenoth’s second tower [3]. We give
a method for obtaining new information on the RGHWSs when the used codes have small codimension. For
general codimension we give an improved estimate on the highest RGHW. The new results are obtained
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by studying in detail the sequence of Weierstrass semigroups related to the sequence of rational places
[10].

We recall the definition of RGHWSs and briefly mention their use in connection with secret sharing
schemes.

Definition 1.1. Let Co C Cy C Fy be two linear codes. For m =1,...,¢ = dimCy — dim Cy the m-th

=

relative generalized Hamming weight of Cy with respect to Cs is

M,,(C1,C3) = min{#SuppD | D C C is a linear space,

dimD=m,DNCy = {6}}

Here SuppD = #{i € N | exists (c1,...,¢n) € D with ¢; # 0}. Note that for m = 1,...,dim Cy, the
m-th generalized Hamming weight (GHW) of C1 dp,(C1) is My, (C1,{0}).

Given Cy C (7 linear codes, by definition, we have that the m-th generalized Hamming weight
is a lower bound for the m-th relative generalized Hamming weight of C; with respect to Cs, i.e.
M, (C1,C3) > dp(Cy). In [2], a general construction of a linear secret sharing scheme with n par-
ticipants is defined from two linear codes Co C Cp of length n. It was proved in [6, 7] that it has
Tm =1 — My_mi1(Cy,Co) + 1 reconstruction and t,,, = M,,(Cs,Ci-) — 1 privacy for m = 1,..., ¢. Here,
rm and t,, are the unique numbers such that the following holds: It is not possible to recover m g¢-bits
of information about the secret with only ¢,, shares, but it is possible with some ¢,, + 1 shares. With
any r,, shares it is possible to recover m g-bits of information about the secret, but it is not possible to
recover m ¢-bits of information with some r,, — 1 shares.

We shall focus on one-point algebraic geometric codes Cr(D,G) where D = Py +...4+ P,, G = uQ,
and Pp,...,P,,Q are pairwise different rational places over a function field. By writing v for the
valuation at ), the Weiestrass semigroup corresponding to @ is

H(Q) = —vq (U ﬁ(uQ)) — {p € No | £(uQ) # L((1— DQ)}.

pn=0

We denote by g the genus of the function field and by ¢ the conductor of the Weierstrass semigroup.
We consider C1 = Cz(D,p1Q) and Cy = Cr(D, p2Q), with —1 < ps < py. Observe that for ¢ =
dim(C1) — dim(Cy) and g = py — po we have that £ < u, with equality if 29 — 1 < ps < g1 < n—1 holds.

From [6, Theorem 19| we have the following bound:
Theorem 1.2. Form =1,...,{ we have that:
Mm(cly 02) Z n—p + Z(H(Q)auam)a

where

Z(H(Q), p,m) = min{#{a € UIL (is + H(Q)) | a ¢ H(Q)} |
—(,u—l) < <9< <ty < —1}.

For m > g, one has that d,,,(C) = n — k 4+ m, that is the Singleton bound is reached [11, Corollary
4.2]. For other values of m, using Theorem 1.2, the following result was found [5, Proposition 14].

Proposition 1.3. Let Cr(D, uQ) be a one-point algebraic geometric code of length n and dimension k.
If -1<pu<mnand 1l <m <min{k, g}, then:

Ay (Ce(D,p@))>2n—k+2m—c+he—pm >n—k+2m—c
where he—m = #(H(Q) N (0,c —m]).
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Moreover, in the proof of [5, Proposition 14], one has that
dm(CE(DvﬂQ)) >n— M+g —14+2m—c+ hcfm»

which may allow us to improve the bound in Proposition 1.3 for p < 2¢g—2, since in this case k > p+1—g.
Furthermore, we can apply it to bound the RGHWS of a pair of codes.

Proposition 1.4. Let Cr(D, u2@Q) C Cr(D, Q) be two one-point algebraic geometric codes of length
n and dimension k1 and ke, respectively. If =1 < pg < p1 < n and 1 <m < min{ky, g} then

dm(CE(DaulQ)) > n— +g_ 1+2m _C+hcfm
where he—m = #(H(Q) N (0,c —m]). Moreover, if 1 < m < min{ky — k2, g} then

M (Cro(Dyp1@Q), Cre(Dyp2@)) >n—p1+g—142m —c+ he—m.

