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Abstract

It is well known that Shannon’s rate-distortion functionOR) in the colored quadratic Gaussian
(QG) case can be parametrized via a single Lagrangian Vartite “water level” in the reverse water
filling solution). In this work, we show that the symmetrid@@®d QG multiple-description (MD) RDF
in the case of two descriptions can be parametrized in thetrspelomain via two Lagrangian variables,
which control the trade-off between the side distortiom, tientral distortion, and the coding rate. This
spectral-domain analysis is complemented by a time-doswieme-design approach: we show that the
symmetric colored QG MD RDF can be achieved by combiningsd&fadelta-sigma modulation and
differential pulse-code modulation. Specifically, two smuiprediction loops, one for each description,
are embedded within a common noise shaping loop, whose pteesrare explicitly found from the

spectral-domain characterization.
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I. INTRODUCTION

The traditional multiple-description (MD) problern![1],][2onsiders a source, which is en-
coded into two descriptions that are transmitted over sgpachannels. Either one of the
channels may break down and thereby cause a descriptioralas® decoder. A description
is either received error-free at the decoder or not receatedll. While the encoder does not
know which of the channels that are working, it is assumed titia decoder can identify the
received descriptions. The problem is then to design thedgariptions so that they individually
represent the source to within some desired distortiorl kave yet are able to refine each other.
Thus, combining the descriptions improves upon their ildigl performances. In theymmetric
situation, the two descriptions are balanced, i.e., theyescoded at the same coding rate, and
lead to the same distortion when used separately at the eecod

The achievable rate-distortion region for the MD problenomy completely known for very
few cases. EI-Gamal and Cover [1] presented an achievateleéggion for two descriptions and
memoryless sources. Ozarow [2] showed that in the white rgtiadGaussian (QG) case, i.e.,
for white Gaussian sources and mean-squared error (MSEytiths, the EI-Gamal and Cover
region is tight. For the case of general (time-correlateddienary Gaussian sources and MSE
distortion, Dragotti et al[[3] characterized the achideatte region in the high-resolution limit.
The region at general resolution was recently characetimeChen et al.[[4]. In particular, it
was shown in[[4] that the achievable rate region forms a diased convex set and that the
minimal description rates can be found by extremizing oVediatortion spectra satisfying the
individual side and central distortion constraints.

The results in[[4] do not specify an explicit solution to thatimal distortion spectra for the
colored QG MD problem. Nevertheless, they provide sometintutowards a spectral domain
characterization. Specifically, they show that the optinaéés for stationary Gaussian sources
can be expressed as the sum of rates of parallel channdispeacepresenting a frequency band.
Each of the channels must be tuned to a minimum Ozarow MD oatsine frequency dependent
distortion level. In some sense, this can be seen as a reWweater-filling” approach, where
instead of having #lat water level as in the conventional single-description (889e, the water
level may be frequency dependent. The author$ lof [4] alsot@diout that obtaining an explicit

spectral domain characterization from their results isezally non-trivial, since their result is
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given in the form of a minimization problem, which does not¢rseto have an explicit solution.
Instead it was argued that the optimal rates can be foundighramumerical optimization by
approximating the source spectral density by piece-wisstemt functions. However, in general,
for arbitrarily shaped sources, this becomes an infiniteetlisional optimization problem.

In the first part of this paper, we present a parametrizatfahe symmetric colored QG MD
rate-distortion function (RDF). While Shannon’s RDF in t8® case can be parametrized by
a single Lagrangian variablel[5] (usually referred to as atéw level”), the symmetric colored
QG MD RDF can be parametrized vi&o Lagrangian variabl%.‘l’o establish this result, we use
two key ideas. We propose a new “differential” represeatafor the MD test channel (see e.g.,
Fig.[7), and show that the mutual information rate across thiannel coincides with the QG
MD RDF. We then use KKT optimality conditions, which takedrdccount the constraints on
the distortion spectra, and apply well-known results ondkgmptotic eigenvalue distribution,
in order to obtain a characterization of the distortion $@eclhe resulting distortion spectra are
specified via two Lagrangian parameters, which control thee-off between the side distortion,
the central distortion, and the coding rate.

In the second part of this paper, we propose an effictane-domainrealization for the
symmetric colored QG-MD RDF. In_[6], it was shown that Ozawhite Gaussian MD RDF
can be achieved by noise-shaped coding based on ditherg¢d-Sigma quantization (DSQ),
followed by memoryless entropy coding. Furthermore, byl@tpg the fact that Ozarow’s test
channel becomes asymptotically optimal for stationaryreeaiin the high-rate regimel[7], it
was shown in[[B] that, at high resolution, the stationary MDRRis achievable by DSQ and
joint entropy coding.

Our time-domain approach extends the schemgl of [6] to treedicase at a general resolution.
We show that the symmetric colored QG MD RDF can be achievedvsysampled noise-
shaped predictive coding amdemorylesslithered quantization (in the limit of high dimensional
guantization) at all resolutions and all side-to-centiataition ratios. We establish this result by
forming a nested prediction / noise-shaping structureainimg a dithered DSQ scheme similar
to [6] in the outer loop and a predictive coder per each deson in the inner loop. Each of

the predictive coders has the structure of a differentiddgeode modulation (DPCM) scheme

In our case, however, the two parameters cannot generaligtéreted as “water levels”.
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that was shown to be optimal in the SD setting(in [8]. Theseliptve coders exploit the source
memory, and thereby minimize the coding rate and make satentbmoryless entropy coding
is optimaIH The role of the DSQ loop is to shape the quantization noiséaba desired trade-
off between the side distortions and the central distortfoachieved. At general resolutions,
the optimal noise shaping is determined by the two-paransetieition in the first part of the

paper, and it depends upon the source spectrum. Howevaghatdsolutions, the optimal noise
shaping becomes independent of the source spectrum, amdrges to that of a white source
[6]: a piece-wise constant function with a single jump digt@auity.

The paper is organized as follows. Sectioh Il provides thadimpinaries. Then, Section ]l
proposes a differential test channel, which provides a n#erpretation of the QG MD RDF
of [2] and [4]. The optimal distortion spectra are derivedSection[IV. With the test channel
in mind, Sectior_V-A presents an SD time-domain scheme, lwbitcodes a source subject to
a distortion mask. Then, the remaining part of Seclion V m$ethe SD time-domain scheme
of Section\V-A to the MD case. Conclusions are in Secfioh \Wnger proofs are deferred to

the appendices.

[l. PRELIMINARIES
A. Stationary Gaussian Processes and Spectral Decompositi

Let X = {X[n]};>, be a zero-mean discrete-time stationary autoregressiueszan process

with power spectral density (PSD)x defined as

Sx(e’) £ Y Rx[ke ™ (1)

k=—o00
for w € [—m, 7], where Rx[k] = E{X[n]|X[n + K|} is the autocorrelation function (which is
independent of: due to stationarity). We assume th&t obeys the Paley-Wiener conditions

[13], hence it has a positive entropy-powek P.(Sx) < oo. Recall that the entropy power of

2The idea of exploiting prediction in MD coding has previgubken proposed by other authors, see for example the foltpwi
related works[[9]-+[12]. All these works faced the basic pealn Since DPCM uses prediction from the reconstructiohemat
than from the source itself, and this prediction should heraduced at the decoder, it is not clear which of the possible
reconstructions should be used for prediction. The presenk solves this problem, using a combination of oversangpland
Nyquist-rate side-receiver-based prediction.
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a spectrumSy is given bH

™

R(sx) = e [ o= [ log (Sx(e)) e ). )

—Tr

where here and onwards all logarithms are taken to the nabasse unless explicitly stated

otherwise. The source may be represented in the time-dobyain

X[n] =Y axX[n—k + I, (3)
k=1
or in the z-domain by
1
X(z) = mI(Z% (4)

where{I[n]|}>°, is i.i.d. zero-mean Gaussian and where
Az) & Z arz " (5)
i=1

is the optimal predictoH associated witht'y. Using this notation, a spectrusi has a spectral
decomposition[[14]:
P.(Sx)

) = AT A 1= A ()

(6)

B. Symmetric MD Coding

Consider encoding aN-block X = X[0], ..., X[N—1], taken from a discrete-time continuous-
valued stationary sourc&. A rate{R;, R,) two-description coding scheme consists of two
encoders and three decoders. It is characterized by a &4tfiplfs, g1, g2, 9.), Wheref; : RY —
{1,...,2NR} fori = 1,2, are the two encoding functiong;: {1,...,2V%} — RY fori = 1,2,
are the two side decoding functions; apd {1,...,28%} x {1,... 2N} — RY is the central
(or joint) decoding function. The resulting three recomstion N-blocks areX; = g;(f;(X)),
for i = 1,2, andXc = g.(f1(X), f2(X)).

% For a general stationary proce&s the entropy power is defined d% (X) £ L e2h(X), whereh(X) is the entropy rate.

27e

In the stationary Gaussian cage,X) = £ log(2me) + 1= [™_log(Sx (e’*))dw, which implies [2).

“We use the ternoptimal predictorto denote the unique filter, which when used to predict thecsotrom its infinite past,
minimizes the variance of the prediction error. If the seuis Gaussian, the prediction error, i.€I[n]}, is a white Gaussian
process|[14].
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A rate pair(Ry, R,) is said to be achievable with respect to a mean-squaredtiistariplet
(D1, Do, De), if for a sufficiently large block lengthV, there exists a ratéR;, R;) coding

scheme(f1, f2, 91, 92, g.), such that the side and central distortions satisfy

Y E(X - X < D =12, ©
and N1
© SCBI(X[o] — Xeln))?) < De. ®)

In this work, we are interested in the symmetric case, whigre= R, £ R and D, = D, =
Dg. Thesymmetric MD RDFof the sourceX is defined as the minimum rate per description,

which is achievable with respect to the distortion pdirs, D¢ ).

Remark 1. In Section[V, we shall consider a randomized (dithered) mpdicheme, where
the encoding and decoding functio0f, f2, 91, g2, g9.) depend also on a common randomness.
Although such randomization cannot improve the achievedtie region, [4], we shall use it to

simplify the analysis of a specific (lattice-based) codingesne.