From Garcia-Stichtenoth’s second tower [3] one obtains codes over any field F,; where ¢ is an even
power of a prime. Garcia and Stichtenoth analyzed the asymptotic behaviour of the number of rational
places and the genus, from which one has that the codes beat the Gilbert-Varshamov bound for ¢ > 49.
This allows us to create sequences of asymptotically good codes.

The Garcia-Stichtenoth’s tower (F', F2 F3,...) in [3] over F,, for ¢ an even power of a prime, is
given by:

o Fl =Fy(x1),
o for v > 1, F¥ = F¥~Y(z,) with z, satisfying zy" + z, = */{:IIH'
Ty_1
The number of rational points of F” is Ny (F") > ¢ (qg— v/q) and its genus is g, = g(F") = (q% =]

v+1

1)(g* 1 1),

For every function field 7 the following complete description of the Weierstrass semigroups cor-
responding to a sequence of rational places was given in [10]. Let @, be the rational point that is the
unique pole in 7. The Weierstrass semigroups H(Q, ) at @, in F" are given recursively by:

H(Q1) = Ny,
H(Q,) = q-HQu-1)U{ieNg:i>c,},

v+1

where ¢, = ¢% — q% [*3*] is the conductor of H(Q,).

An alternative way to obtain these Weiestrass semigroups was described in [1].

Definition 1.5. First we define H(Q1) = Ng. For v positive integer and j = 2 {%J , we define:

J

o =qf — 9, HQ,) =S°USIUS2U...USE UST,
where:

o Sy ={z,1}={0},

e For1<i<i, Si={

i—1

i1 .., %}whereforlgkgq%—q2 we
vq

8

have that x -1
v,q 2 +k

e S =lc, +1,00).

39
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Using the previous description of the Weierstrass semigroup H(Q,), we can see that it has the
following properties:

Lemma 1.6. With the same notation as before, one has that:
1. For any i1,12 € {0, 1,2,‘..,% — % oo}, iy # ia, we have that St N Siz = ().

2. Forie{l,..., %} we have that #5° = q: — q% and # (Ui:OSﬁ) =gqs3.

3. For i € {1, e 2} and for any two consecutive elements x,y € S', with x > y, we have that
T—y=q¢"5
4. Forie {l,..., %} Let x be the first element of S° and y the last element of S, we have that
v—2it1
rT—y=4q
v—2i41

5. Forie{l,...,%}, and for any x,y € Ui_,ST, x > y we have that x —y > q

Proof. 1. By Theorem 1 in [1].
2. Leti e {1,..., %}, the cardinality of S follows by its definition. For the second part, by (1), we
have that:
' i i B _
#(U=oS) = #S0+ D _#S =1+) (¢F—q7 ) =1+ —1=¢
r=1 r=1
3. Consider two consecutlve elements z,y € S x> y There ex1sts a ke{l,. q% — q% -1} such
that z = g2 —¢" % +kg" 2 andy = ¢* —qw +(k+1)q It follows that z—y = ¢~ 2
4. Let y be the last element of Si~1 ie. y = q% — q%M, and x be the first element of S?, i.e.
—i+41 v— 2L+1 v—2i41
r=q*—q 2z +g¢q . We have that xt —y =¢q¢~ 2
5. Forie{1,..., %}, consider T,y € Ui_yS? with o > y. This mean that there exists i1,i2 € {1,...,i},
i1 > io such that x € S, y € §'2. Let x5 be the element that precedes x in H(Q"), then we have

v—2i+1 v—2i1+1 v—2i41

that t —y = (x —a2)+ (x2—y)=¢ = +(x2—y)>q 2z >q 2z . Thesecond inequality
follows by (3) and (4), the third one since x5 > y and the last one since i; < 3.

O

Applying Proposition 1.3 to code pairs coming from Garcia-Stichtenoth’s second tower [3], an asymp-
totic result was given in [5, Theorem 23|, which combined with Proposition 1.4 allows us to obtain the
following result.

Corollary 1.7. Let (F;)52, be Garcia-Stichtenoth’s second tower of function fields over F, where q is an
even power of a prime. Let (C;)32, be a sequence of one- pomt algebraic geometric codes constructed from
(Fi)$2,. Consider R,R,p with0 < R <1 — ﬁ’ 0<R<1and0<p<min{R, \/61—1}’

that dim(C;)/n; — R and p;/n; — R. For all sequences of positive integers (m;)32, with m;/n; — p, it
holds that 6 = liminf;_, o d;,, (C;)/n; satisfies

and assume

§>1-R+2p—

T 1)

§>1—R+2p. (2)

<R<1- -t

Note that the bound (2) is sharper than (1) for \[171 7T
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2. Small codimension

In this section we give a refined bound on the RGHWs of two nested one-point algebraic geometric
codes coming from Garcia-Stichtenoth’s towers when the codimension is small.

Before giving such bound, we illustrate the main idea with an example.

Example 2.1. Consider ¢ =9 and let Fg be the 6-th function field defined by the Garcia-Stichtenoth’s
tower over F,. The Weierstrass semigroup H(Qe) at Q¢ in Fg is

H(Qg) = {0,243, 486, 513, 540, 567, 594, 621, 648} U

U{3n |n € N and 3n € [654,702]} U {n € N | n > 702}.
We denote these three sets as A°, BY and C° respectively.

For computing Z(H (Qg), t,m) one should find i1, ... im—1 such that —(p — 1) < i3 < iz < -+ <
im—1 < —1 and minimize #{a € UT (is + H(Qs)) | a ¢ H(Qg)}. In this example we fiv iy = —20,
thus:

iv + H(Qg) = {—20, 223,466, 493, 520, 547, 574, 601, 628 }U
U{3n—20 | n €N and 3n € [654,702]} U {n € N | n > 682} =

= (i1 + A°) f U (i1 + B°) U (i1 + C°).

Note that iy + A° and H(Qg) are disjoint since —i; = 20 < 27 and |x — y| > 27 for any v,y € A° x # y.
For the same reason for any —20 < iy < -+ < iy_1 < —1, we have that i,yy_1 + A% 4o+ A% ... is +
A% iy + AY and H(Qg) are disjoint. It follows that U™ (i, +A%) C {a € UMM (i +H(Qs)) | o ¢ H(Qs)}
and # UMY (i + A%) = S0 P4 (i, + A%) = (m — 1D)#A° = 9(m — 1).

The same argument does not hold for i + B° (or i+ C°) because there exists x,yy € B® (or C°) such
that |z — y| = 3 and —iy > 3 thus it is possible that (i, + B°) N B° # 0 (or (i, + C°)NC® £ Q) for some
v=1,...,m—1.

Note that #((i1 +C°)\C) = iy = 20, but (i1 +C°)\C° may intersect A°UB°. Therefore we consider
(i1 + CY)\\/aN, in this way (i1 + C°)\(C° U \/qN) and H(Qg) are disjoint. It follows that if iy = —20,
then Z(H(Qo), m) > # UTY (i + A%) + (i1 + CONCO U /GN)) = (m — 1) -9+ [202]

As we can see from previous example, we do not consider the sets BY, i, + B, ..., i;,_1 + B because
of their intersections with other sets. In general, we will also consider all the possible values —iq in the
range [m — 1, 4 — 1] to obtain the following bound.

Theorem 2.2. Let v be an even positive integer and q an even power of a prime. Consider two one-
point algebraic geometric codes Co = Crp(D,u2Q) € C1 = Cp(D,u1Q) of length n built on the v-th
Garcia-Stichtenoth’s function field over Fy and p = 1 — po. For p < qVTH, m = 1,...,u, consider

ut =2 (1 + 4 +log, (#qill))) and B = min{2¢~ % (/g — 1)(u—1)% +1, iqygs (Va—1)"2+1}, we
have that:

where
min {(m —1)g% =% +¢* 3(1—q3) -1 if m>pB,
(m—1)gf% +¢* " 3(1—q3)-1 ifm < B,m#1,
0 ifm=1
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Proof. By Theorem 1.2 we have that M,,(C1,C2) > n — p1 + Z(H(Q,), 1, m) thus we will estimate
Z(H(Qy),u,m). It m=1, Z(H(Q,),u,1) = 0, otherwise we denote the conductor of H(Q,) by ¢. Set
—(p—=1)<i; < <ipmo1 < —1, we define u(iy) = Llogq(—il) + %J, then q“(il)_% < -3 < q“(il)‘*‘%.
For the sake of simplicity we write « instead of u(iy).