C. The Quadratic-Gaussian Case

When the source is white-Gaussian with variange the symmetric MD RDF is given by

Ozarow [2]:

1 0% (0% — D¢)?
Rupite(0%, De, Ds) = —lo XX 9
el Do, Ds) = Jlog | 75 =5 5102 — Dy) ©)

for all non-degenerate distortion pairsvhich are the non-negative ones that satisfy:
Ds < o% (10a)
DC Z 2DS - 0%( (lOb)
2 1\

De < (——— 2 Demax- 10c
< (p-7) 2D (10c)
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For the maximum distortion point, we define separatBly..(0%, 0%, 0%) = OH Note that
condition [I0b) applies only to high distortions(/2 < Dg < 0%), and it is void otherwise;
see [4]. In the non-degenerate distortion regime;,..(c%, D¢, Ds) monotonically decreases
with D¢, and reaches a saturation f@¢ = Depax Of (0G); i.€., Rynite(0%, Do, Dg) =
Runite(0%, Demax, Ds) for all Do > Denay. Similarly, the RDF decreases withg for fixed
D¢ until it saturates for a maximaDg according to[(10a) o (10b).

For a colored Gaussian source, Theorem 4 of [4] reduces isytmenetric case to:

R(Sx, DC, Ds) = ) min )
{Ds(e?“)},{Dc(ev)}

- | | | (11)
/ Runte (Sx (6), De(e), Ds(&)) dw b,

2

whereR,:. is given in [9), and where the minimization is carried outraadé distortion spectra
Ds(e?*) and Do(e’*) satisfying
L/WD () dw < D
o ) . s\e > s
1 T ,
—/ Dc(e]“’) dw < Dc. (12)
2 J_,

It follows from the properties of2,.i..(0%, Do, Ds) above, that one may restrict the minimiza-
tion in (I1) to spectra that are everywhere non-degenegate €0); i.eHv

Ds(e’) < Sx(e*)

Dc(6jw) > 2D5(6jw) — SX(ej“)

Dole) < <D52 ! ))_1 (13)

(e7)  Sx(e

for all w.

50ne may verify that this is indeed the limit ¢fl (9) & — ¢%, Ds — o%. This holds sinceD¢ can be sandwiched using

(I0B) and[(I0c), yielding:
2 2
Ox — DC . Ox — DC
5 = lim =2.
Do—o2% 0x —Ds  Deo—oe% Ds — Dc

® Since if at some frequencPc (e?*) saturates, we may reduce the contribution of that frequéadye total distortion
without increasing its contribution to the total rate.
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D. Additional Notation

For x real or complexy/z hasn roots. Forn = 2 and0 < = € R we define\/z = |\/z|, i.e.,

it is always non-negative. Fdr > = € R we define\/z £ i|y/—=z

, l.e., we take the principal
complex root. Fom = 3 andz € R we let{/z £ sign(z)[/|z|| denote the unique real cubic
root of z, .9.5/—8 = —2. If z € C andimag(z) # 0, we let/z denote the principal complex
root, i.e., it has a positive imaginary part. We use the mmat> to indicate theith root of the
function =. If ¢ is a function of¢, we use the notatiop|._, to indicate that the functiomp is

evaluated at the point = \. If ® is a matrix, we use®| to denote the determinant df.

[Il. DIFFERENTIAL FORM OF OzAROW'S TEST CHANNEL

In this section we re-state known results about the QG MDeattile rate in the symmetric
case, in order to gain some insight and prepare the grounatiat follows. The exposition is
made simpler by starting with a white source at the high re&wi regime. We then proceed to

general resolution and to colored sources.

A. White Source, High Resolution

Let us first define the following rate expression

1 o2
Ruynite.ir(0%, Do, Dg) & = lo X , 14
nite, iR (0, D, D) 5 g<2\/(DS—Dc)Dc> (14)
for
D
DC§TS. (15)

In the high-resolution limit, wheres? > max{D¢, Ds}, the symmetric QG MD RDF[{9)
converges to (14), in the sense that the differeRgg;i. (0%, Dc, Ds) — Runite.ir(0%, D, D)
goes to zero, as% goes to infinity for fixed distortion levels (s€e [15]). IngHimit, the maximal
central distortionD¢,,.,. (10d) approache®g /2. If the central decoder were to linearly combine
two descriptions of mutually independent errors of varehg each, it would achieve exactly
this maximal distortion. To further reducB. below Dgs/2, the individual description errors

must benegatively correlatedindeed, in Ozarow’s test channel (seé [2]), the relatiomvben
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Fig. 1. A differential form of Ozarow’s test channel for syretric rates and distortions at high resolution conditions.

the side and central noises can be explained by the sidesnloéseng a correlation matrix:

L p
® = Dg , (16)
p 1
where the correlation coefficient
Dg —2D¢
P = _T
S

is negative forD- < Dg/2. With this notation,[(IT4) becomes:

1 o3
Rwhite,HR(Og(aDC7DS) =3 IOg ( X ) (17)
2 V9P|
1 o3 1 1
= —lo —X) + ~log | ——— 18
5 g<DS 5 g( 1_p2> (18)
1 o% 1
=3 log <D—s) + §5HR> (19)

where|®| denotes the absolute determinant of the matrppand dyr = —% log(1 — p?) is the
high-resolution excess rate [15]. Still in the high-resion case, we take another step: Without
loss of generality, we can represent the correlated nos#seasum of two mutually independent
noises, one is added to both branches while the other is amdede branch and subtracted
from the other, as depicted in F{g. 1. In the figuig, and X, refer to the two side descriptions,
and X refers to the central reconstruction. Note that the avarpgiiminatesZ_ from the

central reconstructioiX . If we denote the variances of the noisés and Z_ as©, and©_,
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respectively, then we can re-write {16) as:
O,+60_. ©6,-06_
¢ = , (20)
©,-60_ ©O0,+6._
with
|®| = 40,0_. (21)

Further, the distortions are related to these variances by:

Ds = ©,+6._, (22a)

De = 0O,. (22b)
The condition[(1b) for non-degenerate distortions in thghfiesolution regime now becomes
0<0,<06_ (23)

(which, on account of the noise covariance matrix (20), cordfithat only non-positive correla-
tions are considered).
The following proposition expresses the high-resolutiptiroal rate [14), based on the rela-

tions above.

Proposition 1 (Parametric representation @, nr(o%, Ds, Dc)). For a white-Gaussian
source of variancer%, and non-degenerate distortion paif&5), the high-resolution symmetric
MD RDF (14) is given by

1 o2
Rwhite,HR(Ugo Dg, DC) = 5 log (ﬁ) (24)
+ —

where©, and ©_ are determined byDs and D¢ via (22), and they satisfy23).

B. White Source, General Resolution

We now generalize our view to all distortion levels, where sgmmetric MD RDF is given by

Ozarow’s formula[(B). A similar correlated-noises mode{28) can be obtained by expressing
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ag>—>Xi

ac > XC

ag -X

Fig. 2. A differential form of Ozarow’s test channel with prand post factors, for coding at general resolution.

in a rather complicated form in terms éfs, Do ando% [2]. However, we can greatly simplify
such an expression by proper use of pre- and post-factodgpsted in Fig[ 2 byrg and ac.

In the SD case, it is convenient to make the pre factor equatheopost factor[[16],/[17].
However, this is generally not possible in MD coding, beeatiese factors are tuned according
to the signal-to-distortion ratio, which is different fdnet side and central reconstructions. We
match the pre-factor to thside signal-to-distortion ratio; i.e., take it to be equal to thide
post-factor. While this choice seems arbitrary, it will yeouseful in the sequel.

The pre- and post factors are given by

2 _ o, —
as 2 \/ i S (25a)
Ox
2 2 2
A @s0x ox(0x —64-6_)
p— —_— . 2
I \/ (07— 6.7 (259)

With these values, noting that betweéhand {V;, V3, V} in Figure[2 we have exactly the
additive-noise test channel of Figurke 1, the resulting sidé central distortions are

Ds = 6,+6., (26a)
2
o UX@+
Do = g (26b)

where as befor®, and ©_ are the variances of the noisés and Z_ in Fig.[2. We obtain
the ag and Dg above from the well known (symmetric) forward test chanmellization of the
QG RDF in the SD case (see [16], [17]), where the equivalergeneariances (the variances of
Z,+Z_ andZ, — 7 ) is ©, + O_. For the pre-factorvs in (25a), the optimum solution for
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ac and D¢ in (258) and[(26b) is then given by Wiener estimation’ffrom the measurement
Ve =asX + Z,.

The choice of factors we have made provides a simple paranwtaracterization for the
symmetric MD RDF.

Proposition 2 (Parametric representation &,,...(c%, Ds, D¢)). For a white Gaussian source

of variancec%, and non-degenerate distortion pai@&Qd), the symmetric MD RDHFQ9) can be

Writte“ as
Runite(0%, Ds, D) = 1 lo 7‘2< (27)
white\Y x, /S, C 2 g 9 /7@ @) )

where©, and ©_ are determined byDs and D via (26). Furthermore, the non-degenerate

distortion condition(1d) can be written as

2
06, <6 <X, (28)

where the maximum central-distortion (equality(@0gd)) occurs atO, = O_.

Proof: See Appendix_A. u
Note that whernr% > ©, + ©_, the pre- and post-factors (25) approach 1, (26) reduces

to (22); so we are back in the high-resolution case of theiposvsection.