To estimate Z(H(Q, ), 1, m) we consider the following two sets: A(iy, iz, ...,4,) = {a € U (i, +
A%u)) | a ¢ H(Q,)} where A°(u) = JZ," S and C(i1) = (i1 + CO)\H(Q,) where C° = {a € N |
a > c}. Again, to simplify the notation we write A = A(iy,42,...,i,), A° = A%°(u) and C = C(iy).
By construction AUC C {a € U™ (i, + H(Q,)) | « ¢ H(Q,)} and AN C = §. Thus we have that
Z(H(Q,),pm) > #A + #C.

We start by computing the cardinality of A. By definition of A° for any x,y € A%, x # y there exist

iz,iy € {0,...,5 — u} such that z € Siz and y € Si¥. We can assume without loss of generality that

iy > i; and > y, then we obtain by (6) in Lemma 1.6 that z —y > q"72§m+1. Since p < qVTH, then
v—2ig v=2(g-—u)+1

i <% —u<0and [z —y| >q B s 5 = ¢+, Thus for z,y € A°, z > y, we have that

T—y> gt

Since —i; < ¢“*z, it follows that (j; +A°) N (jo + A°) = 0 for any j;, ja € [i1,0]. Therefore we have
that #A4 = # "' (i, + A%) = (m—1)#A°. By (2) in Lemma 1.6, we have #A° = #(|J2 " 5%) = ¢~ 3.
Thus #A = (m — 1)gi~ 3.

Furthermore, #C = #((i + CONH(Q) = #(e + i o\H(Q) > #(lc + i1,0\yaN) =
L—il(l — q’%)J where the inequality follows since H(Q,) N [0,c) C \/gN. Hence,

M, (C1,C2) > n—p1 + Z(H(Qy), g, m)
> n— + min A+ #C
zZnomt i, # AT #O)
> n—p +min {(m—1)g7"% + [—il (1 —q‘%)J |

| Z.1 € {_(ru’_ 1),...,—(77’1— 1)}}
One could try to minimize the previous expression bounding u by logq(—il) + % However, the
obtained bound is too loose. Hence, we consider the minimum among all possible values of u instead of

21:

My (C1,Ca) 2 n— —l—min{(m— 1)gi—% + {qu—% (1 _q_%)J |

lue Hlogq(m 1)+ ;J , {logq(m)Jr ;J Llogq(u 1)+ ;J }}

lue Hlogq(m— 1)+ ;J , {logq(m) + ;J {logq(/ﬁ— 1)+ ;J }}

1

> n—m +min{(m—1)q3_g+q“‘2 (1—q_%) —1]
L_ 1
[logg(m —1) — 5 <u<logy(n—1)+ 5,

where the second to last inequality is obtained since —i; > q“_%. We define f(u) = (m — 1)gi~% +
q“*% (1 - q’%> — 1. In this way our bound becomes:

1 1
M, (C1,Co) = n — JrHliH{f(“) | log,(m —1) — 5 Sus log, (1 —1) + 2}-
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By looking the derivative of f(u), one can see that f(u) only has a minimum at u* =
%(1 + 4 +log, (#{;1))) However, it does not always hold that log,(m — 1) — 1/2 < u* <
log, (i — 1) 4+ 1/2. This happens when either u* < log,(m — 1) — § or u* > log, (1 — 1) + 5. The

2
first case is equivalent to m > iq%s)(\/@— 1)=2 + 1, the second one to m > 2q_%(\/§— (- 1)% +1.
Thus if m > 3 = min{2¢~ "+ (Va—1)(u— )2 +1, %quf (/g — 1)72 + 1}, then the minimum is reached

in log,(m — 1) — 3 or log, (1 — 1) + 3. -

The previous result has an asymptotic implication as well.

Corollary 2.3. Let q be an even power of a prime, 0 < Rg < R1 <1, and R= Rl — Rg < ﬁ. There
exists a sequence of pairs of one-point AG codes Co; = Cr(D;, p12,,Q) S C1,i = Cr(Di, p1,:Q), such that:
n; =n(Ca;) = n(Ch;) = 00, wji/n; — R; when i — oo, for j =1,2. For a given p let m; be such that
m;/n; — p when i — oo and let M = liminf M, (Cy ;,C2;)/n;. It holds that:

M >1—Ry+g(p),

where
min, e, 5y {P(wla— VD) + 2= v} ifp> B,
90 =3 (%) + 5 )° Fp<B.p#0,

0 if p=0,

Proof. Consider the Garcia-Stichtenoth’s tower (Fi, Fa,...) over F, described at the end of section 1,
and 0 < po; < p1,; < n; —1 with pj;;/n; = R; for j = 1,2. Now consider Cj; = Cr(D;, p,;Q) for
j =1,2, where D; is a divisor of degree n; — 1 and with n; — 1 distinct places not containing @Q;, which

is the unique pole of x; € F;. By taking the limit of the bound obtained in Theorem 2.2, the corollary
holds. O

Note that if we assume that Cs ; is the zero code for all i, then lim inf M,,,,(Cy ;, {0}) is the asymptotic

value of the m;-th general Hamming weight of C; ;. For R < % the bound in Corollary 2.3 is sharper

(a—va)’
than the one obtained in [5, Theorem 23].