C. Stationary Source

We turn to a general colored Gaussian source, whose syneririRDF (11) was derived by
Chen et al.[[4]. We can re-write this formula in the spirit bétabove exposition. To that end, we
present in Fid.13 a test channel, which may be seen as a calersidn of the channel of Figl 2. In
this channel, the noise processgsand”_ are stationary Gaussian, with specifa, (¢/2”)} and
{©_(e?)}, respectively. The factorss andac of Fig.[2 are replaced by linear time-invariant
filters, with frequency responsE(e’~) and G(e’), respectively. At each frequency, the 5-
tuple {Sx (e?¥), 0, (e7¥), 0_(e¥), F(e/*), G(e*)} is intra-related ago%,0.,0_, ag,ac} in
the optimal scalar test channel of Fig. 2. That is, in view(ZH)( the filters satist:

jw Sx (e99)—0, (e9¥)—O _ (eI¥
|F (€ )‘2: x(e7) S;Eej“’; (e’*) (29a)

” Without loss of generality, one may take all filters to haval fieequency response. However, the more general complex
form allows more flexibility; e.g. one of the filters may be reachusal.
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Viln
—I— 1[ ] F*(ejw) —>X1 [TL]

Z [+ 2_n]

Xn] v Uln]
— F(e*)

G*(ed%) —® Xc[n]

Va[n]

F*(edv) X, [n]
Fig. 3. Pre/post-filtered differential test channel for éooed Gaussian source.
w S+ (ed9)(Sx (e99)—O (eI9)—O_ (eIw
|G(e? )‘2 —  Sx( )((S);((ej“’))—@t((ej“’))P (e?¥)) (29b)
where the phases of the filters are equal, but otherwiseranmait
LF () = ZG (). (29c)

The following proposition gives a parametric expressiontfee symmetric colored QG MD
RDF (11), in terms of entropy powers:

Proposition 3 (Parametric presentation dt(Sx, D¢, Dgs)). For a stationary Gaussian source

of spectrumSx (¢’), the symmetric MD RDRLI) is parametrically given by

R<SX7 DCa DS)
. 1 Pe(SX) (30)
= “min = log ,
{04(e7%)}1,{0—(e7)} 2 24/ P.(0,)P.(6_)

where the minimization is taken over &, (/) and ©_(e’*) satisfying the non-degenerate

condition:

. . Jw
0< ®+(63w) < @_(egw) < SX(G )

< 2, (3D)
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O4 (™) :

Sx (e7*) o (ej‘”)

Fig. 4. The triangular support region &_(¢’“) and©.(¢?) as given by[(31).

and total distortion constraints:

! ﬂ[@+(ejW)+@_(eﬂ'w)l do < Dg (32a)

2 J_.

Ds(edw)
1T S0, ()
21 J_. Sx(e7%) — O_(ev)

-~

dw < De. (32b)

g

D (ev)
The per-frequency triangular support regionl(31) is showfig.[4. Note that the arguments
of the integrals in[(32) amount to the side and cendiiatortion spectral densitiesf (12).

Proof: By Propositior 2, the minimization in_(IL1) is equivalent to

. 1 i 1 SX(ej‘”)
min — — 10
{0+ (7))} {0 (e7)} 20 | _ 2 gz\/@+(eﬂ‘w)@_(ea’w)

(33)

where the minimization is taken over all noise spe@rae’~) and© _(e/*) satisfying [32) and
(31). On account of {2), this completes the proof. u
In the next section, we shall provide an explicit solutiontfee optimal noise spect@, (¢’*)

and ©_(e’*) in Proposition(B, and hence for the optimal distortion sgeétDs(c’“)} and

{Dc(e)} in (@2).

Remark 2. As we shall see in the next section, in the high resolutiont time optimal spectra
O, (e’¥), ©_(e’) become flat, so the RDF becomes that of Proposition 1 with thece

varianceo? replaced by the entropy-powe?.(Sx ), in accordance with[[3], [6].

Remark 3. If X does not satisfy the Paley-Wiener condition, ie(Sx) = 0, then the rate

expression(30) is not well defined. In this case, we may use the following: &y ¢ > 0, let
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Sx.(e/*) = max(Sx(e),€),Vw, and D, = = [T max(0,e — Sx(e?*))dw. Then there exists
somee > 0 such that Propositionl3 holds withy, Ds, and D replaced bySy., Ds+ D., and
D¢ + D., respectively.

V. OPTIMAL DISTORTION SPECTRA WITH TWO PARAMETERS

In this section we derive a simple spectral domain charaetion of the optimal distor-
tion spectra, thus of the rate-distortion function, in terof two Lagrange parameters. From
Propositior B and in particular fromh_(33), it may be notichdttfinding the RDF is equivalent

to finding a pair of noise spectrfO, (e/“)}™ and {©_(e’*)}™___, which minimizes the

description rateR subject to the two target distortion constraidds and D¢, cf. (32). These
noise spectra can in principle be found using results fronatranal calculus, where one may cast
the constrained minimization problem as an isoperimenobjem, cf. [18] for details. However,
this direct way leads to some technical subtleties reggréstablishing neccesary conditions
for optimality when combining coupled inequality constitsi consisting of integrals in addition
to per frequency constraints. To circumvent these technéass we take here the conventional
approach from Information Theory: first solve the optimiaatproblem for afinite vector of
parallel sources (with goint distortion constraint); then use that to optimize focarelated
source vector, by an orthonormal (“Karhunen-Loeve”) sfarmation (KLT) into parallel sources
whose variances are the eigenvalues of the source covarmaatrix; and finally apply Szego’s
theorem to obtain spectral densities as the limit of thereigleies when the dimension of the

source vector goes to infinity, cfl, [19], [20].

A. K parallel Gaussian sources

Let us consider the case df independent Gaussian sources with varianggg:) > 0},
k=1,...,K.Foranyn>0,0,>0,0_>0 let

Al Ui
V2 Zlog— 4
R(T/7@+7@ ) 2 0g 2m (3 )
Ds(n,04,0.) 20, +6_ (35)
©
D A UASEs
C(n7@+7@ ) 77_@_7 (36)
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while for n = 0, we let

R(Ov @-1-7 @—) = DC(07 @-H @—) = DC’(Ov @-‘m @—) = 0. (37)

Given a vector ofK sources{n(k) > 0}, k=1,..., K, the problem is to minimize

R=pe S RO(H.0-(),0-(K) (39

k=1,....K:n(k)>0

where the minimization is with respect &, (k) and©_(k),k = 1,
following constraints:

..., K, and subject to the

3" Deln(h), 0, (k), 0 (K)) < De (39)
k=1
=3 Dsn(k), ©,4(k), O (k) < Ds (40)
and, for anyk,
0<0,(k)<O_(k) < @ (41)

In order to take into account all the distortion constraimtsaddition to the constraints on

the support region of the spectra, we apply the Karush-Klioker (KKT) conditions([21] and
form the Lagrangian/, which will be needed in the sequel:

K
T = 3 L (k). 0, (k), 0_ (k). (42)
k=1

where

Lo ek (1(k), ©4(k), O_(k)) =
Lo 2 (n(k), ©4(k), O (k)
— (k)04 (k) — pa(k)(n(k) /2 = ©_(k))
—hs(F)(©-(k) = ©1(k)),
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and where

= R('r], ®+, 6_) + )\1DC(7], @+, @_)
(43)
+ )\2DS(T]7 @-H @—)
It turns out that there is a threshold, which depends upon, and resembles the "water-
level” in SD coding, where if the source variance is below treshold a zero rate is allocated.

We formalize this observation with the following definitiamd lemma.

Definition 1 (Support) A leveln is said to be supported at parameterg A\, > 0 if
2()\1 + 2)\2)7] > 1.

Lemma 1. For the optimization problem if38) and any\; > 0, A\, > 0, if n(k) is supported
at A\j, A\, then the optimal pair of noise variancés, (k), ©_(k) is strictly within the triangular
support region(41). Otherwise, the correspondinkth set of optimal noise variances satisfy
O, (k) = ©_(k) =n(k)/2 and R(5(k), ©4(k),0_(k)) = 0.

Proof: See AppendixB. [
Let us now consider the case wherg:) is supported and, thus, the optimal noise variances
©, (k) and ©_(k) are within the triangular region_(#1). Then, since the Lagian is differ-
entiable inside the triangular region, the optimal solutimust be a stationary solution. We

therefore first find the partial derivatives of the Lagrang{d3), i.e.

o 1 n
96, ~ 10, +)\1—|—)\2n_@_ (44)
56~ 10 + A+ )\2( —o) (45)
Equating both[(44) and_(45) to zero and jointly solving, gl
o_ =0l () (46)
_ gl
n A1, A2 (1) 7 (47)

@+ — T
4(A1+ Ag)n — AN WY ()

where for a fixed paifA;, \;) € R?, \I/lhA2 (n) denotes a real (and positive) root of the third-order
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polynomial in ¥ given by:

‘;[13 _ 4)\1)\27] + 8)\%7] + )\1 \112
e
L 20+ 2hgn £ AN o 433
e

(48)
g et A
402
Since [(48) is a real third-order polynomial, three solusi@ame possible (of which two might be

complex conjugates). Given a real polynomial + a,9? + a; ¥ + ay, wWhere thea,’s follow
from (48), we denote its discriminaf by

==q¢+p°, (49)
where
o a% B 1
SEE RIS (50)
X (=81 — 16Agn + 16\ Agn® 4+ 16A30 + 160°\5 + 1)
and
q= %(alc@ - 3%) - g—%
172#8%% (96)\1)\2172 AN — 64N — 96M A2
+ 96307 + 96 X2 \an® + 240gm + 64N30° + 1201 — 1). (51)
For expressing the result we also need the agngldefined as:
'arctan(\/——E/q), qg >0,
¢ = 7 +arctan(v—E/q), q<0, (52)
\7‘(‘/2, q=0.

Lemma 2. For any A\; > 0 and A\, > 0. If 2(A\; + 2X\y)n > 1, then the optimal set of vari-
ances(0 (A1, A2, 1), ©_(A1, A2, m)), which minimizesCy, x, (1, ©+ (A1, A2, 1), O (A1, A2, 1)), IS

unique, within the interior of the triangular support regio < O, (A1, A2,17) < O_(A1, A2, 77) <
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n/2 , and given by
17— 0_(A1, A2, 1)

OL (A1, Ao, m) = , 53
A = 5T TINe () 3)
and if = > 0,
~(A1, A2,m) \/q+\/_+\/q
1 (54)
—(2
+ 3)\1( A+ A2) + on
otherwise= < 0, and
O_ (A1, A2, ) = —/Ipl(cos(¢/3) + V3sin(¢/3))
2 A ! 59
PN+ )+ o

where the relationship betweegp, ¢, =, ¢) and (A1, \2,n) is given by(d9) — (B2). If 2(\; +
2X2)n < 1, then©, (A1, A2, ) = O_ (A1, A2, 1) = /2.

Proof: See Appendix . n
In view of (38) — [40), Lemmal2 implies the following theorem.

Theorem 1 (Two-parameter form of the symmetric MD RDF for parallel sms) Given the
variancesy® = (n(1),...,n(K)) of a vector ofK parallel sources, the MD RDR (1", D¢, Ds)

can be written parametrically, in terms of the two paramstey and )\, as

it 10
R‘sz: o N CIOT () CHONPII(3) =
= %Z@Jr()\l,)\g,n(k‘)) + O_(A1, A2, n(k)) (57)
@+ )‘17)‘27 <k>>
e = KZ _(M1, A2 (k) 9)

where the function®, (-,-,-) and©_(-, -, -) are defined in Lemmf 2.

B. A Correlated Gaussian Source Vector

For anyfinite K, let XX ¢ RX be a zero-mean Gaussian source vector having possibly

correlated elements, sk|| X% ||? < oo. Further, lety)(k),k = 1,..., K be the eigenvalues of the
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covariance matrix of{ . Then, the resulting source vecta* obtained by applying a KLT on
X% is Gaussian with independent components having variafipgs > 0}. The optimal noise
variances{©, (k),©_(k)} for X¥ are found as above. The corresponding rate and distortions

for X¥ are the same as those &<, since the KLT is unitary.

C. A Stationary Gaussian Process

We finally tend to the case of a zero-mean stationary GaupsaessX with autocorrelation
function Rx and finite variance. The RDF of a process is defined as the tifrtthe RDF per
sample of finite vectors, and we will therefore consider thinite-dimensional limit of the
Gaussian vector of Section IVB. By Szegd’s asymptotieeiglue distribution theorem (see
e.g. [22]), the eigenvalues atx approach the spectrum of the process. The result is stated in

the following definition and proposition.

Definition 2. The set of support frequenci€g\;, \,) for a fixed pair(A;, \2) and source PSD
{Sx(e’*)} is defined by:

QAL A) 2 {7 <w < 2(A 4+ 20)Sx (7)) > 1}. (59)

Proposition 4 (Two-parameter form of the symmetric MD RDF for stationarpgesses)Let
X be stationary Gaussian with finite variance and with PSP. Then the symmetric quadratic
two-description RDF ofX is given for all non-degenerate distortion pairs by takitg tower
envelope (in the rate axis) of thg?, Ds, D) region formed by scanning all; > 0, A\, > 0,

and setting:

1 4 .
R = yp log (SX(e]“’))

wW=—Tr

“log <2\/@+(>\1, N, Sx (@))O_ (A1, ha, Sx(ea'w))) dw (60)

1 [ ,
DS / @+ ()\1, )\2, SX(ej‘”))

= % L
+0_ (A ha, Sx(e)) dw (61)

1 /ﬂ SX(ejw)@—i-()\l? )\27 SX<ejw))

De = 27 Joe—r Sx(e7%) — O_ (A1, Ao, Sx (/%)) “

(62)
where©, (A1, A2, Sx(e7“)) and©_ (A1, A2, Sx(e/*)) are the optimal per-frequency spectral com-
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ponents given by53) and (54), respectively, forw € Q(\, \2), and O, (A1, Ay, Sx(e’¥)) =
O_(A1, A2, Sx (/) = Sx(e’¥)/2 otherwise.

Note that the rate integral (60) could be equivalently leditto the support frequency set
Q(A1, A2) in (B9); the distortion integral$ (61),(62) could be simiidimited, with an additional
term which is the source power outside the support freqesnci

The proof of the proposition is not included in this paperpglying the asymptotic eigenvalue
distribution theorem is a standard procedure in the ITdiigme, see e.g. [20]. Subtleties having to
do with the specific nature of the solution to the MD problemehbeen dealt with in_[4]. We do
include a brief outline. In order to invoke Szegd’s Theoy@me needs to verify two conditions:
that the eigenvalues are bounded, and that the functionnncmus w.r.t. these eigenvalues.
We can first assume a bounded spectrum, then the eigenvakiedsa bounded. Continuity
can be shown in a straightforward manner, thus Thedriem tthirranslates to Propositidd 4.
Then, in order to extend the result to unbounded spectréh (finite variance), one can use
continuity and monotonicity arguments, combined with thet fthat by Propositioh] 3, which is
a restatement of [4, Theorem 4], the MD RDF is given by the f@&)-(62) for somechoice
of ©_ (A1, Ao, Sx(e7*)) and O (A, \g, Sx(e’“)), even whenSx(e?*) is unbounded.

D. High-Resolution Limit

In this section we consider the high-resolution regime drahsthat the optimal noise spectra

become approximately flat as is the case for white Gaussiartcss

Proposition 5 (High-Rate Cases).et X be stationary Gaussian with finite variance and with
PSD Sx. Then, for anyw € [—; 7],

. » 1
)\171;2H_1>OO )\1@_()\1, )\2, Sx(ej )) = Z (63)
A1/YA2—0
and
, 1
Jlm (A 22)04 (A, Az, Sx (™)) = 7 (64)
)\1/\3/)\_2—>0
Proof: See AppendixD. [

Remark 4. The convergence requirement ®f A/A, — 0 in Proposition[® is a technicality
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needed in the proof. The limiting behavior bf(63) ahdl (640 edso be observed for small,
and large \;. This shows that under high-resolution conditions, therpin noise spectra are
flat, independent of the source spectrum, and approximgtegn by® _(\;, A, Sx (e/*)) ~ ﬁ
and 0 (A1, A, Sx (™)) * gty

E. Example

To elucidate the behavior of the noise spe@rae’) £ ©_ (A, Ay, Sx(e’¥)) and O, (e/¥) £
O, (A1, A2, Sx(e’)) as a function of\; and \,, we present the following example. L&t be a

stationary Gaussian process with a positive and monotiyidecreasing spectrum given by
Sx(e’) = cos(w)+1, 0<|w|<m, (65)

and shown in Fid.15. Moreover, let the distortion constiaive D = 0.08 and Dg = 0.4. Using

— O (e
- Dg(e®

Ll ___Géeng
Do (e?*)

1.61

14F

1.2f

0.8-
06F = ====allizo
0.4+ \‘:Z:\\

0.2F TRl

W[
w

Fig. 5. Source, noise, and distortion spectra@ot |w| < .

Propositiori. 4, we have performed a simple grid search avemd \,. As \; and\, are varied,
we compared the resulting side and central distortionsnglwe (32) to the above mentioned
distortion contraintsDs and Ds. The noise spectra that resulted in distortions closesheo t
constraints are shown in Fig 5. The spectra were obtaindu Wwit= 0.2380, and \, = 2.700,
which resulted inDo = 0.0801 and Ds = 0.4000. Moreover, when using these spectralin] (60)

the obtained per description rate & = 0.7468 bits/dim. In Fig.[5, we have also shown the
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resulting side and central distortion spectra. Note thatHese values ok, \, and Sy, the set

of support frequencies are given hy| < 2.7173.

V. OPTIMAL TIME-DOMAIN COLORED MD CODING

We now turn to the task of constructing a coding scheme. Bpésition[3, the test-channel of
Fig.[3, with optimum spectr@ ., (/) andO_ (e’*), describes the optimal MD RDR(Sx, D¢, Dg).
However, we would like a test channel that provides a re@mpa toding scheme, i.e., the additive
noise elements should be replaced by quantizers. Unfdelynghe noises in Fid.]3 are colored
and correlated with each other, making the task hard. Fumibve, we would like to save the
complexity of joint encoding of correlated samples by meaingredictive coding, as in DPCM.

In Section[V-B we present an optimal test-channel with a lsinvghite additive noise, and
in Section(V-C we present a corresponding coding schemehwplaces” this noise with
a quantizer. In order to prepare the ground for this test mblanve start with a simpler
related problem, which is single-description coding undespectral mask constraint on the

reconstruction noise.

A. Time-Domain Test Channel for a Distortion Mask

We consider coding of a source subject to a maximum distortiask{ D(e?*)}. That is, we
wish to compress a stationary Gaussian sou¥csuch that the spectrum of the reconstruction
error satisfie:

Se_x () < D), —m<w<m. (66)

Without loss of generaIiH( we assume thab(e’*) < Sx(e/*),Vw. It is easy to verify, that

the minimum rate for this problem is given by

(67)

R(SX,D) — “log

8In principle, there is no guarantee that the reconstruatioar is stationary. The condition can be thought of this waass
the reconstruction error through a bank of filters, and meathe MSE as in the regular definition in Sectigh II; now take t
limit of narrow band filters.

%Otherwise, there is just wasted allowed distortion whicksloot serve to reduce the rate.
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=+ j=

Fig. 6. A realization of the SD-RDF of a colored Gaussian sewand subject to a distortion mask, by a test channel channel
consisting of pre/post filters, AWGN with noise shaping, gmediction.

Fig. [8 presents éime-domaintest channel which achieves this rate. Motivated by therati
of entropy powers[(67), we strive to achieve the optimal tagethe combination ofsource
predictionin order to produce a prediction error of power(Sy ), andnoise shapingn order
to shape the white quantization noise of povw#&(D) into the spectrunD These two tasks,
we perform by a DPCM loop [8] and a noise-shaping lodp [6]peesively. In this test channel,
Z[n] is AWGN of varianceFP,(D) and A(z), which is given by[(b), is the optimal predictor of
the source spectrurﬁx Moreover, the noise-shaping filter is given by:
QW)

1-Q(2)
whereQ(z) is the optimal predictor for the distortion masgko(e’+)}, see[(6). Note thaf|n],

C(z) (68)

the input to the noise-shaping filter, is equalA@|. The pre-filterF'(¢’*) satisfies:

Sx(e7) = D(e)

() = o

(69)

Theorem 2. For all source and distortion spectra satisfyirtty (¢?“) > D(e’*), Vw, and co >
P.(Sx) > P.(D) > 0, the channel of Fig.16 with the choices above, satisfies:

SX_X(ej“) = SV_U(ej“’) = D(ej“’), -1 <w<m, (70)

An alternative time-domain approach, is to accommodatetter distortion mask by changing the pre and post-filters.
However, we choose the noise-shaping approach for the dadetending this test channel to the MD setting.