In Figure 1 we compare the bound from Corollary 1.7 (the dashed curve) with the bound from
Corollary 2.3 (the solid curve). The first axis represents p = limm;/n;, and the second axis represents
§ = liminf M,,,(Cy ;,{0}).

3. The highest RGHW

As we illustrated at the beginning of section 1, for any n — M,;(C1,C2) + 1 obtained shares an
eavesdropper may recover at least one g-bit of the secret. In this section, for 29 — 1 < ps < 1 < n —1,
we obtain a refined bound for the highest RGHW of two one-point algebraic geometric codes obtained
from Garcia-Stichtenoth’s towers, i.e. My(Cy,Cs).

Proposition 3.1. Let v be an even positive integer and 2g—1 < ps < u; < n—1. Consider two one-point
algebraic geometric codes Co = Cr(D, u2Q) C C1 = Cr(D, 11Q) built on the v-th Garcia-Stichtenoth’s
tower. We have that pn = p1 — pio = dim(Cy) — dim(Cs) = £ and

M, (C1,C2) > n—dim Cy ifﬂZq%l,
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. rv—1 i _ i
M, (C1,Cs) >n—dimCy — (q 2 Z (g% — g 2)+
i=1
vl vil g L"Tﬂ—logq(un v_1
—|—(q 2 7\_ 2 *qu(N)J _u)qf ’Lf,LL < qT

Proof. Since 29 —1 < ps < p3 <n—1, then g = p3 — pg = £ [5, Lemma 12]. By Theorem 1.2, we
have that M,(C1,C2) > n — 1 + Z(H(Q), i, pt), where

Z(H(Q), py 1) = #{a € Uy (—v+ H(Q)) | @ ¢ H(Q)}.

For any z,y € H(Q), we have that |z — y| < ¢"=, thus if g > ¢ then (U'Zs — v+ H(Q)) =
Thus M, (C1,C2) > n — p1 + g+ p— 1. Moreover since p1g > 2g — 1, then o — g+ 1 = dim C5 and the
first part of the proposition holds.

For ¢ < quT_1 we claim that:

uy (p)—1
v—1 W) uy(p)

ZH@Q)mp)=p+g=1-(0= 3 (¢ +a )+ =),

vi1 V*2u12(u)+1

where uy(p) = |45 —log, (1) | and uz(p) = ¢ — yi. This means that p = ¢“3 —w(k) — ua ().

We prove it by decreasing induction on p, for qVT_1 > p > 1. For the basis step we have p = qVT_l7
thus uq (@) = 1 and ug(p) = 0. According to our claim, Z(H(Q), i, 1) is equal to p + g — 1, which has
been already proven in the first part of this proposition. For the inductive step, we now assume that our
claim is true for Z(H(Q), s, 1) and we want to prove it for Z(H(Q),u — 1, u — 1). We note that:

ZHQ),p,p) = #{a e U} (—v+H(Q)) |a ¢ HQ)}+
#lae—(u—1)+HQ) |a¢ U (—v+HQ))}
where T(p) = {a € —(u— 1)+ HQ) | o ¢ UL3(—v + H(Q))}. Thus Z(H(Q).p ~ Lp —1) =

Z(H(Q), p, ) — #T (). We consider two cases: p such that ¢— 2 <pu—1<gqg =z  and
)

v—2uq (p—1)+1

p—1=gq 2 -1
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v—2uq(p—1)—1 v—2uq (p—1)+1

Let us consider the first case, p such that ¢ 2 <p—l<yq 2 , then uy (u—1) = uy (@)
and us(p — 1) = ua(p) + 1.

. . v—1 u — _ i uq (1)
By induction we have that Z(H(Q), u, 1) = pu+g—1— (¢ 2 Z.i(l") 1(q1 5 —q2) +ug(p)g ).