Mwe assume that the optimal predictdrz) for the source spectrum exists. If not, then we may use theepie outlined
in Remark 3 in order to construct a predictor, which satisfiesassumption.
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with the scalarmutual information/ (D[n]; Y[n|) = R(SX,D) of (67).

Proof: Since E[n] = Z[n], we have that

Vin] = Uln] = (1 + ¢,) * Z[n] (71)

Y] = (1 - an)  (Uln] + (1 + ¢,) * Z[n)). (72)

For the distortion spectra, the additive channel (71) mehasS, (/) = D(e?*). By the
choice of F'(¢7*) and Sy (e?*) follows as well. For the mutual information, considerl(723ing
the independence d4tZ[n|} from {U[n]} and the choice of'(e’*), A(z) andC(z), Y [n] is white
with varianceP.(Sx). Moreover,/ (D[n]; Y[n]) = h(Y[n]) —h(Y [n]|D[n]) = h(Y[n]) —h(Z][n]),
whereh(Z[n|) = P.(D). n

Remark 5. In the special case of a white distortion magk the constraint becomes (by
the water-filling principle) equivalent to a regular quadi@ distortion constraint. Indeed, the
channel collapses in this case to the pre/post filtered DP@&hael of [8]. Much of the analysis
there remains valid for this problem as well. In particulare can construct an optimal coding
scheme using this test channel, substituting the AWGN foOE@DQ, and the scalar mutual
information(D(n|; Y[n]) is also equal to the directed mutual informatiéD|[n] — Y[n]) and

to the mutual information rate of the processes[n|} and X|[n).

B. Coloured MD Test Channel

Returning to the MD problem, it would be convenient to defihe equivalent up-sampled

noise spectrum:
20, (), w[ < 3,

o) ={ 20_ <eﬂ'2(w—%>) , T<w<m, (73)

20_ <ej2<w+%)> , —T<lw< =3,
where the lowpass and highpass spectr@ @ire formed by{©_ (¢/2*)} and{©_(e72)}, which
are compressed versions (by a factor of two) of the spegtra= {©, (e/*)}"___and©_ =
{6_(e/*)}™___, respectively. These spectra can be taken to be the minmisnifd30). It is not
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~ LPF —@— G*(2) —Xcin}
—@— F*(2) —Xsin]

X F(z) 4@— LPF

E[m)] -
()=

Fig. 7. Arealization of the MD-RDF of a colored Gaussian seuby a test channel consisting of pre/post filters, oveptiam
AWGN with noise shaping, and prediction. We use the indefor sequences which are “running” at the source rate, and the
index m when referring to the upsampled rate.

hard to verify that the entropy powerl (2) of this spectrumiiseg by

P®) = (5 [ op2y/BTIE ) d ) (74)

With this, the rate[(30) can be expressed as

1 P.(Sx) by Pe(Sx)
2% (wpe(enpe(@_)) = 3l 7.(0) ) (75)

Comparing to[(8l7), we see that the spectr@rplays a similar role to that of the distortion mask

D in the previous section.

Fig.[@ shows the adaptation of the distortion-mask equntabdannel to the MD problem.
Following [6], we combine interpolation by a factor of twop@ampling and perfect low-pass
filtering) with the noise-shaping loop, forming a DSQ locfy2) is the optimal predictor (5) of
the spectruntx(e’“). It is worth pointing out that the predictor is applied on tiwsy output of
the quantizer. Thus, the DPCM loop uses clean predictiohsiorthe limit of high resolutions,
see [8] for details. Note also that we apply an upsampledorers the source predictor, namely
A(2?). The DSQ loop, on the other hand, works in the upsampled radetize noise-shaping
filter C(z) is given by [68) for the spectrur®(e’*) given by [73). Note thaf[m] = Z[m] in
Fig.[4, and we could equivalently get the feedback ncE$eL] directly by passing the AWGN
Z|m] through the shaping fiIteC(z) Recall from [78) tha©, (¢’*) and ©_(e’) now play

12The reason we drew the figure this way is to make the connetti¢the coding scheme of Figl 8 more transparent.
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the roles of “in-band noise” and “out of band noise”. In thgtiresolution case, the DSQ is
independent of the shape of the source spectrum and usesgewagpectrum as in the white

case, se€ [6] for details. The additive Gaussian ndige| is white with variance

Pe(é) = 2\/P8(@+)Pe(@—)'

Finally, the filtersF'(¢’*) and G(e?*) are chosen according tb(29). The channel is completely
characterized, then, by the choice®f (/) and©_(e’*), which can be performed e.g. accord-
ing to the optimization in Sectidn 1V. We show that regardle&the optimization, for any choice

of spectra that satisfy (81), the raf&per description is equal to the scalar mutual information
over the AWGN channeD[m| — Y'[m] in Fig.[d, and explicitly given by (recal(33)):

_1 o Pe(SX)
R(5x,0+,0-) = 5 log (NPE(@QPG(@—))

1 /7r 11 SX(ej“)

(76)

= — 0
21 )2 %2 /0, (=)0 (o)

Remark 6. For a white sourceA(z) = 0 and the channel reduces to the DSQ MD test channel
of [6], while for optimal side distortion(’'(z) = 0, and the channel reduces to an upsampled

version of the DPCM equivalent channel of [8].

Theorem 3. The channel of Fid.]7, with the above choice of filters, satisfi

SXc—X<ejw) = Dg(e), —m<w<m,

SXS_X(ej“) = Dg(e), —rm<w<m, (77)

where the distortion spectra were defined38), while thescalarmutual information? (D[m]; Y[m])
equals the ratd{78).

Proof: The channel betweeti[m]| andV'[m] is identical to the one betwedAn] and V' [n]

in Fig.[d, with A(z) replaced byA(z?). Thus, as in the proof of Theorem 2 we have:
Vim] = Ulm| = (1 + ¢p) * Z[m)] (78)

Ym] = (1—ay)« (Ulm] + (14 cy) *x Z[m]), (79)
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wherea,, corresponds toi(z?), i.e., equalsz,,,, for evenm and zero otherwise.
For the distortion spectra, the additive chanfiel (78) méhasSy _y (¢/~) = ©(e/*). By the
choice of|F'(¢/*)|> and |G(e’~)|? and the equal phase condition (se€l (29)), and by the steuctur

of rate conversion and low-pass filtering, it follows that

oy Sx(€)0 ()
Sxe—x(€") = S =0 (o)

T U
Sgex () = 5 [B() + B(er77)

=0, () + O_(e).

The mutual information follows from_(79), similar to the jfoof Theoren( . u

C. Coding Scheme

We now present a coding scheme based on the optimal timeidaesa channel. The scheme
has the desirable property that the dependence upon thiéicgearce spectrum is limited to the
choice of linear operations (filters), while the quantiaatelement itself is generic. An alternative
approach which achieves similar merits in the frequencyalons suggested in [4]. The choice
between time-domain and frequency-domain approaches ispeaific to multiple descriptions.
For details about single-description quantization screb@sed on DPCM and transform coding,
see e.g.[[23].

The underlying principle in transforming the test chanmgbia scheme is that an additive
Gaussian white noise element in the test-channel may baceglby an entropy-coded dithered
guantizer (ECDQ), such that the rate of the quantizer is tladas mutual information over the
AWGN, and the variance of the (additive) quantization nosséhe AWGN variance. This has
been shown in [17], and extended to test channels with feddlo@ps in [8]. We give a short
account of these results, before turning to the MD scheme.

At all resolutions, an ECDQ can approach, at the limit of higtice dimensionK’ — oo, a

1 o2
R=-1 e
2%<@>’

wherecs? ando? are the output and quantization noise variances, respéctiurthermore, the

rate
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A(z)

A
i I I @ i nil K
E[m} Bz[n} D3 [n] o) Y2 [n] Vz[n]_.e

C’(z) ¢ A\

] Packet 2 A(z)

E[m)]

C.‘;.)< Vim)]

Fig. 8. Nested DSQ/DPCM MD encoder. The outer feedback B&p] = V[m] — B[m] extracts the quantization noise, that
plays the role of the AWGN in the test channel of Hig. 7.

guantization noise is independent of the quantizer iB)Cﬂhus, in conjunction with optimal
factors (i.e. Wiener estimation), the white Gaussian RDFadhieved [[17]. In the presence
of feedback loops, it is convenient to assume the existerica large number of identical
and mutually independent sources, equal to the lattice Boa K. These sources are treated
independently by the encoding/decoding scheme, excepghéactual ECDQ which processes
them jointly. Thus we will only present the scheme for onerseubut the quantization noise
has the properties of a high-dimensional ECDQ. In a realsiting, the multiple-source setting
may be emulated by a single source which is divided iRtdong blocks and jointly encoded

as K parallel sources, seg![8] for detalils.

d.

The up sampling operation followed by lowpass filtering adices a half-sample delay on the

The encoder and decoder which materialize the optimal temtreel are presented in IE 8

and Fig.[9, respectively. All of the switches in the encodedt the decoder are synchroni

odd samples. This delay is corrected at the decoder by ttey dgleratorz—! combined with

the pair of up and downsamplers, see Fig. 9. The outputs ofjtlaatizer block)(-) are the

Bwe will be using linear operations in our coding scheme, Whice optimal in the high-dimensional limit, where the
quantization noise becomes approximately Gaussian taistd (in a divergence sensg) [24].

M1t is to be understood that the switches change their positiith the upsampled ratenj). Thus, in the encoder shown in
Fig.[8, the even sampleB; [n] of B[m] will go on the upper branch and the odd sampfgn] will go on the lower branch.
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A(z) [=
(2) S Xi[n]
Packet 1 | Packet | Yil"] " _/
| decoder '\i )
Xcon
D E—— LPF 4@—> G*(z) —EH
Packet 2 | Packet ~ L
”| decoder Yaln] N\ : : Kafn—1]

Fig. 9. DSQ/DPCM MD decoder.

reconstructed value¥;[k| and Y;[k]. Moreover, at each timé, the codeword of quantizer 1
(quantizer 2) is entropy-coded (conditioned upon the dighgnal) and put into packet 1 (packet
2). The packet encoding operation is reversed at the dedodeder to obtainy;[k] or Y5[k].

The operation of applying the predictd(z) to each descriptioiir; [n] andV;[n] in the encoder
of Fig.[8, is equivalent to applying the upsampled predictdr?) to the signall[m] in the
test channel in Figll7. By using high-dimensional vectormjizars (ECDQs) with mutually
independent dither sequences in the encoder, the two irgsujtiantization noise sequences
become statistically equivalent to the additive naife:] of the test channel. Consequently, the
two descriptionsy;[n] and Y;[n| are equivalent to the odd and even samples, respectively, of
Y[m] in the equivalent test channel. Finally, the whole chanrahfthe source to the central and
side reconstructions is equivalent to the channel fféfn] to X.[n] and X¢[n], respectively.

Since we have seen that the mutual information in the testredlaachieves (with optimized
spectra®. (¢/*) and©_(e’*)) the colored MD RDF, the encoder/decoder pair of Higs. 8[and 9
is able to achieve the complete RDF for stationary Gaussiances at all resolutions and for

any desired side-to-central distortion ratio.

Remark 7. In the scheme shown in Fifgl 8, the two prediction loops areesidéd within a

common noise shaping loop. Alternatively, one may altemisting order and let the common
noise shaping loop be embedded within the two predictiopdoét high-resolution conditions,
there is no loss of performance by switching the nestingrofdewever, at general resolution,

the latter approach is suboptimal. The reason is, that fortevlquantization noise, the DPCM
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loop also shows to the outside a total white noise (by thecbhB$ICM equality [23]), while
the DSQ loop shapes the noise. Since the DPCM loop assumts wadise for optimality([8],

it cannot be built around the shaped DSQ noise.

VI. CONCLUSIONS ANDDISCUSSION

A parametric formulation of the two-description symme®RDF for stationary colored Gaus-
sian sources and MSE was presented. This result was ebtably providing a spectral domain
characterization of the optimum side and central distaripectra. For white Gaussian sources,
the optimum spectrum of the distortion is a two step functieor colored sources, the optimum
distortion spectrum is generally not piece-wise flat butetels upon the source PSD and
the desired resolution (i.e., the desired central and sist®rtion levels). It was furthermore
shown that the symmetric MD RDF could be achieved by a timealo approach based on
oversampled prediction and noise-shaping. The time doimgitementation demonstrated that,
at high resolutions, it was possible to separate the mestmnesponsible for exploiting the
source memory (DPCM) from the mechanism controlling the MiRliog parameters (noise
shaping).

The second part of the paper concerning the time-domairgualegalls under the theme of
“Shannon meets Wiener” in QG coding problems (cf. filteredDEX[17], Wiener coefficients
in lattice decoding[[25], DPCM for rate distortion! [8], MMS&Stimation in Gaussian channels
[26]). The overall idea (of "Shannon meets Wiener) is to folate information theoretic solutions
— which are based on general random codes and joint-typicaticoding/decoding — as a
combination of “simple” blocks: filters, predictors, and itehcodebooks.

The paper also presented a new differential form of the sytmeneersion of Ozarow’s test
channel. While it is straightforward to extend this new @iéntial channel to the asymmetric
case, it is tedious (if possible) to use our approach to dehig optimal spectra for the asymmetric
case. Moreover, it is not immediately clear that the timeadm implementation that we proposed
will be optimal for the asymmetric case, since the resultingse process in the outer feedback
loop becomes cyclostationary due to multiplexing two i.ptbcesses (dither signals) of different
variances. Thus, the asymmetric case requires a differeaff pechnique and a different time-

domain strategy than what is required for the symmetric.case
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APPENDIX A

PROOF OFPROPOSITIONEZ

The fact that the rate expressions|(27) and (9) are equividlows easily by substituting
the distortion expression (26) intdl (9). We are thus leftitovs the equivalence of the triangular
region [28) with [(1D), under the transformatidn1(26). Finstis not hard to verify that the
condition0 < D¢ < Dg < 0% (which is a weakened form of (IL0)) together with](26) implies

O_ <o’ (80a)
0. >0 (80b)
0, > 0. (80c)

As the same follows from[(28), it is enough to check the edaivee under these conditions.
Now, substituting[(26) in[(10), and noting that under] (8@ transformation{26) is one-to-one,

we see that (10) is equivalent to:

0, +6_<o% (81a)
2
050+ 2
_XTT s _
e 20, +0_)—o0% (81b)
0% —O_ 2 1

(81c)

020, = 0,+6_ o
By (80) all the denominators are non-negative. We now candige following cases.
1) If (814d) holds with equality, then all of the inequaliti@El) hold with equality. All of the
points©, +O_ = ¢% (with ©, and©_ non-negative due td (80)) are thus equivalent to
D¢ = Dg = o%. However, the ratd (27) equals zero for = ©_ = 0% /2 and is positive
otherwise, thus it suffices to include this point in the mization.
2) ©, = 0. By (80B) and[(81b) we have < ©_ < 0% /2. It is equivalent toDs = 0, with
infinite rate.
3) By (80¢) and[(81a), the casd. — ©_ = 0 is included in case 1. The cas€s = 0 and
O, + ©_ = 0 are included in case 2. Thus we may assume now that all deatonsn

are positive. Rearranging_(81) by first multiplying the set@nd third inequalities by the
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terms(c% — ©_) ando% 0, (6% — ©_), respectively, leads to:

02 —-0,-6_>0 (82a)
<%§-—@_)(d§—(x.—@_)zo (82b)
(0. —04)(ckx —0, —0_) >0. (82c)

All three inequalities are satisfied if and onlydf, /2 > ©_ > ©, oro% —©_—-6, =0.

The former is the triangular region, while the latter is casabove.

APPENDIX B

PROOF OFLEMMA [I]
Since all points are regular, the KKT conditions are neagssanditions for optimality[[21].

It follows that necessary conditions for optimality, in #@éwh to the constraintg (39) + (41), are

that all multipliers must be non-negative, the complemsgntanditions must be satisfied:

(k) (k)=0k=1,.... K (83)

na(k) (n(k)/2 — O_(k)) =0,k =1,.... K (84)

(k) (O_(k) — 0. (k) =0,k =1,.... K (85)

A1 (Z Ds (n(k), 04 (k),0_(k)) — DS) =0 (86)
k=1

Ay (Z De (1(k), 0+ (k), ©- (k) - Dc) =0, (87)

and the variational conditions must be satisfied:

oj o]
90, (k) 96_(k)

=0, k=1,....K.

The latter conditions can be written as:
ai}\l,kz,k(n(kj)v @-i-(k)v @—(k))
00 (k)

_ 9L pen(n(k), O4(k), O ())
90_(k)

=0, k=1,...,K,
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or explicitly as (recall[(44) and (45)):

1 n(k) B
_4@+(k) + A+ )\2m — pi(k) + ps(k) =0 (88)

1 10 (k) o
6 (0 T TG e e et T msh) =0 (89)

If A\ =0 or A\, =0, the problem reduces to SD optimization, and it can be vdrifiat the
solution is nothing but an alternative representation efirell-known SD reverse water-filling
solution. We concentrate therefore on the cage\, > 0.

We start by noting tha® . (k) = 0 means that (for any(k) > 0) the rateR(n(k), ©,(k), ©_(k))
is infinite. We may thus proceed by assuming w.l.o.g. th&at) = 0, Vk, i.e., the corresponding
constraint is never active. We proceed to check the othestraints.

1) ps(k) =0, ©_(k) = n(k)/2, 0 < ©4(k) < n(k)/2. Substituting this case int¢_(B8) and

(89) and imposing the non-negativity of the multiplies(k), we have:

1
NG + A+ 22 =0 (90)
1 O (k)

TN AL+ 40 0 <0. (91)

Substituting\; from (90) in [91) and rearranging, we have:

(60— g ) (020 - ") <0

which yields©, (k) < n(k)/2 only if

1
Ag > W (92)

On the other hand, substitutirtgy, (k) from (90) in [91) yields
2n( A1 + 2X0) < 1. (93)

For (92) and[(9B) to hold together it must be that< 0, thus this option can never hold.
2) ua(k)=0,0<0,(k)=0_(k) <n(k)/2. Substituting this case in the difference [bfl(88)
and [89) and imposing the non-negativity of the multipligfk) yields©_ (k) > n(k)/2,

which is in contradiction to the assumption.
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3) ©,(k) =0©_(k) = n(k)/2. Substituting this case in the sum bf88) ahd (89) and immpsi
the non-negativity of the multiplier, (%) leads to the conditioRn(k)(A\; + 2X2) < 1.