1)

We claim that #T(u) = ¢ 2 . By (5) in Lemma 1.6, for any z,y € Uu1 o 1)5},,
T—y > q;%l(ﬁkl)“, moreover f1—1 < ¢ S Therefore, one has that (—(u— 1) +U;‘:1(()”71)Si) N
(U8 — v+ H(Q)) = 0. Then —(u—1) + U?:lghl)s,’j C T(p). Actually, the previous inclusion is an
equality. We shall prove it by contradiction: we assume that there exists an element € T'(1) but not
. 1(p—1) o3 eps o) 2 i
in—(p—1)+ U?:E)” )Su. By definition of T'(11), we have that z € —(u — 1) + (So° U (Uz/ul(# 14+150))
where j = 2|v/2]. Consider y < z to be the previous element of z in —(u — 1) + H(Q).

By (3) and (4) in Lemma 1.6, we have that

x > y we have that

v—2uj(p—1)—1

r—y<q z  <pu-—-1
Thus, —(p—2) < —(p—1)+ (z —y) <0 and
z€—(u—1)+ (@ —y)+H(Q) C U Z5(~v+ H(Q)).

This means ¢ T'(u1), which is a contradiction. It follows that #7' () = #(—(n—1) +U?:1E)“71)Sf,) =

ug(u=1) ug (1)

#(U;“E)M 1 SZ) —q% :qlTH
We consider now the second case, p—1 = qy_zul(;_l)ﬂ —1, then uy (p—1) = w1 (n)+1 and ug(p—1) =
0. By using the same argument as in the first case, one may also prove that #7'(u) = qulzw . O

Corollary 3.2. By using the same notation of the previous proposition, for 2g < us < pu1 <n —1 and
> qVT_l we have that My(Cy,C3) =n — dim Cs.

Proof. By 3.1, My(Cy,C2) > n—dimCy. And My(C1,C3) < n — dim Csy, by the Singleton bound for
one-point algebraic geometric codes and the result holds. O

This means that for £ > qVT_1 the Singleton bound is reached. Note that for ¢ < q”T_l, the bound in
Proposition 3.1 allows us to get a refined bound since we could consider h._,.

As before, this result has an asymptotically implication:

. o1 SR < Ry <1, and R = Ry — Ry. There
exists a sequence of one-point algebraic geometric codes Ca,; = Cr(D is Hi2, Q) € Cr; = Cr(Dy, 11,:Q),
Wi = p1,i — Mo, such that: n; = n(Ca;) = n(Ch ;) — 00, wji/n; — R when i — oo, for j = 1,2. Let
{; = dim C, ; — dim Cy 5, M = liminf My, (Cy .4, Ca.)/ni, R; = lim d““cl dmCis for j =1,2, and R = Ry — Ry,
we have that:

Corollary 3.3. Let ¢ be an even power of a prime

1

M=1-R, if R>
2 P

and

> (' F — g 5)+

i=1

~Llog, (R(1- 7)) 1
-4 (

le_R2_<

gt Elos (RA=JoN1 ) 4 po—dlles (RO-F) | 4 R o
q9=/1
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Proof. Let (Fi,Fa,...) be the tower of function fields defined in section 1, and 0 < pg; < p1,; < n;—1
with p;/n; — Rj for j = 1,2, where n; is the length of rational places of F;.

Now consider C;; = Cr(D;, p;,;Q) for j = 1,2, where D; is a divisor of degree n; — 1, with n; — 1 distinct
places not containing @, which is the unique pole of z; € F;. Since we assume that ——— < Ry <Ry <1

_ - va-t =
then R; = R; — ﬁ, for j = 1,2 and R = R. By taking the limit of the result obtained in Proposition
3.1 and Corollary 3.2 the result holds. O

Note that if |log,(R(1 — \/La))J = log,(R(1 - \/LE)) then the formulas in Corollary 3.3 become:

M=1-R, if R>

1
-V
and

—log, (R(1-—z))—1

1 _i _i\ . 1
MZl_Rl_q—\/E Z (ql 2 —q 2) 1fR<q_\/q.

i=1

Corollary 1.7 can be used for p < min{R, ﬁ} If Cy ; = {0} for all 4, then the value M of Corollary

3.3 represents the asymptotic value of the highest GHW of C; ;. Note that Corollary 3.3 can be used for
any value of R, but 1.7 cannot.
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