We have so far established that an optimal solution on thexdeny can only be©, (k) =
O_(k) =n(k)/2, 2n(k)(A +2X2) < 1. In order to see that this is indeed a minimum, we check

the Hessian. It is easy to see that

0 1

56, (k7 10, (R O
0? B 1 Aon(k)O 4 (k)
96_(07 ~ 10 (kP ' (a(k) — O_(R)"’ ©o
and ®)
02 . )\27’] k
56, (096_() (k) — O_(R)P" 9
To show that the determinant is positive it suffices to vetifg following inequality:
1 L (k)04 (k)
40, (k)* \ 46_(k)* ~ (n(k) —©_(K))?
Aan (k)
- ((n(k) —e<k>>2> ’ oD
which may be rewritten as
(404 (k)0 (k)A2)* (n(k) — ©_(k))(Aan(k)O (K))
+(n(k) — O-(k))" > (404 (k)O_ (k) Aan (k). (98)

The conditions2n(k)(A; + 2X2) < 1 and A\; > 0 imply that \,©_(k) < 1/8. Moreover, since
O, (k) <O_(k) <n(k)/2 we can upper bound the r.h.s. 6f98) by

n(k)*
16

(404 (k)0 (k)Aan(k))? < (99)

Furthermore, sinc®_(k) < n(k)/2 the second term on the l.h.s. ¢f [98) is lower bounded
by n(k)*/16. Since the first term on the lLh.s. is positive fag > 0, this proves that the
determinant is positive foi;, A > 0. Thus, we have proven that at the optimal boundary
solution©_(k) = ©_(k) = n(k)/2 we have2(\; + 2)\;) < 1/n(k). We will now show the
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reverse direction, that for any; > 0,\, > 0 such that2(\; + 2\;) < 1/n(k), the optimal
solution must be this boundary solution. We first note that; + 2);) < 1/n(k) implies that
A1 < 1/(2n(k)) — 2Xq, which further implies that\; + A, < 1/(4n(k)). Then, it follows that

O_(k) > 0.(k) (100)
n(k) — ©_(k)
00 307 = 1360 (1o0)
n(k) — O_(k)
Z1_ v (h) (102)
> (k) — O_(k), (103)

where [(101) follows from[(47)[(102) is due to using + \, < 1/(4n(k)) and [108) follows
since0 < 400 _(k) < 20_(k)/n(k) < 1. However, comparing (100) and (103) shows that
we require©_(k) > n(k)/2 in addition to the constrain®_(k) < n(k)/2, which is only
satisfied ato_(k) = n(k)/2. As shown aboveP_(k) = n(k)/2 implies ©.(k) = n(2)/2,
which proves the claim. Interestingly, insertity, (k) = ©_(k) = n(k)/2 into (101) yields
O.(k) = gy = 1(k)/2, or equivalently2(\; + 2X;) = 1/n(k).

Let us now consider the second part of the lemma, i.e2nif)(\; + 2X\2) > 1, then the
optimal pair of noise variance®_ (k),©_(k) is strictly within the triangular support region.
To prove this, we will show that in this case, the Lagrangismeaduced by moving from the
boundary and into the interior. Thus, there must be at leastminimum within the interior.

Recall that the boundary of the triangular optimizationioag{31) (see also Fid.] 4) is given
by the union of the following three faces:

1) ©4+(k) =0,0 < O_(k) < n(k)/2.

2) 0< O, (k)=06_(k) <n(k)/2.

3) O_(k) = n(k)/2,0 < O, (k) < O_(k).

We now consider the behavior of the Lagrangia », x(n(k), ©4(k), ©_(k)) near these faces.

1) If ©.(k) = 0, then R(k) — oo for any non-negative\;, A, and ©_(k) < n(k). Thus,

moving from the boundary to the interior can only reduce tlagrangian.

2) Let0 < ©,(k) = ©_(k) < n(k)/2. The (unnormalized) directional derivative, i.e., the

“normal” vector to the surfac® (k) = ©_(k), which points into the support region
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(towards the interior), is given by the following differemof partial derivatives:
85}\1)\2,16(77(]{;)7 @+(k)7 @—(k)>
00_(k)
. 8£~A1,)\2,k<n(k)7 @-l-(k)? @—(k))
00, (k) (104)

Aan(k) (2@+<k> - n(k:))

~ (k) — 05 (k) \ n(k) — O, (k)

where we have usef (44) aid(45), substituthg k) = ©_(k). SinceO. (k) < n(k)/2 it
follows that [10%) is always negative (fag > 0). Thus, if\, > 0thenly, x, x(n(k), ©4 (k), ©_(k))
can be reduced by going away from the boundary and into thexiont i.e., by letting

0 < ©4(k) < ©_(k) < n(k)/2. On the other hand, if\, = 0, then [104) is zero,
Ds(k) = 20, (k) and the rate isR(k) = L log (gélzl)f)> which is optimal for the side
reconstructions, i.e., each side reconstruction is on DeRBF. Finally, if A, > 0 but

O4(k) = ©_(k) = n(k)/2, then the distortions satisf{,(k) = D.(k) = n(k) and the

rate isR(k) = 0, which is a trivial solution.

3) For®_(k) =n(k)/2, the directional derivative is given by

0L,y (0(K), O+ (k), O_(K))
90_(k))

1 100 (k)
S S W A U7
)

2n (k)
which is non-negative fo2n(k)(\; + 2X\2) > 1. To see this, we form the inequality

aﬁ)q A2 k(n(k)a @-l-(k)a @—(k))
e > 0. 106
00 _ (k) O_(k)=n(k)/2 (106)

O (k)=n(k)/2 (105)

From (47) it follows that® (k) = 1/4(\; + 2\2), which when used i ((106) leads to
2n(k) A1 (A1 4 2X2) > Ay (107)

We now use tha®_(k) = n(k)/2 and the conditior2\; + 4\ > 1/5(k), which when
inserted in[(107) confirms thdt (105) is positive for > 0 and zero for\; = 0. Let \; =
0,A >0andO_(k) =n(k)/2. ThenO (k) = 1/(8\2), Dc(k) = 1/(4)2), and Dg(k) =
n(k)/2 + Dc(k)/2. Moreover, the per description rate i&k) = 1 log,(n(k)/Dc(k)). As
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expected, this is an optimal operating regime for singlecdption coding at rat@ R(k)
and distortionD¢ (k).

We have thus proved that in the interior of the support reglon », »(7(k), ©4(k),0_(k)) is
differentiable. Moreover, whedy(k)(\;+2);) > 1 we have shown that, », x(17(k), O, (k), ©_(k))
decreases fon;, A, > 0 when moving into the interior from any boundary point. Thtis
Lagrangian must indeed have at least one minimum withinrttegior. This completes the proof

of the lemma. ]

APPENDIX C

PROOF OFLEMMA

We know from Lemmal]l that since we only consider supporteelsefsee Def.11), the global
minimum is within interior of the support regiofi (31). Mokew, we know that the minimum
must be a stationary solution given by a root [of] (48), sinee lthgrangian is differentiable in
the support region. Depending on the signmf(48) may have more than one root. Thus, to
prove the lemma we have to show that only one of the roots_dfi&8n optimal solution and
identify that root. To do so, we will show that wheneverl(48shmore than one root, only one
of them will be in the support region and this must be then b@rad solution.

Let ag,...,as denote the coefficients of the third-order polynomial [in))(48nd recall the
definitions of =, p, ¢, and ¢ given by [49) —[(5R), respectively. Let = /¢ + V= and s, =
'/ ¢ — v/Z. Then, the three roots of the polynomial are given by (see B@)):

o= (514 %2) = (108)
1 a 3

To = —5(81 + 82) — 32 + T(Sl — 82) (109)
1 a w3

T3 = —5(81 + 82) — 32 — 7(81 — 82). (110)

If = > 0, then there is one real root and two complex roots= Ik 0, there are three real
distinct roots. Finally, if= = 0, there is a single real triple root (if = 0) or one real root and
one real double root (iff # 0) [27]. Thus, for every choice of\;, \,), one may identify the
admissible solutions of (108) £ (110), i.e., the ones thatimside the triangular regiomn (31)
(recall Figure[4).
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It easy to show that the discriminamt {49) satisfies:

(4N + 1)

E:—T)\?(Az—55)0\2—515)0\2—525)()\2—55)7 (111)
where {7} are the four real roots ¢ given by &S = 0,£F = — )y,
3\3 _ 2\2 _ 212 3
e 2 4 80P AT — 1607 23 + 24220273 + 1) | (112)
An(4A1 +1)
3\3 22 _ _ 212 3
55 _ _277)\1 + 8n°A] — 16m°A\] — 3 — 24/2(2n?A7 + 1) . (113)

4n(4n2X3 + 1)
Since we only have to consider non-negative multipligfs,< 0. Clearly, & < ¢5. The

following lemma states the signs 6f and¢3.

Lemma 3. For A\; > 0,&5 > 0. Moreover, the sign ofS (I12) is given by:

sign(£5) = sign <% — )\1) . (114)

Proof: We first show thats (I13) is non-negative. To do so, we show that

201 + 873N — 160702 — 3 — 24/2(2n2A\2 +1)3 < 0, (115)

which means thaf{I13) is positive. Let = 2n\; + 873A\? and

2 = 2¢/2(2n%2)2 + 1)3 and notice that it is enough to show that < o, Vw. Sincey; and s,
are both positive functions, we may work on their squares, 42 = 47?2 + 32*\¥ + 6475)\¢
and 3 = 647°\% + 1921 + 192122 + 64. Forming the inequalityp? > ¢? and collecting
similar terms yield$4 > —1887*\? — 1607*\] which is always satisfied fox; € R. This proves
the first part of the lemma.

We now consider the sign ¢f (I12). Letp; = 22 +82%— 162> —3 andy, = 24/2(222 + 1)3.
The discriminant ofp; is strictly positive sap; has only a single real root, which is located at
¢ =1.96973 where we note that > i Moreover,z = 0 = p; = —3 and it follows thaty; < 0
for x < £ andp; > 0 for z > £. Notice also thatp, > 0 for x > 0.

At this point we leth = ¢ — 3 = —256(z — )(z + %)(z — 1)*, which is a fifth-order
polynomial having a pair of complex conjugate rootszat= +i/2 and a real (triple) root at
x = 1/4. Thus,h crosses the real line only once. Sinte= 1 for x = 0 it follows thath > 0

for z < 1/4 andh < 0 for z > 1/4. Furthermoreh = 0 for = = 1/4.
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Fig. 10. The possible zero locations for the discrimin@ras a function of\..

Sinceh > 0 for x < 1/4 it follows thatp? > 3 which implies thatp; + ¢, < 0 sincep; < 0
for < 1/4. The first case of (114) now follows by inserting= \;n in ¢; and remembering
the additional sign from(113). Sinde = 0 implies thaty, + p, = 0, it immediately follows
that sign(¢5) = 0 for z = A\ = 1/4. Finally, for h < 0 we havey? > ©? which implies that
2 > ¢y Sincey, is positive and it follows thags < 0 for \;n > 1/4. This proves the remaining
parts of the lemma. [ |

In Fig.[10 we illustrate the possible sign behavioEoés a function of\,, using Lemmal3 and
the fact that by[(1T1)lim,, .+, = = —oo. Building on this, we prove Lemnid 2 by considering

the following three cases.

A. Negative Discriminant

In this casez = ¢* + p* < 0 and we have three real solutions. It is easy to see that we must
havep < 0 and|p|®* > ¢*. Let 2y = ¢+ VE =q+iv—Z andz = ¢ — VZ = ¢ — iv/—Z and
notice thats; = ¢/z;,i = 1,2. SinceZ,p < 0, it follows that |z | = |z| = /—p3 = /pP.
Moreover, the phase; of z; is given by ¢, = arctan(v/—Z,¢) and ¢, = —¢,, respectively,
sincearctan is symmetric. Note thap, € [0; 7] sincev/—= > 0 .

With this, it is easy to show that the solutions (rootg);}:_,, as given by[(I08)£(110), can
be written as
_ %2

3
22 = —/pl( cos(91/3) + V3sin(61/3)) — T (117)

x1 = 2+/|p| cos(¢1/3) (116)
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23 = —/Jp| <cos(¢1 /3) — v/3sin(¢n /3)) - % (118)
We note that
min 2cos(C/3) > max ~(cos((/3) — V3sin(¢/3) (119)

and that
cre%n} —(cos(¢/3) — v/3sin(¢/3))

> max —(cos(¢/3) + V3sin(¢/3)), (120)

© ¢el0]

which implies thatr; > x3 > x, for any pair (A1, A\2). In (119), the minimum of the lhs. is
clearly 1. On the other hands- cos((/3) is negative, increasing ig, and having a maximum
of —1/2. Moreover,\/3sin(¢/3) is positive, increasing, and with a maximum3®2. Thus, the
rhs. is upper bounded by1/2+3/2 and the lhs. is lower bounded hy In (120), the minimum
of the Ihs. is clearly—1, since both— cos((/3) as well asv/3sin(¢/3) have their minima at
¢ = 0. On the other hand, it is easy to show thaf:/3sin(¢/3) > & cos(¢/3), which means
that the rhs. is a decreasing function{inThus, inserting. = 0 yields the maximum, which is
—1. This shows that the minimum of the Ihs. is greater than omaktpithe maximum of the
rhs.

Let us now consider the solutiary given by [118). From Lemmal 4 below, it follows that
x3 > n/2, which violates the spectral constraint. Moreover, singce> x3, we deduce that,

given by [11¥) is the only admissible candidate solution.
Lemma 4. Let = < 0. Then, for any positive,; and Xy, x3 > 1/2, wherez; is given by [(118).

Proof: Let us first assume thag < 0, which implies that¢, = arctan(v/—Z/q) €
[7/2, 7). However, forr > ¢ > 7/2, cos(¢1/3) —v/3sin(¢1/2) < 0. Thus,—/[p|(cos(¢1/3) —
V3sin(¢1/3)) > 0. Sinceay/3 > 21/3, it is clear thatz; > 1/2 as was to be shown. Now let
q = 0, in which casep; = 7/2, (cos(¢1/3) — V/3sin(¢1/3)) = 0, which further implies that
x3 > n/2. We may therefore proceed assuming 0.

For \; > 1/np and \y > 1/, we will show thataa—;%qsl > 0, which implies thatp, is convex
in \y. In particular,aa—;%gbl = p1p1, Wherep; is some everywhere positive function ®f and ¢,
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is a 7th-order polynomial in\,. To show thataa—;%gbl > 0, it is therefore enough to show that
1 > 0. It is straightforward to check thaé%@l >0 forall Ay >0 and); > 1/n. Thus,(%%
is an increasing function in,. Since we are only interested in the interwal> 1/7, it follows
thataa—fg«pthl/,7 yields the minimum, which is positive. It therefore alsoldals thataa—jgwl is
an increasing function. Evaluatinﬁ%w at A\, = 1/n yields a positive value. This shows that
aa—;%apl is increasing. We repeat this procedure g@%@l and fori = 0,...,2, to show that
they are all increasing and positive functions, which iplthaty, is an increasing function.
Finally, evaluatingp; at Ao = 1/n gives a positive value, which proves that is positive in the
interval A\, > 1/, and we conclude that; is convex in this interval.

Assumeg is some affine function in\, and definef = cos(¢/3) — v/3sin(¢/3). Then, by
comparing terms of(%gf and recalling thatp; is convex and that we only need to consider
¢1 € [0,7/2], it is easy to show thata%gf < 0, which implies concavity. Note also that

for A\j, e > 1/n, a‘r’—;\/—p = L\/@ for some everywhere positive functian(which is
2

3

independent of\;). Thus,/—p is convex in)\,. Since the slope is increasing M, we can take
the limit A, — oo to show that the maximum slope @f |p| is & It follows that we can upper
bound/[p| by the affine functiory = ¢ + F-X,, wherecy = -(4nh; — 1).

We are now in a position to lower bound, i.e., z3 > —fg — ay/3, where both—fg and
—ay/3 are convex imy, A, > 1/n. Sincelimxﬁoo[%(—fg —ay/3)] = 0, the limit Ay — oo of

—fg — ay/3 must be the minimizer, which is given by

1 n 1
lim —fg —a9/3 = — + = + —/4n2)2 + 1 9. 121
Jim fg—as/ 6)\1+3+4)\1 A +1>n/ (121)

Let us now consider the case < 1/n and)\; > 1/n. For\; > 1/(4n), we must have\, > ¢
in order to have= < 0. However,&& > 1/n. Thus, we only need to check the final case of
A1 < 1/(4n) in which case we must have < £5. By comparing terms it may readily be verified
thaté$ < 1/(4n)—\; /2. Moreover, in this interval/—p is a decreasing positive concave function
(whenever is negative as required f& < 0). Thus, we may upper boungd—p in this interval
by v/=p|r,—0- With this we can lower bounds by —/=p|y,—0 —a2/3 =1/3+1/(6)1) > n/2.
This proves the lemma.
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B. Positive Discriminant

In this case= > 0 and we have only a single real solution givendy(108).

C. Zero Discriminant

In this case= = 0, which is possible if-p® = ¢%. Thus, eithep =¢g=0o0rp < 0. If ¢ =0,
there is a single real triple root{). We therefore only need to consider the case wheye0
in which case there is a single real ragt and a real double roat; = z3, sinces; = s5. The
zeros of= for which A, > 0 are located ab\, = &5, &5, where the former is positive only if
AL < ﬁ By inserting)\, = £ into ¢ it easy to verify thay < 0. On the other hand;hzzgzs has
only one positive zero ak; = 1/(4n), and it is easy to check thaf,_.z < 0 for A, <1/(4n).
Thus, we may proceed assuming< 0. However, then clearly; < 0,7 = 1,2, which implies

that xo = z3 > 1/2 since—ay/3 > n/2. The only admissible solution is therefare.

APPENDIX D

PROOF OFPROPOSITIONS.
A. Case)\; >0and X, > 1

In this case, we note that

, A\3S% (e7%) A3
=(pIwy — 22X\ 2 ([ jw)\2
=) = == gy 1+ 15N )+0(A3) (122)
It follows that =(e’*) < 0 for large \,. Furthermore,
) )\353 (ejw> )\2
Jjwy — 727X 2 12
1) =500 +O<A§) (123)

—E(edw)
q(edv)

We use the solutiom,(e’“) given by [109) and need to carefully address its limitingdvédr

and ¢, (e’*) = arctan

in Ay, since the dominating terms cancel. The first-order Tayppreximation ofarctan(z) is
arctan(z) = = + O(x?),V|z| < 1. Thus,

$1(e’) = arctan

(124)

3\/_ 2 w 2 )\i{’
aPrrr A2\/1+45 (i) A2 +o< =)
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where the approximation becomes an equality in the limibas—+ oo since this implies that

¢1(e?) — 0. Similarly, for all z,

cos(z/3) + V3sin(x/3) = 1 + ?z + O(2?)

(cos(2/3) 4+ V3sin(x/3))? = 1 + ix + O(2?).

Let a(e?) = cos(¢1(e’*)/3) + v/3sin(¢(e’“)/3). Then, we can write

x2(ejw) = —\/Wa(ejw) _ az(gjw) .
[p(e™)[a(ei)? — w20

I (126)

VPl fa(er) + 2]
From [125) and using_(124), it follows that

\/1 +AS2 ()N + O ( %) . (127)

a(e?)? =1+

2SX elw )\2

With this, we can write the numerator ¢f (126) as

o 2 G (%))
(e (e - 2 — )
Jw 2 (ojw) )2 )\1
(25X(e Mt +1— /14 45% (e )A>+O(\/)\_2) (128)

On the other hand, sindém,, .., a(e’) = 1,Vw, the denominator of (126) can be written as

(for large \)

_ /\p(ej“’) (e + a2(§J“) ~ _%;lw))‘?_ (129)

Substituting [(128) and (129) intd (126) yields

O () = - (25x ()M +1— /1 +45% ()1

4\

< A2 ) (130)
+0 ;
A3
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so that

lim ©_(e’*) = lim wy(e’*)
)\2—>OO )\2—>OO

_ 1 jw 2 1) 2
_ 4—A1( Sx ()M +1— /1 +48% (e2 X2).

(131)

B. Case);, \s > 1

We note that when assuming A/ . — 0, then the results for finitg; in Sectior D-A remain
valid. We rewrite [(13D) as

6_(c™) = — A9x ()M
4)\1 \/1 + 45%—(63“)))\% + QSX(ej“’))\l + 1

2
)\2

L. (™) + 0O at (132)
N 4)\1 A )\% ’
wherec,, (e/*) = O(1) andlimy, . ¢y, (e’) = 1, Vw. Inserting this into[(47) yields
6. () = !
A0+ N) + 0 ( Al,)
Vi (133)
A2 1
+0 . + :
(AM/A;’ + /A AT+ Aw)
Finally, it follows from (132) and[(133) that
, 1
. oy _ L
M- = 5 a4
A1 /Y A2—0
and
. w1
M}AIQIT_I)OO (A1 +A2)0.4 (/) = 1 (135)
)\1/\3/)\_2—>0
|
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